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UNSYMMETRIC FREE VIERATIONS OF

SANDWICH SHELLS OF REVOLUTION
CHAPTER 1

SURVEY OF DEVELOPMENTS IN THE ANALYSTS
OF

VIBRATIONAL CHARACTERISTICS OF THIN ELASTIC SHELLS

1.7 Introduction

During the past decade the field of aircraft and missile struc-
tures has undergone continuous and rapid changes.  The emphasis is con-
tinuélly on strong, but light, structures in an effort to meet the
extremely stringent requirements for low structural weight.

In the construction of space-vehicle structures, as well as in
atmospheric vehicles, thin-shell structures are of great importance. For
example, ballistic missiles and spacecraft are constructed basically of
cylindrical and conical sections. Missile bodies and rocket-motor cases
are formed by cylindrical shells. Conical shells find applications in
rocket-motor nozzles, interstage fairings, skirts and nose sections.
Nose cones are generally spherical, paraboloidal, ogival, or conical
sections, or combingtions of these. Other shell applications include
pressure vessels, loudspeaker cones, submarine hulls and radomes.

In addition to static strength requirements, dynamic problems
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are very real. Acoustic instability in rocket motors, for insfance, can
excite vibrations in various missile components which can threaten their
structural integrity. Unsteady aerodynamic loads or aerothermoelastic
coupling can also produce critical loadings. Therefore, a thorough know-
ledge of the resonant frequencies and modal shapes of the structural com-
ponents is a necessity.

In order to attain high-strength, low-weight structures, sand-
wich structures came into wide use. A sandwich structure is identified
as having two thin, stiff facings (which can be dissimilar) separated by
a relatively thick, low-density core which is highly flexible in shear.

It is the purpose of this dissertation to investigate free un-

symmetric vibrations of sandwich shells of revolution.

1.2 General Thin-Shell Theory

The basis for the present-day shell theory was developed in the
nineteenth century. Aron (1)* developed a theory of sﬁells based on the
hypotheses of Kirchhoff#*., Later Love (2) corrected some inaccuracies in
Aron's theory including those found in the formulas for change in curva-
ture. However, more recent investigators such as Mushtari and Sachenkov
(3) have determined~that Aron's approximations were perhaps more accurate
than those of Love. que's shell theory also appears in his book (4).

In addition to the hypotheses of Kirchhoff, the so-called classical

¥Underlined numbers in parentheses refer to references at the end
of the dissertation.

#%g) A normal to the middle surface before deformation remains
normal after deformstion.

b) The normal stresses normal to the middle surface are negli--
gible compared to other stresses.
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s. .11 theory further assumes that: a) the ratio of the thickness to the
radius of curvature is small as compared to unity; and b) the strains
are small and the nonlinear terms in the strain-displacement expressions
can be neglected.

The early investigations took the form primarily of mathematical
gheory. In the last few decades many useful techniques have been devel-
oped for the study of static and dynamic shell problems. Many books have
been written concerning shell theorynb Among them are those by Vlasov (2),
Timoshenko and Woinowsky-Krieger (6), Fligge (7,8) and Novozhilov (9).

Hildebrand, Reissner and Thomas (10) discussed various systems of
equations relating to shell theory. They then considered small axisym-
metric deformations of orthotropic shells.

Vliasov (11) used the strain tensor component expressions for
general curvilinear orthogonal coordinates (attributed by Love to Lamé) to
derive the basic differential equations of motion for thin elastic shells.

Reissner (12) derived the stress-straiﬁ relationships for axisym-
metric deformations of thin shells. Naghdi (12),'alsos formulated the
stress-strain relationships, to include the effect of boundary conditions,
in terms of general orthogonal curvilinear coordinates for thin, elastiec,
isotropic, uniform-thickness shells.

Later, Naghdi (14) included the effect of transverse shear de-
formation on the bending of shells of revolution. The differential equa-
tions developed included the effect of a varying thickness., A general
solution for the differential equations was obtained using an extension
of asymptbtic integration.

Budisnsky and Radkowski (12) used a finite-difference numerical-

analysis technique for finding stresses and deflections due to unsymmetric



bending of shells of revolution.
Cohen (16), also, used a finite-difference method for a computer
analysis of unsymmetrical deformations of orthotropic shells of revolu-

tion.

1.3 Vibrations of Homogeneous Shells of Revolution

a.  General and Miscellaneous Shells of Rgvolution

Bccording to Epstein (17), the classical theory of vibrations
of thin elastic plates was developed by Poisson (18) and Kirchhoff (19).
Later, their theory was extended by Love (20) to include thin shells. In
the dynamic analysis of thin shells, these early investigators retained
the assumptions of Kirchhoff. That is, transverse shear deformations
were ignored.

The Rayleigh inextensional theory* for thin shells was applied
by Saunders and Paslay (2i) to a sphere-cone shell combination to solve
for frequencies of vibration. The calculated values agreed with experi-
mental results within 5%.

Lin and Lee (gg) represented a sphere-cone shell comblnation by
a paraboloidal shell to remove the discontinuities at the junction of
the sphere and cone encountered by Saunders and Paslay. Only inexten-
sional vibrations were considered by Lin and Lee.

Garnet, Goldberg and Salerno (23) derived the general equations
for torsional vibrations of a shell of revolution. Then a particular
example of a conical frustum was solved for the first five modes of

torsional vibration.

#Tt is assumed that the middle surface deforms but without
extension.
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Shiraishi and DiMaggio (24) used a perturbation solution to
solve for axisymmetric, non-torsional, extensional vibrations of pro-
late spheroidal spellsn

Cohen (25) used a finite-difference method for an analysis of

free vibrations of orthotropic shells of revolution.

b. Circular Cylindrical Shells

Among the early investigations of vibratidns of cylindrical
shells are those of Strutt (26) and Van Urk and Hut (27).

Epstein (12) considered flexural and torsional vibrations of
cylindrical ghells.

Baron and Bleich (28) used a one-term Rayleigh procedure to
calculate frequencies of free vibrations of long thin cylindrical shells.
Data were tabulated for various length-to-radiuys ratios.

Mirsky and Herrmann (29) generalized é Timoshenko-type théory
(the inclusion of the effect of transverse shear strain) to calculate un-
symmetric vibratory motions of cylindrical shells. Their theory included
rotatory inertia as well as membrane and bending effects.

Yu (30) used the Donnell-type* equations to analyze vibra‘tiops
of thin cylindrical shells.

c. Conical Shells

Goldberg (31) used a power series for an approximate solution to
the equationg of motion to analyze axisymmetric vibrations of conical
shells.

Herrmann and Mirsky (32) applied a one-term Rayleigh procedure

to determine the axisymmetric frequencies of vibration of a conical

#Donnell (35) simplified some of the early classical shell theory
in his analysis of thin-walled tubes under torsion.
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frustum. They ignored transverse shear deformation and rotatory inertia
in their analysis.

- Shulman (33) used stress functions and displacement functions to
study the free vibrations of conical shells. Shulman also treated the
problem of flutter of cylindrical and conical shells. |

Saunders, Wisniewski and Paslay (34).included the bending and |
membrane effects in a Rayleigh-Ritz analysis of a conical frustum. The
boun@ary conditions which they considered were that the cone was buglt-in
on the small end and either simply supported or free on the large end.
They found that the boundary conditions were not as influentidl on the
higher frequencies as on the lower frequencies.

Goldberg, Bogdanoff and Marcus (36) solved the differential
equations of motion for the vibrational frequencies of conical shells.

A specific example of a loudspeaker cone was considered in detail. Their
results showed good agreement with a power éeries approach previously
used.

Later, Goldberg and Bogdanoff (37) developed a method for cal-
‘culating frequencies for both axisymmetric and unsymmetric vibrational
modes of a conical frustum by means of numerical integration. Their
 theory accounts for variationé-along the generators of thickness and
material properties as well as axisymmetric ﬁemperature variations.

A_Runge—Kutta process for numerical integration was used by
GoldbBerg, Bogdanoff and Alspaugh (38) to solve a system of eight first-
order differential equations for frequencies of vibration and the assogi—
ated mode shapes for conical shells.

Watkins and Clary (39) conducted an experimental investigation

of the vibrational characteristics of thin-walled conical frustum shells.
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Four stainless-steel conical frustum shells were tested using an electro-
magnetic shaker as the source of excitation. Higher natural frequencies
produ?ed a greater number of circumferential waves at the large end than
at the sméll end. This effect was observed to incfease with conicity
(increasing taper). In nearly all cases the observed frequencies were
lower than those predicted theoretically.

Garnet and Kempner (40) used a two-term Rayleigh-Ritz procedure
to study axisymmetric free vibrations of conical frustum shells.  Their
notable contribution was that of including transverse shear flexibility
and rotatory inertia in the analysis. Comparing their results with those
obtained from the classical shell theory, they found that for the lowest
modes of vibration inclusion of the rotatory inertia had a negligible
effect. However, the effect?of transverse shear wash;ore pronounced,
particularly for short cones. It should be noted that rotatory inertia
will have a greater effect at higher frequencies of vibration.

Hu (41) applied the Galerkin procedure to determine free axisym-
metric and unsymmetric vibrations of truncated conical shells. Five-~term
Fourier series were used for modal functiohsu His analysis included the
effects of transverse shear and rotatory inertia. ‘He considered the "
boundary conditions: a) free-free, b) clamped-clamped, and c) simple-

simple.

1.4 Vibrations of Sandwich Shells

Yu (42) investigated the vibrational properties of sandwich
cylindrical shells. He considered only axisymmetric modes of vibration
including strictly torsional modes. In all of Yu's work on sandwich

plates and shells, transverse shear effects were included in the facings



8
as well as in the.core. Therefore, he had to'allow for different shear
rotations in the facings and core.

Chu (43), also, considered different. shear rotations in the
facings and core of a honeycomb sandwich shell. Chu used a one-term
Rayleigh procedure to determine the free vibrations and the propagation
of waves in the axial direction in a sandwich cylindrical shell.

Azar (/4) extended the existing theory to cover axisymmetric
free vibrations of sandwich shells of revolution, including transverse
shear deformation of the core and rotatory inertia and orthotropy of the
facings and core. The differéntial equations of motion were derived
for a sandwich shell of revolution, but their solution was found to be
untractable. The shell of revolution was then approximated by a series
of conicédl frustums which were studied by means of a three-term Rayleigh-
Ritz procedure. Numerical results were presented for the first two modes
of vibration.

Habip (45) has presented an extensive survey and list of refer-

ences concerning developments in the analysis of sandwich structures.

1.5 Closure

Very little has been published concerning the dynamic behavior
of “sandwich structures. Specifically, the only one to attack the vi-
brational problem of sandwich shells other than cylindrical was Azar.
Since his study was limited to axisymmetric vibrations, a natural ex-~
tension of the eiisting Wstate-of -the-art" is the determination of un-
symmetric modes of vibration. That is the avenue pursued in the present

dissertation.



CHAPTER 2

FORMULATION OF THE STRAIN
AND KINETLC ENERGY EXPRESSIONS

FOR A CIRCULAR CONICAL SHELi

2.1 Coordinate System

The conical-coordinate system shown in Figure 2-1 is used
throughout this dissertation. The x, 8 and z axes form an orthogonal
coordinate system. The x axis coincides with the meridional direction
6n the middle surface of the shell, the © axis with the circumferential
direction on the middle surface, and the z aiis is normal to the middle
surface. The displacements of the middle surface are u, v and w which

are in the x, 6 and z directions, respectively.

2.2 Derivation of Strain Equations

Love (éé) gave expressions for the six components of strain
(neglecting nonlinear terms) for a general curvilinear orthogonal co-
ordinate system. These strain components are

Cux= Dy Ungt D haus(1/hy )0+ hyhuy(1/hy ),y 7
s = hyUsst phyuy (1/he )y + hihpua(1l/he) e
€yy = hylyy+ hyhyuall/hy) g + hohyue(1/hy) 0
er=(he /) (g1, ), 5 + (B3 /02) (Batip) s (- (2-1)
ey =(hy /0y ) (hyuadyy + (B, /By ) (hyuy) se

Cop =(h\ /hz)(hzup),u + (he/h\ )(huua) Y
9
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Figure 2-1.

Conical coordinate system of the middle
surface of the shell.
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whefe « and g coincide with the lines of curvature of the middle surface,
7 is measured along the outward-drawn normal, and the h's are defined
below.*
The infinitesimal distance, ds, between the points (x,8,7 ) and

(st+dat o p+dps 7+dy ) is given by
(ds) = (dec /b, )+ (da /ne) + (a7 /ny) (2-2)

Equation (2-2) defines the h's which appear in Equation (2-1).

Now, the conical coordinate system shown in Figure 2-3 is con-
gidered. Here, the middle surface is represented by 0,P,, point P is a
point in the shell but not on the middle surfacé, and @ is measured from

an arbitrary meridional plane.

Figure 2-3. Conical Coordinate System

#The notation ( ), indicates a partial derivative of the en-
closed variable with respect to the coordinate following the comma. This
natation is used throughout this dissertation.
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Under the conical coordinate system the infinitesimal distance,

ds, is given by

(as) = (@)" + (zao) + (az) (2-3)
where

T = Te + Z COSA = Xo sina + z cos« (2-4)

Comparison of Equations (2-2) and (2-3) reveals that in the

conical coordinate system

1/h, =1
1/hy = T (2-5)
1/hy = 1

where the following coordinate replacements are mades

o —w X
B —»©

Y —»Z

Substitution of Equations (2-4,5) into (2-1), remembering that

( he=H( )’Xo gives

-
e%‘l = ulq%
eoo = (1/7)(uee + ux sina + uy cosw )
Cze = Ugyz
? (2-6)

(1/r)(ugg - ug coset ) + Ugz

€gx = Ugyx T Uxw

4,

exo = (1/7)(uye- ug sina) + ugy



2.3 Hypotheses

Before proceeding further, it is in order to present a brief

listing of the hypotheses on which the analysis is based.

The following

assumptions are those generally made in the study of sandwich shellss

1.

10.

11

The core is capable of resisting transverse shearing
stresses only, i. e. it has no resistance to bending

or extension.

The core is linearly elastic and can be orthotropic.

The facings are linearly elastic and can be orthotropic.
The facings resist membrane (extensional), bending and
transverse shearing strains.

The facings are identical, i.e. the sandwich construction
is symmetrical (see Figure 2-2).

Bince all deflections are assumed to be small, the
strain-displacement relétionships can be linearized.

