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PREFACE

It has been known [2], [6] that for each m > 1, the Grothendieck
representation ring R(Sn) of the symmetric group Sn forms a special A-
ring with respect to the exterior power. Since the Hopf ring H of the
symmetric function in infinite number of variables is a free A-ring on

the first elementary symmetric function a the graded Hopf ring R(S) =

1°
{R(Sn)} is also a special A-ring by pulling back the A-structure on H
through the Frobenius isomorphism F: R(S) —> H. However, it has re-
mained to be answered what A-structure on R(S) is, in fact, compatible
with F (see p. 135 [6]). In this paper it is shown that the desired
structure is derived from the outer plethysm [s]. |

In Chapter I, it is shown that the divided polynomial Hopf ring
C = {C(Sn)} of integer valued class functions defined on the symmetric
groups 1s a special ¥-Hopf ring. In Chapter II, a A-ring structure is
introduced in R(S) in terms of outer plethysms so that R(S) forms a Y-
Hopf ring. The character formula of outer plethysms is given in Chapter
III, by taking advantage of this formula it is shown that R(S) forms a
special y-Hopf ring with respect to the Adams operations derived from
outer plethysms. 1In Chapter IV, we answer a question raised by Knutson.
A summary of the results in Chapter V concludes this thesis.

A study of this kind could not have been completed without the good
will and help of my major adviser, Professor Hiroshi Uehara, whose wise

comments helped to clarify my thinking on many points in this study and
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whose interest and concern have been a motivation to my graduate study.
Special thankfulness from my heart goes to him for his patient guidance
and assistance throughout my study at this institution. It has been a
great privilege and pleasure to study under him, whose combination of
fine scholarship and tutorship will be a guideline for my future teaching
career.

I acknowledge my obligation to Professors Bertholf, Folks, Haack and
Johnson as my teachers and as members of my advisory committee, for their
time and effort on my behalf. I would like also to extend my apprecia-
tion to my parents for their encouragement and support.
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CHAPTER I
THE SPECIAL y-HOPF RING C

The aim of this chapter is to show that the divided polynomial Hopf
ring C = {C(Sn)} of integer valued class functions defined on the sym-

metric groups Sn is a special y-Hopf ring.

Definition 1.1 Let K be a commutative ring with unity. A Hopf

algebra A is a K-module A which is both a K-algebra with product
m: A®A —> A with unit n: K — A and a K-coalgebra with comultiplica-
tion A: A —> A® A with co-unit e€: A —> K such that:

(i) n: K— A is a homomorphism of coalgebras.

(ii1) e: A — K is a homomorphism of algebras.

(iii) A: A —> AR®A is a homomorphism of algebras.

Definition 1.2 Let K be a commutative ring with unity and let G be

a finite group. A K-valued class function is a map f: G — K satisfying

£(a"Tba) = £(b) for any a,b€G.

Let Sn denote the symmetric group of degree n. C(Sn) denotes the
abelian group of all integer valued class functions on Sn with addition
defined by (f+g)(s) = f(s) +g(s) for all f,g¢ C(Sn) and s € Sn' Consider
the graded connected abelian group C = {C(Sn) l n=0,1,2,...} where
C(SO) =7Z. Then it is well known [3] that C forms a graded Hopf ring with

respect to the following operations. First we define a multiplication



m: CRC —C. Let i

ip,q(c,f)(j) =

for (o,7) €S xS .
(,)pq

S
ptq

: S x§ —8§
Psd P ptq
a(3) if 1<
p+t(3) if p+l <

Note that in dividing

be an

embedding defined by

[N

P>

| A

ptq,

up the p+q symbols permuted by

into one set of p symbols and another set of q symbols, there are

+
(ppq) ways, but any two such ways of constructing an injection prSq —>

S + give conjugate

prq

S x§
P -9
the restriction map:

S
ptq

ResS xS
P q

by defining

S

ptq
(ResS xS
P 4

Also, we have ‘the in

subgroups of S .
g P p+q

is considered as a subgroup embedded by i

: C(S ) —>C(S xS )
(p+q P g

duction map:

S
ptq
IndS xS C(SpXSq)-—-> C(Sp+q)
P q
defined by
Sp+q -
(Inds ng)(s = ETET' Z g(t
P q t€s
-1 ptq
t st €85 XS
P q

for any g€ C(S x8 )
p q

and for any s €8S .
7 ptq

Hereafter it is assumed that

in S ; 1 induces

P,q ptq Psq

£)(t) = £(t), for any f¢€ C(Sp+q) and for any t € SPX Sq

st)

Let ftE C(Sp) and gSE C(Sq) be characteristic functions of the con-

jugacy class t in S

and the class s in S

Q’ respectively, then the char-

acteristic function h of the conjugacy class (t,s) in Sp=<Sq is defined



by h(o,T) = ft(o) . gS(T). The characteristic functions of the conjugacy

classes of Sp form a base for C(Sp). Hence we have an isomorphism

: (S )®C(S ) — )
wp q (p)@ (q) “‘%C(prsq)

b

Define the multiplication m : C(8 )®C(S ) —C(s ) by the composi-
P Psq P q ( ptq Y P

tion
C(s) ®C(S ) -—R’—‘i—>c(s )
P+q
IndS xS
P 4
C(S xS )
P q
S
+q
m = Ind P ° P .
, S xS
pP,4d P °q Psq
Setting A : C(S ) —=Cc(s )®C(S ), for each p, q with p+q=n by
Psq n P q
— .1 ptq . vt
A =y ° Res , we define a comultiplication A : C(S_ ) —
P»4 P9 §_xS n n
P q
%L C(S )®C(S ) by A = T A . We also define a unit map n: Z — C

p+q=n P " ptqen Po°

by the injection onto C(SO) =Z, and a co-unit map €: C — Z by the pro-
jection of C onto C(SO).

Now we introduce some notations on partitions.

Definition 1.3 If n is a positive integer, then a partition m of n

(in notation, m +— n) is a sequence m= {n,,n

1’ 2,...,nk} such that n=n, +n, +

1 2

1
. +nk, ni>0. If wl of the n's ire c;qual toﬂl, ’n‘2 are equal to 2, etc.,

. i . 1 2 n
this partition is denoted by w={1 7,2 “,...,n '}, where TTi'S are non-

negative integers.

The length of 7, denoted by 2(w) is defined by 2(m) = I . !



n n
stands for T m. ! and |m| =w! T j °.
i=1 * j=

An element s € Sn is said to have shape m if the disjoint cycle de-
composition of s produces the partition m. A conjugacy class in Sn is
said to have shape m if a representative has shape 7.

Let KTr be the characteristic function of the conjugacy class of
shape w; that is KTr maps a conjugacy class in Sn of shape 7 into 1 and
all other conjugacy classes in Sn into zero. Then {KTT | nt 7} is a base
for C(Sn). K{n} will be denoted by c - It is known (for example, see
[9]) that C= {C(Sn) l n=0,1,2,...} is a divided polynomial Hopf ring with

generators c € seees where the degree of c is 2n.

