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PREFACE

This investigation is concerned with attempting to account for the
zero field thermal conductivity of a crystalline samplelof gadolinium
trichloride. Of main importance is the question of whether two-magnon
one-phonon interactions can produce thermal resistivity in the fefro—
magnetic phase.
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CHAPTER I
INTRODUCTION

Thermal Conductivity of Crystalline

Magnetic Insulators

In a crystalline magnetic insulator thé transport of heat is due
to the collective excitations of the atomic crystal lattice and of the
spin system. The behavior of the thermal transport is described by
the thermal conductivity which is dependent upon the specific heat and
the mean free path or characteristic lifetime of the carrier excita-
tions. 1If the statistical nature and energy spectrum are known, the
thermal properties of the system can be modelled by considering the
effects of interactions among the excitations. Conversely, the macro-
scopic behavior of the system becomes a sort of window through which
one can observe its microscopic nature.

Phonons and magnons both transport heat in magnetic insulators.
The scattering of these excitations, which gives rise to thermal resis-
tivity, can be attributed to various processes. Among the processes
considered are phonon-defect and magnon-defect scattering, phonon-
phonon and magnon-magnon interactions, and processes involving magnons
and phonons simulataneously. The relative importance of the separate
contributions depends upon the structure of the crystal, impurities,

size of sample, external fields and temperature.



The lifetimes of the phonons are such that the population com-
pletely dominates the thermal conductivity at all temperatures for the
large majority of materials. Even though magnon and phonon energies
are always comparable, magnon lifetimes are usually much shorter than
phonon lifetimes so that phoﬁons are limited by phonon-phonon rather
than magnon phonon scattering. _As the temperature is lowered the
thermal transport of the spin system may become comparable or even
greater than that of the‘lattice.l

The two ways in which the ordered magnetic system can affect the
thermal conductivity are by supplying additional heat carriers and
by scattering phonons. This implies that the‘thermal conductivity shows
spin dependence only at the critical temperature and below. The effect
of the magnetic system upon the conductivity usually does not become
apparent unless the spins are in an ordered state where their collec-
tive excitations, spin waves, have long wavelengths. Theoretical
estimates of the magnon contribution to the heat flow.in the form of
carrier addition are shown to be small when the system is at or near
the critical temperature. This can be confirmed experimentally by
applying an external magnetic field. If a large part of the thermal
conductivity is due to carriers in the magnon population then an
externally applied magnetic field will increase the minimum energy
of excitation and cause a subsequent drop in the heat flow. If the
external field is strong enough1 the spins will be forced into such
a tightly ordered state that conductivity becomes essentially indepen-
dent of the field for higher field strength.

Although the contributions to thermal conductivity by the spin

system may be small in terms of heat transport, a large variation



can be caused by its modulation of the lattice vibfations. Usually,
because of strong dependence of exchange interaction on spin separation,
the spin-phonon interactions dominate any other magnetic effects,
especially at the critical temperature.

Below the critical temperature, as noted earlier, magnons can and
do dominate the thermal conductivity in some materials, like EuO,12
in terms of supplying heat carriers. Since magnon interactions with
the phonon system can still be impor;ant, confusion can arise about
what mechanisms are.taking place. |

If the magnon system is supplying carriers then application of"
the external field at a given temperature will cause the thermal con-
ductivity to decrease to a certain level and become independent of
higher fields. This occurs simply because thermal magnons disappear.
On the other hand if spins interact with the phonon system then a small
increase in the applied field can do one of two things, depending on
the energy and population of the energies and populations of the two
systems.

Consider a model insulator which has one phonon and one magnon
branch. If the system is in a quiessent state of thermal transport,
then both spin and phonon systems will have distributions not too far
displaced from that of the boson gas in equilibrium. Consider the
phonons to be the dominant heat carriers throughout the range of
temperatures considered. By scanning the system with an external
field we can examine the behavior of the magnetic contribution to the
thermal conductivity.

Since the phonon and magnon systems have different dispersions

then there may be a point where both systems have the same energy



and wavevector. This will be called the crossover energy. If we
model the phonon distribution with that of an equilibrium bosop gas
then at a sufficiently high temperature, though less than the Curie
point, the phonon population will peak about an energy greater than
the crossover energy. (See Fig. la) Applying a magnetic field will
increase the crossover energy as the magﬁén dispersion is displaced
rigidly upward. The magnons will couple with higher energy phonons
as the field is increased. The minimum orlinflection in the phonon
population caused by coupling will then move to the right in Fig. 1b.
The thermal conductivity will decrease with increasing magnetic field
until the magnon crossover energy passes the energy about which the
phonon population peaks as in Fig. lc. Then the principal heat
carrying phonon population becomes decreasingly damped and the conduc-
tiVity will rise again to its undamped values.

At lower temperatures where the phonon population peaks at an
energy below the crossover than increase of magnetic field will move
the damping further away from the peak and conductivity will increase
with increasing field and will approach asymptotically the undamped
value.

Thus small increases in the magnetic fields will cause an
increase or a decrease in conductivity depending on temperature. This
results is what is observedl in some materials where the phonons were
the principal heat carriers throughout the range of temperatures con-
sidered. This is by no means the case in exceptional insulators
like ggg}z and YIG.l Around the crossover energy the coupling may
become resonant and the elementary excitations of the system are no

longer pure phonons or pure magnons but coupled modes called
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Figure 1. Magnon and Phonon Distributions for Varying
External Magnetic Field



elastomagnons. If the resonance is strong and a broad portion of

the phonon distribution is affected, then the thermal conductivity

may show a minimum. If the resonance is sharp, then only phonons of

a certain wavevector are strongly coupled to magnons and since the
thermal conductivity sums over all the modes then the effect on the
conductivity may not be observable. One-magnon one-phonon processes
are obviously not the only ones that may be thought to have an effect
on the thermal conductivity. In fact if the coupling is resonant then
it occurs in a small region of the Brillouin Zone5 and may be unimpor-
tant with respect to two-magnon one-phonon processes. Another reason
that the one-magnon one-phonon process might not be the dominant
magnetic effect is that normal, or non-unklapp, collisons conserve
crystal momentum so it cannot directly contribute to the thermal resis-
tivity, although scattering from weakly damped modes to strongly damped
ones could have an effect.

All these arguments can be reverted to the case where magnons are
the principal heat carriers. Then phonons can be considered as the
source of resistivity as they produce minima in the magnon distribu-
tion. Magnon dominance of the thermal conductivity can be easily
detected because of the sensitivity of the spin system to external
magnetic fields. If magnons transport the largest percentage of heat,
then an applied magnetic field of suffi;iént strength can completely
annihilate the spin portion and cause severe reduction in thermal
conductivity.l Analogous to the phonon system we can consider magnon-
magnon, magnon-defect, and even magnon-nuclei interaction, the last
becoming evident at very low temperatures. Like normal processes in

phonons, normal magnon-magnon interactions affect the thermal



conductivity only indirectly by converting some of the long wave-
length magnons into short wavelength magnons which might‘be more sus-
ceptible to scattering by defects.

