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PREFACE

This study is concerned with the solvability of the conjugacy prob-
lem for HNN extensions of finitely generated free abelian groups. In or-
der to prove the theorem, normal forms and a solution of the word problem
for such groups are required. In Chapter II we show that the word prob-
lem and generalized word problem for a finitely generated abelian group
are solvable. Then the normal form for HNN extension of finitely gener-
ated abelian groups immediately follows, and by Corollary 2.1 the word
problem is solvable fof these groups.

In Chapter III the conjugacy problem for long words is shown to be
solvable. To clarify the theorem an example is given at the end of Chap-
ter III.

To complete the algorithm we show that solving the conjugacy problem
for short words of the elements of these groups is equivalent to a certain
decision problem for polynomials with complex rational coefficients.

The author wishes to express his appreciation to his advisor Profes-
sor Benny Evans for his invaluable help and limitless patience in the
preparation of this paper. Appreciation is also expressed to Professor
Jim Boler for his encouragement and guidance.

An expression of gratitude is also due to the members of my commit-
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CHAPTER I
INTRODUCTION

Groups are very often described as quotient groups of free groups:

G = 23 where G is generated by X, F is the free group on X and N is the

X 1 n
kernel of the epimorphism F — G. Now if w = X eeeX € F is a normal
€ €
generator of N, then under the epimorphism F — G, w F%'xll...xnn =1¢€ G.
€ €
The equation X ...xnn = 1 in G is called a relation on the generators

X, . Let R be a set of relations determined by normal generators {wi}

for N. We say that the pair <X,R> is a presentation for G, and by a mild

abuse of language, we may write G = <X,R>. It is customary to speak of X
as a set of defining generators for G and of the equations r = 1, for
r € R, as a set of defining relations. A presentation <X,R> is finitely

generated if X is finite, and is finitely related if R is finite. One

says then also that G = <X,R> is finitely generated or finitely related.
A presentation <X,R> is finite if both X and R are finite; in this case
G = <X,R> is finitely presented. Perhaps the simplest example occurs in
the case that G is finite. The multiplication table provides a finite
presentation. For generators we take all the elements 8, of G and for

defining relations all the equations gigj = that are valid in G. 1In

Bk
general we can get a presentation of a group G by taking a distinct gen-
erating symbol for each element in the group and using all relations on

these generators that are valid in G as the set of defining relators.

Thus, every group has a presentation. A presentation can then be thought



of as a possibly abbreviated generalization of a multiplication table.
Many important infinite groups have a finite presentation. On the
other hand, B. H. Neumann [10, p. 188] has shbwn that there are uncount-
ably many non-isomorphic groups generated by two elements, from this it
follows that there are many finitely generated groups that admit no fin-
ite presentation. A group G is determined up to isomorphism by a pres-
entation. However, in general, even a finite presentation may not pro-
vide much knoﬁledge about G. For example, the problem of deciding
- whether a word in G defines the identity element is the first of the
following three fundamental decision ﬁroblems formulated by Max Dehn in
1911 [5]. These problems are important for presentation theory as well
as for its applicatioms.

Given a presentation G = <X,R>, we say that G has solvable word

problem if for an arbitrary element w of the free group generated by X,
we can decide whether or not w defines the identity element of G. Clear-
ly, this'is equivalent to deciding whether an arbitrary element w
of the free group on X lies in N, the normal closure in F of the set R.
The second of Deﬁn's problems is the conjugacy problem, to decide if arbi-
trary Wy and v, in G represent conjugate elements of G. The third prob-
lem is the isomorphism problem, to decide whether two given finite pre-
sentations define isomorphic groups. Dehn (1912) solved all three of
these problems for fundamental groups of 2-manifolds.

The word problem has been solved for many classes of presentations.
However, there exists finitely presented groups with unsolvable word
problems (Boone and Higman [2]). Magnus [10] showed the word problem is

solvable for groups with a single defining relation. It is not known

whether every presentation with two defining relations has solvable word



problem. Nor is it known whether every presentation with a single defin-
ing relation has solvable conjugacy problem. It is clear that a solutioen
of the conjugacy pro?lem contains a solution of the word problem. It has
been shown that there exist finitely ﬁresented groups with solvable word
problem but unsolvable conjugacy problem [7].

The isomorphism problem is the most diffiecult of the three problems
of Dehn, and so it 1s no surprise that this problem is also in general
not solvable. There does not even exist an algorithm to decide whether
a finitely presented group is trivial [15].

Another decision problem that arises naturally in studying Dehn's
three basic problems is the generalized word problem with respect to a
finitely generated subgroup H of G. One says the generalized word prob-
lem for H in G is solvable if there exists an élgorithm which, when given
any word w in G, determines whether or not w € H. We shall simply say
that H is solvable in G if the generalized word problem for H in G is
solvable. Algebraic constructions provide a link between the word prob-
lem and generalized word problem. For suppose H is a finitely presented
group which has a finitely generated subgroup A with unsolvable general-
ized word problem (note that H may have solvable word problem). Let Hl

be another copy of H with corresponding subgroup A Now form the free

1°

product with amalgamation G = <H*Hl/u =y for all u € A>. If w is an

is the corresponding word in H then Ww_l=ZL

arbitrary word of H and w 1° 1

1
in G if and only if w € A. Thus if the generalized word problem for A
in H is unsolvable, this shows that the word problem for the finitely
presented group G is unsolvable. Even though H may have had solvable

word problem. On the other hand, it is clear that if the generalized

word problem for a group G is solvable, then G has solvable word problem.



Toh [16] has shown that polycyclic groups are subgroup separable. That
is if H is a subgroup of the polycyclic group G with w £ H, then there
exists an epimorphism ¢: G —> F where F is a finite group such that

¢(w) £ ¢(H). Thus by an algorithm similar to that used by Dyson [5] to
solve the word problem for finitely generated residually finite groups,
Toh has shown the generalized word problem is solvable for polycyclic
groups. However a construction of Mikhlailova [10], [13] shows that

the direct product of two free groups may have unsolvable generalized
word problem. (In view of the preceding remarks, one can see that there
is in fact a fairly elementary group with unsolvable word problem, name-
ly, a certain generalized free product of two copies of F, x F_ where F

1 2 1

and F2 are free.)

In 1949 G. Higman, B. H. Neumann and H. Neumann [10], [12] intro-
duced a comnstruction which is basic to combinatorial group theory. This
construction is the Higman-Neumann-Neumann extension, which we shall
shorten to HNN extension. Let G be a group, and let A and B be subgroups

of G with ¢: A —> B an isomorphism. The HNN extension of G relative to

A, B and ¢ is the group
% -1
G* = <G,t/t ~at=¢4(a), a € A>.

The group G is called the base of G*, t is called the stable letter, and

A and B are called the associated subgroups.

The conjugacy problem for the HNN extension of finitely generated
free groups relative to cyclic subgroups A and B has been shown to be

solvable by Larsen [9]. Let

G = <ao,al,...,akl[ai,aj] =1 Vi,j, a a, ...a = 1>



where k > 1, 50 # 0, S # 0. Thus G is a free abelian group with one
additional relation. That the conjugacy problem for an HNN extension of
G (arising from G by adding a new generator t and defining relations

t a.t =

: ai+l’ i=20,1,2,...,k-1) is solvable has been proved by Britton

[4]. A group G is said to be conjugate separable if, whenever x and y

are elements of G which are not conjugate, there is a finite homomorphic
image of G in which the images of x and y are not conjugate. Formanek
[6] showed that polycyclic-by-finite groups are conjugate separable. A
group G is said to be abelian-by-cyclic if G has an abelian normal sub-
group A with % = T cyclic. Boler [1] has shown that finitely generated
torsion-free abglian—by—cyclic groups have solvable conjugacy problem.
However, there are many examples [11l] of groups with solvable conjugacy
problem (e.g., free groups) and HNN extensions of these groups that do
not have solvable conjugacy problem.

The main result of this paper is that the conjugacy problem for
each HNN extension of a finitely generated free abelian group is solva-
ble. (This is a generalization of Britton's result mentioned above.)
Let G* = <G,t|t_l A t = ¢(A)> be an HNN extension of a finitely generated
abelian group G. The proof divides naturally into two cases.

First, for two "long words" u and v in G* (that is for words that
contain the stable letter t), an algorithm is produced which effectively
determines whether or not u and v are conjugate in G*. This part of the
proof makes use of Collins' Lemma which provides normal forms for conju-
gate elements in HNN extensions. The bulk of the work at this stage in-
volves a study of normal forms for integral matrices.

In the second case, for two short words (t-free) u and v, it is the

case that u and v are conjugate in G* if and only if ¢n(u) = v for some



n. Interestingly, the solution to the conjugacy problem for short words
is more complex than one might expect. In order to decide whether or
not u and v are conjugate, one takes values n = 1,2,... and checks to
see if.¢n(u) = v for any n. In order to complete the algorithm, some
computable upper bound for n must be determined. The search for such
bounds is carried on primarily in the ring of polynomials with complex
rational coefficients. Techniques from complex analysis and numerical
analysis (The Lehmer-Schur algorithm is essential.) are required to com-

plete the work.



CHAPTER TI
COLLIN'S LEMMA AND HNN EXTENSIONS

Let G* = <G,t/t_l at=4¢(a), a € A> be an HNN extension. A word
€ €
in G* 1is any sequence got l...t ngn such that 8 € G, e, = t1. For the

rest of this paper, the letter g, with or without subscripts, will de-

o+
note an element of G, That is g contains no occurrences of t_l. The

letter ¢ with or without subscripts, will denote 1 or -1.

€ €
Definition 2.1: A word got l...t ngn (n>0) is said to be reduced

if there is no consecutive subword t_lgit with g, € A.gz_tgjt—l with

. € B.
gJ

We shall consider another definition which will allow us to formu-
late a normal form theorem for HNN extensions. In their original paper,
Higman, Neumann and Neumann proved that G is embedded in G* by the map
g > g. The rest of the Normal Form Theorem for HNN extensions was
proved by J. L. Britton and is usually referred as Britton's Lemma [3].