1°Cps e

Definition 1.4 By a divided polynomial ring D[x] with one generator

x of an even degree, we mean a graded abelian group {an | n=0,1,2,...}

with a base XO =1, X = XyXgseen K seees such that the multiplication is

given by:

xox = !
P 9 plq! “ptq

L T g, 9y Gq
Given 7={1 7,2 7,...,p p}f—p, o={1",2 ",...,q '} —q, and
s €S , then
ptq
. = ptq
(R K () = (nd 7T ey (K ®K)) ()
P
1 z -1
= — Y (K_®K )(t "st)
1g1
P-q t€s > L
ptq
£ stes xs
P g
0 if the shape of s is not mvo
1 plq!

olq! . 'TTI IUI 1TTV61 if the shape of s is wvo.



., +0 T,+0

_(mvo)! _ 171,272 oy
Thus we have KTT KO—————————W!G! K1TVO” where mvo={1 ,2 yeeoel D+ q.
For each mtn, by definition we have
-1 Sn
A (K )(s,t) = b v o Res (K ) (s,t).
n w pt+q=n P,q . SPXS kil
S -
Now Res‘.sn>< g takes value 1 on conjugacy classes with shape 7 in the em-
P 4

bedded subgroup Sp X Sq of Sn and takes the value 0 otherwise. An element
(s,t) € pr Sq with s and t having shape o and T, respectively, is embed-

ded by ip q as an element with shape oV T, and conversely. Hence

A (RK) = z K ®K .
noom o T
avT=T

Definition 1.5 A commutative Hopf ring R= {Rn} of even gradings is

k
- » . ° ] .
called a y-Hopf ring if there exists a sequence of operations Yy : Rn —

R, for k> 1, satisfying (1) Rj=2Z, (2) pl(x) =x, and (3) oS (xy) =

Wk(x) +tbk(y) for x,y € Rn'

Definition 1.6 A special y-Hopf ring is a y-Hopf ring R= {Rn} which
satisfies additional conditioms:

@ =1,

@ ey = @ v ),

(3) e = @ 8¥HAm), and

@ V@) =v @
for 2,k>1, where A is the comultiplication for R. The condition (3)
states that ka: R — R is a coalgebra morphism in the sense that the fol-

lowing diagram is commutative



Wy

R®R RBR

Now we are going to make C = {C(Sn) |n=0,1,2,...} a special y-Hopf

ring. For k>1, define

k
(VA C(Sn)-—é C(Skn)

u
Ky and extend linearly, where km = {k l,

k k L
by WS = 1, v¥x) = &P
T Trn
(2k) 7,...,(nk) }. Note that krikn, since nlki-wz(2k)4-...+-wn(nk)==kn,

for any 7 F n.

Proposition 1.7 The divided polynomial Hopf ring C = {C(Sn)} is a

special y-Hopf ring.

e s . . k R
Proof. It is sufficient to show that the operations y satisfies the

above axioms for basis elements.

k, (mvo)!

Koo - (Vo) (rvo)t
VK K = v K o) =

mlo! VG mlo! Kk(ﬂVG)

L(m)+2 (o) (kmvko)!
(km) ! (ko)! kavkc

-k ACHRATCN

z(n)

Hmy ) = @0 M=),

am

Z(n) k

Fet® ) = ve ) =

It remains to show that ¢k is a coalgebra morphism. Consider the follow-

ing diagram



k
c —Y¥Y 5 ¢
A A
4F®$k \f
C&C ——> CRKC
k
@ eu o) = W 1 K BK) = I P R)BIE)
ovT=m oVT=T T
% (o)+2 (1) %(m)
r ok ® =k z ?
ovT=T Kko KkT kovkr=k7rKk0 KkT
- A () _ () N
k I KL ®K, =k A ) = A yt(R).

Hence the proof is complete.

For each k>0, define Gk: C(Sn)®Q —> C(Skn) ®Q by kck(f) =
k . . :
b ok_l(f)\bl(f) and cro(f)=l for any f € C(Sn)®Q where Q is the field of
i=1
rationals. Then it is evident that for each k>1 and for any f € C(Sn) RQ,

we have wk(f) = (—l)k—le(cl(f),cz(f),...,ck(f)), where Qk(al,az,...,a )

k

is the k-th Newton polynomial in the elementary symmetric functions as

a .,a, of k-variables.

22" k



CHAPTER II
OUTER PLETHYSM

In this chapter our objective is to define a A-structure
kk: R(Sn)-—é R(Skn)’ k>0 on the graded Hopf representation ring of
symmetric groups R(S) = {R(Sn)}. It is shown in §3 of this chapter that
the desired structure is derived from the outer plethysm. In 81 we in-
troduce basic facts relative to representations of finite groups, and the
graded Hopf ring R(S) is constructed. In §2 we define the wreath product
of two symmetric groups. In §4 we study the Adams operations

wk: R(Sn)-—+ R(Skn) for k>1, and show that R(S) is a y-Hopf ring.

§1 Introduction to Representation Theory of

Finite Groups

Definition 2.1 Let G be a finite group. A linear representation of

G over a complex field T is a finite dimensional vector space V over T

together with a group homomorphism p: G —> AutV.

While, strictly speaking, a representation of G is given by a pair

(V,p), we will often speak of the representation V.

We often write p(g) simply as g and p(g) (v) gv. If we use this

notation then Definition 2.1 implies that for g,g' € G, v,v' € V, and



(2) gv +v') =gv + gv',
3) glav) = a(gv),
(4) l1v=v.

Hence the representation V of G can be considered as a left G-module.

Definition 2.2 A map of G-modules f: (V,p) — (W,p') is a linear

map of vector spaces f: V —> W such that f(gv) = gf(v) for any v € V and

g € G.

Definition 2.3 Two G-modules are said to be isomorphic if there ex-

ists a map of G-modules between them which is also a vector space isomor-

phism.

Let V and W be two representations of a finite group G. Then the
sum of V and W, denoted by V+ W, is constructed by considering the under-
lying vector space as the direct sum V & W on which g € G acts diagonally,
that is g(v,w) = (gv,gw) for any (v,w) € V & W,

Let F(G) be the free abelian group generated by the totality of iso-

morphism classes of G-modules. Let N(G) be the subgroup generated by all

F(G)
N(G)”

is called the representation group of G or the Grothendieck group of G.

elements of the form [V + W] - [V] - [W]. Define R(G) = Then R(G)

Definition 2.4 A G-module V is said to be reducible if V = {0} or

if there is a subspace W of V such that W is stable under G (i.e., GWCW),
with W # {0} and W # V. If V is not reducible it is said to be irreduci-

ble.

An inner product

<, >t R(G) xR(G) — Z,



10
is determined by its value on representations V and W
<V,W> = dimm HomG (v,w).

