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CHAPTER I 

INTRODUCTION 

The probability density function of a p-dimensional multivariate 

t distribution with v degrees of freedom, location vector µ and pre-

cision matrix T is given by 

p(ejv,µ,T) (1.1) 

where 8 ERP, v > 0, µERP and T is pxp positive definite symmetric (PDS) 

matrix. 

Following Dreze (1977), a Student kernel is defined as 

v 

t(ejv,µ,M) 
-2 p = [l + (6-µ) 'M(8-µ)] , 8 E R , 

where v > p > 0, and M is a pxp PDS matrix. So (1.1) qm be written as 

p(ejv,µ,T) 
r(~) ITll/2 

f(V) (VTI)p/ 2 
2 

-1 p 
t Ce I v+p, µ, v T) , e E R • 

The product form of p-dimensional k/O poly-t density for 8 is de-

fined through its kernel by 

k 
p(Sj{v.,µ.,M.},k) o: II t(Sjv.,µ.,M.), 

J J J j=l J J J 

1 
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V. 
_ _J_ 

a: 

k 
IT 

j=l 
[l + (6-µ.)'M.(6-µ.)] 2 

J J J 
(1.2) 

which is the product of k p-dimensional Student kernels, where 6 E RP, 
k . 

\). > 0, E v. > p, M. is pxp positive semi-definite symmetric (PSDS) 
J j=l J J 

k 
matrix, and L: M. PDS for every j = 1,2, •.• ,k. 

j=l J 

The ratio form of p-dimensional k/l poly-t density for e is defined 

through its kernel by 

which 

k 
II t(8lv.,µ.,M.) 

. j=l J J J 
p(8!{vj,µj,Mj},k,.t) a: ~k+-£..,.---------

is the ratio of 

k k+.t 

a: 

II t(8jv.,µ.,M.) 
j=k+l J J J 

\) . 
_ _J_ 

k 
TI 

j=l 
[l + 2 

(8 - µ. ) 'M. ( 8-µ . ) ] 
J J J 

\). 
_J_ 

(8-µ.)'M.(8-µ.)] 2 
J J J 

k/O and l/O product form kernels, 

k 

k+.t 
TI [l + 

j=k+l 

(1. 3) 

where 8 E RP, 

v. > 0, E \). - E \). > p M. PSDS and L: M. PDS for all j 1,2, 
J j=l J j=k+l J J j=l J 

..• 'k. 

Since some of the properties of the Student distribution carry over 

to the poly-t distribution, the following is the review of the proper-

ties of Student distribution. 

Since (8-µ) 'T(6-µ) is PD, (1.1) has a single mode at 8 = µ, and also 

µis the mean of the distribution which exists for v> 0. As (1.1) is 
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symmetric about µ, this implies that all odd-order moments about µ, when 

they exist, will be zero. The matrix of the second order moments about 

v -1 the mean exists for v > 2 and is given by --T 
v-2 

Also (8-µ)'T(6-µ)/p 

has an F distribution with p and v degrees of freedom. See DeGroot (1970). 

If 8, µ and T are partitioned as 

(6(1) rxl ("(1)) qxl 

8 
e ( 2) (p-q) xl 

µ (2) and 
µ (p-q) xl 

q p-q 

ell r T 
Tl2 

= 
T21 T22 p-q 

then e(l) has a q dimensional t distribution with v degrees of freedom, 

location vector (l) d . . · . T T T-lT µ an precision matrix 11 - 12 22 21 • Also if 

Y = A6 where A is a constant mxp matrix, then Y has a m-dimensional multi-

variate t distribution with v degrees of freedom, location parameter Aµ 

d . . . (AT-lA')-l an precision matrix • For matricvariate generalization of 

the multivariate t distribution, see Dickey (1967). 

Now suppose 6 has a poly-t distribution, and 8 is partitioned as 

8' = (8(!)' 8( 2)'). Then 8(l)je(2) and 8(2)j8(l) also have poly-t dis-

tributions, which are properties that carry over from Student distribu-

tion. 

Since M. in (1.2) and (1.3) is not necessarily PDS and v. is not 
J J 

necessarily greater than p, then this implies that individually, each t 

in (1.2) and (1.3) need not be the kernel of a Student density. 

Poly-t densities are typically assymmetric and rnultimodal. Box and 

Tiao (1973) give an example of a 2/0 poly-t, although the individual Student 
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kernals describe symmetric and unimodal functions, their product may 

produce functions which are multimodal and assymmetric when the two 

sample means are far enough apart. 

Poly-t distributions are difficult to analyze theoretically since 

the normalizing constants and hence the moments are unknown analyti-

cally. So they must be evaluated numerically. The normalizing constant 

in the p-dimensional poly-t distribution is a p-dimensional integral which 

is difficult to evaluate, particularly when p is large. Similar diffi-

culties will also be encountered if one is interested in making infer-

ence about a subset of the elements of parameters, since in this case, 

it does not appear possible to express the corresponding marginal pos-

terior distribution of the subset of interest in terms of simple func-

tions. Box and Tiao (1973) gave an alternative form in evaluating the 

posterior distribution of e, the common parameters for two independent 

responses, in which, if we are interested in the marginal distribution 

of the subset of e, 8 l (lxl) say, l > k, then instead of using a (k-1) di-

mensional integral, only one-dimensional numerical integrations are 

required. 

The following are two examples of poly-t distribtions: First, con-

sider a 2/0 poly-t distribution with mean -.0057 and variance .0920 and 

density 

2 10 2 _2_ 
f( 8 !s) a: [l + 10(8 + .2248) 1-z [l + 5(8 .0238) ] 2 

71.5235 .8433 

8 E R and S the sample, and next suppose we have a 1/1 poly-t distribution 

with mean -1.2815 and variance 11.4868 and density 
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2 - 10 2 2 
f(el ) a: [l + 10(6 + .2623) ] 2 [l + 5(6 - .0357) ]2 

s 97.3515 1.8975 'eER. 

This paper is concerned with the poly-t distribution and its appli-

cation to Bayesian statistical inference. In what is to follow, we 

have a review of the literature, an example of how the poly-t distribu-

tion arises in the analysis of several normal populations, a proposed 

solution to adaptive estimation (filtering) in a linear dynamic-system, 

and a proposed approximation to the marginal distribution of any subset 

of poly-t distributed random variables. 



CHAPTER II 

REVIEW OF THE LITERATURE 

Since 1960, Bayesian ideas have gradually developed in the liter

ature. The work of Zellner (1971) covers virtually the entire field of 

econometrics, and frequently gives in parallel the sampling theory and 

Bayesian treatments of the same problems. A sampling of subsequent work 

in Bayesian econometrics is given in a volume edited by Fienberg and 

Zellner (1975). The development of Bayesian analysis, with applications 

of the concepts and principles, can be found in Box and Tiao (1973). 

Lindley (1971) is concerned with estimation problems, devoted to the 

formulation and solution of technical problems in statistics, by means 

of Bayesian methods. 

In a Bayesian analysis, ideally, we would like to have a prior 

probability density function represent our prior information as accurate

ly as possible and yet be relatively simple so that the mathematical 

operations can be performed conveniently. Thus the conjugate prior, 

which is closed under sampling, is relatively simple and mathematically 

tractable, hence is very useful in representing prior information. The 

concept of a conjugate family of distributions was formalized by Raiffa 

and Schlaifer (1961), who also studied many families of distributions. 

Examples of natural conjugate densities can also be found in De Groot 

(1970). Zellner (1971) discussed the role and nature of prior informa

tion in analysis of data and the use of probability density function to 

6 
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represent prior information and gave applications encountered in econom

ics and econometrics. 

Raiffa and Schlaifer (1961) developed the distribution theory 

necessary to carry out the Bayesian analysis of the multivariate normal 

model. Ando and Kaufman (1965) generalized the above treatment by con

sidering the process where neither the mean vector nor the variance co

variance matrix is known. 

Tiao and Zellner (1964) used the Bayesian approach to analyze sets 

of regression equations which have correlated error terms. Press (1972) 

discussed both multivariate regression and generalized multivariate re

gression models from the Bayesian view-point employing both informative 

and non-informative prior densities on the parameters. Zellner (1976) 

used a broader assumption on the distribution of the error terms in re

gression models. He assumed the error terms have a joint multivariate t 

distribution with zero location vector and scalar precision matrix, and 

the multivariate Cauchy and normal distributions are special cases. In 

the last part of the paper (Zellner, 1976), the natural conjugate prior 

for the 'multivariate Student-t' regression model was represented. 

Poly-t densities, which are defined in Chapter I, arise with sur

prising insistence in the Bayesian analysis of many statistical models, 

particularly normal regression and simultaneous equations models. An over

view of the role played by the poly-t density in statistics has been done 

by Sedory (1981). Dreze (1977) discussed how poly-t densities arise as 

Bayesian posterior densities for regression coefficients under a variety 

of specifications for the prior density and the data generating process 

and he summarized the results obtained for a number of models. As men

tioned in Chapter I, no analy0tical expression exists for the normalizing 



constant and moments of poly-t densities, thus Tiao and Zellner (1964a) 

expanded poly-t densities, which they call muitiple t densities, in a 

Taylor series in order to compute approximate moments from the leading 

terms of the series. They described methods for taking higher order 

terms into account. 

8 

Since calculation of the mean requires the constant of proportion

ality in Bayes' formula, thus involving yet another integration which is 

technically difficult to execute, Lindley and Smith (1972) suggested an 

approximation using ~he mode of the posterior distribution in place of 

the mean, by solving the modal equations via an iterative technique. 

Dickey (1968) has shown that k/O poly-t densities of 8 can be analyzed 

by means of k-1 dimensional numerical integration, independent of the 

number of components in 8. Dayal and Dickey (1977) studied integrals 

whose integrands are product of t densities. Then Richard and Tampa 

(1980) expand Dickey's (1968) analysis to obtain formulae which are more 

convenient for computation.· They developed methods and computer algor

ithms to evaluate integrating constants and other characteristics of 

poly-t densities. 



CHAPTER III 

BAYESIAN ANALYSIS OF NORMAL POPULATIONS WITH 

A COMMON MEAN 8 

This chapter develops the Bayesian analysis of several normal popu~ 

lations each having an unknown mean e, but having distinct precision 

parameters. First several normal scalar populations are considered, 

then several multivariate populations, and finally several regression 

models with common regression coefficients are studied. 

In all cases, using the conjugate family of prior distributions, 

the marginal posterior distribution of 8 has a k/O product form poly-t 

distribution and the marginal posterior distribution of the precision 

parameters, although related to a gamma distribution, is of an unknown 

form. 

The posterior analysis reveals that the conditional distribution of 

8 given the precision parameters is always a normal distribution and the 

conditional distribution of the precision parameters given the common 

mean, is that of independent gamma (or Wishart) random variables (or 

matrices). The conditional posterior modes are thus easy to find, hence 

the joint posterior mode of all the parameters, perhaps, can be calcula

ted by iterative algorithms. 

In the scalar case, the poly-t distribution can be evaluated easily 

with numerical plotting and integration techniques, but in the multi

variate situation, some sort of approximation to the marginal distribu-

9 



10 

tion of subsets of e, would be valuable. 

Prior Analysis 

Consider several normal populations N(8,T.) for i = 1,2, •.. ,k where 
1 

8 ER is the common mean and T. > 0 is the precision of population i. Sup-
1 

pose we want to estimate these k+l parameters by means of Bayesian tech-

niques. Let x .. , 
1J 

j = 1,2, .•• ,n. be a random sample of size n. from 
1 l. 

N(8,T.), then the likelihood function is 
l. 

k 
L(e,pls) cc II 

i=l 

n. 
T • l. 

_ni -2:.[I 
2 2 "=l 

T. e J 
l. 

- 2 - 2 
(x .. -x.) +n.(8-x.)] 

l.J l. l. l. 
(3.1) 

, Tk), s is the sample, 8 ER and Ti> 0 for all 

i = 1,2, •.• ,k. We see that the form of the likelihood function suggests 

p(e,p) cc 

k 
II 

i=l 

1 Ti 
a..-;- --2 [2S. 

l. .... l. 
T. e 

l. 
(3. 2) 

T. > 0, l;;. > 0, o:. > 0, S. > 0, µ. E R for every i = 1, 2, ... , k and e E R as 
l. l. l. l. l. 

the conjugate prior density, which is the product of k normal-gamma den-

sities, one for each population. By completing the square on 8 in (3.2), 

the equation can be written as 

p(8,p) cc 

k 
{ ( I 

i=l 

k 
{ n 
i=l 

1 1 - --re 
2 2 

T.f;.) e 
l. l. 

k -1 
k 2 k 

- ( z:: Ti f;i) ( I T.l;;.µ,)] ( L 
i=l i=l :1. l. l i=l 

k-1 k 
-;[ L L T.T.f;.f;.(µ. -
e i=l j=i+l i J i J i 

2 
µ.) ] 

J 

T.f;.) 
l. l. } 

} 
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The function inside the first set of brackets if regarded as a 

function of e, must be proportional to the conditional density function of 

8 given p, since 8 does not appear in the second set of brackets. This 

function is proportional to a normal distribution with mean 

k k 
( E 
i=l 

-1 
T.s.) ( E T.s.µ.) and precision 

J.. J.. J.. 

k 
I 

i=l 
T. S. • 

J.. J.. 
It follows that the 

J.. J.. 
i=l 

function inside the second set of brackets is proportional to the mar-

ginal prior density of p which is not that of independent gammas .. 

