A THREE LEVEL ASYMPTOTIC ANALYSIS
OF MINIMUM ORDER B-TREES

By
JOHN HENRY %AY
Bachelor of Arts
Cameron University
Lawton, Oklahoma

1975

Submitted to the Faculty of the Graduate College
of the Oklahoma State University
in partial fulfillment of the requirements
for the Degree of
MASTER OF SCIENCE
July, 1977



_The.SlS
1977
RaL3t

Lop. Ao



Z00MA STy
AERETSTON

© UNIVERSITY

A THREE LEVEL ASYMPTOTIC ANALYSIS
OF MINIMUM ORDER B-TREES

Thesis Approved:

N THN

o
v 7
Dean of the Graduate College

989230

ii



PREFACE

This thesis presents a three level analysis of the asymptotic be-
havior of minimum order B-trees. It is hoped that this analysis pro-

vides insight to the asymptotic behavior of B-trees.
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providing the foundation for this analysis, including the instruction,
guidance, and interest he gave toward its completion.

I am grateful to Dr. G. E. Hedrick III and Dr. J. P. Chandler for
providing a scholastic atmosphere in which it was a pleasure to learn.

I am indebted to my parents for providing the patience, considera-
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CHAPTER I
INTRODUCTION

One of the ways to represent ordered Tists of data is through
trees. A tree is defined by Knuth (3, page 305) as a finite set of one
or more nodes such that there is one root from which the other nodes de-
scend, and each of the descendents is a tree. These descendents are
called subtrees of the root. The node structure can be considered to be
the key by which the Tist is stored, the information surrounding the key,
and the pointers to the nodes descending from the given node. The point-
er may be a symbolic pointer which is the value of an index, a relative
pointer which is based on another address, or an absolute pointer which
contains the address in memory of the item. The number of subtrees de-
scending from a given node is the degree of that node.

B-trees are one form of trees with good search characteristics. A
sample B-tree node is given in Figure 1. B-trees are uniform depth
trees (6) in which all leaf nodes lie at the same level. They are of
uniform depth in that the graph theoretic distance to any leaf node from
the root is the same. A B-tree (1, page 15) is a tree in which every
node has less than or as many descendents as the order, the root has at
least two descendents, a non-leaf node with k descendents has k-1 keys,

and the minimum number of keys is m-2 where m is the order.
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Figure 1. A Sample B-Tree Node

The order, m, of a B-tree is the maximum number of descendents
from a given node, and the maximum number of keys in a node in a B-tree
of order m is m-1. Insertions occur at the bottom level and when a key
is inserted into a full node, the node splits and the middle key is
propagated to the next Tevel. A more complete discussion of B-trees is
given in Knuth (3) and Davis (1). Since insertions occur at the bottom
level, the levels are counted from the bottom level up. The bottom
level is level 1, the nodes the bottom Tevel nodes descend from are on
level 2, and the nodes above them are on level 3. A minimum order B-
treé, referred to as a 2-3 tree, is one with a maximum of two keys and
three descendents in a full node. Figure 2 represents a full 2-3 node.
In a 2-3 tree with n keys there are n+l external nodes at the bottom
level representing null branches. The analysis presented in this

thesis is based on minimum order B-trees.

P] K] INFO P2 K2 INFO P3 K3 INFO Pm—] Km—] INFO Pm

Figure 2. A Full 2-3 Node



The n+1 external nodes at the bottdm level can be characterized by
the configuration of nodes that they descend from. The state of an ex-
ternal node is the type of tree which it descends from. Figure 3 repre-
sents a third Tevel tree and there are twelve external nodes represented
by triangles which reside in this state. The analysis done in this
thesis determines the behévior of 2-3 trees for fhe asymptotic probabi-
lities of a given state occurring. The probabilities become asymptotic
upon iterating to a stable level. These probabilities can be used as
a relative measure to determine the performance of 2-3 trees. Upon
determining the asymptotic activity of certain classes of external nodes
the results are used to compute storage, utilization, and maintenance

characteristics.

X X X

VANEVAN

X X X X0 |1 X X

VvV V mgwww

Figure 3. Sample Third Level Tree
(X values represent
different key values,
and v represent the
external nodes.)




CHAPTER II
FOUNDATIONS OF THE ANALYSIS

The analysis done in the "Theoretical Foundation" is based upon the
classification of external nodes according to the nodes that they de-
scend from. The analysis determines a set of external node states which
represent a particular one, two, and three level tree for one, two, and
three level external node state classifications. The external nodes in
Figure 4 would be classified as to the external nodes descending from

the second level root. A B-tree is built from the bottom up, hence the

levels are counted from the bottom up.

Level 2 X[ X

Level 1 XX X Xl X

External <7 €7 1% €7 <7 %7 %7 %7

Figure 4. Example of Second
Level Tree

_Ektekna] nodes may be classified into states according to the type

of subtree from which they descend. If the asymptotic probabilities for



the states of external nodes are known,.the number of one key and two
key nodes can be ascertained from the configuration of the trees repre-
sented by each state of external nodes. Hence, by knowing the asymp-
totic probabilities the utilization can be computed as well as other
information related to the behavibr of the trees. The utilization is

defined as (5, page 21)
Utilization = # KEYS/# KEY POSITIONS AVAILABLE (2.1)

Considering the types of nodes as the first level, the nodes can be
groUped into two classes (6). There are nodes with one key with two
state one external nodes descending (see Figure 5). The remaining key
position is unoccupied and the pointer field is inactive. The other
classification of external nodes has a two-key parent with three, state
two, external nodes descending from each level one note. The frequency
of splitting at the bottom Tevel is relative to the number of insertions
into the Tevel one nodes which are full. If the relative frequencies of
state one and state two external nodes are known, the utilization for
level one can be computed. For each one key, level one node there are
two, state one, external nodes and for each two key, level one node

there are three, state two, external nodes.

State 1 X State 2 {{X | X

v G

Figure 5. Two Types of Bottom
Level Nodes




To analyze the second level in the following section on the "The-
oretical Foundations" it is necessary to determine the possible arrange-
ment of nodes on two levels. The 2-3 levels are counted from the
bottom up (6) in this thesis and the second level external node classi-
fications are based on combinations of second level trees. The root
node of the tree from which the second level, state one external nodes
descend has one key, with two first level nodes as descendents and from
each there are two external nodes. Hence, there is a total of four
state one external nodes. If the second level node has one key and has
descendents at the first level, a two key node and a one key node, the
external nodes are in state two. From Van Doren (6) the order of
occurrence of the bottom level nodes is unimportant. The left branch
of the second branch can be the one or two key level one node. If two
second Tevel trees are considered having five external nodes each but
with one having a two key bottom level node descending from the left
branch and the other has the two key descending from the right branch,
the external nodes of both trees are considered to be in state two (see
Figure 6). These "mirror images" are in the same state with a mapping
of the Targer level one node to the left subtree of the second Tevel
node and the smaller first level node to be the right branch.

If a key is inserted into a tree with state two external nodes,
one of two alternatives can occur. The insertion can be made into a
full bottom Tevel node or into a one key bottom level node (see Figure
7). If the insertion occurs into the one key bottom level node, the
resultant node has two keys. Hence,the insertion results in six,
state three external nodes for the second level. If the insertion

occurs in the subtree with the full bottom level node, a split occurs



Level 2

Level 1

External <L J7

Nodes

Level 2

Level 1

External
Nodes

\

Figure 6.

Second Level External Node Classifications

X X X. X X X X X\ X X X X
%i% AAAAA %¢$ A
State 1 State 2 State 3 State 4
XX X1 X X1 X
o\
X|| X ,X X X| X X X X X X X\ X X. X
Y ivvvv 2 %%&%é@v£vv$@
State 5 State 6 State 7



and a key is propagated to the second Tevel. This forces the second
level node to have two keys with three one key, bottom level descendents
having a total of six external nodes. Thus a state four external node
descends from a two key grandparent and a one key parent. If an inser-
tion occurs in the tree with state three external nodes, a split is

forced and the transition is made into seven state five external nodes.

B -0

Figure 7. External Node State Trans-
formations Occurring
upon Insertion into a
Given Level Two Tree (6)

Second level trees with seven external nodes are considered to be
in state five. As in Figure 8 a state five second level tree is con-
sidered with the 1arge§t bottom Tevel node to be the left subtree to
avoid the redundancy of mirror images. If an insertion occurs in a
state five, second level tree, as in Figure 9, two resultant trees are
possible. The key could be inserted into one of the three external
nodes descending from the full bottom level node or into the four exter-
nal nodes descending from the two one key bottom level nodes. If the

insertion occurs and two state one second level trees are created. When



the insertion occurs in one of the other two first level nodes, a state
six second level tree is created. The mirror image redundancy is
avoided by mapping all second level trees with eight external nodes into
state six. The bottom level nodes are identified with the largest on
the left, the next to the largest in the middle, and the remaining nodes
on the right. Insertion into a state six second level tree implies
either the creation of a state one second level tree and a state two
second level tree which occur when a bottom level node splits or the
transition to a state seven second level tree with nine external nodes.
There are seven unique classifications of second level trees. The
utilization can be computed by knowing the asymptotic probabilities of
occurrence of each of the seven external node states. By knowing the
asymptotic probabilities of occurrence the number of keys and the number
of nodes can be deduced; hence, the utilization can be computed. By
khowing the relative frequencies of occurrence of each of the states

the splitting characteristics can be computed by decomposing the states

into one and two key nodes for the two levels.

Level 2 X1 X X1 X XX

X X X X X X

Level 1 X XH X

X X X
SRR R A T 3

Figure 8. State Five Second Level Trees, with Representative
State Five Tree on Left
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Level 1

External i& J? K&Y& Q&

Nodes

\ 1/ [\

>

X|{| X

X X X X X

1

v vvvY %iv%

(Resultant Trees)

State Five Second Level Tree with Insertion Position
Indicated by Arrow

Level 2

Level 1

External Q7 vV V

Nodes

L\

J
1

Insertion Symbo

Y VAVAVAVAVAVAV,

(Resultant Tree in State 6)

lized for Either of the One Key
First Level Nodes

Figure 9. Insertion into a Second Level Tree

10



11
Third Level State Classification

A given three level 2-3 tree may be considered to have a left sub-
tree, a right subtree, and if there are two keys at the third level, a
middle subtree. One way of classifying the external nodes descending
from a third level grandpafent is by considering the second level sub-
trees that are branched to by the left, right, and middle branches of a
third Tevel node. For the states with a grandparent with one key there
are seven possible values for the left and right subtrees. The number
of combinations of two objects taken from a set of seven objects where
order is unimportant is

|
'2‘“!“("‘5‘77'-2 r= 2l | (2.2)

This value is incremented by the seven combinations of equal Teft and
right subtrees which sums to 28 states descending from a grandparent
with no middle key. The first 28 states are each uniquely determined
with the larger subtree to be from the left branch of the third level
node. The middle branch is either null or points to one of the seven
combinations of two level subtrees. Since there are a total of eight
possibilities for the middle branch, counting the null case, and 28 com-
binations for left and right‘subtrees, a total of 224 states (8- 28) for

classifying external nodes of three level trees may be used.
Theoretical Foundation

The method of analysis for the first and second levels is used as
the foundation for the third level. This technique of analysis is from
Van Doren (6) and Mitchell (5). To analyze the first level there is the

assumption that the external nodes represent equally likely targets of
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insertion, a random insertion éssumption. Let the probability of a state
one external node by p(n) for n external nodes and the probability of a
state two external node which descends from a two key bottom level
parent be q(n). These probabilities represent the fractions of external
nodes in the respective states. If there were n external nodes prior to
insertion, there would be n+1after insertion. Upon inserting into a
state one external node the parent becomes full, and there are three new
state two external nodes. A loss of two state one external nodes (two
times p(n)) and a gain of three state two external nodes (three times
p(n)). If an insertion occurs in a state two external node, the parent
was full and subsequently splits. This results in the Toss of three
state two external nodes (three times the probability of a state two
external node, q(n)) and the gain of four state two external nodes (four

times q(n)).

1

(n+ 1)p(n + 1) = np(n) - 2p(n) + 4q(n) (2.3)

ng(n) - 3q(n) + 3p(n) (2.4)

(n + T)g(n + 1)

These are the difference equations for the Tevel one analysis with the
probability of inserting into a state one node, p(n), and the probabil-
ity of inserting into a state two node is q(n). By dividing through by

(n + 1) the difference equations become:

pn + 1) = 0220 pny 4 2 q(n) (2.5)
g(n + 1) = 023) g(n) + 3~ p(n) (2.6)

The matrix form is given by:

S|s
+[1
=]
+
—

(p(n + 1), q(n+1)) = (p(n), q(n)) (2.7)

=
EYES
W
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From Mitchell (5, page 14), the genera]Aform of the equation is:

Spe1 = S,*T(n) | | (2.8)

where S and Spe1 are the probability vectors and T(n) js the transition
matrix.

From Van Doren (6) T(n) "represents a stochastic transition matrix
for a two state nonhomogeneous Markov chain" and an asymptotic solution
to Equation (2.7) may be determined "which is independent of the initial
frequency or probability." The Timit of (p(n), q(n)) as n approaches
infinity is (p,q) where p + g = 1 and (p,q) must satisfy Equations (2.5)
and (2.6) where the dependence on n is deleted (6). In matrix form the
limiting probability yector satisfies

S = $*T(n) (2.9)
for any n. In other words the limiting probabi]ity vector is the left
eigenvector corresponding to eigenvalue 1.0 and where the sum of the
components is 1.0 (1.0 is necessarily an eigenvalue because the row
sums for the transition matrix are 1.0).

From Mitchell (5, page 18) by solving Equations (2.5) and (2.6)
algebraically, the result is:

((n-2)-p)+4-q=p-(n+1)

(3.p) + ((n-3)-q) =q-(n+1). (2.10)
By solving algebraically the result is:
4-9=23-p, (2.11)

and fromp + q = 1:
qg=1-p. (2.12)
Therefore, the values for p and q are:

p=4/7 q = 3/7. (2.13)
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Second Level Analysis

To expand the analysis to the second level it is necessary to ex-
pand the difference equations for the seven state second level mode.
From Van Doren (6) this analysis is based upon establishing the differ-
ence equations and determining the common left eigenvector of the

sequence of transition matrices. These equations (6)
(n+ 1) *py(n) = n*py(n - 1) - 4*py(n - 1) + (24/7)

* psﬁx-'l+ 3*p601- 1)4-8/3*pqh1— 1)

(n+1)*py(n) =n*py(n - 1) - 5py(n - 1) +5*%p,(n-1)
+ (15/7) *pe(n - 1) + (10/3) *p5(n - 1)
(n+ 1) *ps(n) = n*ps(n - 1) - 6*ps(n - 1) + (12/5)
* Pz(n = 1) + 4*py(n - 1)
(n+1)*py(n) =n*py(n-1) - 6*p,(n - 1)+ (18/5)
* po(n - 1)
(n+ 1) *pg(n) = n*pgln - 1) = 7*pe(n - 1) +7*(pg(n - 1))
+ pgln - 1)
| (n+ 1)*pg(n) = n¥*pe(n - 1) - 8*pg(n - 1) + (32/7)
* pg(n - 1)
(n+ 1) *p,(n) = n*p,(n - 1) - 9%p,(n - 1) + (1/4)
* pe(n - 1). (2.14)

represent state transitions with the appropriate probabilities propor-
tioned to reflect the fraction of external nodes which would cause a

transition to this state if there is more than one transition state
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possible. The probabilities for the second level (6) were computed

algebraically. From Van Doren (6) in Figure 10

State Probability

1656/7991
1980/7991
5472/(7*7991)
7128/ (7*7991)
1575/7991
800/7991
180/7991

N OO g w NN -

Figure 10. Second Level
Asymptotic
State Pro-
babilities

the asymptotic state probabilities for the second level are computed

using the seven state second level model.

Application of Analysis Technique

to Third Level

To determine the asymptofic state probabilities at the third level
this method of analysis used at the first and second levels is applied
to the third level. The difference equations are established for the
various states, the fransition matrix is established by mapping the
source states of the transition to the largest states of the transi-
tions, and the solutions are determined. For the third level analysis

the asymptotic solution is found by the iterative technique, the Power
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Rule (7, page 289). By choosing an initial value for the external mode
count a transition matrix can be found, which is unique to that external
mode count. An initial approximation is then given to the probabilities
which correspond to the eigenvalue one. Then by multiplying the proba-
bilities times the transition matrix, a new approximation is determined
for the probabilities. The Power Rule states thét given a sufficient
number of iterations, convergence is réached. This corresponds to the
stable state mentioned by Mitchell in the level one analysis. Aside
from considerations given to the magnitude of the number of states the
analysis is based on the first and second levels. If the asymptotic
fraction of external nodes can be determined for each class, then a mea-
sure of the behavior at the asymptotic level can be observed from the

utilization, the splitting probabilities, and a frequency analysis.



CHAPTER III
DETERMINATION OF THIRD LEVEL PROBABILITIES

The Relationship Between Third Level Analysis

and Second Level Behavior

The third level states are defined in terms of combinations of
second level states. When an insertion occurs into a middle, left, or
right branch of a third Tevel descendent, the transitions reflect the
behavior of an insertion into a second level branch. Since the behav-
ior of secoﬁd level nodes upon insertion is already known, the inser-
tions into third level states reflect merely a combination of second
level actions proportioned over the fraction of external nodes which are
in the given second level state. The complexity of the analysis is re-
duced by mapping the third Tevel states into second level branches, per-
forming the transitions at the second level, and then mapping the

results back into the third level.
Third Level Analysis Concepts

The third level analysis (6) is based on the first and second
levels. A given third level state can be decomposed into second level
branches. From the preceding section on the third level the mirror
images are considered and this redundancy is avoided. The third level

is analyzed by setting up the difference equations and by iterating with

17
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the Power Rule. The results of the thifd level analysis are used for
further analysis.

The establishment of the difference equations for the 224 states
requires analysis of each of the states to reflect the changes which
occuf upon insertion. When an insertion occurs into a state one third
Tevel node, in Figure 11, there is the creation of a state two third

level node.

Level 3 X ' X
Level 2 X X X X
/\ VA NVAN
Level 1 X X X X X il X X k X X
YOVY VYV GG b by b

External Nodes
State One State Two

Figure 11. The Transition From State One to State Two

The full bottom level node is mapped to the most left branch re-
gardless of the point of insertion. Hence, in the transition matrix
there would be two entries. There would be an entry for the number of
nodes lost to state one (eight) in the difference equation for the state
one third Tevel probability and an entry in the state two third Tevel
node difference equation to reflect the gain of nine external nodes upon

insertion into state one nodes. When the insertion occurs in a third
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level state having two key bottom level nodes and one key bottom level
node, there are several possibilities. If the insertion into the two
key bottom level node propagates a key to a two key second level node,
it would force the creation of new third level nodes. The result would
vary according to which bottom level node is the target of insertion as
to which level three state is formed. The probabilities in the target
states are proportioned as to the fraction of external nodes which re-
sult in the transition to the giyen state times the number of external
nodes created by the insertion. The first 28 states are analyzed initi-
ally as to source and target states after insertion for an insertion
into the Teft branch and the right branch. Then the remaining 196
states are analyzed fbr insertions into the middle, left, and right
branches and proportioned as to the percentage of external nodes resid-
ing in the second level branch.

After establishing the difference equations the values are initial-
ized to start iterating by the Power Rule. The Power Rule (7, page 289)
states that for the sequence of vectors S(k) and S(k+1) where k is the

number of multiplications and for some matrix A related such that

S(k) = S(k+ 1) *A (3.1)
there exist values for the vectors such that

S(k) = S(k +1) as k » =, (3.2)

This is the eigenvector which is the asymptotic solution. Then the

transition matrix is mapped with the values of the same state transi-
tions. The same state transition reflects the transition to a given
state from the previous value of that state for the previous external

node count.
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After establishing the initial values for the external node count
and the probabilities the solution is obtained by iterating. The Power
Rule does not provide the theoretical basis for the existence of a solu-
tion. The Power Rule does provide a practical means for determining the
asymptotic solution when there are a large number of states. The con-
vergence values are determined by taking the absolute values of the dif-
ference between the present probabilities and the previous values of
probabi]fties. This is done until a 1imit of iterations has been done
or until the convergence values are Tow enough to indicate asymptotic
convergence. After each iteration the values are analyzed to determine
the convergence values.

When the convergence va]ues”have been computed, the progabi11tfes
serve as the asymptotic state probabilities. Each value in the proba-
bilities represents the probability of an insertion occurring in that
third Tevel tree. The 224 probabilities sum to one and represent the
left eigenvector corresponding to the eigenvalue of one. These proba-
bilities reflect the behavior of the third level at the asymptotic state
for the 224 state classification mode. The data serves as input to
determine the activity of the trees when a stable Tevel is reached.

This data serves as input to further analysis of the asymptotic state

of third level minimum order B-trees.
Data Structures

The data structures reduce the intricacy which is introduced with
analysis of this nature. The second Tlevel transitions are known prior
to this analysis; hence, much of the second level results is integrated
into the data structures of the third level analysis. The analysis

done on the third level asymptotic state probabilities represents an
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extension of work done by Van Doren (6). The analysis represents a

refinement to include a seven state second level model, whereas the
analysis by Van Doren was with a six state second level model. The six
state model does not allow the frequency analysis done by combining
states three and four. States three and four have six external nodes
but a state three second level node has two keys and a state four second
level node has one key. In the seven state model, as was mentioned pre-
viously, there are 224 states. The task of setting up the difference
equations to correspond to the mapping of the source and target states
of insertion suggests a more automated approach to the estab]ishment of
the difference equations. There are a number of data structures used
in doing this.

