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AXTISYMMETRIC FREE VIBRATIONS OF SANDWICH
SHELLS OF REVOLUTION

CHAPTER 1

SURVEY OF DEVELOPMENTS IN THE ANALYSIS

OF SANDWICH SHELL STRUCTURES

1.1 Introduction

The structural-weight efficiency of missiles.and spacecraft
structures is one of the major factors in the over-all design of such air
vehicles. One of the best methods yet known for improving this struc-~
tural efficiency is the use of what is called sandwich construction. It
consists of a low density, thick core and two relatively thin facings
spaced to obtain high bending stiffness.

The concept of sandwich structures is not new. During world War
IT and thereafter this concept has become increasingly important. For
example, as early as 1947 sandwich-type panels were used for more than
75 per cent of the airfoil surface and for nearly all of the internal
shear webs of the Chance Vought XF5U-1 Navy fighter and more than 95 per
cent of Ehe structure of the XF6U-1. In recent years, with the emergence
of the Aerospace Age, where the weight penalties on space vehicles are
severe, there has been even greater emphasis on the use of sandwich

structures. For example sandwich construction was used on the B-58 and
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XB-70 bombers and will be used extensively on the Apollo lunar spacecraft.

In the course of a literature survey on sandwich structures in
general and sandwich shells in particular, the writer has found that a
limited amount of information is available. Most of the work which has
been published in this area is related to static analyses. Thus, from
the dynamic point of view, sandwich shell structures pose a real challenge
to the structural analyst and designer. A brief resume is presented of
the developments pertaining to the static and the vibrational analysis of

sandwich shell structures.

1.2 Developments in the Static Analysis of Sandwich Shell Structures

Before discussing sandwich shell structuresj_it is worthwhile to
give a brief background on the development of the l;near theory of shells
in general.

The first attempt in formulating a bending theory of thin shells
from the general equations of elasticity was made by Aron in 1874, and
was followed by Love's first approximation theory in 1888. Since that
era, shells of various geometrical configurations have been extensively
explored by many investigators (1,2,3,4)%.

The basic assumptions employed in their analyses were:

1. The thickness of the shell is very small compared to the

radii of curvature.

2. The normals of the middle surface of an undeformed shell

remain straight, unstretched, and normal to the middle sur-
face even after deformation takes place in the shell. (This

assumption is known as the Kirchhoff hypothesis.)

*®
Numbers in parenthesis denote references listed at the end.
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3. The streins and displacements are sufficiently small, so
that higher order nonlinear terms in the strain-displacement
relations may be neglected in comparison with the first
order linear terms.

4. The normal stresses in the thickness direction are con-
sidered small compared to the other stresses and may be
neglected.

Most of the existing theories on shells, which were evolved from
the above basic assumptions, belong to what has been termed classical or
linear shell theory.

Love's first approximation was a notable contribution to the

classical theory of shells. In his work he defined the stress resultants

in the following manner:

Fs h [0
Mg :f 203 (1 + z/Rg) dz
Qs e S [ P

Fos Ufll 1
M, =_hass . (1 + z/R1) dz
Where o7y, 0, and Ggg Were stress components, h was half the shell
thickness, Ry and R, were the radii of curvature and z was the normal
coordinate to the middle surface of the shell. Love's first approxima-
tion was based on the four assumptions which were stated previously and
in addition he neglected the z/R term in comparison with unity. The
first assumption defined what was meant by thin shells. The second
assumption made the transverse-shear deformation negligible. T@e third

assumption ensured linearity in the resulting differential equations.
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Following Love's first approximation, many investigators tried
to obtain improved derivations of the classical theory of shells.

Flugge (4) in 1943 and Byrne (5) in 1944 tried to retain terms of the
order (z/R)2 in the stress-and strain-displacement relations. Timoshen-
ko and many others (6,7,8) included transverse-shear deformation in their
analyses.

In sandwich constructions, while the investigators were much
attracted by the analysis of sandwich plates and beams, very little was
done in the area of sandwich shell structures. In 1949 Reissner (9) for-
mulated the basic equations for the static analysis of sandwich-type
shells. His theory was an extension of the existing theory of homogen-
eous thin elastic shells., The following assumptions were employed in his
analysis: ,

(a) The thickness ratio te/h, is small compared with unity.

(b) The ratio Epty/Eche is assumed large compared with unity.

(This assumption means the facings are so much stiffer than
the core that the contribution of the core to stress couples
and tangential stress resultants of the sandwich shell are
negligible.)

(e) Tu» effect of transverse-shear deformation is incorporated.

{d) The effect of transverse normal stress deformation of the

core is considered in the analysis.

(e) The facings are assumed to be subjected to membrane stresses

only.,

(f) The core is assumed to behave like a three-dimensional

elastic continuum in which those stresses which are parallel
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to the facings are negligible compared with the transverse

shear and normal stresses.
The resulting system of equations was applied to specific problems of
circular cylindrical and spherical shells. Results showed that the ef-
fects of both transverse-shear and transverse-normal-stress deformation
were of such masgnitude that an analysis which neglected them resulted in
values of deflection and stresses which were appreciably in error.

Wang (10), in 1952, used the method of complementary energy in
the derivation of the stress-displacement relations of sandwich shells.‘
The method has been shown to be derivable from the principle of potential
energy by a Legendre type of transformation. This procedure is known as
"Friedrich's Method" (11).