Of course, if one lets s. --7 0 for i = 1,2, ••. ,k in (3.2), one is 
J.. 

assuming 8 has a constant density over R, then the conjugate density is 

the product of k gamma densities, namely 

k 
p(S,p) o: II 

i=l 

1 
Cl .--2 -T. f3. 

J.. J.. J.. 
T. e 

J.. 
8 ER, T. > 0, 

l 

which is improper. Also from (3.2), the marginal prior density of e is 

a k/O poly-t distribution. 

k 
p(e) o: II 

i=l 

(2a..+l) 
l 

e E R (3.3) 

and in the special case when Si s' s. J.. 
s and µ. = µ for all i = 1,2, 

J.. 

... 'k, 

which is a t density with 

k 
- E (2a..+l)/2 

l 
i=l 0 € R 

k 
I 2a..+k-l degrees of freedom, location param

i=l J.. 

k 
eter µ and the precision 2sS (. E 2a..+k-l). 

i=l l 
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Posterior Analysis 

By combining the likelihood function (3.1) and the conjugate prior 

density (3.2), we have the posterior density of the parameters. 

k 
II 

i=l 

n.+2a.+l 
l l -1 

2 
['r. 

l 

n. 
l 

E 
j=l 

- 2 
(x .. - x.) 

lJ l 

8 E R, 1". > 0~ 
l 

(3. 4) 

Gompleting the square on 8 and integrating with respect to • 1 ,.2 , ... ,Tk' 

we have the marginal posterior density of e 

k n. 2 
l - 2 n. E;. (x. - µ . ) 

p(S!s) cc II [2S. + E (x .. - x.) + l l l l 

l l 
i=l j=l lJ (n. + s.) 

l l (3.5) 

(n.+2a.+l) 
l l 

+ {e - (n. s. )-1 (n.x. 
2 

si)J 
2 + + si]Ji)} (ni + 

' 8ER 
l l l l 

which is a k/O poly-t distribution. 

Of course from a Bayesian standpoint, all we have to do is plot 

p(e!s) vs. e, compute the mean, mode, median, etc., a~d this must be done 

numerically. Note that there are no formulas for the integrating con-

stants and moments of p(eis) (except in special cases). Also note that 

if 

and 

n. + s. 
l. l 

a for all i 1,2, ..• ,k (choose s. 's) 
l. 

n.x. + s.]J. = b for all i = 1,2, •.. ,k (choose ]J. 's) 
l.l ll l 

2S. + 
l 

n. 
l 

E 
j=l 

- 2 
(x .. - x.) 

l.J l 
+ 

. 2 
n. s. (x. - 11.) 

l l l. l 

(n. + s.) 
l l 

c for all i 1,2, •.. k 



(choose S. 's), then 
l 

k (n.+2a.+l) 
l l 

- l: 

p(ejs) ~ [c + (e - a-1b)a] i=l 
2 

which is a t density. 