Since the middle branch value represents a mapping of segments of
28 states, the data structure LRCMB of left and right combinations can
be used to uniquely determine a given thrid level state. The larger
branch is on the left with 28 pairs of left-right branches. The left-
right combinations in Figure 12 correspond to the left and right

branches in the first 28 states.

LRCMB--LEFT-RIGHT COMBINATIONS OF TWO-LEVEL STATES
DCL LRCMB(28,2) FIXED BINARY STATIC INITIAL

(

(
1,1 2
5,1 3
6,6 2

NN

o1, 2
»25 5
o1y 7

v v v
v v v

Figure 12. Left-Right Combinations of Two

1T Branches

(D;U
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The data structure TL-TRANS 1in Figdre 13 contains second level
transition pairs. It is composed of two data aggregates, TECNT and
TSPRS. They are mapped together with one value of TECNT corresponding
to a pair of values in TSPRS. By specifying the ith row and jth column
of TECNT, the corresponding value of the transition pair ith row and
jth column can be referenced. In a state one, sécond level tree there
are four external nodes, and insertion into any one of these results in
the transition to a state two second 1eve1vtree. TECNT, which reflects
the number of external node targets in this state transition, has the
entry, four, and since the transition results in a state two the entry
in row one and column is the pair two, zero. The zero implies no split
at the second level. The three column entries for each row corresponds
to the three possible bottom Tevel nodes possible descending from a
second level node. In a state two second level tree there are two types
of bottom level nodes. One type has two keys placed on the left to
avoid mirror image redundancy, and the other has one key. The two key
bottom Tevel node in state two has three external nodes, hence the entry
for now two column one in TECNT is three. Insertion in this node forces
a bottom level split and a state four second level tree, hence the pair
for row two column one of TSPRS is four, zero. This reflects a transi-
tion to state four and no split at the second level. The second bottom
level node has two external node targets; therefore, the entry in row
two column two of TECNT is two. Insertion here results in the transi-
tion to a state three second level tree with no split. The entry in row
two column two of TSPRS is the pair three, zero. In states three and
four there are six external nodes, and each results in a transition to

state five. For state five there are three bottom level nodes: one



TL-TRANS--TWO-LEVEL STATE TRANSITION INFORMATION
TECNT--* OF EXTERNAL NODE TARGETS IN TWO-LEVEL STATE TRANSITION
TSPRS--TRANSITION PAIRS(ZERO FOR RIGHT MEMBER OF PAIR MEANS NO
SPLIT AT SECOND LEVEL)
MAXIMUM OF THREE PAIRS FOR EACH TWO-LEVEL STATE

DCL 1 TL_TRANS STATIC,
2 TECNT(7,3) FLOAT(16) INITIAL(
4.0E0, 0.0EO, 0.0EO,
3.0E0, 2.0E0, 0.0EO,
6.0E0, 0.0EO, 0.0EO,
6.0E0, 0.0EO, 0.0EO,
3.0E0, 4.0E0, 0.0EO,
3.0E0, 3.0E0, 2.0EO,

(3)3.0E0),
2 TSPRS(7,3,2) FIXED BINARY INITIAL(

2,0, 0,0, 0,0,
4’0, 3903 0503
5309 0305 0309
5,0, 0,0, 0,0,
]’1’ 6309 0309
1,2, 2,1, 7,0,
2,2, 1,3, 3,1);

Figure 13. Two Level State Transition Information
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descending from the left branch with two keys, and the other two have
one key each. Insertion into the full left branch results in a split,

a key being propagated, and a second level split. The entry for row
five column one of TECNT is three corresponding to the number of exter-
nal nodes which result in the transition to two, state one second level
nodes. The entry for row five, column one of TSPRS is the pair one,
one. Insertion into any of the other four external nodes results in the
transition to a state six second Tevel node. Insertion into the left
branch of a state six second level node results in the transition to
state one and state two second level nodes. There are three external
nodes which cause this transition, hence the entry for row six column
one in TECNT is three. The entry in TSPRS for row six column one is the
pair one, two. Insertion into the middle branch of a state six second
level node results in the transition into a state two and a state one
second level nodes. There are three external nodes which cause this
transition, hence the entry for row six column two of TECNT is three.
The entry in row six column two of TSPRS is the pair two, one. There
are two external nodes descending from the right branch of a state six
second level node. Insertion in the right branch results in the transi-
tion to a state seven second level node. Insertion into the left branch
of a state seven second level node results in the transition to two
state two second level trees. Insertion into the middle branch results
in the transition to a state one and a state three second level trees,
respectively. Insertion into the right branch of a state seven external
node results in the transition to a state three and a state one second

Tevel trees.
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Along with this data structure is the array ETAB (Figure 14), which
is the number of external nodes descending from the second Tevel states.
It initializes to the external node counts for state zero to state
seven. The zero entry is for a null middle branch. The entries for
states three and four represent the two possible types of second level

states with six external nodes.

DCL ETAB(0:7) FIXED BINARY STATIC INITIAL(0,4,5,6,6,7,8,9);

Figure 14. External Node Counts

The data structure TRANS-MATRIX in Figure 15 has the data elements
LINK, STATE, and PROB. This is fhe state transition model in the form
of difference equations which are maintained in 1list form. The first
224 positions are the 1ist headers for the states. The list heads

record the same state transitions.

TRANS-MATRIX--STATE TRANSITION MODEL IN THE FORM OF DIFFERENCE
EQUATIONS ARE MAINTAINED (IN LIST FORM). THE
FIRST 224 POSITIONS ARE USED AS LIST HEADERS FOR
THE 224 EQUATIONS. LIST HEADS ALSO RECORD THE
SAME STATE TRANSITIONS.

DCL 1 TRANS-MATRIX(1500) STATIC,
2 LINK FIXED BINARY,
2 STATE FIXED BINARY,
2 PROB FLOAT(16),

Figure 15. The Transition Matrix
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The Tlast data structure is the P véctor which contains the state
probabilities. It is the left eigenvector of the state transition

matrix corresponding to the eigenvalue one.

The Procedure to Establish the Asymptotic

State Probabilities

The following section describes the actual flow of control used in
the program to determine the asymptotic state probabilities at the third
level. The general approach is from Van Doren (6) with a modification
for a seven state model. The flow diagrams represent in general terms
the actual procedures invoked. The purﬁose of this section is to illus-
trate the approach used in establishing these probabilities.

The first procedure controls the general flow of the program to
establish the asymptotic state probabilities. The program is organized
into modules (procedures) each with a distinct function. The concepts
of modular programming are emphasized through the use of a small driver
to manage the flow of control. The driver program in Figure 16 initial-
izes the 1link fields in the transition matrix. Then it calls the rou-
tines GENT1 and GENTZ to establish the difference equations for the
third level. The ADJUST procedure sets up the same state transition
values. It also establishes the external node count a low value to
allow for asymptotic convergence. Then control passes back to the
driver program which calls the ECHECK procedure. The ECHECK PROCEDURE
determines that the probabilities associated with the transition from a
given state sum to one. Then control returns to the driver program
which calls the SOLVE procedure which results in the asymptotic proba-

bilities. The results are then used as input for further analysis.



START

Initialize
equation
headers
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GENT1

First 28
states
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States
29-224

ADJUST

¥

ECHECK

Qutput
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Figure

16. Driver Program
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The GENT1 procedure in Figure 17 generates the transitions for
the first 28 states which have a null middle branch. The driver program
calls this routine and passes one of the first 28 states. The probabil-
ity of having a particular state is proportioned as a fraction of the
external nodes which result in a transition to the particular state.
This is done for an insertion into the left and right branches. The
resultant transition is placed in the transition matrix. Control re-

turns to the driver program.

The state
number

Insert into
left and right
branches

Map transitions
into transition
matrix

The state
number

Figure 17. One Key
Transi-
tions
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The driver program calls the routine in Figure 18 to map the tran-
sitions for the two key third Tevel states. GENTZ performs insertions
into any of the existing bottom level nodes descending from a second
level branch. The resultant tree is»mappedto the new third level state.
Then the probability is proportioned to reflect the percentage of exter-
nal nodes which cause this transition. Then fhis value is mapped into
the transition matrix. This is done for each bottom level node and the
process is repeated for the right and middle branches, and control re-

verts to the driver program.

The state
number

Insert into left,
right, and
middle branches

\

Map resulting third
Tevel states into
transition matrix

The state
number

Figure 18. Two Key Tran-
sitions
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The driver program calls the ADJUST procedure in Figure 19 to set
up the same state transition and also sets the external node count at a
low value, 30, to allow for convergence by the Power Rule. After pro-

cessing the 224 states, control returns to the driver program.

Fix the external
node count

/

Set up same
state transitions

Figure 19. The Adjust
Routine

Then the driver program calls the ECHECK procedure in Figure 20
which sums the probabilities associated with invocation of a particular
state. The sum of the probabilities associated with invoking a given

state should sum to one. This routine essentially ascertains that the



difference equations are set up correctly in the sense that they are
probabilistically consistent in Figure 21. Control resumes to the

driver program.

Initialize P vector
to same state
transitions

Y

Add the remaining
transition probabilities
for 224 states

/

Qutput
P vector

Figure 20. The Error Check
Routine
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The P
vector

Sum the P vector

Normalize the
P vector

Y

Iterate to
a solution

P vector

Figure 21. The Routine
to Obtain
a Solution

Subsequently the driver program invokes the SOLVE routine which
iterates to a solution by using the Power Rule. Control returns to the

main program which outputs the results for subsequent analysis.



CHAPTER 1V
ANALYSIS OF THE THIRD LEVEL PROBABILITIES

There are various types of analysis that can be performed upon the
asymptotic probabilities. These probabilities reflect a relative fre-
quency of occurrence for each of the 224 external node states. There
are some important relationships to be determined about the behavior of
2-3 trees. The probability of a split at a given level can be deter-
mined given that the previous level has propagated a key forcing the
split. The probability of a split is determined for all three levels.
The utilization at the various levels is important to determine the
efficiency of the asymptotic or third level. Finally, the frequency of
nodes is determined which descend from one and two key nodes at the
second level, and one and two key nodes at the first level. The analy-
sis of the asymptotic behavior of 3-2 trees is based on the determina-
tion of the utilization of the available key positions for the nodes,
the probability of a split for the three levels, and the frequency of

nodes descending from one and two key parents at the various levels.
The Utilization

The utilization is the number of keys in the nodes divided by the
number of key positions available. The utilization in the subsequent
section on the results. From Van Doren (6) the utilization can also be

computed from the probability of splitting by the relationship

33
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u(m) = (1 - ps(m))/(2 * ps(m))
where u(m) is the utilization for level m, and ps(m) is the conditional
probability of splitting at level m. The asymptotic probabilities for
the external node states serve as the input for a measure of the frequen-
cies of occurrence for the various states. Let p(i) be the asymptotic
probability that an external node is in state i and let n(i) be fhe num-
ber of external nodes which necessarily occur together in state i. For
every n(i) such external nodes there will be one three level 2-3 sub-

tree. That is to say

: }) | (4.2)

represents a relative frequency of occurrence of 2-3 subtrees whose ex-
ternal nodes are in state i. The first 28 states represent subtrees
with a one key node (null middle branch) at level three. Letting S1 be
the relative frequency of one key nodes at level three and using Equa-

tion (4.2)

28 .
(i) _
121 %(% = S] (4.‘3)

The relative frequency, S2, of two key nodes for the third level nodes
is
224 .
) P_(_y(!) | (4.4)
j=29 "\
The utilization is then computed as

S1 +2 *S2 (4.5)
2% (ST+S2) )

The numerator in Equation (4.5) represents the relative number of keys
at level three and the denominator represents the relative number of

key positions, two for each node.
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The probabilities of occurrence for the third level serve as input
to the computation of the utilization at level two because they measure
~the relative frequencies of occurrence. Since each third level state
represents a unique combination of left, right, and middle branches, the
third level states can be mapped to the second level. The probabilities
reflect the frequency of occurrence of that combination of second level

nodes. The probability of occurrence of a given third level state is

proportioned to the one or two key second branches by the fraction of
the external nodes which reside in the specific branch. Each of the
third level states is decomposed into left, middle and right branches,
and their relative frequencies are added to the one key sum and the two
key sum. The analysis concludes for the second level by using the rela-
tionship in Equation (4.5) to determine the utilization at level two.
The first level is analyzed by taking a given third level state and
decomposing it into second level states. The second level states are
decomposed into the number of one key and two key nodes. The number of
one key nodes is multiplied times the probability of this third level
classification occurring divided by the external node count. The sum of
two key nodes is done in a similar manner. After determining the rela-
tive sums for one key and two key nodes at the first level for all 224

third level states Equation (4.5) is applied to the sums.
The Probabiliity of a Split

The asymptotic state probabilities serve as input to the computa-
tion of the probability of a split. The results of the computations of

the probabilities of splitting are presented in a subsequent section.
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The probability of a split at a given level implies é key being propa-
gated into this level from a lower level, and that the key is propagated
into a full node at the given level. The probability of a split at the
third level implies a split at the second level from a key prdpagated
from a level one split since all insertions in a B-tree occur at the
first level. The analysis of the probability of-a split at Tevel three
considers only the full ]eve] three nodes and the possibility of a key

being propagated to them. The probability of a level three split is

found from the fraction of external nodes causing a level three split

times the probability of this state occurring. Let F1 be the number of
external nodes which lead to a level three split, m be the number of ex-
ternal nodes, and p be the probability of state i occurring. The proba-

bility of a three level split is

228 Lo
1229 ,F,-](%—) * p(i) (4.6)

The probability df a split at the second level infers the decompo-
sition of each third level state into its middle, left, and right
branches. Then the second Tevel states that are full are separated from
the one key second level nodes. The full second level nodes are decom-
| posed into the number of external nodes which descend from full bottom
level nodes. The fraction of the external nodes from a level three
state which cause a level two split, F2, is multiplied times the proba-
bility of that state occurring. The equation is

f%? F2CE) » p(i) (4.7)
for state "i." The sum represents the probability of a split at level

two.
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The level one probability of a split involves the decomposition of
the level three node into level one state one and two nodes. The frac-
tion of the external nodes from a level three node which descends from

a two key bottom level node, F3, is multiplied times the probability of

224 . v
F3 .

L Wﬁ * p(i) (4.8)

1=

this Tevel three state occurring. The sum of these probabilities repre-

sents the probability of a split at level three.
The Frequency Analysis

The frequency of keys descending from a given one or tWo key
parent, grandparent is computed from the asymptotic state probabilities.
The frequenéies which are given by position in Figure 22 are computed
by initially decomposing a given third level state into middle, Teft, and
right branches. The results of the frequency analysis are presented in
a subsequent section. To determine the second level frequency of a
given node descending from a one or two key third level parent, the
probability of a third level parent is divided by the external node
count. Each type of second level node is summed with the subsequent
occurrences of this type. The first level nodes are analyzed as to the
classifications of one or two key parents and one or two key grand-
parents. Then the first level ncdes descending from a given second
level parent and grandparent are computed by multiplying the precent of
external nodes in this state times the probability of this state occur-
ring. These are the relative frequencies for each type of first level

node and the third level state serves as the data to compute the
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frequencies. The results of the frequency analysis are presented in a
form which indicates by the relative position the frequency which appears

in the tree.

1 key 2 key
‘nodes nodes

1 key 2 key 1 key 2 key
nodes nodes nodes nodes

VANEVANVANAN

1 key 2 key 1 key 2 key 1 key 2 key 1 key 2 key
nodes nodes nodes nodes nodes nodes nodes nodes

Figure 22. Frequency Representations



CHAPTER V
THE RESULTS OF THE ANALYSIS

Once the asymptotic values of occurrence have been computed for the
224 states, analysis is made of the three levels of nodes. The probabil-
ity of a split at the various levels is determined by knowing the behav-
ior of the various states. The probability of a split represents the
fraction of the occurrences of a key being propagated from the level
below the given level into a full node. The probability of a split for
the various levels is the sum of the preducts of the probability of
occurrence of a given two key state under random insertion times the per-
centage of external nodes which would cause a key to be propagated. The
utilization is the total number of keys divided by two times the number
of nodes. This is a measure of occupancy which reflects the percentage
of key slots that are occupied. The data structures are used to avoid
much of the redundancy of data concerning the states. The Tlogic is the
facilitation of the relationships with the use of the asymptotic proba-
bilities as the input for the computation for the three levels.

The first data structure used in the analysis is the probability
vector, PROB, cdntaining the asymptotic probabilities of occurrence.
The next data structure in Figure 23 is ETAB, which contains the number
of external nodes descending from a lével two node. The values corre-
spond to state zero, state one, and through state seven. State zero is

for a null middle branch. The next data structure, EXNDS, in Figure 24
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is initialized to the number of external nodes descending from the re-
spective level two state which force a level one split. There is no

zeroth entry.

DCL ETAB(0:7) FLOAT(16) STATIC INITIAL(
0.0EO, 4.0EO, 5.0E0, 6.0EOQ,
6.0E0, 7.0E0, 8.0EO, 9.0E0);

Figure 23. The External Node Counts

DCL EXNDS(7) FLOAT(16) STATIC INITIAL(
- 0.0EQ, 3.0EO, y.OEO, 0.0EO,
3.0E0, 6.0E0, 9.0EQ);

Figure 24. The External Nodes Descend-
ing from Full Nodes

The last major data structure in Figure 25 is LRCMB, which initialized
to contain the possible left and right branch combinations descending
from a third level node. It is dimensioned 28 by 2 and contains the

left and right branches of the first 28 third level states.

DCL LRCMB(28,2) FIXED BINARY STATIC INITIAL(
1,1, 2,1, 2,2, 3,1, 3,2, 3,3, 4,1, 4,2, 4,3, 4,4,
5,1, 5,2, 5,3, 5,4, 5,5, 6,1, 6,2, 6,3, 6,4, 6,5,
6 6’ 7’19 7525 7,39 7349 7353 7963 7a7)s

Figure 25. The Left-Right Combinations
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The Procedure in the Third Level Analysis

These diagrams represent a general flow of the logic to determine
the probability of a split, the utilization, and determine the frequency
of nodes in a specific classification. The program is broken into
modules which accomplish the analysis. The program is controlled through
a driver program in Figure 26 which invokes the procedures to perform the
analysis. Initially the driver program reads the probabilities and nor-
malizes the input. Then the driver program calls the procedure to com-
pufe the utilization. This procedure computes the utilization and
performs the frequency analysis. Then control returns to the main pro-

cedure which ends the analysis.

Normalize the probabilities

Y

PROBAL

\

UTILIZZ

Figure 26. The Driver Program
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The routine in Figure 27 computes the probabilities for splitting
at the various levels. It computes the third Tevel probability by de-
composing the full third Tevel nodes into the external nodes which cause
a level two split beneath the full node. Then the fraction of the nodes
which a split is multiplied times the probability of the third level
state occurring. The sum of these probabilities represents the proba-
bility of a split at the third level, which is (to eight digits of accu-
racy)

.07452526.
Subsequently the procedure computes the probability of a split at the
second level. It is done by decomposing each third level state into
left, middle, and right branches. Then for the full second level nodes
the external nodes are summed which force a level one split. The frac-
tion of external nodes which cause a level two split is multiplied times
the probability of the third level state occurring. The sum of these
probabilities is the probability of a split at the second level, which
is

| .18207983.

The probability of a split at the first level is computed by decomposing
each third level state into the fraction of external nodes descending
from full level one nodes. Then the percent of external nodes which de-
scend from full bottom level nodes is multiplied times the probability
of that state occurring. The sum of these probabilities is the probabil-
ity of a split at the first level, which is

.42857142.

Then control returns to the driver program.
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The UTILIZZ procedure in Figure 28 computes the utilization for the
three levels and the frequency of nodes descending from one or two key
parents and grandparents. The level three utilization is computed by
determining the relative frequency of one key and two key nodes. Then
these frequencies are normalized and divided by two, which is the utili-
zation. The utilization at level three is

.67542867.
The utilization at level two is computed in a similar manner after deter-
mining the relative frequencies of one and two key nodes at the second
level. The utilization at Tevel two is

.67687776.
After determining the relative frequencies of one and two keys at the
first level the utilization is computed for the first level. Then the
relative frequency of nodes descending from one and two key third 1e9e1
nodes is computed. The relative frequency of nodes descending from one
and two key nodes at the third level and one and two key nodes at the
second level. The subsequent material contains an analysis of the re-

sults. Then the control returns to the main program.
Frequency Analysis

The values at the top level in Figure 29 represent the relative
frequency of each type of third level node (1 or 2 key) which were
determined from the value of the utilization which was known. The fre-
quencies at the second level represent the relative frequencies of a key
appearing at the second level with one or two keys descending from a one
or two key parent. The frequencies at the first and second levels were

normalized for each level, respectively. The frequencies at the bottom
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.6491428 .3508572
.34876393 .20349643 .29748055 . 15025910
.18945511 .10689166 17799137 .081376800 .16794697 .084824016 .13127322 .06024854
Figure 29. The Frequencies for the Various Levels in Tree Representation
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level represent the relative frequencies of a key appearing at the first
level descending from a one or two key parent and a cone or two key
grandparent. For examp1e,tﬁe relative frequency of nodes ét the bottom
level which has a one key grandparent, a two key parent, having one key
is 1.7799137E-01.

To analyze how the distribution of one key.and two key nodes at
level 1 is dependent on the parent type at level i + 1, the following
ratios were established. The reciprocais were included so that the re-
sults can be used for inferences from level i + 1 to level i, as well as
the inferences of the relationships from level i to level i + 1.