All material damping effects are neglected.

All thermal and initial-stress effepts are neglected.

The shell tﬁickness is small compared to the

smallest radius of curvature of the shell.

The facings and the core furnish both translational and
rotatory inertia effects.

Lines which are straight and normal to the middle surface
before deformation, remain straight during deformation,
but not necessarily normal to the middle surface. (This
is in contrast to the Kirchhoff hypothesis which pre-
cludes transverse-shear deformation. It states that lines

which are straight and .ormal to the middle surface
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hefore deformation remain so during deformation.)
12. All interactions with the surrounding fluid (air
ar water) are neglected; i.e. the shell is assumed

to be in a vacuum.

2.4 Core of the Shell

In Equation (2-6) it is assumed that the displacements uyx and
ue are dependent on the z-coordinate as well as on the displacements
of the middle surface. The displacements of the core uy , ug and

Uy can be assumed in the following forms

uy = u(x,e,t) + 2 % (x,0,t)
ug = v{x,0,t) + 2z ¥ (x,6,t) (2-7)
ug = w(x,0,t)

where u, v and w are displacements of the middle surface and ¥ and %
represent the angles of rotation of normals to the middle surface as
a result of deformation in the meridional and circumferential directions
respectively. The first two equations imply that lines originally
strdight and normal to the middle surface remain straight during de-
formation. The third equation implies that the shell is incompressible
in the thickness direction. Dar (47) has studied the effect of thickness-
direction motion on the free vibration of sandwich plates and found the
effect to be negligibie for practical sandwich geometries. Thus, the
assumption made here appears to be valid.

Substitution of Equations (2-7) into Equations (2-6) gives

ex% = u,‘ -+ Z&’%

_ ol _ <l -l
6o = (X sina) wgr x'u + (x tang w + z[(x sine) ¥% o+ A
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€ = 0

=i =t
gz = (x sinw) w,g + ¥% -(x tana) v $(2—8)
e = Wyx+ ¥x

.5 -
ee= (X sina) Usg - X'V + Vay

+ 3z [(x sina)-"/,‘(.e- T + Yox ]

.

where r = x sinw. ZEquations (2-8) represent the state of strain in the
core.

The usual engineering assumption, when investigating sandwich
shell structures, is that the core is incapable of resisting extensional,
bending and in-plane shearing strains. These assumptions are particularly
applicable to a typical honeycomb core. Thus, all strain energy in the
core arises from the transverse shearing strains ey, and ey . There-

fore, in the core

Txx = Jge = Txe = O ' h
Tax = GexCax , \ (2-9)
Jaz. = Ger Cow

J

Thus, the only-nonzero stress resultants in the core are given

by
Qg h G;X KX
= f dz (2-10)

where Qu and Q are transverse shearing forces (1b/in), Ky and K,
are the dynamic shear coefficients, and h is the half-thickness of the

core. Figure 2-2 shows the cross-sectional dimensioning of a sandwich

structure.
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It is noted that since the core cannot resist any bending, the

transverse shear stresses are uniform through the thickness of the core.

Then integration of Equations (2—10), after substitutions from Equations

(2-8,9), gives

Qq = <bKyGay g

(2-11)
Qe = <RhKeGer Coz :

2.5 TFacings of the Shell

The identical facings also experience transverse shear, but to
a different degree than the core. These rotation angles in the facings
are distinguished from the corresponding core angles by a prime, # and
¢% . Thus, for the outer facing the displacements are assumed in the

following forme

u(x,e,t) + h“,’((X,S,t) + (z—h)i‘,:(x,s,t)

u‘z
ug = v{x,e,t) + hy(x,e,t) + (z2-h)¥l(x,s,t) (2-12)
ug = w(x,0,t)

For the inner facing the displacements are assumed to be

uy = u(x,e,t) - hh(x,0,t) + (z+h)¥(x,e,t)

e = v(x,0,t) ~ hé(x,0,t) + (z+h)¢£(x,e,t) (2-13)

w(x,0,t)

U

Substitution of Equations (2-12,13) into Equations (2-6) gives

e , )
. T Uy, X h("l't,t‘“l.x) + 2 ¥
Exx



: = (x sin«) [Vso + h( "bo,o = V’o!,e )]
o .
+ x—'[u + h( % - %) ]+ (x tana F'w
+ z [(x sin&)-‘sﬁo:a + x’"/’,'g]
3 = eiz-: 0
> (2-14)
Cor o« - /
) = (x sin«) w,e = (x tana) (v + h¥) +¥
e '
e2x = eil = Wy * ¥
e:O -\
' = (x sine) [u,, + h(%e - 4ol
&%
—f\[v * h('}a‘%ﬂ + [Vu + h( 4% ‘“‘1)()]
+3 [ (x 'sinetslv,f'e - )'E‘%’ + %’.,]

The superscripts o and i refer to the outer and inner facings, respec-~

tively. The exx, €4 and eye strains can be written

{i

f o
Cxx €%

, : . + sz
e

- -
XX €y

i
+

5o & . L (2-15)
”e:el e

. ; . L3 N
19;0 €%e )

o

< o

.e66 eO

11 1 : ] %%e
o

li
+

Thus, Equations (2-14) represent the state of strain in the facings.

In addition to membrane (extensional and in-plene shearing) and
bending strains, it is also considered that the facings resist the trans-
verse shearing strains eg, and egyx - This lends consistency to the in-
clusion of the rotatory inertia of the facings in a subsequent section. |

For the outer facing the following stresses can be calculateds



gqﬁ& iq%
"

- G:xee.m

£
8
1]

b

- § o
Coz = GleeCor

\
Tan ™ G €%y

18
= By (€% +%€Q)

Eo( € + €8 )

2 Ex (Ex +4kte)

2EQ (% +0Ex)

r (2-16)

-

where the M and B superscripts refer to membrane and bending effects.

The primes indicate facing properties. Also, the identities

are used.

The stress resultants for

FF:
Fo

Fye
Qx $
tHs

My

4

LM:O

= By (1-mkkg)

m

-~

.

€/ (l-sdiml)

m T

U"“
e
Txe.

.etq::
Ky Toe
2 T

.’

%y’

—

o

the outer facing are given by

dw . (2-17)

Equations similar to Equations (2-16,17) can be written for the inner

facing with-the superscript o changed to i.

-

Also, the integration
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limits in Equation (2-17) are changed to -h for the upper limit and

-h-2t for the lower limit.

The complete listing of stress resultants for the immer and

outer facings ist

2.6 Total Strain Energy

o
ii

=
x
Ii

ii

o
]l

2t By (eX +.xkedd
2t Ep (€ +.uebe%)
2t e &c;ge

2t Ky Gl B2

CEY (Un+ akZe)

ol i win

2t X (el +.ulel)
=l . L ! L

Zt Ee(ee*_u-a&:x)

2tale ebo

PARVANAN-L 0

zt K‘be.‘u (=5

|x ( ¢& +* ./-‘-’u 7{‘9 h)

(Yo + 4o%x)

win o’lN oln
ty  ftw
m m
o

o
5
E
ﬁ
x
)

} (2-18)

The total strain energy of the composite shell is comprised of

the strain energy of the core plus the strain energy of the facings; or

(2-19)
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where V is the total strain energy of the composite shell and V¢ and
v¥ are the strain energies of the core and facings, respectively.

The strain energy of the core is expressed by

VS = % [ [ (Quesq* Qocon )x sina dedx (2-20)

X €

Substituting from Equations {2-11) into Equation (2-20) gives
VE=h [ (KxGax o3k + KoGog ©5¢ )x sina dedx (2-21)
% 6

The strain energy of the facing is

- ,
vV =3 If{Fx&x + e + Fp€ro+ Qucan + Qoeem

+ [M,‘ + M,k + a(F% - F,_ g +f_M, + M + a(Fy -Fo NEN
+ My + Moo + a(Be -Fio Niot Flek + Fres

+ Fheby + kel + Ql‘ge;’e}x sinw dedx (2-22)
Substituting from Equations (2-18) into Equation (2-22) gives

Vo= f[ {ti_i'x[ce‘;)"-»- ey ] + B[ (e ¥+ (eb V] + [t &L Lk
+t Ee“e] exep + (LBl w/x + B ub] e&&o + z2tkhGay (€S

+ £y Gpg [ (@27 + (b V] + 2¢ PELVYE + 2 EeLS

+ ?_é-t?( E‘,‘/A+E'e,a.g)'¢,(¢a + a:t.E,.[.(eﬁ-e‘i) +M(e.°a—-e.':5)]'¢x
+abBLLLeg-eb)vuf (eh-efn] + 2fake Y

+ t&Qho L (€2e) + (k)]

+ a_:he;\.‘e (e?‘e—e&a) 7&,(6} X sinx dedx (2-23)
The following identities are introduced for conveniences
7 = tEx s =t (uhkBu+ wbEL)

72 = B, e T 2K Glax



Us = tKeoGez e = abulEY
% = g€ Ex s = T E€Gk
D =\

% = %t‘ = N E te&'xa
=z.€’( l"'_‘, /E') = ‘hC‘a'
e = 5§t (ux®x vupks s = ACRGQye

f (2-24)
Yo = atEY e = h¥xGay
-1
’7710 = qt Ex,“‘( 7(.-; = hKeC‘:le%
- =1

Also, the three displacements of the middle surface and the four ro-

tation angles of normals to the middle surface are assumed to have the

following forms

u(x,e,t) = U(x) cos ne sinwt
v(x,8,t) = V(x) sin ne sinwt
w(x,e,t) = W{x) cos ne sinwt
b(x,e,t) = #(x) cos ne sinwt Y (2-25)
¥ix,0,t) :‘7,:(}() cos ne sinewt
¥(x,0,t) =&(x) sin ne sinwt

¥(x,s,t) r%’(x) sin ne sinwt

-t

where n is the circumferential wave number and ¢ is the circular frequency
of free vibration. The normal modal finctions (which are functions of

x only) must be chosen to meet the boundary conditions. The maximum value
of strain energy then occurs when sinwt = 1.

Substituting from Equations (2-8) and (2-14) into Equations
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(2-21) and (2-23), respectively and using the identities of Equations

(2-24), after adding, gives

V= {g {z-"(l Cufy + h"‘/‘:.x —zh “x.# V’)’t,x + ht'/’;{.: )+ 2.'7;[ ("ﬁl\hd:)z( ‘01,2'*"’?%30
~ 2N Yo the + LG + zz?c;,c« (LVjo+ h ¥xtoe —hthtae—b ¥etbe

+R ¥ Yh,o) + éizcsézd coma Whaw' +Zo(L+ h k- ZW sy + R YD
+2X coten 0w +0¢ tanuS%wt] + -a,qlsl'_usina')"(u.,w;e + 2y + (Krand) Uy
+ B (xsinal ( Y, ¢ Y,0 — Pryx ¢‘é,e) +hod (% Yoyt — e, ) + b (x 5""*3‘(‘4.1'/‘;,0
Wy Yoyo) + EER  Lhyu e = g Y] + T L 2wl ot Wy 2l min Sl
~2Xesciol Coswh T + 2 (XBinaY weth + (% ran o S IEUE) + UbT
—z(xhanaY Ul ] + 7L + a7 LCx sindszfg;-b- 2% esas ¥ o Y + 35447 ]
+apelCx mineY Bl W + T 6lthyu] + 2709 (Kuthlyy - ¢,",',‘Z)+zh'7,o[c*-sin.5'¢,"' %
o Hh o) + RSl — )] + 2 Lk sinad (4, 0,0~ 448D

o esc.ot (#x %,o —z ¥ ¢£'p + ol Vo) + LEC bl - sb,{z)] +zhvz,,_[(xs(n$ (%,x ',9
oo + B ey W=l g 3] + T (¢ Simaas Tl = 2 “escn Yo vh
+2 (esinay! Yhe Whx + L wh®—~ 2X! Lhthy + boe )+ 27l sind (%
W 2 o g + WKl )~ 2K “Cncat (g ¥ 4V ¥iys — W¥ho )
et + e vh) + T (XSnalT I 0Tk + it U~ it o

-.hz ‘/‘;L.e Yo + N lho o )= 2 X (Uvgy vl Yo —h %o ‘4,:: “hzf”e'%,x
ARl dh) + KT T 2R ety ) 4 W o — 2 e ¢ b x

+h by 1+ Thags Diesina T (ke e - #he) — K Fenced (¥ o Yo

— il + e dh) ¥ CesinkY (Who oy — 2ol + briabha)

+ X tth — #hT) — K (b= 2 Hy + o tth) + Vi~
- (Continued)
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Y7 (Wi + 2wk + ¥E) A+ 27 L (xSinad )8 s + 20k Sindk] W o4
~20%cadu cosat WieW + YE- 7 (ekansd '
+ (sc-%anen‘z‘vz]} X Sind, do dx (2-26)
After substitution of Equations (2-25) into Equation (2-26) and indi-;
cating the maximum value of strain energy with Vi and after integrating

over &, the following equation is obtained:

V= T _S‘ {2.9(. (Uf+ W Bn =20 B Bl + WBl )+ 2o Lt sinaY (Y + W&y
~2W G+ WE"Y + eniesca (OVE B K- Wel & —REh +H ELE))
+TnEoesta cosol VW + £ (0% b B5 — 2V & Bt +FBEF) + 2 et UW
+ (cranuY WET + 272 Do (ks indY UV + UG, 4+ (X ranad ' UyW
b (esing) (B B =B FL) + Wl (Tl By @) + nl (xSined (% @4
~F B )+ W (B Fr— T Fl V] + 7 (Wi + 2Win B + BEy 42 (csined) WP
+2n K eads conet VW —2n (ksinad W FD + (xtaned "V 1FE5) + &L
~2 (X dansd' VB, ] + 76 w,",: + 2777 Lrt(x Sina) &) T+ zn X cocoh B
+ X L] 2aln (xoined' Ty s + L &L Thy] + 20 Hg (B Bl =Py
+eholnxsinaS By G~ T G ) + 2 (B Ol - BB 5]+ 2 [ sind o
~Z %) + nl e (F -2 &L ¢é+ FLFe) + X ( & Fh— FeY]+ehglnix u‘mﬁ‘@'ﬂfe’
~ B}y + L (BBl BhFID] + s LrF(xsinedy 2@ 2K escot FLFS
~zn (ksind Loy + L2 EL 2l G} Bl + P 1+ 2o L (sind) Wb P
—zh B FL + ;{‘m’:’) - Zh Y esco (—QV — bl BT + h?"?&Wé + Ig‘@”,f o
~WELEL) + T (x Sinat) ' (~ UV~ @y T + b B p‘lm rr

~h BLBhy) ~ 2L (Wix + W Follo,y — 1 BFoe —W-TbPny
(Continued)
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BB + VA GEE Balh + RS & VG + RS
—2R By B, A WELE ]+ thm L Uk sina Y (@ B — &L7)
- ni%csexk (- Fhio + 2FhBL ~ BBL) + 1 sinal (- Bl Fop +2 Filayx
~FaBd) + KB Bl — F4 %) = T (B B~ 2 Bl Fopy + Bo ) + By B
- ‘7‘}9’,:] + e (Wi + Wi B + &) + ’)(,—z[n"'(xs{noks'zwz
—2n (xsine ' W& + zhXrescn con VW + Fg-2 (x-!o.naa‘ VPs

+ (x -\-a.nd.‘)—z Vz"]} X SineA dx (2-27)

Equation (2-27) gives the maximum strain energy for the com-

posite shell.