13 

8ER 

To find the marginal distribution of p = (T1 , T2 , .•. , Tk) we have 

to complete the square one from the exponent in (3.4), then integrate 

with respect to e. The result is 

A 
2 

{e } 
~~~~~~~~-

k 1/2 
[ l: T • Cn. +s . ) J 
i=l l J. l 

where T . > 0 for all i 
l 

1, 2, ... , k and 

A= 
k 
l: 

i=l 

2 - 2 
T. n. s. (x. -µ.) + 

l l l l l 

k-1 k 
l: l: 

·i=l j=i+l 

n. 
l 

l: 
j=l 

- 2 
(x .. - x.) 

lJ l } 

- - 2 
T.T.{n.n.(x. - x.) 
lJ l.J l J 

- 2 - 2 2 
+ n.s.Cx.-µ.) + n.s.Cx.-µ.) + s.s.(µ.-µ.) }J 

lJ l J J l J l lJ l J 

k 
l: 

i=l 

-1 
T.(n.+s.)J , 

l l l . 

(3.6) 

which is a very complex distribution .. The first part of (3.6) is just 

the density of k independent gammas, and the second part is a factor in-
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volving the squares and cross products of T. and T., i,j = 1,2, •.• ,k. 
l J 

Thus the marginal density of p is not that of independent gammas. 

By (3.4) we see that given 8, the conditional distribution of p is 

that of k independent gammas, that is 

n. 

213. + 
l 

l - 2 - 2 2 
L: (x .. -x.) + n. (8-x.) + i;i (e-µi) 

n. +2a .+l 
(T.j8) 'VG[ 1 1 

·=1 lJ l l l 
~~--<---=-~~~~~~~~~~~~~~] 

l 2 2 

where G denotes a gamma distribution for all i = 1, 2, ... , k, and given 

p, it can be shown that 8 is distributed as normal with 

E(8jp,s) 

V(8,p,s) 

k -1 k 
= [ L: T. (n. +~.)] [ L: T. (n. x. +~. µ.)] 

. 1 l l l . 1 l l l l l 
i= i= 

k -1 
( l: T. (n. +i;.) ) 
i=l l l l 

The modes of the conditional distributions are 

M(T.!-r.'s,8) 
l J 

and 

j;Fi 
n. 

l 

213. + L: 
- 2 - 2 2 

(x .. -x.) +n.(8-x.) +1;1.(8-µ 1.) 
l . 1 J= 

for every i = 1,2, ... ,k and 

M(8 Ip) 

k 
l: T. (n. X. +i;. jJ • ) 

i=l l l l l l 

k 
l: T. (n.+i;.) 

i=l l l l 

lJ l l l 
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The latter is a convex combination of x 's and µ. 's. For k=2, the modal 
i l. 

equations are 

n1 + 2a1 - 1 
M(Tlh2,e) = 

nl 
- 2 - 2 2 

2131 + E (xlj-xl) + n1 (e-x1) + s1 (e-µ1) 
j=l 

n2 + 2a2 - 1 
M(T2 1T1 ,e) 

n2 
- 2 - 2 2 

2132 + E (x2j-x2) + n2(e-x2) + sz<e-µ2) 
j=l 

and MCelT1 ,T 2) = 
nlTlXl + n2T2X2 + Tlt,:lµl + T2t,:2µ2 

(3. 7) 
. nlTl + n2T2 + Tlsl + T2S2 

Now consider a Bayesian analysis using the improper prior density 

(Jeffreys, 1966) 

k 1 
p(e,p) a: II 

i=l Ti 
Ti > 0 , i=l,2, ... ,k, eER. 

Then if this is combined with the likelihood function (3.1) we have 

p(e,pls) a: 

k 
II 

i=l 

n. 
-2:. _ 1 
2 

T. 
1 

n. 
't' • l. 

_-2:.[ E 

e 2 j=l 

- 2 - 2 
(x .. -x.) + n. (e-x.) ] 

l.J i i i e E R 0 
' ' T. > • l. 

(3.8) 

as th~ joint posterior distribution of the parameters. The marginal 

posterior distribution of e is k/O poly-t distribution, that is 
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n. 
k n. 1 

p(e!s) er 
1 - 2 - 2-2 

IT [ 2: (x .. -x.) + n.(6-x.) ] , 
. 1 . 1 1] 1 l 1 

6 E R • (3.9) 
1= J= 

Now, if the posterior distribution of p is derived, first by com-

pleting the square on 6 in the exponent of (3.8) and then integrating 

with respect to e, 

ni 1 ni - 2 k-1 
k 2- l - 2 [-r. 2: (x .. -x.) + 2: 
ITT. e 1j=l l] 1 i=l 

i=l 1 

k - - 2 k 
E T.T.n.n.(x.-x.) IE T.n.) 

j=i+l 1 J 1 J l J i=l 1 1 

p(p Is) er ----------k------------

[ E T.n. J112 
i=l 1 1 

(3.10) 

T. > 0, is the marginal distribution of p. Also, the conditional poster-
1 . 

ior distributions are 

k -1 k k 
( e I p) "' N [ ( E n . T • ) ( 2: T • n . x . ) , E T • n . ] and 

i=l 1 1 i=l 1 1 1 i=l 1 1 

n. 
(-r. 1-r. 's,e) "'G[ 2

1 , 
1 J 

j;fi 

for i = 1,2, ... k. 

n. 
1 - 2 - 2 

E (x .. -x.) + n. (e-x.) 
·-1 lJ 1 1 1 - ] 

2 

1 
Note, that if we put ai= --z, Si= 0, ~i = 0, i = 1,2, •.. ,k in the 

posterior density (3.4), we will get the same results as the one with an 

:improper prior. 
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Inferences for the Parameters 

We have seen that the posterior distributions for the parameters 

give complex distributions; however, the marginal distribution of e, 

(3.5) or (3.9) is a k/O poly-t distribution. For k = 2, it is a 2/0 

poly-t (one-dimensional), hence all we have to do is plot this density 

and calculate numerically the posterior mean, variance and other moments. 

On the other hand, the marginal distribution of (T1 ,T2) is quite complex 

since t 1 and 't2 are not independent. Hence one must numerically plot 

the contours of the faint density (3.6) or (3.10) for k = 2, over the 

region where Tl > 0 and T2 > 0. 

Another approach is to find the mode of the joint density of 

(6,T1 ,T2). Using Lindley and Smith's (1972) idea, we can consider the 

three conditional modes (3.7) and attempt to solve these equations using 

an iterative algorithm. So starting with some estimate of Tl and T2 , 

say the sample precisions, estimate 6; then solve for Tl and T2 and con

tinue the procedure until the estimate stabilizes. The solution, per-

haps, is the mode of the joint distribution, however, the joint density 

may be multi-modal and the solution may not converge to the joint mode, 

but to a lac.al maximum or minimum. 

Prior Analysis for 6 a Vector 

The theoretical results can be extended from a scalar 8 to a vector 

e (pxl) where 8 is the comma·n mean vector of several normal populations 

N (6,P.), i = 1,2, ••. ,k, and P. is an unknown precision matrix of the 
p l l 

ith population. Let x1 , x2 , ••• , x be then. 
n. i 

independent p-variate ob-
l 

servations from N (8,P.), i = 1,2, ... ,k. p l . 
Then the likelihood function is 



ni 
k 

L(e,Pls) a: II jP.j 2 

n. 
1 1. - -

--2 [ I (x .. -x.) 'P. (x .. -x.) 
e j=l 1.J 1. 1. 1.J 1. 
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+ n.(e-x.)'P.(8-x.)] 
l. 1. 1. l. 

i=l 1. (3.11) 

where x. 
l. 

n. 
1 1. 

= - L x .. 
n. . 1 l.J 

l. J= 
the sample mean vector of the ith population, 

P = (P1 , P2, ... ,Pk)' Pi positive definite (PD) for i 

and S is the sample. 

1,2, ••• ,k, 8 ERP 

The form of the likelihood function suggests 

k 
p(S,P) a: II IP.! 

i=l l. 

a..-p 
l. 

2 
- 1

2 [Tr(t:.P.) + .;.(8-µ.)'P.(8-µ.) 
l l l. l l l. 

e (3.12) 

8 ERP, .;. > 0, t:. PDS matrix, i = 1,2, ... ,k, as the conjugate density 
l . 1. 

which is the product of k normal Wishart densities, one for each popu-

lation. Now, (3.12) can be written as 

8 1 a.i-p 
k -- k --

p(S,P) a: {II e 2 }{II IP.I 2 
i=l i=l l 

where s1 

k k k 
{e - ( E .;.P.)-1 ( E .;.P.µ.)}'( I .;.P.){e 

i=l l l i=l l. l. l i=l l l. 

k 
( E .;.P.µ.)} 
i=l l l. l 

k 
( I .;.P.)-l 
i=l l. l 

k k k -1 k 
I .;.µ~P.µ. - (I .;.P.µ.)'( I s.P.) ( E s.P.µ.) 

i=l l. l l. l i=l l. l. l i=l l. l i=l l. l. l 

Thus Ihe conditional prior distribution for 8, given P, is multivariate 
k -1 k 

normal with mean vector ( E .;.P.) ( E .;.P.µ.) and precision matrix 
k i=l l. l i=l l l l 

E .;.P.. It now follows that the marginal prior density of P is propor
i=l l l 

tional to the function inside the second set of braces, but is not a 



well-known function. 

If we lets.~ 0 for i = 1,2, ... ,k, that is assume 8 has a con
i 
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stant density over RP, then the conjugate density is just the product of 

k Wishart densities, which is 

k 
p(8,P) a: IT IP. I 

i=l l 

a.-p 
l 

2 

1 
- -2Tr( T • P . ) 

l l 
e 8 E RP ' I p. I > 0' 

l 

which is an improper density. 

If we write (3.12) as 

p(8,P)a: 

a,-p 
k _i_ 

IT IP.I 2 
i=l 1 

- ! Tr [ {T. + C ( 8-µ.) ( 8-µ.) '} P. ] 
2 l l 1 l l 

e . , ' 

we could see that the marginal prior density of e is a p-dimensional k/O 

poly-t distribution, that is 

ai+l 
k -~-

p(8) °" IT I•. + s.(8-µ~)(8-µ.)' I 2 
i=l l 1 1 l 

Ct. +l 
l ---k 

a: II [l + 
i=l 

-1 2 s.(8-µ,) 1 T. (8-µ,)] 
l l l l 

A special case occurs when µi = 

••• ,k, then the density of e 

= sand T. = T for all i 
l 

k 
. -1 _12 L:(a.+l) 

p(8) a: {l + s(8-µ) 1 T (8-µ)}. i=l l 

which is a p-variate t density. 

(3.13) 

= 1,2, 
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Posterior Analysis for 8 a Vector 

Utilizing the prior distribution (3.12) in conjunction with the 

likelihood function (3,11) the posterior distribution of the parameters 

can be expressed as 
n.+a..--:p 

l. l. 

2 

n. 
l. 

L: (x .. -x.)(x .. -x.)' 
j=l l.J l l.J l 

k 
p(e,Pjs) tt IT IP. I 

i=l l. 
(3.14) 

+ n. ( 8-i.) ( 8-X.) I + S. ( 8-].1.) ( 8-].l.) I} p. ] ' 
l l l l l l l. 

IP .1 > 0 
l 

Integrating with respect to P, one has the marginal posterior density of 

e, namely 

k 
p(ejs) tt IT IT. + 

i=l l. 

n. 
l 

l: (x .. -x.)(x .. -x.)' 
. 1 l.J l l.J l 
J= 

(n.+a.+l) 
l l. 

+ i;.<e-µ.)(8-µ.)'I 
l. l l. 

2 

+ n.(8--;z.)(8-x.)' 
l. l l. 

n. 
k 

tt n [l + (n.+1;.)(8 -
n.x. 

l l + SiJ.li) I { l. - -
+I; T. + l: (x .. -x.)(x .. -x.)' 

ni i 1 j =l l.J 1 l.J 1 i=l l l 

n.1;. 1 
l.l.- - ,-

+ +i; (x.-µ.)(x.-µ.) } (8 n. . l. l. l. l. 
l. l 

(n.+a..+l) 
l l. 

n.x. + i;.].l. ---2---
1 l. l l)] (3.15) 
ni + si 

which is a p-dimensional k/O poly-t distribution. 

To find the marginal posterior distribution of P, we write the 

joint posterior distribution (3.14) as 

p(e,Pjs) tt 

1 - -
k --2 [n.(8-x.)'P.(8-x.) + i;.(8-µ.)'P.(8-µ.)] 
IT {e 1 l. 1 1 1 1 l. 1 

i=l 



n.+a..-p 
1 1 

2 

n. 
1 1 - -

--2 [ I: (x .. -x.) 'P. (x .. -x.) 
. 1 1J 1 1 1J 1 

e J= 

+ Tr(T.P.)] 
1 1 }, 

and completing the square in the exponent 

where 

n.(8-x.)'P.(8-~.) + s.(8-µ.)'P.(8-µ.) 
1 1 1 1 1 1 1 1 

* (8-µ~)'P~(8~µ~) + S. 
1 1 1 1 

µ": = 
1 

n.x. + S.µ. 
1 1 1 1 

n. + s. 
P* 

i 
(n. + S.)P., and 

1 1 1 

s~ 
1 

1 1 

n.S. 
1. 1 - I -
+ s (x.-µ.) P.(x.-µ.) n. . 1 1 1 1 1 

1 1 

Now, the posterior distribution of the parameters can be written as 

k 
_ _!_ E (8-µ~) 'P~(8-µ~) 

p(8,Pls) tt {e 2 i=l 1 1 1 } 

n. 
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k 
{ TI IP .1 
i=l 1 

n.+a..-p 
1 1 

2 

1 1 - -
·--2 [s~+ Z:: (x .. -x.)'P.(x .. -x.)+Tr(T.P.)] 

e 1 j=l 1J 1 1 iJ 1 1 1 } 

where µ** 

1 1 - -(8-µ*i<) 'P*7" (8-µ**) -
tt {e 2 IP**l2} 

k 
{ TI IP .1 
i=l 1 

n.+a.-p 
1 1 

2 

n. 
1 1 - -

--[ s~+ E (x .. -x.) Ip. (x .. -x. )+Tr ( T. p.)] 
e 2 1 j=l .iJ 1 ~ iJ 1 . 1 1 .} 

1 1 k k -1 k 
-- --[ I: µ~ 1 P7~µ~ + ( I: P*µ*) I (P**) ( I: P":µ~)] 

{IP** I 2 e 2 i=l 1 1 1 i=l i i i=l 1 1 } 

P** 
k 
I: p~ 

i=l 1 

8 E RP and P. PD for 
1 

all i = 1,2, ... ,k. 

Integrating p(8,Pls) with respect to 8., one has the marginal posterior 

distribution of P. 
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ni 
k 

p (PI s) a: { II Ip. I 
. 1 1 

n.+a..-p 
1 1 

2 
l: (x .. -x.) 'P. (x .. -x.) 

. 1 1J 1 1 1J 1 
J= 

+ Tr(T .P .) ] 
1 1 } 

1= 

1 1 k k k 
-- --[ l: µ*'P~µ:~~ + ( l: P~µ~) I (P**)-1 ( l: P*µ~)] 

{jP**I 2 e 2 i=l i ii i=l ii i=l ii } (3.16) 

which is not a known distribution. Note that in the first set of 

brackets, we have the product of k independent Wisharts, and in the 

second set of brackets, a factor involving squares and cross products of 

the P. 's. 
1 

From (3.14) it can be shown that given 8, the conditional distribu-

tion of P is that of k independent Wisharts, namely 