€ €
Lemma 2.1 (Britton's Lemma): If the word w = gOt R ngn is re-

duced and n > 1, then w # 1 EE.G*‘

We need further refinement to actually get normal forms. Choose a
set of representatives of the right cosets of A in G, and a set of repre-
sentatives of the right cosets of B in G. We shall assume that 1 is the

representative of both A and B. If g € G, E.will denote the representa-



tive of the coset Ag, and é will denote the representative of the coset

Bg.
1 n
Definition 2.2: A word got ceet g (n>0) is said to be in normal
form if:

i) 8, is an arbitrary element of G,

ii) if = -1, then 8; is a representative of a coset of A in G,

iii) iﬁ_ei = 1, then 8; is a representative of a coset of B in G,

and
. . . € -€
iv) there is no consecutive subword t 1 t .

The following discussion and example will explain our definition of

a normal form. The defining relations

t—lat =¢(a), a €A ‘ D)

of the HNN extension, can be written as
tla = o). (2)

By conjugating both sides of (1) by t, the relations (1) can also be

written as

tbt L = ¢'1(b), b € B (3)

which are equivalent to
-1
tb = ¢ “(b)t 4)

These relations allow us to move an element a € A to the left of
at_l by changing a to ¢(a). Similarly, we can move b € B to the left of

at, changing b to ¢—l(b). By working from right to left, we can show



that every element of G* can be written in normal form.

Example. Let F = <x,y> and let F* = <x,y,t/t—lxt = y2> be an HNN exten-
sion of F. As representatives of cosets of A = <x>, choose all freely re-
duced words on x and y which do not begin with x. As representatives of
cosets of B = <y2>, choose all freely reduced wordé on x and y which do
not begin with a power of y except possibly yl.

Let

w = xyt-lx3yty5xyt_lx3y3.

Note that w is reduced. Now we calculate the normal form of w by work-

ing from right to left. ‘- Since the representative of Ax3y3 is y3 and
t—lx3 = y6t_l, we have

7,.-13

W = xyt—lx3yty5xy t Ty,
. . 5.7 . 7 4 2
Since the representative of By xy dis yxy , and ty = X t, we have

_ -13 2 7.-1.3
w=XxXyt X yx tyxy t y .

. -13 -
Since t "x = y6t l, we have
7.-1 2 7.-13
W=Xy t yx tyxy t 'y

is a normal form.

The Normal Form Theorem has two equivalent statements (I) and (II)
below. Note that (I) is the combination of the theorem of Higman,

Neumann, and Neumann and Britton's Lemma.

Theorem 2.1: (The Normal Form Theorem for HNN Extensions). Let

Jo
~

G" = <G,t/t-lat = ¢(a), a € A> be an HNN extension. Then

(I) The group G is embedded in G* by the map g —> g. If w
1he group & 1S embedded 1n by the map =L
> >
%
gyt l...t ngn =1 in G where n > 1, then w is not reduced.

(II) Every element w of G* has a unique representation as a word in

normal form.
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Proof: See R. Lyndon and P. Schupp [10].

If w is a word of G¥ we can write

where the above sequence is not necessarily reduced. Consider opera-
tions, called t—reductioﬁs, of the form
(1) replace a subword of the form t—lgt, where g € A, by ¢(g), or
(ii) replace a subword of the form tgt_l, where g € B, by ¢—l(g).

A finite number of t-reductions leads from w to a word

Y Y
1 k

= ' '

got ..ot gy

W'

where the indicated sequence is reduced. If k > 0, Britton's Lemma says
that w', and thus w, is not equal to 1 in G*. If k = 0, then the theorem
of Higman, Neumann, and Neumann says that w' = 1 in G* only if w' = 1 in
G. The process of performing t-reductions is effective if we can tell
what words of G represent elements of A or B, and if we can effectively
calculate the functions ¢ and ¢—l. (This later condition will always be

satisfied if A and B are finitely generated.) Thus we have:

Corollary 2.1. Let c* = <G,t/t—lAt = B,¢> be an HNN extension. If

G has solvable word problem and the generalized word problems for A and

B in G are solvable, and ¢ and ¢_l are effectively calculable, then G*

has solvable word problem.

€ Y; oY

€1 m
...t "h be reduced

n
t ...t g_and v
n —=

1]
=2
ct

Lemma 2.2. Let u = go

words, and suppose that u = v iE_G*- Then m

1
=]
)
=]
A
m

I

=

i=1,2,

eeeslle
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Proof: Since u = v, we have

1 n -1 'm 1 -1
got I gnhm t R o hO

Since u and v are reduced, the only way the indicated sequence can
fail to be reduced is that eﬁ =Y, and gnh;ll is in the appropriate sub-

group A or B. Making successive t-reductions we see that each € 5 Y5

and n = m.

Definition 2.3. Let z be an element QE.G*’ and let w be any reduced
€ €
1

word gﬁ_G* which represents z. If w=g.t ...t ngn, the length of =z,

&0

+
written |z|, is the number n of occurrences of t’1 in w. In view of the
Lemma 2, |z| is well defined. Under this definition, all elements g of
the base G of G* have length zero.

€ €
got l...t ngn is cyclically reduced
€ €

if all cyclic permutations of the word got S ngn are reduced. Clear-

Definition 2.4. An element w =

ly every element of G* is conjugate to a cyclically reduced element.

Theorem 2.2. (The Torsion Theorem for HNN Extensions). Let

*

G" = <G,t/t—lAt = B,¢> be an HNN extension. Then every element of finite

. * . . . . .
order in G is a conjugate of an element of finite order in the base

group G. Thus G* has elements of finite order n only if G has elements

of order n.

El €

Proof: If u is an element of C*, let v = t ~...t “bea cyclically re-

&)

duced conjugate of u. If n > 1, then

“n €1 “n €1 €n
v o= got P o got .ot ...gOt eeot

is reduced, and so by Britton's Lemma, veo# 1.
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The conjugacy theorem for HNN extensions is due to D. J. Collins
[10], and is usually called Collins' Lemma. Due to the importance of
the Collins' Lemma, which plays an important role in solving our problem,
we exhibit the complete proof.

Theorem 2.3. (The Conjugacy Theorem for HNN Extensions). Let

% 1 8l €n

G® = <G,t/t At = B,¢> be an HNN extension. Let u = gyt ...t , m > 1,

and v be conjugate cyclically reduced elements of G. Then |u| = Iv{,

and u can be obtained from v by taking a suitable cyclic permutation v*
€
. . n . .
of v, which ends in t =, and then conjugating by an element z, where

z € Aif e = -1, and z € B if ¢ = 1.
= "n —_— — n

Proof: We will prove by induction on |c[ that if v* is any cyclic permu-

. . . -1 : .
tation of v which ends in a t-symbol and eve = u, then the conclusion

of the theorem holds. If Ic[ = 0 we have
tEl tEn = ch t61 t(Sm -1 or
&g . ch, .o c
€ € =$ )
_ 1 m 1, -1.-1
1= got ...t ct R h0 c .
“n _6m
Since the only possible t-reduction is t ct , we must have c € A if
ey = -1, and ¢ € B if e, = 1. By considering successive t-reductions,

we have exactly as in the proof of Lemma 2, that n = m and, indeed, that
§, = i = I '
e 1 1,2, ,nl

Now suppose that c has reduced form

1 -1 T
t t

c = cot e Ck—l ck
where k > 1. We have
Y Y Y § § § )
_ 1 k-1 k 1 m -1 k -1 1 -1
u = cot ...t Ck—lt ckhot hl"'hm—lt Cr t ck—l"°t <o . (1)



Since u is cyclically reduced some t-reduction must be applicable to the

right hand side of the above equation. The only possiblities are

Y § 8 =)
k -
t CkhOt L and t mcklt k. For definiteness, assume that Yy = -1 and
that CkhO € A. Then 61 = 1 and
e ht = ¢(c,h ) = b € B. (2)
k0 k0
Using the above equation, and the fact that Y T -1, we have
=Y
-1 'k _ -1
¢, t = hotb . (3)

Replacing equations (2) and (3) in equation (1) we have

8 =Y =Y
_ -1 -1 k-1 1-1
u=c,t ...t ¢ 1Pyt ".och ot mhot)b 1t ...t e T

Since the term in the middle is a cyclic permutation of v, the result
follows by the induction hypothesis.

Finally, when u = Z2v*z where z € A or B, Lemma 2 shows that the

1 * .
sequence of t in v is exactly the same as in u.

Remark. If lul = 0 and v is conjugate cyclically reduced element of G,
then !ul = lv[ = 0 and we have
S € -€ -€
_ 1 n - n 1 -1
u = got .ot gnvgn t ...t go
1 “n *
for some z = got N g, in G”. Furthermore there exists a sequence

where ai's are in the appropriate subgroups A or B

a ,a eee,a,,a
n’ n-1’ 71’70

€ -€ € -€,

n 1 i

n - i - . _
such that t 8,v8 t =a and t 8;2,8; t =a; ;1 for i = 1,2,...,

_ =1
n-1, and a, = go ug,-
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Decision Problems for Finitely Generated

Abelian Groups

The main purpose of this section is to show that the generalized
word problem for finitely generated abelian groups is solwvable. Before
proving results about the finitely generated abelian groups, let us re-
call some essentials in linear algebra. Part of the subject consists
of the study of homomorphisms of finitely generated free modules, and
the relationship between such homomorphisms and matrices. The investi-
gation of the connection between two matrices that represent the same
homomorphism relative to different bases leads to the concepts of equi-

valence and similarity of matrices.

Theorem 2.4. Let R be a commutative ring with identity. Let E

and F be free left R-modules with finite bases of n and m elements re-

:

spectively. Let M be the left R-module of all nxm matrices over R.