In general; the analysis of the behavior of the thermal conduc-
tivity of a'real crystal is complicated by lack of detailed knowledge
concerning the nature of the energy spectrum of excitations, the nature
of impurities, and the types of interactions among the particles. The
rather naive Debye~Callaway model gives remarkably good agreement for
systems which have phonon-dominated thermal transport where scattering
mechanisms become independent enough to justify characterizing phonon
modes with relaxation times. So far, for most systems, this has
remained a valid approximation, though not as esthetically satisfying

as one could conceive some less phenomenological theory to be.
Gadolinium Trichloride

GdCl3 is a ferromagnetic insulator with a two sublattice hexagonal
structure havingitwo equivalent magnetic ions per unit cell. The ex-
change interactions have been investigated by Hutchings, Birgeneau

4,6 by pair spectra and by Clover and Wolf7 who, using relaxa-

and Wolf,
tion techniques, found exchange constants of Jnn = -0.039K and Jnnn =
0.048K for nearest and next nearest neighbors respectively. The
ordered st;te is produced by unusually strong dipole interactions as
well as by exchange. Marquardt and Stinchcomb8 have calculated the
magnon dispersion relations shown in Fig.'z. The thermal conductivity

is found by Dixon, et a1.9 to be dominated by phonons throughout the

temperature range and no appreciable scattering is observed at the
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. . 1
ordering temperature. Previous measurements  have shown that magnons.
make a negligible direct contribution to the heat transport.

The thermal conductivity of GdCl, has been measured9 experimentally

3
as a function of temperature from 0.3 to 175°K and as a function of
external magnetic field up to 35x103 Oe at various temperatures below
4K. The crystals were oriented so that heat flow and applied magnetic
field were parallel to c-axis.

The temperature dependence of the thermal conductivity is shown in

Fig. 3.
Statement éf the Problenm

The curve, including the minimum above 1K, of the zero field ther-
mal conductivity below the critical temperature (2.2K) can be accounted
for by direct magnon-phonon interactions. Above 1K very good agreement
has been obtained by coupled mode calculations using optical magnon
branch.9 Below 1K the conductivity is slightly less than the calcu-
lated value as can be seen in Fig. 7. Throughout the temperature range
the phonons can thus be seen to be the dominant heat carriers.

Since the dependence of the exchange constants on ionic separation
is strong one would expect the thermal conductivity to exhibit an
inflection at the critical temperature. Surprisingly, no inflection
is observed at all and one can conclude that no scattering of the
phonons by exchange interacting magnons takes place in this temperature
region. Absence of minima in the temperature dependent curvelbelow 0.5K
suggest that resonant magnon-phonon interaction are not limitiﬁg the
phonon mean free path and that interactions involving more than one

magnon may be more important. Since the exchange constants are of
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equal value and opposite sign the two magnon-one phonon interactions
from the exchange hamiltonian will effectively cancel out and the dipole
interaction processes should be dominant.

As dipole interactions are strong in GdCl then one would expect

3
that the phonons might be scattered by magnons coupled by such mecha-
nisms. The effect of such scattering upon the microscopic details of
a'magnetié system during thermal transport is very complicated. Never-
theless, one can appfoach the problem from the simplistic Debye-Callaway
model by calculating a relaxation time for the phonons involved in di-
polar interactions and using it to calculate a thermal conductivity.
One way to arrive at values for the relaxation times is to compute
them from the transition matrix elements arising from the introduction
of phonons as perturbations to the dipolar spin hamiltonian. This
would mean expanding the hamiltonian about atomic displacements and
introducing the appropriate quantum mechanical operators to arrive
at the desired interactions. This approach would also involve taking
derivatives of the wavevector dependent dipole sums and summing these
over the entire crystal. The dipole sums which vanish for the crystal
symmetry will not necessarily have vanishing derivatives, or physically
speaking, phonons, causing lattice distortion and thereby introducing
some lower lattice symmetry, may produce interactions among spihs that
did not exist under equilibrium conditions. Thus the perturbation
and consequently the relaxation times will depend strongly upon the
phonon polarization.

The determination of a phonon lifetime for each of processes for

the Debye~Callaway model from the coupling coefficients arising from



12

the perturbation is a sfandard three-boson transition probability
calculation.11

In short, the problem considered here is to attempt to account
for the zero-field temperature dependence of gadolinium trichloride
thermal conductivity measurements for T<2K by integrating the Debye-
Callaway expression over the phonon spectrum, using relaxation times
calculated from the results of a perturbation expansion of the dipolar
spin hamiltonian.

A few simplying assumptions will be made during the course of
the analysis;l In the experimental set-up the crystals were oriented
so that heat flow was parallel to the c-~axis. Reasonably enough most
of the heat is carried by phonons of wavevector E propagating in the
z-direction and most of the resistivity would be due to magnons which
had K components along the c-axis. Therefore, only such excitations
as have Eﬁq; and §=k; will be considered. Also the low energy phonons
of wavevector q will have wavelengths loﬁg compared to the lattice
spacing so that terms like eiqz = ] + iqz. These approximations will
simplify the symmetry analysis and result in giving the matrix elements
a square root dependence on the phonon wavevector. The restriction to

the z-components of wave propagation should give a fairly good order

of magnitude value for the sums.



CHAPTER II
INTERACTION HAMILTONIAN
General Considerations

The potential energy of the GdCl, crystal can be written

3

_ >1 > j_+j)
Vp = B2V (R U 'R’v iy

Where i, j go over the basis vectors of the primitive cell, and u, v
go over the cells. The prime on the sum indicates that the term u=v
is to be omitted when i=j
i >
The position vector for each atom in the lattice is ﬁu = KU + t,,

i
ﬁu a lattice vector and ?i a basis vector. The vector Kﬁ represents
the displacement of the atom at site (u,i) from the equilibrium posi-
tion ﬁi.

u

To introduce the perturbation of the system we expand V about the

equilibrium sites and consider only the linear terms.

- i 23 _fd Jij_g.””iJ—o
s iJzqu(’u ﬁQ) +fzijzuvi_+ij D(R §v+€ ) pv
where Et% = ﬁi - ﬁg is the relative displacement of any pair of atoms

at (u,1) and (v,j) from equilibrium. Second order terms in the dis-
placements are not considered because at low temperatures the phonon
population is so small that two-phonon and higher interactions are

practically negligible.

13
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The 0VD term contains the ordinary dipole sum contribution to the magnon

energy. The IVD contains the interaction of the spin system with the
lattice displacements.