n.+a..-p 
1 1 

n. 
1 

p(P. j8,P. 's,s) ex: jP. j 
1 J 1 

2 
l: (x .. -x.) (x .. -x.)' 

. 1 1J 1 1J 1 
J= 

j:/=i 

+ n.(8-x.)(8-x.)' + ~.(8-µ.)(8-µ,)'}P.] 
1 1 1 1 1 1 1 

for i = 1,2, ••• ,k. Given P, 8 is distributed as a multivariate normal 

with mean vector µ** and precision matrix P**· The conditional modes are 

given by 

M (P . IP . ' s, 8) 
1 J 

j:/=i 

M(8,P) µ**· 

n. 
1 

= [n.+ a.. - P] [T. + l: (x .. -x.) (x .. -x.)' 
1 1 . 1 . 1 1J 1 1J 1 

J= 
+ n.(8-x.)(8-x.)' 

1 1 1 

-1 
+ ~.(8-µ.)(8-µ.)'] 

1 1 1 
for i = 1,2, ••• ,k, and 

Now consider the Bayesian analysis using the improper prior density 

(Jeffreys, 1966) 
k 

p(8,P) ex: II IP.I 
i=l 1 

(p+l) 
2 8 ERP, P. PD for all i = 1,2, .•• ,k. 

1 



23 

Combine this with (3.11), and we have the joint posterior distribution 

1 n. n.-p- 1 i _ _ 

k 1
2 --2 [ L: (x .. -x.)'P.(x .. -x.) + n.(8-~.)'P.(8-x.)]. 

p(8,P!s)"' II IP.I e j=l lJ i i lJ i i i 1 1 
i=l l 

(3.17) 

Integrating with respect to P, we have as the marginal posterior dis-

tribution of 8, 8 ERP as 

n. 
k ni 1 

p(8js) o: II I I (x .. -°X.)(x .. -x.)' +n.(8-°X.)(8-x.)'I 2 
i=l j=l 1J 1 1J 1 1 1 1 

n. 
k n. 1 

- 1 - - -1 - 2 
o: II [l + n.(8-x.)'{ I (x .. -x.)(x .. -x.)'} (8-x.)] , (3.18) 

. 1 1 1 . 1 1J 1 1J 1 1 1= J= 

which is a p-dimensional k/O poly-t distribution. 

The joint posterior distribution can also be written as 

k 
p(e,Pls) "' {II IP.I 

n.-p-1 
1 

2 

n. 
1 1 

2 L: (x .. -x.) 'P. (x .. -x.) 
. 1 1J 1 1 lJ 1 

e J= 
i=l 1 

k 
1 1 -, -

k -2 -2[ I n.x.P.x. -
I ~ p I . =l 1 1 1 1 

L. n. . e 1 
i=l 1 1 

k k k 
(I n.P.x.)'( I n.P.)( I n.P.x.) 

. 1 l 1 1 . 1 1 1 . 1 1 1 1 } 1= 1= 1= 

k -1 k k 
k l _l:.[8 - (I n.P.) ( z n.P.x.)]'( I n.P.) 

{I I n.P.12 e 2 i=l 1 1 i=l 1 1 1 i=l 1 1 
i=l 1 1 

-1 -
[6 - (In.P.) (In.P.x.)] 

11 111 }, 

Integrating with respect to e we have 



k 
p(Pis) a: { II jP. I 

i=l l 

n.-p-1 
l 

2 

n. 
1 l - - 1 

--2 I (x .. -x.) 'P. (x .. -x.) k 2 
e j =l lJ l l lJ l }{ I E n. p. j 

i=l l l 

k k k k 
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- 2
1 [ E n.x'.P.x. - ( E n.P.x.)'( E n.P.)( E n.P.x.)] 

e i=l1111. i=l111 i=l11 i=l111 }(3.l9) 

as the marginal posterior distribution of P, jP.! > 0. 
l 

From (3.17) it can be shown that given P, e is distributed as multi-

k -1 k 
variate normal with mean vector ( E n.P.) ( E n.P.x.) and precision 

i=l l l i=l l l l 

k 
matrix E n.P., and given e and P. 's, j# i, 

i=l 1 1 J 
P. is distributed as Wishart 

1 

n. 
l 

with parameter matrix [ E (x .. -x.) (x .. -~.)' 
. 1 lJ l 1] 1 
j= 

- - I -1 + n.(e-x.)(8-x.) ] and 
l 1 1 

degrees of freedom ni, for all i = 1,2, ... ,k and p < n .• 
l 

Regression Model 

Now we extend the results to several regression models, which have 

a common set of regression coefficients. Let 

i = 1,2, •.• ,k, where 

y.: n. x 1 vector of observations, 
l l 

X. : n. x p design matrix of full rank~ 
1 l 

8 : p x 1 common vector of regression parameters, 

£. : n. x 1 vector of errors distributed as normal with mean vector 
1 1 

zero and precision matrix T.I 
1 n. 

1 

The likelihood function can be written 

as 



L(&,Tls) ex: 

n. 
k 1. 

2 
II T. 

i=l 1. 
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T. A A 

--21 [(y.-X.8.)'(y.-X.8.) + (8-8.)'X'.X.(8-8.)] l l l l l l . l l 1. l 
e (3.20) 

where T = (•1· •2····· Tk)' 8i 

the prior distribution be 

(X'.X.)-1X'.y. ands is the sample. Let 
l l l l 

p(8,T) ex: 

+ (8-µ.)'n.(8-µ.)} P 
1 1 1 , 0 E R , •. > o, 

1. . 
(3. 21) 

then the posterior de~sity is 

T. A 2cx.+n.+l 
k l l 

p(8,T[s) ex: ITT. 2 
l --2 [2$1. + (y.-X.8.)' (y.-X.8.) 

l l l l l l e 
i=l l 

A A 

+ (e-0.)'x'.x.(0-e.) + (8-µ.)'n.(8-µ.)] . l 1. 1. l 1. l l (3.22) 

Comparing (3.22) to equation (3.14), we see they are formally identical. 

It follows that the entire analysis of the regression problem is formal-

ly identical to the analysis we have discussed, thus so far. The results 

are: 

k A A 

p(8ls) ~ IT [28. + (y.-X.8.)'(y.-X.e.) + 8'.X'.X.8. + µ1.'.nl.µl. 
i=l 1. l l l 1. l l l 1. l l 

- (X!X.e.+n.µ.)'(X'.X.+n.)- 1 (x'.x.e.+n.µ.) 
1. 1. l l l 1. l l l l l l l 

+ {8-(X'.X.+n·. )-l (X'.X. e .+n. µ.)}I (X'.X.+n.) {8-(X'.X.+n. )-l 
ll l lll ll ll l ll l -

A 

(X '. x. 8 . +n . µ . ) } ] l 1. l l l 

(2cx.+n.+l) 
l l 

2 
(3.23) 

which is a p-dimensional k/O poly-t distribution. The marginal density 
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of T is 

p(Tls) a: 

2a..+n.+l 
l. l. 

T . A 
l. k 

2 
II [T. 

-z-{21\ + (y.-X.8.)'(y.-X.8.) + R.} 
e iii l. ii i] 

i=l l. 

k 1 _ _l{ ~ µ'fTi.'W~ 
( I T~) z e 2 i=l 1 1 1 
i=l l. 

k k -1 k 
+ < I T~µ~) • c I T'n c L: T~µ~)} 

. 1 l. l. • 1 l. • 1 l. l. 0 1= 1= i= , T.> , 
l. 

(3.24) 

where µ~ 
l. 

(X'.X.+n.)-1(X'.X.~.+n.µ.) 

and 

is 

l. l. l. l. l. l. l. l. 

T~ T. (X'.X-.+n.) 
l. l. l. l. l. 

R. 
l. 

A A 

T . [ c 8 '. x '. x . 8 . +µ '. n . µ . ) 
l. l. l. l. l. l. l. l. 

,.. 
(X '. x 8 . +n . µ . ) J • 
lil. l.l. 

(X!X.~.+n.µ.)'(X'.X.+n.)-l 
l. l. l. l. l. l. l. l. 

The conditional marginal density of Ti' given the other parameters 

p(T.18,T. 's,s) 
l. J 

jfi 

2a..+n.+l 
l. . l. 

a: T. 
l. 

2 

T. ..... A 

- 21 [2S1. + (y.-X.8.)'(y.-X.8.) 
l. l. l. l. l. l. 

e 

.... 

+ (8-8.)'X'.X.(8-8.) + (8-µ.)'n.(8-µ.)}, T.>O (3.25) 
l. l. l. l. l. l. l. l. 

for i = 1,2, ••• ,k. Also, given T, e is distributed as multivariate 

k -1 k k 
normal with mean vector ( I T~) ( I T~µi_<) and precision matrix I T~ 

i=l l. i=l l. l. i=l l. 

and the modal equations are· 

A A A A 

M(T.,8) = (2a..+n.-l)/[2S. + (y.-X.e.)'(y.-X.8.) + (8-8.)'X'.X.(e-e.) 
l. l. l. l. l. l. l. l. l. l. l. l. l. l. 

+ (8-µ.)'n.(8-µ.)] for i = 1,2, •.. ,k and 
l. l. l. 



k k 
( I T~)-l( I T~µ~) 
i=l l i=l l l 

Note that if we put Si = 0, n. = 0 and a. = -p/2 in the posterior 
l l 
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density (3.22) for all i = 1,2, •.. ,k, we have the same results as if an 

improper prior density had been used. Zellner (1971) in section 4.2 gave 

an example for k = 2, using improper prior density. 
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CHAPTER IV 

METHODS OF APPROXIMATION 

The main goal of this research is to develop approximation tech- . 

niques to the marginal pdf associated with poly-t. The marginal distri-

bution of any subset of poly-t distributed random variables involves inte-

gration of the poly-t (excluding the normalizing constant). In the first 

method of approximation, the integrand in the marginal density is approx-

imated by a normal density with the same mean and precision of each fac-

tor in the density of the integrand. In the second method, the integrand 

in the marginal density is approximated by a Bernstein polynomila (Ral-

ston, 1965). Lastly, we use the generalization of the Weierstrass theorem 

(Lorentz, 1953) to directly approximate the poly-t density. From here 

one may obtain either marginal distribution as a mixture of Beta densi-

ties. One may also obtain the equations for the means and variances. 

Approximation by Normal 

Let 8 be a pxl random vector where p = p1+p2 and partition 8 

pl Pz 
(Si,82)' where e1 ER- and e2 E R and suppose 8 has a k-factor poly-t 

distribution with density 

h(S) 
k 

cIIf.(8) 
i=l 1 

where c (>O) is the normalizing constant, thus 

28 



where 

and 

h(e) 

f. (8) 
l 

k c 
k IIc.f.(8) 

i=l l l 
II c. 

i=l l 

(') (') (n.+p) 
(8-µ 1 )'T.(6-µ 1) __ i __ 

l ] 2 
n. 

[l + 
l 

f c.f.(8)d8 = 1 
RP 1 1 

for all i = 1,2, ..• ,k. 

Partitionµ. and T. for all i = 1,2, ... ,k as follows: 
l l 

pl p2 

c{i)rlx]_ c(i) T(i)) pl 
(i) 1 11 12 

µ = . and T. = 
T(i) T(i) µ(1) p x1 1 

2 2 21 22 p2 

(i) 
and suppose T11 is non singular for all i = 1,2, ••• k. 

1 - n.+p 
IT(i) 12 r(-1-) 

11 2 

the normalizing constant of fil (e1 1e2), 

ci2 constant (the normalizing constant of fi 2 (8 2)), 

29 

(4.1) 

'IT.I >O, 
l.. 



(n.+p) 
l 

sity with ni + p2 degrees of freedom, location vector 

µ (i)ce ) (i)_T(i)-1T(i)(e - (i)) d h . 1 2 = µl ll 12 2 µ2 an t e precision matrix 

t-· . 

n. + 
l. 

Now consider (4.1) which may be written as 

h(8) 

· ... 

k 

kc i~lcil(e2)fil (e1l 82)ci2fi2(e2)' 
II c. 

i=l l 

pl P2 
e ERP' el ER , e2 ER Thus the conditional density of el I 82 is 

and the marginal of e2 is 

30 

(4.2) 

(4. 3) 

(4.4) 
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k k 

h2(82) o: i~lcil (82)fi2(82) f Pi i~/il (81l82)d81, 
R 

31 

(4.5) 

p 
82 ER 2 Thus one must perform the integration, where the integrand is 

k 
.rr fi 1 C81 j82). Now fil (81 182) is at density (excluding the normal-
i=l ' 

izing constants ci1 C8 2)) for i = 1,2, ... ,k. The integral is to be ap-

proximated by approximating fil (81 18 2 ) with a normal density with the 

same mean and dispersion for all i = 1,2, ... ,k. 

Now consider fi1 (81 j82), which has mean µii)(8 2) = µii)_Tii)~lTi~) 

(8 2-µii)) and precision T(i)*(8 2). The dispersion matrix is 

n · +p2 ( ·).,. 1 
i [Ti~(8)]-. Th h .. . b d. h us t e precision matrix to e use in t e nor-

ni +p2-2 2 

mal approximation is 

Therefore 

-t [ { 81 -m ( 8 2 ) } ' H ( 8 2) { 8 1 -m ( 8 2 ) } 
= e 

p 
8 ER 2 

2 

p 
8 ER 2 

2 
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+ ~ µ(i),(8 )T.(8 )µ(i)(8) 
i=l 1 2 l 2 l 2 

(4.6) 
k· 

and H(8 2) = E T.(8 2). 
i=l l 

So (4.6) is a normal density with mean m(8 2) and precision H(8 2). Now the 

approximation reduces to 

k k 

f Pi i~l fil (81f82)d81 • f P1 i~l fh (81I82)d81 
R R 

-( ~ T.(8 )µ(i)(8 )) 'H~1 C8 2 )C ~ T.(8 2) 
i=l l 2 1 2 i=l l 

µ(i)(8 ))} 
1 2 

Therefore the approximate marginal density of e2 is from (4.5) 

k 

h2(82) ~ i~lcil (82)fi2(82)c*(82) ' 

Now suppose x (pxl) has a two-factor poly-t distribution with den-

sity h(x) = cf(x)g(x), xERP where 

(nl+p) 

f(x) [l + (x-µ) 'T(x-µ)J- 2 

nl 
IT I > 0' x E RP' 
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(n2+p) 

g(x) [l + (x-v) 'S(x-v) ]- 2 

n2 
1 s r > a ; x E RP (4. 7) 

Partition X, µ; v, T and S as follows: 

(:1 rlxl cl r1:1 cl) plxl 
x = ].l = v 

pxl pxl. pxl 
v2 p2xl 2 p xl 2 P2 1 2 

pl P2 pl P2 

=Cll Tl2) P1 ell 812) pl 
T s 

T21 T22 P2 821 822 P2 

Then the marginal density of x2 can be written as 

p2 
x2 ER where 

2 
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(4. 8) 

- -
H(x2) = T(x2) + S(x2) • 

If x2 is scalar, we can plot the marginal density of each component 

of x, which allows one to compute the mean vector of x. If x 2 is 2xl, 

one can compute the covariance between the components of x2 , which allows 

µs to calculate the variance covariance matrix of x. Of course one can 

check the approximation with the exact marginal density of x2 using the 

numerical integration technique. 

Approximation by Bernstein Polynomial 

k 
For e1 a ~calar, the integrand f (e1 ) i~lfil (e1le2) in (4.5) can be 

approximated by a Bernstein polynomial of degree m (Weierstrass Approxirna-

tion theorem, Lorentz, 1953) which is defined by 
k m-k 

m (e - a) (b - e ) 