Then there is an isomorphism of left R-modules

Hom_R(E,F) = M.

Proof: Let {ul,...,un} be a basis of E, {v .,vm} a basis of F and

10"
f € Hom_(F,E). There are elements r,. of R such that
™R 1

m
f(u,) = T r,.v., i=1,2,...,n.
i j=1 1

Define a map 8: HomR(E,F) —> M by f > A, where A is the n*m matrix

(rij). The rij are uniquely determined since {v ,...,vm} is a basis of

1
F, hence B is well-defined. Obviously B is an additive homomorphism.

If B(f) = 0, then f(ui) = 0 for-every basis element s whence £ = 0.

Thus B is a monomorphism. Given a matrix (rij) € M, define f: E —F
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= + + .. i = e . i i
by f(ui) riVy T TioY, + LI (i=1,2, ,1) Since E is
free, this uniquely determines f as an element of HomR(E,F). By con-

struction B(f) = (rij). Therefore B is surjective and hence an isomor-

phism. It is easy to verify that B(rf) = rB(f), and hence B is an R-

module isomorphism.

Remark. If u=a,u, + ... +au €E (a, € R), then
nn i

11
n . n n m
f(u) =f(za,u,) = Zaf(u,)= Za,(zr,.v,)
o A T T 5 B B M
m n m
= L (Za,r,,)v,= Ib.,v,,
j=ri=1 3 =13
n
where b, = I a.r,,. Thus if X is the 1lxn matrix (a,,a,,...,a ) and Y
j=1 + 1 1°°2 n

is the 1xn matrix (bl,b .,bm), then Y is precisely the matrix product

IRk

XA, where A is the matrix (rij).

Definition 2.5: Two nxm matrices A and B are said to be equivalent

if and only if there exist invertible matrices P and Q such that A = PBQ.

Definition 2.6: Let A be a matrix over a commutative ring R with

identity. Each of the following is called an elementary row (column)

operation on A.

i) permuting rows (columns);
ii) multiply a row (column) of A by a unit c € R;
iii) for r € R and i # j, add r time row (column) j to row (column) i.

An nxn elementary matrix (transformation) is a matrix that is obtained by

performing exactly one elementary row (or column) operation on the iden-

tity matrix In'
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Theorem 2.5. If B is the matrix obtained from an nxm matrix A by

performing a finite sequence of elementary row and column operations,

then B is equivalent to A. _

Proof: Since each row (column) operation used to obtain B from A is
given by left (right) multiplication by an appropriate elementary matrix,
we have B = (Ep...El)A(Fl...Fq) = PAQ with each Ei’ Fj an elementary
matrix and P = Ep"'El’Q = Fl...Fq. Since P and Q are products of in-
vertable matrices, P and Q are invertable.

Theorem 2.6. If A is an nxm matrix of rank r > 0 over 2 Euclidean

L O
domain R, then A is equivalent to a matrix of the form (0r O)’ where Lr

is an rxr diagonal matrix with nonzero diagonal entries dl’dz""’dr such

d d

that d 2|...| L

|

Sketch of Proof: For a constructive solution to this problem with more
detail refer to [8]. The following is an outline of the process:
Permuting rows, columns and changing signs if necessary, we arrive

at a matrix (a..) such that 0 < a_, < ‘a..| for a,, # 0. Suppose
ij - 1] 1]

11
= + R

31 T K211 Y T 0=ty <2
Then if we add (—kz)R(l) to R(z) (where R(l) denotes the ith row) our
new a,, = Tyye If Tyy # 0, it is smaller than ajg and we interchange
the new R(z) and R(l). We repeat the above procedure until we obtain an
ay = 0. Applying the procedure to the third row, we obtain an a31 = 0.
Continuing in this way we have a new matrix (aij) in which ay = a31 =
ces = 2 = 0. Next apply the procedure to the first row using column

nl

operations provided that each time the first column is replaced by an-
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other column, we apply row operations so that as before the new first

column ‘has a21 = a31 = ... = anl = 0. Continuing in this way, we obtain

a new matrix (aij) in which a; = alj =0, i,j # 1. If now there is

some a,. such that
1]

= + <
354 = Rygn Ty 0 <ryy <2
add the jth column to the first column, making the new a;1 = aij and ajg
is unchanged. Proceeding as before, we obtain a new aj; = rij' Note

that each of the above operations which changes a 1 decreases it. Hence,

1

after finitely many replacements, we arrive at a matrix (aij) in which

a. =a.=0, i’j%l’

and ajy divides aij' Starting over again with the submatrix obtained by

ignoring the first row and column, we arrive at a matrix (aij) in which

ail=alj=0, l,J%l ai =a.=0, 1’3#2,

and a 1 divides a

1

29 divides aij’ i,j > 1. Continuing in this way, we

finally arrive at a matrix in which aii divides ajj’ i< j<nand
aij =0, i # j.

As an illustration of the above process, let

2 0 -4
A = ( ) be a 2%x3 matrix over 7. We then have succes-
0 2 1

sively, C(3) @D
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Proof:

Define a map f: G — H, by

R(Z)_>R(l)
0 0 1
(1 0 2 0 -4 =4 0 2
) ( 0 1 0 =
0 1 0 2 1 1 2 0
1 0 0
4R(l)+R(2)—>R(2)
0 0 1
/0 1 2 0 =4 1 2 0
‘ > 0o 1 0] = \
1 0 0 2 1 =4 0 2/
1 0 0
—2C(l)+C(2)—>C(2)
0 0 1
(o 1) (2 0 -4 1 2 0
) 0 1 0 = )
1 4 0 2 1 ' 0 8 2
1 0 0
C(3)__>C(2)
0 0 1
<o 1) <2 0 -4 1 0 0
0 1 0 = < >
1 4 0o 2 1) o 8 2
1 -2 0
—4C(2) C(2)__90(3)
0 1 0
<o 1) <2 0 —4) <1 0 0)
: 0 0 1 =
1 4 0 2 1 0 2 8
1 0 -2
0 1 =4
<0 1> (2 0 -4) ' <1 0 o)
0 0 1 =
1 4 0 2 1 0 2 0
1 0 -2
Lemma 2.3. Let G be a finitely generated free abelian group with
a basis {xl,...,xn} and H a subgroup of G with a basis {yl,...,ym}. Then
there exist a basis {u_,...,u } of G and integers d_,d_,...d with
- 1 n — 1° 2 n——
d; >0 ﬂdl|d2|...[dnﬁgﬁgﬂgwgdlul,dzuz,...,dnun.
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m
f(xi) =y, = E T,.X,, i=1,2,...,n.

The matrix of f with respect to the basis {xl,xz,...,xn} is A = (rij).
The rows of A represent the generators of the subgroup H relative to the

basis {x,,x

1 ..,xn}. If H # 0, then by Theorem 2.6 A may be changed

2°°
via a finite sequence of elementary row and column operations, to a

diagonal matrix

such that di_z 0 for all i and dlldz...‘dn. Furthermore D is equivalent
to A, that is PAQ = D for some invertible matrices P and Q. Let
g: G—> G be the isomorphism with matrix P—l relative to X = {X,,X,,..+,X }
1°°2 n
and h: H — H the isomorphism with matrix Q relative to Y = {y_ ,...y }.
1 n
Then g(X) = {g(xl),...,g(xn)} is also a basis of G and P—1 is the matrix
of lG relative to the bases g(X) = {g(xl),...,g(xn)} and X = {xl,...,xn}.
Similarly Q is the matrix of lH relative to the bases h(Y¥) and Y, whence

P = (P-_l)_l is the matrix of lG relative to X and g(X). Schematically

we have
lG £ lH
G —&8=> G H H
Ul Ul Ul ul
g(X) X Y h(Y)
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Thus the matrix of f = lH° fo lG relative to the bases g(X) and h(Y) is
PAQ = D, whence f(g(xi)) = di(g(xi)) = h(yi) for i =1,2,...,n. Let

u, = g(xi), i=1,2,...,n, then G is generated by {u .,un} and H is

1°°"

,d.u.,...,d u } such that d, > 0 and d Id
: nn i— 1

generated by {d Uy >

1% 2...ldn.

Lemma 2.4. Every finitely generated abelian group of rank n is

the direct sum of r infinite cyclic groups and n-r finite cyclic groups

of orders dl’d ""’dn—r where dlldzl...ld .

n-r

2

Proof: Let G = <X1,...,xn/yl = 0,...,ym = 0> be a presentation of a

finitely generated abelian group. Let F be the free abelian group on

the set {xl,...,xn} and K be the subgroup of F generated by A STRERI AT

~

Note that G = & By Lemma 2.2, F is generated by elements u;,u

.,d u where d, > 0 and d./d.
rr 1 i i+

g3 el

such that K is generated by d

1970 1°

Consequently

¥ U, @ ... OUu )/ (Udu; @ ... OUdu @0D ... D0

@
e
R |

I

U/dlu@ ...G—)U/drU®U/O@ ...®Uu/o

Uy @...@Ud QuUE...QU
1 T
where the rank of (U@ ... ®U) is n-r and dlldz"°ldr'

Lemma 2.5. A finitely generated abelian group G has solvable word

problem.

Proof: Let G be a finitely generated abelian group of rank n. By

Lemma 2.3, G is generated by elements x »X with relators d

l"" lxl’.'.,

d_x_where d, > 0 and d, divides d,, .. An algorithm for the word prob-
n'n i-— i i+l -

lem of G is the following. Given g € G, then g can be uniquely written
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n

in the form g = I X, for some integers r
i=1

and only if derj for some j and rj # 0.

IEREETE Now g # 0 in G if

Corollary 2.2. The generalized word problem for a finitely gener-

ated free abelian group G is solvable.

Proof: Let H be a subgroup of G. Then the generalized word problem for

G relative to H is solvable if and only if the word problem is solvable

for the finitely generated group K = %.