An immediate consequence of Schur's Lemma [7] is that if V and W are
irreducible representations of G then
0 1if V&W

<V,W> = .
1 if VoW

Proposition 2.5 The set of isomorphism classes of irreducible repre-

sentations of G form an orthonormal basis for R(G) with respect to the
inner product < , >, The rank of R(G) equals the number of conjugacy

classes of G.

The proposition is a basic fact whose proof can be found in any
standard textbook on the representation theory.

Let H be a subgroup of a group G. H acts on G as a set of permuta-
tions by h(g) = gh. Let TG be the vector space with basis the elements of

G. This action of H makes LG a right H-module. Hence we have

Definition 2.6 Let H be a subgroup of G. Let V be a representation

of H. Then the induced representation Indﬁ&f of G is defined as the vec-

tor space LG ® V, modulo the subspace generated by all elements of the

form gh®v - g®hv. G acts on Indgv by, for 8y € G, gl(g®v) = (glg)-’i’)v.

For use in later discussion, we state without proof (see for example

(7D

Proposition 2.7 (Frobenius Reciprocity Formula) Let H be a sub-

group of a finite group G. Let V and W be two complex representations of
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G and H respectively. Then
G G
<IndHW,V> = <W,ResHV> .

Proposition 2.8 (Induction is Tramsitive) If HCH'CG are groups,

and X is an H-module, then
G ,_ H G
IndH, (IndH X) ~ IndHX .

Proof: By associativity of the tensor product, together with the natural

isomorphism LG ® TH' ~ TG we have
H'

\J
IndG,(IndH X) =TG® (CH' X) ~ (LGRTH') R X~ LG R X = IndGX
i i H' H H' H H i

as C-modules. The isomorphisms all commute with the action of G from the

left. This completes the -proof.

Proposition 2.9 If HCG and H' cG' are groups, X is an H-module and

Y is an H'-module, then

|

G G GXG
(IndyX) ® (Indg,¥) ~ Indy o\ (X2Y).

Proof: We may identify T(Gx G') with TG ® TG' as right Hx H'-modules.
Define a map
¢: T(GxG') ® (X®Y) —> (G ® X) ® (TG' ® Y)
HxH' H () H'

g®x®g'®y. ¢ is well defined since for any

by ¢(g®g' ®xRy)

(h,h') € HxH',

d(gh@g'h' 2xy) gh®x®g'h'®y = g®hx®g'®h'y = ¢(g®g'®hxDh'y).

It is a routine to show that ¢ is a GxG'-module isomorphism. This com-
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pletes the proof.

Let R(Sn) be the Grothendieck group of the symmetric group Sn. Con-

sider the graded connected abelian group R(S) = {R(Sn) ln=0,l,2,...} with

even gradings, where R(SO) Z. As in the case of the graded abelian

group of class functions C {C(Sn)}, we define multiplication

mp,q: R(Sp) R R(Sq) —_— R(Sp+q)

by the composition

m
R(S ) ® R(S ) LEAN R(S . )
p q - pt+q
1) \L Sp+q
Psq Inds xS
P q
R(S xS )
(5,%84

S
m = Ind ptq o Y , where for any irreducible representations M and N
Psq SPXSq P

of Sp and Sq’ respectively,

: R(S ) ®R(S =5 R(S xS
wp’q (p) (q)——*> (px q)

given by wp q([M]@[N])==[M€N] is an abelian group isomorphism. A comulti-

bl

plication A_: R(S ) — I R(S)®R(S ) is defined by A = I ¢ * o
g n n p+q=n q n +q= Psqd
p+q . pTq=n

ResS xS * It is known (for example, see [4], [9] or [10]) that R(S)

forms a graded Hopf ring with respect to these operations where the unit
map N: Z — R(S) is defined by injection onto R(SO), and the co-unit map

e€: R(S) — Z is defined by projection of R(S) onto R(SO).
§2 Wreath Products

The wreath product of Srl by S, , denoted by Sk[sn]’ is constructed as

k’
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k

£ o = = . 2
follows: Let 5.[S ] =15 x s {(gl,...,gk,h)l g; €5, h€s ], with

multiplication defined by the rule

(815+++58, 30)(g75.-.583h") = (g,8'_ seves8, 8" _ ;hh').
1 k 1 k 1511y K51

Clearly under this multiplicationm, Sk[sn] is a group, with 1= (en,...,en;

-1, -1 -1 ,-1
ek) and (gl,...,gk,h) = (gh(l)""’gh(k)’h ), where e and e, are the

identity elements of Sn and Sk’ respectively.

Remark 2.10 By construction, Sk[sn] is a semi-direct product S:><S
-0
where 6: Sk-—9 Aut (Sz) is a group homomorphism given by e(h)((gl,...,

k.’

g )) = (g seees8 _ ) for h € S
k @) v )

short exact sequence

€ Sn. In other words, the

- s 8.
h 1 k i

11— g% 5, [5_] £, s, —> 1
n n&—/

Y

is split, where
a(gyseeesg) = (815--0585e.),
B(gys-+-5>8h) =h, and
y(h) = (en,...,en;h).
The map ¢: Sk[Sn]"‘-> 8., given by

(j-1)n + 1
¢((gl,-.-,gk;h)) =
(h(3)-1)n + gh(j)(i) 1

| A

i<n

1<j<k

is a canonical embedding of Sk[Sn] into S, . Hereafter, Sk[Sn] is con-

kn

sidered as a subgroup of S by the embedding ¢.

kn
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For a representation M of Sn and for k > 1, the k-th temsor product

M®kis a representation of Sk[sn] with a group action given by

(8qsvevsg )X ®...9X ) = g X _ ®...%g X _ .
1 SR AT e Ly KL g
where (gl,...,gk;h) € Sk[sn]’ and Xi € M. The following proposition will

be useful in the sequel.

Proposition 2.11 Let Ml and M2 be Sn—modules. Then for any k > 1,

k S, [s 1
Rk k" 'n
[<3)
(M, HM,) ~ 2 Ind <SS
i 7i’" " n

o(k-1) , i
- (k=1)
i=0 k-

1 My )

R

) M

Proof: First note that,

k
Rk
QL eM)" "~ 3,
i=0
where W, = IZM, ®...9®M, , and the index set J, = {(i,,..
i i i i 1
Ji 1 k
2, Zi_=2i}.” It suffices to show that

22

i) 1 1,=1or

'Sk[S ]

(53850 (8,1

® @i
W, =~ Ind M ® M)

for each i. By definitiomn

s, [s,]

R(k-1)
nd (
(517810 [S]

R1, s B
® M, ) = (S, [S 1) ® CH ®M,).
(8,480 (8 ]

R(k-1)
I Ml
k_
Define a map
o: €S, [S_1) ? oD o0 ®hy 5w by
k- n (s xS .)[S ] 1 2 i
k=i i n