B (f;e ) = l: f[(b-a)~+a](m) 1 1 
m 1 k=O m k (b-a)m 

e1 E [a,b], 

where f is the function that is to be approximated, and taking a and b 

three standard deviations from its mean, i.e. 



1 

. { (i)(8) 3[ ni+p2 (T(i)*(8 )}-l]Z a = min µ1 2 - + _ 2 2 ,. i = 1, 2, ••. , k}, 
ni P2 

1 
(i) ni +p2 (°)* 1 2 

b = max{µ 1 (82 ) + 3[ + {T 1 ' (8 )}- ] 
ni p 2 - 2 2 

i 1, 2, .•. , k}. 

Hence 

m 
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= (b-a) L: f[(b-a)k+a] 
m+l k=O m 

(4. 9) 

pl 
Now suppose e1 E R , pl _.:::. 2. By the generalization of the Weier-

strass approximation theorem (Lorentz, 1953) we have 

k 
kl P1 

f [ (b1-a1)-+ a 1 , ••. , (b -a )-
ml pl pl m 

pl 

where f is the function that is to be approximated, 8 .. E [a.,b.], 
1-J ] J 

j = 1, 2, .•. , p1 , and taking 

a. 
J 

1 
( .) n.+p2 (")"" 1 -2 

min. { µ 1 ( 8 ) - 3 [ 1 { T 1 c ( 8 ) } - ] . 
J 2 ni+p 2-2· 2 

i 1, 2, •.. , k} 



where min. is the minimum value of the jth element, 
J 

1 
(i) ni +p2 { T(i)*(e ) }-112 b . = max . { µ ( e 2) + 3 [ +p _ 2 2 

J J ni 2 
i=l,2, .•• ,k} 

where maxj is the maximum value of the jth element, j = 1, 2, ..• , p1 . 

Hence 

m 
p m 

1 b .-a. 1 pl k 
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{II(J J)}I 
j=l mj+l k =O 

1 

1 I f[(b1-a1)- + a1 , ... 
k =O ml 
pl 

... ' (4.10) 

Now we use the generalization of the Weierstrass approximation 

theorem to directly approximate the poly-t density (4.1). 

m 
p . kl k 

I f[(h1-a1)-+a1 , ••. (b -a )--E..+a] 
k =O ml P P m P 

p p 

k m -k 
m (e -a ) p(b -e ) p p 

( p) p p p p 
k m 

p (b -a ) P 
p p 

where f is the function that is to be approximated, 8 ERP, 6. E [a.,b.], 
J J J 

j = 1, 2, •.• , p, and taking 



1 
= . { (i) _ 3{ [l(T(i) _ T(i)T(i)-lT(i)) ]-l}Z 

a. minµ. 2 · · "k kk k" ' J J ni- JJ J J 

1 
b = { (i) + 3{ [l(T(i) - T(i)T(i)-l~(i)) ]-l}Z 

· max µ. 2 · · "k kk 1k' ' J J ni- JJ J J 
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i 1, 2, ••• ,k} 

i 1, 2, .• .,k}. 

So the marginal density of e. is given by 
1 

f(8.) 
1 

p 
= c{ II 

j=l 
j:/i 

b.-a. -m. 
J J } ) 1 ( + 1 ) (b. -a. m. 1 1 
J 

m 
p 

I: 
k =O 

p 

k m. k. m.-k. 
---1: ] 1) ) 1 ) 1 1 (b -a ) +a (k ( e. -a. (b. -e. 

p p m p . 1 1 1 1 
p 1 

m 
p b .-a. 1 

m 
p 

(4.11) 

where c [{ II ( J J)} I: 
j=l mj + l k =O 

1 

I: 
k =O 

p 

kl k -1 
f[(b1-a1)-+a1 , ... ,(b -a )--1?.+a]] 

Therefore, 

E(8.) 
1 

p 
= a 1 + c{ II 

j=l 
j:/i 

k 

b.-a. (b.-a.) 2 ml 
1 1 ) l 1 

(m + l ) (m.+l) (m.+2) I: 
j 1 1 k =O 

1 

(b -a )1+ a ] (k.+l) 
p p mp p 1 

m1 p p mp p 

(4.12) 

m 
p kl 
I: f [ (b1-a1)-+ a1 , .•. 

k =O ml 
p 

(4.13) 



and 

V(8.) 
]_ 

p 
c{ II 

j=l 
j;l:i 

... ' 

b.-a. (b.-a.) 3 ml 
( J J } l l 

m. + 1) (m.+l) (m.+2) (m.+3) I: 
J i i i k =O 

1 

m 
p 

I: 
k =O 

p 

k 2 
(b -a )__.E.+ a ] (k.+l) (k.+2) - {E(e.) - a.} 
ppm p i i l i 

p 
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(4.14) 



CHAPTER V 

LINEAR DYNAMIC SYSTEMS 

Linear dynamic systems are linear models which are used to solve 

communication and control problems in electrical engineering. They con

sist of two equations, namely an observation and systems equation. 

From a statistical viewpoint, much has been accomplished in adap

tive estimation, non-linear filtering, and control, however, very little 

has appeared from a Bayesian viewpoint. 

The purpose in introducing the linear dynamic model is to demon

strate that, as with other linear models which are familiar to statis

ticians, this one is no different, in that the Bayesian analysis produces 

well-known posterior distributions and that consequently, the Bayesian 

approach, perhaps, will provide convenient solutions to some engineering 

problems. As will be shown, the current state of the system, 6(t), is a 

scalar subset of the vector of state vectors; which has a poly-t distri

bution, thus the filtering problem is solved once the marginal distribu

tion of 6(t) is obtained. 

Consider a sequence of observations Y(i), i 1,2, •.. where 

Y(i) = F(i)S(i) + v(i) (5 .1) ~ 

and 6(i) G6(i-l) + w(i). (5. 2) 

The observations are nxl vectors, F(i) is a nxp known matrix, and the 

39 
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v(i) are observational nxl error vectors. The equation (5.1) is called 

the observational equation and it expresses the observations as linear 

functions of the state vector 8(i) and an additive error term. The sys

tems equation (5.2) is a first order autoregressive process which ex

plains the evolution of the system through time, where the states {8(i) 

i = 1,2, •.. } are unknown pxl real parameter vectors, G is a pxp known 

systems design matrix, and w(i) a pxl systems error vector. 

Suppose the v(i) have mean zero and precision Pv(i)' a nxn positive 

definite matrix and let zero be the mean of w(i) and suppose Pw(i) is a 

pxp precision matrix of w(i). Furthermore, suppose 8(0), the initial 

state is either known or is random with a N(µ 0 ,P0) distribution, where 

µ0 and P0 are known. 

The main goal is to estimate past, present, and future states, given 

t observations, Y(i), i = 1,2, ••• ,t. In the engineering literature, es

timation consists of three things, namely: 

1) Interpolation, that is estimate 8(i), i = 1,2, ••• ,t-l, the 

past states of the system, 

2) Filtering, that is estimate 8(t), the present state, and 

3) Prediction, that is to estimate the·future states 8(t+l), 

8(t+2), .•.• 

The foundation of estimation is the Kalman filter, which was pre

sented in 1963. This is a sequential or recursive algorithm which es

timates the present state 8(t), and it recursively updates the estimate 

of 8(t) from the past estimate of 8(t-l). See Harrison and Stevens 

(1976) for details of the filter. 

Briefly, Kalman assumed the following. First, all the precision 

matrices Pv(i)' Pw(i)' i = 1,2, ... ,t are known and the error vectors are 
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independent normal vectors and independent of the initial state vector 

8(0) ~ N(µ 0 ,P0). Kalman estimates 8(t) by the mean of the posterior 

distribution of 8(t), which is a normal distribution. 

Since engineers are capable of designing systems in such a way to 

control the noise characteristics v(i) and w(i), the assumptions of 

known error precisions (dispersions) is not an unrealistic assumption. 

Note, statisticians assume the noise precision is usually unknown when 

they use regression models, because they analyze data where one is unable 

to control the noise. Nevertheless, there are situations where the noise 

precisions are unknown and when this is encountered, the term adaptive 

estimation is used by control engineers. 

For example, suppose the observations and state vectors are scalar 

(n=l=p) and that the precisions are constant but unknown, that is 

= T (>0) 
v 

= T (>0) 
w 

for i = 1,2, •••. 

Also assume that given 8(1), 8(2), ... , 8(t) and T , that the observations 
v 

Y(l), Y(2), ... , Y(t) are independent normal variables and that given T 
w 

and 8(0), that 8(1), 8(2), •.• , 8(t) follow a first order autoregressive 

process. Let the prior density of (T ,T ) be 
v w 

a -1 -T S a -1 -T B 
V VV W WW Po<• ,, ) .~ • e ' e v w v w 

and suppose (T ,T) is independent, a priori, of 8(0). Then the poster
v w 

ior density of 8(1), 8(2), ... , 8(t), 'v' 'w is 



T t 

t ~+a.v-1 - 2v{ l: [Y(i)-F(i)e(i)] 2 + 28} 
p (e , T , T ) ex: T e i=l V 

v w v 

T t 

4a. -1 - 2w{ l: [e(i)-Ge(i-1)] 2 + 28 } 
T 2 W e i=l W 
w 

for T > 0, T > o, and et= [e(l), e(2), ... , e(t)] E Rt. 
v w 

We see from (5.3) that the marginal density of et is 

(2a. +t) 
v 

p(8t) ex: {28 + ~ [Y(i)-F(i)e(i)J 2} 
v i=l 

2 {28 + 

~ [e(i)-Ge(i-1)] 2}
i=l 

(2a. +t) 
w 
2 

(8 - e) 'F'F(8 - e) 

{l + (8 - A-lB) 'A(8 - A-lB)} 

28 +C-B'A-lB 
w 

(2a. +t) 
v 
2 

(2a. +t) 
w 
2 

where 81 
A 

(8(1), 8(2), ... , 8(t)), 8 (F'F)-lF'Y 

F = ( F(l) , 

tXt VJ 

F(2) r/, ) 

• F(t) 
(

Y(l)) 
Y = Y{2) , 

Y(t) 

F(l), F(2), ... , F(t) must be nonsingular, 

w 
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(5. 3) 

(5. 4) 

(5.5) 



A 
txt 

B' 
lXt 

l+G 
2 

-G 

0 
= 

0 

0 . 

= (Ge(O) 

-G 

l+G2 

-G 

0 
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0 0 

-G 

l+G2 -G 

. -G l+G2 -G 

0 -G 1 

0 . . . . O) 

for et E Rt, and the posterior distribution of et is a 2/0 t-dimensional 

poly-t distribution. Each factor is a proper t density, the first with 

2a degrees of freedom, and the second with 2a • 
v w 

Thus, the filtering problem is to find the marginal posterior dis-

tribution of e(t) for all t = 1, 2, ... , and it would be necessary to use 

the approximation. Note, the degrees of freedom of each factor is inde-

pendent of the number of observations, and the degrees of freedom depend 

only on the prior information for T and T • 
v w 

Adaptive Estimation of Linear Dynamic Models 

Using a Normal Approximation to the 

Conditional of e(k) Given 

8(1), 8(2), ... , 8(k-l) 

Consider (5.1) and (5.2) where the observations Y(i), i = 1,2, ... , 
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are nxl vectors, F(i) is a nxp known matrix. Assume that 8(0) is known, 

V(i) are normally independently distributed with mean zero and precision 

Pv(i)' a nxn positive definite matrix and W(i) are normally independently 

distributed with mean zero and precision Pw(i)' a pxp positive definite 

matrix, F(i) and Gare known, v(l), v(2), •.• , w(l), w(2), .•• , are inde-

pendent sequences, Pv(i)' Pw(i) are unknown and Pv(i) = Pv, Pw(i) 

Cov[v(i),B(i-1)] = O, i = 1,2, .••• 

p ' w 

Our interest is to build a recursive formula by which one may es-

timate 8(k), given k observations Y(l), Y(2), •.• Y(k). One way of using 

the Bayesian approach is to find the conditional posterior distribution 

of 0(k), given 8(1), 8(2), ••• , 8(k-l), fork= 1, 2, ••.. 

Let k = 1. Assume that P and P are apriori independent and the 
v w 

prior density of P is 
v 

a -n-1 1 v 
2 

--Tr (T P ) 
IP I 

2 v v e v IP I > 0 v 

and 

a -p-1 1 w 
2 

--Tr (T P ) 
IP I 2 w w e 

w IP I > 0 w 

for the prior density of P • The joint density of Y(l), 8(1), P and P w v w 

is proportional to 

IP I v 

a -n 
v 
2 

- 1
2 Tr {[Y(l)-F(l)8(l)][Y(l)-F(l)8(1)]' + T }P 

v v 
e 
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a. -p 
~2 _ _!_2Tr {[e(l)-Ge(0)][8(1)-G8(0)]' + T }P' 

IP I e w w 
w 

where P and P are PDS, Y(l) E Rn and 8(1) E RP. Eliminate P and P by v . w v w 

properties of Wishart distribution, we have 

g[Y(l),8(1)] a: IT +[Y(l)-F(l)8(l)][Y(l)-F(l)8(1)]'! 
v 

IT + [8(1) - G8(0) ][8(1) - G6(0)] I I 
w 

(a +l) 
w 
2 

(a. +l) 
v 
2 

The posterior density of 8(1) is a 2/0 p-variate poly-t 

where µ11 [F'(l)T-lF(l)]'F'(l)T-lY(l), 
v v 

µ12 G8(0) 

(a. +l) 
v 
2 

(a. +l) 
w 
2 6(1) E RP 

(5.6) 
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So 6(1) has a 2/0 p-variate poly-t distribution. Therefore 6(1) has an 

approximate normal distribution with mean 

m(l) (5. 7) 

and precision P(l) (5.8) 