From mathematics

d 21 21 1] d = <+ =i ij)
—_— ~R [ -R +
21j VD(Ru v Eln) i VD Ru Rv Eu\)

dé dr*
g TAY) o
- _ _ig_VD(ﬁi §1+E13> ;i D(+13 gii\
dﬁi TRV N\ Prenl U /
where
>1j R)—i__—l»J
uv (TR}
So that
_d (»1 3,13} d (+iJ
i3 'p uﬁv+£u = 517 'p\f \]
dg dr
Hv
e -0
Thus H
I g d Zij
Vv, =2, .2 — V.| &
D iju d?lJ D uv
uv
Since
i R AR R4
ﬁ ﬁ +ti’ define d ij tj Then ruv y Rty
Then
4y (‘*ij) _d (;ij\
d+ij D \Fpv Ay Ddumv
uv i]
And so VI can be written
I, - d ->13 3l d <—>1j>. 14
V., = IL,.Z V (r ) 3 L, v L V ruv Euv

D i uv uv i3 f ) uv D
d(ﬁij d\Eij
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Dipole Hamiltonian

The dipolar hamiltonian can be written5

o + - ++ --
HD-HD+HD+HD+HD‘+H.D
where
H =3 E (§"§—3szsz>
D mn mn\ m n mn
- — * —-
H+ =3 F S+SZ ' H.=% F S SZ
D mn mn mn D mn mn m n
e —— -, * —
it -3 B stst H =31 B SS
D mn mn m n D mn mn m n
Hhere 3 2 —r2 !m7 ( - 57
g =1,227%m wn| . _3 2 2 %m0 Vmn " *mn”
m 4-8 uB 5 ” mn 2 & ue} £S5
mn e mn -
and

N
==L
| 1
E
(5] !
[N
~<
=]
B

|
L.

Where m,n sum over magnetic ions, rather than cells and basis vectors.
Dipole Expansions

At this point we are prepared to consider specific expansions of

the dipole hamiltonian for the GdCl, lattice. The dipole sums will be

3
treated in their exact form up to and including the consideration of

the specific crystal symmetry where the contributions of the various

terms will be determined to vanish or remain. The non-zero sums will
then be evaluated by.the Ewald sum for computations.

o
In terms of sublattices i and j, and sublattice sides u and v, HD

may be written as
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o _ ij [zi +
HD = zijzuv Euv( u 3S S )

Expanding the spin operator terms gives

s¥ ¢* + 87 o7 4+ s g% - 352 &%,

uivj uivj ui vu uivi
= g% ¥ +¢7 87 - 252 5%,

ui vj ui vj ui vj

Using the transformation

x _ ot - y o _ . _ ot Z - Z
ZSui Sui + Sui’ 2Sui 1(Sui Sui)’ Sui Sui
gives
> Z Z
S §vj - 38,805 =

1 L= o+ V[m o+ z .z
4 (Sui+su1)(s +Svj) 4 (;ui"sui) (Svj_svj) " 28,55y T

1o
2 suis\)j +st ;8 J+suis\)3+suisvj)

_1_( -+ Z .z
7 uist RN suisv3+suisv ) 25,455 =

l Z _Z
2 (Suisvj Suist) = 254150

Now we will introduce the Holstein-Primakoff transormation to spin-

deviation operators

+ ""' - + z +
Sui ZSaui, Sui J‘Z.Sa i’ sui = § auiaui'

This substitution yields

1 Z Z
2(suisvj+su 15\)3) - 25,804

Sa a+ +Sa+ a -2 (S—a+ a ’)(S—a-'-.a )
ui vy TTuv vj i p Vi vi

+ , + + + + +
S(auiavj+auia j) + 28 (avja\)j+auiaui) zau\)auiavjavj 28

2
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The contribution of the four-magnon processes is expected to be much

smaller than the one or two magnon processes and will be ignored.

Thus
B = AH; + Be® + mO
D~ D H,
where
o _ - i + ,  + +
AHD szij Zu\)Eu\) (auia\)j+auiavj) s
B.o _ 2 iif+ +
HD = zszijZquuv(%vjavj+2uiaui)
and
CHB = —28%; 5, g4
v ij uv

Since the a , and a_, operate on different lattice sites (by virtue of

pi vji

the prime on the sum) then they commute and so

o _ - i3+
AHD = zszijzquuvauiavj

where 4 and v, j and i, being dummy indices, have been interchanged.

Also
B.o _ - _ij + - i + -
HD zszijzquuvavjavj + zszijzquuvauiaui
2 _ji+ ij +
Zszjizquvuauiaui + Zszijzquuvauiaui
Eij - Eji
HV Vi
And so
B .o - i +

HD = aszijzquuvauiauv

+
The terms HB can be written
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+ . ij+ Z
D zuvzij uv uisvj

==
|

- *1j .~ JZ
D zuvzijFuv Suisvj

j==]
i

ij *1ij . . .
where F°~ and F are defined on page 15. In terms of spin deviation

operators
b= sygnrid (Josa,) botye,)
HD zijzquuv ZSaui S a\)ja\)j
o= z,r r* [ [2sa” ) (seatia )
D~ “1j“wv uv pif \°73v3%,
+ + + )
The matrix elements of the terms a .,a .a and a__.a vanish from

ui®vi®vj pi®vi®vy

symmetry. Thelr gradient does not but the matrix elements are small.

+ ij - . ij* +
HD S 'ZS zijzquuvaui’ HD = § 128 zijzquuv a4
And finally the terms

H;+ =3, ¢ pHst st

and B = 3.1 B3%s
ij “uvpv uivj D

ij uv v uisvj
can be written as

H . " gld - _ gt L
HD zszijzuvBuvauiavj and HD ZijzuvBuv auiavj

So, as a short summary,
+ T

auiavj+23uiaui—s o

o_Ao _ Bo  C.o_ i3
HD AHD + HD + HD ZSZiquvEuv

+ | - L
H, =8 IZSZ L F“~a _, =8 |ZSZ I F - a
D ij uv v ui HD 137uv pv Tud

.

= - Rl - cijk + 4+
HD zszijzuvBuvauiavj’ HD S !ZszijzuvBuv auiavj

Spinwaves

To make the transformation to spin waves we introduce the Fourier
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> .
expansions in terms of a wavevector k which is restricted to one

Brillouin Zone of the reciprocal lattice. The transformation are

> >
i = l-Z—>a e_ik.rui
E+aKe ui a : T

In terms of these expansions

) y > § g2 ) o )
B = (28/N)I..% 3B ) data (el (k 7k ru) + 2t ) W) - S
D ij uvkk v T 3

—— - > i e
- 28 - ij_ dk-r - _ 25 kj* -ik-r
s\! N it e W By S SI N ZigiiREw & ¥

I

o g i
HD (ZS/N)ZiquvZKK Bu

< G
e
=

::.i
=~
30

— RTINS Y 2 s
HD = (ZS/N)ZiquvZKK Buv aa, e

Phonon Interaction

We can treat the terms of H_ now in the manner of section A where

D
ve=C+1y
For Hg
RGN o Snd CWY FRE) oS ﬂ}
e d
Iv; = (ZS/N)Zijz;vzﬁ‘(vijEii]).Eli_li) a'_g E'l}i K:?%’E'?i +
For K, 2t B .;H'S}