2.7 Total Kinetic Energy

. The total kinetic energy for the composite shell consists of
the sum of the rotatory inertias of the core and facings in addition
to the translational inertias of the core and facings. This can be

expressed as

T=L ffLR™ (XB+ 55+ 0"%) + T (K + &5
X e
+ 2T (25 + &%) x sina dx de | (2-28)
where |
M =Zm+ 20 = total mass per unit area
m_ = core mass per unit area
m' = mass of one facing per unit area
I = mass moment of inertia of core
T' = mass moment of inertia of one facing
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Substituting Equations (2-25) into Equation (2-28) and inte-

grating over e gives
Tw = Ta® [ LR ViAW) + T+ &)
x
Vi pt® 1% . d /
+2IT{E +&7)] x sina dx (2-29)

Equation (2-29) gives the maximum kinetic energy for the composite shell

which occurs when coswt = 1.




CHAPTER 3

APPLICATION OF RAYLEIGH-RITZ METHOD

3.1 Rayleign~Ritz Method

Rayleigh's method for determining the frequency of a vibrating
conservative system consists of assuming a deflection modal shape, and
then calculating and equating the maximum kinetic and potential energies.
The Rayleigh method leads to higher frequencies than "exact" solutions
yield due to the restraint added to the system by assuming a modal shape.

Ritz'ﬁ contribution to the Rayleigh method was to assume a de-
flection modelas a series of several terms rather than a single term as

Rayleigh had done.* This deflection mode can be written
qi = A'L] 4)3 ( 3"1)

where g{ is a generalized coordinate, A{j are the undetermined para-
meters, and d% is the set of functions chosen to meet the boundary
conditions.

As in tLe Rayleigh method the expressions (3-1) are substituted

into the expression

T = T (3-2)

*This is known as Ritz's method when applied to equilibrium pro-
blems and the Rayleigh-Ritz method when applied to eigenvalue problems.

26
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where the subscript M indicates the maximum kinetic and potential
energies. Because of computational neceésity the infinite series (3-1)
is truncated at a finite number of terms, n, prior to substitution into
Equation (3-2). The undetermined parameters A{; are then chosen so as
to minimize the expression Viy - Ty by means of the following system of

equationss

3 ~ \
ﬁéivm - TM) =0 (3-3)

A system of n linear homogeneous algebraic equations containing n + 1

unknowns then exists. Writing Equation (3-3) in matrix form gives

[£]{s} - a[B]{s}=o (3-4)

or

([A] - A [B]){S} =0 (3-5)

n X n stiffness matrix

~—
=

-
i

o
il

eigenvalue

n ¥ n inertia matrix

on (ws]
[ W] _J
i h

n x 1 displacement matrix (eigenvector)
For a non-trivial solution, the determinant formed by

[0 - 2 [=]

must vanish. The values of ).(eigenvalues) which make this determinant

vanish are the quantities sought.
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Mathematically, A represents the roots of the system of equa-
tions in the matrix expression (3-5). Thus, if there are n equations
in expression (3-5) there will be n values of A . In this particular

application, since
A = 'x} e/ EY

the'square root of A can be thought of as a non-dimensional frequency
parameter wheré w is the circular frequency of vibration.

An eigenvector can be calculated for each A found. The
eigenvector is composed of the undetermined parameters of the assumed

modal functions. Thus, after the eigenvector is determined the modal

shapes for each coordinate can be determined.

3.2 Coordinate Transformation

In applying the Rayleigh-Ritz procedure, a series of trigo-
nometric functions is assumed for each of the three displacements, U, V,
W and the four rotations, % , % » Fx’, 5@’ (although a series of poly-
nomials could be used*). However, the integration of Equation (2-27)

would lead to sine and cosine integrals of the form
[ (1/t) sint at and  J (1/t) cost dt (3-6)

which lead to infinite series. In order to reduce the computational
labor, a change of variables appears attractive. The most commonly used

substitution is of the form

x =xe or y = ln(x/x) (3-7)

*¥It would be more unwieldy, computationally, to set these up to
fit the boundary conditions.
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where y is the new variable.

In using the change of variables in (3-7), the case of the com-
plete cone where x = O at the apex cannot be considered. However, the
assumption, already made, that the total thickness of the composite shell
is small as compared to the smallest radius of curvature is not valid
at the apex of a cone. Therefore, the change of variables does not limit
the investigation beyond the existing assumptions.

From the change of variables (3-7)

dg:—;‘-dﬂ W

dU= dUdy = 2dU = (x,e¥)'du

dx dydx *dy Y

dv = (xedy'gv p (3-8)
dx dy

etCt- -J

where the functions U, V. etc., are functions of y.

Substituting relationships (3-8) into Equation (2-22) to make

the change of variables gives

V= W £ { T+ n U™+ Fs Uy + T Uy + nTUV + FUW + 70U,V + 50,y W

-nUVy + (W' o+ ”_('u)vz* N7 VW= iz VG - GV E-Tis VV:g * N V;;.

+ (77 + e YW = — \'\"-’?\qegw Fo — "".’-fzoe":s WWOI * U W:; + W2z Ch W,.,,‘F,:
- 4 — 2 = &Y 2 — z — —

+ P Wy + (Fea+ 0 T + € " IR + Tzt Py + M2 P %yt (720

+ 5730 &P + 7 P ¢;.q + %32 ‘7},.‘*71 + Y3 Py 7&',, + (F3q+ 1755 + "’7’3@2” VB!*
— I — - .

+ a1 Fx iy + NTag PxPp + 715y Vo + ngn By Po + 1 Tt Py P

* T3 Fi s+ N Tag FhFo + NV yg i Yoy * 1 P aa Pr %/ﬂj — 745 oy

* s ¢x%"‘3 * "ﬁ%ﬂ"l% + Ty Fly P8+ Tus Py + Tag+ Fhos
(Continued)
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— 29 Fd — % -
+ %, € YE, + (’7;;*”"?557%%'7_%‘?5“9’,3 ~ %se %,9&54’;

+"-(-5z57:;,y.¢g,9 + L"?ﬂ"‘h?i% +’%'g¢eq)?o/z + 754.?{4,;"%@%_ .

* Fen 4 9‘9/,3 + Fsg W,{.: } dy (3-9)

where the coefficients %, are defined as

7—{_, = 272 Sind

%z = 2% cSCoA

73 = Z2 773 sin

Ta = 27, dina

s = 47z + )

Yo E 472 code

77 273

To = 27/ coouk

7o = 474

7_/-0 z= 27zcsCo

#u = (Z7s+77)csce cose + 274
"Zz = 2(29:+ 2%+ 717) cSCoA Cos 0k
Zi3 = 22X 77 COBR

9?“_ S 44X YPs cODA

7?,5 = 4%, sinow

T = RYie sina

f,—,- = 27/2 CHCok coser

%o = (275 +717) cvekt

Vg & 2X707

Y20 = 4475

TFu = (74 + %) St

Yz = 22X\ g sind
Tz = 2X, 7, sinx

T = 2h 7%, sink

Hzss S 2hz7{,4 csce

T2 = XK o »inek

T = 2H7, Sina

7ou = 2R 70 Sina

%29 = 2hl7p —1hyp) sing

Foo = 2h {9 - 2h7w) cscot

’ 5-(5| = zk L’Y;p*h"]".;)ﬁ;iﬂo(

Oy
l it

2 2h (79— zh7)) sinat
T34 = (2W2e 4+ 77 - Zhog dvinw

= (253 + 'zhz'zz“ = 2h7s) cocan

|
b
]}

s = X?")ﬂsinu.

T = (2b77 + Y ~2h 7
—th?02) sinw

Mo A5 (ot 7u)

Yoz 2h (2u—2hoz-2h 7y + 7 )

%= 2h7s

Yo = 2h (- b7s)
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K = 2 (2B%e + 9= 2h P+ Zra Hso= 2h ppcsce
+2bz"(l4 - 2h75) To1 = X7 sine
Tz = 2h (207 - 7s) ez = 2h (i~ 2h7g)=ing
Tag © 2(2’_"'}/":‘__71?:__2”2%,) N3 = 2h (7 — 2hop)escw
s = N7 Toa = (Y + 2hne= 2691 ik

T = 2h (o= ts) = (2Wopy+ 777 —2h70) cscw

Yar = 2};‘—75 +g~ 2h%o~2b 72

I
b

5L = "ZXT?]:,; Sirot

"2’_’?54-

(2h7g + %6 - 2h7l9) sina

Tag = 2'—?’»;7,4_ sine

Tao = 2\:'( %7 COCok COS A + 75N )

PN

i

Similarly, substituting relationships (3-8) into Equation (2-29)

to make the change of variables gives

Tw= 3 ' o [ € sine LM Vi W) + T (&
4
+ BE) v 2XFT(EH D] dy (3-10)
where
M= 2 [ (p/p' )(b/x,) + 2(t/x, )]
1= (2/3)(p/0') (/%)
I's (2/3)(t/x,) [3(1'1/3{\)1'*‘ 6(h/x ) (t/x ) + 4(t/x, )7-]

3.3 Approximation of a Shell of Revolution

Since the purpose of this dissertation is to treat shells of
revolution in addition to conical shells, a scheme used by Azar (44)

is used here. A shell of revolution can be approximated by a series

. of conical shells as shown in Figure 3-1. The first subscript on the
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x-dimensions refers to the segment number and the second subscript re-

fers to the small or large ends, 1 and 2, respectively.

- N
- -

\— AXIS OF REVOLUTION

Figure 3-1 Shell of revolution approximated by
K conical segments.

The total strain and kinetic energies are found by summing over K

number of conical segments as followss

w
- V= 4V
v (3-11)
T= 5N :

=

Thus, Equations (3-9,10) must be modified to accommodate the
summing of energies of the K conical segments. Boundary conditions are

imposed at the edges X0 and X,z only.



33

3.4 Boundary Conditions

Since there are three displacements and four angles of rotation
of the normal to the middle surface involved in the state of deformation
of the composite shell, the specification of boundary conditions could
assume hmany forms. The boundary condition considered here is that of
simply-supported ends in the sense that the normal and circumferential
displacements are zero at each end of the shell. In addition the merid-

ional stress resultant and moment are zero at the ends, so that
v=w=F =M/ =0

on the edges y = 0, In(xy, /%, )(x = X1, Xy,z). (These are the same
boundary conditions used by Cohen (25) and Hu (41) in their studies of
unsymmetric free vibrations o‘f conical shells.) By specifying that

v = w= 0, the shell is actually "fixed" in the circumferential direction,
so that % = “’9’ = 0 on the edges. Thus the complete set of boundary

conditions is
V::w:“é:'ﬁe:Fx:Mx::o (3—12)

on the edges y 0, In(xy, /%), ).
Modal functions which satisfy the first four boundary conditions

are given by the following sine seriess

ii

xl,\ ?‘;‘ Bm Sinﬁm‘j
= O 'ir:' Cem SiN By

oL 8 = <
|

=& Em SN By
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where

A= MW [ n (kg 2/ Xiy)
'ﬂ = In (X/X\'\)
Bms Cmao DmoaBm = undetermined non-dimensional

parameters

The fifth boundary condition is that the meridional constraint

must vanish at the edges. Now Fy 1is calculated by
Fe = Fy + Fy (3-12)

Substituting from. Equations (2-18) into (3-12) gives
Fy = ztE‘,L[e‘,"+e;;<+,u,’,(é§+ =3 (3-13)

and substituting from Equations (2-14) and (2-15) into Equation (3-13)

gives
F)( = zt-E.—‘x ( (u)t + hpx,x - h‘/"jllx) + (u,g"‘h‘/'&,x + tI ‘/’;,g)
+/‘,(‘{_ L' cscm (U3p+ b g —hhe) + K (bt —hii) et ro’]
+ LR csc (op—hdp ot hh o) + K\ (wrh vt h#) + %'catoru})
or

Fx = 4tEy Lugut ahx" (csex Vpg + U + coOtam )]

Since it is specified that v and w vanish on the edges, the requirement
that Fx = O on the edges, after making the transformation y = In(x/x,),

can be replaced by
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Uy + 4xU =0 (3-14)

on the edges y = 0, In(xy,z /Xiy -
If U is assumed to be of the form

U = x,, é-,a,"g L Amcos gny (3-15)

Equation (3-14) is satisfied.
The final boundary condition is Mx = O cn the edges. My can

be calculated by
My = My + M5 + a(FS - Fg ) (3-16)
Substituting from Equations (2-18) into Equation (3-16) gives

3 - — .
My = &t Ex[Uxruk¥b] + zatBxlek-ex

+ uly(ef-e¥)] (3-17)
By Equations (2-14) and (2-15), Equation (3-17) becomes

My = %-E'E",‘[ ¢J,<n* + 2y X' Cescw ¢£,4+ “i)l + za_-t'é}‘( (lyy+ hityy
= WBL )~ (g ~h b + htbhan) + kK { Lescat (1 + h¥p,o-h i)
+CUt hy —het) + cota ] — Lesext (P-h be,et h w",,es

+ (U-hte+heh) + cota W]})
or

_ - /
M, = %t’" B L wly + .k < (cscat Yo,0 + ¥ )1

+ ahak®Y { ou- iy + k& Lesen (6 - v+ 4wl

Since "o and 9“( vanish on the edges, the requirement that My, also, vanish
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on the edges can be replaced by
Cog + e X0l & C3naf €L by Uy + i X (y-#idl= 0 (3-18)

on the edges. After making the transformation y = In(x/xy, ),

Equation (3-18) can be written
Ci=3ha /&) E,'y vl i) + (3halE( P,y + i B) = 0 (3-19)

Equation (3-19) must be satisfied on the edges for any values of
the coefficients 1-(3ha/t* ) and (3ha/t® ). Therefore, the conditions
/ / /
¢x,y +/“X Wx =0

"'Zl)g +-“"/X¢; =0

" } (3-20)

must both be met on the edges. The following modal functions will satis-

fy Equations (3-20) on the boundaries:

!
g = a“xy § Fm €OS oY

et (3-21
'F,{ = ey Gmwﬁﬁm‘j )
m
In summary, the complete set of modal functions is
_ —aky 3
U = X, e Y Am con Amy
[44]
Vo= %y, § Bm =\nBmy
. _w =y, Z'}“ Cen S'\l'lﬁml.s
%= % Dm 3inpoy > (3-22)

70’ = % B 3in fmY
m
= &Y
Py = @¥x rz:,‘ Frn €os 8mYy

! _ -4"‘(’
'h = e ?n Gl,-,, cos fmy)
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which satisfies the boundary conditions
V::w:}és:: %: F)‘:MX:O
on the edges y = 0, In(xyz /X1y J-

3.5 Inertia Coefficients

Each of the modal functions, Equations (3-22), is an infinite
series which must be truncated at a finite number of terms for com~-
putational considerations. Garnet and Kempner (40) used a two-term
series for each modal function while Azar (44) used three-term series.
For this study each of the modal functions will be truncated at three
terms.