¢ ([gysee-58, 30T R( ® (X,%Y,))) = (g.X _ 2g, ¥ _ ).
L k 1<j<k-i 3 F ntgy Pt

k-it+l<a<k
In order to show that ¢ is well defined let (g:'L,.. "gl'c—i’gl'c—i+l""’gl'<’
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(o,0")) € (Sk—i X Si) [Sn} , and consider,

¢([gl,---,gk;h](gi,---,gl'c;(o,cr'))®( ® (Xj®Y2)))

1<j<k-i
k-i+1<2<k
= ¢(lg 8" _ seresg, 8" sh(o,0")]1® (REX,.®Y,)))
1 h l(l) k h l(k) 3 2
=23(g.8'; X ®g,8' , ¥ 1 s
"1ty menhw

vy mey T

and,

9([gys++-58 301D ((gi,- -+»>8;3(0,0")) (®(Xj ®Y,)))

"’([gl""’gk;h]®(‘3’(g3X0-1 BgyY 4 )

Gy F ot
= ®(g.g'_ X . ®g,8"_ Y . ).
s ot Tty Frtay o ta ey

Hence ¢ is well defined. It is a routine to show that ¢ is an Sk[Sn]-—map.
Since Wi is a direct sum of (1;) copies of Ml and M2 which are permuted

transitively by Sk[sn] it follows that ¢ is surjective. However

S, [S_1

. . S, [S_1 , .
. k-"n Rd(k-1) ®i k""n . RD(k-1i)_ . AL
dim(Ind 9 M RIM)) = dim (M RM, )
(Sk—i Si)[sn] 1 2 (Sk_ix Si)[Sn] 1 2
ok . @(k-i) @i
= () dim(d; 2M, )

dlm(wi) .

Hence ¢ is injective. It follows that ¢ is an Sk[Sn]—isomorphism. This
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completes the proof.
k
§3 Outer Plethysm ¢ ([M])

Let M be an Sn—module, and N an Sk—module. Then M®k®N is an

Sk[Sn]—module where the group action is given by
(8seve58,3h) (X, ®...8X ®Y) = g X _ R...0g X ®hy,
1 k 1 Xk 1 h l(l) k h 1(k)
\i 1. ]
where giE Sn’ he€ Sk’ XiGM and Y € N. Because for any (gl,...,gk,h ) €
5,051,

((gi,--,gl'c;h')(gl,---,gk;h))(Xl®--- X DY)

sh'h) (X @ ... 2K _®Y)

(g'g _ see0s8 8  _
1 1 S 1(k)

h' T(1)

1
g X L ®h'hy

=glg X D...¢ _ _
1 i ey

'ty @'n) @)

and

(815« - 58 30" ) ((815- 58, 5h) (X, ®... 8% BY))

(g7s+0-58. 30" (g, X _ R...%g X _ ®hY)
1 k lhl(l) khl(k)

g'g _ X . R...%g's _ X . _ ®h'hY.
Polay w7t ay oo n Tt a)

It is immediate to verify all other conditioms. .

Definition 2.12 The outer plethysm of M and N denoted by MO N and

is defined by

<k

S
kn ](M" IN).
n

M@8N = Ind
Sk[S

For k>1 and for any Sn—module M define
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S
Scan = ma . w® ¢ r(s, ), and 00D = 1 € R(Sy).
S. (S ] kn 0
k" n
Note that Sk(M) = M0 lS , Where lS is the trivial one-dimensional repre-
k k
sentation of Sk. For any [M] ¢ R(Sn), we have
Skn 2k

~k
o (M]) = [Ind M.
Sk[Sn]

Proposition 2.13 8k satisfies the following:

W 0 = oy

@) s = M1,

P

@) S5 + D =z & petan,
i=0

where O = [lS ] and [M],[N] € R(Sn).
k

Proof: The first two formulas are immediate from definition. The third

formula is verified as follows:

~k ~k
c ([M] + [N]) = o ([M&N])
Skn Rk
= [Indg [q ((MON 7]
k" n
by proposition 2.11
k S S [s 1 . .
Z Rk~ R
= 3 [Indskr[ls ](Indsl‘ TS 16 [ ]M‘(k D o™y
i=0 k" n k=i" n i*™n
by proposition 2.8
k S .
-1 P
- 3 [Indskn 5. 1xS. 08 ]M®(k D o™
i=0 k-i""n i o
k S S, o\ XS, s .
- (k- 2
= 5 [Ind kn Ind (k=i)n "in }®\k l)®N'l]

i=0 S(k—i)nxsin Sk—i[sn]xsi[sn]
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by proposition 2.9

K s s . . S. .
5 [Ind <% < (Inds(k_l)n M®(k“1))®(xnd8”[‘s ]N®1
i=0 (k-i)n “in k—i[Sn] i*"n

K ki i
Z o (Mo (IN]).
=0

Hence the proof is complete.

For any Sn representation M, consider a system of linear equations

in variables Al([M]),XZ([M]),...,Ak([M])

ko 1k-i i
2 (-1)7o “(IMDA([M]) = O,
i=0
0 0 k .
where A" ([M]) =1, A (n) =1 and X (n) = 0 for k > 1 and for any integer
n. By solving this system of equations, we obtain Ak([M]) € R(Skn) for
+

any k > 1. Let R be a commutative ring with unity 1. Let 1 + R[[t]]
be the totality of formal power series in one variable t, with constant
term 1. Then 1 + R[[t]]+ is an abelian group with respect to formal
power series multiplication.

For any [M] € R(Sn), let

o (M) = = 8]“([14])1;k and

¢ =0

A (D) = 3 (e
k=0

Then, the defining relatioms for Ak is equivalent to the fact that

- 1 .
Kt([M]) = 8-t([M]) , since

. > k i.k-i ik
A (MDE_ (D) = 2 (2 DIt
k=0 i=0

Proposition 2.14 For any [M],[N] € R(Sn) we have

)]



1) o (M + [N]) = o (M) (IN]),

(2) A (M1 + [ND = A (MDA (IND),

= ot

@3) AR(M] + [ND)

i=0

Proof:

L 55(M] + [N]
k=0

M 8,00+ [N)

by Proposition 2.13

o k

k=0 i=0

i=0

5, (D&, (IND).

1
5_ (M] + [N])

@) A (M) + [ND) =

1

yes

j=0

ANyt .

: (z & pmet s

Cz st nmeh (z & el

A (MDA (IND).

(3) It follows immediately from (2).

Hence the proof is complete.

Let M(S_) = {Q1f,N) | M,N s -modules}.

(M,N) + (M',N') = M ® M',N & N'").

1
G @y Gy

Define addition on M(Sn) by

19
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With respect to this operation M(Sn) is a semi-group. We define an
equivalence relation ~-on M(Sn) by (M,N) ~ M',N') if and only if

M @®N' ~ M ®N. We denote by <M,N> the equivalence class containing
M,N).