Definition 2.7. A group G is residually finite, if for every non-

trivial element g # 0 of G, there is a homomorphism ¢ from G into a fin-
ite group K such that ¢(g) # 0. The choice of K and ¢ depends, of

course, on the element g.

Definition 2.8. A group G is said to be subgroup separable if, H

is a subgroup of G and w £ H, then there exists an epimorphism ¢: G —> K

where K is a finite group such that ¢(w) € ¢(H).

Lemma 2.6. A finitely generated abelian group G is residually fin-

ite.

Proof: Let us assume that G is a finitely generated abelian group with

a presentation G = <xl,...,xn/dlxl,...,dnxn> where gi > 0 and di|di+l'
Let g # 0 be a non-trivial element of G, then g = I r X, where derj

i=1
for some j and rj # 0. If Xj is a free generator, map G onto the cyclic

group on y of order rj+l by sending Xj —>y and xi!—é-l, j#1i. If dj#(),
map G onto the cyclic group on y of order dj by sending Xj —> vy and

xiF—é-l, j # 1. This clearly gives the required epimorphism.
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Lemma 2.7. A finitely generated abelian group G is subgroup separ-

able.

Proof: Let H be a subgroup of G and g £ H. Let p: G —%»% be the pro-

jection map, then p(g) # 0 in the finitely generated abelian group-%.

By Lemma 4 there exists an epimorphism f from-%-into a finite group K
such that f(p(g)) # 0 in K. Let ¢ = f°p, then ¢ is an epimorphism from

G into K such that ¢(g) £ ¢(H).

Lemma 2.8. .The generalized word problem is solvable for a finitely

generated abelian group G.

Proof: Let G_= <X

1’X2’°"

,xn/[xi,xj] = 1Y i,jr) = l,...,rm = 1>, and

let H be a subgroup of G. Since H is finitely generated abelian group,
the set of elements in H can be effectively enumerated. We show that
the set of elements not in H is also effectively enumerable. A homomor-
phism from G into a finite abelian group K is completely determined by

its effect on the generators x REFEIE Thus a candidate for a homomor-

l’

phism of G into K is an n-tuple (k .,kn) of elements of K. The map

17"
X, F—>ki is a homomorphism if and only if each r, goes to 0. Since we
can solve the word problem in K, we can check this condition. Thus we
can effectively enumerate the set ¢l,¢2,... of all homomorphisms of G
into finite groups. We can thus enumerate all images ¢i(g) where g is
an element on the generators of G. If some ¢i(g) ¢ ¢i(H), then g ¢ H,
and we put g on the list of elements not in H. Since G is subgroup sep-

arable, if g is any element of G not in H, there exists some ¢i with

¢i(g) £ ¢i(H). Thus we list all elements in G not in H.



CHAPTER TIII
CONJUGACY PROBLEM FOR LONG WORDS

Our intention in this chapter is to study the conjugacy problem for
long words in HNN extension of finitely generated free abelian groups.

We use the notation
% "l
G* = <G,t/t “At = B,¢>

for an HNN extension of a finitely generated free abelian group G rela-
tive to subgroups A and B of G with ¢: A —> B an isomorphism.

Before proving results about these HNN constructions, let us recall
some terminology about elements of such groups. Let w € G* be a}given
word. If neither t nor t_1 occurs in w, then w is called tﬁﬁzgg (ghgzg

€ €

word). If w is not t-free (long word), then w = th wl...t nwn where

each v, is t-free. If w € G* contains no subword tEwit_e with W €A
for € = 1 or Wi € B for € = -1, then w is called t-reduced. If all
cyclic permutations of w are t-reduced, then w is called cyclically t-
reduced. Now if w = wotel...tenwn (n_z 0) with wi a coset representa-
tive of A if e; = -1 and wj a coset representative of B if Ej = 1, then
w is said to be.in normal form.

Our study of conjugacy begins with considering two trivial cases.
Let G* = <G,t/tilAt = B,¢> be an IINN extension of a finitely generated

free abelian group. By Corollary 2.1, Lemma 2.5 and Corollary 2.2 the

word problem for G* is solvable. Let u' and v' be any two elements of

23
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G*. We can effectively replace u' and v' by conjugates u and v which
are cyclically reduced. If both u and v are 1, they are certainly con-
jugate in G, while if one of u or v is 1 and the other is not, they are
not conjugate in G*. The conjugacy problem is thus reduced to consider-

ing pairs of non-trivial cyclically reduced words.
€

Let u = u t ~...u  (t (n > 1), and v be conjugate cyclically re-

0 n-1

duced elements of G¥. Then by Collins' Lemma (Theorem 2.3) we know that
lul = Iv[ and u = z_lv*z for some z € A or z € B and cyclic permutation

*

V* of v. Thus if we can decide for any cyclic permutation v* of v whether

or not any z satisfies
u = z_lv*z,
then we can solve the conjugacy problem for all cyclically reduced ele-

ments of G* that are not t-free.

Before proceeding with more complex words we need two lemmas.

Lemma 3.1. Let G be the free abelian group generated bz_xl,xz,...,
X and H the subgroup generated bz_dlxl,dzxz,...,dnxn where di_i 0 and
dildi+l' There is an algorithm that will construct for each g in G ele-
n
ments h of H and ¢ of { T r,x,[0-<r,‘<d,} such that g = h + c.
- — ", ii' —i—i —/m ——
i=1
n
Proof: Let g € G. Then g can be written uniquely in the form g = I uix,
i=1
for some integers u >0, 1i=1,2,...,n. By division algorithm,
u, =q,d, +r,, 0<r,<d,, i=1,2,...,n. Then
i ii i — i i
n n n n
g= Zu,x, = I (q.d, +r)x, = Lq.(dx,)+ Zr.x,=nh+c,
=1 +1 41 i’71i jop 111 =1 11
n n

where h = I q.(d.x,) € Hand I r.x, = c.
. ititi . i"i
i=1 i=1
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Lemma 3.2. Let G be a finitely generated abelian group, A and

B subgroups of G and ¢: A —> B an isomorphism. Given g in G, there is

an algorithm that will determine all a € A and z € G such that g+ ¢(z) =

a.

Proof: Assume rank of G = n. By Lemma 2.3 G is generated by elements

X1 9Xgsre e X such that A is generated by 61x ..,6nxn where 61 > 0 and

1’°
Gi divides Gi+l'

Let M = (dij) be the matrix of ¢ with respect to this basis. Notice
that the matrix M is effectively computable from the presentation of G*.

Let g = blxl + ... + bnxn be a given element of G. Suppose that

g+ 9¢(z) = a,

for some z and a in A, and suppose that

z = cl(dlxl) + c2(62x2) + ... + cn(énxn) and
a = al(élxl) + a2(62x2) + ... + an(dnxn)
for some integers a; and c;o i=1,2,...,n. We will find an algorithm

to enumerate c.s and a.s.
i i
Consider the equation
lel + ... + bnxn + ¢(cl(61xl) + ... + cn(énxn)) = al(élxl)

+ ... + an(dnxn). (1)

Since ¢ is a homomorphism, we have



cb(cl(Sle) + ...+ cn(dnxn)) = cl¢(61xl) + c2¢(62x2) + ...+ cncp(dnxn)

= + ... e X .ee
cl(allxl + alan) + + Cn(anlkl + + ocnnxn)
r- -~ ™
P URRI TS B
X
2
= (Cl’CZ’ ces ,cn)
TR b
- -

PR - Tl -
%1 11 %l | *1 XJ
%9
(bl"'-sbn) : + (Cl,--~3cn) : : : = (_alcSl,...,anén-)
_Xn a1 “mnl | *n an
L | o L B -
p — ovny . -1
*1 *11 *1n rXl
(bl,...,bn) : + (cl,...,cn,al,...,an) =0
o cee QO
an nl nn xn
» |
_51
—62 0
0 . =6
e H_J
o T
o o
where the matrix N = 11 In is 2n xn.
OLnl OLnn
-Gl ) 0
0 )
d n —-—

Since xl,...,xn freely generate G, we have
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B Gpp eee O
(cl,...,cn,al,...,an) : = (—bl,...,—bn). (2)
a cee O
nl nn
—61 ) 0
0 * =8
_ m

By Prop. 2.6 the matrix N may be changed via a finite sequence of

elementary row and column operations to a diagonal matrix

dl ... O
D = d2
0 *d
n
0 O 0

such that di > 0, dildi+l and PNQ = D where P = (Yij) and Q = (Bij) are
invertable 2nx2n and nxn matrices, respectively. If U is the 1x2n matrix
(cl,cz,...,cn,al,...,an) and V is the 1xn matrix (—bl,...,—bn), then

V is precisely the product U+N. Using the above observation, and the

fact that N = P_lDQ_l equation (2) becomes:

UP-lDQ_l = V. (3)
Let UP—l = W, where here W i 1x2 trix (£ f ,f f_)
s ere here W is a n matrix (fi,...,f L€ o000 E) ).
Thus, equation (3) becomes
WD = VQ (4)

Equivalently,
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-
dy .- 0 B3 o B

G ST I a_f= (bpsensmp)| RO
0 ... 0 B, -+ B

From Equation (5) we obtain the following system of n linear equatioms.

n

fidi = jil-biji, i=1,2,...,n and fn+1’fn+2""’f2n

are completely arbitrary. Equation (1) is valid if and only if the

above system of n linear equations is consistant. Solving for fi’

i=1,2,...,n, we obtain £, = f. =z , I

ces with at mos
1 zl, 9 92 n zn t t most n

..,f2n = Zon are all arbitrary.

Substituting these solutions in the equation UP_l = W and then solving

arbitr . Of = .
rbit aryrvalues course fn+l Z 417

for U, we have

~ e
a1 cen al,Zn
(cl,cz,...,cn,al,...,an) = (zl,...,zn,zn+l,...,zzn) : vee
o cee O
2n,1 2n,2n
L i
(6)

Solving the above equation leads us to the following solutiomns.