Crouzet-Pascal, Mahoney, and Salerno (12) formulated twenty-:
seven equations for the static analysis of a circular cylindrical shell
of sandwich construction. The derived equations comprised five equili-
brium equations in terms of the stress resultants, sixteen stress resul-
tant-displacement equations, and six equations that described the force
interactions between the core and the facings of the shell.fwThe facings
were analyzed within the membrane theory, while the core w;s analyzed on

" the basis of thick shell theory. Their analysis was limited to the fol-

lowing ranges of shell parameters:

(a) 1 ¢ 1 (b) t3¢ 1 () B 1
h 5 h 5 a 5

where t, and t3 were the thicknesses of the outer and inner facings

respectively, h was the thickness of the core, and a was the radius
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of curvature of the middle surface of the sandwich circukar cylindrical

shell,
Yao (27) applied Reissner's theory of elastic sandwich shells

to set up a linear eigenvalue problem for axially symmetric buckling of
sandwich spherical shells subjected to uniform external pressure. The
flexural rigidity of the facings and the membrane action of the core were
negleéted. The analysis was based on the shallow shell theory. A closed
form solution in terms of Bessel's functions was obtained.

Rutecki (28) analyzed a conical shell consisting of two facings
of equal thickness made of aluminum and spaced by wooden ribs, and a
core of spongy foam glued to the facings only. He used a variational
method to derive the equations of stress and strain and an Airy stress
function to solve the derived differential equation.

Kazimi (29) studied experimentally various conventional types of
cylindrical sandwich construction under various loading conditions. The
growth and nature of fatigue failures were discussed and correlated to
hoop stresses and sti?fening ratio when using honeycomb cores. It was
shown that improved results could be obtained with honeycomb construction
in structures exposed to vibrations and shock.

Most of the investigators on sandwich shell structures have
treated the facings as membranes. As mentioned before, this assumption
is adequate in the design of pressure vessels. A theory which includes
bending stiffness of the facings was presented by Grigolyuk (13) and fur-
ther treated by Fulton (14). Their method of analysis was based on the
small~deflection theory. -

The first attempt to solve a sandwich shell problem based on

large~deflection theory with face bending stiffness included, was made
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by Wempner (15). The work was an extension of previous analysis by
Wemprer and Baylor (16) on elastic sandwich shells with weak cores.
Another analysis of large-deflection of sandwich shells was made by
Grigolyuk (26).

Schmit (17) presented some static analyses of sandwich shells
of arbitrary shape. Flexural rigidity of the facings and the transverse
deformations of the core were included in his analysis. In the develop-
ment of the stress-strain and displacement relations, the Kirchhoff hy-
pothesis was employed. The core stresses acting in the tangential
directions were neglected. Further, the core was considered to be ortho-
tropic, while the facings were assumed to be isotropic and of the same
thickness and material.

In a review of recent Russian work on sandwich structures com-
piled by Habip (30) it was mentioned that considerable research effort
dating from 1957 appears to have been concentrated on the de#elopment of
both design data and of engineering theories for various types of sand-
wich panels and shallow shells., Most of the work published in this area
was confined to the static part of the problem. Ambartsumian (31) derived
nonlinear large-deflection equations for the static analysis of shallow

" sandwich shells, but only indicated the application to dynamical problems.

1.3 Developments in the Vibrational Analysis of Sandwich

Shell Structures

As mentioned in Section 1.1, very limited information is avail-
able on the vibrational analysis of sandwich shell structures. The avail-

ability of such analysis covers only circular sandwich cylinders. In fact,
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the first vibrational theory pertaining to sandwich shells appeared in
early 1960.

Chu (18) presented a Timoshenko-type theory? of vibrations for
a circular cylindrical sandwich shell with honeycomb core. He neglected
the flexural rigidity, transverse-shear and rotatory inertia in the fac-
ings. Thus, the obtained equations of motion were very much simplified.
The two identical facings were assumed to be isotropic. The displacements
were assumed to vary linearly across the thickness of each layer. As a
result the cut-off frequencies2 were determined for a sandwich cylinder
vibrating freely in the following modes: circumferential, longitudinal,
breathing, circumferential thickness-shear, and longitudinal thickness-~
shear,

The dynamic shear factor was taken to be /6?5575. In recent
unpublished work by Bert, Crisman, and ﬁordby, (25) it was shown that the
dynamic shear factor in sandwich construction is approximately 2.0 de-
pending upon the geometry and material of the structure under considera-
tion. They extended the work of Mindlin and Deresiewicz (19) on homo-
geneous members to sandwich structures.

Yu in (20, 21) formulated the basic equations for the vibrational

analysis of sandwich plates. In (22) he extended the theory and deduced

1Timoshenko-type theory differs from the classical theory in
that the normals of the undeformed middle surface of the shell do not
remain normal but suffer an extension after deformation takes place in
the middle surface.

2Cu.t—off frequencies are defined as the lowest frequencies of
the various modes of vibrations of a structure. The circumferential cut-
off frequency corresponds to the rotation of the shell as a whole. The
breathing cut-off frequency corresponds to the purely radial motion of
the shell vibrating in the mode of a ring.
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simplified equations for the treatment of sandwich-type, circular
cylindrical shells. Based on the latter equations, the axisymmetric
and torsional vibrations of an infinite sandwich cylindrical shell were
investigated. It was found that the cut-off frequency of the radial
mode is much higher than the thickness-shear mode. For axisymmetrical
vibrations the cut-off frequencies for a sandwich cylinder were found
for the following modes:
(a) For an infinite wavelength:
(1) Longitudinal
(2) Radial
(3) Thickness-shear
(b) For short wavelength:
(1) Flexural
(2) Extensional
In 1962, Bieniek and Freudenthal (23) developed a method for the
determination of stresses and deformations in forced vibrations of cylin-
drical orthotropic sandwich shells. In the analysis, transverse-shear
deformation of the core and the material damping of both the core and
the facings were taken into account. The final equations were applied
to a sandwich cylindrical shell loaded by normal pressure., The material
damping was introduced by taking the shear and Young's moduli of elasti-

city as complex moduli:
G = G(1+im: Enm=Enm(1+i‘7)

where G and E,, are the real shear and Young's moduli of elasticity
regpectively and were assumed to be constants rather than varying with

the frequency; n and“7 are the damping coefficients.
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In the review of Russian vibrational research by Habip (30),
it is mentioned that Il'gamov (32,33) considered the small vibrations of
sandwich shells and applied his results to the free vibrations of a

rectangular sandwich panel simply supported along the edges.