Let'ﬁ(sn) = M(S_)/~. 'E(sn) is a group with 0 = <D,D> and -<M,N> =
<N,M>. It is clear from the construction that the map h:'ﬁ(sn)-—é R(Sn)
defined by h(<M,N>) = [M] - [N] is a group isomorphism. Hereafter, we
identify'ﬁ(sn) with R(S ) by h.

For each integer k > 1, we define a map

5%, M(Sn) — R(Skn) by

-k k i-k—1i i

o (M,N)) = & (<1)"o “([MDA([N]), and
i=0

M) = 1.

Because of defining relations for Ak, it is immediate to see that
for any k > 1,

K ko ik-i i

o ((0,D)) = I (-1)7¢ “([DDHAT([D]) = O,

i=0

for any Sn—module D. Then 8k is well defined, because

-k K iked i

o (M®D,N®D)) = I (-1)7o “([M] + [DDAT(IN] + [DD)

i=0

by proposition 2.13 and proposition 2.14,

K 1 57 i ~ ) %

= T (DT z &I (n) = ATTUNDAT (DD}
i=0 j=0 2=0
k

r &t eLm)5t(o,D))
i=0



= L),

for all Sn—modules M, N and D. Hence the map 5k preserves equivalence

classes; consequently, let

k
o R(Sn) —> R(Skn),

be the map induced by 5k; ok([M}-[N]) = Ek((M,N)) for any k > 0. If
[M] € R(S_), then

k o ,
JK(m) = 55,00 = = LI maton = .
i=0

This definition of {le k> 0} is equivalent to the one defined by

o, (1M1 - [N]) = 5, (DIDA_, (IND).

Proposition 2.15 Ak satisfies the following:

k o
(1) A (nl) = Nis

@ At = o,

21

k k i k-1 i
(3) A (MI=-([N]) = I (-1)"A “([MDo (IND
i=0
where nk € R(Sk) is represented by the sign representation AltSk of Sk’

and [M],[N] € R(Sn).

k
i k-1
. ! ¥ - = 1 =
Proof: Since I (-1) pk—ini 0 and since © (pl)

., we obtain
, i
i=0

Pr
k -
A (nl) = Nye

tions. This completes the proof.

The rest of the proposition follows from the defining rela-

Definition 2.16 A commutative graded ring R = {Rh} of even gradings

; ; . . k
is called a A-ring if there exists a set of maps X : Rn-—9 Rkn for k>0,
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satisfying the following axioms:

@ 2’

=1,
1
(2) X (x) =x and
k k k-1i i
3) A (x+y) = I A )X (y) for x,y€ Rn.
i=0

Thus we have

Theorem 2.17 The graded Hopf representation ring of symmetric groups

R(S) = {R(Sn)} is a A-ring.
§4 Adams Operations

Now, we will investigate certain operations derived from the A-oper-
ations which are easier to handle.
Let R be a A-ring, we now define operations wk: R— R, k>1 in
k , 2k, ..k .
terms of . To do this, set wt(x) = I ¢ (x)t , for any x € R and define

k=1
wt by the formula:

d
-t —(_(x))
1 (x) = dt ¢ ’
-t Xt(x)

b Xk(x)tk.
k=0

'Where Kt(x)

Proposition 2.18 The map wk: R — R is additive for any k>1.

Proof: y_ (x+y) —tdfl—t(l\t(x+y))/xt(x+y)

d d
e [S20 AL () + 2 GO ) T/A @A ()

d
dt

SO N A @ =t GO DN AW



=v_ () +yv_ ¥

and therefore, by comparing coefficients, we have wk(xi-y)==wk(x)4-wk(y).
This completes the proof.
If we solve w_t(x) = —t(é%(kt(x)))/At(x) for wk(x) explicitly then we

obtain the following formulae which may serve as a definition of the wk.
1 1
PU(R) - AT (x) -0

VP - vt + 222 @) -0

e -5 Tt @) + e+ CODF N e ) + DRk )

]
o

1f we solve this system of equations for wk(x), we obtain
k 1 2 k
) = Q (A AR, (X))

where Qk(al’aZ""’ak) is the k-~th Newton polynomial in the elementary
symmetric functions al,az,...,ak of k-variables. Note that for any x € R,
wl(x) = Kl(x) = x. The maps wk: R — R are called the Adams y-operations
in R.

In §3 we have shown that the graded Hopf representation ring R(S) =

{R(Sn)} is a A-ring. Hence R(S) is a Y-ring where for k>1, the Adams

operation
v R(S) — R(S_)
n nk

1
is defined by wk(x) = Qk(k (x),...,Ak(x)), thus we have

Proposition 2.19 The graded Hopf representation ring R(S) = {R(Sn)}

is a y-Hopf ring.
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Proposition 2.20 wk(x) = (—l)k_le(cl(x),Gz(x),...,ck(x)) for any

x € R(Sn)'

Proof: Consider,

v (%)

d
L0 = 0L )AL ()

e2e(o_ ) /o_ (),

(r DRIt 3wy = o En M @)k,
i=1 i=0 k=1

Equating coefficients of tk we obtain the following system of equations:
1, . 1
W (X) -0 (X) = 0
2 1 1 2
V() + YT (x)o(x) - 200 (%) =0

e+ T @t @) + e + 0t @0 &) - ke ()

I
o

Solving for wk by Cramer's rule we obtain

e = (D (M w),00 (s @),



CHAPTER III

CHARACTERS OF OUTER PLETHYSMS

1 2 " for
Py eee B

T f— n be a basis element in R(Sn). In this chapter we are going to in-

Let x: R(S)—>C be the character map and let pw = pl

vestigate x(ck(pﬂ)) in terms of a base {KTI T F—kn} for C(Skn). In §1
we introduce some necessary preliminaries. In 82 we describe the con-
jugacy classes of a wreath product Sk[Sn]. In §3 the character formula
of outer plethysms is given. The formula enables us to prove in §4 that
R(S) forms a special y-Hopf ring with respect to the Adams operations de-

rived from outer plethysms.
81 Preliminaries

By the usual inner product

1 -1
<f,g> = al I £(t)g(t 7)),
: tESn

for f,g € C(Sn)ng, the vector space C(Sn)<9Q becomes an inner product
space over Q.’
The Frobenius reciprocity theorem [7] states that for any subgroup H
in Sn and for any f € C(Sn) ®Q and g € C(H) ® Q,
Sn B Sn
<ResH f,g> = <f,IndH g>.
If a bilinear form B is defined on C®Q by the orthogonal sum such

that for f € C(Sp) ® Q and g € C(Sq) 2 Q

25
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0 if p # q
B(fag) = ’
<f,g> if p = ¢

then the graded vector space of finite type C®Q becomes an inner product

space. By definition,

K LK > = T K (DKt
Tl n! il i
t€s
n
0 if m# '
= ’
TH— if m=7'
™
1
because the cardinality of a conjugacy class of shape 7 is f%T .
T, T ﬁ
1,2