Now let k > 2. The joint density of Y(l), Y(2), •.. , Y(k), 6(1), 

6(2), ••• , 6(k), P and P is 
v w 

. [Y(k) 6(k) P P ] cr 

g ' ' v' w 

a +k-n-1 
v 

IP I 2 
v 

1 k 
--2Tr{ Z: [Y(i)-F(i)6(i)][Y(i)-F(i)6(i))' + T }P 
e i=l v v 

a +k-p-1 w 

IP I 2 
w 

1 k 
-.-2Tr{ L: [6(i)-G6(i-1)][6(i)-G6(i-l)]' + T }P w w 

e i=l 

where Y(k) {Y(l), Y(2), ••. , Y(k)}, e(k) = {8(1), 6(2), ... , e(k)}. 



Eliminating P and P we have, 
v w . 

(a +k) 
v 

k 
h[Y(k) ,e<k)] a: IT + E [Y(i) - F(i)6(i)J[Y(i) - F(i)6(i)J' I 

v i=l . 

2 

Therefore, 

k 
IT + E [6(i) - G6(i-1)][6(i) - G6(i-l)]' I 

w i=l 

(a +k) 
v 

(a +k) 
w 
2 

(et +k) 
v 

h[6(k)!6(i)'s,Y(k)] a: I Q1 I 
2 

{l + [9 (k)-µkl] 'P kl [ e (k)-µkl]} 
2 
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if k (5. 9) 

(a. +k) 
w 

IQ21 2 
{1 + [6 (k)-µk2] Ip k2 [ 6 (k)-µk2]} 

k-1 
. Q = T + E [Y(i) - F(i)6(i)][Y(i) - F(i)6(i)J', 

1 v . 1 1= 

µkZ = G6(k-1), 

k-1 
Q2 = T + E [8(i) - G6(i-1)][8(i) - GB(i-1)]', 

w i=l 

(a +k) 
w 
2 

6 E RP 
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So the conditional posterior density of 8(k) given 8(1), 8(2), .•. , 8(k-l) 

fork= 2, 3, •.• , is a 2/0 p-variate poly-t. This conditional distribu-

tion is approximately normal with mean 

m(k) (5.10) 

and precision P(k) (5.11) 

where P~1 (av+ k - p - 2)Pkl' 

and P~2 = (aw+ k - p - 2)Pk2• 

" " 
So for each k, one may compute m(k) which estimates E{8(k)j8(1),8(2), 

••• ,8(k-l)} where 8(i) is the conditioning value of 8(i). F()]'." example, 

one might use 

e(l) E{8(l)j8(0)} 

~C2) = E{8(2)j8(0),e(1)J 
(5 .12) 

§(k) E{8(k)!8(0),§(l), ••. ,§(k-l)}, 

then the conditioning values are the conditional means. 



CHAPTER VI 

NUMERICAL STUDY 

Whenever a bivariate 2/0 poly-t is used in this chapter, we refer 

to the following distribution: 

f(e) ~ [l + _!_(8-u)'T18-u)J 
nl 

(nl +2) 

2 1 . -
[l + ~(e-v)'s(e-v)] 

n2 

(n2+2) 

2 

Tl2) T and 
22 

where e = 

S = (Sll 
s21 

(e1 e2) 1 , u = (u1 u2) 1 , v = (v1 

812) S ; u and v are called the "means" of the first and second 
221 

factor, respectively. Similarly, T and S are called the "precisions" 

and n1 and n2 "degrees of freedom" of each factor. 

The first part of the numerical study is based on the iterative 

method (Lindley and Smith, 1972) applied to univariate two factor poly-t, 

then to the two normal linear regression equations (Zellner, 1971, p. 102). 

Then we look at the effect of changing the "precision" for various values 

of "means11 of the two factors of the bivariate 2/0 poly-t in several re-

gression models. From here we proceed to the approximation by normal and 

Bernstein polynomials, and the last part of the chapter is the study of 

the adaptive estimation of Linear Dynamic Models using normal approxima-

tion to the conditional distribution of the present state. 

Table I presents the comparison of the mode of the marginal density 

of e (equation (3.5) for k=2) by numerical integration, the mode by 
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iteration from the modal equation (3.7), and the marginal mean of e by 

numerical integration. The mode obtained through the iterative method 

is the mode of the joint density of all the parameters in the model and 

in general, it is not the mode of the marginal density (O'Hagan, A. 1976). 

Sample values used are n1 = n2 = 10, 

nl 
- 2 

E (X1 .-X1 ) = 31.7882, 
j=l ~J 

x1 = -.1499 and x2 

.3611 

From Table 1 we observe that, if S's and ~'s are equal to zero, 

changing the value of µ's would not change the modes and mean of e and 

this is obvious from equations (3.4) and (3.5). The joint mode obtained 

through iteration is quite close to the mode of marginal by numerical in-

tegration whatever the values of a, 6, ~ and µ's. These modes can be 

used to estimate means because the distribution is unimodal and n1 and 

n2 are fairly large. 

Direct application of the iterative method to the bivariate problem 

was done using the two normal linear regression equations from Zellner 

(1971, p. 102) with improper prior. The modal equations are: 

M(T.le) = (n.+l)/[v.s: + ce-e.)'x~x.ce-e.)J 
1 1 1 1 1 1 1 1 

2 2 
and M(ejT.) ( z:; t )-1( I e ) where 19, 17' e. = = T .X.X. z:; x.x .. ' n. = \). 

1 i=l 1 1 1 i=l 1 1 1 1 1 1 

(X!X.)-lX!Y.· for 2 2 
104.3079, XiXl 

2 
i 1, 2, sl 777.4463, s2 = sls' 

1 1 1 1 
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s = ( 4185 .1054 
299.6748 

299.67Lf8) 
1535.0640 ' and 

T = ( 9010. 5868 
1871.1079 

1871.1079) 
706.3320 

The mode of the joint distribution is found to be (.0371, .1448) which 

is very close to the mode of the marginal distribution of 6 given in 

Zellner (1971), i. e. (.0373, .1446). 

With slight changes in the values of n1 , n2 , S and T from the two 

normal linear regression problem, the iterative method was done for 

A 

different values of 6., i = 1, 2. Using the same modal equations with 
1 

n1 = n2 = 5, v1 = v 2 = 3, the results of this study are given in Table 2 

(only the mode corresponding to e2 is presented) for different values of 

Sand T and different values of e1 = (u1 u2) 1 and 82 = (v1 v2)'. When 

"' "' e1 and e2 are far enough apart, the distribution becomes bimodal, so the 

mode by iteration depends on the starting value. From Table 2 we notice 

that the mode of 62 by iteration is close to the mode of marginal of 62 

by numerical integration. 

Approximation by the normal distribution was developed in Chapter IV 

and was applied to two normal linear regression problems (Zellner 1971, 

p. 102) and the results are: 

Approximation (Normal) 

Mode: .0373, .1447 

Mean: .0374 

Variance: 10.1964 x 10-s 

Asymptotic Expansion (Zellner) 

.0373, .1447 

.0373 

-5 9. 6158 x 10 

The results are very close to the one obtained by Zellner based on the 

leading normal term in the asymptotic expansion. 

Then approximation by normal was applied to the marginal density of 

62 which is a bimodal, for various values of u and v, S and T. Cornpari-
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sons of the mode of the exact with the approximation by normal are given 

in Tables 3, 4, and 5. 

Since approximation by the normal distribution· is not that good for 

the bimodaL marginal density of a subset of e (Tables 3 - 5 and Figures 

6 - 10), we use a Bernstein polynomial to approximate the integration in 

(4.5). We have to determine the degree of polynomial in order to achieve 

a good approximation. A bivariate 2/0 poly-t was considered where 

u = (-.5 -.5)'' v = (.5 .5)'' 

T = (4185 .1054 
299.6748 

299.6748\ 
500.00 }' 

s = ( 9010. 5868 
1871.1079 

1871.1079) d 
1500.00 ' an . 

The exact marginal of e2 (4.5) is compared with the approximate marginal 

using a Bernstein polynomial (4.9) for different degrees of the polynom-

ial m. From Figures 1 - 4, the value of m that gives a good approxima-

tion (in this particular example) must be greater than 120. 

Approximation by Bernstein polynomial of the integration in the mar-

ginal density of e1 and e2 was also applied to the example on the two 

normal linear regression problem (Zellner 1971, p. 102) with m = 250. 

The results are: mode of e1 = .0370, mode of e2 = .1450, mean of e1 = 

.0373, and variance of e1 = 10.240 x 10-5• 

Comparison of the exact, and the approximations by the normal dis-

tribution and the Bernstein polynomial (m = 250) of the marginal density 

of e2 (4.5) were done, and the sample quantities are given together with 

the results in Tables 3 - 5. The graphs of these comparisons, for a few 

cases, are shown in Figures 5 - 10. The conclusion is that the approxi-

mation by Bernstein polynomial is more accurate than that of normal. 

If a generalized Bernstein polynomial is applied directly to a bivari-
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ate 2/0 poly-t, it involves double summation. Let the first summation 

be from 0 to m1 and the second one from 0 to m2 • This approximation is 

unlikely to be satisfied unless the values of m1 and m2 are fairly 

large, about 200 say. Therefore, it will be a very expensive method. 

In any case, the approximation by generalized Bernstein polynomial was 

done on the two normal linear regression equations (Zellner, 1971, p. 102) 

using m1 = m2 = 25. The mode of the marginal density of e1 is found to be 

.0369 which is a good approximation, but the value of the density at this 

point is 21. 6607 which is about half of the true value (40. 64 7). Simi-

larly, the mode of the marginal distribution of 82 is .1439 which is a 

good approximation, but the value of the density at this point is 7.7434 

while the true value is 17.068. The value of the approximating polynom-

ial function at the mode increases with the values of m1 and m2 • 

With regard to adaptive estimation of a Linear Dynamic Model using 

a normal approximation to the conditional distribution of 8(k) given 

8(1), 8(2), ••• , 8(k-l), the· study was done using the following procedure: 

To generate Linear Dynamic Model variables, two sets of bivariate 

normal random vectors were generated, the first set V, was generated 

from a normal population with mean vector zero and observational preci-

sion P and the second set W, was generated from a normal population 
v 

with mean vector zero and system precision P . Then using the system 
w 

equation we have 8(1) = G8(0) + W(l), and by observational equation we 

have Y(l) = F(l)8(1) + V(l). Using equations (5.7) and (5.8), the mean 

of 8(1), called rn(l) and precision P(l) were obtained. 

Then 8(2), Y(2), m(2) and P(2) were calculated using 8(k) = Gm(k-1) 

+ W(k), Y(k) = F(k)8(k) + V(k), equations (5.10) and (5.11), respective-

ly, for k = 2. This recursi.,;e process was repeated for all k till k = 30, 
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m(k) of (5.10) estimates e(k), of (5. 2) . 

Sample quantities used: (3.5 3 c·= cs .5) a =a = 4 F = 3), . 5 ' 3 .5 v w ' 

-1 
T 

-1 
and P p and e (O) given together with the T a P ' = a P ' v' are 

v v v w WW w 

results in Tables 6 - 10. Table presents the results of the recursive pro-

cess when both observational precision P and system precision P are 
v w 

small. Although the estimate is not good, we notice that it follows the 

right trend, i.e., most of the time positive m(k) corresponds to positive 

e (k). Table 7 presents the results of this recursive process when P is 
v 

large and P is small. We notice that there is a lot of variation in 
w 

6(k) and m(k), because P is small. In Table 8, there is little varia
w 

tion in 8(k) and m(k), because P is large and the estimates are good. 
w 

Table 9 presents the results of this recursive process when P and P v w 

are fairly large and Table 10 presents the results of this recursive 

process when P and P are quite large. The conclusion is that the lar-
v w 

ger the system precision, the better estimate we have. Precisions of 

8(k) are not given in the table, but it is found that the larger the sys-