1. The ratic of the frequency of the first level nodes with one
key descending from one key third level nodes and one key second level
nodes over the frequency of one key second level nodes with one key

parents is

. 18945511
. 34876393

or .54321876. The reciprocal is 1.8408789.

2. The ratio of the frequency of first level nodes with one key
descending from a two key third level node and a one key second level
node over the frequency of a one key second level node with a two key

third level parent is

. 16794697
.29748055

or .56456454. The reciprocal is 1.7712766.
3. The ratio of the frequency of first level two key nodes descend-

ing from a third level one key node and a second level one key node over
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the frequency of one key second level nbdes with one key parents is

.10689166
. 34876393

or .30648714. The reciprocal is 3.2627796.

4, The ratio of the frequency of first level two key nodés descend-
ing from a two key third level node and a one ke& second level node over
the frequency of one key second Tevel nodes with a two key third Tevel

parent 1is

.084824016
.29748055

or .28514138. The reciprocal is 3.5070321.

5. The ratio of'the frequency of first level one key nodes descend-
ing from a one key third level node and a second level two key over the
frequency of two key second level nodes having a one key third level

parent is

.17799137
.20349643

or .87466581. The reciprocal is 1.1432938.

6. The ratio of the frequency of first level one key nodes descend-
ing from a third level two key nodes and a second level two key node
over the frequency of fwo key second level nodes having a two key third

level parent is

.13127322
. 15025910

or .87364572. The reciprocal is 1.1446287.
7. The ratio of the frequency of first level nodes with two keys

descending from third level one key nodes and second level two key nodes
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over the frequency of two key second level nodes having a one key third

level parent is

.081376800
.20349643

or .39989301. The reciprocal is 2.5006688.

8. The ratio of the frequency of a first level to key node de-
scending from a third level two key node and a second level two key node
over the frequency of a two key second level node having a two key

parent is

.060240854
. 15025910

or .40091318. The reciprocal is 2.4943056.

Furthermore, since the third level states have no bearing on the
analysis of the first level frequencies given a second level of fre-
quency, the number of states can be reduced from eight to four with these
values for the frequencies shown in Figure 30. Subsequently, the follow-
ing ratios are established:

1. The ratio of one key nodes with a one key parent relative fre-

quency over the relative frequency of second level one key nodes is

. 35740208
.64624448

or .55304469. The reciprocal is 1.8081721.
2. The ratio of two key level one nodes with one key parents rela-

tive frequency over the relative frequency of second level nodes is

. 19171567
.64624448

or .29666121. The reciprocal is 2.9666121.



Second Level

First Level

.64624448 (1 key)
.357402080| (1 key) |.19171567
Figure 30.

(2 key)

.35375553

.30926459

(1 key)

Second Level to First Level Frequencies

(2 key)

. 14161765

(2 key)

At
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3. The ratio of one key level one nodes relative frequency over

the relative frequency of second level nodes one key nodes is

. 30926459
.35375553

or .8742352. The reciprocal is 1.1438604.
4. The ratio of two key level one nodes relative frequency over

the relative frequency of second level two key nodes is

. 14161765
35375553

or .40032632. The reciprocal is 2.4979621.

To illustrate what these relationships mean, if the second level
frequency for one key nodes was given, the first level frequency for one
key nodes can be determined by multiplying by the reciprocal of this
state, 1.8081721, by the given second Tevel frequency. Also, the fre-
quency of two key Tlevel one nodes can be computed by multiplying the
given frequency by the reciprocal for that state, 2.9666121. Therefore,
if given the frequency of one key or two key nodes at the second level,
predictions can be made for the frequency of one key and two keys at
the first level. |

The following ratios have been established from the level one fre-
quency over the level three frequencies for one and two keys.

I. For One Key at the Third Level

A. With One Key at the Second Level
1. Having one key at the first level, the ratio of the

level one frequency to the level three frequency is

. 18945511
.6491428



or .29185428. The reciprocal is 3.4263674.
2. Having two keys at the first level, the ratio of the

level one frequency to the Tlevel three frequency is

. 10689166
.6491428

or .16466586. The reciprocal is 6.0729042.
B. With Two Keys at the Second Level
1. Having one key, the ratio of the level one frequency

to the level three frequency is

.17799137
.6491428

or ;27419447. The reciprocal is 3.6470465.
~ 2. Having two keys at the first level, the ratio of the

~ level one frequency to the level three frequency is

.081376800
.6491428

or .12536039. The reciprocal is 7.9770013.
II. For Two Keys at the Second Level
A. With One Key at the Second Level
1. Having one key, the ratio of the level one frequency

to the level three frequency is

. 16794697
.3508512

- or .47867613. The reciprocal is 2.0890951.

2. Having two keys, the ratio of the level one frequency

to the level three frequency is
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.084824016
3508572

or .24176222. The reciprocal is 4.1362955.
B. With Two Keys at the Second Level
1. Having one key at the first level, the ratio of the

level one frequency to the level three frequency is

. 13127322
. 3508572

or .37414999. The reciprocal is 2.6727249.
2. Having two keys at the first level, the ratio of the

level one frequency to the level three frequency is

.060240854
. 3508572

or .17169621. The reciprocal is 5.8242403.
These ratios are established from the level two frequencies over
the level three frequencies for one and two keys.
A. For One Key at the Third Level

1. Having one key at the second level, it is

. 34876393
.6491428

or .53726842. The reciprocal is 1.861267,
After Normalizing .63152082.

2. Having two keys at the second level, it is

.20349643
.6491428

or .31348484. The reciprocal is 5.1899469,
After Normalizing .36847914.
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B. For Two Keys at the Third Level

1. Having one key at the second level, it is

.29748055
.3508572

or .84786787. The reciprocal is 1.179429,
After Normalizing .664405%9.

2. Having two keys at the second level, it is

. 15025910
.3508572

or .42826283. The reciprocal is 2.3350146,
After Normalizing .3355948.

The following diégram (Figure 31) represents the relative frequen-
cies in a different manner. The pair of nodes descending from a given
node from the previous diagram have been summed, and each node in this
diagram represents the percent in one key and two key nodes. The node
to the left is a one key and to the right is a two key node. This
establishes the tendency of the ratio of one key nodes to the two key
nodes at 2 to 1, the percent being in one key nodes is approximately
65 percent and in two key nbdes is 35 percent.

The frequencies for the third level were established by the follow-
ing computation using known relations. Since the utilization for level
three is known, the relative frequency for one and two key nodes at the

third level can be computed from the utilization. The utilization is

the number of keys (5.1)
2 times the number of nodes :

Let the number of nodes per level be nds. The number of keys is the

number of one key nodes per level plus two times the number of two key



.6491428 . 3508572
.63152085 .36847915 .66440520 .33559480
.63930208 .36069792 .68624986 .31375014 .66442344 . 33557656 .68544946 .31455054

Figure 31. The Normalized Frequencies
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nodes per level. Let the number of one key nodes be ONEKYNDS and the

number of two key nodes be TWOKYNDS, then the utilization is equal to

ONEKYNDS + 2 * TWOKYNDS (5.2)
2 * NDS ) :
Furthermore, for a given level this relation holds:
ONEKYNDS |, TWOKYNDS _
NSt WS 1 (5.3)
Hence,
TWOKYNDS _ ONEKYNDS
N5 - ' T T WS (5.4)
v . _ ONEKYNDS , (TWOKYNDS)
Utilization = 5% s R (5.5)
P . _ ONEKYNDS ONEKYNDS
Utilization = RS 1 - DS
- ONEKYNDS
L (5.6)
The relative frequency of one key nodes at the third level is
ONEKYNDS
e . _ (5.7)
Solving for this, knowing the utilization,
ONEKYNDS _
> FNDS - 1 - .67542867
ONEKYNDS _
ONEKYNDS _
s - .6491428
THWOKYNDS _ 1 - ONEKYNDS
NDS NDS
THOKYNDS - 3508572 (5.8)

NDS
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To apply these relationships to the second level would imply use of the

utilization for level two which is .67687776

ONEKYNDS (LEVEL TWO)

2 * NDS (LEVEL TWo) ~ | ~ -07687766
= .32312234
ONEKYNDS (LEVEL TWO) _ :
NDS (LEVEL TWo)  ~ -04624468 (5.9)
and
THOKYNDS (LEVEL TWO) _ 35375530 (5.10)

NDS (LEVEL TWO)

This compares with the cumulative frequencies for the second level which
are .6462448, for one key, and .35375553 for two keys.

With the level one utilization .66, the node frequency is .66 for
one key nodes and .33 for two key nodes from computation using the uti-
lization. From the sums of the one key frequency and two key frequen-
cies determined from the asymptotic probability analysis, the node
frequencies for one key nodes is .66666667 and for two key nodes is
.33333332 with some degree of roundoff error.

The following computation in Figure 32 is based on using the sum
of the probabilities at the asymptotic state for the first 28 states to
establish the relative frequency of the one key third level state and
the rest of the probabilities of the remaining third level states for

the two key third level relative frequency.

I. For One Key at the Third Level
A. With One Key at the Second Level
1. Having one key at the first level over the one key

level three probability the ratio is



.55701354 .44298646
.34866393 .20349643 .29748055 .15025910
. 18945511 .10689166 .17799137 .081376800 .16794697 .084824016 .13127322 .060240854
Figure 32. Frequency Analysis Using the Sum of the Probabilities
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. 18945511
.55701354

or .34012657. The reciprocal is 2.9400819,
After Normalizing .34092137.
2. Having two keys at the first level over tﬁe one key

level three probability, the ratio is

.10689166
.55701354

or .19190136. The reciprocal is 5.2110104,
After Normalizing .19234979.
B. HWith Two Keys at the Sécond Level
1. Having one key at the first level over the one key

level three probability, the ratio is

17799137
.55701354

or .31954585. The reciprocal is .31294413,
After Normalizing .32029256.
2. Having two keys at the first level over the one key

level three probability, the ratio is

.081376800
.55701354

or .14609483. The reciprocal is 6.8448691,
After Normalizing .14643622.
For Two Keys at the Third Level
A. With One Key at the Second Level
1. Having one key at the first Tevel over the two key

level three probability, the ratio is
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. 16794697
.44298646

or .379121438. The reciprocal is 2.6376568,
After Normalizing .37801626.
2. Having twe keys at the first level over the two key

level three probability, the ratio is

.084824016
.44298646

or .19148218. The reciprocal is 5.222418,
After Normalizing .109225.
With Two Keys at the Second Level
1. Having one key at the first level over the two key

level three probability, the ratio is

. 13127322
.44298646

or .29633686. The reciprocal is 3.374538,
After Normalizing .29547071.
2. Having two keys at the first Tevel over the two key

level three probability, the ratio is

.060240854
.44298646

or .13598802. The reciprocal is 7.3535889,
After Normalizing .13559054.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS
FOR FURTHER RESEARCH

The values in Figure 33 are the results of the computations to
determine the probability of a split, the conditional probability of a
split, and the utilization.

The Probability of a Split

Level 3 077452526
Level 2 .18207983
Level 1 42857142

The Conditional Probability of a Split

Level 3 .42537674
Level 2 .42485290
Level 1 .42857142

The Utilization

Level 3 .67542867
Level 2 .676877761
Level 1 .66666666

The conditional probability of a split is computed from the probability
of sp]ittfng at each level. The conditional probability of a split is
the probability of a split at level i given a random key being propa-
gated from level i-1. The conditional probability of .a split at level
1 is equal to the level 1 probability of a split. At level 2 the
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conditional probability of a split is the quotient of the probability
of a split at level 2 divided by the probability of a split at Tevel 1.
The conditional probability of a split at level 3 is computed as the
quotient of the probability of a split at level 3 divided by the level
2 probability of a split. This suggests but does not prove inferences
about the behavior of each level upon propagation of a key.

| With the asymptotic probabilities the third Tevel analysis
determined behavioral characteristics of 2-3 trees. For the relative
frequency of having to perform a reorganization at the third level, a
reorganization is necessary after ten insertions on the average or
approximately for about 7.45 percent of the insertions. A second level
reorganization is neéessary after every five insertions or for 18.2 per-
cent of the insertions force a seéond level split. A first level split
occurs for 42.8 percent of the insertions. This implies the norm for
maintenance at the asymptotic state.

The utilization is a measure of the efficiency for the use of the
relative key space. Roughly two-thirds of the key space is occupied in
each of the three levels. The frequency analysis establishes this rela-
tion by normalizing the descendents from a given node. For a given node
the descendents are approximately 64 in one key nodes and 36 in two key
nodes. The nodes are proportioned to the one key and two key nodes
throughout the three levels analyzed.

It is hoped that this research wii] aid in the determination of the

favorableness of the use of 2-3 trees for the storage of data.



(6)
(7)

BIBLIOGRAPHY

Davis, William S. "Empirical Behavior of B-Trees." (Unpub.
Master's thesis, Oklahoma State University, 1974.)

Fisher, D. D. "Data Structures, Information Structures, and In-
formation Processing." (Unpub. classnotes, Oklahoma State
University, 1974.)

Knuth, D. E. The Art of Computer Programming. Vol. 1. Reading:

Addison-WesTey, 1969.

Knuth, D. E. The Art of Computer Programming. Vol. 2. Reading:

Addison-WesTey, 1973.

Mitchell, D. "A Probabilistic Method for Analyzing Search Trees.

(Unpub. Master's thesis, Oklahoma State University, 1976.)

Van Doren, J. R. Unpub. classnotes, Oklahoma State University.

Varga. Matrix Iterative Analysis. New York: Prentice-Hall, 1962.

65



APPENDIX A

ASYMPTOTIC PROBABILITIES

66



SPLC TIME=05,ATR.XREF

*JP TICNS

IN EFFECT* TIME={5s0) +1P2AGESS30,LINES=L500 ¢ ATR, XREF,FILAGA +NUBNDRY,NOCMNTS » SORMGIN=(2,72,1),EXROKS=(3,50),
#=CPTICNS IN TASS[ZE=21732.U0EF, SDURCE W OPLIST NICMPRS, HORPG ,AUXIC=10GCO,LINECT =50, NOALIST,MCALL,MT EXT,OUMP={
QP TICNS IN CFFECT* SyF L EHU,R),OUMPE= (S.F.L'.yd.‘),JvVPY (5,F,L,E,U.R)

(NCSIZE,NCFLOW ) : PLAC-R7T.1--68 05/16/77 1S:45 PAGE

STMT LEVEL NEST 3LCCK MLvL SOURCE TEXY

1 ’ (NCSIZE,NQFLOW) =
S2_3L3:
PROCEIURE QPTIUNS (MAIN):
VA
LIST OF VAR[AALES:
PROCFDURES:

ADJUST THE RUUTIWNE WHICH ESTABLISHES THE SAME STATE
TRANSITIONS.

ECHECK THE RQUTINE WHICH CHECKS TO SEE THAT THE PRJBABILITIES

) ASSHTIATED WITH EACH GIVEN STATE SUM TOC CNE.

GENT TRE RUUTINE WHICH MAPS THE TRANSITIUNS FROM EACH

GIVEN STATE (THe SOJRCE STATE) TO THE VARIDJUS TARGET
STATLS F(J ZXTERNAL NCDES DESCEMNDING FROM ONE KEY
NODES -

SENT2 WhICH MAPS THE TRANSIT [CNS FCR STATES
KEY THI{2D (cVEL NODES.

ITER "H‘uH VETERM [NES THE MEA PRO3ABILITIES
FOR TAS STATES FROM THE PRGbUCT Of T HE PREVICUS
PRIJASLITIES AND THE TRANSITIUN MATRIX.

MAP THE FUNCTION TO DETERMINE A THIRD LEVEL STATE FRUM
GIVEN LEFT, RIGAT, AND MIDDLE B8RANCHES.

SCLVE THE RJUTX‘H AWHICH D% TERMINES THE SCLUTIONS FCR THE

S2_3L3 PROGRAM.

TMATX THE «0411\» WHICH LINKS THE TRANSITIONS INTO THE
TARGET »TATES FROM THE SOURCE STATES <

ARRAYS:

ETAB THE NU4ec? OF EXTERNAL NODES IN A GiVEN TWG LEVEL STATE.

LRCM3 TAE LEFT ANO RIGHT CCOMOINATICNS OF Twd LEVEL STATES.

P . THE PAJBAZLITY VECTUR CORRESPUNDING TD THE EIGENVALUE
ONE .

PNEW THE NEW PRUBABLITIES.

PCLD THE SLD PROBASLITIES.

TU_TRANS THE ARRAYED DATA STRIYCTIRE FOR TEINT, THE NUMSER JF
EXTEZANAL NCOe TARGETS IN TWO LEVEL STATE TRANSITIONS,
AND TSPRS, THE TRANSITION PAILRS.

TRAN_MATRIX THE ASRAYED STATE FRAMNSIT ICN H40DEL COMPRISED OF THE
DI{FFERENCE EQUATION wWITH THE FIRST 224 PCSITIONS USED
AS LIST HEADERS. THZ DATA STRUCTURE CJOMPRISES THE
OATA ELEMENYS LINK, THE LINX TQ THE NEXT STATE, AND
PR38, THE PRULABLITY OF THIS TRANSITION OCCURRING.

SCALARL:

AVAlL THE [NDEX OF THE AVAIULABLE SPACE LIST.

C3NV THE SuU4 OF ThE DIFFIRENIES BETWECN THE OLD PROBABLITIES
AND THE NEW PROBASILITIES.

ECOUNT THE EATER™AL NODE COUNT FCR 4 GIVEN THIRD LEVEL STATE.

i THE SJURCE STAVE OF Trg TRANSITION.
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{NOSIZE,NOFLOW):

STMT LEVEL NEST EBLOCKX mMLVL

-
2 1 1
3 1 1
4 1 1
S 1 1
6 1 L
7 1 1

PL/C-R7.1--68 05/16/77 19245 PACGE

SOURCE TEXT

T THE INNER LOCP INDEX FOR PROCESSING A MAXIMUM OF
THREE TRANSITIONS FROM TWO—-LEVEL SU3TREES.
ITRAN THE TARGET STATE OF THZ TRANSITIONS.
Jir K INDICES.
L LEFT BRANZH.
LNEWLeLNEAR THE MNE4 LEFT BRANCHES FROM A TRANSITION.
LR THE INDCX FOR A GIVEN PAIR GF LEFT AND RIGHT COMBINATIINS.
] THE MIODLZT BRANCH.
PREV THE PREVIOUS STATE(THEZ SOQURCE STATE).
P03 THE INDICATED PROCAIILITY.
PROBX THE PRIBASILITY CF THE TRANSITION.
PSUM THE SUM OF THE PRC3ASILITIES ASSCCIATED WITH THE
DIFFERENCE EQUATIUNS OF EACH STATE.
R THE RIGHT SRANCH.
RL THE LEFT AND RIGHT COMBINAT ION.
RNEWL,RNEAR THE NEW RIGHT BRANCH.
SUM THE SUM COF THE PRIBABILITIES USED TO NORMALIZE THE
PRCBABILITY VECTOR.
ZERD THE VALUE ZERC.
*/
JeEmesss 3EGIN GLO3AL DATVA STRUCTURES wxzsxss/
OCL LRCM3(23,2) FUIXED BINARY STATIC INITIAL (

Lyls 241y 2,25 39ls 3020 3e3¢ Gols 4102+ 4439 b44,
Sely 5425 5435 S5+%9 S+55 S59ls 6421 6435 614y 53550 656,
Trle 742, T53s To%s 155, 746 7,703
OCL 1 TL_TRANS STATIC,
2 TECNT(T7.3) FLGAT(1S) INITLALC

4.0E0,03.080,0.0E0,

3.052,2.9€2,0.0€%,

5.0683,0.C50,0.%E0

6.0£80,0.90¢0,0.0€0,

3.0€2,4.080,C0.0E0

3.0£0,3-.020,2.0€0,

W
w
.

o
m

FIXED BINARY INITIAL(

NoOOooOooN
<

. 4 e e

Qoo oo

. 4 @ % <.