For each partition 7 = {1 7,2 7,...,n n} of n, let STT stand for the

subgroup of Sn’

1 n
e~ P
STr = Sl X eee X Sl X oee X Sn X eee X Sn
i ™
- Sll y « Snn

Then the trivial representation of STT is denoted by lS , we denote the
T

induced representation by CO [Indsn lS
i T

]. It is known that {pTr | 7 - n}
forms a basis for R(Sn)'
Let ¥: R(S) — C be the character map. Then it is well known (for

example, see [7]) that x is a ring monomorphism.
§2 The Conjugacy Classes of Sk[Sn]

In this section we shall describe the conjugacy classes of a wreath

product Sk[sn]' To do this we consider an element (gl,gz,...,gk;h) €
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Sk[Sn]. Let h = hl"'hv°"hc(h) be a cycle decomposition of h. Then we

can associate with the vth cyclic factor hv of h a uniquely determined
element of Sn denoted by g(hv), which we call the cycle product associ-

ated with the cycle hv' Let ¢ be the conjugacy classes of

l’CZ""’cp(n)

Sn and let c(g(hv)) be the conjugacy class represented by g(h ). If
c(h)

Z(hv) denotes the length of the cycle hv’ then we have z z(hv) = k.
v=1

Define a non-negative integer aij with p(n) > 1 > 1 and k > j > 1 by,

TR IRIGICCRIRE

where the first § denotes the Kronecker delta, and

1 if o, = c(g(h)

§(c(g(h ))sc ) = .
0 otherwise
k p(n)
Then it is immediate to see I L jea,. = k. If Mk denotes the set of
j=1 i=1
all matrices A = (a,.) of order p(n)xk with non-negative integral entries
k p(n)
such that 2 L jea,. = k, a surjective map
j=1 i=1

o Sk[Sn] — Mk

is defined by a((gl,...,gk;h))ij = aij'

Proposition 3.1 Two elements & and € of Sk[sn] are conjugate if and

only if a(g&) = a(e).
This is Theorem 4.2.8 of [5].

Definition 3.2 An element & of Sk[sn] is said to be of type A==(aij)

if a(g) = A.
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The order of a conjugacy class of Sk[sn] which is characterized by

the type A = (aij) is given by

Proposition 3.3 The class of elements of type A = (aij) in Sk[Sn]

is of order

s, [s 11

a,.
1 (k! ij
-H. aij.(Jk./|ci|)
i,]
This is Lemma 4.2.10 of [5].
For notations's sake, the characteristic map of the conjugacy class

consisting of elements of type A will be denoted by KA’ which is a class

function of Sk[sn]'
§3 The Character Formula for Outer Plethysms

Let M be an Sn representation. Then Msk is an Sk[Sn] representation.
For later purposes it is useful to know the character of the represention
Mgk. If g(hv), c(h) > v > 1, are the cycle products of h, we have the

following formula

Proposition 3.4 For each & = (gl,gz,...,gk;h) € Sk[sn]’

&k c(h)
xM () = 1 X(M)(g(hv))
v=1
This is Lemma 4.3.9 of [5].
Let us consider the shape of a conjugacy class of Sk[sn] in skn’ as

is observed in 4.2.17, [5]. As usual, let P(kn) denote the set of the

partitions of kn. Consider a map

B: Mk —> P(kn)
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defined by
k  p(n)
B(A) = v vV oa,. *(r.),
j=1 i=1 Y 7
where M= {ml,mz,...,mz} denotes the shape of the conjugacy class cso
. — [ . (s .
JWi {Jml""’Jml}’ and aij7(3ﬂi) stands for the union V of aij number

. . o (s ' . s .
of Jﬂis. Since aij (Jﬂi) f— aijjn, we have iZj aij jn kn. Hence B is
2

well defined.

Let T = {nl,n .,ng} be a partition of n and set S =S x...xS

kst Dy

be a subgroup of Sn' For each t in a conjugacy class s of Sn define

93t

6i(t) by the number of elements s € Sn such that s-ltsé Sﬂ. Since ei(t)
does not depend upon the choice of t in ¢y and only depends upon T, ei(t)

will be denoted by ei(n).

Definition 3.5 For each f— n and for each conjugacy class of

Sk[Sn] whose type is A, define

8, (m \%3
0(A,m) = 1
1,3\ °n

Definition 3.6 For each conjugacy class of Sk[sn] whose type 1is A,
define
aij
o) = (5
b (A) .H' aij (J[ﬂi[) R
i,]
where L is the shape of g

Then we have the following

Theorem 3.7 For each basis element pTT with 7 f— n in R(Sn) and for

T f— kn we obtain



<X0k(pﬂ)’KT> - z E%%igl
B(A)=1
Proof: Consider
S S
k _ kn n Rk
<xo (pﬂ),KT> = <IndS [s 1 x(IndS lS ) ,KT>
k' 'n T T
s S s
%]
= <X(]’_ndsn lS )@k’ReSSkTS 1 KT> = X <X(Indsn lS )‘k,KA>L
T T k" n B(A)Y=T . T T
It remains to show that for each A with B8(A) = T,
<X(IndSn 1 )%k g s = 2™
S 7S *TA @ (A)
™ i
However,
Sn Xk 1 sn &k
<x(Ind, 1. ) LK > = z x(Ind,~ 1, ) (8)K, (&)
S S A S, [S ] S S A
T T k" n EESk[Sn] T T

- T——j;——r > x(IndSn 1)@
Sk[sn] a(g)=A Sﬂ S

i
In virtue of Proposition 3.4, we obtain

Sn ®k Sn aij
x(mnd ™t 1P = T (e(nd M 1) ()
T °m i,] T Tm

where ti is a representative of ey for p(n) > 1 > 1. By definitionm,

)
1 -1
x(Ind ™ 1_ )(t,) = z x(1, )(s ~t_s)
STY STr i S7T STr i

s€S_, s71t ses
T 1 ™
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6, (m
- _1i
—Tg—T— .
m
5 K
Hence we obtain X(Indsn lS ) (&) = ©(A,7). WNote that the order of the
G
1 s, [s_1]
conjugacy class o ~(A) is —~6?KT—— (see Proposition 3.3), it is immediate

to see that

&k - 1 . }Sk[sn]I
A ]sk[sn][ o (A)

« O(A,m)

0(A,m)
3 (A)

This completes the proof.

Corollary 3.8 For any T }— n we have

0(A,m)

k
x(o (0 )) = &
T AeM,_ 2(a)

IB(A)IKB(A)'

Proof: ©Notice that if there does not exist A€ Mk such that 8(A) = 1 - kn,

k . . .
then <yo (pn),KT> = 0. Hence the corollary is an immediate consequence

of Theorem 3.7.

Corollary 3.9 <x0k(pn),x(pkn)> = 1.

Proof: Since 9(A,{n}) = 1, we see

k k
<xo (pn),x(okn)> = I <x0 (on),KT>
T kn

-1
= I <Xok(pn) ,K = 3 1 = T .I_ué_)_{- = 1.