" >
o+ _ - o.,1ij ik*r
VD S IZS/NZiquvZ§ Fuvaﬁe u

[
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' > >i
I+ _ - L3 iJ ij ik-r
VD S ZS/Nzijzu\)zk( iJ MV Eu\)) ZKe ‘
. i
o~ _ o_ij* + —ikr
vy =8 2s/Nz ): vzk v ic’
>
I~ _ pii* -+iJ) ikr
V, =S 28/NI 155 zk( 1Py & age
F Hii
or Hp
A +’.+q
vt = s/, .z x Fptet (k RN e
D ij uv KK uv k'k
4 >1 > >
I+ _ ij 51]) (kr+k -r) .
vy (ZS/N)Z Zu zkk ( 1JBuv vl © vl apap
2]
O,== _ .0 ij —i(+ r +k ‘r ) + +
VD = (ZS/N)Z Z zkk v aa,.
k k
Ty == (2s/N)z z o (7, BL3%. t)e -1 {77 ) e
D viRR ijpv a,
kE
. 3 l* I -* 3 *
The symbol 3 stands for -4 and 0EiJ, Optd s oF1J s oBiJ, and BiJ
ij d(&+ ) HV HV v Hv
ij
are evaluated at the equilibrium sites ?ﬁ and ?i.
The phonon spectrum is introduced by the usual Fourier expansion
“ i > =] > i >3
"gij = Toa- _t_. (e iq -e iq'rv)‘ + ba(eiq n-e q v

W "dTq fmux Vg

where e; is phonon polarization, m is mass of the Gd ions in one
sublattice and wa is phonon angular frequency. The b's, of course,
are the mode creation and annihilation operators.

| o
Substituting for Euv gives for HD



: - - Pl e
Ivg = (ZS/N)J %zijzwz-ﬁ'; %*ijER- -
(o

Expanding this out gives

Io _ i, o7 oo . ] 4, ij‘]
vy = (28/N) w1y T EL’ 'v’ijEw |
q -

(->‘ +j_<—> -») .->i) (—»‘_—»__-a) -
° i'k .r k+q ru + 2ei k q -1:lJ _ ei

e ' Y

e +j_+.—>i . +‘_+ ‘->-i
0 datar” '—e.l‘(k T k ru) + zel(k k) ru] -3
—d

21
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1.2t g7 g2t 3.3
b (e H-e 1d v) + bq(e 4 u-e q- v) 1}

. i
- e

oy i . oy >
Now define a distance r1J = r1 - ?j.= r1J so that r =
uv u v A u A

and insert this IVS. Also E:i becomes EiJ and so

A

I.o ) ¢ iﬂ
v.=2s1v’zzz .9V, E
" (258/N) WRK q lwq ij j

on

+‘_ . 3 | i _—)) >j ¢ o]
° ei(k k q) L i(k+q) oy i(k q-k e ?A +

i(ﬁ‘ k +) rJ i(ic*’ A IS I e B RS 4 a0
2e q e \ —q; r)\ - 2e q r\)e \ / r)\ aEak

A v ! z
3 <> ] i ij > +7] > > _]1
- 28 g bTe 9T L 1) 4+ e V(T - 1)
{4 ~iJ
This can be written
' e
Iy = (as/m) T‘ “q . g g ]
Ly tawiRE g & 1570 |
q G
—»’_—)—_—r‘ .23 2 >“+1] >
X ei(k k=q] rv(e 1q y - 1)(qeik Ty o+ 1l)e ik ) ajﬁﬁ’bi
k q
—»’_-)- - .-»j + >ij -+‘->ij _ &> >1j
+ ei@( kﬁq) rv(eiq rA - l)(2eik rk + 1De 1k A a:aﬁ’b+
"k
- D B < & > ] > >ij
- 28 ['b:e M T - 1)+ bt 1)



23

>
Now since thelattice vector rv form a complete set

> > > >
RS RO
0 if § ¢
B@=41 4¢ -

And so

)+
w5 o

Summing over v gives then

| > >
- g2 2id 7 =il it 1]
. {}(K B0y (71T Loy etk Ty 417tk aiaz'b
L

. +.+ij +‘.+ij _p. i
+ AE B+ (MY - 1y 2e® TTAT + 1yeIRT aiaﬁ’ba‘
) 2

L2y e+

The matrix elements of the terms linear in the b's will be omitted
as they violate conservation of energy. Making use of the delta

function Ivg can be simplified to

D 13°2%kq | (@ ij |
i |
13,21 ig.23 -1k 213 |
® 41 2(1-" Ty 4+ (™A - 1) N alap
K
13 i 13 |
> > > - > >
+]20-e"1ENy & (@1 - et ataﬁ_aba
K

Substituting for Eti in H; and HB gives from page (19) and page (20)
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: 1
> ij
I+ vV..F I
VD 2S/N Z Z VquJ— Fq ij uvmi
_ +‘+i _ +‘+j _+.:i_ +.—>j > >
™ bi(e i ru - e iq r\)) + b->(e:Lq u - eiq_rv) eik ruaiz
q q
I- 7 iJ*_]
vy = ZS/NZ ): vquﬁ[w. iJFW i
> 1 L > —> >1 - i-lz ?i

F‘+ +

ob(elqu—el.\))+b+(e.u-e v)

a4y

Collecting Terms gives

I\

i
=slzs/ j—zij wqu. J

s st _i2.2 T ! (—> ->) i 2] ->1
. (ei(-lz q) ru _ iq v+ik ru)a—-rb,++ (e q+k ru _ qu rv+ik 1) avb
Kk q k'q

; A
V. = 5| 2s/N z z»'fﬂ v Fij—I
m 1] uvkq,’:' ij wv

> .->-il _ +.—>-i~ +.+i +i _,->.+i +.—>j
ol (e i\(k+q) ru - e ik ru iq-r )a b +(ei Qq u - e ik ru+iq r )aibg
kaq q’

Inserting ?i = ’1:3 + —fi:' as before gives

I
= i"“" 9 ¥ gl
S ZS/NJ—-Zij iy kq {‘*Tq . vijF.,\ ;

> .-)-ij _ ->.+j_j —r.—>ij >
. ei(k q) ) e R RHT ei(q+k 2



_ [, >\ >1] i >1j > 17 > > i Lo i .
ol 1\k+q) r\) (e iq r>\ “1)e ik r>\ a+b++e1 (q k/r r ( iq rA “1)e ik
K k A
Summing v gives
. B
I+ H [fg_ > i
V. =8 ZSNJT:; .2 ) . V,.F
i t
D m i A"kq Eﬁc—l ij A
>1j > >1j . > >1j _—».—)-ij
.I'A{E-E}( 1q:ry7 gy tkeT) aﬁbi+A('21>+§) (X Ty etk Ty apby
‘ q
And
"—slzs Ly Lz e 3 il
B i3°2%kq @° 7 Tij A
nd -
_.—*:*ij > >1j e N _ > >ij
° A‘(TGE) (e 1Ty gyt Ty ibi+A(a> IE) S ML Ve S a:ba
} k k