2n

. I z.,0,, i=1,2,...,n and
P s

0
Il

2n

ak jilzjaj’n+k k=1,2,...,n.

Theorem 3.1. Let u = uot l...u

m—lt n (m > 1) and v be cyclically

reduced elements of the HNN group
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* -
G = <G,t/t lAt = B,¢>

with G a finitely generated free abelian group of rank n. There is an

algorithm that will decide whether u and v are conjugate in G*.

Proof: Suppose that Iul = Iv[ and there is a cyclic permutation v*
€
. . n .
of v which ends in t and has the same number of t-symbols as in u.

Now if either of these two conditions fail, we conclude that u and v are

not conjugate. We shall proceed by normalizing u and v*. The process

of working from right to left yields normal forms
m *

t ... t =

811 and v h .t h t

These can be done using Lemma 3.1. It remains to consider whether

u=z vz (1)

for any z in the appropriate subgroup A or B. For definiteness, assume

that sm = -1 and that z € A. Thus, Equation (1) becomes
tEl g tEm -2 e tem_lh ( )tEm (2)
go 81 =z 0 . m?l¢ z 2
€ €
Step 1. ¢ = 1. We have t m—lh ¢(z) = zt m—lh and hence Equation
m-1 ' m-1 m~1
(2) becomes
€ € € € € € £
1 m-1 m -1 1 m-2 m-1 m
gpt ...t g1t =2z byt ...t h ozt hm_lt‘ (3)
To proceed we must have hm—l =8 1" If this condition fails we stop

and conclude that u # z_lv*z for any z € A, and this particular cyclic

£
permutation v* of v. If ¢ = -1, by moving z to the left of t m-2

m-2

we obtain
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81 € € 81 €m_2 Em_l €m
8ot -8y ot g .t =2z h.t ...hm_3¢(z)t hm_zt g 1t )

-1
We must have gm_z = h 9 otherwise we write u # z v*z and stop. Note

m—
that Equation (4) is of the type of Equation (2). If €9 = 1, proceed
to step 2.

Step 2. €1 = -1. Let hm_l¢(z) = hm_lqa(z)-am_l where hm_l¢(z) is a
representative of a coset of A in G and a is an element of A. Since

m-1

the left hand side of Equation (2) is in normal form, wé must have
hm—l¢(z) - gm—l.am—l or

-1
B

lhm_lcp(z) =a € A (5)

According to Lemma 3.2 elements z and a can be found, and also if we

m-1

think of them as n-tupls, then some of the coordinates will be arbitrary.

Replac1ng€hm_l¢(z) by 8 18p-1 1™ Equation (2) and moving a 1 to the

left of t m—2’ we obtain

€ €
m-1 m
tT...g t g t =z "h.t ...t hm_ze(am_l)t gm—lt . (6)

Note that again the above equation is of the type of Equation (2). Now

if ¢

mn—2 -1, then proceed to

= -1, then proceed to step 1 and if €2 =

in A such that hm_2¢(am

1)

step 2 and apply Lemma 1 to find elements a o

= Bp-2"%p-2°

Since the length of v* is finite, a finite number of steps of this
process produces the following equation:

€ € € €
1

m_ -1 1 m
8t 8y-c-8, (=2 hoé(z)t g1---8, 1t

(7)

where ¢(z) is an element of G, which is obtained by moving z from its
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position in Equation (1) to its position in Equation (7). Since €;8;

his and gis are known, the operation ® is known precisely. By re-
n
versing steps to obtain &, then Q—l is known. Suppose ®(z) = I rX,
i=1
where some of integers r, are possibly arbitrary, then
R n
z =0 (I rixi) = I p.X,
i=1 i=1

for some P, - From Equation (7) we have

8y = z_lhOQ(z). (8)

Using additive notation, we have

N
|
=3
|

-+
O gO @(Z),

n n
.Z (qi-l-ri)xi
i=1

o™
I
"
Il

n
where ho-go = iElqixi for some integers SUERRETL S0 To decide whether
-1 4

u =z v 'z for this particular cyclic permutation v*

of v, we must be
able to find a solution to the system of equations:

Pp T4+ 1

Py =4y + 1,

o
]

qn + rn.

If the above system of linear equations is inconsistent, we will check
whether u is conjugate to any other cyclic permutation of v by an ele-
ment z in appropriate subgroups A or B. Since v has only finite number

of cyclic permutations with the same t-symbols as in u, we can effective-
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ly decide whether u and v are conjugate in G¥.
An example may help to clarify the above. Let G be a finitely gen-

erated free abelian group, generated by {xl,x x4}, and let

2°%3>

A= <x2 x3 X.> and B = <X4 x3

1>%¥55%5 9 3,x4> be subgroups of G with isomorphism
. , . 2, 4 3, _ .3 _
¢: A —> B defined by ¢(xl) = X, ¢(x2) = X5 and ¢(x3) =%, Let
_.=-39 -1 -1 -1 _ -1 -12 -1
u = X X4t xlt x2t and v = XlF xlt x2t be elements of

G* = <G,t/t-lAt

B,¢>,

the HNN extension of G. We will determine whether u and v are conjugate
in G*. Note that u and v both are in normal form.

Since u and v have the same t-symbols, we first set
.t =2z x t_lx t_lxzt—lz @D

. . -1 .
for some z in A. By moving z across the t =~ we obtain

X, Xt XK.t Xt =2z X tylx t_lx§¢(z)t—l.

1 1 (2)

Now let xz-al = x§¢(z) for some a; € A. If we use additive notation, we

have

a, = x, + 62, (3)
Assume

z = c1(2xl) + c2(3X2) + c3(x3), and

a; = rl(2xl) + r2(3x2) + r3(x3).

Substituting the above equations in Equation (3) we have

cl¢(2xl) + c2¢(3x2) + c3¢(x3) - Zrlx1 - 3r2x2 - TaX, = X,
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™ by B 7
0 4 0 0 Xy -2 0 0 0 Xl
(cl,cz,c3) 0 O 3 0 %, + (rl,rz,r3) 0 -3 0 0 x, =
0 0 0 1 0 0 -1 0
*3 %3
| %4 | | 4
*1
(0,_19090) XZ
*3
| %4 ]
0 4 0 0 Xl Xl
0 0 3 0 < x
2
(cl’cz’ B’fl’rz’rB) 0 0 0 1 = (03—1,090) 2
- -2 0 0 of |*s3 %3
0 -3 0 0 X4 X,
0 0 -1 o | | -7
In the more compact form,
UM = V ’ (4)

where U = (cl,c ,r3), M is the above 6x4 matrix and V = (0,-1,

22¢32T12%9

0,0). Performing suitable elementary row and column operations yields:
PMQ = D (5)

where

o O o B O O
w o O o o H+

o O B O O ©o
o &~ O O KB O

o Ww O O KB O
= O O O O O



0 0 o0 1]
S IR R I
1 0 0 0
o 0o 1 o]
-1 0 0 0]
0 1 0 0
bl 0 0 1
0 0 0 -2
0O 0 0
0O 0 0 0

Now Equation (4) becomes

UP_lDQ—l =V

34

(6)

-1 . .
Let UP = W, where W is a 1x6 matrix (Wl,Wz,WB,W4,W5,W6). Then Equa-

tion (6) becomes

WD = VQ
Equivalently
- -
-1 0 0 0

0 1 0 0
(W1’W23W3aw4swsyw6) 0 0 1 = (0’—170’0)

0 0 0o -2

o 0 o0 o}

0 0 0 0

h -

From Equation (8) we obtain the following solutions

Wl =0
w, = -1
w, =0

o B O O

o O K+ O

(7)

(8)

o O o

= O O O
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w4 =0
w5 =D
We = q

where p and q are arbitrary. Substituting these solutions in the equa-

tion UP--l = W and then solving for U, we have

0 0 0 0 0 1
1 0 0 0 1 0
0 0 1 0 0 0
(cl’CZ’CB’rl’rZ’r3) = (0,-1,0,0,13,(1) (9)
0 0 0 1 0 0
3 0 0 0 4 0
0 1 0 0 0 3
Solving the above equation leads us to the following solutions:
¢, = -1+ 3p
¢, =4
cy = 0
r, = 0
r, = -1 + 4p
ry = 3q
Thus
z = (—1+3p)(2xl) + q(3x2) and
(10)

a; = (-1 + 4P)(3x2) + 3qx,

with p and q arbitrary integers. Now we proceed normalizing right hand

side of Equation (2). By replacing ¢(z) = x;lal in Equation (2) and

moving a, to the left of t—l, Equation (2) becomes:

1
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3 1 -1 -1 -1 -1 -1 -1
X Txt TRt TR T =z TRt xl¢(al)t x,t (11)

Let xl-a2 =

ing Equation (10), we have

xl¢(al) for some a, € A. Using additive notation and apply-

a, = 6(ap) = ¢ ((-1+4p) (3x,) + 3x,)

¢((—l+4p)(3x2)) + ¢(3qx3)

]

(-1+4p) (3x5) + 3qx, € A

so g =0 and a (4p—l)(3x3). Replacing a, by ¢(al) in Equation (11)

2 2
and moving a2 across t—l, we have
-39-1 -1 -1 _ -1~ -1 -1 -1
X x4t Xlt x2t = z xl¢(az)t xlt X2t (12)

Let ¢(z) = ¢(a2) = ¢((4p—l)(3x3)) = (4p—l)(3x4), then
o(z) = ¢(¢(X2+¢(Z)) = 3(4p-l)x4,
1

2 = 67 (x0T 67T (B p-1)x,)),

= 87 (xyh T (3 Chp-1)x,)

N
|

]

6 (-, #3 (4p=D)x,)

Il

6~" (4 (3p-D)x,)

2(3p—l)xl.
From Equation (12) we have
-1
X,7%, =z xl¢(a2)

or additively



-3x, + 9%, = —2(3p—l)xl + x

1 4 + 3(4p—l)x4.