>
B(A) g 2(A) 1S, [S_1
A€M, A€M, AEM, | "k "n" |
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This completes the proof.
§4 Special y-Hopf Ring R(S)
Let Mi; = {A=(ars)€ Mkl aij#O}. For each pair (i,j) with p(n)>i>1
and k> j>1, define the maps
(154 M — My

and (i,j)*: Mk-—j — M

k
by the rule
. . - 1 =
(1,3)¥(A) = (al ) for A = (a_))
] . = 1 =
and (i,3)+(B) (brs) for B (brs)
satisfying the condition
s a_, if (r,s) # (1,3)
a' = ’
rs . _ s s
( aij—l if (r,s) = (1,3)
b if (r,s) # (1,3)
' =
rs

b,.+¥1  if (r,s) = (i,])

Hereafter, (i,j)+(A) and (i,j)+(B) will be denoted by Aij and BlJ, respec-

tively.

Lemma 3.10 In Mk—ijk we have

{8,873y | vB ¢ Megr  P@ 211
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= 1J :
= {(Aij,A) | ya € Mo P >1i>1}

. p(m) ..
where M = U MY,
k . k

i=1

Proof: Note that (B,BaJ) = (glgpj) with p(n) > a,b > 1 if and only if
B=3Band a = b. The same is true for (Aij,A). Thus the proof is com-

plete.

Theorem 3.11 For any = f— n and for any k > 1, we have

k k

xo (p) = o x(p ),
where Pr = Dl '92 Ry
Proof: This theorem is proved by induction on k. If k = 1, the equality
is true by definition. From Corollary 3.8 and definition of wJ for
k>3 > 1, we have

k=] 3

o~ (xCe v (x(p )

; p(n) 6 (m)

0(B,n) j i

= z —— B z K

(BeMk_j sy 80 K@ C T K )

@ a(r.) o, (r)
0(B,T) P AT Yy

= ( &z =22 18@®)]| K, ,. 0 j K. )

Bl _, 2(B) BB a1 (s, T "3y

p(n) 8. (m) | 2(m,) ij
_ i B(BY| .7V i’ B(BT)! ..
) BEMZk iil o™ s, e® ° B(B)Im,! e -
-]
e, (m)

In view of the fact that 0(B,w) 7%;—F.= @(BlJ,w), and
w

o35y e | saiy, )

- . 1 )
¢(B) IB(Bij)l B(B)!m, ! J = (bij'*'l)JlTTi[ h—lr (bij+1)3,
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it follows that

» . p(n) ij iy
e NP xe ) = T w (b, +1)3 JB—@—l—LL oI, MK .
BeM,_; i=1 o(87) B(8™)

’
where B = (bij). Then, by Lemma 3.10, we obtain

. . p(n)
F e ey = 11 a3 BB ok

k
Hence,
k k k-j j
koo (x(p)) = = o Y (x(p )W (x(p))
j=1
k  p(m)
= I X X a..,j J‘Eié-)-‘l--e(z—\.,ﬂ)l(
_ B(A)
AEZMk ko QAmKg

Il

kxck(pw). This completes the proof.

Theorem 3.12 The polynomial Hopf ring R(S) of representations of

the symmetric groups is a special Y~Hopf ring with respect to the Adams

operations derived from outer plethysms.

Proof: It is sufficient to show that wk for k > 1 commutes with the
character map x: R(S) — C, because C is a special y-Hopf ring. Since
wk is additive and {pﬂ{ T P- n} is a base for R(Sn), it suffices to show

ka(pﬂ) = wkx(pﬂ). From Theorem 3.11 it follows that

x5 ) = (D T Q (x0T (0 ) 107 (0 )5 e e sx0 (0))



DN Cal I DIILICTCIR )

wk(x(pw)). This completes the proof.

35



CHAPTER IV
SPECIAL FREE A-RINGS

In this chapter, we first construct the graded Hopf ring of sym-
metric functions H. We then turn our attention to the notation of a
special A-ring and the special free A-ring on one generator is introduced.

Finally we answer a question raised by Knutson (see p. 135 [6]).
§1 The Hopf ring of the Symmetric Functions H

Consider the ring Z[XI’XZ""’Xn] of polynomials in n independent

variables XpsXgs e X with integer coefficients. The symmetric group

Sn acts on this ring by

o(f(xl,xz,...,xn)) = f(XG(l)’XG(Z)""’xo(n))

for all o € Sn and f(xl,xz,...,xn) € Z[xl,x .,xn], and a polynomial is

9o
said to be symmetric if it is invariant under this action. Thus the sym—

metric polynomials form a subring

S
- n
H Z[xl,xz,---,xn]

b

S
where Z[xl,...,xn] % denotes the set of all Sn—fixed polynomials.

The fundamental theorem of symmetric functions states that Hn itself

is also a polynomial ring on n algebraically independent generators,

Hn = Z[al,...,an]

36
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where an k = ak(xl,...,xn) denotes the k-th elementary symmetric function
b

in n variables. Hn is a graded ring: We have

H = {Hn’k | k=0,1,2,...3,

where Hn Xk consists of the homogenous symmetric polynomials of degree k,
> ™ m ™
together with the zero polynomial. To each partition mw =1 . 2 2 eee M n

L T T
2 n

l,k az,k eese a

, this monomial will
n,k
is a free abelian group with basis {aﬂ| m

of n, we can associate the monomial a

be denoted by a_ . Thus Hn,k

 n, |7|=k}. For non-negative integers m, n with m > n, and for all

k > 0, consider the homomorphism

: —
Trn,k Hm,k Hn,k

which sends each of x seeeyX to zero and X,,...,X_to themselves.
n+1 m 1 n

. m n m . .
Since T o =7 for all integers m > n > p, we have an inverse
n,k P>k P,k - —

system of Z-modules. Consider the inverse limit

H,k = li? Hn

n
An element of H
3

ok °

, 1s by definition a sequence f = (fn)nzp ,.where each

fn==fn(xl,...,xn) is a homogeneous symmetric polynomial of degree k in

XyseeesX s and fm(xl,...,xn,O,...,O) = fn(xl,...,xn) whenever m > n.
Since n: Kk is an isomorphism for all m > n > k, it follows that the pro-
b

jection

which sends f to fn is an isomorphism for all n > k, and hence that H .
3

has a Z-basis consisting of the monomial symmetric functions a_ (for all

partitions m of k) defined by T k(aw) = aﬂ(x

«.sX ), for all n > k.
’ 2 -

1’