tern precision, the larger the precision of 6(k), and vice versa. 



CHAPTER VII 

CONCLUSIONS 

From the numerical study in Chapter VI, we can conclude that the 

iterative method is a good approximation for estimating the mode of the 

joint distribution and can be used to estimate the mean of a unimodal 

distribution which is nearly symmetric. In the bimodal case, the modal 

value will converge to a local mode, depending on the starting value. 

Approximation by normal distribution of the integral in the margin

al density of a subset of poly-t random variable is good for the uni

modal case when one has large "degrees of freedom" and high "precision" 

of each factor. When the "means" of each factor are far enough apart, 

the marginal becomes bimodal and the approximation by the normal distri

bution does not give good results, so one way of improving it is by using 

Bernstein polynomial to approximate the integral. The results using 

Bernstein polynomial approximation are satisfactory. The higher the de

gree of polynomial used in Bernstein approximation, the more accurate 

results we have, but the more expensive the method becomes, especially 

when it involves double summation, for example, in the direct application 

of generalized Bernstein polynomial to the bivariate 2/0 poly-t. 

With regard to adaptive estimation of Linear Dynamic Systems, the 

joint posterior distribution of 8(1), 8(2), ••. , 8(k) is a product of 

matricvariate t distributions, and we look at the conditional distribu

tion of 8(k) given 8(1), 8(2), ... , 8(k-l) which is distributed as a 

55 
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multivariate product form poly-t. From the nwnerical study using a nor

mal approximation to the conditional distribution of the present state, 

we notice that the system precision plays an important role in deciding 

whether the estimate is good or not. The higher the system precision 

the better estimate we have and vice versa. 
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TABLES 
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a.l a.2 Bl 

0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 1 
0 0 2 
0 0 3 
0 0 4 
0 0 5 
0 0 6 
0 0 7 
0 0 8 
0 0 9 
2 2 0 
4 4 0 
6 6 0 
8 8 0 

10 10 0 
12 12 0 
14 14 0 
16 16 0 

2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 
2 2 1 

TABLE I 

COMPARISON OF THE MODE (FROM MARGINAL DISTRI
BUTION), MODE (BY ITERATION) AND THE MEAN 

132 ~l ~2 
Mode Mode 

µl µ2 (Marginal) (Iterative) 

0 0 0 0 0 .2458 .2418 
0 0 0 2 2 .2458 .2418 
0 0 0 4 4 .2458 .2418 
0 0 0 6 6 .2458 .2418 
0 0 0 8 8 .2458 .2418 
0 0 0 10 10 .2458 .2418 
0 2 2 0 0 .2060 .1995 
0 4 4 0 0 .1661 .1698 
0 6 6 0 0 .1528 .14 78 
0 8 8 0 0 .1262 .1308 
0 10 10 0 0 .1130 .. 1173 
0 12 12 0 0 .1130 .1064 
0 14 14 0 0 .0997 .0973 
0 16 16 0 0 .0864 .0896 
0 18 18 0 0 .0864 .0831 
3 0 0 0 0 .1894 .1989 
6 0 0 0 0 .1528 .1679 
9 0 0 0 0 .1528 .1443 

12 0 0 0 0 .1162 .1260 
15 0 0 0 0 .1162 .1113 
18 0 0 0 0 .1162 .0992 
21 0 0 0 0 .0797 .0891 
24 0 0 0 0 .0797 .0806 
27 0 0 0 0 .0797 .0733 

0 0 0 0 0 .2458 .2418 
0 0 0 0 0 .2458 .2418 
0 0 0 0 0 .2458 .2418 
0 0 0 0 0 .2458 .2418 
0 0 0 0. 0 .2458 .2418 
0 0 0 0 0 .2458 .2418 
0 0 0 0 0 .2458 .2418 
0 0 0 0 0 .2458 .2418 
1 3 3 -8 -8 -1. 7741 -1. 7634 
1 3 3 -6 -6 -1.2957 -1. 2967 
1 3 3 -4 -4 -.8173 -.8225 
1 3 3 -2 -2 -.3389 -.3299 
1 3 3 0 0 .1794 • 1745 
1 3 3 2 2 .6179 .6262 
1 3 3 4 4 1. 0565 1.0572 
1 3 3 6 6 1.4950 1.4999 
1 3 3 8 8 1. 9336 1. 9512 
1 0 0 1 1 . 2359 .. 2299 
1 3 3 1 1 .4186 .4078 

61 

Mean 

.2261 

.2261 

.2261 

.2261 

.2261 

.2261 

.1867 

.1589 

.1384 

.1225 

.1099 

.0997 

. 0911 

.0840 

.0779 

.1867 

.1592 

.1389 

.1231 

.1105 

.1001 

.0915 

.0841 

.0778 

.2305 

.2330 

.2346 

.2357 

.2365 

.2371 

.2376 

.2380 
-1.7636 
-1. 2974 
-.8245 
-.3349 

.1664 . 

.6187 
1. 0520 
1. 4966 
1. 9489 

.2191 

.3996 
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TABLE I (Continued) 

s1 !32 s1 s2 
Mode Mode Mean 

a.l a.2 µ1 µ2 (Marginal) (Iterative) 

2 2 1 1 6 6 1 1 .5382 .5189 .5124 
2 2 1 1 9 9 1 1 .5781 .5949 .5895 
2 2 1 1 12 12 1 1 .6578 .6502 .6455 
2 2 1 1 15 15 1 1 . 6977 .6922 .6881 
2 2 1 1 18 18 1 1 .7375 .7252 . 7215 
2 2 1 3 2 2 2 2 .4983 .4947 .4877 
4 4 2 6 4 4 4 4 1. 2425 1. 2501 1. 2477 
6 6 3 9 6 6 6 6 2.3322 2.3318 2.3301 
8 8 4 12 8 8 8 8 3.6346 3.6236 3.6229 



TABLE II 

MODES OF e2 BY ITERATIVE METHOD 

4185.1054 299.6748 9010.5868 1871.1079 
S = [ 299.6748 500.00 ], S = [1871.1079 1500.00 ], S = T = [4185.1054 299.6748] 

9010.5868 1871.1079 4185.1054 299.6748 299 · 6748 5oo.oo 
T = [1871.1079 1500.00 ] T = [ 299.6748 500.00 ] I 

u1 u2 v1 v 2 Exact App. Exact App. Exact App. Exact App. Exact App. Exact App . 

. 00 . 00 . 00 . 00 . 0000 . 0000 . 0000 . 0000 . 0000 . 0000 . 0000 . 0000 . 0000 . 0000 . 0000 . 0000 

.05 .05 .05 .05 -.0400 -.0374 -.0400 .0506 .0400 -.0506 .0400 .0374 .0000 -.0439 .0000 .0439 
-.10 -.10 .10 .10 -.1199 -.0942 .0800 .1003 -.0800 -.1003 .1199 .0942 -.0800 -.0971 .0800 .0971 
-.15 -.15 .15 .15 -.1600 -·.1462 .1600 .1502 -.1600 -.1502 .1600 .1461 -.1600 ~.1481 .1600 .1481 
-.20 -.20 .20 .20 -.2000 -.1971 .2000 .2002 -.2000 -.2002 .2000 .1971 -.2000 -.1986 .2000 .1986 
-.25 -.25 .25 .25 -.2399 -.2477 .2399 .2501 -.2399 -.2501 .2399 .2477 -.2399 -.2489 .2399 .2489 
-.30 -.30 .30 .30 -.3200 -.2981 .2800 .3001 -.2800 -.3001 .3200 .2981 -.2800 -.2991 .2800 .2991 
-.35 -.35 .35 .35 -.3600 -.3484 .3600 .3501 -.3600 -.3501 .3600 .3484 -.3600 -.3492 .3600 .3492 
-.40 -.40 .40 .40 -.4000 -.3986 .4000 .4001 -.4000 -.4001 .4000 .3986 -.4000 -.3993 .4000 .3993 
-.45 -.45 .45 .45 -.4400 -.4487 .4400 .4501 -.4400 -.4501 .4400 .4487 -.4400 -.4494 .4400 .4494 
-.50 -.50 .50 .50 -.5200 -.4988 .4800 .5001 -.4800 -.5001 .5200 .4989 -.4800 -.4994 .4800 .4994 
-.75 -.75 .75 .75 -.7600 -.7492 .7600 .7500 -.7600 -.7500 .7600 .7492 -.7600 -.7496 .7600 .7496 

-1.00 -1.00 1.00 1.00 -.9999 -.9994 1.0000 1.0000 -.9999 -1.0000 1.0000 .9994 -.9999 -.9997 1.0000 .9997 - - - -
-1.25 -1.25 1.25 1.25 -1.2399 -1.2495 1.2399 1.2500 -1.2399 -1.2500 1.2399 1.2495 -1.2399 -1.2498 1.2399 1.2498 

O"I 
w 



TABLE III 

MODES, MEAN AND VARIANCE OF THE EXACT, APPROXIMATE 
(NORMAL) AND APPROXIMATE (BERNSTEIN) MARGINAL 

POSTERIOR DISTRIBUTION OF e2 

s = [4185.1054 
299.6748 

299.6748] T = [9010.5868 
500.0000 , 1871.1079 

1871.1079] 
1500.0000 . n = n = 3 1 2 

Modes Mean Variance 
App. App. App. App. App. App. 

ul u2 vl v2 Exact (Normal) (Berns.) Exact (Normal) (Berns.) Exact (Nor.) (Ber.) 

.00 .00 .oo .oo .0000 .0000 .0000 .0000 .0000 .0000 .0008 .0008 .0008 

-.05 -.05 .05 . OS -.0400 
-.0800 -.0400 -.0348 -.0622 -.0348 1 .. 0028 .0043 .0028 .0800 

-.10 -.10 .10 .10 I -.1199 -.1199 -.1199 I -.0716 -.1344 -. 0716 {. 0076 .0122 .0076 .0800 .1600 .0800 

-.15 -.ls . ls .1s I -.1600 -.2000 -.1600 I -.1011 -.1927 -.1012 I. 014S .0237 .014S .1600 .2000 .1600 

-.20 -.20 .20 .20 I -.2000 -.2399 -.2000 I -.1402 -.2391 -.1402 I. 0226 .0350 .0227 .2000 .2800 .2000 

-.25 -.25 .2S .25 I -.2399 -.2800 -· 2391. I - 1708 -.28S9 -.1708 I. 036 7 .04S2 .0367 
. 2399 .3200 .2399 • 

-.30 -.30 .30 • 30 I -·. 3200 -.3200 -.3200 I -.203S -.3290 -.203S I. 0499 .OS77 .0499 
.2800 .3600 .2800 

-.3S -.35 . 3S .3S I -.3600 -.3600 -.3600 I -. 2446· -. 3696 -.2446 I. 0662 .0630 .0663 
.3600 .4000 .3600 

-.40 -.40 .40 .40 I -.4000 -.4000 -.4000 I -. 2696 -.4139 -. 2696 I. 0901 .0758 .0901 .4000 .4400 .4000 

-.4S -.45 .45 .4S I 
-.4400 -.4800 -.4400 I -. 3107 -.4S28 -.3107 1.1069 .0828 .1069 .4400 .4800 .4400 

-.so -.50 .so .so I -.S200 -.5200 -. s2oo I - 3440 -.4977 -.3440 1.1364 .0890 .1364 . 4800 .S200 .4800 . 

-.7S -.7S .75 • 75 I -.7600 -.7600 -.1600 I - s217 - . 7121 -.S218 I· 2951 .1322 .29Sl .7600 . 7600 .7600 • 
"' ~ 



TABLE III (Continued) 

S = [4185.1054 299.6748) T = [9010.5868 1871.1079) 
299.6748 500.0000 ' 1871.1079 1500.0000 • nl = n2 = 3 

Modes Mean 
App. App. App. App. 

ul u2 vl v2 Exact (Normal) (Berns.) Exact (Normal) (Berns.) 

-LO -LO L 0 LO -. 9999 -.9999 -.999~ -.6981 -.9318 -. 7011 1.0000 1.0000 1.0000 

-1. 25 -L25 1.25 1. 25 -1. 2399 -1. 2399 -1. 2399 -.8651 -1,1526 -.8565 .2399 1. 2799 1. 2399 

Exact 

.5148 

.8120 

Variance 
App. App. 

(Nor.) (Ber.) 

.1936 .5107 

.2840 .8283 

0\ 
V1 



TABLE IV 

MODES, MEAN AND VARIANCE OF THE EXACT, APPROXIMATE 
(NORMAL) AND APPROXIMATE (BERNSTEIN) MARGINAL 

POSTERIOR DISTRIBUTION OF e2 

s = [9010.5868 
1871.1079 

1871.1079) T = [4185.1054 
1500.0000 ' 299.6748 

299.6748) 
500.0000 • n = n = 3 1 2 

Modes Mean Variance 
App. App. App. App. App. App. 

ul u2 vl v2 . Exact (Normal) (Berns.) Exact (Normal) (Berns.) Exact (Nor.) (Ber.) 

.oo .00 .00 .oo .0000 .0000 .0000 .0000 .0000 .0000 .0008 .0008 .0008 

-.05 -.05 .OS • 05 .0400 
-.0800 .0400 I • 0348 .0622 .0348 I • 0028 .0043 .0028 

.0800 

-.10 -.10 .10 .10 I -.0800 -.1600 -.0800 I . 0716 .1344 .0716 I • 0076 .0122 .0076 
.1199 .1199 .1199 

-.15 -.15 .15 .15 I 
-.1600 -.2000 -.1600 I .1011 .1927 .1012 I . 0145 .0237 .0145 .1600 .2000 .1600 

-.20 -.20 .20 .20 I -.2000 -.230Q -.2000 I .1402 .2391 .1402 I • 0226 .0350 .0227 
.2000 .2399 .2000 

-.25 -.25 .25 .25 I 
-.2399 -.3200 -.2399 I .1708 .2859 .1708 I • 036 7 .0452 .0367 .2399 .2800 .2399 

-.30 -.30 .30 • 30 I -.2800 -.3600 -.2800 I .2035 .3290 .2035 I . 0499 .0577 .0499 .3200 .3200 .3200 

-.35 -.35 • 35 .35 I 
-.3600 -.4000 7.3600 I .2446 • 3696 .2446 I . 0662 .0630 .0663 .3600 .3600 .3600 

-.40 -.40 .40 .40 I 
-.4000 -.4400 -.4000 I . 2696 .4139 .2096 I . 0901 .0758 .0901 .4000 .4000 .4000 

-.45 -.45 .45 .45 I 
-.4400 -.4800 -.4400 I • 3107 .4527 . 3107 I .1069 .0828 .1069 .4400 .4800 .4400 

-.50 -.50 .50 .50 I -.4800 -.5200 -.4800 I • 3440 .4976 . 3440 I .1364 .0890 .1364 .5200 .5200 .5200 

-. 75 -.75 .75 • 75 I 
-.7600 -.7600 -.7600 I .5211 • 7121 .5218 I . 2951 .1322 .2951 .7600 .7600 .7600 

°' °' 



TABLE IV (Continued) 

S = [9010.5868 1871.1079] T = [4185.1054 299.6748) 
1871.1079 1500.0000 ' 299.6748 500.0000 • nl = n2 = 3 

Modes Mean 
App. App. App. App. 

ul u2 vl v2 Exact (Normal) (Berns.) Exact (Normal) (Berns.) 

-1.0 -1.0 1.0 1. 0 -. 9999 -.9999 -.9999 .6981 .9318 .7011 1.0000 1.0000 1.0000 

-1. 25 -1. 25 1. 25 1. 25 -1. 2399 -1. 2799 -1. 2399 .8651 1.,1526 .8565 
1. 2399 1. 2399 1. 2399 

Exact 

.5148 

.8120 

Variance 
App. App. 

(Nor. ) (Ber. 

.1938 .5107 

.2840 .8283 

) 

"" -,..J 



TABLE V 

MODES, MEAN AND VARIANCE OF THE EXACT, APPROXIMATE 
(NORMAL) AND APPROXIMATE (BERNSTEIN) MARGINAL 

POSTERIOR DISTRIBUTION OF e2 

S = T = [4185.1054 299.6748 
. 299.6748 500.0000], nl = n2 = 3 

Modes Mean Variance 
App. App. App. App. App. App. 

ul u2 vl v2 Exact (Normal) (Berns.) Exact (Normal) (Berns.) Exact (Nor.) (Ber.) 

.o .o .o .o .0000 .0000 .0000 .0000 .0000 .0000 .0012 .0012 .0012 

-;.05 -.05 .05 .05 .0000 -.0800 .0000 I .0000 .0000 .0000 I .0044 .0073 .0044 
.0800 

-.1 -.1 .1 .1 I -.0800 -.1600 -.0800 I .0000 .0000 .0000 I . 0129 .0343 .0129 
.0800 .1600 .0800 

-.15 -.15 .15 .15 I -.1600 -.2000 -.1600 I .0000 .oooo .0000 I .0255 .0690 .0255 