1.4 Summary of the Literature

From the foregoing literature survey one concludes that most of
the investigators of sandwich shell structures have confined their work
to static analyses. In general, with the exception of sandwich-type,
circular cylindrical shells, the vibrational analysis of sandwich shell
structures has been unexplored.

With the emergence of the Space Age, the author believes that
the vibrational analysis of sandwich shell structures should be pursued.
Therefore, in this dissertation the author develops a general method
for determining the axisymmetric free vibrational characteristics of

sandwich shells of revolution.



CHAPTER 2

BASIC DERIVATIONS AND THE DIFFERENTIAL EQUATIONS OF
SANDWICH SHELLS OF REVOLUTION

2.1 Coordinate System

An element abed (Figure 1), which is cut from a shell of revolution
by two meridians and two parallel circles, is considered. The line tan-
gent to the meridian at a point on the surface of the shell, d for instance,
is called the meridian coordinate or the x-axis; the line tangent to the
parallel circle at the same point is called the parallel circle coordinate
or the y-axis; and the outer normal to the surface at that point is the
normal coordinate or thé z-axis. The coordinates x, y, and z are mutually
perpendicular and thus constitute an orthogonal coordigaée system.

The displacements along the x, ¥, and z axes are denoted by u,

v, and w respectively and are shown in their positive senses in Figure 1.

Figure 2 shows a meridian of the shell. Radius R, is the
distance of a typical point to the axis of rotation and Ry, is the mer-
idional radius of curvature. The distance measured on a normal to the
meridian between the intersection with the axis of rotation and the mid-
dle surface of the shell is Ry, and usually called the tangéntial radius
of curvature. From the geometry of surfaces of revolution, R1c and Ry,

are the principal radii of curvature.

11
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Figure 1--A shell of revolution showing the coordinate system.
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From Figure 2, the following geometrical relations are obtained:

Re
ds

RZC sin ¢

= R1c d Q

2.2 Assumptions

The present analysis of sandwich shells of revolution is based

on the following assumptions:

1.

3.

The facings are made of the same linearly elastic material
and are of equal thicknesses, that is the construction is
symmetrical., The computer program allows for the facings
to be isotropic or orthotropic.

The deflections are small, so that the strain-displacement
relations can be assumed to be linear.

The total thickness of the sandwich composite is very small
compared to the smallest radius of curvature of the shell.
The core is made of linearly elastic orthotropic material.
The facings are subject to membrane and bending stresses
only.

The core has no resistance to bending stresses; thus it is
subject to transverse shearing stresses only.

The contributions of the facings and the core to the inertial
effects (rotatory and translational) are incorporated.

Only axiéymmetric free vibrations are considered.

Damping effects in‘the facings and core are neglected.

A1l thermal effects are neglected.

A1l residual stresses and preload effects are neglected.
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Assumptions 1, 2, 3, and 4 imply linear shell theory. Assump-
tion 5 implies that the facings are thin and very stiff so that shearing
stresses can be neglected in comparison to bending and membrane stresses.

Assumption 6 infers that the core is very flexible and has no
resistance to bending stresses.

| Assumption 7, the translational inertial effect, has been alwé?s
taken into account in vibrational analyses of shells. On the other hand,
the rotatory inertial effect, in most cases, has been neglected. The
inclusion of rotatory inertia increases the dynamic loading on a struc-
ture and neglecting it can lead to frequencies which are appreciably in
error,
| Assumptions 9 and 11 have been made in almost all previous

vibrgtional analyses of shells, and they are reasonable assumptions from

an engineering standpoint.

2.3 Internal Static Stress Resultants

A. Outer facing of the shell:

An element cut from the middle surface of the outer facing of
- the shell by two adjacent meridians and two parallel circles is consid-
ered. The element with the membrane and bending forces is shown in Fig-
ures 3 and 4 respectively.

Due to the symmetry of the loading conditions on the shell, all
of the inplane sﬂearing forces and the transverse shearing force on the
side x=constant are neglected. This is justified by assumming that the

facings are thin compared to the core (assumption 2).
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Figure 3--A shell of revolution element showing the normal
stress resultants in their positive senses.
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Figure 4--A shell of revolution element showing the stress
resultant couples in their positive senses.
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A.1 Force components in the x-direction:

The stress resultant, F;, if multiplied by the length on which
it acts, will give a force which can be resolved into two components

along the x and 2z axes. See Figure 5.

From Figure 5 the force components which act along the x-axis

are:
-F; Rod® cos %g
?F° 2R
and (F; +,a-—¢1 df) (Ry + —_3;7?- dg) de.cos %Q

af

For small angles cos 5 is equal'approximately‘to one. There-

fore, the above expressions can be writtem as .
o, °% R, 0
(Fz + 57 4 (R, + 37 40) &6 - F, R.de. (a)

Each of the stress resultants, F;, on the upper and lower sides
of the element shown in Figure 3 will give rise to a force component of
magnitude Fg R1od¢. Since these two forces are not quite parallel to
each other, they both form a resultant force which lies in the plane of
the parallel circles and is directed along its radius toward the axis of
rotation., See Figures 6 and 7.

From Figure 6 the total vertical force is given by:

2 Fy Ry odf sin %9 ,

However, for small angles sin %¥r= %?; therefore, the component becomes
o)
Fy R1Od¢d6.
The force, F; R1ded6, has two components (Figure 7), one acting

along the x-axis and the other along the z-axis.
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Figure 5--A meridional segment showing the force resultants
with their components along the tangent to the
meridian and along the normal at that point.
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Figure 6--A parallel circle segment showing the resultant
forces and their components.