1

Equating the appropriate terms, we obtain the following system of two

linear equations:

3xl

3(2p—l)x1

Il

9%

4 3(4p—1)x4.

The system is consistent and has only one solution p = 1. Therefore,

zZ = X, and = x_4 4
1 and u 1 vxl.

37



CHAPTER IV
LEHMER-SCHUR ALGORITHM

In this chapter we will discuss the results necessary to prove the
conjugacy problem for short words (t-free) in an HNN extension éf a
finitely generated free abelian group. Our aim is to find an algorithm
to determine whether a given complex polynomial A(z) with rational coef-
ficients divides the polynomial zNP(z) - Q(z) for any N, where P(z) and
Q(z) are given complex polynomials over the rationals. To search for
this N, the Lehmer-Schur algorithm is essential. It will be used to

approximate the roots of complex polynomials with real coefficients.

Theorem 4.1. (Lehmer-Schur). There is an algorithm that will con-

struct for any polynomial P(z) with rational coefficients and for any

§ > 0, a rational € > 0 with € < § and a collection Bi of balls of radius

€ in the complex plane with the following properties:

i) Each zero of P(z) lies in some B, -

ii) Each Bi contains at least one zero of P(z).

Proof: The proof is given in [15].

We shall refer to the balls Bi given by Theorem 4.1 as the e-Schur

circles for P(z).

Lemma 4.1. Let P(z) be a polynomial with coefficients from Q[i].

38



39

There is an algorithm that will determine if all zeros of P(z) are real.

Proof: First of all we assume this is a known algorithm for polynomial
of degree smaller than P. With no loss of generality we may assume that

the leading coefficient of P is 1. If G150y eee,0 are the zeros of P(z)

n

then P(z) = I (z—ai). Clearly then, if P(z) has any complex coefficient
i=1

then it has at least one complex zero. Proceed assuming all coefficients

are rational. For € = 1,%3%3..., construct e-Schur circles for P(z).

If P(z) has a complex zero eventually an e-Schur circle will be con-
structed that misses the real axis. At the same time this search for

nonreal zeros is being carried out, we simultaneously test to try and lo-

P(z)
Q(z) °

Then S has no multiple zeros (all zeros are of multiplicity 1). If o

cate real zeros of P(z). Let Q(z) = G.C.D(P(2),Q(z)) and S(z) =

is a real number and S(a) = 0, then S crosses the x-axis at x = a. Sup-
pose that the deg S = k, then S has all real zeros if and only if S has
k sign changes on - < x < o, For each N look at sign changes in

)_2N+1
N+1

N
X = rdEy, p (L ), b .

2 2
If S has all real zeros eventually we see k sign changes in XN. If this
occurs than P has all real zeros if and only if Q does. But deg Q <

deg P, and so it can be determined if all zeros of Q(Z) are real.

Lemma 4.2. Let P(z) be a polynomial with coefficients in Q[i].

There is an algorithm that will determine if all zeros of P(z) lie on

‘zl = 1.

Proof: Choose o € Q[i] such that ial =.1, a # 1, o # i and P(a) # O.

We will find a mobius transformation which ﬁaps the lower half of the
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complex plane onto the unit circle in such a way that z = 0 is mapped

into i and z = 1 is mapped into 1 while the point at infinity is mapped

. az + b b a+b J
into a. Fr = — i =—y 1=—-——— and o = a. So
n om o(z) e we have i o 1+ c
1l -a 1l -a . .
that a = a, b = 1T 1 and ¢ = i 1 Hence the required transformation
is
az =0
i+
o(z) = lfal
z + ——
l—

Suppose that the degree of P(z) is n, and let S(z) = (z + %E%DHP(O(Z)).
Then S(z) is a polynomial with coefficients in Q[i]. We claim that all
zeros of S(z) are real if and only if all zeros of P(z) are on Iz| = 1.

Suppose that all zeros of S(z) are real. Let B be a zero of P.
Since P(o(o'l(s)) = P(B) = 0, o"l(e) is a zero of S. Thus o"l(s) is a
real number. Since ¢ maps the real line onto the lz[ =1, G(O—l(B)) =8
is on the unit circle.

Now suppose that all zeros of P are on [z] = 1. Let vy be a zero of
S, then P(o(y)) = 0. Hence o(y) is a zero of P and o(y) is on the unit

circle. Therefore y is a real number.

Lemma 4.3. Let P(z) be a polynomial over the rationals with no zero

on le = 1. There is an algorithm that will construct a positive € such

that |P(z)| > e for all z on the unit circle.

Proof: First of all use the Lehmer-Schur algorithm to put the zeros of

P inside S8-balls that miss the unit circle. Let P(z) = aw(z—ai) where
i
oy € BG(Ci)' We have

oyl > leg] - o,

C.
2| > lomey] = 8 2 Ipgipoeyl - 0
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for all z with |z| = 1 (see Figure 1). Thus |P(z)]| = Iaﬂ(z—ai)l =
c, i
[a[ilz—ail > lalg(lTEiTn-cil - §) = ¢ for all z on |z| = 1.

Corollary 4.1. Let P(z) Qg_g_polynomfal with coefficients in Q and

suppose that P(z) # 0 for all z on the circle Iz—zol = R. Then a posi-

tive lower bound for |P(z)| on lz—zol = R can be effectively computed.

Proof: ©Note that any point o on the circle Iz—z = R is of the form

ol

o=z, + BR for some 8 with || = 1. Suppose that P has no zero on the

circle lz—z = R and let Q(z) = P(zO+Rz). We claim that Q has no zero

ol
on the unit circle. °~ Suppose that Q(B) = 0 = P(zO+R8) with [BI = 1, then

z, + RB is on the circle lz—z R. This contradicts P(z) # O on

ol

= R. According to Lemma 4.3 it is possible to compute an & > 0

0
|Z—ZOI

such that ]P(zO+Rz)| = |Q(z)| > ¢ for all z on |z| = 1. Therefore

|P(z)| > ¢ for all z on lz—zol = R,

Definition 4.1. A circular domain is a compact, connected subset

of complex plane whose boundary components consist of circles.

Corollary 4.2. Let P(z) be a polynomial with rational coefficients.

If P(z) does not vanish on a circular domain Q, then a positive lower

bound for |P(z)|.gg Q2 can be effectively computed.

Proof: Since P has no zero on 9, l-is analytic on Q2. By the Maximum
Modulus Theorem %—attains its maximum on the boundary of O, that is, P
reaches its minimum on 3. Corollary 4.1 can be used to compute lower

bounds € for [P[ on the boundary components of Q. Clearly e = min{ei}

is the required lower bound for IP| on Q.

Definition 4.2. Let A, P and Q be complex polynomials with rational




Figure 1.

The Choices of ai's

(4
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coefficients. Suppose that A, P and Q are relatively prime in pairs.

We say P and Q are A\-K incompatiblE_ig A(z) does not divide zNP(z)-Q(z)

for any N > K,

Remark: Let A(t), P(t) and Q(t) be given polynomials with deg P(t)
and deg Q(t) less than deg A(t). To decide whether A(t) divides
tNP(t) - Q(t) for any N, we may assume that A, P and Q are relatively

prime in pairs. TFirst if G C D (A,P,Q) = R, with deg R > 0, then

[
b
g
s
i
o

X(t)]tNP(t)—Q(t) if and only if X ltNP - Ql where AR

1 1 1
and QR =Qand GCD (A,,P.,Q. ) = 1. Let us assume G C D (A,P,Q) = 1.
1 1711

Now if G C D (P,Q) = R with deg R > 0, then xltNP—Q if and only if

1]

AIR(tNPl—Ql) where P = RP. and Q RQI' But (A,R) = 1, since

1
GCD (A,P,Q = 1. Thus xltNP-Q if and only if A| tNPl—Ql and

(P ) = 1. So we may assume (P,Q) = 1.

1Y
Suppose G C D (A,P) = R with deg R > 0. If X‘tNP-Q then R must
divide Q since R divides A and P, contradicting G C D (A,P,Q) = 1.
Finally suppose that G C D (A(t),Q(t)) = tK R(t) with deg R(t) >0
and (R(t),t) = 1. Then A(t)|t'B(t) - Q(t) if and only if A (O)R(D)]
8B (£) - @ (DR(E) where A(£) = £ (DIR(E) and Q) = £ Q; (IR(E).

Thus R(t) must divide P(t). Contradicting (A(t),P(t),Q(t)) = 1.

Theorem 4.1. Suppose that A, P and Q are rational polynomials that

are relatively prime in pairs. Suppose A has a zero not on ‘z| = 1.

Then an integer K can be effectively computed so that P and Q are A-K

incompatible.

Proof: Make e-Schur circles for A, P and Q for € = l,%3%3.... Since

A, P and Q are relatively prime in pairs we eventually find balls



44

n
{BE(C.)}.

p r . .
P
a1 {Be(Dj)}j=l and {Be(Ek)}k=l containing zeros of A, and Q

respectively, in which their intersection is empty, and at least omne
Be(ci) misses [zl = 1. If necessary reduce ¢ such that the Schur circles
of zeros of A, P and Q off the unit circle do not intersect lzl = 1.
Choose R large enough such that all the e-Schur circles of A, P and Q

lie inside the annulus 0 < |z| < R.