.1600 .2000 .1600 

-.2 -.2 .2 .2 I 
-.2000 -.2399 -.2000 I .0000 .oooo .0000 I . 0431 .1073 .0432 

.2000 .2399 .2000 

-.25 -.25 • 25 • 25 I -.2399 -.2800 -. 2399 I .0000 .0000 .0000 I . 0660 .1479 .0661 
.2399 .2800 .2399 

-.3 -.3 .3 .3 I 
-.2800 -.3200 -.2800 I .0000 .0000 .oooo I . 0929 .1918 .0929 

.2800 .3200 .2800 

-. 35 -.35 • 35 .35 I -.3600 -.4000 :-.3600 I .0000 .0000 .0000 I .1261 .2354 .1261 
.3600 .4000 .3600 

-.4 -.4 .4 .4 I -.4000 -.4400 -.4000 I .0000 .0000 .0000 I .1634 .2835 .1634 
.4000 .4400 .4000 

-.45 -.45 .45 • 45 I -.4400 -.4800 -.4400 I .0000 .0000 .0000 I . 2053 .3320 .2054 .4400 .4800 .4400 

-.5 -.5 .5 .5 I -.4800 -.5200 -.4800 I .0000 -.0001 .0000 I .2539 .3834 .2540 .4800 .5200 .4800 

-.75 -.75 • 75 • 75 I -.7600 -.7600 -.7600 
I .0000 -.0004 .0000 I .5663 .6938 .5663 

.7600 .7600 .7600 a. 
00 



ul u2 vl v2 

-1. 0 -1.0 1.0 1.0 

-1. 25 -1. 25 1. 25 1. 25 

TABLE V (Continued) 

4185.1054 299.6748 
S = T = [ 299.6748 500.0000]' nl = n2 = 3 

Modes Mean 
App. App. App. App. 

Exact (Normal) (Berns.) Exact (Normal) (Berns.) 

-.9999 -.9999 -.9999 .0000 -.0007 .0000 1. 0000 1.0000 1.0000 
-1. 2399 -1.2799 -1.2399 .0000 -rOOll .oooo 
1. 2399 1. 2799 1. 2399 

Variance 
App. App. 

Exact (Nor.) (Ber. 

1.0029 1.1138 1.002 

1.5637 1.6594 1.564 

) 

9 

0 

°' "' 
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TABLE VI 

ADAPTIVE ESTIMATION OF LINEAR DYNAMIC SYSTEM 

k Y(2xl) 8(k)(2xl) m(k)(2xl) 

1 9.1904 8.3826 .5528 2.3827 1. 3359 1. 5842 
2 15.8108 12.5371 2.1137 1. 9474 2.4765 1. 9208 
3 13.9354 10.9933 2.8114 .6664 2.2235 1. 7833 
4 -8.9547 -8.6536 -1. 2862 -1. 2015 -.3826 -.2517 
5 -2.1338 -2.6767 -.2337 -1.0013 -.3079 -.4820 
6 .7983 -.5539 .2608 -.9347 .0292 -.3257 
7 -16.4680 -15.2119 -3.3120 -1. 8764 -1. 9323 -1. 7768 
8 -12.8372 -10.4074 -2.0927 -1. 2436 -1. 9984 -1. 6240 
9 -2.6355 -1. 2617 -.3335 -.2536 -. 9214 -.6967 

10 -23.8043 -23.2740 -4.6590 -3.9810 -2.6536 -2.8531 
11 -.5123 -1.1460 -1. 4 735 .5755 -1.1091 -1. 3906 
12 -13.9216 -12.4296 -2.9443 -1. 4696 -1. 8208 -1. 6687 
13 -9.1700 -8.6425 -1. 2594 -2.9697 -1.5369 -1. 5991 
14 -8.9245 -6. 9377 -1. 7036 -1.1055 -1. 5826 -1. 2302 
15 1. 3559 2.0875 -.1908 .3053 -.6039 -.4265 
16 6.0636 4.0691 2.4328 . 0096 .4000 -.0830 
17 16.7220 17.6292 3.6291 2.1593 1. 2849 1. 8355 
18 -14.6151 -13.4243 -1. 4901 -3.6807 -.5013 -.3787 
19 -10.7431 -9.2827 -1.6751 -1. 3145 -1.1855 -.9551 
20 -22. 2969 -21. 4 714 -2.2303 -4.7058 -2.2927 -2.5014 
21 -5.7949 -4.1827 -.4491 -.8034 -1. 7375 -1.4061 
22 -12.2283 -9.6707 -1. 4381 -.8028 -1. 9015 -1.3767 
23 -13.8386 -13.6016 -3.4687 -.7416 -1. 8072 -2.0717 
24 -46.4360 -41. 4877 -7.4726 -6.0131 -4.6229 -4.0666 
25 -14.1466 -13.1173 -2.0633 -1. 8412 -3.3804 -3.4502 
26 -23.0247 -22. 7963 -2.4840 -4.7020 -3.2498 -3. 7753 
27 -25.1401 -22.3110 -4.0806 -3.5812 -3.8182 -3.4927 
28 -11. 24 75 -9.5568 -1. 0990 -1. 6422 -3.1463 -2.8848 
29 -9.4424 -9.5759 -.6657 -1. 9627 -2.3466 -2.6830 
30 -31.4292 -28.6890 -5.2937 -4.4210 -3.3200 -3.1634 

' 

p =[ .8148-.7407] 
v -.7407 1.0370 

p = [ .8108 -. 7568] 
w -.7568 .9730 

8(0) = (3.5 5) 
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TABLE VII 

ADAPTIVE ESTIMATION OF LINEAR DYNAMIC SYSTEM 

k Y(2xl) e(k) (2xl) rn(k)(2xl) 

1 -6.2470 -5.3009 -2.0187 .2715 -1. 7886 .0073 
2 -2.8369 -2.8967 -.3569 -.5617 0.1711 -1.0364 
3 -8.7679 -8.8775 -.1034 -2.8284 -.4053 -2.7329 
4 -27.4728 -25.3970 -4.2550 -4.1827 -3.8115 -3.5974 
5 -26.5015 -24.7432 -3.6363 -4.6128 -3.4781 -4. 2120 
6 -25.9566 024.4178 -3. 3096 -4.8249 -3.1248 -4.3479 
7 -35.6669 -32.5466 -6. 3196 -4.5256 -5.0648 -3.8705 
8 -27.1346 -24. 65 71 

I 
-4.6620 -3.5834 -5.0297 -4.0316 

9 -21. 2804 -19.4803 -3.3242 -3.2064 -4.5411 -4.1322 
10 -45.9876 -42.4126 -7. 4801 -6.6584 -4.8146 -4. 7252 
11 -16.2322 -14.5011 -3. 7249 -1.1018 -5.1964 -3.9506 
12 -33.1120 -30.1215 -5.9570 -4.0975 -5.2469 -4.1224 
13 -34.2356 -32.0541 -4.2883 -6.4610 ...:.4 .1151 -5.3017 
14 -29.0301 -26.4786 -4.8191 -4.0589 -5.1326 -4.3284 
15 -22.3201 -20. 3607 -3.7379 -3.0931 -4.9735 -4.3302 
16 -23.8466 -22.8484 -2.2449 -5.2986 -3.4472 -5.5370 
17 -16.3748 -15.2448 -1. 6584 -3.4925 -4.1791 -4.4819 
18 -52.7424 -49.2581 -6.8210 -9.6436 -3.7749 -5.1845 
19 -34. 3711 -31. 5627 -5.4881 -5.0424 -4.7626 -4.3596 
20 -45.3125 -42.5980 -5.5082 -8.6732 -3.6413 -5.4908 
21 -20.7000 -19.0655 .,...2.9756 -3.4056 -4.5341 -4.4563 
22 -26.2591 ...:.23, 9003 -4.3861 -3.5757 -4.9362 -4.1329 
23 -28.8056 -25. 9668 -6.0284 -2.5754 -5.3793 -3.8961 
24 -54.1995 -49.5016 -9.1555 -7.3568 -5.5199 -4.2653 
25 -18.8243 -17.3265 -3.0298 -2.7223 -4. 8775 -4.7454 
26 -34.7836 -32.8837 -4.0510 -6.8655 -3.7928 -5.6437 
27 -31.7982 -29.1128 -5.1820 -4.5522 -5.0457 -4.4837 
28 -19.4884 -18.0410 -2.6774 -3.3414 -4.6268 -4.7481 
29 -22.9223 -21.6092 -2.7689 -4.3950 -4.0422 -5.0999 
30 -41. 2032 -37.7675 -6.8401 -5.7589 -4.9974 -4.3651 

p =[211~2676 -28.1690] p [ .60 -.40] 8(0) (1,1) = = 
v -28.1690 70.4225 I w -.40 .60 
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TABLE VIII 

ADAPTIVE ESTIMATION OF LINEAR DYNAMIC SYSTEM 

k Y(2xl) e(k) (2xl) m(k)(2xl) 

1 5.9989 4.8692 .8768 .9436 . 9921 • 9920 
2 8.9545 5.7053 1. 0139 1.0086 .9956 .9950 
3 8.2783 5.8912 1. 0157 .9276 .9969 • 9964 
4 4. 9645 4.0146 .8870 . 8819 .9952 .9951 
5 7.9533 6.7002 .9979 . 9660 .9960 .9959 
6 8. 9607 7.0257 1. 0178 • 9695 • 9971 . 9968 
7 6.6476 5. 7266 .8915 .9433 .9970 . 9969 
8 4.8836 6.0885 .9890 1.0240 • 9964 . 9968 
9 6.1650 7.1815 1. 0459 1.0531 • 9965 .9969 

10 9.8147 7.3130 .8684 .8866 . 9977 .9973 
11 9.7303 7.6041 1. 0402 1.1293 .9984 .9981 
12 7.0266 6.6348 .9418 .9990 .9984 .9984 
13 10.2231 9.8594 1.0146 .9443 . 9992 .9993 
14 6.8682 7.8868 .9948 1. 0194 .9993 .9997 
15 7.8576 8. 2482 1. 0400 1. 0640 .9997 1.0000 
16 4.5608 2.8225 1.0981 1. 0045 . 9996 .9992 
17 4.8155 7. 6715 1.1151 1. 0627 .9989 .9997 
18 7.0563 7.3036 .8977 .7979 .9994 • 9996 
19 5.3973 5.6742 .9583 .9701 .9993 .9994 
20 5.5787 4.6925 .9607 .8540 .9992 .9991 
21 5.2094 6.3802 1. 0641 1.0544 .9989 .9993 
22 2.1724 3.7670 1.0036 1. 0305 .9984 .9988 
23 6.9102 4.5081 .9376 1.0470 .9988 .9983 
24 3.3553 4.3913 .8141 .8607 .9981 .9984 
25 5.7313 5. 0971 1. 0743 1. 0896 .9982 .9981 
26 6.2108 4.3487 1. 0292 .9388 .9982 .9979 
27 6.3166 6.8564 .9791 .9985 .9980 .9982 
28 4.7026 5.4953 1. 0833 1.0673 .9978 .9981 
29 5. 7181 4. 4848 1. 0763 1.0282 .9980 .9978 
30 6.3066 6.0010 .9052 .9344 .9978 .9979 

-
p = [ .60 -.40] p =[ 555.555 -444.444] 8(0) = (1,1) 

v -.40 .60 w -444.444 555.555 
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TABLE IX 

ADAPTIVE ESTIMATION OF LINEAR DYNAMIC SYSTEM 

k Y(2xl) 8(k)(2xl) m(k)(2xl) 

1 3.1057 2.6788 .3250 .6395 .5678 .4154 
2 5.1415 3.6361 .• 6110 .6044 .6130 .5712 
3 3.6664 2.4684 .7040 .0774 .5249 .4352 
4 -1. 7813 -1. 8493 -.1206 -.3222 .1275 -.0042 
5 .5801 .1424 .0769 -.1568 .0502 .0167 
6 1.2581 .4621 .1531 -.1743 .0668 .0251 
7 -2.4216 -2.3854 -.5317 -.3032 -.1663 -.2489 
8 -1. 7118 -.8293 -.2511 -.0027 -.1873 -.1232 
9 • 7992 1. 3637 .1146 .2419 .0180 .1250 

10 -2.2126 -2.9784 -.6314 -.6868 -.1888 -.3523 
11 3.2949 2.5109 -.0369 .6910 .0722 .1571 
12 .1289 .1998 -.1947 .1479 .0721 .0633 
13 1.4361 1.1188 .1563 -.3435 .1313 .1378 
14 1.4094 1. 8926 .1098 .2870 .2148 .2898 
15 4.3125 4.3355 .4743 • 7133 .4768 .5855 
16 4.1485 3.3469 1. 0694 .5179 .5510 .5200 
17 5.8083 6.6651 1.1692 .9513 .7613 .9470 
18 .0082 .0023 .2972 -.5975 .5563 .4417 
19 1.4247 1. 6349 .2735 .3004 .4217 .4181 
20 -1. 3779 -1. 6064 .2081 -.6445 .1912 .0765 
21 2.4161 2.9318 .4895 .5140 .2578 .3631 
22 .5829 1.5318 • 3348 .5423 .2979 .3750 
23 2.4311 1.6745 .0024 • 7263 .3147 .2585 
24 -5.5265 -4.4704 -. 7236 -.6519 -.0393 -.1151 
25 2.2390 2.1322 .3393 .5667 .0680 .1291 
26 -.2402 -.8592 .2686 -.3587 .0124 -.0742 
27 -.5787 -.1209 -.1346 -.0182 -.0240 .0135 
28 1. 8773 2.3168 .4615 .4692 .1314 .2338 
29 2.6839 2.2062 .6117 .3700 .2431 .2437 
30 -1. 3096 -1.1485 -.2640 -.1844. .0983 .0466 

p =[ 2.8985 -i.6087] p = [ 16. 6666 -10.0] 8(0) = (1,1) v -2.6087 4.3478 w -10.0 10.0 
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TABLE X 

ADAPTIVE ESTIMATION OF LINEAR DYNAMIC SYSTEM 

k Y(2xl) 8(k)(2xl) m(k)(2xl) 

1 26.862 24.804 4.0365 4.2424 4.1480 4.1226 
2 27.249 25.010 "4.1730 4.1576 4.1554 4.0614 
3 26.234 24.058 4.1438 3.8637 4.1313 4.0193 
4 25.129 23.154 3.8853 3.8623 4.0818 4.0481 
5 26.261 24.187 4.0698 3.9681 4.0736 4.0309 
6 26.306 24.186 4.0901 3.9373 4.0680 3.9911 
7 25.531 23.582 3.8469 4.0056 4.0265 4.0411 
8 26.344 24.428 4.0200 4.1309 4.0109 4.1223 
9 27.019 25.031 4.1519 4.1780 4.0484 4.1361 

10 25.602 23.559 3.8699 3.9203 4.1066 4.0378 
11 28.005 25.847 4.1461 4.4331 4.0730 4.0697 
12 26.418 24.439 3.9735 4.1528 4.0618 4.1072 
13 26.337 24.302 4.1125 3.8892 4.0861 4.0785 
14 26.743 24. 796 4.0745 4.1529 4.0626 4.1563 
15 27.478 25.445 4.1796 4.2586 4.0946 4.1651 
16 26.907 24.679 4.3000 4. 0072 4.1601 4. 0172 
17 27.235 25.283 4.2890 4.1289 4.0600 4.1957 
18 24.823 22.893 3.9518 3.6274 4.1327 4.1095 
19 26.367 24.384 4.0498 4.0851 4.1105 4.1607 
20 25.393 23.334 4.0686 3. 7259 4.1621 4.0368 
21 27.176 25.164 4.2119 4.1849 4.0778 4.1804 
22 26.829 25.869 4.1368 4.2230 4.0995 4.2392 
23 27.485 25.341 4.0637 4.4089 4 .1776 4.1388 
24 25.214 23.372 3.8387 3.9759 4.1308 4.2596 
25 28.192 26.019 4.3269 4.3804 4.1966 4.1900 
26 26.732 24.528 4. 2471 3.9606 4.2368 4.0319 
27 26.835 24.844 4.1016 4.1623 4.1156 4.2042 
28 27.696 25.613 4.3075 4.2616 I 4.1472 4.2070 
29 27.505 25.305 4.3128 4.1641 4.2005 4.0901 
30 26.188 24.206 3.9849 4.0724 4.1378 4.1732 

p =[ 169.4915 -135.5932] p =[ 90.9091 -36.3636] e (O) = (3.5,5) 
v -135.5932 175.1412 w -36.3636 54.5455 
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Figure· .8. Comparison of the Exact, Approximate (Normal) and Approximate (Bernstein) Margin
al Posterior Density of e2 When u1 = u2 = -.75, v1 = v2 = .75 
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Figure 9. Comparison of the Exact, Approximate (Normal) and Approximate (Bernstein) Margin
al Posterior Density of e2 When u1 = u2 = -1.0, v1 = v2 = 1.0 

00 
~ 



0 o l 10 OOOOE i)2 +------------·------+------------------+-----------------+-----------------+----------------+ 

I 
I 

u.saooouoE 01 + 

I 
I 

.>. 66vOO<IOE 01 + 
I 

Oo44o0J01E 01 + 
I 

0.22.i()Ja IE Ill + 

Mean 
Var. 

. : 
*: 
+: 
2: 
3: 

App. 
Exact (Nor.) 
.8651 1.1520 
.8121 .2845 

Exact 
App. (Normal) 
App. (Bernstein) 
• and + Overlap 
• , + and * Overlap 

App •. 
(Bern.) 
.8565 
.8283 * 

... 

2 

* 

* 

+ 

* 

+ 

+ 

I 
I 
I 

... 
I 
I 
[ 

I 
I 
I 

+ 

+ 2 I 
• I 

2 I 
2 2 * I 

2 • 2 

2***~2 , 2 3* I 
o.oovououE oo 3333333333333333•---+•3333333333333?333333333333333333333333333333333333333333•-+-----233333333333333 

-o.2oooorioE tt -o.12ccoaoE 01 -o.r.ooooi)5E oo o.3999996E Oil o.·12oooooe 01 o.zoooocH>~ 01 

Figure 10. Comparison of the Exact, Approximate (Normal) and Approximate (Bernstein) Margin
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