Figure 7--A meridional segment showing the components of the
resultant force,.F§ Ry, 47 de.
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The component along the x-axis is given by:

—F;_ Rio dF 46 cos &. (b)

A.2 Force components in the z-direction:

From Figures 5 and 7 the force components acting in the z-

direction are:

o . df o, 9F% okR . af _ 7o .
B R0 sin F - (72 + X a9) (R + 232 49) @ sin _291 - BO 103046 sin ¢

and for small angles sin o - & therefore the above expression reduces

2 27
to:
oF oR .
~F R 36 izg - (70 + 22X af) (R + 2 ad) ao Qéﬁ - 3 Bq,3090 sin ¢ (a)

A.3 Bending force components with respect to the y-axis:

From Figure 4 the sum of the vector components of the moments

acting on the left and right side of the element is given by:

My R, 40 + (MQ + %}3 a9) (Rg + g;o ag) de (a)

The momernts, M; R,, 4, in Figure 4 are not quite parallel to
each other. Therefore, their resultant contributes to the total moments
with respect to the y-axis.

From Figure 8 the vector component acting along the radius of
the parallel circle is given by:

M; R, ag cos 4.

From Figure 9 the resultant component of moment with respect to

the y~axis is therefore given by:

~2My Rqq af cos @ sin %?
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W Rio O
’ M;RIOGW Cos ¢

Figure 8--A meridional segment showing the vector components
of the resultant vector moment, M§ Rq, 4f.

Aﬂp%mM¢CbS¢ |
-
\ /
\ / . do
,\\ /// Mquoc@Cos(p SIN 2
. \ 46 ./
Ny
\v/

Figure 9--A parallel circles element showing the vector com-
ponents of the resultant vector moment, My Rq, a7 cos &.
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and for small angles this reduces to:

-MyR1od¢ae cos @ (b)

B. Inner facing of the shell

The force and moment components which were developed for the
outer facing can be written in like manner for the inmer facing with the

change of the subscripts and superscripts from (o) to (i).
Replacing (o) with (i) yields the following components for the

inner facing:

B.1 Force components in the x-direction

1
(Fi-l-%i"idd) (Ry +§a_l}dd) de - Fi R; do (a)
- F; R, 4 do cos # (b)

B.2 Force components in the z-direction

i, 2%
Fl R, 49 <= dﬁ - (F + ﬁ. ag) (R, +.§7- ag) de _91 -Fl Rq; 4f de(::).n ¢

B.3 Bending force cogponents with respect to the y-axis

-M: R, do + (i .2 d¢) (Ry; + 3% ad) ae (a)

-M% Ry dg de cos @ (b)

C. Core of the shell

The core of the shell is assumed to carry transverse shearing
forces only. Because of symmetry the transverse shearing force acting on
the side for which y = constant vanishes. Therefore, the only forces

acting on the core are those shown in Figure 10.
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Figure 10--Element of a shell of revolution showing the
transverse-shear stress resultants.

\ /
\ </J¢\7/ @,@%4@(@ 3 do)do

Figure 11--A meridional element showing the components of the
transverse-shear forces.
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C.1 Force components in the x-direction

From Figure 11 the total force acting in the x-direction is:

QR0 sin Qzﬁ +(Q + 2% ad) (R, + 2Fc ad) ae sinsléﬁ

EXS EXA

Por small angles this reduces to:

QxRod8 clzgi +(Qy + %S'x_ ag) (R + 53%9 ag) ae (a)

C.2 Force components in the z-direction

Figure 11 gives the total force acting along the z-axis as:

[(Qx + %% af) (Re + %%c _d¢) ae - Qchde] [cos %ﬁ]

and for small angles this reduces to:

(Q¢ + %%,E dd) (Re + %C. df) a8 - QxR.d6 (a)

C.3 Moment with respect to the y-axis:

The moment due to transverse shear is given by:

- [ (Q + _%Qf. ad) (R 4_%%; ad) de Qchde] [lﬁ%ﬂ] (a)

2.4 Inertial Forces

The translational and the rotational (rotatory) inertia forces
of the facings and the core are included in the present analysis. Many
investigators have neglected the effect of rotatory inertia in their
analyses. In (34), (35) and (24) extensive studies on the effect of the
rotatory inertia on the frequency response of various types of hom6§en—
eous structures was presented. Generally, the rotatory inertia increases
the dynamic loading on the structure and neglecting it can lead to erron-

eous frequency results.
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The effective inertia forces of the facings and core are given

as follows:

2
mf -2 L R, Rio 40 4f |

ot
-nf 3%u R; Ry; do df f (1)
t?
c 32u
-u°~<— Re Rie 40 4f |
ot
mf 32y R, Ry, dO ag ) > Translational inertia forces (a)
5 o Mo
ot
fa W
R dae d
S92 g r (@)
m° 32‘5 R, Ry 40 af |
ot /
° y%x

ot Rotatory inertia couples (b)

-1° 2 _Vizf R, Ry, 40 ag
- ot
2.5 Equilibrium Equations of the Sandwich Shell
To obtain the equilibrium equations of the composite shell, all
of the forces acting on the outer and inner facings need to be transferred
to the middle surface of the shell, which for a sandwich shell of symmetri-
cal construction is the middle surface of the core. The following relations

between the facing and core radii are needed: (See Figure 12.)