Using the following identies

G = cospy 8, = singy
Gz = cosgay S, = singy
o Cy = COS oy Sy = sinp,«i

When Equations (3-22) are substituted into Equation (3-10) the follow-
ing expression for the total kinetic energy is obtained, after col-

lecting terms:

. T 2(1-4%)Y
T = "\ET oo"xﬁ\/o‘ b ( SN oy f%' { e LmAY

A ITE 4+ 2TGT) et + (MAS + TFZ v 2T'az)c:
2 2 1.2 T4
+ (MAz + TFs + 2T'g3)C2 + 2 (MA ALY TR
+ 2T'&E2) Qe + 2(MA R+ TRF3 + 2T &@s) CiCs

4+ 2 (MAzAw+ TF,Fs + zl‘.‘c—;z;-mvgzgs"j' @+ e?‘g"ﬁ;(‘wa'('
(Continued)
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M- A2 sinay M (AT + ATy + AsTg )

ah, |

a_-rM = 7. r 5'\!'\0:\‘ M ( A.U;’i "’ Az.q';_,,'; * AEGZ,:\ )

oA,

M = AL sinyMOAGL | + Aedgi + A5, )

oAy "

g;g..\ = AD s'\no\S MUBGT; + BTy + BaTy )
[}

g_Tu = AT sing; MUIBq; + BTg; + BaTy j)
B, |

g%‘q e A3 sinaj M (B.G,'\)s * Bz_G'.—*,‘, + BsGg3)
3 .

g‘_ﬁ« = A3 singy M Qo) + Celiyy + C3Ty,j)
C

g'_gm =23 sina M(QG |+ el + Calig,))
< :

g_'gm = A2 sini M (CG5; + Coliz; + C299,§ )
3 : i

M= AL sine) TA005, + DGy, + Daoy,;j)
ob, -

%’_rb.: - AR -.s\neal\'j T (DT + 00, + DaTy5)
gjb_'u = A2 siosd] T 0@, 5 + Doy & D33 ))
>

3%.’“ AR sina 2T (B Q)+ BT + B3T5,5)

1

3‘_1‘3 AT singy 2T (B R + Bl + E3055)
&2

§Tn -2 % sing; 2T (BGy) + BTy + E303,))
Ea '

c)';n =4 B siney T(RT; + Fag ;+ Faly;)
\

g_rm= A Losinoyy T(RAR) + Fly)+ Fady,j)
=

gEF: AL -.ﬁnokj TRTs,) +Feagy + F30y,))

g‘_re‘m= 2L sing] 2T ( QT + G0 + G TE,3)
\

AMm = Z B sina; 2T'(& T, + G5, + @353 )
&2

ITm«Z B singy 2T (@055 + G2Tj+&3T3,))
YN ' :

\

(3-25)
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Thus the right-hand portions of the twenty one equations, Equations

(3-25), using the coefficients of (3-26), can be expressed in the matrix

form

>
v g
2
-
w

(3-27)

or

% [e]{s} (3-28)

The matrix, [ﬁ] » has diagonal symmetry (bLs = b3 ).

Jt

3.6 Stiffness Coefficients

Substituting the modal functions from Equations (3-22), trun-

cating each series at three terms, into Equation (3-9) gives the fol-

lowing expression after collecting terms:
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T
V= T Z ( {4’., { Ao X T B+ KTyl ';(-459‘2“";(-5.7 DIE, + e E) &7
+ e (8 e Be+K (G O + Tag D;."' Tisz DaBe + Ty E21CE + &5 (<F i B +X, 7, C3
+"f4ebt + Tz DB + P54 EL) c3 + Age L 2XF 97, B,Bo+2X ':?-zac'lcQ*z?-(:\aDtDz
+ Hez (DE+ BB + 2754 B\EL ] cce + A pa L2 7, BBt 2K 77, CiCn
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Taking partial derivatives of the strain energy expressionm,
Equation (3-30), with respect to each of the undetermined parameters

yields the following set of twenty one equations:
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+ 53t A\Tas,j (~ T+ A Taz) + F3T70,i (~T sz 330+ A3 Ty, 1 73]
+ 2.6 L 07y g + Ton,) (Fza + N Fam —te7757 +4E 7@+ 1Tz § (= Fag +347%5)
BT Gaz,7se] + @2l 2 Tue + 2 Tro) (34 + 7 F5s =T+ iog)
+ (8194, + 2T, ) T2+ 2uTgmg) * 262 Vag,) Zoa 1+ G3EZU;,J' =&
+ 205,j (73 +N Tz — LT a7 + AT mm) + (3 T7g, + 3529, ) 757

+2.49758) * 203,637 ) "—Z—ﬁsﬂ

dVm- v > {C.X\ﬁ.qi—5|3’;’("zz+ CaXi Fz Ty, j Fee v 3% FaTag M ™ Dlnr—l"q‘),i';iﬁ

i — 52055, 5740 + Omg 3 (720 —wugey) + Dznl B2San,) a3 "lezq-%zsilﬁqe,*'q'a'z,s(’;@g
uTqey] + Dan U Ta1, 173 — 0205, Tas + Tis, s (a9 ~wgd] ¥ EnlpGy Ty
~ B2 V55,3 Tag + Uno, ) (Faz =«7a7)] + B2l peTn, i Taa— 62553, % + %oz (T2
—eHg)] + ©3nLpaT8),) T~ Fe T Far + s, (e~ 7g) + Filan, s (i
+ RT3~ T] 32 + 73 ¥ B Tag, 5 ez +eT33) + SNy, § E%ay sl Fgs)
+ oz Che ezl + Pl Ui (Fog + Mfna— T3 ~ae oz +4677 53D

+ Bz T,y (~ 73 - 72t 2acs3 ) + (32 O, §am | + Fo 9005 (5729 +7 720

— il Fa TGz +Pzn) + PeTe,) (=3 veqzn) + B3%0,i a2 e Tay)
+Pe 3 Tan, T3] + G, Lza ; ”?”34+ Ty j (T4 + (T35 =T+l 7sg)
+ (BT + P20 3) (- 7a7 + 2esa) ¥ 20 Prlas, y Wsa] + 2G [0 75,

+ G § (T34 + Foss ~eTfs1 +45456) + 42 07m,3 (= Fs7 + 2sifa)

(Continued)
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+62Tg3,7sa] +G2L2 0,3 T3 + 2035, (et N ag ~ a1+ ALCFsa)
+ (2GR + psG‘&‘j)(— 37+ 2w sg) * 7-(521556_67,3"?58.]}
g-\é =TE { CiX\ AT, T2zt CoX, BeTas,jHez + 3K B0, Tee + AW A -SES

~ #3954,y Tae + G,y (77m =42 T4 )] ¥ Dl B2, §7as =23 0sq3 Tt s, i a9
—wc77ge)] + Oyl psg | ag — A3 0sa, Fae + T, j (a9 —cFacl) Y EI LA5570a.
=305, a1 Voo (a2 —2e9747)] + Eon] B0y, 1 %aa— £357,) Tar+ Uz 3 (Far
%470} + Ean [ B2Tagy Faa — 32T, a7 + 0005 ( Faz et 742d] ¥ L0, | (g
NP0t s T s H33Y ¥ Br Sy (= Toe + e T3) + 53070, ) T30
+u7l53) + 5 Gs 0&,,3';('33-] + FzY.Q%z,g (Fzo + 17 30— T 31T 32+ LLFs3 )

+ oG i (~ et 77a3) + (83080, (-3t +.4L7723) + B 53 057,j Fas I+ Pl Ty §(Feg
+ “11?'& A TB) =i a2+l Rm3) Y B3GR, 5 - 77z — 3L+ 2T Es)

+ f-'*g"?'ss 0_34,3] + Q, \-_2-0"5,3’;[_3(, + 20,5 (a4 + n“7fzs —{1—?731 +L%575g)

* (BT3s,3+ 3 Tig,4) (787 +24Fsa) + 2 1P3Ta,, ) T ] + Gel2@, 75,

* 2@y, (a4 + a5 —eFar+4E7758) + (270, | + B2 Ta0,§ Yo Fs7tTUTy)
+ 2 2oy Can ) 77se ] + 263105y 72 + “‘eé,s (ot + 135 = et 51 +48 )

* 3308, (- 737+ 24 7Fsa) + pETa, "759_.\}
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In order to obtain nondimensional elements in the stiffness

the following nondimensional coefficients are introduced:

2(t/xy, )(E§/Ex)

= 2(t/x,, )(Gke /Ex)

= 2(t/x,, Y ack + b (By/Ex)]

= 2(t/x,)

= 2(%/%y ) (KbGeg /Ex)

= (0/x, Ky Cee /Ex)

= 2(t/xy ) (KxGax /Ex)

= (h/x,, ){KyGax /Ex)

= 2(h/x, Y (/% )(Be/Ex)

= 2b/xy ) (5%, MG /Bx )

= 2(b/x, )" (t/x0,)

= 2An/xiy)® (t/x ) Deggr 22 (Bg/EY)]

= 2(h/x,, ) (/5 ) (Be/Bx) L-2(b/x,, J+(a/x, )]

= 2(h/x,, )t Y (Ghe /By) [ ~2(h/xy, J+(a/xy, )]

= 2(h/x,, )it/x ) Linixy, Jak ~(b/x, JA(E /B )

= 2(h/xy Mt/ Dt/ (B /B ~(h/zm Jack]

= 2Ah/xy Mt xp 2L -20hx, Ha/xy, )]

= 2(t/x ) Ep/B) [ (/g )5+ 506/ ) =(h/x, Ma/xp )]

= 20t/ )G /Be) L4 (8%, F4 2/, F -2(n/x0, Ma/x,, )]

= 2t/ Mt (B /BIIL (/x )"+ §(8/%,, )
~(h/x, Ma/xyy, )]

= 40/x, ) (tyxy, ) D(EL/BL) + (Gl /EY)]

= 2(h/x ) (/x4 1 L (a/xy )~2(/x 1] L(Es/Bx) + (Gro /BN)]

H

40t/x0 ) T (A )+ L (o ) =iy Ya/x ) [(E/Bi)+(Gle /EX)
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T = 20t/x )Gk /Bx) L= L(t/x) ~(h/xy, )+ (/) (a/x0)]
s = 2(h/xy, )?-(t/xm)(K;G;z /Ex)
T = 2(0/xy, )5 (/%0 ) (Eb/EX)

Ter = 20t/x )0 (b/x )+ L(t/%0 ) = (b/xy Ma/xy)]

Using these coefficients, the following elements of the stiff-

ness matrix, [A] , can be deduced from the twenty one equations, pp. 52-62.

a, = & { 20y U (o —sps +5%4) sinay + nigpz cocoly) + 28Ty 7
+ Zaey) simay + 20g Be 724 S\n 0&3}
Ao © z {.Z'G;o.'s L (mi~etrps +£%24) sin Hy ¥ r—“-"(‘- esedi] ¥ (8%, i+ A7, )75

*tean) B Ay + 26 fTog | 7 SNy}

[/ N E{ZQ‘-,.,sL( V)~ 75 + AT ) SinA) + R7fe coasli] + LA1T7e, 3+ f2T29 ) k72
+ TUTy) sino(:) + z/s.,,e,G"&;\oz‘, ‘.s'\no&j}
Qg = NE {-z,s.@‘“.._‘?(z— A Ts2 2 + g Y_‘Z("(.+ozz)—.uvz5]}

2, = nIT{ - 280 7= — A Tasi 73+ Ty L2 020 +772) ~a7s1}

k3
®
i

n E{-2mS 7 - ATy e+ Saay L2047 —wors}

B
4
0

= L-p0: 173 ¥ O=za; (77 —w773)) Cosoh,
} A\

2
®
I

= T [—,d.q'%':)v(-d, + QG (7%~ 275 )] cos oy

@i = LL-mTa ;7 + Toqj (7 -we7s)] cosely

Qiioc = » » ¢« = Bz =0

Qrp = & {"%\s Ll +4%70) Sinerj + n¥opz escoty ] + 202 7

’ ’ T q,_ ., . .
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Ry = 8{2» Creyy Lo meemps +.5704) in ) + mioppescay ] + (e Tae)i+ £239, )75
+ 2eerpy) Sinoh; + 2y Taq ) Te Sinky |
Co = T n{-2020, 72 - £2T55, 175 + Tag L2 (#7200 T}
@y = L 0 {“Zﬂz¢41,3"(z— Pels3y77s + T g Lz(”?,fw—xé?"s]}
Az = L N {""'ﬁ‘i@%\.'a N = Pl 3+ Tos,i L2t ) e Y

Goq = T L=p20ss,773 + Tagj (7, —w7s)) cosely

Grg = & [—p,_G‘ss.:‘o]-_, + Giayy (7 —es)) conck;