This gives, upon using the delta function to simplify

..
v

e
=SIAZSN[-EZ zz E—Q ’\? FiJ

Pa

ifi > +1J

->
iq- + -iq-r
1~ A b +(1- A
o {(1l-e )aqq(e )qq

..._ pre ij*]
o[ o |t

—

iq r i + > + -iE‘?ij +
° (1 e A a -qb»f(lne A )aqb
q

k
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. >
From the standpoint of conservation of crystal momentum, k the
. . + .+ . .
interactions a —qb and a—q b--q could exist, but as they both violate
conservation of energy they will eventually have no effort on the

physics of the problem. So they will be dropped. Thus,

Iyt - S\[“%N L [Eﬂ- v, Fd
D m ij"A%q Jm; 5 )

ab
) qq

I- J‘""' R & L —iq-r’j +
VD S\ 28 J¥iGJ A q . Viij :(l e A )aqbq

—c

Substituting for ] in H;+ and HB‘, retaining only interactions

allowed by energy conservation.

e
I+ _ R g a4 3 ij\
A (28/N) !E it dm o VayB

-1 -] 13

Using ru = I, + r,” as before:

A

I ++ lf Sq = | 1j
V., = (28/N) |=Z,.Z . I V,.B -t
D mij va kk q F’ 5 i A TAVIE
/



> > >7) > > 1ij >, 1ij
i(k—q+k ) -iq°'r ik'r + and
x| e v(e ) -De A aﬁaz b_>
q
T - s Fx L Tos (¥1 v 13\
D |
ij uv kk qr ij uvl
_ > > >1j .21
i(k+q+k )°r ( iq ry -1) ik N aiai,b+
kk ¢
Summing over v yields after the usual simplification
I A+ 8 Sq 7 i g Rl
vy = 28 E'iJ A ﬁa - . ijBuv (e A =De™ T azaz_abg
I —- e . +>1j > >ij
v, _ ﬁ_ q9 2 Lij iq'r ik-r +
D 2S = ij A @5; . VijBuv (e A -De A akak_qbq

Dipole Sums

The hamiltonians for the dipole sums can be written

o
HD @q)a a§++b
k
+ + > +
HD = ZﬁEFD(q)aab+ >

q

H, = Z++FD(q)a s

and H_

27
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m
where H = IZI:IHD (m=0,+,_9+"’__) and

“and .
N 1]
.h e B)\ > +1j

+ - s 44

BT (ﬁ) =2s|2x, 2 [=2.9 .4 L0l @ i)™
D mij A ij BiJ*

q By Jd
These six terms contain the dipole summations as will be shown.

General Analysis Using EiJ as an Example

At this point the coefficients will be related to the dipole

summations defined as below

49 () (s
p*(,d) = L 5 3 > (r"“\i “xg ~Cas "2 eﬂifr’ij
’ P 713\ 5
pS J - J}
tr)

where ao,B refer to x,y, and Z, pS is atomic density of one sublattice

-
and % is a wavevector. First, we want to examine

+ () ! 'f_g_ > 13
ED(kq) = ZSJ-;ZijZA&E . VijE)\

;:)-ij, +.->ij

->
0 {2(1-e4" T3y 4 (71
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where 3 is the equilibrium separation of the two hexagonal sublattices
and 1 is some general wave vector. Pq is sublattice atomic density.

Inspection gives

0*% 3y = —+— 1.5 e if-% ij
1j 22 b
CRC

Operating on both sides of the equation with Vi (= d(d +) yields
ij

. . >1j
1j 1.7
Vys ij(z) ~§£§——-Zx$ij(ElJe )
g ugo,
j__-] «>.’ >
- 2 5 (3 Eij ey E§j<$i.eiz (rk+gij))

5 (?ij iJ i7- rx + 1ibij @
gy Bps

Thus

zZ _ _ Z2
%’ij 13(“ mijm = ('\7*]Lj ﬁ)nij(l’)

\ :!.I ->-:Lj

4 EkcﬁjE je

22
8ugeg

Define
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> >
Kij(E) = Vi - 18
Then
i > >1j
z2z (> ij\ if-r
K (?{)D (TQT) ——2——-2——— EA(VijE)\ ) et T

g UBD

Before entering this term into E (q,k) a 51mp11fy1ng assumption con-
cerning the phonon wavevector will be made. It will be assumed that the
phonon wavelength will be long with respect to the interatomic spacing
so that

%~>>rij or 1>>E°?ij

Taking the dot product and dividing by,wq gives

e . e 74
S4 3 I S (o T iﬂ 1%
B (“)Dzz(z) =22 I (ol ViiEa

g ughg q |

Using the simplifying assumptions concerning the phonon wavevector then

E; {ﬁ,&) becomes ‘
/ . _.—>.—+ij
£y (k3 = 28\{1’; A[r —VrijEij -2l a e T
So
: R
[Tt ) [igonfio a5 Dy ¢ e
N q N

R > ij P j iﬁ'?ij
2s\|:x Fu%'vi:l% -21q T (L + e A)

Thus



Analysis of the Remaining Terms in the Hamiltonian

Since
, -
ij (. 13 ij\ | ij j
pid 23,2 Z(ZA (1}’)\ iy pii* _ 3,22 ZA A“yx
A 2g“sL (ij\S L A 2 B Vg Ails
A,-'- -t - }\/

ij 13
yz () _ 1 39\ ke
D = — 3 - e A

ij Pq A \rij 5

A

Dy ij_1j
) - Ly ok Ed

ij! p_ A ( ijl 5

S rA/

suggests that since

- i:l Ned '*ij
(q) S lzs rzij I S" ’v’iJFA ] iq-r

and

Fr (qQ) = 8 !ZSN fi, z're v, . pid* ('i+'+ij)

p ‘4 RISt R °ry

[ I -
then
— e -1
ry @=3e"2 s [ 2sm0 r (iq r"j\ IU"&' 1K 4D} -1, ()] (o>
T I

122 B e

F(@)=58"ug S 25Np§i-n;zi ( )J.;_j.L (O)D (o>+Z (O)D

.Likewise, since
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and employing the dipole sums

Dxx(i{r’aj =;]._

|w)
<
<
=
o
]
|r--
w
-
<
> R
(A
N
1
-
P
W
()
e
=
H
> B
[l

%
N
.‘W‘{'
Bt
i
O
o
e
&
-
> H-I
e
u‘
)

in the expressions

oo
A > 1]
+(-)-+ - —'_E - f_q_ +> 13 (_ ->.+i:]) ik-r
BD kq) 28\ mzijzA F":l . VijBA iq r,7je A
e [~ ) .
. AR e
-] ) €q 13*] (—r.-*ij., -ik.r
BD\kq) = 2s\ wlis%) ol %ijB)\ | gl e A
q
le -t
gives that
gzuzp + ‘ e A 1 :
+ -»-»} - B sd b +.+ij) 2y %% (2y-210%Y (-7 () }
BD(kq — si mzij (iq r, ﬁ:'zij(k) Dij(k) ZiDij( ) 1j(_)j