Ro = Rg +a sin Ry = Ry,-asing
Rlo = Ric +a 5 R = Ric-a
Roo = Rpe * 2 5 Rp3 = Ry -a

The first equation of equilibrium of the sandwich shell is obtained
by adding the force components: A.1 (a-b), B.1 (a~b) and C.1 (a) of Sec-
tion 2.3 and (1.a) of Section 2.4. Making the substitution for the inner

and outer radii yields:
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\/ /,_
—

hc I

%\\

. Rac

Figure 12-- Section of the sandwich shell of revolution showing the
dimensions of the facings and core. Thicknesses are
exaggerated.
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[ o OFx d¢] [(Rc + asing) + 3(Rc_a"‘¢aSin¢) dgj] @ - FR (R, + asinf) d@

Fx + SB—
0 (R, +0) o 40 cost + (5} + 3F a9) [ (Re - asin) + 2Bgeestind) o] as

-F}ic (R, - asing) de - F;; (R1c - a) 4 36 cosff + Q, R, d8 ng
2
+ (G + —gx- daf) (Re + 2%"- dg) de -g uf ﬁ (R, + asing) (Ry, +a) d6 dff
s 32
-nf % (R, - asinf) (Ry, - a) d6 af - m” gtg Re R do dff

Expanding'the above equation, neglecting higher order terms and

dividing by d6 df yields:

3%.[(11(3 + asinff) FQ + (Re - asing) ng] - [(R»]c + a) F§ + (R, - a)Fsir] cosg

- £, nC P ) 22y ‘
+R, Qg = [(2m + m°) R, R1e + 2m" a* sin ¢] S 2.5.1.

The second equilibrium equation of the sandwich shell is obtained

by adding the force components: A.2 (a), B.2 (a) and C.2 (a) of Section

2.3 and 2.a of Section 2.4. Making the substitution for the inner and

outer radii yields:
FO .
-F° (R, + asin) 40 QZQ - EF;; + 27& dg!)] [(Rc + asing) + ‘;‘(%si@. d¢] e %Q
-~F°(R1c+a)ded¢ sinf - Fi(Ro-asinf) o &2 - F. (Rqe - &) 40 df sing
~(ek+ _7d¢) [(Rc-a51n¢) +'3_(3c;‘§zﬂ d¢] a0 _Q +(Qy + 3Qx S5 ) (et 7.d¢)d9

-QxR.d0 +m (Rc+asin¢)(R1c+a) 35% dedg + m (Rc-—asin¢)(R1c-a) %‘0—2- de ag

+m® RoR1e ';ig dodd = 0

Expanding the above equation, neglecting higher order terms and

dividing by de df yields:
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[(Rc + asinf)FS + (B - asin¢)F§‘a] + [(R»]c + a)FQ + (Ry - a)F:)i,] sing -
5.

- 5%-(30%{) = [(2mf +1°%) (RoRqe + 2nf a° sin ¢] -g-i—g

The third equilibrium equation is obtained by adding the bending
force components: A.3 (a-b), B.3 (a-b) and C.3 (a) of Section 2.3 and (b)
of Section 2.4, plus all the components contributed by transferring the
normal forces acting on the inner and outer facings to the middle surface

of the shell.

(4 +.‘%% ag) [(Rc-i-asin(d) +aﬂ%§_i@ d¢] a9 - M)cz (Ro+asing) do

MO(Rq*a) dedgeosy + (M +%§Cde) [(Rc-asin;z!) + 11&;;5‘2@ d¢] de

-Mj'c(Rc-asian) dae - M}l, (R1o~a) ded@cosg + aa—% [(Rc + asin¢)F§] de ag

R ,
- l}%ﬁ% d¢)(Rc+aga° ag) + Qchde] R13d¢ -a 33(3 [(Rc-asinng)Fj;] de ag
-a(Ry,*a)ED dfdecosd + a(Ryg-a)Fy dffdecoss - 1° (Rc+asin¢)(n1c+a)f’_§ dedg

2t
2 2
£ . 2%k c Chi s
-I" (R, - a sin f) (Rq, - 2) 522 dedg - I° RoRq, 502 de ag

2
- (Rc+asin¢)(R1c+a)% dedg + a mf (Rc-asin;zf)(mc-a)ﬁ @ ag = o
t t

Expanding the above equations, neglecting higher order terms and

dividing by de df yields:

a—%[(Rcﬁasin;Z)}«ﬁ + (Rc-asin¢)M;L[ + a(Rc+ésin¢)F§ - a(Rc—asinﬁ)F};]

[(R]C-t-a)M; + (R»lc—a)M; + a(ch-i-a)F}? - a(R1c-a)F§;] cos @ 2.5.3
~RoR10Qx = (2If+I°)RcR1c+2Ifa2sin¢] 2% 2mfa2(Rc+R1csin¢) 22u
at2 at?

For a homogeneous shell of revolution a = 0. If this substitution

is made and the inertia effects are omitted in Equations 2.5.1, 2.5,,2 and
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2.5.3 they reduce to those derived by Timoshenko(1), page 530, with the
signs in front of Qg in Equations 2.5.71 and 2.5.2 reversed. This is due
to the sign convention for the shiar force.
Equations 2.5.1, 2.5.2, and 2.5.3 can be expressed in terms of

arc length as follows: (See relations 2.1.1)

2% [(Rc-i-asian)Fg + (Rc-asian)F%] - R11 [(R1c_a)Fg + (R‘lc'a)Fé] cos@

c
2.5.4
f a2 22y A
+ =2 Q. = [(2mf-hnc) Ro + 2m =2- 31n¢] —_— -
Rig ° Rie at?
ﬁ;'-;[(ncmsinﬁ)b“g + (Rc-asingf)F;] + ﬁt [(R1c+a)F8 + (R1c-a)F5] singf
2 2, 2.5.5
- 2 (R.Q.) = [(me + n°)R, + 2m’ &5 sin] 2%
s e - ° Ric at?
-aa-lERc-*asingﬁ)Mg + (Rc-asin¢)M% + a(Ro+asing)FQ - a(Rc-asinﬁ)Fg']
s
- ﬁ%‘[(R‘lc"'a)Mg + (R1c-a)Mg + a(Rqo+a)F§ - a(R1c-a)F5] cosff 2.5.6
c
2 2 2
-RQ_ = [(21f+IC)Rc + 21885 ingzﬂa——l’ls +|:2mfa2(l—!-°— + sin¢i| 2u
s Rie  Jat? Rig 2t°
Where the following subscript changes are made for the sake of
conveniency in later discussion: X ——p S
y — e
From Equations 2.5.1, 2.5.2 and 2.5.3 the following relations
can be easily deduced: |
RyoFy = (Rge +&)FR + (R2c - a)Fi 2.5.7