@z = B L= 820,77 + gy (7 -w73) coney

Qz,ip6™ * ¢ o = Qezy = O

bz = B { 20, L (7 wrsraiz) sing] + nopacscy T+ 2m %) (-7
+ 2aa) Sind)y * 265 O 84, 74 """”"‘J}

@sa = N E - 2T T - 23T T + T | L2t 7))

Q=D L 1 28Ty 72 - B3 G s + Giny D2 otr )~ T}
a5.@. =n 2 { 2/55 3"(1. /536-:54 0’7?'3 - %)j['l-("(,'f’)?z.) "“%]}

Qg = L L- B3Va s ¥ ooy (e 73)] cossy

e
n

e = B L AT 7a + g (-« 7)) coseyy
Azgq = L - /536'54‘3 Na v T,y ('71,-4:_72-53] coaogs'

Az ¢ » o % A3z = O

it

a.4'4 % {. 2| fS?'UT-th‘ - ?-ﬂ‘(r%_s‘j;\ -2 ‘Sl'nd;s + ZGTQ.j {_ n'z")(l c_sgu;s + (775

* %) csce] o.cg'oas + ';72]}

1]

Qys = 2 z {.‘\Flﬁzq'ia..s“ﬁzq'u,j - AF1Te ) M= DI A, * T2z,i Lo encet

+ (s + 7)) csect c.og'egs x "77_]}
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Ry =2 L iLF«FsTn.'; - #aN5q,; ~ATa,) ) 772 sin &) + Toay Lo escoty
+ (ofs+ ) Coan] COT R * 7721}

@yq = 2D ~ L Tia,3 (70 + s +27) cat o]

Aye = &n 5L G 7+ 715+ 21, cot o]

Bug = 20 D Lags (o + s+ 20 ot o4 ]

Ry o= — B (O3 7, cosch))

Qap = ~ & (T 7, coseh))

L™ ~ L (Tej 7, cosalj )

Ao = "% L (T34 7= Lonely)

Agpa= ~% L (Tiq)) 75 cOB A

Qg ~% B (T 7ps consy)

Q= = = = = Qgz = ©

Qo= 221 (Y04~ 262Ta0 V772 sin o) + Tae,j L7y cacel
+ (775 +7qL) e ob; c_cf;zo«j + '77_-]}

Ase= 2 L { (popaTia = F3Tas,) ~ F2Tan,{ ) Az Sinck)+ 0Za,; U7 coest]
* (7s +7,) e C.o‘-%d-," '\'”72]}

@eq = 20 B L (7 + 9+ 70) cotorf]

Agg = 20 T L@y Lo +7s +7) cotol(]

Qgg = 20 DL @a i (7 + 75 +7%0) cob oty ]

As)p= — L (34, 7 comoy)

asy= — Bl Qg j77.cona))

N T ((G39,) 7 covahj )
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Aoy ™

Qqg =
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-2 7% (G5 %5 cosay)
-2 N (0"35'3 7, COS Ky )
~2 B( Ty s COS o)
c e s = Qgey =0
28 { (A% O, — 20305, )) 772 sindly + Ty Lefpesc
+ (7 +7],) CSCA| oA + 721}
z2n L L@a )y (Pa+7s + 7odcotety]
2n T L0z, (7 +775 + 77e) cot 9]
2n BLa3,j (7 +775 +70) cot ot ]

— 2 (T3 7, conek))

= = L (T y Mucesaty)

- (T3q,§ e co® o)

=2 Z (G3g) 7pmconetj)

= —2 T (G 75 cos A )

~2 T (T3, ) 75 comet)
e e e T Qo = O
2 5 {{ @70, (72 +78) sinet; + Tioy L escot; codat) + 07 (s
* 77.) c.sc_ekﬂ}
2% { Afe e i\ 77+ 'sinoLJ' + TQ2z,§ [97, CBe ok cor}o(g + (s

+ 7)) ese sy ]}

= LE{' Bies T, 5 (7 + M) singt; + Ty § Lop esedt) eodaty + nlys

+ 7,) esc Xy ]}



it

a'&.lo

it

Gg

Qg iz
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—-2n 2 (0_3*’3’7‘)

= -zn B,  7e)

= -2n Nld3e) 7e)

—2n L { G,y 7s)

=20 B Gq,)7e)

-2n L (T3e,{7s)

28 ( AT, s SinY))

28 ( ATy e vk )

2T AT5,5 s vin &)

2L BT 'o‘ln;(‘i)

2L (A j 7 sinay)

2 7 (A\Gyy 77 SINAAY)

2E{ AT (7a+7e) wins + T [ 7 esecl cos o] + 0 (s
+ 7y emesty 1}

2 2{ Ao, i (77t o) sinky + T3 Lyicsew coste + (s
+ 70 ese. T}

-2n 3 (T3 7%)

-2n Z 0y 7e)

-zn 2 ( P 7% )

-2zn (“-%7.3 —75)

Oga = — 2N Z (T3 7e)

Qg =

=20 T TRy )
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e = 22 (AT e sinety)

2g = 2L A00 ECRLLNY
gia= 25 ( G204, 30 %y)
Qg = 2B f2T4n i Sinedy)
Qpop= % (s Tar,3 77 SID AY)

Zozy = 20 ( F2Tg %7 SN R))

Bgq = 2 D{ AT Gt 7a) sina + Ty [og sk coda) + s
* 77¢) c.scd\j,Tj

a,;!‘o = -2n % (G 7%)

agy = ~2n 2 (Tao,7%,)

Qo= —2n 2 (03,170

Qg3 ™ ~ Zn 2 ( Gae 1 7s)

Qg = ~ 2N T (Tp,7s)

Zgie= ~2NZ (T, 7%s)

Aoy = 2L (AsT5, % sin %))

Qo= 2D ( ps Tag77a SINKAY)

Qopa= 25 ( prThz,;7a 3in %)

Qo= 2L ( (aT0q\ 7 Stnot;)

Roze = % (A3 Tam ) 7 Dine))

Qg = 22 ¢ $3Saz,y 7 3in &)

App10° 2T {. L@i7e* (ATTn =4 Tis,i) 70 ] Sina) + Ty (v(,_scchos-’uj

. . 2 .
+ o SINAY + Nz, c.sc_d-.s)}
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Pups = 2 L-pepsTiaj + #3055 + B2 Tan,§ ) 77 Sinaotj— G § (211e BNt |
*—ﬁﬁqrscsnuisi]

LA z - 2 B2949,1 M0~ ATse 1%z + S,y (7721 -2702)]

Cyn=n T L- 23297,y e - Az T\ izt Sez,)) (P —77,2)]

Aype= N U262, 470 — A3 Vg, ) 7z + a3 (771 —c712)]

Ay =N nl-pe Ta9,) %06 ~ B 5s,) 705 + Tay)) (7722~ <e75)]

Qyzn= N = L- P2 T47\7e ~ BeTs3 ) s t Tir,) (”(zz-/(—"(/g)]

Ly= N oL~ 5205,y 77— £58513%s + Tim, 3 (#722—e715)]

Q2= 2 2 { L G517t (AE T,y ~ A3T3a,) )70 d Bineky + 03, j (72 Csca; co:?'okj
+ o sinol:) + s:.‘oyzb CICA) )}

B> L Caipalingg+ A2 + ATz,,1) 714 Sin &)~ T23,) {714 Sind
+ n7"r(,3 esexy )]

Ay o> ZU(-B2p300 ¥ B3T3, + B2T2,))¥1a Dir ol = Toa, j (7 Bimvor
+ Wz escoyg )]

Qg s™ zZL ('/3.; Tiag,y ¥ 63 033,3 ) 77 3;’30‘3 = T,y (70 'al'ncAJ‘ -H;L')/,g 5o ]|

@iz,c N EL-243T5 {7 — FITSe\ iz + Tia,; (27 —e7i2)]

Qizu7= 0 Zh-2p T 1 76~ 62957, e+ Sigy (P —<2702)]

Qpig= 1 LL-283 g s 700 05 Tsa,j e+ o 3 L2 —£702)]

Qo= N Z L-re T 74~ BiTs0, Ths + Tia i Zez—at75)]

Qyiz2p=h ZL- %3 o)y 74~ A2 Ts59,3 s + T, (722 7p5) )

Az =1 B L F3T04a 17010 - A3 Tsq, 3915 + Tie,) (22— 70s)]

Ay \3 = 22 [ (T~ A7 T\ Teat+ 25 T3s '3"714)‘51.":&5 *+ 03,3 (——;724_a‘tnd‘3
(Continued)
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+ R g esea))]

Qe = % L Tio, ) 775 = 8182w} 724 + P T2 (%24 + 1 T2a,§ 72e ) SiN o)
+ (rt?-.') (—7(-,_4 sin d) + nz'qls Y 2]

Q5= R ¢ G\y3%s ~ AuBs T, 3724 + ﬁBq_‘z?;l Nza ¥+ A1 Ta\,{ 7fzq) DI0 o)
+ 0235 (- 7724 sin )+ n2pe o))

Q= M 8L T e+ 8Ty} Tie + Tag)y (w22 +4076))

Biz7= N Z) L-p Ca9,37%0s. + P2 Vs i 701 + U9, § (P22 +<7717]

Aizie= 0 LL- AT 7w + 6 O, e ¥ Teo,3 (22 +ee 722)]

Aiz9= " ZU 23000, 72a ~ 41 Toz, 120 + Vi) 723 ~te 972007

Qg™ N 202 B Gag 7 — Bo g ) 770 + T50,3 (23 <2720 ]

Rz 2= N & Lep, TspyHea= BsOs,,\%zo + Too,) (23~?7z0) ]

Q14 = 2% W G837~ /‘32“_\4,3"2'&4 +232 T2,y 7724) SINA] + Bo ) (-9 51704
+ n.zv?,g c'sco(s M|

Q™ 2 ZL T 7s- FzA2 a1 7M24 + 33Tae ) e +32Ts2 {724 ) Sin ey
+ Ty (- 77w Dindd) + S 7ia esesti Y]

Ty DL L~ = Taoy T * 4T85, M6 ¥ Ta,) (2722 + wope))

@y g = N EL= 52007, + BaTmy 70 + Tiz)i (ezt2c7pe) ]

Zig,1e = ZU- /52 05,1 74 + 3T 700 + Uga,j (2722 +<e7p6)]

Qg = nZLl2se F49,17724 ~ 8 Vs, 7z * Ve § (oges ~e ?7z0)]

Ayn= N 2Ez}5?¢m,3”2u - (U532 +"&Zz,3&(”lzs -4t 27206)]

gy = VK L2p: 05,172 = A3 To1) 720+ Tia )y (723 -4 772 )

Ry ™ 2T L6055~ 25 B, Poa+ T8 Tay o) Simotj -T2y A~ Fow Bin ok
(Gontinued)
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+ 07 © sc“iﬂ
Qg = N 2 L3017 + 81 T2, j 76 + Toq i { 722 +.2272)]
Q= N 2 U Oy, 3 M+ Belsq e ¥ s,y Lopee Ye726) 1
Qisie = N 0= /8 Tai7nia + B30, ) e+ Tan,j Lopza+ewened]
Oopg = N 2 L2 AT 17724 — 51T50, 70 + Tia,yi L7723 = 720)]
Qg 2= 2 L 24y O, 2724 — 220573 720 + T2s, ) (23~ 20)]
Qs = Z L 2anTug) 7fra - AsTma, ) 720+ To,y (723 - «7w)]
Liog= & z {.EQ_\{) 7Ma + A1 |y (27 —37,2) + ﬁxz‘\az,i nl sfnek:)
R PR N Vg —at ) Sirrot) + R0 © 30 j]}
Qo 1™ Z {_‘: 2Ty 178 “' (3 TFayg + (32T, W27 ~702) + 2 £1 2085, ] s;n%
+ 2T, Uopg + o= ceop2) 5172 045 + r?":zm cesesh] '].S
Lipe™ Z {_"-"-GS.Y’ZS + (AT + (3T, (202~ 72) + ZRpsG (Tl sinu
+ 203, \ Lo + 471 —ce27,2) Dinckj + 1 70 esc.j T}
a-w.m =2 {, 07.1,3 T. Cprz~wvps—ecFre +ﬂz'}7/ 2) Sim otj -+ hz’)],.q, e 3]
+ 8,073,y (=715 s+ 2ie7r) Sin o+ T,y (AL 7y S k) |
Qe 2™ 2 {6?70.3 Ll <t 70 + “%7r7) sin Ay + 2 sy 1 +A05, S A
+77) SNk} + 5203 (s +%rr) sindk) + (5 $eTas,i Yy Sin xjj
Qpz = 2 {.G'-iu.'x W3- 2= b Yuu 4 24) Si2 4§ + O 74q Cocdj I+ A1y -7
) Sindky + 3T \(-20s +£701) DN A + 5 B3 Tas, | 7 Sinck; §
Qyg41~ % Z ‘U:- Qa7s + B2,y (2epy-2) + Az a3, 77n) ‘bl.V’W(S
+ Q) U (79 +.ufopy —e9pi2) sin o) + nzoym cs(_okj‘]-}

Qa2 {L=z T2, i7g + ( BzTie, 1+ 33050,y Wosttngj—2prz)+ 2 B3 Say i el Dinet)
(Continued)



a’ﬁ 19~

2720 =

Ry
-3
]

R
|

Qg™

Ao

Qon™

Qoo =

Q920 =

74

+ 2092y L (g Yy M1z 5\1\&3 + N0 deJ]}

=z{q 70.5 Lopram e ois ~teTe+2E27) BN ) + 07010, 0oty T+ AT 1 s
* 7Y Sin ®) + B2\ G tee D3N A + 546255\ 7 310 ogj}
{0 AL T -5 ~cepe + 4 7/2) sined; A7y esca]

+ 2Ty | C7his T+ 24T) SNk} ¥ B2 Gag (7 Dinet)}

=L {_ 77_,\'-?’(:3 AT ,u?/“,-l—/m*y,-,)‘sde -+ ﬂﬁmc‘_‘sc_og“]-b-,szq;e”(q/‘

»)

F LY Sinek * 135, (TS Fi7) SIOK + (2 fT 72 i) §

= 2% {[O’;'S Ng + 39, 3 Coeergy -27,2) "'/53 ;’7:\] SUTY

+ G5 U (2pp +u&9) —ce 7712 5in o] + S csch’]}

2{0':,, s Wra—wmps — o +2l7p7) Nl + Sage s od 1+ AT, (s
u7) sink) * #2T7s, | (~u+ LD SINA) + @i Tor )y haSinst §
Z{_ [(0[,3 b5 e T pie + D717 sirzoly + 0l 47,4.c_sc_o«']+,s7_ 76)(—47,5
+ A7) BN K] + BTy ) (~ et A7) SN K F Bafy Ten M oin ki

z {_02,9.3 Loyt ~eFpa + LE%rg) Sineky + B 7714 €304 (]