242, 3,133

ODCL ETAB(D:7) FIXED BINARY STATIC INITIAL(D0+4+5,6,6+:7,8,9);
OCL 1 TRAN_MATRIX(1500) STATIC,

2 LINK FIXgld 3INARY,

2 STATE FIXED BINARY,

2 PROT FLZATILG ),

AVAIL FIXcd BINARY STATIC INITIAL(225}3

OCL P(224) FLOAT(L1S) STATICS
JEExREEE END GLOBAL OECLARATIDNS #x&xsxs/
/% [NDEXING VARTABLES FCR MAIN PROGRAM */
DCL (K, I[,L,M,R,LR) FIXED BIMARY STATICS
/%
OCUL PUNCH FILE STREAM QUTSPUT;
=/

W+ OO0 OO~ &

P N (VA
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(NOSIZE,NOFLOW): PL/C-R7.1--68 05/16/77 L§:45 PAGE
STMT LEVEL NEST BLOCKX MLVL SOURCE TEXT

/*
INITIALIZE THE FIRST 224 POSITION FOR THE EGQUATION HEADERS.
*®/
8 1 1 00 K=1 TOQ 224;
/%= USE CIRCULAR LISTS */
9 1 1 1 LINK{L) = X; STATE(K) = K;i PROB(K) = J.CEO0;
12 1 1 END; . Lo
/% GEMERATE TRANS{TIONS FRUM STATES 1 TO 28 */
13 1 1 DD K = 1 TC 28;
14 L 1 1 CALL GENTL(K) 3
15 L 1 1 END:
/% GEINERATE TRAMSITIONS FROM STATES 29 TO 224 =/
16 1 1 D0 K = 2% TO 2243
17 1 1 1 CALL GENT2(K):
18 1 1 1 END3
/¥ ADJUST EQUATIONS FOR THE SAME STATE TRANSITIGN. EXTERNAL NODE
CCUNT ON TRANSITION AND FIXED TOTAL EXTERNAL NCDE COUNT */
19 1 1 CALL ADJUST;
20 1 1 CALL ECHECK{P);
/% ITERATE EQUATIONS TO CONVERGENCE #/
21 1 1 CALL SCLVE(P);
/% QUTPUT SULUTION VECTCR FOR FURTHER PRUOCESS ING */
/#PUT FILE (PUNCH) EDIT(P) ( COL(L),(3)E(25,15)); %/
/%
PUT FILE (PUNCH) EDIT(P) (COL(L),(3)E(25,15))3
*/
22 1 1 RETURN;
Jeewexses JEGIN SUPPCRTING INTERNAL PROCEDURE #*xssxxx/
/®
THIS ROUTINE DETERMINES THE STATE FRCM THE LEFT, RIGHT, AND MIDOLE
8RANCHES OF THE THIRD LEYEL NOOE.
=/
23 1 L MAP: PRUCEDURE(M,L,R) REJURNSIFIXED BINARY):
24 2 2 2CL (M,L,R) FIXED BINARY;
/% MAP M,L,R TRIPLE INT3 A 3RD LEVEL STATE IDENTIFIER #/
25 2 2 RETURMIZ23¥M + (L*{L-1))/2 + R);
26 2 2 END ™MAP;
/%
THIS ROUTINE GENERATES STATE TRANSITION F3R STATES 1 TO 28 F3R THIRD LEVEL
NCDES HAVING ONE KEY. TAE EXTERNAL NIDE ZOUNT [S NOT INCLUDED IN THIS
SEGMENT UF THE CUOYPJTATION NOR ARE THE SA4E STATE TRANSITIONS.
=/
27 1 1 GeMTl: PRICEOVURE(L);
28 2 3 OCL (ECUUNT, PRO3) FLOAT(16);
29 2 3 DCL (1. LR,RL,IT,M,L,R,X) FIXED BINARY 3
30 2 3 IF 1>23 THEN RETURN;
32 2 3 0O X=1 10 2:
33 2 1 3 LR = LRCHMB(!,K): RL = LRCM3(I[,3-K)3
/*
DETERMINE THE EXTERNAL NDODE COUNT FROYM THE EXTERNAL NODES
DZ SCENDING FRUM THE LEFT AND RIGHT BRANCHES.
*/
35 2.1 3 ECOUNT = ETAB(LR) + ETA3(PL);
/%

MAP THE TRANSITIONS.
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{NOSIZE,NCFLQGHW): PL/C~RT.1--68 05/16/77 19:45 PAGE

STMT LEVEL NEST BLOCK MLVL SOURCE TEXT

*/
36 2 L 3 DO IT = 1 TO 3 WHILE(TSPRSILR,IT,L1>0);
37 2 2 3 M = TSPRS(LR,IT,2);
38 2 2 3 L = MAX{TSPRS(LR,IT,1),30L);
39 2 2 3 R = MINCTSPRS(LR,IT,1),RL0;
40 2 2 3 PRUA = TECNT(LR,II)/ECAUNT ;
/7%
M&P THE TRANSITIONS ONTO THE TRANSITION MATRIX.
=/
41 2 2 3 CALL TMATX(MAP(M,L,R),1,PROS);
42 2 2 3 END;
43 2 L 3 ENOD:
44 2 3 RETURN:
45 2 3 END GENTL:
/= ’
THIS ROUTINE GENERATES STATE TRANSIT[ONS JPGN INSERT ION FOR STATES 29 TO
224 FJR THIRD LEVEL NOJES HAVING Twd JEYS. THE EXTERNAL NODE COUNT IS
NOT INCLUDED NGR ARE THE SAME STATE TRANSTIGNS.
%/
46 L 1 GENT2: PROCEDURE(IL]:
47 2 4 DCL ECOUNT FLOAT (1613
48 2 4 DCL {MyLyR.1,LT ,RNEWL, LNEWR , LNEKL (RNEWR) FIXED BINARY,
PRO3 FLGAT (16), LEX3 FIXED BINARY STATIC INITIAL{O):
/% COAPUTE “,L,R ACCORDING 7O 1 #/
49 2 4 M o= (1=-11/23; IF M=0 THEN RETURN:
52 2 4 LR = MCD([-1,281+L; L = LRCM8(LR,1); R = LRCHB(LR,2):
/%
DETERMINE THE EXTERNAL NODE COUNT.
=/
55 2 4 ECNUNT = ETAB(M)+ETAG(L) + ETAS(RIS
/% use M =/
56 2 4 DO IT = L TO 3 WHILE(TSPRS(M, (T, 1)>0);
s7 2 1 4 PRUA = TECNT(H,IT)/ECCUNT;
53 2 1 4 RMEaL = TSPRS(M,IT,1)5 LNEaR = TSPRSI4,IT7,2);
60 2 L 4 IF LNEWR =0 THEN CALL THATX(MAP (RNEWLsL,R),1,PRCE); .
62 2 L 4 ELSE
DO: /% 3RD-LEVEL SPLIT #/
63 2 2 4 CALL TMATX (MAP (ZERD,MAX(L, RNEWL) , MIN(L,RNEWL)), 1 ,PROS)
64 2 2 4 CALL TMATX(MAP(IERIMAXIR, LNEWR) yMIN{R, LNEXR) ), [,PROB);
65 2 2 4 END:
66 2 1 4 END:
/® USE L%/
67 2 4 DO IT = 1 TO 3 WHILE(TSPRS(L,IT,1)>0);
68 2 1 4 PROB = TECNT(L.LT)/ECCUNT
69 2 1 4 LNEWL = TSPRS{L,IT,1); RNEWL = TSPKS(L,IT,2);
71 2 1 4 IF RNEWL=0 THEN CALL TMATXIMAP(M,4AX({LNEWL,R),MINULNEWL,R)),[,PROB)
73 2 1 & eL SE
00: /% 3RU-LEVEL SPLIT #/
74 2 2 4 CALL THATX(MAP(ZERJ,MAX (4,R),MIN(M,3)), [,PROB);
75 2 2 4 CALL TMATX{MAP{ZERU ,MAX(LNEAL (RNEWLY ,MINLLNEWL ,RNEWL ) ,1,PRUB) ;
76 2 2 4 . ENU:
77 2 1 4 END:
. /% USE R &/
78 2 4 DO IT = 1 TO 3 WHILE(TSPRSI{R,IT,13>0);
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(NCSTZE,NCFLOWI: . PL/C-R7.1--68 05/16/77 19:45 PAGE
STMT LEVEL NEST BLOCK MLVL SOURCE TEXT

79 2 1 4 PRCOB = TECNT(R,IT)/ECCUNT:
80 2 1 I LNEWR = TSPRS(R,IT,1); RNEWR=TSPRS{R,[(T,2);
82 2 1 4 IF RANEWR=D THEN CALL TMATX (MAP (M,MAX{L,LNEXRI,MIN{L,LNEWR) ), [,PRG3)
34 2 1 5 ELSE
0C: /% 3RD-LEVEL SPLIT =/
8s 2 2 A CALL THMATX(M4AP(ZERO,MAX(M,L) ,MIN(M,L))},I,PR0O3);
86 2 2 4 CALL TMATX(MAP{ZERD ,MAX(LNENR,RNEAR) ,MIN(LNEWR ,ANEWR)) 4 ,PROB) 5
87 2 2 4 END3
88 2 1 4 END:
89 2 4 RETUAN S
90 2 4 END CENT2:
/%
THIS ROUTINE MAPS THE TRANSITIONS FROM THE SOURCE STATE TO THE TARGET
STATE.
%/
91 1 3 THMATX: PROCEDJRE (I[TRAN, I, PROSX)
92 2 5 DCLCITRAN,L,K) FIXED BINARY, PROBX FLOAT(16);
/%
ITRAN — TARGET STATE OF TRAASITION
- SOURCE STATE CF TRANSITION
PROZX — PRUBABILITY OF TRANSITICN
ENTZR ([ ,PRUBX) INTO THE EQUAT [ON LIST FOR STATE ITRAN
®/
93 2 5 DCL PREV FIXED BINARY:
sS4 2 S PREV = [ TRAN;
95 2 s K = LIMK(ITRAND
.96 2 5 DO WHILEIK-=ITRAN);
97 2 1 5 IF 1=STATE(K) THEN
98 2 1 s 0J); /% ALLOW FGR OUPLICATES DUE TO IDENICAL TWIN SPLIT %/
99 2 2 5 PROB(K) = PROSIK) + PROBX: RETURN;
o1 2 2 s END;
102 2 1 5 IF 1< STATE{X) THEN GO TO INSERT:
164 2 1 s PREV = K3
105 2. 1 5 K = LINKIX);
106 2 L s END:
107 2 s INSERT:
{F AVAIL > 1500 THEN
108 2 5 003 PUT SKIP LIST{*#=%LIST MATRIX OVEXFLOWs=%%); STOP; END;:
112 2 s LINK(AVAIL) = K3
113 2 S LINK{PREV) = AVAIL:
114 2 5 PROBUIAVAIL) = PRUBX; STATE(AVAIL) = I3:
116 2 s AVATL = AVAIL + 13
117 2 5 RE TURN;
118 2 5 END TMATX;
7%
SET UP SAME STATE TRANSITION PROBASILITIES AND ADJUST THE REST FOR
EXTERNAL COUMTS F3R TARGET STATE.
FIX TOTAL EXTERNAL NOUE COUNT AT REASONABLY LOW VALUEZ (303} 7O ASSURE
REASINABLE CCONYZROENCE RATE FOR DETERMINING LEFT EIGENVECTOR (
ASYMPTUTIC STATE PRUBABILITIES).
%/
119 1 1 ADJUST: PROCECURE;
120 2 5 DCL (1,%,L,R,LR,X) FIXED BINARY, ECIUNT FLOAT(16):
121 2 6 D0 (=1 T3 224:

LL
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122 2 1 6 M o= (I-11)/285 LR=MOD(I-1,28)+L; L = LACMBILR,1): R=LRCMB(LR,2):
126 2 1 &6 ECCUNT = ETABIL)} + ETAS(R) + ETAs(M);
127 2 1 k) PRCEB({L) = (2G.0FU~ECUUNT)/30.0E03
128 2 1 <Y K = LINK(I)3
129 2 1 & 00 wHILE(K-~=1);
130 2 2 6 PREs (K)=PRAJZ (L) *ECAUNT /30.0E0:
131 2 2 5 K = LINCUIK)S
132 2 2 5 ENOD:
133 2 1 6 END
134 2 ) END ADJUST :
/=
CHECK TO SEE THAT THE PRNOBAGLITIES OF TRANSITICN FROM GIVEN STATE
(INCLUOING SAXE STATE) ADD TO 1.0
*/ .
135 1 | ECHECK: PRCCEDURE(P);
136 2 7 DCL ©o(=x) FLOAT(16),{1,K) FIXED BINARY:
/% INIUTIALTZE TG SAME STATE #/
137 2 7 DO I = 1 TO 2243
138 2 1 7 PLL) = PREBI(L):
139 2 1 7 END:
/% aDD IN THE REMAINING TRANSITION PROBABLITIES */
140 2 7 0C (=1 T3 224;
141 2 1 7 K = LINK(D)3
142 2 1 7 CO WHILE(X~=1);
143 2 2 7 PUSTATE(K ) }=P(STATC(K))+PROB(K):
144 2 2 7 K = LINK{K);
145 2 2 7 ENDS
145 2 1 7 END
147 2 7 PUT PAGE LIST('CUNSISTENCY CZHECK®);
148 2 7 PUT SXIP(3) LISTIP}:
149 2 7 RETURN:
150 2 7 END ECHECK:
/%
THIS ROUTINE OETERMINES A SOLUTION.
*/
151 1 1 SILVE: PRIUCEDURE(P);
152 2 3 OCL (PL*),Q1224)) FLOAT(16), (P_INMITIAL, CONV) FLOATI( 16);
153 2 3 J3CL ([,J,K} FIXED BINARY; DCL SUM FLOAT(16);
JEGET LIST(P);%//% INITIALIZE TO INITIAL ESTIMATE =/
/% NCORMALIZE ESTIMATE ¢/
155 2 3 SUM = P({1);
156 2 8 00 [=2 TG 224;
157 2 1 3 SUM = SUM+P(I);
158 2 1 3 ENO;
159 2 8 D0 =1 TQ 224;:
150 2 1 3 PLIY = PLLI/SUM;
161 2 1 3 END;
162 2 8 00 I=L TQ 10;
163 2 1 3 D3 J=L TG 50:
164 2 2 3 CALL [TER(P,Q,CONV);
165 2 2 3 CALL ITER(Q,P,C2INV):
1656 2 2 3 END
167 2 1 3 PUT PAGF LIST('CONVERGENCE VALUE®*,CONV):
168 2 1 8 PUT SKIP(3) LI{ST(P)s
169 2 1 8 END

el
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WARNING:

RETURN
ENO SOLVES
/*
TRIS ROUTINE COMPUTES NEA PRCOBABILITIES FR0OM THE RELATION THAT THE
PROOUCT OF THE PREVIOUS APPHUOX IMAT [ON AND THE TRANSTIIN MATRIX
DETERAMINE THE NEW APPAOXIMATION FOR THE PROSABILITY VECTOR.
*/
ITER: PRULESURE(PCLD ¢ PNEW ,LONV )3
OCL {POLI(*),PNEW{=)) FLCAT(16), (CONV,PSUM) FLCAT(15);
OCL ([,J,K) FIKES BINARY;
CONV = 0.0E0;
DO [=1 TC 22%4;:
PSUM = pPrC8([)*POLDII);
K = LINK(D);
D3 WHILE (K~=I1};
J = STATE(K!;
PSUM = PSUM+PROB(K) «PCLDI(J);
K = LINK(K]}S
ENDS
PNEW{I) = PSUH;
CONV = CONV#ABS(POLO(I)-PSUM) S
END:
RETURNS
END ITER: .
/rEsxzse END SUPPORTING INTERNAL PRUCEDURES *®#tswxi/
END S2_3L3;
FEATURES [INCGHMPATIBLE WITH PL/I-F HAVE BE&N USED (SY40)

w m
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CONSISTENCY CHECK

9.9999599999399999€E-01
G.99999999999%333 E-01
9.9965599G5999999E~-21L
9.999655999999G559E-21
9.56G65959999599599E-01
9.996555599699399¢&-J1L
9.9999999299975999E-01
9.G69995599v595349G¢e~-C1
9.99G676595G599959e-01
§.9999G9996599359E-31
9.65969999976693E-C1L
9.69G593999955395€E-01
9.9999929635323292 E-01
9.9G56G99939699999€-01
9.9969959993699399 601
9.999999999999333¢E-21
9.699%999596995928€E~-01
9.99%9299999999999 01
$.9399958GG65599999E-01
9.695599996$359999¢E-01L
9.99997293995%539 21
9.965695799G6999G59E-01
9.99559959999955GE-01
9.994999959979999 31
9.956999996G69399GE-31
9.65953999%2993598-21
9.996599995999339&£-31
9.9869999G59649995Gc-21
9.999%G2999993593 71
9.399€55565G69959569E-31
995955 979997999999E~-0G L
9.9G95G99995995935E-21
9.99%956569596995~-01
9.5859959599729393=-0u1
9.99C99999569993993€E-J1
9.96455954999599G63E-01
9.996599999G6599523€E-01
9.35499999999999628E-C1
G.99GS5599G96569G3E-01
9.99¢35695G6999953 &1
9.996555555595553:=-01
9.999959999559939E-01
9.9G9%9696999999%9 =01
9.99565G59999699¢8€6-31
9.99999999G5697999&-01

9.969659959955979E£~-01
9599996359996 999E-0 L
9.G696G59999994999E-01L
9.3%G5995669433GSUE~O1
Q.999969999999999E-01
5.95995999995953¢%
9.95969955993999
9.659999979379399E-01
9.9995534996963599E-01
9.99952953996599SE-01
9.99%9999595393939£-01
9.58G8999955395955E-01L
9.999999959239999E-01
9.539599999799999€E-01
9.9G69G953599999659€6-01
9.3399993599794999¢E-01L
9.69965599955959G5=-01
9.9596999999953999£~-01
9.999933999993%99E-01
9.9996999396965G99E-C 1
§.999993395959999E~-01
9.999999599996993E£-01
.99G9999953995995-01
9.999999G93G695539¢2~-01
9.999%99599699999€E-21
9.93995593599999S5E-01
9.93999559G9999y95-01
G.G595594%99993539%2-01
9.599933959993939=-01
9.9555559999399,9€E-01
9.95565565595599GE-21
G.999999G9G399993E-01
9.959999996559399£-01
9.96GG5U5935935999E-01
9.9997996379535939393c-01
9.965559599999998E-01
9.9959599539959393E-01
9.969%57769999593E-01
G.869%999999999933£-01
§.9299863599595999€~-01
9.99G65999993G9992E-C1
9.999965959999998E-01
9.539993999699G6958€E-01
9.995G599595699999E-01L
9.999999999999398E-01

9.999999S79999999E1L
9.697995939997999c-01
9.39999999G99299GE-01L
9.9699999%9535592E-21
Q9.9599993999999599E~J1
9.999939939559G99E-J1
9.6959995359695999E-01
9.9979999%9999999E-01
3.595%396599999%9E~-01
9.9539979995999999E-01
9.9993999997599995E-0 L
9.9936959%9¢92539E-01
9.69999%999999599£-01L
9.999699999999993E-0 L
9.G599996996699399E-01L
9.99995655995999955-21
9.999599999993993E-01
9.9999945599999999-01
9.999999999999999E-01
9.9999999969939359e-01
9.994999999999995¢c-01
9.995999995959999E-01
G.G97994559999999%E-01
9.999999995G9999%9€E-0L
G.999%835359997999E-31
9.999G659999999999E-21
9.99995999999394%9e-01
9.G99%999599G994933E-01
9.9%97999399599995E-01
F.99999%99799399999E-01
9.999G9949Y9599999€-01
9.99999953999994%9E-01
9.99959G339995993E-J1
9. 9599456 999999€-01
0.999999999G35999E-0 L
9.99999995995959992-01
9.995999%49995995998-01
9.999995969999998E-01
9.9965395699969G2E-31
9.999%95399599938E-CL
9.39999595999999385-01
9.959639939G999S8E~01
9.9999999999999G32-01
9.999999539999993E-01
9.999999999999395E-01

9.9999953999G39%92€E-01
9.9%9999999395999E-D1L
9.99999955997G6959GE~-01
9.999G99Y999395G99yE-01
9.9G99999995599962-01
9.89999G995569999E-01
9.99G6696599959%9939e~-21
9.959999999395569€-01
9.699659599599995€-01
F.9G699599989939999E-01
$.99G5%99979959G596GE-01
9.99999%59G395955€E-01
9.9%99599579995969€~-01
9.999999939G995969E-01
9.9999595399933599E-01
9.9996%99999969959c~01
9.999G939959999%99€E-01

9.959699999939999E~01

9.999999999555999c-01
9.999599339399999E-01
9.G9569G6995993999E-01
9.96G5999599G69595-01
F.995995G6999395939E-01
9.65399G999959699c-01
9.999999999995993£-01
9.99599999999999GE-01
G.G69994%99%95369592-01
$.99%974339579995c-01
9.9999959999959339&-01
9.99599$G939959999E-01
3.65999G34939%239E~-01
9.939559929959999E-01
G-99993999G659%55GE~-01
9.95%5999993%3699E-01
9.9999999369G599%9E-01L
G.969599%99996599GE-C1
9.99G9999G9953933E-01
9.9969959999%53992-01
9.699999999395993€~01
9+999599399999995E-01
G.559G6G95959999996E~01
9.999996999999998E-01
9.6699999999999935~-C1
9.996999599999993c-01
9.3995999999999G9E-01

9.999999959799999E~-01
9.999936599933999E~-01
9. 9959999995669 G9E-01
9.999599996555999E-31
9.9G94999%397999953¢€E~31
9.69995G93999949999E~01L
9.65999999999599%c~01
9.9999953999%9953E-01
9.99999959999G9G5%E~-01
9.93999999999999%E-C L
9.999353597939995¢e-01L
9.99999995359559GE-01
9.99389996399G3999E-01
Q. 9995599G99999SIE-C1
F.699595999999999E-01
9. 999999399399398E-01

"9.999999G6939959G9E~-01

9.999553959699969E-01
9. 9699969956959 G9%€E-01
9.9999765993999G5%E-01
9.999339999949999%99¢c-01
9. 8559999395993 98E~01
9.999959999959995E-01
F.9999939993996¢999E~-0L
9.9993%99%9659559499£E-01
9.999999995995359E-01
9. 839959999999 96G3E-01L
9.99595999939995%E~-01
S.99933963959999GE-01
F. 9956599959 59G36GE-0L
9.99979999%%369G9€-01
9.9972939999399998€E-01
9. 9959999399999G6E-01
9.9594995939999999LE-01L
9.999999399599993E-01
9.6953599959959953E~-01
9.926959999996998E-01
9. 8353959G639996998E-01
9.959999%99999393E-01
9.999993999999959€E~-31
9. 6989999593999398E-01
9.9999999995999936-01
9.9999969535999993E-01
9. 996G959959999995€E-01

L
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3.487107284109959€-02
4.917227440232459E-03
3.683378651870137€-32
1.585754324772076£-02
6.057545513070038C¢-03
5.023859355621993 €23
1.076661394355222¢€-0C2