RicFy = (Ric +a)Fy + (Ric - a)Fg'r



)
Boctk = (32c+a)M§ + (RQc‘a)Mi + a(Rpo+a)EY - a(Roc-a)Fi ) s
RicMy = (Ricta)My + (R1c-a)l~€; " a(ch+a)F}9 - a.(R-]c-a)Fg; 2+
The above equations are similar to those obtained by Reissner (9).
The equilibrium equations which are obtained in summing forces

in the y-direction and moments with respect to the x-axis are identically

satisfied due to symmetry.

2.6 Differential Equations of the Sandwich Shell
It is assumed that the displacements in the meridional and
normal directions at any point of the sandwich shell are as follows (12,
22, 24):
U (s,z,t) = u(s,t) + z'?é(s,t)

w(s,t)

2.6.1

W (S,Z,‘b)
FPor axisymmetric deformations, the strains pertaining to the

assumed displacements in Equation 2.6.71 are (7):

3 = G.S -+ Z){S
€ = 2W +
eSZ 28 VS

Where &g and Ee are the median fiber strains and are defined by:

€. =2l + _W_
oS
2 L] 6 03
€g = u + u
©  Rootanf  Roe
The change of curvature corresponding to the displacements in

Equation 2.6.1 according to the shear theory are:
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. =¥ + 2 ()

S 9s 98 Rie
© Ry ctan@ Rq cRgctana

The stress resultants are defined as follows:

h,+2t

c -
F°-_-f fc;-m(1+z a‘)dz
5 he s

R2c+a
h.+t
o £
F9=f Ul R (1 + 228 4z
he 1
h_ +2%
f
Mg=f ¢ (z-a)o-b(1+Z_'_a) dz
s R
h 2¢C
c
hC+2tf b
M8=[ (z - a) 0 (a + 2 =.2) dz
hc R1c+a
: -h,
FJ‘:[ O'"Sm(a+Z_'_*';‘i-.) dz
-(he+2te) Ry,-a
. ~hg
F1=f oy® (a +212) az
~(hg+2tp) Ry-a
i B, b +
M:'—“ (z +a) oy (1 +2T82) gz
~(het2te) Rye-a
- -h
M= © (z+a)0"eb (1 +2_+2a) dz
® “(h +2tp) Ric-a

h
Qs=f ¢ oy, (1 + L)

—hc 2¢C

2-6-4

2.6.5

If the integrations in Equations 2.6.5 are carried out with the

terms z/R retained, the results are of the Fl{,!lgge-Vlasov type (4,36). On

the other hand if the terms z/R are neglected when compared to unity, and

then the integrations carried out, the results are that of Love's first
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approximation (3). On the basis of what Goldenveiser (37) calls
"guthentic" accuracy, the author has concluded that the latter approach
is the most appropriate here. Also, Garnet and Kempner (24) have shown
that the difference is negligible in the case of a homogeneous conical
frustum. Basically, the fundamental hypothesié is inexact; therefore,
one cannot expect to improve the accuracy of Kirchhoff-type theory of
shells by merely adopting the more complicated Fligge-Vlasov type
analysis.

The stress-strain relations are defined as follows:

E
= —8
Cs =3 —Uslfg(es +VYs%)

oy =1_mre( 5 + VY €g)

oy = 7%5—1,5 (Hg +V5He) 2.6.6
) i 1—%9)73% (Hg +VgHs)

Osz = Gggp Esg

If Equations 2.6.6, with z replaced by (z - a) for the outer
facing and (z + a) for the inner facing, are substituted in Equations
2.6.5 and the integration is carried out, the following will be obtained

with the relations 2.6.3 and 2.6./ taken into consideration.

. 2tsE
5. Fl = s [ég " SR ( W -]
s’ 7s 3  Rqe s ctan¢ﬁ' Roe

1 - Yo\
; 2.6.7

I

s _ R2teE
FG’F% £7e [u L+VQ(L+W)]

+
1 - g g LRactang Roe R
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where

Ks
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3
2tp ES [alf’s 3( u L) 4+ ('yls + ——-)/ chtan¢:|

- Vgl 98 os 1c
2t§ g » 2.6.8
= u v.00PB 2 (u
- s [ s +R1c)/R20tan¢ T Ue {as T3 (R1c)}]
QS = 2hc KS Gsz (g% + ‘yS) 2.6.9

accounts for the transverse shear stress distribution through

the thickness.