Case 1. Suppose A(zx) = 0 and szl > 1. Let Q = {z|l §_|z|‘i R} -

'{zllz—Djl <e, j=1,...,p}. If P has a zero on the unit circle let

§ = %{[min{lcil,lel}] - -1} .
lc.[>1
i
D, [>1
J

Then 2§ is the distance between the unit circle and the closest Schur
circles of A and P outside the unit circle. Thus the annulus 1 §_|z|.§
1+§ does not intersect any Schur circle of A and P outside lz[ = 1. DNow

let Q. = Q\iz]l §_|z| < 1+6}, then Q, is a circular domain whose boundary

1 1
components are the circles |z| = R, lz] = 1+8 and Schur circles of P
outside Izl = 1. The shaded area below indicates the circular domain
Ql (see Figure 2). Since P has no zero on Ql, a positive lower bound

m for IP[ on Ql can be computed.

Y

Suppose that Q) = a z + a iz + ...+ a;. Then
a@ | = lapzp + oo+ oag 5_[apz°| + o+ ag]
= lapllz|p + e+ ay]
| =M

P
g_lap]R + ... + IaO
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We choose K such that —~££—E-< m. Claim: P and Q are A-K incom-
(1+98)

patable. Obviously XA has a zero on If N > K then ZNP(z)-Q(z) does

1
not vanish on Ql. For suppose o € Ql and aNP(a)-Q(a) = 0, then
Py ~la@l M M,
lo™ | (1+8) (1+6)

This is not possible since |P(z)| > m on Q.

Case 2. Suppose X(ZA) =0 and 0 < IZBI < 1. Let @ = {lef_IzI:il} -
1 .
{zllz—Ek] <eg, k=1,2,...,r}, and § =~§{l - [mln{lCi‘, lEkl} -el} .
|, l<1
i
B, | <1
Then 28 is the distance between the unit circle and the closest Schur
circles of A and Q inside the unit circle. Thus the annulus l—Gf_lszil
does not intersect any Schur circles of A and Q inside Iz[ = 1. Now let

Q. = oNz|1-6 < |z| <1}, then @, is a circular domain containing all the

1 1

zeros of A inside |z| = 1, and missing the Schur circles of Q inside
|z! = 1. The boundary components of Ql are the circles Izl =1-¢ and
the Schur circles of Q inside |z| = 1. The shaded area below indicates

the circular domain Ql (see Figure 3). Since Q does not vanish on Ql,

a positive lower bound m for IQI on , can be computed. Let M be an

1
upper bound for IP{ on Ql, and choose K such that (l—G)KM < m. We claim

that P and Q are A-K incompatible. Since A has a zero on Ql’ it suffices

to show that ZNP(z) - Q(z) does not vanish on @, for N > K. Suppose that

1

a € Ql and uNP(a) = Q(a), then

la@)] = [d2@) | = [o]|Y [P@)] < @M < @-8)% < n.

But |Q| > m on Q.



Figure 3.

The Circular Domain Q.,
Where A Has a Zero
Inside |z| =1
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Theorem 4.2. Let A, P and Q be complex polynomials with rational

coefficients. Suppose that A, P and Q are relatively prime in pairs.

It is possible to construct a polynomial Q(z) such that if A(z) divides

N ' — —
z P(z) - Q(z) for any N, then A(z) divides zN - Q(z). (Q is independent

of N).
Proof: Since (A,P) = 1, there exist polynomials R and S in Q[z] such
AR + PS = 1. (1)

Suppose that A(z) divides zNP(z) - Q(z) for some N, then A(z) obviously

divides
N N
(z P(z) - Q(z))S(z) = z P(2)S(z) - Q(z2)S(2). (2)

From Equation (1) PS = 1 - AR. By replacing 1 - AR for PS in Equation
(2) it follows that A(z) divides zN - zNX(z)R(z) - Q(z)S(z). Thus ) must

divide zN —'a(z) where akz) = Q(z)S(z2).

Theorem 4.3. Let A, P and Q be as in Theorem 4.2. Suppose that

all zeros of XA are on the unit circle and A has a repeated zero. Then

an integer K can be effectively computed so that P and Q are A-K incom-

patible.

Proof: Suppose that A has a multiple zero on the unit circle and that
A(z) divides zNP(z) - Q(z) for some N. By Theorem 4.2 A(z) divides
zN - S(z) for some S(z). Since X has a multiple zero, NzN_l -8S'(z) =0

for some z with Izl = 1. Thus we have

1 = lZ‘N_l= S'(Z)

N
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Now choose K such that K > mTXIS'(z)I. Then for N > K, zN - X(z) has no
|z =1
multiple zero on the Izl = 1. Thus A(z) does not divide zNP(z) - Q(2)

for N > K.



CHAPTER V
DECOMPOSITION OF SINGLE LINEAR TRANSFORMATION

In this chapter we will investigate the structure of a finite di-
mensional vector space A over a field K relative to a linear transfor-
mation A —> A, The linear transformation induces a decomposition of
A as a direct sum of certain K[t]-modules.

Let K be a field and ¢: A — A a linear transformation of an n-di-
mensional K-vector space A. Then ¢ induces a K[t]-module structure on
A as follows. If f = Zkiti is a polynomial in K[t] and u € A, then
£f(9) = Zki¢i € HomK(A,A) (where ¢0 = lA as usual) and fu = Zki¢i(u) =

£(¢) (0).

Theorem 5.1. Let ¢: A —> A be a linear transformation of an n-di-

mensional vector space A over a field K. Then A = R[t] @-ELEL b
- <kl> <k2>
Klt] where Kl,Az,...,kn € K[t] such that each Ki is monic and

@
<A >
n

Allle...lxn.

Proof: Let {xl,...,xn} be a basis of A and M = (aij) be the matrix of

¢ relative to this basis. Let F be a free K[t]-module with the standard
basis {Ei}2=l' Let m: F —> A be the unique K[t]-module homomorphism
such that ﬂ(ei) = x,; for i = l,2,...,n,‘and let Y: F — F be the unique

n

€.,. Then the ma-

K[t]-module homomorphism such that ¢(u,) = te, - L a,.
i SR R &

trix of ¢ relative to the basis'{ei} is tI_-M.

We claim that the sequence of K[t]-module

50
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FlrTa—op

is exact. Clearly m is a K[t]-module epimorphism. Since M is the ma-
trix of ¢ and the K[t]-module structure of A is induced by ¢,

n

n(tei) = tﬂ(ei) = txi = ¢(xi) = .Z ainj'
j=1
Consequently, for each i
n n

m(e,) = m(te, - T a,.e,) = n(te,)- L a,.n(e.)

i i j=1 ij 3 i j=1 ij 3

n n
= Ya,.x,- La,.x, =0,

je1 3 5o 13

whence Im ¢y € ker m. To show that ker m ¢ Im ¢, it suffices to prove
' n

that every element w of F is of the form w = ¢(v) + I kjej (v€F, kjE K).

j=1

For in this case if w € ker 7w, then

o
I

m(w) = 1(p{v)) + kajei =0 + ijxj.

Since {xj} is a basis of A, kj = 0 for all j, consequently, w = y(v) and
hence ker m € Im y. Since every element of F is a sum of terms of the

form fei with £ € K[t], we need only show that for each i and r, there
n

exist v. and k, € K such that tre. = (v, ) + I k.,e,. For each i and
ir h| i ir . i3
n n j=1 n
r = 1, we have tei =te,- L a,,e, + I a,.,e, = w(ei) + I a . €.. Pro-
j=1 1j ] i=1 1] 3] j=1 J ]
ceeding inductively assume that for each j there exist vj -1 € F and
n b
k. € K such that tr-le, = (v, ) + £k, € . Then for each i
Js0 J j,r-1 o=1 J.p P
n
_,r-1 _ -1
the, =t (tei) =t (w(ei) + _Z aijE.)
j=1
r-1 r-1
= + t
v (t ei) ;aij e

J
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r-1
Y (t si) + %aij(w(vj,r—l? + ijpsp)

J o
= W(tr—lE ) + Za, . y(v ) + % za,.k, €
i L 13" i,r-1 . 13 Jee
J Jp
= w(tr_le + Za,.v ) + £(Za, .k, e
i ij j,r-1 .13 0" 0
P ]
r o r-1
Thus t'e, = Y(v, ) + I c e with v, =t "e, + Za,,v, € F and
1 i,r o=1 PP i,r i . ij j,r-1
cp = Zaijkjp € K and the induction is complete. Therefore F J£>E‘—E>
J
F F

A — 0 is exact and hence A = p— = 9

Since K[t] is a principal ideal domain, Theorem 2.6 shows that

tIn-M, the matrix of ¢ relative to the basis {ei}, is equivalent to a

A, 0 O
diagonal matrix D = 1 with A,,...,A € K[t] such that
0 AZ 0 1 n
0 A
n
kllkz...|kn. We may assume each Xi is monic (if necessary, perform

suitable elementary row operations on D). Clearly the determinant
|tIn-M[ in K[t] is monic polynomial of degree n. In particular,

det. {tIn-MI # 0, whence det. |D| # 0. Consequently, all the diagonal
entries of D are nonzero. Since D is equivalent to tIn-M, D is the
matrix of ¢y relative to some pair of ordered bases {Yl,...,Yn} and
{61,62,...,6n} of F (exactly as in the proof of Lemma 2.3). This means

that W(Yi) = Aisi for each i and {X ..,Knén} spans Im ¢. Thus

161"
Im ¢y = K[t]klél ® ... ® K[t]kndn. Consequently

K[t]6l ® ... ® K[t]cSn

A = F = F =
ker Im K[t]xldl ® ... ® K[t]kn6n
- 1([1:]6l . . K[t]cSn
K[t]Alsl K[t]knén
zKlel gXlel o ||| o BlEl
<A;>  <A>

<A >
n
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where each A, is monic and A |A,...|A . For some t (0 < t < mn), A, =
i 1'72 n - - 1
= LA 4 = = e o 8 . i < ’
Az At 1 and Xt+l’ ,Kn are nonconstant Thus for i < t
Kle] _ Kie] _ 0 and for i>t, Kle] - A. is a cyclic K[t]-module of order
<Ai> () <Xi> i

Xi. Therefore A is the direct sum of nonzero torsian cyclic K[t]-sub-

modules A ...,An of orders A

‘e r i h tha
e+1° ’An espectively, such that

t+1’°

At+llkt+2l"'lkn' Since the K[t]-module structure of A is induced by ¢,

0= Xi‘Ai = Ai(¢)Ai.