38

Hence H Kk is a free Z-module of rank P(k), the number of partitions of k.
b .
Now let H = {H k[ k=0,1,2,...}, so that H is the free Z-module gen-
3
erated by a_ for all partitions m. The graded ring H thus defined is

called the ring of symmetric functions in infinitely many variables

X, »X

I LR SEREER

The graded Z-module H = {H ki k==0,1,...j becomes a Z-algebra by
b

defining
P (seg) = 7P (£)-nl(e)
n n n

for £ € H§ P and g € H ¢ It is well known (for example see [3]) that H
bl b

is a polynomial Hopf ring PZ[al’aZ""’an""] if we define a comultipli-
cation by A(a_) = I a,®a..
n - i
i+j=n
Remark 4.1 A different and quite useful basis for Ho oo is {hﬂ|
T ™ ’
™ F-n, [wl==k}, where for a partition m = 1 1 2 2 ceon U of n, h =
™ ™ m
hl TIEEE h K and h Kk = z X, X, ... X, , 1s the k-th
’ o R 1<i <i <...<i<n "1 T2 Tk

N

homogeneous symmetric function in n variables. It is well known [3] that

H = Pz[h ,hn,...] where h, is the k~th homogeneous symmetric func-

l’hZ"°' "

tion in infinite number of wvariables R ITRERE

Proposition 4.2 The Frobenius isomorphism F: R(S) —> H maps Z-basis

elements p into h and n into a .
m ™ m T
This is proposition 4.4 of [9].
§2 Special Free A-Rings

In §3 of Chapter II, we have shown that the graded Hopf representa-

tion ring of symmetric groups R(S) = {R(Sn)} is a A-ring. In the present
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section, it is shown that R(S) is in fact a special free A-Hopf ring, and

this A-structure is compatible with the Frobenius isomorphism F: R(S) —>H.

Definition 4.1 A special A-ring R is a A-ring in which

1) A(xy) = Pk(xl(x),...,Ak(x),xl(y),...,xk(y)), where P, is the

unique polynomial for which

iI;[j (l+€i€jt) = .E"Pk[al(gl, LR 9£m) 3 9ak(£l,° .. ’gm) ’al(sl’ e ’En) s

k
""ak(sl"'°’€n)]t

in the ring Z[Z ,Em,el,...,en,t] for all m, n.

120"

(ii) Ak(Ag(x)) Pk Q(Al(x),...,Kkl(x)), where P is the unique
2

k, 2
polynomial for which

II 1+¢ &, ...5,t) =2ZP

1<i <...<i<n 172 k

k,sz[al(‘t’l""’gn)’
k
ceesdy (Brheen B ) ]E

in Z[& ...,gn,t] for all n.

l’

Remark 4.2 By the fundamental theorem of symmetric functioms, Pk
and Pk,l are polynomials with integer coefficients, and are independent
of n and m as long as n > k and m > k in the first case, and n > k& in
the second.

Since Pk and szhave integer coefficients, they are well-defined
over any ring with unity, and so are sometimes referred to as universal

polynomials.

In §1 of this chapter we have seen that
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H = PZ[al’aZ""’an""] = Pz[hl,h ..,hn,...].

2°°

In [2], a A-structure is defined on H such that Ak(al)==ak for all k>1.
Using the universal polynomials, we can evaluate any expression of the
form Ak(f(a

)), where f(al,a ) € H. With respect to this A~

123950 gaee
structure, H becomes a special A-ring. Atiyah called H the special free
A-ring generated by one element a;-
It is known [2], [6] that if R is a special A-ring then R is a
special y-ring. The converse of this is not always true, but if R is

torsion free it has a converse which will be useful in verifying that the

A=Hopf ring of representation R(S) is in fact a special A-ring.

- . . . n
Proposition 4.3 Let R be a torsion free A-ring. Let operatioms ¥ ,

be defined by, for x € R,

Llogr ) = 2 (D™ o) "

n=1
suppose ¥ (1) = 1, v (xy) = vV (@)W (y), and V(W (x)) = v (x) for all

X,y € R and integers n,m > 1. Then R is a special A-ring.

Now it is known [9] that R(S) is a polynomial Hopf ring Pz[nl,nz,
.,nn,...] with n, = [Aut Sn]. Moreover, R(S) is a torsion free A-ring

and a special y-Hopf ring from Theorem 3.12, thus we have the following

Theorem 4.4 The polynomial Hopf ring R(S) = Pz[nl,...,nn,...] is a

special free A-ring on one generator n, such that Ak(nl) =n

1 k’

Finally we answer a question raised by Knutson.

Theorem 4.5 Let R(S) be a special free A-Hopf ring of representa-

tions of the symmetric groups and let H be a special free A-Hopf ring of
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symmetric functions in infinite number of variables. If F: R(S)—> H is
the Frobenius isomorphism, then F is an isomorphism of Hopf rings pre-

serving A-structure.

Proof: That F is an isomorphism of Hopf rings is known [9]. It remains
to show that F preserves the A-structures. First we show that for a
basis element N of R(Sn) with @ F—n, ka(nﬂ) = AkF(nW) by induction on

L(m). 1If 4(w) = 1 we have

P = F0RM)) = FOR0R ) = B 01 se A ()
= F(Pkn(nl,...,nkn)) = Pkn(F(nl),...,F(nkn))
= Pkn(al,...,akn).
Ar) = A Em)) = 3 5@) = 0@ =2 0tap, .M @)

= Pkn(al,...,akn).

Thus we have FAk(nn) = AkF(nn).

Now suppose &(m) # 1. Let m = {B}vr', then we have Ny =N, tNieye
T

B = DA ) = B 0N s ) gy
™ ™

i

e )

1 k 1 k
PLOVEM D)y A EM DA Flg))se e A (Bl gy)))

™ ™

k
A{(F(n F(n,,1))
o' {s}

k
A F(nﬂ).

Now, we show that Fkk(x+y) = AkF(x+y), where x, y are monomials.
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k k k-1 i k k-1i i
FA(xty) = ZF(OA "(x) A ()= ZFQ “&HFA )
i=0 i=0
k k-1 i
= I (A T(EFE®&HAN(FGEN)
i=0
= )\kF(x+y).

It follows that F commutes with the A-structures. Hence the proof is

complete.

Corollary 4.6 The A-structure on R(S) which is derived from the

outer plethysm coincides with the pull back A-structure induced by F_l.

Proof: It is evident.



CHAPTER V
SUMMARY AND CONCLUSIONS

This paper's aim is to comstruct a A-structure on the graded Hopf
representation ring R(S) = {R(Sn)} of the symmetric group Sn which is
compatible with the Frobenius isomorphism F: R(S) — F.

In Chapter I, it is shown that the divided polynomial Hopf ring
C = {C(Sn)} of integer valued class functions defined on the symmetric
groups is a special yY-Hopf ring. 1In Chapter II, a A-ring structure is
introduced in R(S) in terms of outer plethysms so that R(S) forms a y-
Hopf ring. The character formula of outer plethysms is given in Chapter
ITI, the formula enables us to prove that R(S) forms a special y-Hopf
ring with respect to the Adams operations derived from outer plethysms.

Finally, in Chapter IV, we answer a question raised by Knutson.
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