«C007C0985643303E-32
4.332545675346453456E-03
2.397938859306361£-33
1.742277114157318¢E-0U3
2.10528344487067351€-0%
5. E86773325163197E-03
1.501889724402213€6-33
3.7569103261262448-23
3.54G984601506%2003
6.133433335656474E-0%
3.8250513806465537%C3
2.375145289045865E-03
3.571787035641413€-03
1.921240966579910:-C3
5.110222974973313E-0%
1.3128214647&615660E-24
1.633801667911621E-33
1.12296555313231 1603
2.446522674621357715-33
1.231874556753601E-23
2.0988719132562206-)4
1.2200590012230039€E-33
4.332072093710133E-04
3.9282294134734238-23

2.1800906743255628€-53

6.202335403795713%4E-24
54591711461469233€-34%
T.458169770366165E-04
1.01432616544336456-23
T.79341538116%1298-3C4%
44338486364323232E-24
2.407715393089850¢e-3%
1.45204523%55329838E-05
1.025408019575051E-C4
5.375025361680965€E-35
1.662376381544104E-04
1.8774202515143LLE-04
2.6636438215683937-05

-

1.628660983989456E-06

7.224669560317693E-02
2.735250112942319£~02
4.850203161896617E-02
2.2308734529357116E-02
- L721236075727937-03
2.7375233591643524E~-03
3.0L4385784710780E-03
3.3016014287603165-03
5.1397564774566415-03
2.453622799226436E-03
5.375341769097354E-0¢4
$5.55566%320607300E-03
1.0203495633153421E2-03
1.40383678951732392-02
7.4713712592560023E-33
7.907402586909503E-04
7.5674201430839530E-0¢
1.943437184352736E-03
2.2222545463547556~03
1.251509171552C07E-03
6.524565645353743c-C4
+.4521014516328212-04
1.3636179328516512£-05
2.004240872566627£-03
T7.95281L19496473328-064
1.333287399317508¢E-03
1.3369410012107338E-03
2.3932589%931158765-04
3.437959692353213E-03
2.293565718267236E-23
5.03951339¢3379325-03
2.7762615L2730670E-03
5.2211354863356225-04
2.7765193312860602€6-04
4.57902972177183475-04
4.579561468536626E-04
1.1%14223521787635€E-03
6.343473697T034956E~-04
1.0391336816974296-04%
3.614956340636122F-05
2.4568344255255552E-05
1.6431830147%7075€-04%
9.61053165631L82591LE~-05
5.222544298531447E-05
4.532824%42337779E-05

3.7739805305650406-02
3.527570049333817€6-02
2.013796863125T29E-02
9.7215641954)203326-03
4.55457 221 4554393E-03
3.1756073609593293E-04
T7.90046560L9945333-23
1.383530813357013E-03
3.35644602762760255-03
2.352554555333835E-33
5.3485413331359326-04
1.5215162112354348-02
8.73775025743L6%1E-03
1.280901229433951E~-02
6.704975653721415€-03
1.712234216126331E-03
3.2595234373050335-04
1.636326087331602E-03
8-1673916615639328E-04
1.7749504551528815-03
9.156736033074969E-04%
1.50103561361193SE-04
1.4119947595477265-03
3.939642415791924€6-04
3.9093610320303512-03
2.12091503854462TE-03
4.427292128443304E-04
4.09730272875&327E-04
2.371564593456259E-33
3.01241 5550557751603
2.0455230044386796-03
1.104152521543737€-03
6.56435T477T1T1323E-0%
3.032627495412544C-05
6.9918372316750646E~04%
3.35956 7753314550604
9.490563495364030E-04
1.034652631552164E-03
1.51720013601643 1E-34
1.240216G57752410E-04
9.073558762446825E-05
2.723032093933300E-04
1.576109257293131€-04
2.3724251%50070$3E€-05
2.487843934676392€E-05

2.5030918204296238E-02
1.384357307361163E-02
2.89077002124C002E-02
1.40C1536498402375E~-02
2.053904872794786E-03
9.236672372L181566E-03
1.3730783291368%1E~03
1.659310044765146E-02
3.483563332475778E-03
5.920093261110731LE-04%
6.135%419524561533E-04
7.876430L15450736c~-03
8.2286471328638186E-03
4.121224182745562€E-03
2.084014343751739€-03
1.537594723516577€-03
3.206893221557238€£-05
1.54149250119562%E-03
5.835052719267993E-04
1.286841543384247£-03
1.230397443480610E~-03
2.106522891912995E-04
3.813061673830793€E-33
2.3625166%9T18315E-03
4.6456T13655642235E-03
2.490121474592383E-03
4.949732326244088E-046
1.6911345802516256E-04
1.570126121804694E-03
1.259264904518062E-03
2.963264611287192E-03
1.5935660570806379E-03
2.590663934953109€E-24
3.062102611472949€-04
1.560493001578906E-0¢%
1.187591173002434E-03
6.772273358533503E-04
2.762923323410259E-C4
2.437462393259390E-04
1.049073042754830E-04%
1.514293391300340€E-04
1.2920200121654692-0%
7.405803138323282E-05
3.8658483874814968E~-05
2.922445638731729€E-06

2.638438911872240€-32
9.7117065534667G5E-03
2.259877120044937E-02
2.2237951385113956£-02
2.967534285278227E-03
2.075918033509745E-22
1.069751303555969¢-922
1.5225306317598382E8-22
T.7632537179L7153E-03
1.891i180317345235E-03
2.311041983950629E-04
6.1374897846558370€E-23
2.753420%956358918E-03
5.506%0713707/9711E~03
2. T4207C368075647€-03
4.7085350206516786-04
1.6245536501065663E-03
2.855308615475345E-04
3.973219187506354E-03
2.176342723357469E~03
3.053138064320339E-04
2.851%05301068613E-04
2.439637676575126E-03
2.878985876205946E-03
1.748220636134504E-03
9. 134993221374883E-04
5.800553559704363E~04
1.997104693918363€E~-35
2.065575113175505E-23
9.148463809766661E-04
2.328L27512145788E-23
2.43756173969C4C3E-33
3.729544405433043€E-04
9. 63148G650013105E-04
6.735690538294315:-04
1.76117C031938701E-03
9.9552032544542632-03¢4
1.6431989293348 18E-04
1.2733444562025140E-04
6.142529331206566E-05
7.28501718397T7099€E~-05
1.304771722736925E-24
1.090765812332974E-04
1.810046815612729E-05

7



CONVERGENCE VALUE

3.487096305193769E~-22
4.9172544211493745-33
3.688535867452428745-22
1.53576%57917937 1632
6-0573330033132256-32
5.0233533773550345-23
1.076£540887356208-32
1.0006994G23924985-32
4.8325096703356%36-33
2.357917633727659 233
1.7422626730835465£E-23
2.11052925074447528-33
5.8367369711356L62-23
1.9018719815253605-23
3.7563752300051566-33
2.565552536529592E-23
6.13344€3310319658-3%
3.8250474107980616-23
2.3751332175967396-33
3.57175C4427637055- 23
1.921223173120085E2-33
5. 1101731€&C5772038-54%
1.312837212527233=2¢4
1.633791543101167533
1.1229533936425076-02
2.4692736%4633338F~-03
1.281856903533334¢E-33
2.09966735836533235-04
1.220047498301137523
4.33232983569106915-3%
3.52813507814+0225-33
2.19007044052335>9 E-33
6.2024185514535306-04
5.591781365243213E04
7.458C062699311355 2%
1.0143162638532976-93
7.7934182433543625- 24
4.3385157345187755-04%
2.407727127895337E-34
1.452082343341375¢5-35
1.0254022628520L09E-34
5.375031013019400€-25
1.662402217005033 634
1.877459397305%42E6-34
2.6636953087437478-35

3.209921315655422€~11

7.2246665565842272-02
2.7352575473931%46E-02
4.830236356159329E-02
2.2203923%6555535c-32
3.1721529380534462345~-33
2.731756136903838%37E-123
3.01442715385245015-03
34321544542735770E-03
5.199712C088486T7035~-03
2.45359236653649652-03
5.375754474511439E-04
6.5557041982613537-03
1.020340498502277E-03
1.408361415903730E-02
7.4736609924633326-03
7.937293498331013E-04
7.674136973L4023752-2%
1.948424571324957€-03
2.2222725215626%8E-03
1.2514972072210025-03
£.52452390604018422-04
4.452069945549024E-04
1.363642532149154F-05
2.00422151%224506E-03
7.932725574379370€E~04%
1.8332763211293525-03
1.836939908145153E-03
2.G323347042T585GE-04
3.487936035332211E-03
2.29556771462217558-03
5. 039465503206295E-03
2.7T762443156%3337E-03
5.2212930335T4%LTE-J4
2.77637200560315035-04
4.57397303936500745-04
4.579536358972312E-04
1.141428870310056£-03
6.343522112799154e-04
1.035145619729656E-04
3.6149555509393056E-05
2.453345115538353E-05
1.6481783685213225-04
9.6109247258256558€E-05
5.22267425053348 0E-05
4.532934508379364E-05

3.7T7395301849620335E-032
3.527686701430102€E-02
2.019307097568357E-02
9.T7216T7T94337996145-33
4.564595521519060r-03
3.1755321545430932~-94
7.900643593567448E-23
1.833503634760302E-03
3.3544270367360192€E-03
2.952627366109012£-03
5.34349330033931926-04
1.5215201376926675-32
8.737/7377110476005-03
1.28058505543364356E~92
6.704713354582152€6-03
1.712220085898209E~03
3.255933557545306€E-04%
1.6363818013705140E-03
3.1673034456632865E-04
1.774333665137523€E-03
9.196739070940107E-04
1.501032252434553E-C4
1. 411997327447913E-03
3.639539674045213E-04
3.90632172)7217533E-23
2-120855518627813E-33
4.4273191357756830c-04
4.097323552133751£-04
2.377564009168T4536-03
3.0123822120843595-03
2.0464110763542308E-03
1.10415161+42371375-03
6.594344502297539¢e-04
3.032597977432109€E-05
6.90176931166138535-04
3.3595495635659390E-04
9.431034520470637E-04
1.0345672443513076~-03
1.517219386760320€E-04
1.2402021L4171752E-04
F.073469158893450E-C5
2.723335303504068E-04
1.573119%081433802-04
2.372436091929559€E-05
2.487908637197237E-05

2.503097174499479€E-02
1.384864317380737c-02
2.850784153111306€E-02
L.4015934240337027€-02
2.053509106183150E-C3
9.2867330549452650E-23
1.378072125300422£-03
1.6563285062T71535E~-02
8.433531264324230E-03
5.920054353905532E-04%
6.185377051h06163E-04
T7T.376416A715321336-03
8.2284%23452752333¢-03
4.121181263370235E-03
2.0839950563510847£-03
1.537530969767487€-03
3.20652462820G1705E-05
1.541478062704345E-03
5.83493963756715C8-04
1.28683386925578C€E~03
1.280396%33972276E~03
2.1065168362383987e~04
3.81305263%547964E-03
2.362531721702891€-03
4.64562314758234752-0C3
2.4G90093561292221£-03
4.5497381333210337E-04
L.9L1L36G1163244861E-04
1.5701111L12935413€-03
1.259252765857531E-03
2.3632473325572128-03
1.593659918512777E-33
2.550676560782663-04
3.056207%936C03929E-04%
1.5604346108548291E~-04
1.187579308£028305-03
6.772231074549459E-04
2.762978670238913E-04
2.4375095533331526-04
1.0493562503952855€E-04
1.51429015L937311E-0%
1.292230215593539E-04
7.405909457738780£-05
3.885897266659636E-05
2.92252Q0812214910€E-06

2.638501132538209E-02
9.711758516762551E-23
2.259884610831113€-22
2.293715171975751676E-02
2.9676393325534358-03
2.075923263092562E-02
1.0697535735771503E-02
1.522523235304539%€-02
7.743209733909183E-03
1.891168737425731€-03
2.311037002769619E-04
6.1374324755319356-03
2.79339543237ST27€6-23
5. 506350523406 742E-23
2.7429451540373425-03
4.7C8505193336606E-04
1.6245648346735$356-03
2.855277653456841E-04
3.973189075176796E-23
2.1763236803424556-03
3.0531556431286075-034
2.851419C66106228E~04
2.4396210670911156-03
2.3739620192056593E-03
1. 748004 121227247-03
9.1349367401391G4E-04
5.30091395215306%E-J4
1-997141015735741E-05
2.065553068552313E-03
9. 1422316A314350E-04
2.3281276771544156-03
2.43757716913323526~-33
3. 72996355742265LE-C4
9.6313867485053206-04
6.735614979653189E-34
1. 7611599285286%61E-03
9.955197677702110E-04
1.643195325413524E-24
1.278375026635124E~-04
6.14265679957303255-05
7.255023764092813€E-05
1.906475870506559296-04
1.090781627732245E6-04
1. 81008191331 0219E-05

9L



CONVERGENCE VALUE

3.487096305104030602
4.917254421654833€--03
3.688855674565677508-02
2.585764576351437E-32
6.057338003422035¢e~C3
5.023385337703917252

1.076664338136775¢-32
1.CN05974533150%38€-22
4.832509667490752E-23
2.3975176033240346-23
1.7422£26695003226~-23
2.105292507801319£-25
5.386739970256131E-33
1.9018719214517455-03
3. 568752295259 32€-23
3.545762536333653E-03
6.133443830665490¢E-3%
3.825047410512467E-23
2.2751322172565%018-C23
2.571750442114652E-33
L.G21223172860542E8~053
5.1101781460231853E-34%
1.312837212640977&-2%
1.6332791547842729E-03
1-122953298735363¢2-33
2.459203654332950E-23
1.281256353435532E-23
2.0963678372135425JE5~0%
1.2200474G21316%3€E-03
4.332029336362507T53%
3.9231392774327%55-13
2.190070C44352%4631E8-J3
65.202413553583159-04
5.551781367060554E5-24%
7.4530826978518138~-34%
1.014316290744714E-33
7.7934132452376925-J4
4.333515735G21300& 24
2.407727128362874%E-2%
1.4520323€39530%2E-33
1.025402298510110& 24
5.375031013730030E-33
1.662402217628558€E-04
1.877459393138226E-04%
2.6636958309863043E-05

9.%17303150843315E~16

7.224666556387036E-02
2.735257547528329E-02
4.880235086635503C
2.2308923972018275-02
3.1720529610146063E~033
2.73751365C6151526-03
3.014+C7638357501E-03
3.301584542323533%
5.1597120795531152~-03
2.453595366233701£-03
5.3757944%7373L77¢
6.55570419874330
1.02034045E4C543
1.4033561415724357¢
T7.4713663951322152¢
7.907393455239220¢
7.674186G6705430517=
1.948424G571563251E-03
2.222273621123935E-03
L1.2514972072554435-03
6.524523950106135E-04
4.4920699493306335-04
L.363642552692797€-05
2.0042215148276353€£-03
T.9321725572922817145~-C4
1.233276721335832E8-03
1.836%5399683C67L1E-03
2.932384504462233E-04
3.4379360347320545-03
2.2955677135635836-03
5.037465502572633E~03
2.776246316533273€£-03
5.2210980488311L1L55%-04
2.77657290067549%3E-04%
4.57357507921763101£-04
4.5795360587 L6TL9E-04
1-.141429370444255€6-03
6.343522114237541E-04
1.0331406207660337€-04
3.614955550157850&-05
2.4623456115900e73E~05
1.6431783638583975E-04
9.610%24729087212€E-05
5.22256742529715585-05
4.532934510901618E-05

3.7739901852575356-02
3.527536701839395E-02
2.0198070681240302-02
9.7216794401730206-03
4.564595521307304€E-03
3.175592164527T91L1E-04
7.900643593060195E5-03
1.332056%63447538%¢€-03
3.35442703535676158~03
2.9526273557L5164E~03
5.348493002652747€~04%
1.521520137693393£-02
8.T377377L037/3345€-G3
1.23037205%3137292€-02
6.7069133934366626-03
1.7122230554620042E-23
3.25393385348550126E-04
1.63531801347%5706E-03
8.167303%%510638370€-04
L. T74933664913494E-03
G.196739330576856E-0%
1.501032282506453€E-C4
1.411997327430203€6-03
3.93953957330%7151E-04
3.909327206503336£-03
2.1203955182631352-03
4.427303136729945E-04
4.097323592544505¢-04
2.377540091170C61c-03
3.012352211513116E-03
2.0460110963102125-03
L.104151314336743E-23
6.5543443025652 L1 LE-D4
3.032637378784033E-05
6.5017593103003338-34
3.3565496436362985-C4
9.491034522830G353E~04
L.034667244713167€-33
1.5172193672565106~04%
L.24020211335227%5€E-04
9.0734675157/620L7E-05
2.723035003825784E-04
1.578L19G08511L667E~-D4
2.3724360923742356-05
2.437908633263555€E~-05

2.503057174585196E-02
1.334864813015819€E-02
2.8907384153321610€E~02
1.401552424085073€-02
2.05390%1061792255-03
9.236733065045750€-23
1.378072125782470€-03
1.3593085061653138-02
8.4835312563873611E-033
5.9200543635601382GE~04%
6.18537705125666 LE-04
7.8764166T1159532E-03
8.2284234515030%526-03
4.121181202623143€E-03
2.0839550632304407-03
1.5375309535504415-03
3.2069292330560305-05
1.541478052402674£-03
5.836939536488796E-04
1.2863333865217313-33
1.280392£4340001205-03
2.1065138562500024E-04
3.8130526341691C4E-03
2.3625017213256678E-03
4.6456231%6583030E-33
2.4900985610693942-03
4.949738132520539E-04
1-9113651163326162-04
1.5701111126242372-03
1.259252765702297€E-03
2.963247632600056E-03
1.59265591866158LE-03
2.5906746561280735E-04
3.062079995%36330£-04
1.560484108624143E-0%
1.187579303050932¢€-023
6.T72231074256762E-04
2.762978671432043E-04
2.437506554360000E-04
1.045062508323614E-04
1.51422C151926974€E-04%
1.292030215927632€-04
7.405909460402621E-05
3.835297267318024£-05
2.92252C813137140E-06

2.6385011328152368-02

9. 7117535177L12575-03
2.259884610948650E-02
2.293797197STL176LE-02
2.9676393326267C4E-03
2.075928863235603E-02
1. 069 753573873854E-232
1.5225232250354 L1E-02
T7-7T43209732697420E-03
1. 8911507371552 14E~23
2.3L1037002332454E-04
6.137482475135075E5-23
2.79339543164389985-03
5.506350527422256€6-03
2.742345153732619E-03
4.70850619300G757E-04%
1.6245648347107T77E-03
. 85527745291 7521€E-04
3.9731890785115736-03
2.176323679973L17E-03
3.053155643774300E-04
2.851419065652382E-04
2.6439621066676395E-03
2.8789520185633415E-03
1.7438004121007346E-03
9.13493673977T5186E-064
5.800919951798663E-04
1.957141016535113€&-05
2.065553063155455€-03
9.148331667050706E-04
2.328127678001447€E-03
2. 43.75776%1937309E-03
3.7299635582301406-0¢4
9.631%36746517934E-04
6.73561497358G251F-04%
1.761159928493383¢6-03
9.955197673602267€E-04
1.64319532584930C0E-04
1.2783750372670L1E-04%
6. 142467975951497E-C5
7.2850237650357156-05
1.904787051157181E-04
1.050731628126879£-04
1.810081914071508E-05

LL



CONVERGENCE VALUE

3.487C66805103724E-02
4.917254421654414E6~-03
3.6388796745667445E~02
1.5835764579392135LE-J2
6.057333008421458523
5.0234853677333722€-03
1.07€6€664088136675€6~022
1.C006994933149558¢&-02
4.832505065420321€6-03
2.397917602323816E-03
1.742262665300152E~-33
2.10529250737L6436-25
5.886739970255554E-03
1.90187198146L57T2E-03
3.7568T7T522352656T7E-03
3.5499625363333376-03
6.1334484306643506-C4%
3.825047410512122€E~03
2.375133217265634E-03

-S71750442116327€-03
1.921223172860370€E-03
5« 110178160231437E-24%
1.3128372129438708-24
1.633/91547842573€6-03
1. 122953398735261E-03
2.469203674332730€-03
1.2818669634355138-23
2.09G267357104120E-2%
1.2200474923181537E-33
44332029326302120c-34
3.92318%07743330586-03
2.190070440234434E-023
6.2024135535326356E-0%
5.5G6173136702002033E-04
7.453082697351156 E-04%
1.014316269074+523E-03
7.7934132452370345-24
4.3385157359205416-0%
2.407727123362673E-04%
1.452032383653972€E-05
1.02540229851C0021 504
5.375031013725628c-05
1.6624022176234%64E8-04
1.877459363133075€-0%
2.663695809367829E-05

8.839172087007250E5-16

7.224566556336408E-02
2.78525754756233990£-02
4.330235085535169€6-02
2.2303723572014633F-02
3.1721529310157502-03
2.7376136505149%4E-03
3.0L4%075385671906-03
3.301534542323282€-03
5.199712079552640E-03
2.453559366233673F-03
5.37357354731312852-04
6.5557041987382452E-02
1.020340498409340€E~03
1.408361415724229E-02
7.4736505913014692-03
7.907393493919395E-0%
7.674186978567399E-04
1.943424971563073E-03
2.222273621125781€E-03
1.251497207953332€~-03
6.5245239560107564E-04
4.49206395G33029 LE-04
1.3636425526%92687E-05
2.00%221514327470E-03
7.9927255723522144E-064
1.8332768212333672E~-33
1.830939%683057556-03
2.932384904552033E-0¢4
3.48753633473177452-03
2.235567713563473€6-03
5.03354655302572179€-03
2.776244319537036c-03
5.221293088310694E-0%
2.776572006753871%8-04
4.573G780927¢67633E-024
4.5795350537216322E-04
1.14142887064446159E-03
6.3435221142372185-04
1.039146520065012E-04
3.614955550167527E-05
2.4623451159006565E-CS
1.5642178363852338326~04
9.610924725086396E-05
5.222674252971135E-05
4.532934510961251E-05