We remark that any one of the cyclic submodules in the direct sum

Klt]

of A such as zx;(;;;

can be further decomposed into the direct sum of

cyclic submodules according to the prime power factorization of the or;
%1 “k

der Xi(t). If Ai(t) = (t—cl) ...(t—ck) , then

R[t] K[t]
<Ai(t)> -

_ 1
<(t ci) s <(t—ck) k>

Definition 5.2: The nth invariant factor An(t) of tIn-A, is called

a minimal polynomial of ¢ or M. Det tIn-AI is called the character-

istic polynomial of ¢ or M.

Lemma 5.1. If in Theorem 4.1 each Ai has distinct roots, then M is

similar to a diagonal matrix.

Proof: Assume that the minimal polynomial Xm(t) is a product of distinct

d

linear factors (t—cl),(t-cz),...,(t—ck). Then det |D| = (t—cl) L.

d

k . -
(t—ck) where dl + d2 + ... + dk = n, Thus we have

A= K[t] P ... @ K(e] =E, ® ... ®E where dimension
d d 1 k
<(t-c,) 1> <(t-c,) k>
1 k

of Ei is di' Let N be a diagonal matrix which has for its diagonal en-
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tries the scalers o each repeated di times. Then the matrix N has the

block form
r - .
clIl o .. .0
0 c. I
N = 2.2
-O . cka—

where Ij is the dj><dj identity matrix. Now for each i let Yi be a basis

for E, such that matrix of ¢IE, relative to Y, is c¢.I,. Since E = E, ®
i i K i ii 1
it follows that .Y = U Yi is a basis of E. The basis
i=1
Yl,...,Yk collectively string together to form the sequence of columms

E,® ... ® E

2 k’

of a matrix P:

P = [Pl’PZ”"] = (¥ Y ).

1’77k

Since Y contains n linearly independent vectors, P is a nxn invertible

matrix and P-lMP = N is diagonal.

Definition 5.3: The scalers c,,c ,c, are called the eigenvalues

ERERRRELN

of the matrix M.

Lemma 5.2. Let A be a nonsingular integral matrix that is diagonal-

izable over the complex numbers. Suppose further that each eigenvalue

of A has norm 1. Then for some K, AK = I.
-1
Proof: We have A = RDR where
al . 0
D= % , o] = 1.
i
0 a
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Let R = (Xij) and R-l = (yij) and let M., and M_ be upper bounds for the

1 2
. -1 . .
entries of IRl and IR [ respectively. That is lxijl j_Ml and ]yijljiMz
for all i and j. Now AK = RDKR—l and the entries of AK are I xk.agy. s
;=1 KL 171
1 <k<N, 1<p<N. Then
N N
K K
I L X .0.9. < I l .|la.| !y. l
1=1 ki“i“ip 1=1 i i ip

Thus ]AKl < N M. Consider the matrices A,Az,...,AK,.... There are only

finitely many matrices that can be made from integers of absolute value
smaller than N*M. Thus for some P, Q,
a¥ =4 APy -0, APO- 1

Conjugacy Problem for Short Words

We now turn to a discussion of conjugacy problem for short words of

HNN extension of a finitely generated abelian group.

Theorem 5.2. Let G* = <G,t/t_lAt = B> be an HNN extension of a fin-

itely generated free abelian group G. Then two words u and v in G* with

|lu| = |v| = 0 are conjugate in G* if and only i£_¢N(u) = v for some N.
Proof: Suppose that u and v are conjugate in G* and Iul = Ivl = 0. Then
€ e - -€
_ n -1 1 -1
v = zOt "'zn—lt ut zn_l...t z, (1)

1 n . . . .
for some w = zOt ...zn_lt in G*. Since v is t-free, some t-reduction

must be applicable to the right hand side of the above equation. The
€ -€

. . . n n .
only possible t-reduction is t “ut , thus we must have u € A if €n==—l,

and u € B if En = 1. Let us assume that en = -1 and that u € A. Then
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Equation (1) becomes:

€ - -€
_ n-1 n-1 -1 1 -1
v = zot "'zn—Zt op(u)t zn_2...t zy - 2)

€ €

If ¢ = 1, then the term t n_lqa(u)t n-1 can be replaced by u and

n-1

Equation (2) becomes

_ 1 n-2 - n-2 -1 1 -1
v = zOt ...zn_3t ut Zn-3"'t zy - (3)
If €.-1 = -1, we must have ¢(u) € A and in this case Equation (2) re-
duces to:
€ € -€ -€
_ 1 n-2 2 n-2 -1 1-1
v = zot ...zn_3t ¢ (u)t zn_3...t z . (4)

Note that Equation (3) is of the type of Equation (1). By considering
successive t-reduction, we have v = ¢m(u) for some m.

m
Now suppose that ¢ (u) = v for some m, where u and v are t-free.
€ €

Clearly u,¢(u),...,¢m(u) must all be in A, Let w = ZOt l...zm_lt m,
where e, = -1 for i =1,2,...,m. Then
€ -€ € € -€ -€
_.m _ lm-1 71-1_ 1 2 m-2 2 -1 1 -1
v=2¢ (u) = ZOt ) zy = zOt zlt 0 (wt z; t z,
€ € -€ €
_ 1 m-1 m-1 -1 11
= ..zOt . zm—Zt d(u)t 2" t z
€ € -€ -€
=z, t ...z t ut = t lz_l = wuw_1
0 m 0

Lemma 5.3. Let G be a finitely generated abelian group, A and B

subgroups of G and ¢: A — B a homomorphism. Let a € A, There is an

algorithm that will produce either an integer K such that ¢K(a) £ A, or

a subgroup C of A such that ¢(C) ¢ C and a € C.

Proof: 1If {a,¢(a),...,¢N(a)} C A, put U_ = <a,¢(a),¢2(a),...,¢N(a)>.

N
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1° If ¢n(a) € A for each n, then U = U Ui is a finite-
‘ i=1
ly generated subgroup of A. Hence for some N, , U, = U for all K > N
0 K N -
N +1 0
This happens if and only if ¢ (a) € Uy -
0

The algorithm for each N proceeds as follows. Check that a,$(a),...,

We have U, C U,
i— i+

0"

¢N+l(a) € A. Then check if ¢N+l(a) € UN. Eventually either ¢K(a) ¢ A,

or ¢K+l(a) € UK'

Theorem 5.3. Let u and v be t-free words of the HNN group

c* = <G,t]t—lAt = B,¢>

with G a finitely generated free abelian group. There is an algorithm

that will determine whether u and v are conjugate in G*,

Proof: Let u and v be elements of G* with Iul = [v! = 0.. Then u and v
are conjugate if and only if u and v are in appropriate subgroups A or

B and ¢N(u) = v for some N. Accérding to Lemma 5.3, there is an algor-
ithm that will produce an integer K such that ¢K(u) ¢ A or a subgroup C
of A such that ¢(C) € C and u € C. If such K exists, it is sufficient to
check the values n = 1,2,...,K-1 to see if ¢n(u) = v, Thus let us assume
there is a subgrouﬁ C of A containing u such that ¢(C) € C. The monomor-
phism ¢|C: C — C induces an action of Z[t] on C which gives C the struc-
ture of Z[t]-module. If we write C additively, then te-c = ¢(c) and
P(t)sc = P(¢(c)) for c € C and P(t) € Z[t]. Tensoring with the field of
rational numbers, we obtain a Q[t]-module C 8& Q via t*(c®1) = tec®1.

If C is generated as a Z-module by x,,...,X , then C ® Q is generated as

1 n Z

a Q-module by x, ®1,...,x ®1. There is an isomorphism a: C ®, Q=

n

® Q under the map (cl,...,cn)éga F—>(acl,...,acn). We have by Theorem
i=1 )



58

5.1

¢ e, Q = Qlt] o o Qlt]

<Al> <Am>

where Ai € Q[t] and Xilk Since the map ¢ > c®1 defines an embed-

i+l°
ding of C into C 82 Q, u and v can be identified by polynomials ?{t) =

(Pl<t),...,§n(t) and Q(t) = (al(t),...,an(t» where Fi(t) and Ei(t) are

Qlt]
<A.>
i

i. Note that tNF(t) = Q(t) if and omnly if tNﬁi(t) = ai(t) for each 1i.

in with degree Pi and degree Qi less than degree Xi for each

That is tNP.(t) -Q.(t) =0 in Qlt] for each i. Thus tNE(t) =‘6(t) if
i i <Xi>

and only if tNPi(t) - Qi(t) is a multiple of Xi(t) for each i. Now if

N

¢ (u)

o (w)

v for some N, then li(t) divides tNPi(t) - Qi(t) for each i since

tN-u = tNEKt) = aft) = v. To complete the algorithm we will find

a lower bound K for N such that li(t) does not divide tNPi(t) - Qi(t)
for some i and all N > K. Then it follows that ¢N(u) # v for N > K
By the Remark after the Definition 4.2, we may assume that Ai, Pi and Qi

are relatively prime in pairs for each 1i.

Case 1. If Ai(t) has a zero off the unit circle for some i, then
by Theorem 4.1 an integer K can be found such that Ai(t) does not divide

tNPi(t) - Qi(t) for N > K.

It now remains that all the zeros of Xi(t) are on the unit circle

for each i.

Case 2, Xi(t) has a multiple zero on the unit circle for some i.

By applying Theorem 4.3 the result follows.

Case 3. Each Ai has distinct zeros. According to Lemma 5.2 there
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exists an integer K such that (cblC)K(u) = u. Thus if (d)lC)n(u) # v for

n=1,2,...,K, then (¢|C)N(u) # v for any N > K.
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