+* A%,y (- s -%1e + 2lY7 Y Sincky /53 Ta 37 schJ}

2% {- L5 777 + BSs,j (%20 + 2 7a7) + 37 V8, 21]5in

+ U, L("Yla — Al z0 +tirper) '5"’*5 + "!2"749 an‘-&]}

E{L2w 77 + (AT ¥ @2T70,)) (- Teo+ 2727) + %5 feTas, i Tl sins,

0 R 2. 5
+ 2T ; L 7Pg—strn 4407 win otj + Fo7pg cxeot T}

e | D205 971 & (0T, B9, 0~ oo+ 2ee7ard & o 33%c, ) 21net)

Q20,20

+ 7-0:'" 3[ (9?'3—,4?20 1"40?21)'5”)0‘." ~ n"]iQC-SC“’"J]}

2 2[[ 2,} 71 ¥ 2017, (- 77zot e przr) o a’(z’r—JW*J
(Continued)
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+ Ga i L 7ie =4 720 + 4 2p21) sinay + Fopg eseoy ]}
a..wlz,= 2{ [20",;,')(-, + (fsz“'-',e,‘j_a- r-!sQ"e,_.,.s (- 2o + T z7)t L b q;_.,"p]z-,]sinu;
+ 205, L (Fig—cc 7720 +45%2) Bins + o cocaty It
Loy = & z {- w7+ BO0a,) (—27z0 + 277270 + (5%“"54'3 7721] 2\n %y

- “Ze.,f\ l‘_('»r,e, ~lY 2o +,a.z%7) sin o(:‘ + h'zvz,o, c.sc.vk_,"]}
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Thus the right-hand portions of the twenty one equations pp. 52-62 can

be written in the following matrix form:

B A

A

_i a..-_j By
Gy

where %= m‘x.’;, E', , or,

x [a]{s}
3.7 Closure

Using the results from Sections 3.5 and 3.6, Equation (3-3)

can be expressed as

(X[a]-% [8] ){s} =0

or,

(- 2 [8]) (s} =0 (3-30)
where A= A/A = m"x{";. P/ gl .
The values of A , the eigenvalues, which satisfy Equation (3-30),

are the required values for any given free vibration problem.



CHAPTER 4

APPLICATION
0

SPECIFIC PROBLEMS

4.1 Computer Analysis

The coefficients of the stiffness and inertia matrices were
programmed for computation on an electronic digital computer (CDC 6600).
The [B] matrix was inverted and multiplied times the [A] matrix to put
Equation (3-5) into the usual form for solving for the eigenvalues. The

equation thus obtained is

¢ ]

a[1] {8} =0 (4-1)

where

I

(7] = [&] [4]

[f] = identity matrix

An eigenvalue routine (48) was then used to solve for the eigen-
values, A , and eigenvectors, {§} . Several checks were included in the
eigenvalue routine to check on the quality of the matrix inversion pro-
cess and to check the accuracy of the eigenvalues. The sum of the ab-

solute values of all elements of the matrix

77



MATERIAL AND GEOMETRICAL PROPERTIES
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TABLE 4-1

OF EXAMPLE PROBLEMS

Data
No.

«,DEG.
f}lé./x hi
\
h/R,
t/R|
Eb/Ex
Gle /Ex
Kb Gl /Ex
Kk Gix/Ex
Ak
Al
Al
Ko Cou/Ex

P
Ref .9

CONE

20
2.284
2.149

0

0.00233
1.0
0.3500
0.2877
0.2877
0.3
00.3
0
0]
0

-3 4 5 6
Ref .44 Ref .44,
CONE - PARAB PARAB PARAB
———
5 *3# #3t E I
1.022 *3% *3t 3
0.25 8.0 8.0 8.0
0.025 0.0150 0.0150 0.0150
0.001 0.00065 0.00065 | 0.00065
1.0 1.0 0.673 1.490
0.242% 0.242% 0.184 0.184
0.242 0.242 0.184 0.184
0.242 0.242 0.184 0.184
0.12 0.12 0.196 0.132
0.12 0.12 0.132 0.196
0.03877 0.03877 0.03877 | 0.03877
0.003551 0.003551 0.00441 0.00297
0.003551 0.003551 0.00441 0.00297

*Obtained from Reference 50.

*%¥These quantities are determined by the number of segments
approximating the paraboloidal shell. -




80

A = 26.233

when the effect of transverse shear was included.

Azar (44), also, solved the same problem using a three-term
Rayleigh-Ritz approach. However, his analysis, when applied to a homo-
geneous shell, does not include the transverse shear effect. He found

the frequency parameter to be
A = 26.191

4.3 Ungymmetric Vibrationg of a Homogeneous Conical Shell

The 20° homogeneous conical shell, Data No. 2 in Table 4-1, was
next considered. This same shell was previously solved theoretically
by Seide (49) using a Rayleigh-Ritz stress—function procedure.A Also,
experimental data are given in the preceding reference.i (The experi-
mental data were éttributed to V. I. Weingarten by Seide.) These re-
sults are shown in Figure 4-1.

Cohen (25), also, considered the same conical shell but only
calculated the frequency for a circumferential wave number of two (n=2).
His result is also shown in Figure 4-1.

Seide's theory included only the normal component of the trans-
lational inertia. This could account for his frequency being much higher
than experimental values at n=2.

The analysis of this investigation is shown in Figure 4-1 for
general trend reasons. It cannot be compared directly to Seide's theo-
" retical curve and Weingarten's experimental values because of the use

of slightly different boundary conditions.
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CIRCUMFERENTIAL WAVE NO. - n

Figure 4-1. Graph showing frequency versus circumferential
wave number for a conical shell.

4./ Symmetric Vibrations of a Sandwich Conical Shell

A 5° sandwich conical shell, Data No. 3 in Table 4-1, was con-
sidered next. Only symmetric vibrations were calculated with the first

six frequency parameters, VA , listed belows

14.772

75.813
155.21
213.63
219.51
233.37

4.5 Symmetric Vibrations of a Sandwich Paraboloidal Shell

* A paraboloidal shell was next considered. Approximating this
shell of revolution by a series of conical segments as described in Section

3.3, the frequency parameters for symmetric vibrations were calculated
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to study the effect of the number of conical segments on the frequency
parameter.
The specific paraboloidal shell shown was that found by revolving

the curve
y® = R® (15%/L + 1)

about the x axis. (The x and y used here should not be confused with
those relating to the shell coordinate system.) The material properties
are given by Data No. 4, Table 4-1. L/R, = 8 was chosen with the shell
lying on the interval o0<¢ x <t . (L is the axial shell length and
R, is the shell radius, normal to the axis of revolution at L/2.) The
shell was divided at all times into equal segments (Figure 3-2). The

results are shown in Table 4-2 and Figure 4-2.
TABLE /-2

EFFECT OF THE NUMBER OF SEGMENTS

ON THE FREQUENCY PARAMETER

NO. OF LOWEST
SEGMENTS, K FREQUENCY
PARAMETER ,{X
0.54113
0.49337
0.46618
0.44014,
0.44191
0.44521

NOROEN

— -t
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Figure 4-2. Graph showing the effect of the number of
segments on the frequency parameter.

Figure 4-2 shows that as the number of conical segments increases,
the frequency parameter decreases. The curve becomes relatively flat

beyond eight segments. This is the same general effect reported by

Azar (44).

4.6 Unsymmetric Vibrations of Two Sandwich Paraboloidal Shells with
Orthotropic Facings

The theory of this investigation includes provisions for ortho-
tropic facings and core. Paraboloidal shells with identical geometries
to that of Section 4.5, but with orthotropic facings, were next con-
sidered. The material properties for the two shells are given by Data

No.'s 5 and 6 in Table 4-1. The two shells differ only in the facing
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orientation. The first problem (Data No. 5) is stiffer in the merid-
ional direction than in the circumferential direction. In the second
problem (Data No. 6) the facings have been rotatéd 90° to make it stiffer
in the circumferential direction. (See Appendix B for derivation of the
facing properties.) In each problem the paraboloidal shell was divided
into twelve segments. The results are tabulated for the first nine
frequency parameters in Table 4-3.

Figure 4-3 gives a plot of the first five odd numbered frequency
parameters. It shows that the facing orientation has little effect on
the frequency parameter. However, modes five and seven show a con-
siderable effect. Mode nine then shows that the effect again diminishes.

The effect of core orthotropy on the natural frequencies was not
investigated here. However, the results of a recent analysis by Jacob-
son (51) indicate that orthotropic ratios Ggz /Ggx in the range of 1.5
to 1.7 (typical of honeycomb.cores) result in a lowest frequency (the
only one ﬁe investigated) for a simply supported sandwich plate which
is very close to that for the case of an isotropic core (orthotropic

ratio of 1.0).
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TABLE 4-3

FIRST NINE FREQUENCY PARAMETERS FOR
TWO SANDWICH PARABOLOIDAL SHELLS

FOR VARIOUS CIRCUMFERENTIAL

WAVE NUMBERS

Eo /Ex = 0.673

[y 2 A 6 8 10 12
1 | 0.49635 0.55883 0.69124 1.2285 1.6697 2.0790
2 | 0.61759 1.0775 1.5075 1.9613 R. 4274 2.8972
3 | 0.78036 1.1435 1.7154 2.2374 2.7138 3.1521
4 | 0.86916 1.4554 2.1870 2.9178 3.6472 4,.3764
5 | 0.91275 1.9299 2.9483 3.9617 4.9724, 5.9822
6 | 1.1754 R.5929 3.9464 5.2457 6.466/ 7.6534
7 | 1.6712 3.1335 4 .4786 5.6812 6.7573. 7.7287
8 | 3.7763 43724 5.2453 6.3143 7.5238 8.8244
9 | 4.3485 7.6397 10.323 12.553 14.124 13.908

Es /Ex = 1.490

Jin 2 4 6 8 10 12
1 | 0.43084 0.55101 0.70350 1.2280 1.6531 2.0453
2 | 0.67967 1.0017 1.3911 1.8156 2.2564 2.7035
3 | 0.91725 1.0582 1.5842 2.0625 2.5166 2.9641
4 | 1.0814 2.1792 3.2623 4+ 3456 5.4293 6.5130
5 | 1.3533 2.9118 4.1963 5.3602 6.4532 7.4976
6 | 1.5185 2.9277 4 4077 5.8735 7.2756 8.5750
7 | 1.7465 3.7728 5.2911 6.4791 7.7110 9.0769
8 | 4.0393 5,1272 6.5951 8.5544 10.617 12.670
9 | 4-3797 7.1934 9,781/ 11.979 13.873 13.59/
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Figure 4-3.
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CHAPTER 5
CLOSURE

5.1 Gonclusions

4 very general theory has been developed which can be used to
analyze symmetric and unsymmetric free vibrations of sandwich shells
of revolution. The theory includes the effect of transverse shear
and rotatory inertia in the core and facings, and can accommodate
orthotropy in both. A three-term Rayleigh-Ritz procedure is employed.
The theoretical results were programmed for solution on a digital
computer.

The theory developed is versatile in that by assuming a zero
core thickness homogeneous shells can be considered as well as more
complex irregular-shaped shells of revolution.

Several example problems were solved with good general agreement
with results obtained previously by other authors. However, direct
comparisons with the results of other authors is difficult since each
one defines his own set of "realistic" boundary conditions. The bound-
ary condition applied in this investigation is that of simply-supported
ends in the sense that the normal and circumferential displacements
are gzero at the ends of the shell. Also, the meridional stress re-

sultant and moment are assumed to be zero at the ends.

87
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Garnct and Kempner used somewhat similar boundary conditions as
used in this iﬁvestigation in solving for the lowest frequency parameter
for a homogeneous shell. The theory of this investigation gave a fre-
quency parameter 2.6% lower than that found by Garnet and Kempner. This
can be partially attributed to the use of three-term modal functions as
opposed to two-term modal functions used by Garnet and Kempner.

Therefore, this dissertation provides a widely applicable theory
for treating general sandwich and homogeneous shells of revolution.

&
5.2 Recommendations for Further Study

As is generally the case, research into a épecific problem area
raises many more questions than it solves. Such was the case with tﬁis
investigation. Therefore, a listing of some of the areas which require
further study is in order:

1. The effect of other boundary conditions such as clamped-

clamped, clamped-free, attached mass, etc.

2. Free vibrations of a shell of revolution closed at the

small end, as with a complete missile nose cap or radome.

3. More extensive study into the effect of the variation

of parameters such as conicity for sandwich cones.

4o Effect of discrete structural stiffeners such as rings

and stringers.

5. Forced vibrations on both hamogeneous and sandwich shells

of revolution (including conical shells).