3.773990135257211€-02
3.5276345701300094E-02
2.0193070928123854c-02
F.T2156794421TT1L64E-03
4.564295521306%U4E-03
3.175592164527622E6-04
7.9006485935059483€E-03
1.883669634475217€-03
3.354%270353673106~03
2.9526273657T14900E-23
5.3434323002652267~04
1.52L5201375693758E-22
8.737/377TL0378056E-03
1.280390543137175€-02
6.704513393436C5S1E-03
1.71222008S619387€-03
3.2529335348555855e~-J¢
1.630813013479557E-03
8.167303445106L27E-04
1.7749336564513335€E-03
9.196732050G5760508-04
1.501C832232506324-04
1.411997827430077€-03
3.93563967330939%E-04
3.909327206502029€6-03
2.120895518252941E-03
4.42713191367295792~0%
4.0973235329441655-24
2.377540051185843E-03
3.0123322115L7842¢-03
2.066511096310934E-03
1.104i518143846%5E-03
5.594344502551540E-C%
3.03263797373373872-35
6.90L769310300218E~-04
3.357%5496%36350082-04
9. 491034522825572E-0%
1.034%657244718084E-03
L.517219337256387E-04
1.240202113922632€E-04%
9.073469157767209€-05
2.723035003825554E~C4%
1.57811990851L1537€E~-04
2.372436092374038E-35
2.437T903638263349E-05

2.5030971745685931€-02
1.384864813015700&E~-02
2.8907841533213592~-02
1.40159342640854954€E-02
2.05380G1261L73042E-03
9.286732066015952E~-03
1.378072125782344E-03
1.6598085061565663E-02
8.483531253372843€E-03
5.920054863501309E-04
6.185277051258L17E~04
7.876416671158820£-03
£.22342344%1502392€E-03
4.121131262627769E~-03
2.083559063230253€E-03
1.5275650953550303E~023
3.206929233055768E-05
1.541478062402533E-03
5.834989635648382665-04
1.285835869217201€E-03
1.2803496434030011E-03
2.106518362499843E-04%
3.813052634163753E-03
2.362501721325462E-03
4.645623146987657E-03
2.6500938541359170E~03
4.949733182620154E-C4
1L.311367116932461E-04
1.570111112624093£E-03
1.2592527657021845-03
2.963247T852599198E-03
1.5926597135614%6E-03
2.5606765012805156-04
3.062279975436019E-04
1.5604284108524007€E-04
L.187579803050326E-03
6.772231074256165€~-04
2.762978671431820E-04
2.4375095543593803E~04
L.049062508823520E-04
1.51423501519268432-04
1.292030215327526E~04
7.405909460402022:-05
3.885897267917703E~-05
2.922520813186839E-06

2.638501132815010E~-02
9.711753517710422€-03
2.259384610943451E-22
2.29379797511L1557€-02
2.967689332626439E-03
2.075923368235421E~-02
1.069753573873769£-02
1.522523235009273€E-022
7.7643209732696714E-03
L.371168787155042E-03
2.311037002932250E-04
6.137482475134522-03
2.7933954313848742€E-03
5. 506350527421766E-03
24742045153732374E-03
4.T7035061930063415-04
1. 624564834 71L0633E-03
2.35527T70652917261E-04%
3.973189078511210E-03
2.176323879377919E-03
3.053155643774046E~-04
2.35141906565214%E-04
2.439521C666761756-03
2.878962018538152€-33
1. 7480C04121007L90€E~C3
9. 134536739718336E-04
5.800919751795152E-04
1.597141016534952E-05
2.065553063159271€-03
9.1433316670349392E-34
2.323127678C012588-03
2.437577671937107E-03
3.725963558225830E-04
9-683133674651704%E-04
6.735614973579639E-0¢4
1. 76115G6928493229E~03
9.955197678601422€E-04
1.643195323432859€E-04
1.278375037266507E~-04
6.1424567555950958E-05
7.285023765035103E-05
1.904787051157025E-04
1.090731628126791E-04
1.810081914071363E-05

8L



CCONVERGENCE VALUE

3.487096805103424E-22
4.917254421653953E~-03
3.6833876745667129€E-02
1.585764579391216 522
6.057338008420970€-33
5.02335337703259="23
1.07465%2387346547E-22
1.0006954933143728~-02
4.332506669439506E-33
2.397917603323610c-33
1.74226266%30C012E-23
2.1052925078014552€E-35
- 5.8867397270255937E-23
1.60138719314614395-23
2.756375223526245€623
3.5499625363133053E-95
6.133443330666424E-3%
3.8250474105117945-33
2.3751332172654315-33
3.571750442116021€6-03
1.9212231126860205E-2
S.1101781602309%7E~34
1.312837212540757E6-C4
1.633791547842539E-33
1.1229533937251642-03
2.469203694332513€E-353
1.2812659634395403¢E-23
2.0595672379103520 624
1.2200474981314325-33
4.3320298363617435-24
3.928189077433051€~-233
2.19007044023524%T€E-23
6.202%413553562123E-C4%
5.591781L367359/285~24%
T.4530225G78504786E-24%
1.01431£6290744526E8-33
7.793418249236364E~-34
4.338515735G20569€E- 24
2.407727128362%66E-34%
1.452082328365838478~-05
1.025402298506933E-04%
5.3275031013729166 05
1.662402217623321 0%
1.8774593981379148-04
2.663695809867599 £-35

3.5624167769856122E-16

7.224665556835794E-02
2.785257547527852E-32
4.38302360866347518E-02
2.2326923972014425-02
3.172152931215513E8-33
2.73761356906147095-03
8.0144%07633546503E-033
3.301534542327995€-03
5.1697120795521555-03
2.4335549366233263£-03
5.3757944737303235-04
6.55357041987319302-03
1.02734047584+09252E-23
1.4293614157241085-02
7.47356509G13708238-03
7.99735346851L23716F~-04
7.6741359178556740F-04
1.943%4249715567906£-03
2.22221736211285%15-03
1.2514972070532242-03
6.5245239531L07003E-04
4.49236994G329906E-04
1.36364255206925706-05
2.0)4221514827298E-03
7.592725572921464%E-34
1.833276321233515€-03
1.2267239G5633 25 /E-C2
2.93238%934%6L7316-04
3.43793603473L475E~03
2.295567713563276E-03
5.039405502571746c-03
2.776244319533757€-03
5.221065088210246E-04
2.7762720067535325-04
4.57857303276726G2
4.579536058915923
1.141423870%4%051€-03
6.343522114285473E-0%
1.0391465620065923E-04
3.614955550L67217€E~05
2.463348115900453€-95
1.64381783368583631E-04%
9.610924725335571E-05
5.2226742529706836E~05
4%4.53293451096G861E-05

3.773990185256838E-02
3.527536731799791€-02
2.0198070281235816-02
9.7216794401763332-03
4.554535521306515€-23
3.175592L645217353E-0%
7.9005%48593053807E-03
1.38365963%4%715056E-03
3.354427036367022E~-03
2.952627365714546€E-03
5.3434%53002451807E-0%
1.521522137693523E-02
8.73773r71CG277308¢E-23
1.2398905438137065£-02
6-7049133934354766£-03
1.7122290585615740E-03
3.2599335255555745-04
1.53631801347941L7E~03
8.167303445105428E-04
1.774933664913183€-03
9.196739090575262€-04
1.501032282506195E-024
1.4119978274299562-03
3.93962%9573339055E~-04
3.609327206508653E-03
2.120825513262759E~-03
4.42T31913572G193E-24
4.09732355294331L3E-04
2.3771653G911655639E-03
3.012332211517584%2-03
2.0466110963098595-03
1.104151314344554€-03
6.554354450526509420€E-04
3.022697975733526c-05
6.90L75593L2799625E-04
3.3965475643635719c-04
9.4910364522323757€-04
1.034657254717955€-23
1.517219337256256£-04
1.240202113922575€-04
9.073469157766430€E-05
2.723035003225321€-04
1.573119508511401€E-0¢4
2.372436032373834E-05
2.437903638263136E~-05

2.503097174585767£~-22
1.364864818019581E-02
2.8907841533211115-062
1.401593424084834E~-02
2.053509106178867€-03
9.2867332566015166E-03
1.3780721257682226E-03
1.5659603506165521E~02
8.483531263872115€E-03
5.9200548686 CO8COE-04
6.1853770512575356-04
7.8764166711L5A146E-03
8.2234234%51501596E-03
4.121131262527416E-03
2.0839%50632300745-03
1.537580969550171E~-03
3.206929233055493€E-05
1.5414780624024015-03
5.834939685487756E-04
1.2868333859217051LlE-03
1.280396434G6799012-03
2.1065188624956063E~-04
3.813052634163431E-03
2.362501721326260E-03
4.645623146937253E-03
2.490098561068357€-03
4.9497361326 127285-04
1.91136G511L5932296E-24
1.5701111126239»3E8-03
1.2592527165702076E-03
2.963247832599554E-03
1.5936559165613096-03
2.5905676551280297E-04
3.0620799954357565-0%
1.560484103623873:-04
1.18757%9803050724€-03
6.772231074255538E-04
2.76297667T1431583€E-04
2.437506534359594E-04
1.049062508382343C-04
1.51423501L519267T13€E-04%
1.2920302159274155-0¢4
7.405509463401386E-05
3.8858972673173732-05
2.922520813186638E~06

2.638501132814783€E-02
9. 7LL758517704539E-03
2.2593884510948297E~-C02
2.293137375711360€E-02
2.9675393326256135E-33
2.0759233632352442-02
1.067753573373673€E-22
1.5225232356091426~C2
T.743209732596045€-03
1.891168787154875E~-03
2.311037002882C58E-04
6.13748247513399%5E-23
2.7933954313425Q02E-03
5.5063505274212%4€-03
2.742C45153732133E-23
4. 703505193005937E-04
1.624564834710494c-03
2.855277652917016F-04
3.97313907851086%€-03
2.1763236799771326-03
3.053155643773754E~04
2.8514150666519C0E-24
2.439621066675966E-03
2.8784962018637905c~03
1.748004121027040E-03
Q.134936T33777603E-04%
5.3009196517976¢0E-04
1.697141016534730E-05
2.065553063159094€E-03
9.1483816670451C6E-04
2.328127573001050€E-03
2.437577691526855E-03
3.7299635532295C98-04
9.631336746516214E-24
6. 73561497357G051E-04
1.761159%23493073E~-03
9.9551375726005675-04
1.643195325492713E-04
L.2783750372567975-04
6. 1426673959504 22E-05
7.285023765034476E-05
1.904787051156361E-04
1. 0907816231256697E~-04%
1.8100819140371207E-05

6L



CONVERGENCE VALUE

3.487C96805102118E~02
4.9172544216535606-03
3.683896745666802E-32

«5357645793910/7/5-02
6.05733809384294362-33
5.0238538770273475 133
1.0766640383736%22€E-232
1.0006964933147335-32
4.8325)56634894315-33
2.39751760332333G6E6-C3
1.7422626697593595-)3
2.1052925073801277€-35
5.8807353702545A5€E-23
1.90137198140612%415-23
3.756875229525514E5-33
3.54954625363327416-)3
6.13344833006633J6E-3%
3.825047410511456E-C3
2.3751232172652716-33
3.5717504421157008-93
1.92122317248600368-23
5.11017818902305+98-0%
1.212837212943642€6-3%
1.633791547342295E-33
1.122953398735065£-23
2.459203694332301€6-03
1.281856963495295£E-03
2.0963678891L037356-324
1.220047498181325E-03
4.33202G83635613€636- 0«
3.628135C0774327362-023
2.15007C0464923405%E-C3
6.202418553581530¢6-24
5.531731367053235€E-C4
7.4530826373423405-04
1.0143162907%44478-C3
7.793413249235680E-04
4.333515735920143 E-04
2.607727123362255€- 0%
1.45208233839538720E-05
1.025402293509843¢€-24
5.375021013728695E-05
1.662402217623L765-04
1.877459393137750E-04
2.663695309867366E-J5

8.941516960441625E~16

7.22456556556385143E-02
2.7852575%7627603E-02
4.330236086684318E-02
2.2303252397291245€-02
3.17215293812152335-03
2.7376136%0614453E-03
5.014%4J76335657952-C3
3.3015345423277076~-03
5.19971207955L735€-03
2.453595306233051£-03
5.375754473730351€-04
5.5557041%3731351E-03
1.020340459847%51425-03
1.473361415723G33€-02
7.473550991330L70E-03
7.9073934923913)22€-04
T.674135978556057€6-04%
1.943424971567734€-03
2.2222712621128395c~-33
1.2514%972070531L14€-03
6.524523660106430E~-04
4.492%055493295L1E-04
1.36364255269245G-05
2.004221514327121€-03
7.992725572329759¢E-04
1.83327632192532548-03
1.3365353638303436%-03
2.73233%9044%61522E-04
3.4379360347311676-03
2.293367T712568074E-03
5.9354%655025713J335-03
2.776244316538553% -03
5.221093088307/7372-04
©2.716572006753339c-04
4.573972092766339c-04
4.5795350358215526E-04
1.14142383704437961€-03
6.3435221142459L7E-04

"1.035146620065832E-04

3.61465555C0166896E-05
2.458346115300237E£-05
1.6431783665835%46E-04
9.6109247290847232~-035
5.222674252970230E-05
4.532936510960464E-0C5

3.7733301352556551E-02
3.52763670179%478E-02
2.019507098123502E-02
9.72L579440L75456G5-23
4.5645955213061128-03
3.175592164527073c-04%
7.9005%8532053107€E-03
1.8383669634474835€-03
3.3544270863656727€-03
2.9526213657143356E-33
5.34%3493002651.337£~-04
1.521520137533453€E-032
3.737737710376536E-03
1.2224995481369526-02
6.704%1335343%885E-03
1.7122290£5619539-C3
3.299933564555237€E~-04%
1.636316013473272€E-033
8.167303445104708c~04%
L.7749335564913027€-23
9.1%6739090574453E-04
1.501032282500064E-34
1.411997327425331€-03
3.93953967350370%E-04
3.90%327206508345c-03
2.12¢2955132562573€-03
4.4273191356728305E-04
4.097323532943454E-04
2.3776%0091135430€E-03
3.012332211517319c-03
2.0455110953095672E-03
1.1041518L4338644557E-33
6.594345445026504C1E-04
3.0325779713733261L€E-05
6.90L763312799020E-04
3.35554G6435635%24E-04
G.491034522827925E-06
1.034667254717T3924E-03
L.517219337256123E-34
1.243202113922466E-04
9.0734593157765634E-05
2.723035003825032E-0%
1.57811990351L1253E-04
2.372436092373626E-05
2.437902638262518€E-05

2.5030971746855445~-02
1.38486431301954552-02
2.8907341533208558~-02
1.40155342403%4710E~02
2.053909106174635€-03
9.28673306601434%E-C3
1.378072125782105E-03
1.659323506165375€E-02
8.483531263371266E5-03
5.920054843500231E-04
6.185377051L257043E-04
7.8764165TL1S5T44%9E-03
8.2284234%15 008720603
4.1211812626270525-03
2.68399506322987LE-C3
1.5275380969550036€E~-03
3.206%29283055211E-05
1.5414780624022565€-03
5.834G856964%37252€E-0¢
1.2868338692169772-03
1.280396434079738€E-03
2.106518362499478E~-04
3.813052634168094€E-03
2.362501L721325051€E-03
4.64562314698563505-03
2.490058561053733€-03
4.949738132619293E-04
1.911369116332129-04
1.5701111126238206-03
1.259252765701906E-03
2.963247332569283E-03
1.593559918651155€E-03
2.590676551280070E-04
3.06207599543543585-04
1.5604284103523736€-04
1.187579303950620£-03
6.772231074254993E-04
2.762373671L431341E-04
2.437509554359381E-04
1.0490625038233238€E-C4
1.51429C0151926530E-04
1.292030215927202E-04
7.405905450400733€-05
3.885397267917033E~05
2.522520813186382E-06

2. 63850113281454GE-02
9.711753517708727€-03
2.259884610543097E-02
2.293737975711153€-02
2.9676393326255242-03
2.07552£353235060c-02
1.06%75357347335332-02
1.522523235609908€E-02
7. 743209732695367€-03
1.391168787154713E-03
2.311037002531855¢€E-C4
6.1374382475133453€-03
2.7933954213848256E~-03
5.506350527420309E-203
2.742045153731857E-03
4.703506193008524€E-04
1. 6245648347L0350£-03
2.855277652916765E-24
3.9731390785103520¢-03
2. 175323675977540E-03
3.053155643773516C-04
2.851419066651642E-04
2.43G621056675750c~-03
2.878962013637651E-03
1.748C04121006336E-33
9.134936739776300:~-04
5.800919951797150c~-0¢%
1. 6971410165346C5€-05
2.065553068158912£-03
9.1483381667048302E-04
2.325:1276730006455-03
2.437577691536634E-03
3.729963553229182E-C4
9.8E13856746515361E-04
6.735614976578468E-04
1.761159923452523€E-03
9.855197673595693E~-04
1.643195328492574E-04
1.273375037266685E-04
6.1424679G53498383€E-05
7.285023765033838€E-05
1.904737051156694E-04
1.090781628126601E-04
1.810031914071049E-05

08



.ONVERGENCE VALUE

3.487095805102302E-32
4.917254421653112E-03
3.6388%5674566646GE-22
1.58576457939939326-22
6.0573330034139337c-23
5.02385337703171352€-03
1.076654223736334¢6-C

1.00C6994933145693E~-32
4.832509556943G043€E-23
2.297917603323182€-33
1.74226266S5795701"73
2.1052325073801055E-35
5.386739970254037&-03
1.901571981451069€-C3
3.756875226525574€E-03
3.545902536332419€E-23
6.133448330663323E-04
3.825047410511110€6-C3
2.375133217265056E~23
3.571750442115333E-03
1.921223172859362€E-03
5.110173160230035c~C¢6
1.312237212940523€E-2¢4
1.6337G915473421432-C23
1.1229533987369545-033
2.46520369433201T€-33
1.281866563595179E-33
2.099367883133545E-34%
1.220067498131214E-23
4.3320293363563975E-24%
3.9281390774323458-33
2.190070440233856£2-33
6.2024135535481016E-2%
5.531781367053730¢&-04
7.4580326978491555-32%
1.0143162607443558~-93
T7.79341824923497T4E-24%
4.3385157359197956£-3%
2.4077271283262037=C4%
1.452082383958528¢£-35
1.0254022G68509750E-34%
5.375031013728207€-05
1.662402217628024E~-04
1.877459393137S79E-24
2.663695309867124-05

8.558202738073532€E~-16

7.224666556834503E-02
2.735257547527355E-02
4.330236086633876E-02
2.23085230723104532-22
3.172182951814951£-33
2.7376134506142202-33
3.014427563855653758~-03
3.30153%542327439¢-03
5.1697120795512655-03
2.453599366232830€-03
5.37516447372G354€E-0%
6.5557041987307592-03
1.5203484934%09070£-03
1.40383614157233562-02
T.473660531269493-03
7.997333+38917305E-04
T.67418562785565371e-04
1.9438424971567558E-03
2.222273621128194£-03
1.2514G72087058001E-03
6.526523950105339€-064
4.4520699453251045-C4%
1.3536425329523262-05
2.0742215148259%0€-03
7.972725572920035E-C4%
1.3322763212383187€-03
1.335939908305263E-03
2.932384904456L257€-C4
3.487936024730852€E-33
2.295567713567856E-03
5.037465502570847€~-33
2.776244%316533302€-03
5.2210950333653135-0¢4
2.776572006753137E2-064
4.573973392766475E-04
4.5795350539 1511 1E-04
1.141428370443857E~03
6.343522114285341E-24
1.03914652C0657372-04
3.614955550165571E-05
2.4683451155000L3€E-C5
1.6431733685833G6E-0%
9.610924729023855€-05
5.222674252963754E-05
4.532934510560051E-05

3.773990185256214E-02
3.5276857017991605-02
2.0192070958123320E-02
9.T2LET3440174553E-03
4.56%45555218056965-03
3.1753521h65257325-04%
7-9C0¢4252230573%3£-03
1.3835536344764719¢-23
3.35%4%27086366423E-03
2.932627365714119€-03
5.3434530026503852€E-04
1.521520L37693355€6-02
3.737737710375745€E-03
1-230350552136336¢F

6.704313393434272

1.7122200€5615434€E-03
3.259333523554993E-04
1.63653130134791245-03
8.1673233445103969€E-04
1.77469336649128366E-C3
9.19673G030573619E-04
1.501032282505927E-04%
1.4L193782742917104E-03
3.63%639673308352E-04
3.906327206507956E-23
2.120295513262381E-03
4.%4273191356728408E-024
4.0973213592943031E-04
2.37716%00%911332156-03
3.012332211517046E-03
2.0466110963094732-03
1.10+%151814384357E-03
6.5653%4502649303E-34%
3.0326979737329858-C5
6.901769310793395€-04%
3.3575472643635120E-04
9.4910345522827062E-04
1.0345572%4717810€-23
1.5i7219337255985€E—-04
1.240202113522354E-04
3.0734591577648125-35
2.723035003824835c~-04
1.573119908511116€-04
2.372436092373410E-05
2.487908638262691E~05