) q

A e E

- 9 Fa f '
BD(K&) - _.g__u.gﬁi_% I—n-ﬁz 14 (ﬁ&"i “’q"zi ’ (—k) D’;g‘ (_-*) +21Di§(-—1€) -Dﬁ H‘?} J
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Explicit Derivatives

From page ( )

13) [ i3\ [ i\ 2 .
) = 6 > >i
aB > > 1 3(%37{-5\5; ey iSL'rAJ
D7 (L,d) —x.z,. s e
p_ A"ij ( J)
S l‘.‘>\
’ . i3 i3 (ij\Z ‘
r,o - .|
- (E)DQB(E 3) —-J;Z’Z eiﬁ-?iJ > . 3 A0 XB.. aBtl A §
ij > Py AT1] i3 {¥ij)5 )
where
ij ij ij ij .
rxi = xAJ, yAJ, zAJ if o = 1, 2, or 3 and the same for B
and
1j i i i ~ ~ ~ g _
rTJ = x J, y j, z 1. X gij’ y-ﬁij, z-EiJ for v = 1,2,3.
Define
3 23
, = L] . T .,
ij Y=1v, 1]
Y
Also
5y T s 13\ 8 (.4f , 1]
2 A(ij =2 Al -—~——Y—=————A( J) —~—.~—(r + 1,9
ij Ay Ayl \ Ay i3 ij AY ij Ay A
ar ot 3y or
Y Ay Y Ay Y
- __L iJ‘)
M
Thus

. ij 43 _ ij\2
+ij . 3 § (r )
aB _1 3 4f.T d rm A8~ Capr )
K (z)n (EE)DzAzijz e A ty ijL (13)5
r ry
Dropping the 1,j, and A subscripts for the time being will simplify the

math.
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e
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r5 3(6arr8 GByroc> Zdasry] r7 LBrarBrY Gocsry ‘}

e

Tabulation of Results

Dze‘y(jz,g) where a,B8,y = P(x,y,z) and P = permutations.
A o(5,3)
. ij :( iJ) 3
1 o{%,3) = Ly s LS e W
AV Py Y 1] (rij) 5 (rij) 7
A A
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i 3y 15 (x
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e
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\ e

13 132 _1j
.y |32 15 (x z
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z b _oA*13 13\ 5 13\7
s r)\ r.A

Y
N 13 (11)2 13
+> >14 3x 15|y x®
i) DYY("L’E,E‘ = =3 ek Ty A 2 }\}
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> 213 | ooyt 1s(yH)
1i) D;'Y(i:,a') = pl zkzije]Lk r A (Ei;))7
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, ij ij}, i3
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Symmetry Considerations

The coefficients on page (28) are evaluated by summing over the

two hexagonal sublattices of Gd4Cl

30

Here the assumption will be made that the c-axis or z direction

components of the phonon and magnon wave vectors will play the dominant

role in heat transport and that to a first approximation

iqer

ij ij
ij ik ry N .

- oikz
A

and e

= iqzij
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Define a term Tzs(riJ) by
. > i
zs(k 3) o g, 1Bk Ty

"A ij7y

where Dss(ﬁ,g)'ié the "derivative" of D*F(%,d), that is,

0‘B(k & = “B(k Z) - ik, p*® (k d)

Y

Also define a term

) A ) ij
I“B(ﬁ,E,E =1y 1qzij 7B (p1d) (ikz,
y Py A 1] ®a" Ty Yy \'y

To this form, then, the symmetry operations will be employed to simplify.
The y subscript refers to the phonon polarization.
Some operations which leave the crystal invariant are
i) reflection through the yz plane (x>-x)
ii) reflection through the xz plane (y>-y)
iii) refelction through the xy plane (z+-z)
iv) 3-fold rotation for the crystal
a. 6n fold for various layers of the xy planes of first
sublattice
b. 3 and 6n fold of various layers of xy planes in second
sublattice
Inspection rules for the first sublattice are
13 ana yij will vanish. This includes

A
products of xij and yij with zAj

i) Any terms linear in x

or powers of ziJ.

ii) Any term with bilinear forms x jy j, including those with

products of powers of zij, will vanish
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iii) Squared terms like (xij)2 and (y;J)2 can be replaced by %

where m denotes the fold-ness of the rotational symmetry

for the class of atoms with the same values of ziJ and
ij '
ry".

iv) Reflection in the xy-plane.

g 1j . ij . ij y .
3 13) ontl ikzid (13 )2n+l ke qkzt (13)2n+1 1j
A(ZA e A Zz zy (e 3 -e A )—21151 z) sin kzk

. . 1] . 13 : .
g 13_ ( iJ) 2n, ikzld —ikzd ( )Zn ( 13)
ZA N 2neikzx Zz\z (e A +e A )—Zilgl Zz cos sz

2 i

v) Trilinear terms like xiJ(yiJ) and Yy ;3)2 will vanish.

Inspection rules for the second sublattice are
1) Rules i through iv for the first sublattice are valid
for second sublattice
ii) Trilinear terms vanish under 6n-fold rotations, but for
3-fold rotations this may not be true.

The forms of interest will be

When the x-axis is taken through a line of atoms in first sub-

lattice then the angle between that line and the projection on the xy



plane of the line through a string of atoms in the second sublattice

can be chosen to be 300.

(a) Z)\xi = pX 22 o::osB(z—I:;11 + ¢) 9}3{ =0
3 3—folé m=0

(b) Zkylxi = L pizz cps2 (Z%E + ¢) sin (2%£,+ ¢)
3 3-fold * m=0 |

m=0

_ 3.2 . 2mm a3 (Zmn )
= ZAQAZ sin (————3 + ¢) sin =3 + ¢ }

The sin (%%-+ ¢) term vanishes. sin 3o = 3 sin a - 4 sin3a

-2.035% —gind(ZmT ¢
¥2* o 3

z pizz (-2 sin (EEE + ¢) -1 sin 3 (Zﬂﬂ +
3 m= +0

3A 4 3

22 sin (2mn+3¢)
3 m=0

S

Thus



(d) nyi =z 322 s:Ln3 (2‘-—~IE + ¢)

ij )3y 2z 15 (xi
s A A i A A
I""(q,ﬁ,ﬁ) ”ij’m(ea‘ y)(iq/ps) elkz A =

A

1) is "izij
N A ij) | 4s

Z)‘s (e?{ Y)( iq/ps)[Zi sin(kz}\ g 4 rij 7

2nd sub - A
3 4j
= - 439 ;-»oA) b} D)\Z)\ sin(kzij>
b, \"37) g 3)7 A
2nd sub A

Where 2A3 sums over 3 fold atomic sites in the 2nd sublattice.