&
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undetermined parameters

stiffness matrix

h+t

stiffness coefficients

inertia matrix

inertia coefficients

COSAY >COSAY ,COSmY

Young's modulus

Ey /(1~pebsh)

By /(L1-shn)

total strain

stress resultants (forces in tangential plane)
shear modulus

half core thickness

mass moment of inertia

number of conical segments

dynamic shear factor

axial length of shell

mass per unit area of shell composite

mass per unit area of core, facings
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moment stress resultants
circumferential wave number
stress resultants due to transverse shear
parallel circle radius of shell at L/2
singy ,sinpgg,sinﬁ5%
kinetic energy
time; facing half thickness
normal function of u

displacement of middle surface in meridional
direction

strain energy; normal function of v

displacement of middle surface in circumferential
direction

normal function of w

displacement of middle surface in direction
normal to shell

meridional coordinate
In(x/xy, )
normal coordinate

half cone angle

: m‘“’/ln(xk’,_ /X )

displacement vector (eigenvector)
membrane strain

coefficients defined pp. 63-64, 30-31
circumferential coordinate

eigenvalue = & x5 2 /EK

T x3 P
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Poisson's ratio
s
mass density
=t
stresses
coefficients defined in Appendix A
In(x5,e /X )
1n(xj,‘ /% )
change in curvature due to bending

meridional rotation of a normal to the middle
surface

circumferential rotation of a normal fo the
middle surface

circular frequency of vibration



APPENDIX A

INTEGRATION COEFFICIENTS

In order to simplify writing Equations (3-24,30), the following

integration coefficients are defined:

2(1~)y o
Ta=Jp € wSAgdy
. - T
= 4 ( S AT Gy [.u—zu‘-:-,e?-]‘{ez“%) 'L asinzp;
2(1-&)
+ (I~ coszpfl)] ~€ ¢)L,€.=">'mz,ﬁ.¢"’ +Uw)COSZ,6;¢j']})
(‘
Ty = S;b e 4Hcos','eqs cl.g
; ,
1 z(l— .
+ (1=c0) cas 2@ ] - & 0_")“[_45, sin 2420; + (1=w) cas 22051} )
N 20409 2
Gy = dog € cosmy dy
= - .
- i‘.( (e Z(1-<e)T] z(l a)¢J)+t(‘ M)+r33]'LZ a')ﬁ[,ggsm 25T

7-(( -9 ) [ ﬁs

+ (\=a)cosepEs\y]- n2psd)y + (1-i)eos 2153433]})

N 2(1-a)y
Tay = Lpi e CosRY CoSEY dy

(\'.4-(\-4:) + (prpa) w] {e (-5 L) sin (8rp)T) +2(1=4) cos (AT} ]
e'z(l-.a)é, [(‘B

A2) sin (Brp2d) + 2(1-a) co (Brpe2) o) ]}
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w =\ 2(1-)T;
F L4 (- oY ] {F- ’

_ ez-(l’-“-)‘b.n

Ligirpa) sin (Bov T + 20— cos (Birp)T; |

LR#B) sin (Birg=) d; + 2(i~w) cos (Brtp)e) ]})

g
2= e

= 4 Lat-air (o T (ST sin (@p) T + 20122 cos (8ra T ]

4 Mencpiy cospay dy

v—
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_ ezaw)% L (it @s) Sin (ErrEn) b+ 2(1-) cos‘.ﬁﬁﬂa)‘bﬂ})
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APPENDIX B

DETERMINATION OF MATERTAL. PROPERTIES FOR

AjTXPIéAL ORTHOTROPIC FACING MATERIAL

For_the.last two problems considered in this dissertation some
realistic mate?ial»properties are required for the facings of an ortho-
tropic sandwich shell.

A typical facing material would be what is commonly known as
glass-fiber reinforced plastic. This consists of glass filaments en-
cased in a epoxy resin which is called the matrix. The glass filaments
and ﬁatrix are individually isotropic; but, when they are combined, they
behave structurally as an orthotropic unit ply. Unit plies are then
bonded together in layers varying the glass filament alignment in each
layer. This is known as a cross-ply composite.

The component materials of typical glass filament-epoxy resin

composite have the following material properties (52).

Ee = 10.6 x 10° psi  EByn = 0.5 x 10° psi
Mg = 0,22 Am = 0.35
74‘- = 2,.,60 1rrs = 1.15

where E is Young's modulus, « is Poisson's ratio and 7 is the specific
gravity. The subscripts f and m refer to the filament and the matrix,

regpectively.
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Using the above typical values and the information contained in
Figures 3 and 10 of (52), it can be observed that the maximum variation
in the ratio of the transverse stiffness to the axial stiffness of a
cross-ply composite of three equal thickness plies is 0.65-0.80 ap-
proximately. A resin content of 25 percent gives a stiffness ratio near
the lower value. Since the practical range of resin content is 15-30
percent, 25 percent is then used to calculate some typical composite
material properties.

The following equations are given by Tsai to predict the material

properties of the unit plys:

E, = k¥ [ Ef —~(Ee- E,)%]

Bpp = 2 Ll-sp+ ()0} [(1-C) Eg (Kt Gm)-Gn(Ke~ Km)Z
| (Kt Gem)-2(KgKm)x

+ C Keg (Kn+Gg) +GCe (Km~Ke )E ]
(K + Gg )-2(Kp- Kp )2

dy= (1-0) [ Keste (Ken+ Gem)(1= %) + Krsbim(ZKe + Cen )L ]
Kg (Kt G ) +GalKe— Kg )%

+ C [Kma.,@{; + Gg ¥ + Ksug (K + Ge)(1-%X) ]
K¢ (XK + Ge) + Ge(Ko- Kp )2

¢ = (1-0) 2Gg— (Ge—~ Gemn )] . CG (Gg + Gm)—(Ge=Gm) %
R Eros i s M N o~ i
1 = 'Y{.‘/ 'vm

(L00/R) + (%/m)-1
Ke = Eg/2(1-ug)
Km = Ba/2(1-tm)
Ge = E¢/2(1+u)

Gen = Em/Z(ltﬂm)
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The ratio of the principal stiffnesses, F, is given by
F = Ezz /E“ = 0-27

A typical facing material consists of three unit plies (n=3) of
equal thickness. Thus, m = 2 where m is the cross-ply ratio which is
defined as the total thickness of the odd layers divided by the total
thickness of the even layers. |

Thus, the material properties of the cross-ply composite are

given by
BYk = m+F B
1+m l—/‘lvg_"‘z‘
Eg = l+mF Ezz
l+m 1- sz stz
Geo = G

The required properties of the cross-ply composite are:

Ey / Ex 0.673 1.490
Gke / Ex 0.184 0.18
KiGee / Ex 0.184 0.184
KL Ghy / Ex 0.184 0.184
% 0.196 0.132
oA 0.132 0.196

The first column gives the material properties if the odd layers
are oriented in the meridional direction of the cone. The second column

gives the material properties if the odd layers are rotated 90 degrees
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to align with the circumferential direction.

Due to general disagreement concerning the proper dynamic value
for the shear factors, Ké and K; , a value of Ké =Kk = 1.0 is used.
(The shear factor has been assigned'values by various authors in the
range 0.9 - 2.0)

Assuming that Kb Ghe / Ex = Kk Ghy /Ex = 0.18, assumes that
the transverse shearing rigidity is the same as the in-plane shearing
rigidity. This appears to be reasonable since photomicrographs of a
typical cross section (perpendicular to the filaments) of a unit ply
indicate that the filament spacing is approximately the same in any

direction.



APPENDIX C
COMPUTER PROGRAM

The complete computer program, which was used to solve the
example problems in Chapter 4, is contained in this Appendix.

The program required for the generation of the a(; and byj
coefficients (pages 64-75 and page 40, respectively) is given on
‘pages 121-161.

On pages 122-163 are the routines required for the inversion
of the matrix [B] and to obtain the matrix [T] . The eigenvalue-

eigenvector routine (48) is found on pages 163-176.
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BSUM=0. .
DO -40: Jmly K
BSUM=BSUMe2, *S(J)I*F1#S3(J)
.CONTINUE
‘Bt215,21>»aBSUM
BSUM=0, .
DO 411 JmlisK
mmczummcz*m ww.gv*ﬂm*mpa.gv
'GONTINUE ‘
‘BL13,14)mBSUM
BSUM=0, . .
DOr 42 JmipK
‘BSUMmBSUM#2,%SCJ)y*FI*S11(J)
‘CONTINUE .
-BL13:15)y=BSUM
chziﬂo,
DO 43 Lﬂﬂb

>wczu>wcztwoqngqtqmﬂnLv+m *wuuaLutmm4>P$4mmaLv+mmm.Lvtmmq>mm$dmahL.

1) .
:CONTINUE
AL:415 1)=mASUM
ASUM=O, .
‘DOt 44 Jml K-

>mc=.>wcz.mq=.goﬁqmp.Lv+hmqaﬂg,»mm4>p+mqohg.’mma>m,*amm.gv,mmmhg.*,
1BETAL2*TRILJ)

"CONTINUE-
AC: Ly 2YmASUM
ASUM=0,

DO! :45''ymi;K:

>wcz->wczbmquagvthpngv+nwumagv»mm4>H+mﬁoAgunmmﬂkm~tdmmanv+mmoang
~$BETALI*TRICJ)

CONTINUE |
AL 15 3)XmASUM
ASUM=0, .

-DO! ﬁorLlPux

»w:zlbwczix2taw&oagvtmm4>wwaqu+mmmALvt04M§mmm»Lvtoqa.

:CONTINUE:
A(:-4; bvl»mcx
ASUM=0 . .

DOt 47 L-Psx
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DO/ 134 JmipK!
>wcza>wc21macagv»oqu
'‘CONTINUE ,
A(9,14)mASUM
ASUNSE0., .

0or 135 JslsK
ASUMEASUMES36(J)*CT7
‘GONTINUE:

Al 93153 mASUM
>mczn°o. )

‘D07 136 Llpax
KSUMRASUMSR4 (J)*#TRL9(J)
‘CONTINUE:
A{79,16)=ASUM
ASUMRQ, .

DO 437 -J=miyK
ASUMRASUM&SAB(JI*TR19 (J)
QONTINUE"

A{ 9917 )mASUM
ASUM=0,

DO 138 1Jui K
ASUM2ASUM*SA2(JI*TR19(J)
CONTINUE

AL 95,18)mASUM
ASUM=D,.

‘DO 139" JUmivK
ASUMBASUM#SA4{(J)*TR20(J)
‘QONTINUE:

AC-9319)mASUM

ASUM=G, .

DO 140: Jel K
ASUMBASUMeSAB{JI*TR20(J)
QONTINUE

AC 9,20mASUM
ASUM=O,

DO $41- Jmis K
>wcz:>wcz*m&anvtqmchLv
‘CONTINUE:

Al 9,21)YmASUM
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501"

502

510

5101
525

DO 504 I=1,21
Ytlaty=%.

TARDVRK®1LHA
PRINT 1808, ] ARDVRK

‘PRINT 10095 (CACToJ)od=LoMM), I215MM) ,

1ARDVRK=1LHB!
PRINT 1008, [ ARDVRK

PRINT 10095 ((BCIsd)oJ=1oMM) o =4, MM)
‘CALLI'GERTAC{MMsMM52,B5Y5X)
‘CALL! MATMULKX»A>MMs MM, MM, ATRAN)

DO-502: I=1y21"

DO 502 J=1:21"
XINPUT(I5J)=ATRANCI-J)

TARDVRK®RLHT

PRIMT 1008, IARDVRK

PRINT 10095 (CATRANCI; U)o Js1,MM), I=1, MM)
M09999=0 ,
CALLiMATMULKXDBDMM9MM9MM9ANS?
fARDVRKuiM]

‘PRINT 1008, IARDVRK.
PRINT 1009, (CANS(I.J), J=1 MM), E=i, MM)

SuUM=0,

DO 510 P=ziyMM

DO 510 J=1i.MM
IF (] 4EQqJ)SUM=SUM+ABSF (ANS(IsJ=1,)
fF{1,EQsJ) ‘GO TD :510:

SUMNSUMSABSFLANS 15 J) )
‘OONTTNUE

PRINT-1810,SUM

‘DO 52017 =4, NN

DO 5101:'ymi3NN
XINPUT(I:J&:ATRAN«I J)

CONT INUE:

‘CALLI MATSUBANN»05151400,,10,50,,1,200,200,1,E=4,1,E=10)
'D0.-512: L=1yNN

‘PRINT 10115E1GEN(L) »EIGENC(L)

PRINT 1012
IA?DVRKllﬂHREAL'PART

PRIMT 1013, JARDVRK, (VALURCI,L), I=1,NN)



500
502

504
505

11

12
13

14

15
21
17

DO 1:1 =1, N

‘DO 2::J.-m:15 N

A(l,J) =:.0RIGA(I,J)

DO L= 1, M

B(l,J) =:0ORIGB(I.J)

L1T1:=: 8H X{¢

LIT2.:m: 8H,

LIT3<m: 8H)="

FORMAT(1X, 2BH A DIAGONAL ELEMENT VANISHES)
FORMAT( 4¢ .2X, A3, 12, Al, 12, A2, E18.11))
FORMAT (24H! AVERAGE RELATIVE :ERROR=» ‘E10,3)
FORMAT (24H: MAXIMUM RELATIVE ‘ERROR=» ‘E10.3)

SINGLE: PRECISION GAUSSIAN ELIMINATION AND RECORDING OF TRANSFORMATTON
DO 20 L!'= 1, N

INTC(L) =: 0

KP =: 0 ,

GO TO ¢ 16, 11), IS
2 =0,0

DO 13 Ki'= L, N

‘TZ ‘== ABSF(A(K»L))

IF(Z = T2) 12, 13, 13
Z =72

KP. = K

CONTINUE:
IF(L:-e- KP) 14, 16, 16
INT(LY) 3 KP

DO 15 J.-= Ly N

Z =:AlL»J)
AlLoJ) = ACKP,J)
A(KPyJ) == Z°

IFCALLL D)L, 215 17
PRINT 500

CALLI‘EXIT _
IF(L:-=- N) 18, 22, 22
LPi = L1+ 1°

DO 20-K:= LP1s N

RATTO ‘= ACK5L)ZALL,L)
AtKsL) ‘= RAT10
DO 19 J.= LP1s N

791



i9 AfKaJ) = A(KsJ) = RATIO®A(L,J)
20 CONTINUE
22 CONTINUE

C , _ .
c I TERATE! 'TO CORRECT SOLUTION BY USING -RESTDUALS
‘DO 90 ITERATE =:1, MANY
IFCITERATE =- 1) 50,:50, 70
c
c COMPUTE! RESIDUAL ARRAY

70 DO 71 J= 1. M
DO 71 1:= 15 N
TEMP::m»- QRIGB(I,J)
DO 744 INDX =:1), N
C =: ORIGA(I; INDX)
O =: XNCINDX5J)

7141 'TEMP :m: TEMR=C%D

B(IsJ) =: TEMP

71" CONTINUE >
C , A N
c PERFORM TRANSFORMATION ON ARRAY ‘OF :CONSTANTS'

50 DO 56 Li'= 1» N

KP =: INT(L)
{F(KP) 53, 53, 51
51 DO 82 J:=1, M
Z =:B{KP>J)
B(KP»J) ‘= B(L:>J?
52 B(LbJ} =:Z
53. LPLi:m Li-+ 4
‘DG 56 Ki:= LP1lo N
RATIO =: A(K5L)
IF(RATIO) 54, 56, 54
54 DO: 55 J:= 1: M _
55 B(KsJ) =:B(KasJ) = RATIO*B(L,J)
56 .CONTINUE

C ‘COMPUTE: SOLUTION BY BACK SUBSTITUTION
DO 63. I =1, N
IT &N # 10~ 1
DO 63 J:= 1, M
S =:0,0



81
82.
83

835"

836
837
84

86
87

90

IF(I] - N) 615 63, 63

1IP1::m. 11 + 1°

DO .62 K= 1IP1, N

S =8 + A{I],K) * X(K.J)
X(115Jd) = (BCII,JY = SI/ZACIISIT)

ADD CORRECTIONS AND PRINT RESULTS

AvV=0

REMAX =:0,0 _
IF(ITERATE =- 1) 81, 81, 83
‘DO 82 I = 1, N

DO 82 U= 1, M

XNCEsJ) = X(1:J)

GO TO 90

DO 84 I = 1, N
0084 J.= 1:9 M
TEMPLaXN(1,J)

TEMP2mX(1,J)

{F(TEMP1) B835,84,835

TEMP3 =: ABSFATEMP2/TEMP1)

IF (REMAX -=- TEMP3) 836, 837 837
REMAX =:"TEMP3

AV :=: AV -+ TEMP3
XNC1,J)Y=TEMPL+TEMP2

TEMP1isMxN

AV=AV/TEMP1

PRINT 504,AV

PRINT 505, REMAX

‘DO 87 J=1, M o
PRINT 502, ¢ LIT1, I, LIT2, Js LIT3, XN(Isd), I = 1, N)

‘CONTINUE

RETURN

END: ) A » A
SUBROUTINE: RDIP(B, X, NROW,KRsNOs MM, Y, NCOL s AN)
DIMENSION X(25,525),Y(25,25)

‘TYPE::DOUBLE! TEMP,C,D
"TEMP::m:.B.