=

2.503097174585320€-02
1.384364318019334£-02
2.350734153320594E-02
1.401592424034533£-02
2.0539051061L754%%E-03
9.285733056313534E-03
1.378072125781930€-03
1.659802%06165224c~02
8.4835312638705359E-03
5.%920054363559745E-04
6.1853770512564326~-04
T.876%16671L156737E-03
8.22842344%15C0L25E~03
4.121181262626579€-03
2.083955063229702E-03
1.53755309635498%6E-03
3.206525233054520£E-05
1.541478052432126£-03
5.33458%636486724E-04
1.28623386G216851E-03
1.2803964340796722-03
2.1065138626465236E-04
3.81305263641L67749E-23
2.3625017213253838€6-03
4.645523146586429€-03
2.490G935610685122-03
4.949733132518845E-04
1.9113569116931L953E-04
1.570121111262356735-03
1.259252765701352E-03
2.9632473325590L5E-03
1.59365G691356102%E-03
2.5306763561279835E-04
3.062079955435209E-04
1.5604341085235955E-04
1.1875758283525125-03
6.772231074254375E-04%
2.7629786T71431090€E-04
2.437509554355159€E-04
1.049062503823243£-04
1.514290151925443E-04
1.2920302155271185¢&E-04
7.405903546040C064E-05
3.38589726731658CE-05
2.922520313185116€E-36

2.633501132314311E-02
9.7L17535177073850E-03
2.259884610647393E-902
2.2937979757L095C€E-02
2.967635332625654E-03
2.07532683632348728-02
1.069753573673435E-32
1. 52252322356C3370£-02
7.743203T73269466TE-03
1.891168787154542€6-03
2.311037002231645E-04
6.1374824751323935-03
2.793395431848C03E-03
5.5063505274203L06-03
2.742045153731649€-03
4. 708505193008067E-24
1-624564834710203€E-03
2.8552776529L6506E-04
3.9731385073510160E-03
2.176323679977343e-03
3.0531556437732395-04
2.8514190665651351E-04
2.439521066675536E-03
2.8733562C01363273SLE-03
1.7487041210067235-03
9.13453673371759725-04
5.200919551 7966245-04
1.9971410165344624E-05
2.055553068153725€-03
9. 148331646704 7475F-04
2.323127673C00634E-33
2.4375776919364532-93
3.725363558223843E-04
9.6313307456514435€-34
6. 735514975657 7359€-04
1.761159628492764E-03
9.9551975735937G1E-04
1.643195328492424E-04
1.278375037255569E-04
6.1424675959+9327E-05
7.285023765033177-05
1.604737051156521E-04
1.090781628126502E-34%
1.810081914070884E-05

L8



CONVERGENCE VALUE

3.487C96805102497F£-02
T 4.917254421652688E-03
3.6883367456661485-02
1. 535764579390794E-22
6.057323003419352)8-03
5.023553877030936E-23
1.0766564083736301E-22
1.000635493314506E-32
4.8325796673433622E-23
2.397917603322973€~-03
1.742232669799549 523
2.1052925C73230302¢6-125
5.8867353702535265-03
1.90137198145609042-03
3.756875229525246E-03
3.549962536382109E-33
6.133448A3306062794C5-04
3.82504T74105107776~-23
2.375133217264350€6~-33
3.57175C4421150726-033
1.9212231728596958~-03
5.11017816022G9639E-C%
1. 2128372125404035-0%
1.6337915478%2005E-03

1.122953393734856E-33

2.46920736943318626-23
1.2818669634950457£8-33
2.09935673391333528-04%
1.2200474581381108=2-03
4.3323293363505%3 ¢ 3%
3.928189077432003¢e~-32
2.190070644%0233655—03
6.202418553030474%4%=D~
5.5917313670532438-2%
7.453C326973485165-C4
1.0143146290745257¢-23
T.793418245234293E-0C4
4.338515735919%18E-C0%
2.407727123301L326524
1.452032333G58461E-J35
1.025402298509650E5-34
5.375031013727734E~35
1.6624022176278795-04
1.877459398137415E-J4
2.€656369530986068%5LE-05

8.742591272773953€E-16

7.224665556333869E-02
2.78525754T62711C0E-02
4.830235086633454E-02
2.2308623%7200849&£-C2
3.172152931014674%-03
2.73751356506139%826-03
3.014%076385643748-03
3.30156645%2327122-03
5.159712079550313£~-03
2.433593366232616E~C3
5.3757344732129393E-04
£.55570%198780133€E-03
1.029340498435731E-C3
1.428361415723734€-02
7.4736609912955%38-03
7.6073934987 1661 45-04
7.57413597385547315-04%
1.9436249715573385-03
2.2222735621128C006-03
1.251497207057892E-03
6.52452336010525696-04%
4 .43206994%3323T12E-04
1.3636%4255253220TE-0S

.00%22105143267665-03
7.352725572319340E-04
1.832275321033027€-03
1.836933796330313GE-03
2.33238%304%61L0302E-04
3.45772632473054%5-03
2.295567713567607E-03
5.039465502573437E-03
2.7756244319533059£~-03
5.2210932383335585-04
2.77657200AK752854E~06
4.S13978092166076F-04
4.57953£0358%147TL1E-J4%
1.14142837044%37575-03
6.343522114284737E-04
1.0391456200656462-04
3.61495555081662565~-C5
2.463345115897797€-05
1.6%28178358583253E-064
9.61C524T25033017E-05
5.2226742529692975-05
4.532934510959655&E-05

3.773990135255884€E~02
3.527686701798854E-02
2.019307098123145E-02
9.72157944%017374GE-33
4.564355521305297E-C3
3.1755321645265052~-34
7.900543553056706£~03
1.8830596344745352-03
3.354427055306131E-33
2.9525273657138062E-03
S.3434930026503862-04
1.521520137663223E-02
8.T737737710374G6338E-03

1.23039054313672%-02
5.7047133534234655€-03

1.712220085619285£-03
3.2599335665547083-04%
1.636318013478932£-03
8.1673C34451332575-04
1.7764933664912711E-03
9.19573909057231T5~-04
1.501032282505796E-04%

*1.41L697827429531€E-03

3.9396295673308009&-04
3.90932720650765€E-03
2.1208355132621G6E-03
4.42T7319136728022E-04
4.0973235929427235-04
2.3776540031189008E-23
3.012338221L1516735E-03
2.046611096309315E-03
1.104151814384261E~-03
6.5%434450264%227E~-C4
3.03253737387827TL9€E-D5
6.901769310797793€£~04
3.3535479643634326E-04
9.491034522326233E-C4
1.034667244717720€-03
1.517219337255353&E-04%
1.240202113922246E-04
9.072469157764C20£~-05
2.72303502332459TE-04
1.578119908510962E-04
2.372436092373203E-05
2.4387905633262474E-05

2.503097174685101E~-02
1.386864318)19214E-02
2.890734153320343E-02
1-401593424084462E-02
2.053909105178320€-03
9.2856733065012693E-03
1.375372125731850E-03
1.6593085056165030€-02
8.483531263367863E-03
5.920054858599225E-04
6.185377051255952E-04
7.87641657T1156053E-03
8.228423441499411E~03
4.121181252626325€-03
2.06839950632295215-03
1.537538096%549762E-03
3.20652623205%5405-05
1.541478062401591E-C3
5.834989636%852165-04
1.286833569216745£-03
1.280396434J75561E-03
2.106518862499103E-04
3.813052684167413E-03
2.362501721325632E-03
4.645623146986024%E-03
2.45009%561063295E-03
4.9649733L32518414E-04
1.9113651169317332-C4
1.570111112623541E-03
1.2592527565701L742E-03
2.963247332593756E-03
1.593559918560886E-03
2.52067555612 796C8E-04
3.002079995434943E-04
1.560484108523455E-04
1.187579303050406E-03
6.772231074253783E-04
2.76297865714308%3E-04
2.437509554353946E-04
1.049062503323152E-04
1-5142901519263L0E-04
1.2920302159270726-04
7.405909460399417€E-05
3.885357267916340E-05
2.522520813185860E~06

2. 6385011328L4082E-02
9.T7TL1758S1L77C7T009E-03
2.2598846109476575~02
2.2937979757L07518-02
2.967689332625396E-03
2.075928863234652E6-02
1.069763573373353E-02
1.5225232356057386-02
7. 7432097326635G2E-03
1.891168787154377E-03
2.311037002831443E-06
6. 137432475132365E-03
2.793395431847761E-03
5.506350527419331€-03
2.7420451537314106-03
4.708506 193007586E-04
1.624554834T1L0062E-03
2.855277652916253E-04
3.9731850735053 14E-03
2.176323679977L54E-03
3.0531556437729725-04
2.8514190066511425~04
2. 439621 066675318E-03
2.878962018637140E-03
1.748004121036575E-03
9.134536733775175E-04
5.800913951796118E-04
1-9971410156534249€-035
2.0655530681535456-03
9.143381567046575E~04
2.32312767300C431E-03
2.437577691936250E-03
3.729363553228518E-04%
9. 651366746513642E-304
6.735614978377271E-04
1.761159923452510E-33
9.955197673597921E-04
1.643195323492251E-04
1.273375037256457E-04
6.142567995%4567G1E-05
7.285023765032540E-25
1.504737051L56355E~-04
1.090781628126407E-04
1.8100819140707255-05

28



CONVERGENCE YVALUE

3.4870968051021906-02
4.917254421652252€E-23
3.688896745665324E-02
1.585764579390554E6-022
6.0573340034513827¢6-23
5.023653877036512£-03
1.0756654588736206E-22
1.00066549331451385~-02
4.832509665433196E~33
2.397917603322752€-23
1.74226265637136395E-03
2.105252350780)7T17TE-05
5.336735972253605&-03
1.6013713416807356E-03
3.7565752293263152-23
3. 545542326581 7962-03
6.13344633306622545-04
3.825047410510%%1£-03
2.3751322172645%06-03
3.571750462114757€-G3
1.921223172856525€E-33
5.110L781€0225139E~2%
1.312837212940293 34
1.6337915478418515-03
1.122953358734767E8-03
2.46920369433164%E-33
1.2818656963454G54€E-03
2.09G367833103177€E-34
1.220047493131001E-03

232025836360215€E-34
3.9238189577431L5516-03
2.190070443233472€-)3
6.20264165535759286E-04%
5.591731367057750£E-04
7.4520E826597847353 €604
1.014316290744173€-33
7.793%18249233£038¢&06
4.228515735919034E-04%
2.4077271283616155-3%
1.452052333953334 605
1.025402265539570c-3%
5.375031013727265E-95
1.66240221T76277133€6-3%
1.8774553938137250E-04
2.6£636953809866657E-035

B.739901521950179E~16

7.224666556383234E-02
2.735235754676268862~-02
4.880236086633024E-02
2.23039239729006525-02
3.L721529310143956-03
2.73761369C3613740E-03
3.0144076335636676-03
3.301334362325330E-23
5.1697120795533545~-03
2.453599360232399£-03
5.37575644727235205-0%
6.555704193775611E-03
1.920347458%063721E-03
1.40336L415725639€-02
T.4713663991295185€~03
T7.90739349589159513E-04
7.6764186578564Q023E~-04%
1.5484264911567T217E-03
2.222273621127325E-03
1.251457207057731E~03
6.5245239601LC4555E-04
4.4920699493283165-04
1.3036425526320372-05
2.0064221514326539E-03
7.932725572913636E-04
L.83327632124328662-03
1.8363379583015%7E-03
2.932334904%602743E-04
3.430956334733241€-03
2.2955677T1L356T464E-Q3
5.039465502506963E-03
2.77524%319537315E-03
5.221053038303353E-04
2.776572006752650E-C%
4.57397309275655672504
4.57953605383914303E-04

1.141423370+455572-03

6.343522114284229E-04

3.6L%955550165938€-05
2.463346115899550€E-05
1.5423173368583107E~-04
9.610624723232L70E-25
5.222674252958333E5-05
4.532934510959257¢-05

3.773990185255553€E-02
3.527636721793543E-02
2.01930 7098122966802
9.721679440L72833E-03
4.5564535521804858E-03
3.175592154526225E-24
7.5006%335930500082~03
1.8332507634474339:-C3
3.3544270803565835E-023
2.95262136571360LE-03
5.348453002549G1L5E~04
1.52152013 7663 08 9E~Q2
3.7377377L0374217E-03
1.280850548136612E-02
6.704913393433103E-03
1.7122200856191345-03
3.25973853855442 LE-06
1.63631301347838375-03
8.15673034%5102537E-26
1.7746333664912555E-03
9.196739090572007E-0¢4
1.501032232505564E-04
1.411997827429457E-03
3.9396396733076626-04
3.60%321727650731LE-03
2.120695518262009&-03
4.4273L9136727632€-04
4.067323552942363E-04
2.3776406041188796E-03
3.0123%22115i6518E-03
2.C46611096309134E-03
1.104151814324164E-03
6.5943445)2548545E-04
3.032627978782453E-05
6.50L7693LOT97TLB4E-04
3.3595+96435345330E-04%
9.49L03452232539%E-04
1.0345657244TLT629€-03
1.5172L9387255719€-04
1.2402021139221376-04
9.07345915T763221LE-05
2.723035003824357€-04
1.57811L99085108436-04
2.37124360923729955-05
2.487903638262255E-05

2.503097174684831LE-02
1.3849864818019092€-02
2.890784153320034€E-02
1.401593424384338E-02
2.0539091061781396-33
9.256733065011881E-03
1.3780721257817335-03
1.655208506164234E-02
8.4835312563369L13€E-03
5.920054363593706E~04%
6.18537705L2553596E-04
7.876416671155356£-03
3.228423441498535%2-03
4.121181262625657E-03
2.0839950463229337€E-03
1.5375380663549627€-03
3.206929283354353€-05
1.541478062%01855€E-03
5.3345855364385702:-04
1.236833369216635E-03
1.2803664340794482-03
2.106518862467891TE-04
3.813052634167032E-03
2.3625017213254245-03
4.645622146385615F-03
2.4%00968561064807¢€-03
4.549738182517977E-04
1.911365116931620E-04
1.570111112623403E-03
1.259252765701631E-03
2.9632473832593495€E-03
1.5936569136607452-03
2.590676561279380€E-04
3.0620756954345673€E-04
1.5604841068623321E-04
1.1875798080350304E-23
6.7722310742531925-04
2.76297867143C6052~04
2.437509554358732E-04
1.049062508823059E-C4%
1.514290151926177€-04
1.2920302159256958€E-04
7.405909460398766E-05
3.85658972673 15999€~-05
2.922520813185604E-06

2.638501132813850€-02
9.7L175851T7T71061L53E-03
2.255384610547497TE-02
2.2337197975710548€E-32
2.967639332625135€~03
2-075928663234505€E-02
1.C69753573473299€-032
1. 52252323563856026E-02
7.743209732673310E-03
1.891163737L54210€-03
2.311037002838t240E-04
6.137432475131323€-23
2.793395431847514E-03
5.506353527416343E-03
2.7420645153731168E-03
4. 7T08506163007271E-04
1.624554834709519€-03
2.855217652G9150C5E~-J4
3.973L89G735094563E-03
2.176323679G5756962E-03
3.053155643772704E-34
2.851419C66650890E-04
2.%43662106656751036-33
2.8739562013636887E-33
1.748304121006421E-033
9.134536735774370E8-04
5. 800515951 /95606E-04
1.99714L01L6534074E-25
2.04655530368153363€~-03
G.14338L667045355E-04
2.3281276780002262-03
2.43757753193603565-23
3.729963555228189€~-04
9.6313367406512189E-04
6. T356145735766792-04
1.761153G6234924558-03
9.955197673537044E-24
1. 6431953284521 36E-04
1.278375037266365E-04
6.1424679395948249E-25
7-28502376503190CE-05
1.904737051156187E-04
1.090781628126311E-04
1.810031514070567E-05

€8



CUNVERGEMCE VALUE

3.487096805101902F£~02
4.917254421651848€E-03
3.688896T745665521E-02
1. 585764579390523E-02
6.057338003418323E-023
5.9323853377035599¢E-23
1.07€£54C8373611LTE-32
1.0006934933146352-02
4.8325C7669437791E~-33
2.337917603322564%€-03
1.T742262669759252%-03
2.106292507800543&-05
5.8386739970252520¢5-03
1.901871981460579€6~23
3. 7568752295246048-33
3.5499562536331503E-03
6.133443330651745E-04
3.825047410510124E-0C3
2.37513321726%444E-03
3.571750442115451E-03
1.92122317285%3675-03
S.110L78160223767 0%
- 212837212940184E-04
1.633791547341725E-03
1.122953393734574€E-03
2.45923169%33144CE~03
1.28186665634%4843E-03
2.09%867889105003504%
1.2200474931L30900E-03
4.332029836359357¢6-04
3.6928123%C77421336c-03
2.19037C4430233250€6-03
6.20245135535156415E-34
5.5GL78138670572376-04%
7.453232697847240%-04
1.014316293744094203
T7.7934182492329615-034
4.33851573591L8574E-04
2.40T727123361415E-0%
1.452032383958213E-35
1.025402293509435&6-04
5.375031013726319E-05
1.662402217627555E-04
1.877459393137094&-04
2.6635958098606436E~-05

8.854177275667854E~-16

T.2246655563325639E-02
2.7852575476266375-02
4.830236086632623E-02
2.2306%2397200453E-02
3.172152G6310141324E-03
2.7376136905613515€8-93
3.014%275385630358-03
2.2391544542326%34£-03
3.1397L2915559225€E-33
2.453559366232157E-03
S-37579%4473723416E-04
6.535706198773071-C3
1.020345049E40830178-03
1.433361415723493€E-02
7.473653991227367€-03

77073934587 152636-04

7.6741835978%5633895-04
1.942424971567055E~03
2.22227362112762LE-03
1.251497207057578€-03
$.524523960104154E-04%
4.4920699493271944E-04
1.353642552691974E~05
2-.004221514326423E-03
T.5227255729171974E-C4
1.333276821732714E-03
1.336935%568301735€8-03
2.932384504%5605)1E-04
3.4579360347299532-03
2.255567713567274E-03
5.03940530256756468~-03
2.T7762443195375352-03
5.22129303835750562~04
2.7765722306752420E-04
4.574G72092765292€-04
4.5795260587213%929F-04%
1.141428370443562E-03
6.3435221142837232-04
1.03914562006545095-04
3.61465555016563GE-C5
2.458346115339376E-05
1.5%3L783568532571€E-04%
G.61092472908L374E~05
5.2226742529638406E-05
4.532934510953332E-05

3.773990185255243E-02
3.527636701798253E6-02
2.0193070951228008-02
9.7216794401720926-03
4.5545955213045186-03
3.175592164525363E-04
7.5305435730553538-03
1.8334653634476233E-23
3.3544273863655535-03
2.5526273557133576-03
5.34347%3002649474E-04
1.521520137692964E-02
8.7377377L0373495E-03
1.2806305431365068-02
6.704913373432551E-23
1.71222008561379932-03
3.259958333554151E~C4
1.5636318013478702E-03
8.1673234451L01861E~0%
1.774733664912408E-03
9.195735030571246E-04
1.5010322525055%0E~064
1.411597327429340E-23
3.939639673307336E-04
3.909327206506983E~03
2.120895518261234€-03
4.42T319136727265E8-04
4.0973235329420245-04
2.37754003113845601E-23
3.012342211516269E6~-03
2.045611096308965€E-03
1-1041513814384072E-03
6.594344502648101E~-04
3.0326917913782202E-05
6.901759310796613E~04
3.3595456436342525-04
5.491335522824612E-0%
1.034657264711543E-03
1-517219337255594E-04
1.240202113922034E-04
9.073469L57762469E-05
2.723025003624132E~04
1-57211S903510712E~04
2.372436092372793€-05
2.487938635262049E-05

IN STMT 22 PROGRAM RETURNS FROM MAIN PROCECURE.