The coefficients on page (19) expressed in terms of the I's are

E;(Ksa) = - - g qu S\I mwq %Izzco,q,g) + IZZ ﬁ,&’i@
EB(E,-CT.E) = % 821180 5 ‘h é]:zz(o’;sg) + Izz(-ﬁ’a’g)}
] l"'—" Y Y ’
mwq
3(5.3.3) - § e, 3] @32“’3’3 " Ii"“ﬁ’g’g’}

40
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D

-z > 1 2 .2 h yz zZx, >
FD(k,q,ZI) =7 8%, 5 b {11 (0,0,d) + 17 (p,q,ﬁ)}

mwq
-{> > 1 2 I '
BD(kiq’E) = - Z gub ps 5 ;ﬁkul)—q_ {[};X +,q’3) + 21lxy( k’q’g) + Izy(“i:’a’a{)}

where y=x,y,z.

1 2 2 ‘Yl‘ XX, > ,xy-—>—>a) vy & >
== 2 - ,3,d) + 1Y (k,q,d
) 7 8 HBp_ 5 {Iv ©q,d - 417 &q,d + £V &, )}

The non-vanishing terms in the coefficients are

o z
Ixx(+,K) = 42—5—9'— (e y) A >‘2 sin (kz)
Y ps 4 3 fold or |r )
2nd subl. ' *
ijl2 ijy27 ij\2
IXX(E IE) = - giﬂ(é -2) Iz 3(2") - lsm(pk) (z ) cos /kziJ)
z \& o 13 13\ 5 13\7 (<2
s z>0,p 6) 2(1')\ )

13)2 [ 13} Zl
A 9(z ) 15{z"| / \
I:z(:l*,ﬁ) = - -Z—ii<e *z) X Zij i)\ 5 ijx7’ cos (kziJ)
Pg M d z>0,p rAJ) (rx ) _J
xy(+ 2| _ xx(+-+)__ xx/—>+)
Ix (-:lsk) Iy q,k Iy i\CI»k
ij)z 2( i 2
yz(+ > - g_j_-ﬂ A .A 3(Z>\ _ lSmD)\ Z)\ cos kziJ\
Iy Bk o \3q'Y) I i V75 1377 A
s z>0,p rAJ Z(r !

Thus for GdCl3 there are four basic types of non=vanishing terms which
give coupling between the phonon and magnon systems. The phonon polar-

izations in the x direction only involve one magnon-one phonon
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interactions. Y-polarized phonons couple with spins to give terms like

aab+ and a+a+b as well as a+b and ab+. Longitudinal phonons interact

giving isotropic terms like a+ab and a+ab+. Also longitudinal phonons.

give non-vanishing coefficients in D:X(K,g) and Dzy(ﬁ,g) but since these
> > 3 .

subtract in the terms BD(k,q, ) they will exactly cancel, thus giving

rise to no contribution. This leaves three terms to be summed over the

lattice. This will be done next via the Ewald transformation.



CHAPTER III
COMPUTATIONAL RESULTS
Ewald Sums

The numerical evaluation of the slowly convergent lattice sums is
greatly facilitated by the use of the Ewald transformation. The dipolar
wave sums have the general form

2

- 3rars—6a6r (-)- —>>
= exp| k°'r

p*B (12,3) = 5—1; ?=%+3 YS

where R sums over one sublattice with density Pys aﬁd the prime indi-
cates that the origin is to be omitted if d = 0. The Ewald transforma-

tion give, for any 08,

—
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where (tam(x) = f Bme-sxdx and is related to the error function by
1
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The dipole derivative expansions in the hamiltonian exist as dif-
ferences of two terms,

z;,Lj +1 (k+q> “B<k+q> Alj(K)D“B<K)

-

-

where if i = j then d = 0 and if i # j, d = d

The difference, in terms of Ewald expansion, becomes

BsOY, @ BY) LY asl - 2 dkz
§ $ 6 0 K ] ze
iJr—§+ E 3/2

- [3rar8-6u8rgl(20ryz’ ¢512 {crz) eikz

o,.B8.Y 2
= 4w pX g--g——g-—exp -E iq-d
§3++ 2 4o
=Q-k+q
© 0By 2
I e el exp(_g_ua.g
§3+ G2 4o
=Q~k

405/2

for the yth component (y = x,y,z) and C =
3Vr1'r-ps

All non-vanishing terms can be considered by finding the sums for
the three terms D;cx’ D:z, and D:Z . The term D}Z{z will not be summed as
it occurs in the matrix element of one magnon-one phonon processes
which are not considered here.

Since the sums in the perturbation expansion involve not dipolar

terms but derivatives of dipolar terms then the transformation is of

the form

X?Aij (‘E)DOLB(K’;;) =
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where r' = X,y, or z for Y= 1,2, or 3 respectively.

The expression for D};x and Dzz are evaluated from the forms
xx+—$‘\_ xx (> > _xxf—+)
Sy (k,q,a*’; Eij{]iy (k,q,g) Dy \k,g}

512§ . ;
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where only the term linear in the reciprocal lattice sum has been

evaluated. Likewise for Dzz:
2Z (> <> _ Z2Z[> > <> - 2z >
s> (k,q,a‘) = zij€z (k,q,dij) D? (k,E)}
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where 6 is the reciprocal lattice vector.
In the sum s;x(ﬁ,a,ﬁ) the term with the form yz vanishes and the
trilinear term x2y vanishes for all but three-fold symmetry. This can

be thus written

4o - [
s;‘x(ic*,é,a’) = iq z (—9cp22¢ (orz) sin (3¢) sin kkz /
3mo | paz,s0 5/2

2 2
—+%6(Qp+ Qz—k) /4o

x 21'n;0 cos (depcos(¢'+2ﬁn/%D'+isin(depcos(¢‘+ Z%g))

x(costdZ+ isinQZd;nosz(\ll + »—Z—%Il)sin (‘P + —2-%?:} e_Gz/40

where the double prime indicates tﬁat the sum is over second sublattice
atoms which have 3-fold symmetry and ¢ is the smallest angle that any
atom makes with the x-axis. See Fig. 4. p 1is the distance of the ion
from the symmetry axis. The reciprocal lattice sums over planes of
atoms at a time where Qp is the site distance to the symmetry axis and
QZ is the distance of the considered plane from the origin plane. The
sum over n counts ions of same Qp value around the symmetry axis where

¥ is the smallest angle that Qp and dp. The distance between the sub-

lattices is d = /dpz + dzz.
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Figure 4. GdCl3 Direct and Reciprocal Lattice
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Similarily

5/2 .

zz (> > 2| _ 4o 2 ( 2) 2( 2_2 ( 2) (k'

s, Ck,q,d) = (iq) r D3 bz ¢3/2 or ) 20z |3z r{)¢5/2 or”) mcos 7
3 LR ,

3| -¢%/40 18-3
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Each of these terms was numerically evaluated using direct lattice
points within 228 and reciprocal lattice points within 3.8271 of an
arbitrarily chosen origin in the crystal. The ratio of the contribution
from the most distant points to the accumulated contribution of the re-
maining points was less than 10—6, indicating satisfactory convergence
of the sums. Repetition of the sums for slightly different values of
o produced practically identical values for the terms like D;x through-
out the Brillouin Zone and for Dzz two-thirds of the way through the
Zone. For larger valueé of the magnon wavevector and the sums of D:z
become quite large and variation in o produces notiéeable variation
in the sums. As to be expected, the dipole sums vary with magnon wave-
vector continuously through the Zone as illustrated in Figs. 5 and 6.