DO 1::J.-3: 15MM

C =" X(NROWsJ)

991



1

D = Y(JsNCOL)
TEMP ‘& TEMP: = C: % D

AN. =: TEMP

"END. ‘ . . L .
8SUBRDUTINE: MATSUB (M, IEG; IVEC,ALRS,AL1S5GBRsGB1, IDETsMIT,MITS,EPL;

2EP2)

6911

7053

7052

450

519

‘COMMON/MATS/CR(255,25),C1(25,25),7ZR(25),Z1¢(25),VALUR(25,25),
$VALUL1(25525) ' o
DIMENSION AR(25,257,A1(25,25),BR(25,25):,B1(25,25),YR(25),Y1(25),
EXR(25) 5 X1(¢(25)

1AARD=M+1 '

IONE=4:

ITWO=a2

N=M

‘SUMR=0.0

SUMI=0.0

PRDR=41.0

PRDl=0.0"

‘TRAGCER=0,0

‘TRACEI=0,0

PRINT 6911 .
‘FORMAT(//7,13H INPUT MATRIX:-//)
DO 7053 Isi;,N

PRINT 7052, (CR(I-J)sd=1,N)
‘FORMAT(10E12.4)

DO 450 I=1,N ,
TRACER=TRACER+CR(I, I)
‘TRACE]=TRACEI+CI(I,])

‘SET UP: MATRICES

DO 519 1=1,N

‘DO 519 J=1i:N-

BRC1J)X=CR(I,J)

ARCI #J)aCR(1,dJ)
BItl,J2aCl(lod)
AlClJYxClC1d)

EVALUATE: DETERMINENT

ASSIGN 520 TO: IA

ASSIGN 811.TO ID

MM=M:

INTER=O

000
001

005
006
007

008

0609
040
011
012

013

014

015
016

017
018

019

020
021

622

023
024

-025

026
027
028

L9



520

522

1000
810

917
811
557

GO: TO 535
DETR=L 0
DETE=0.0
D0::522 K=1oM.

TL2DETR*AR(KsK}=DETI*AT (KoK)

DETI=DETR*AI (K- K)}+DETI*AR(K,K)
DETR=TL: ,

INTERSXMODF( INTER,2)

fF: (INTER) 1000,917,810

“STOP:.

DETRe=DETR

‘DETI==DET]

‘@0 TO 1D

‘PRINT 557, TRACER,TRACEI,DETR,DETI
'FORMAT (19H: TRACE: OF MATRIX= 2E18.8,

.$25H' DETERMINANT OF MATRIX=::2E18.8)

"ASSIGN- 91270 1D

ASSIGN: 530 TO IA
ASSIGN:-40 TO B

. ASS1GN: 53.T0:-1C

523

403

504
4 .

10

I1SkiRal:

‘@0: TO® 92.

isSLe0 _
EIGENVALUE GUESS OR ORIGIN TRANSLATION
ALRRALRS:

ALT®ALIS:

IT=4:

‘E1GENVECTOR: GUESS

DO: 504 I=1oN -~
XR¢]yw150

XI1¢1¥n0;0

DO 5:P=1:N ‘
ARCIS1}8AR(I; 1)=ALR

CAIUISY)=AL(TsI)=AL]
'FIRST ITERATION = -POWER' METHOD

1J=4:

‘B13=0, _
‘COMPUTE! Yot A=ALPHA) *X

DO: 13 Imi, N
YR(I}=0: .

029

030
031

032
033

034
035
036

037
038
039
040
041
042

-043.

044

045

046
047

048
-049
050

051
052

053.
054

055

056

057
088

059
060

061
062
063

064

065
066
067
068

891



159TS=TS¢(YRtI)=AMUR*XR(I)+AMUI*XI(I))**2+~
AQYT(T)=AMURRXTICI}=AMUI*XR(I} ) *%2

16

111
18

19

20

310
99

i00
29

535

.21

22

DO: 15 I=zi N

NORMALIZATION
DO 16 Iai,N

XRUIYRCYR(JII*YRCII+YI(JJII*YIC1))/BIG
XICIYmAYROJUIAYICII=YECJJD2YR(I) D /BIG:

XR¢JyJI=1,.0
X1(JJ3¥=0,0

[F (T8/ROD-EP1) 20,20,18

IF: (LJ=MIT) 19,20,20
Td=1usl: .
GO:-'T0 10

SECOND ITERATION -=- INVERSE POWER METHOD

10T=1J.

MIT2=MITS+1J.
ALR=AMUR+ALR
ALTsAMUL+ALT

MM=N.

‘DO -3L0- I=4sN

ARC1; 1) =ARCI, I1)=AMUR
ATC1:1)2A1C],1)=AMUI
‘G0 TO 29

DO 100 I=1-N
AR(1:1)=AR(]., I)aALR
AlCl:i1)aAl(]1)-AL1
TJd=Jel:

GAUSSTAN ELIMINATION = (A=ALPHA)*Y=X

DO 27 122,MM
IMinfel .
DO'. 27 JaipIML

IF: (FM=SM) 24,24,22

‘ROW: INTERCHANGE: = IF: NECESSARY

DO 23 Kad,MM
Ti=AR{J»K)
T2=AI(J-K)
ARCJsKY3ARC]-K)
AICJoKIZAI(] LK)

FMRARCI U} **20A] ([ 5J) %22,
"SM2AR( I J) #*2eAT (JoJ) & *2

109
110

111

112
113
114

115
116
117
118

119

120

121
122

123

124

125

126

127

128

129

130
131
132
133
134

135

136
137

138

139

140
141

142
143

144

145

146
147
148

0oLl



23

24

25

90

26

27

530

750
751

‘28

752

30

AR(IK)=T1:
AT(lsK)=T2
Ti=XR(J)
TaxaX1{J)
‘XRCJ¥wXR(1)
XTCJraXItl)
XR<1imT1:
XI(l} mT2

Ti=FM

FM=SM

‘SM=T1

INTER®INTER#1"

IF: ¢(SM) '25,27,25

IF: (FM) :90,27:90

‘TRIANGULARIZATION
‘RRECARCIJI*AR(IJICATICTJI*AT CJd) ) ASM
RISLARCUSJIRAT (T 0 J)=AR(IJI*AT CJoJ) I /ASM
‘DO 26 K, MM
ARC],KIaAR(] s K}=RR*AR(JoK)+RI*AI(JsK)
ALCI KISAT(1-K}=RR*AI(JoKY?=RI*AR(JsK)
ARCI #J)305

Al(lad)=0,. :
XR(IXuXRA])}=RR*XRCJISRI*XI(J)
XIUIInXTCI}=RR*X1(J)=RI*XR(J)
CONTINUE:

‘G0 'TO- 1A

'SMALL®1000,

D028 Kl .MM

TKKRK: o
TI=AR(KoK)Y *#2+ AT (Ko K) x %2

IF: €T1) ‘750,752,750

IF (T1-SMALL)Y 751,28,28

SMALL®BTL: .

12=K:

‘CONTINUE:
‘60 TO: 1B

1Z=1KK

1F: (18L) 758,30,30 |

'EXACT EIGENVALUE -=- (A=ALPHA) :SINGULAR.
1Stmt:

FLAG=2000

149
150
151
152
153
154
155
156
157
158
159
160

161

162
163
164

165
166
167

168

169

170

171
172
173

174

175

176

177
178
179

180

ls1
182

183

184
185

186
187
188

L4l



974
753

'32

33

31

40

41"

95

42

43

.44

45

46

49

ICT=2000
DO 974 I=1i,MM
XR(13s0:0

XIt1)md;0

YR(IZ)=1,0

YI1(12)=0,0
JJaiz

BIGwi, 0:

IF: (1Z~MM} .33,32,33.
1ZZu2:

G0 TO 95:

1ZZulZ+1:

DO 31 1=1ZZ,MM

YR(] =0, .

YICI¥m0,

1ZZuMM=1Z22:

IF: (1Z-1) 95349,95
BACKWARD :SUBSTITUTION
1224

BIGs0,

DO 46 I=al1ZZ,MM
II12MM=l21-

KK Il
'SRBOQ
‘S1=0,

IF: (Fel) 42;44,42
DC 43" KsKKyMM

‘SRaSRMAR(I I, KI¥YRIKI=AT(IIsKI*Y](K)

SI=SI+ARCII KI*YI(KI+AT(ITK)Y*YR(K)

TL=ARC IS 1T )Wa20ATC 1o 1] an2: o
YROITYS{ARCIIL T (XRCTIIDISSRI+ATICITG TI)#UXICII)=SI) ) /T
YICIIY=CARCIIG T % ¢XTCII)ISSII=ATCITS 1) *¢XR(TITII8R))I /T

AMEYRCIT)wa2eYT(T1])#*2
IF: (AM~BIG) 46,46,45

JJdail

BIGmAM

CONT INUE:

NORMALIZATION - %:NORMALIZED 'Y

DO 47 Il=si,MM
XROIIMCYRCJIIXYRCII+YICJIII*YI(T))/BIG
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4.3

162

114
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DO 66 I=al,N:
DO: 66 J=lN
AR(1, J)EARQEoJ)ﬁXR(l)*AR(N+1nJ?+XI(I)*AI(N*loJ)
66 AJCLoJYSAI (I o JleXRUCIIRATIN®L U =XICTII*XARIN*L:J)
‘DO: 600 I=isN
DO 600 J=i5N
BR(I,J)=AR(]1:5J)
600 BIC(IoJ)aAltlad)
COMPUTE:'‘EIGENVECTOR AND/OR DETERMINANT AS REQUIRED
910 IF: (IDET) 10060-.527,700 -
527 IF: (IVEC) 1000,525,700
‘700 DO 702 IsiM
' DO 702: J=i-M
AR(I#J)}2CR(] . J)
AlCL03=2CICLY)
[F. (lsJ) 702,701,702
701 AR(I:])Y=AR(]«I}=ALR
AICIs1)8AI(I1)=AL1
702 CONTINUE:
‘MM=M:
INTER=O.
ASSIGN 911:TO IA
G0 TO 535
911 ASSIGN 530 TO: IA
IF (IDET) 1000,914,520
912 PRINT 913,DETR»DETI
913 FORMAT (58X, 12HDETERMINANT= 2E18:8)
"ZLAGSSORTFC(AR(L 1 ##2+A[ (1510 %%2)
ZLIT=ZLAG
DO 923. =2, M
T ZMAGTESORTFCARCI I **2+A (I, 1) %2
IF: (ZLAG=ZMAGT) 922,920,920
920 IF: (ZLIT=ZMAGT) 9230923»921
921 ZLIT®ZMAGT
'G0: TO 923
922 'ZLAG=ZMAGT
‘923. CONTINUE:
PRINT 924, ZLAGZLIT
9248FORMAT (70Hi LARGEST AND SMALLEST MAGNITUDES: :OF:-DIAGONAL ‘ELEMENTS:
.£0F: TR!. MATRIX=: 2E18,8/)
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309
310
311
312
313
314
315
316
17

318

319

320
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:326

327
328
329
330

331
332
333
334
335

336
337

338
339

340
341

342
343
344

345

346
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914
915
703

i
1916

704 -
705

jSLm=4

{F: (IVEC) 1000,9156,915
DO 703 I=1:M.

XR(I)m0;

XI1(1y=0,

ASSTIGN 753. TO IB
ASSTGN 704- 70 IC

‘G0 TO 530 /

ASSIGN 525 'TO IC

GO TD 92

PRINT 705, (XRCI)-XICtI)o131,M)

FORMAT (30H: ASSOCIATED EIGENVECTOR IS7(2E20.8))
1AARD=2IAARD=1"

DO: 7051 1=1,M

'VALUR(I,1AARD)Y=XR(I)

7051

525
67:

VALUIC(I:TAARD)=XI(I)
ASSIGN 40 TD IB

IF- (N=1) 526+67,523
ALR=AR(1:1)"
ALI=Al(1,1)
SUMR=SUMR+ALR
SUMI=SUMI+ALI
Ti=PRDR*ALR=PRDI*AL!I
PRDI=PRDR¥AL I+PRDI*ALR
PRDRAT1:

ZR(1)mALR

Z1(1)mAL]

PRINT 320, ALR-ALYI

320

526

FORMAT (20H: ' FINAL -EIGENVALUE= 2E18.8)
N=0:

GO TO 910 _ . .

PRINT 321,SUMR-SUMI,PRDR,PRDI

321:0FORMAT (21H' SUM OF E1GENVALUES= 2E18,.85
i254: ‘PRODUCT OF: EIGENVALUES=:2E18,8//)

99%

1,022 el2

CONT INUE:
RETURN

END' _

.00008812 1, 242 .12

002203 ,003551: 003551 002291 .03877

5.

1. 14022

347
348
349
350
351
352
353

- 354

242

355
-356
387
358

359
360
361
362
363
364
365
366
367
367A
3678
368
369
370
371
372
373
374
375

376

9LL