2.503097174684675E-02
1.384364818018978E-02
2.890734153319850€-02
1.401593424084222E-02
2.053605105177970E-03
9.2867330050111175-02
1.378072125781625E-03
1.65750085061047972-02
8.48353126386841L3E-033
5.920054363598214E~-04
6.185377351254836E5-04
T.8376416671L1547C7E-03
8.223423441498005€E-03
4.121131262625616E-03
2.062995063229165E-03
1.5375809679549500€-03
3.2069252830540926~05
1.541478062401728E-03
5.834989536%285219€E-2¢4
1.286833869216523€E-03
1.280396434073342E-33
2.1065183862493743E~04
3.8130526341667675-03
2.3625017213252296-03
4.645623146985231E-03
2.4500$58561067370E~03
4.349735132617565E-04
1.911369116G314825-04
1.570L111125623273E-03
1.259252755701527E-23
2.963247332593250£-03
1.5935595913560613€-03
2.590676561279156E-04
3.06207999543442C6-04
1.56C484103623152E-04
1.187579803050205¢-03
6.7T722310742526325-304
2.762978671430377E-34
2.4375095543585308-34
1.0490562508322972E-04
1.5142901519260525-04
1.29203021L5526351E~-04
7.40590945603981L52E-05
3.885897267315677€-05
2.922520813185362E-06

2.6385011328136323E-02

9.7L1753517705356E-03
2.259384610947311E~-32
2.2937979757L0353E-02
2.967589332624889E-03
2.075923358234333€-022
1.069753573373211E-02
1.522523235606478€-32
7.7432097326932663E-23
1.891168737154054£-03
2.311337002381C043E-04
6. 137482475131318E-03
2.793395431647282£-03
5.5063503527418339:2-03
2- 742045153 7309415-33
4.7085036163005882E~04%
1.624564%834 739735833
2.855277652315770E-04
3.973135073509136€E-03
2.176323673G576782E-03
3.053155643772451E-04%
2.3514190656650654¢E-04%
2.43952106667650L5-03
2.8789620186366485-03
1.74823046121006276E5-33

TG.134935673G7736142-04%

5.8009139951795127E~-04
1.99714610155335036-05
2.0655530631581528~03
9.148381667045112E-04
2.32812/6730U0033E-03
2.437577651535834E-03
3.729953558227380E-04
9. 6813857465119372-34
6.735614578576121E-04
1.761159923492309€E-03
9.9551976748556220E-04
1.643165325472000€-24
1.278375037256239E-04
6. 142467995947741E-05
7.285023765031296E-05
L.904737051156029£-04
1.090781628 126221E-04
1.810081914070417E-05
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ANALYS: PRICEJURES OPTICNS(MAINYS

STMT LEVEL NEST sLICK MLVL

2 1 1
3 1 1
“ 1 i
S 1 1
& 1 :
7 1 :
8 1 <
S 1 i
10 1 3
1L 1 1 1
1z 1 1 1
13 i 1
14 1 1 1
15 1 1 K
15 1 1
17 1 1
18 1 1
i@ 1 b3
20 2 2
21 2 2
zz 2 1 2
23 2 1 2
24 2 1 2
26 2 1 2
23 2 i z
30 2 1 2

PL/C=R741~=58 0S/16/77 10:12 PAGE

SQURCE TEXT

sL THE LEFT=-RIGHT 2RANCH PAIR,
Sum A VAR LASLE USED IN SUMATIONS.
LYAL TrRE CTILIZAT ICN.

n/ .

SCL PECA(ZZ4) FLTAT(16) STATIC:

OCL(SUM,ECCUNT ,PRI0ESAT (CRATNDS) FLCAT(16) 3

OCL STA3(4:7) FLIAT(16) STATIC INITIAL(Us0ES.4e0E0+,540E50,640EC+540E0,
73CEC+32CEN49,CS0) 3 ’

DCLI IV L+R.LR,AL) FIXED BINARY;

OCL EXNOS (7) FLOAT(15) STATIC INITIAL(2s0SQ4320F0+%¢CE0+0e3EC 130CE0

£>,CZ3.940EC);

OCL LRICM2(Z3,2) FIXED 3INARY STATIC INITIAL (
Lals 20ls 2+25 39l 3425 2520 4,10 3,2, 843, 4,4,
Sels Sece Ss2s S48y S35, 6rle 56429 643+ 634y 6.55 646,
Tels TeZe 7339 7s4s 7:5s 726 7.7)3

/*x

NORMALIZSE THE INITIAL PRO3ABILITIES

=/

GET LIST(FFRC
SUM = (o C=(;
00 I=1 TC z243

SUM = FRC

=ND 3
DC I=1 7L zZ2a3
PRC2(I) = PRC3(1)/Suv:
IND
Vel

THZ SPIVER FROGSAM CALLSE ThS RCUTINE TO CCMPUTE ThE PROCAUILITY OF A
SPLITs

=/ .

CALL PRIBAL:

/®

IT ALSC CALLS THE RCUTINT TO CCMPUTE ThE UTILIZATION.

</

JALL UTILIZZ:

RETURNS

yal

THI5S IS THE RCUTINE TO COMPUTE THE PROSABILITY OF A SPLIT.
=/ .
PROJAL :PRCCEDURE

PRISSPT = NeC=03

7*
THE PROEAEILITY OF A SPLIT AT THE THIRD LEVEL IS COMPUTED FROM THE TwG
KEY THIRC LEVEL NCC&Se
=/
00 1=29 TO 2243
CALL REMAF2({I14M,LsR,ECCUNT) 3
CRYNDS = T, 7203
Ve
3U¥ TrZ CRITICAL NOUES,
* / B
IF M>a TEIN CRTNOS = CRTNOS + EXANDS(M)S
IF L>& TrENM CRATNDS = CRTNOS + IXNLSK(LI)S
IF Roa THIEIN CARTNDS = CRTINUS + EXNO5(R):
PIAESPT = PROA(T)*CRATNDS/SCOUNT + PROSSPTS

L8



AMALYS: PROCEDURE QOPTICNS(MAIN)IG PL/C-R741~-68 0S/16/77 10:12 PAGE

STMT LEVSL NEST 8LOCK MivL SCUKRCE TEXT

31 -2 1 2 END
32 2 2 PUT 3KIP ECIT('TFE RESULTS OF ThE PRCBRABILITY ANALYSIS *)(A);
33 2 2 PUT EKIP 3
3e 2 2 PUT SKIP SCIT('TRE PRO3IABLITY COF A LEVEL THRES SPLIT ¢ ,PROBSPT)I(X(S).
AL E(2%,15)) 3
Vi
DETERIMINE THE STATE Twd PRIEBATILITY OF A SPLIT
=/
3s 2 2 PRC3I3PT = Qe0ES
36 2 2z 00 I=1 TO zzs3
7 2 1 2 CRTNCS = f40EC3
23 2 i 2 IF 1<29 Tren
39 2 1 2 cos
aC 2 2 2 CALL SREMAPI(I,L,R+ZCOUNT);
/=
SUM TrFZ CRITICAL NCOESa
*/
41 2 2 2 IF L>4 THEN CRTNDS = EXNDS(L):
a3 2 2 3 IF KR>4 ThEN CRTNDS = EXNDS({R) + CRTNCSS
45 2 2 2 ENC3S .
&6 2 1 < ELSE NGO
47 2 2 2 CALL SEMAP2(I+M,.L+R.ECTUNT) 3
48 2 2 2 IF M>& THEN CRTNDS = SXNDS(M);
/* .
SUM TrZ CRITICAL NOCESS
=/
so 2 2 z IS L>4 THEN CRTHDS = T XNO3(L) + CRTNDS:
52 2 2 2 IF >4 THEIN CRTNCS = EZXNOS(R) + CRTND3:
sSa 2 2 4 ZND S
5 2 1 2 PROZ3PT = PROZ(I)2CRTNDS/ECIUNT + PRCHSPTS
36 2 1 2 ZND
57 2 2 PUT SKI2 EQCIT(*ThI PRC3ASLITY ZF A LEVEL Tl SPLIT * +PROBSPTI(X(S)s Ay
S(25.15)) 3
/'#
DETIRVING THE STATE GNE PROBA3ILITY CF A SPLIT
=/
53 2 2 PRC3>AT = 2,020
53 2 2 o) I=1t TO Zzza 3
EC 2 1 4 CRTADS = Ca2S73
51 2 1 2 IF <29 ThIN
ez 2 N 2 cas
53 2 2 é CALL REMAPI(I+L,R,ZCCUNT)
64 2 2 2 CRTINCS = EXNIS(L) + EXNOS(R):
€S 2 2 2
66 2 1 Z
67 2 2 2 EMAP2( L+ L,R,ECTUNT)
£3 z 2 2 = EANCS(M) + SEXNDS(L) + EXNOS(R) S
693 2 2 2
7e 2 1 2 = PRCE(I)*CITNOS/TCOLNT + PRCASPT;
71 2 1 2 £
72 2 2 PUT SXI? ECIT(*TRE PeO2AcLITY CF A LEVEL JINE SFLIT * s PROBSPT I(X(S)sA
E(Zs.13) )3 .
73 2 QI TunN;
74 2 P O PROSALS
/‘(

38



ANALYS?

STMT LEVEL NEST

75
76
77
78

7Q

21
82
83
ge

33
92
1e8

101

irz
103
104
105
1c5
173
1¢6
110
112
113
114
115
117
119

PROCECURE

VNN

n

[

NN NN RBINNNNODNN NN N

NN DR

v

LS S VI L I VO (VI Vg

B el SR SRV RS R o

CPRTIONS(M4AIN) G

3LECIK MLVL

LI L (e

W

Lol v

[P WY WV B W O P W W R e v

b W

[ VL VY VP V1 B WY B I AV L W R I PV Y]

PL/C-R7e1--63 C5/16/77 10212 PAGE

THIS RCULTINE CCMFUTES TRE UTILIZATICN AND PERFGRMS THE FREQUENCY ANALYSISe

=/ .
UTILIZZ:IFECCEDQURE;
CCL STCLVL(Z.2) SLCAT(16) INITIAL((2)043%C
CCL F3TLVL(Z.2,2) FLOAT(15) INITIAL((3)Ca0
OCL STATS (7))

H
o}
13

FLOAT(14) STATIC INITIAL(NaO

TC16)) 3

COMPUTE TrZ UTILIZATICN AT LEVEL THREE.
=/

F2 = Co0EL3
Fl = CaTETS
02 I=1 TO Z2za3
IF I>28 TEIN CC3
CALL REMAP2(I+MaL,R,ECOUNT)
72 = FRC2B(II/ECOUNT + F27
ENO G
ELSE DG
CALL REMARPI(ILWLsR+ZCIUNT)
S1 = FRI2(L)/ZECCUNTY + F1Llg§
ENO 3
END3

/x
DETERMINE ThE NORMALIZEC FREQUENCICSe
x/
FLRERME = Fl/(FLy + F2);
FRPRMT = FZ/(F1 + F2)3
TAL = (FLIFENE + 2%FZPRNMZ)/23

PUT SKIP ECIT(*THE UTILIZATION AT LEVEL THREE

Z(253415)) 5%
/®
COUMPUTZ THE UTILIZATION AT LEVEL TwCe

Fl = 0a2E8CS
F2 = Na0=qs
Moo= ) 3

00 I=1 TC ZzZ2a;
IF 1<272 TrEN CALL FEMAPI(I L R,ECCUNT) S
ELSE D23
CALL SENMAPZ(I.M.LWRHIECCUNT);
IF M>Z ThEN F2 = PROS(I)/ECOUNT + F23
ZILSE Fl = FRCB(I)/ECCUNT + F13
ENC S

IF L>3 TEEN F2 = PRCE2(IIZECIUNT + F23
ZIL3Z F1 = PRCE(II/ECCULMNT + F13
IF 8>3 YrEN F2 = PROB(I)/ECIUNT + F2:
ELSE FL = FPRCS(INI/ZECISUNT + =13

PRIMZ LF2PRMF WWUTALLDIFF) FLCAT(1€):

9 1eC=3424CC0+CaQEC11aCZ0
7) FLCAT(16) STATIT INITIAL(Z2.CSC,15%EC+2>,050.340E0,240E05

INTRY(FIXED SINARY, FIXED BINARY,FLCAT(16))

T (*'THE RESULTS OF THE ANALYSIS OF THE UTILIZATION'){A);

*LUTAL (X (S)sAs

4

68



ANALYS: PRUCEDURI CPTICNS(MAIN)I PL/C~R7,1--568 09S/16/77 10:12 PAGE

STMT LEVEL NEST dLCCK MLVL S0URCE TEXT

122 2 1 3 END3
/=
NORMALTZSE THE FRZQUENCIZS,
x/
121 2 > FLPRME = FL/(FLl + F2)3
122 2 z F2/{F1 + F2):
122 2 3 IPRVI + 2xF2PRME) /20
1248 2 3 ° ECIT(* TRE UTILIZATICN AT LEVEL TWO *,L,UTAL)I{X(S5)+A,E(25.153):

THEE UTILIZATION AT LEVEL CNEa

=

125 2 3 Fl «3E33

125 2 3 £2 = 25,3233

127 2 3 M=

129 2 3 00 I=1 TO z24; .

129 2 1 3 IF 1<29 THEN CALL RSMAPL(I.L+R,SCCUNT)S

131 2 1 3 EL3Z 905

132 2 2 3 CALL REMASZ(IWM.L.R,SCCUNT};

133 2 z 3 F1 = STATZL(M)=POCE(I)/ECUUNT + F13

132 2 2 3 F2 = STATEZ(M)*PROB(I)/ECILNT + 723

135 2 2 3 END:
%
DITIAMINE ThE RELATIVE FRSCUENCIES FCR STATES CONE AND Twlae
*7

136 2 1 3 F1 STATE1(L) *P3IC3(1) /ECHUNT + Fi3

137 2 1 3 F2 = STATEZ(L)=PROS(I)/ECIUNT + F273

HEE] 2 t 3 F1 STATEL(R) <FRCE(1)/ECCUNT + S13

139 2 1 3 F2 = STATEZ(R}=PRCIB(I)/ZCIUNT + F23

14¢ 2 1 3 133

141 2 3 FLPAMZ = FI/(F1 + F2):

122 2 3 F2PRAE = F2/(F1 + F2);

143 2 3 UTAL = (FLFSVT + 2=F2PRMS)/23

14e 2 z PUT SKIP ECIT(*THE UTILIZATION AT LEVEL ONE  *,UTALIIX(5)+AE(25,15));

125 2 3 PUT PAGES
/% .
THIS 1S THE ROUTINE RTAIN ThE FREQUENCIES 3F NODE3 DESCENDING
FROM INE ANS Twl KE NTS AND GIANDPARENTS. [T DECOMPOSES EACH STATE
AND PSCPCRTICN3 THE 3F TRIS STATS OCCURRING FROM THE
ASYMPIQTIC STATE PR

126 2 3 .

147 2 3

148 z 1 3

153 2 2 3

151 2 2 3

152 2 2 3

153 2 2 3 H

154 2 1 3 z

185 2 2 3 H

136 2 2 H A RENAP2([ .M L+RWECOUNT);

157 2 2 3 M

138 2 1 3 FoL .

16¢ 2 1 3 ELSE K=13

161 2 1 3 SECLVL(JaK) = SECLVL(J.K) + PR3IB(1) ZECOUNTS

162 2 1 3 F3TLVL(geKal) = FSTLVL(JsKs1) + PR0OB(I)®STATS1(L)/ECOUNT;

06



ANALYS:

STMT LEVEL NEST BLOCK

5
5

132
185
12

137
183
183
1gn
191
192
153
192
135
165
1sT
18
199
209
231

2¢c2

SO G0
PO X NO WU W

(VRGN ST IS T YRR VI VIS (S B VI (VI (VR V]
W o

e re b 14 pe v G QO

[

PRJCEDURE

NMANRONNDIUDLDNRNONLNNNDLNN N

NN DN RONNWDNRRN

I'JNI\JNNI'JNN\NNNNI\)‘JI\-NN

LI VL VIV O N ol ol ol

oW WY e

N W e

0 0NN e e e

OPFPTIINS(MAIN); PL/C~R7e 1-=563 05/16/77 10:12 PAGE 6

[ PP T VYR Y I Y PR VPR OV I OV VIR WY I PV R VYR O R P R VR P RV [ VY I PR WK PR VI PR VIR W O BV BV I YR W P W}

U e Gl L G W G W

NLVL

SQURCI TEXT

F3TLVL(S.K,2) =
IF R>3 THREN K=2
SLSE =13

n
w

TLVL(J.K,2) + PROB(I)I*STATEZ2(L)/SCOUNT;

ZCLYL(LeK) = SECLVL(J,.,K) ¢ 2RUAB(I) /ZCOUNTS
F3TLVL(LsKsl) = FSTLVLI{J,K,L1) + FRZB(I)XSTATEL(R)I/SCIUUNT ;
F3TLVL(JsK2) = FSTLVL(JK,2) + PROG(I)=STATI2(R}I/ECIOUNT
IF M~=9 TrSN CC3
IF M>2 TREN K=23

ZLSE <=1
Seluvi(e.x) =
FSTLVL(weKe1)
FSTLVL(JsKe2)
ENO

SND3

PUT SKIP LIST(*INTZRNAL FRIQUINCY AMALYSIS*);

CALL PRINT;

SUM = 3J,NEC: ECCUMNT = CeNECS

ZCLVL(JsK) + PRCB(I) /EC3UNT:
FSESTLVL(J.Kel) # FPCAR(II*STATZ1(M)/ECOUNT
FSTLVL{J.K,2) + PRCB(I)I=STATZ2(M)/ECOQUNT

i w

Ve

THE FRSQUENCIES ARE NORMALIZED,
*/

00 J=1

SECLVL (J.K)3

H
SCCUNT + FSTLVL(J,K,L)3

VL{JsK,L) = F3TLVL(JI,K,L)/ECCUNT

= STCLVL{JKI/SUM,

ENCS

PUT 3SKXIP3

PUT SKIP LIST(*AFTZR NCEMALIZING ')3
CALL PRINTS

Vel
THE FREJUSACIES ARE NORMALIZED 5Y PAIRS DESCENDING FROM A GIVEN NOOEa
x/

20 J=1 TC 2:
SUM = SECLVL(J.1) + SECLVL(J,2)3
SECLVL{4.1) = SECLVL(J.1)/SUN:
5ECLVL(w2) = SECLVL(JW2)/5UM;
oG K=1 TQ 23 .
ECOUNT = FSTLVL(J.K 1) + FSTLVL(J,K-2)3
ESTLVL(JsK+1) = F3TLVL(JeK 13 /ECTUNT;
FSTLVL(JaK,2) = FSTLVL(J-X,2)/SCIOUNT
ENO S

PUT 3KIP(Z)3
PUT SKIP LIST(®AFTER NOKMALIZING PAIRS )3
CALL PAINTS
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ANALYS: PROCEZIURE CPRTIONS(MALINY PL/C-R7e1-~68 0S/16/77 10112 PAGE

STMT LEVEL NEST 3LCCK MLVL  SOURCE TEXT

2186 2 3 RETURNS
/S
THIS SOUTINE PRINTS THE QESULTS CF THE FRIQUENCY ANALYSIS.
=/

217 2 3 PP INTIPROCECURE S

218 3 “ PUT 3KIOG

219 3 - PUT 3KIM ZCIT('CE3CINDING FRUM A ONE KEY THIRC LEVEL NOUE'I(X(S).AY:

22« 3 s PUT SKIP ECIT('RAVING ONE KEY *,S3CLVL{1,1)«* HAVING TWO KEYS ',
SECLVLOT 23 (X(13) Al1S)oS(25,15)2 AC17)+E(25+13))3

221 3 2 PUT 3&10 ECIT('CESCENMDING FAOM A TaQ KEY THIRD LEVEL NIDETI(X{5),A):

282 3 O PUT SXI® ECIT('HAVING CNE KEY ',SECLVL(2,1),' HAVING TWO KEYS ',
SICLVL(242))(X (103 AC15) Z(25.1S),A(17T).2(25,15))% )

225 3 & PUT S<I° ECIT('CESCINDING FRIM A 3 LvL 1 KEY, ANG 2 LEVEL 1 KEY*)}{X(3).
Ars

22a 3 3 PUT 3KI2 SCIT('HAVING CONE <ZY *L,FSTLVL(1,1+1)s* HAVING TWO KEY3 .
FSTLVL (141,300 (XC1C),A(15),E(25,15),AC17),E(25.,15))3;

225 3 2 PUT S3KIP SCIT(*CESCENDING FRCM A 3 LVL 1 KEY, AND 2 LEVEL 2 KEY*)
(X(S).2)3

226 3 3 PUT SKIP ECIT('FAVING CNE KEY *,FSTLVL(1+251)+* HAVING TWwO KEYS ¢,
FSTUVL(1+242))(X(10)4A(15)45(25,15).A(17),E(25.,15))3

227 3 S PUT SKIP ECIT('CESCENDING FR24 A 3 LVL 2 KEY, AND 2 LEVEL 1 KEY')
(X{5)s2)3

2z8 3 a PUT SKI1P ECIT{'HAVING CNE KEY *,FSTLVL(2:1+1)s" HAVING TWO KEYS *.
FSTLVL (2, 1202 (X(10)2A(15),E(25,15),A(17).E(25,15));

229 3 a PUT SKIP SCIT('CESISNDING FR3A4 A 3 LVL 2 KEY, ANC 2 LEVEL 2 KEY')
(X(3),a)3

233 3 2 PUT 3KIP ECIT{'HAVING CNE KEY *,FSTLVL(2,2+1)s*' HAVING TWGO KEYS ',

- F3TLVL(2+2+2)) (K10 4A(15)-E(25,15)»A(17)+E(25,15))3

231 3 = RETURN 3

232 3 a £N03

233 2 3 COMPUTZ2IFRCCTILURS (L. KLECCUNT) RETURKNS (FLCAT)

23a 3 3 CCL(1.,K) FIXZO Z2INARYS

23< 3 S OCL SCCUNT FLCAT(LA):

235 4 s N(FSZA(I)/ECCUNT)

237 3 s WPUTES

233 2 3 1223

239 1 1 PRCCIDURS(ILLLRLECIUNT)

2ac¢ 2 5 CCL(IL,R) FIXEC SINARY:

241 2 EY CUNT FLCAT(16):

2e2 2 5 LICME(I, 1)1

243 2 = LRCNE(T.2)% -

2aa 2 s UNT = STAJ(L) + ETAS(R):

245 2 & NG

246 2 E)

2a7 1 1 T PRCCENURI(I WML RL,ECIUNT)S

2aa .2 7 sMaL.R.LR ) FIXED BINARY:

249 2 7 CUNT FLIAT(15);

254 2 7 LR = M0C(1-1,23) + 1;

251 2 7 L = LRCNMZ(LS.1)3

252 2 7 R = LRCME(LR.2):

253 2 7 Moo= (I=-1)r22%

254 2 k4 SCOLNT = STAS(M) & ETA3(L) + ETAS(R):

255 2 7 RITURNG :

2so 2 7 INO;

237 1 1 ENC ANALYS:

26
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