Rough fits to the k dependence are included in the diagrams.
Relaxation Times

The relaxation times have been calculated from the matrix elements
of the perturbation hamiltonian by a standard three boson calculation.

It is
2
_!._ - tha1k~ IJ I
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where

2.2 h N 44 2
IJpI 5 (;;“jg wegd,

where k is the magnon wavevector, q is the phonon wavevector, Vq is
phonon velocity, wq is angular frequency of phonon, m is the mass of one
sublattice, and Dp is the dipole sum for the particular process p.

The coupling coefficient is defined as

1_¢ Kq_
T Pl v e
p q 4

For isotropic processes‘this is

2 1 2(h \4422
7=z ( )g Mg%sP1

|J
1 mv

where u, is the Bohr magneton gg is Lande g factor with the value of

B

two, and Di is the dipole sum for isotropic processes. Since

mely |Ted
2" "xtal mGd+3mCl
where p is mass density and Moy and m,, are atomic masses of Gd and Cl,
and 1 p

P, = T 5
s Vc ZImGd+3mCd

where v, is the volume of the GdCl, unit cell, then

3
2 4 4 2
578 ugpD -
Ci =50 ﬁ iBm = (1.641x1020)x600[2-cos 2“(k6gé23444)
Gd( Gd Cl) ’

And for the anistropic process

This gives
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§2g% o2 |
¢, = Tt = 4.104x10"° (163. 3k)
o ("ed™3mc:)
where S = %3 g =2, U = 9.274x10" 21, o = 4.54, myy = 2.6x10"22,
23

mey = 5.88x10 ; and the rough fits to the dipole sums are

Di = 600 [;-cos 2ﬂ£k—gé8344;]for the isotropic case and Di = 163.3k

for the anisotropic case. With these coupling coefficients the
thermal conductivity of the system is modelled, and the results are

given in the next chapter.
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CHAPTER IV
MODELLING THE THERMAL CONDUCTIVITY

For a system dominated by phonon conductivity the thermal con-

ductivity is usually modelled with the Debye-Callaway int-egral2

/T
3 4 x
- q (kT ) X e
A 2 B Tp x .12 dx
4y e -1

P 0 /
where vp is the phonon group velocity, Tp the lifetime of the phonons
for various processes, T is absolute temperature, q is phonon wave-
vector, 6 is the Debye Temperature, k is Boltzmann's constant, t is
Planck's constant divided by 2w; and the variable of integration is
related to the above by the expression
Ho
x = —1
kT
where wq is the angular frequency of the phonon with wavevector q.
The phonon lifetime, also known as the relaxation time, characterizes

an effective rate which is given by the sum of the rates for the

particular scattering processes. That is

The major processes considered are point defect and umklapp
scattering, both of which are important in the high temperature region.
At lower temperatures boundary scattering and modulation by the spin

system both contribute to the phonon relaxation time.
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A basic assumption underlying this model is that the individual
scattering processes are independent of one another; and this gives
rise to the algebraic additivity of the invefse relaxation times,‘
which for each process is found in general to be frequency and tem-
perature dependent. ‘An example effective relaxation time would ha&e
the form

1

T =v/L+Bw+Aw4+EDe" /XT+c]m2T
eff P .

where w is phonon frequency and A,B,C,D,L and x are numerical parameters.
The four terms would modél, from left to right, boundary, dislocation
point defect and phonon-phonon scattering. This relaxation time is
employed to fit a curve to the experimental thermal conductivity of

a relatively pure crystalline insulator. Magnetic effects and defect

or phonon scattering will show up as additional relaxation times that
may depend on external magnetic field.

The thermal conductivity of the phonon system alone was obtained
by taking measurements on the crystal while it was immersed in an
external magnetic field which was strong enough to force the atomic
spins into a state of such high minimum energy of excitation that
there were no interactions with thermal phonons.

A satisfactory fit to the measurements for zero field using

the Debye-Callaway model can be written

8/T
2 4 x
e () [ e
217y P (e -1)
P 0
where vp is the average sound velocity, 6 is the Debye temperature,
extimated to be around 155K10 which gives vp = 3x105 ;EE .

The relaxation time was obtained by adjusting the parameters A,B,C,
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D,L and x for the best fit and is written

T;l = vp/0.4 + 1.4x107%% W% + [5.0):10'18 exp (-6/3T) +

1.5x10”19] wZT,

where the separate terms model, from left to right, boundary, point
defect and phonon-phonon scattering. Magnetic effects are not included.
The measurements were then repeated under zero magnetic field condi-
tions to display the effects to the spin»system. These results are
shown in Fig. 7.

The calculation of the thermal conductivity using the relaxation
times for the two magnon-one phonon processes predicted a curve repre-
senting a much lower thermal conductivity than was measured. This
suggests that the interactions considered predict much heavier damping
of the phonon system than is observed.

This may be due to overestimation of ;he coupling by considering
6n1y propagation of carriers in the z direction because couéliné may
be much smaller in the other directions.

It is somewhat surprising that the estimation of the coefficients
would lean to larger values than those the thermal conductivity indi-~
cates, especially in the case of anisotropic interactions which are

governed by three-fold symmetry of the lattice.
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CHAPTER V
IMPLICATIONS

The most important result of this calculation was to show that
dipole interactions are important and can account for the thermal re-
sistivity in the ferromagnetic phase.

The estimation of the spin-lattice coupling coefficients by a first
principles treatment of the magnetic dipole contribution to the relaxa-
tion for magnons and phonons propagating along. the c-axis somewhat
overestimates the thermal resistivity in zero magnetic field. The
temperature dependence of the thermal conductivity nevertheless closely
resembles that observed experimentally even though the overestimation
of the coupling coefficients causes the magnitude to be small.

It will be of interest to examine the magnetic field behavior
in terms of similar relaxation time calculations of thermal éonductivity
at various temperatures and to repeat this calculation for other direc-
tions of phonon and magnon propagation. Also, experimental thermal
conductivity measurements on other ferromagnetic insulators with strong
dipole coupling of spins would allow further investigation of the

effect of the magnetic system on thermal transport.
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