Substituting Equations 2.6.7, 2.6.8 and 2.6.9 into Equations

2.5.4y 2.5.5 and 2.5.6, the following three differential equations are

obtained:

Vs ucotd W ] [uCQtQ W
{’28 © [ R1C ’ ( Rae +R2c> } {76 Rae  Roe

2,6.10
2 z
au . W W = c f a
+Ve(as + R1c)]} cosff + 7 1:‘(}c( +¥) [(Zm + m°)R,Hm FW-SHM] vy
R
c |au . _w_ +34 ucotd + M J [ucotg + M
{ ® Rie [as Rie ( Re RZC) MR K Roe  Rpe
v, (28 4 W ‘si - 2 oW =
vV (524 R'lc)]} sing = [ R, (¥ + "f’s)] 2.6.11

2
[(2mf +m°) R, + omt ﬁa_ sin;z!] 2v

-

1¢ 2t2
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_?.{.7*3 |:37f’s 2 () + Uy _QI‘Q(y/s-f-_u_)] +1?sa281n¢ [&_'__W_
R2c Rie

2s s'c | 9s 38 R1 ?s R1c
t¢ cot@ , u s . 3, u.\|
+ )f M ] [y,sco — e commm———
s Re R2c) 76 Rpe B2 (R1c Gy aS(R'lc) 6.12

2
a“ lucotd w 2u W

+ + s 4 — - oW + ‘l'/ -
* T Ryg [Rgc Roo O ‘28 R—]c)] cosff - 7R, 35 s)

2,
[(2If + I%)R, + or _a? 81n¢]a ¥s . 2m 2( C_ + sing)2-u
‘Re 2t Rie 3t

where = 2h.K Ggps5 g = z,ths/(1-vsvg); Mo = 4teEg/(1-¥55);

2.6.13
= AthS/31 V)5 79 4t 9/31 =),
It is assumed that
w = W (s) cosft
Yo = ‘-Fs (s) coset 2.6.14
and u = U (s) coset

where $2 is the frequency.
Substituting Equations 2.6.14 into Equations 2.6.10, 2.6.11,
and 2.6.,12 and collecting similar terms, the following basic differen-

tial equaﬁions for a sandwich shell of revolution are obtained:
~RT .

1R EY + [‘?STR"‘ + (Vs - 7zglfe)cosﬁf]du [’Is —(COS¢) - "’Zes—ﬁgg
ds c

-mg 12] U+ [78 + PVgsing +’?Rc ]ds [’sts( ) + ”Islfsad;( sinf)
2.6.15
- cosP/Roc - -7911.9°°s¢/R1c:] W+ [}?Rc/Rm] "Fs =0
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R = _ —
['Qlﬁ +"?g)fgsin¢]g—g + [’?skfscosﬂ/R—]c +’79cos¢/R2cJ U - (vznc)%

= R
- (-ﬂﬁ.e)éﬂ + [VRC + Mg URo/R1cRoe + "29—1-ng + Nelpsind/Rie  2.6.16
1

7 (e (1) - o

R
2
I}?: R-] +7 a 31n¢]_ + [st(R‘] ) s cdS( ) + COS¢/R1C %sa‘ %

(sin(ﬂ} + Py ¥,a”cosd/Ry, - ’?*16cos¢/R1c - ’?Q)fgazcosﬁ/R.l c]%g +
*dRC — OSQ 2 d osg
[ (—) sds ds( ds(R1 )+ S ds(R
Fordeost/ichze - Tkheostd () - Tgeoottoos/chy, - ae.r?.Z] 7
2.6.17
+E|Sa2.sin¢/R1c + ’ISVSazsin;Z/RZC - "ch] g_‘:. + [78a2%(§ing) +

. 25

d *o d<We
»zsvsaz_.ds ;_;pﬁ) - mMgaicosd/Ry R, - 79%a200s¢/R$c] W o+ 7R, d52
(o]

[7*9.119. + '7 Vcos{d 7 lfcosﬂ] dd‘:s [’?:léadg(cosﬁ) -

s ds

7Zcot¢cos¢/32c - 7R, - Ie-Q-z:l iTJs = 0

2
where mg, = (2w + m®)R, + 2nf 2= sing
Rie
m, = fa"g(R_c + sinf)
Rie
2
I, = (21f + %R, + 21t ﬁ%— sing
1c



37
Equations 2.6.15, 2.6.16 and 2.6.17 are written in terms of

ordinary derivatives because there is only one independent variable.

2.7 Discussion

In general, the quantities, R,, Rq,, and @ are all functions of
the arc length, s; therefore, Equations 2.6.15, 2.6.16 and 2.6.17 are
ordinary differential equations with variable coefficients. To the
author's knowledge there is no closed form solution in existence for such
equations. An attempt was made to uncouple the equations in the partials
of ﬁ,'ﬁ, and qg. After considerable effort it appeared to the author
that even if such uncoupling were to be achieved, the resulting differ-~
ential equations in ﬁ, ﬁ, and Qg would be very lengthy and impractical
for calculation purposes. With this in mind the author has chosen the
Rayleigh-Ritz method to analyze the vibrational characteristics of sand-

wich shells of revolution.



CHAPTER 3

RAYLEIGH-RITZ ANALYSIS

-~

3.1 Introductorv'Formulation of the Stress-Strain Relations

It is assumed, as in Chapter 2, that the displacements in the
meridional and normal directions at any point of the composite shell

are as follows:

U (s,2,t) = u(s,t) + ZVS(S,t)
3.1.1

W (s,z,t) = w(s,t)
vhere u and w are the effective displacements in the meridional
and normal directions on the shell respectively, and Vg is the effec-
tive angle of rotation of the normal to the middle surface of the com-
posite shell in the meridional direction.
For axisymmetric deformations, the strains pertaining to the

assumed displacements in Equations 3.1.1 are:

€, = € +zHg

m
I

€e +z7-(g 3.1.2.

m
1

oy
sz~ 38 + ¥s
where €, and Gb are the median fiber strains and are defined for

a conical shell as follows:

38
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= 21
ES °s
3.1.3
s stanx

The change of curvature corresponding to the displacements in

Equations 3.1.1 for a conical shell are:

H, = ¥
S 2s 3.1.4
Ho ZEQ

From Chapter 2 the stress resultants per unit length are given

as follows:

[ 7 "
Mg ) Z°§b

¢ Qg = 1 Ogz »dz : 3.1.5
Fg Z1 og™
A 205

In Equations 3.1.5 the term z/R is neglected in comparison to
unity. This has been explained in Chapter 2, Section 2.6.
The stress-strain relations are given as follows:

(a) For membrane stresses:

Eg

——— (ES + Vseg)
1 -

U—Sm
301 06

G_ém = 1 - lfslfg (GQ +)fQ€S)

(b) For bending stresses:

b Bs z
= ——— (H. + VY Hp)
S T-wqy "7 T TsT 3.1.7

Eg z
b —2 % (K Y
) 1 - V3Vp ( e * e S)
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(¢) For shearing stresses (transverse):

= G € 30108

Usg 8% 8%

The limits of integrations in Equations 3.1.5 are categorized as
follows:
(a) For the core:
zq = -hc
zo = hg
(b) For the outer facing:
z9 = hg
2o = h, + 2tp
where the transformation of the normal coordinate from the middle surface
of the outer facing to the middle surface of the composite is given by:

z° = z-h,-tp = z-2

(¢) For the inmer facing:

zq = -(h, + 2t¢)
zp = ~-hg
with the transformation:
zi = z2+hy, +tp = 2z +a

Equations 2.5.4 can be written as follows:

- 2.y 7o JEE - S
Fs = (1+g7) F + (1 RZC)F;
Fy, = (1+-=2) 8+ (1-2)F
© R1c) © ( R1c) ©
. . 3-1-9
= (1+2)M+(1-2)M+a (1+-2)° -a (1 -_2)F
S ‘Rzr,-)Mg ( ch)s | R?.c)s * ¢ ch)s
= (1+-2)M+(1--2)M +a(1 +-2)F8 -a (1 - 2)F
Yo Rie M8 R1e Mé Ric © Ric °
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For a conical shell, where Ry, = s tan% and Ry, =& , (see

Figure 13), the following sandwich conical shell relations are obtained

from Equation 3.1.9:

Fg = (1+ =R )Fg + (1 + —2)F

stane stane ' 8
Fg = 1§ + Fj
M o= (1 +—2 +(1 - —a_ )M + 3.1.10
S ( stan )Mg ( stane )M:;

a(1+__.28_ )Y -a(1- a_)Fi
stan:x) s stanx = °

M = M3+ M5V +alf - F)

For a sandwich conical shell Equations 2.6.7, 2.6.8 and 2.6.9

reduce to the following:

: 2tp E
o i _ % s 2u v (2 W
Fs» Fs = 772 vl [as * S(s *3 tana)]

; Rte B '
o, gt = e fo [2 4_¥__ 4y 3u
27 1T -vap Ls s tana © 2s

2t2 E .
W, M = ? By [a’f’s + y_ts.] 3.1.11
’ 3(1 - Usy'g) s S s ,

o i _ 23 g [}ﬁs_ v BZB:I
Yo, Mo = 313 v Ls T T9%s
Qg = 2thsGsz(g§ + )

3.2 Rayleigh-Ritz Method
The Rayleigh method (38) of obtainihg the frequencies of a

conservative elastic system is based on the theory of conservation of

energy. For a conservative system vibrating in a simple harmonic -motion



Figure 13--Coordinate system of a conical shell.
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the maximum potential1 energy is equal to the maximum kinetic? energy.
In using this method a deflection mode ié assumed. The corresponding
frequencies are then found by equating the maximum potential energy to
the maximum kinetic energy. The frequencies obtained using this method
are always somewhat higher than the exact values.

A better approximation in calculating the frequencies of
conservative systems is obtained by introducing the Ritz method which
is a further development of the Rayleigh method. The Ritz modification
to the Rayleigh approach represents the deflection mode as a function of
several parameters, the magnitude of which should be chosen in such a
manner as to reduce to a minimum the vibrational frequency of the system.
This modified version of Rayleigh's method is what is called the Rayleigh-
Ritz method.

Basically, Ritz suggested that the deflection mode be taken as

follows:
n

a; = Z(cjkfjk) 3.2.1

k=1

where qj is generalized coordinate, Cjk are undetermined parameters,

and fjk are an arbitrarily chosen set of functions which satisfy the

same boundary conditions as Q3. The fjk are functions of time,

1The potential energy of a conservative system attains its
maximum value at the instant the system reaches its maximum displace-
ment.

2The kinetic energy of a conservative system attains its
maximum velue at the instant the system passes through its equilibrium
position.



b,

frequency, and the coordinates which define the geometry of the system.

If Equation 3.2.1 is substituted into the expressions for the maximum

strain and kinetic energies and the undetermined parameters, Cjk’

chosen in such a manner as to make the following expression hold:

2 =

Then an infinite system of homogeneous linear equations are obtained.

Substituting for Vpox and Tygx their corresponding expressions and

carrying out the differentiation with respect to each Cjk’ the follow-

ing matrix equation is obtained:

where Z

3 -1

n X n square stiffness matrix
n x 1 column displacement matrix
eigenvalues

n X n square inertia matrix

3.3 Strain Energy of the Composite Shell

The total strain energy of the composite shell consists of the

R

following quantities:

(1)
(2)
(3)
(4)
(5)

Denoting the total strain energy by V

Strain energy due to membrane stresses on the outer facing.
Strain energy due to bending stresses on the outer facing.
Strain energy due tg membrane stresses on the inner facing.
Strain energy due to bending stresses on the inner facing.
Strain energy due to transverse shear stresses on the core.

t then;

Vtr = Vo,m + Vo,b + Vi,m + vi,b + VC,S
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In general V 1is defined as:
vV = % j‘; U3jj €ij dv

and for a conical shell this integral extends over its entire volume.
The aim set up in this dissertation is to extend the analysis to any
sandwich shell of revolution. This will be accomplished .by approxima-
ting the given shell of revolution by n conical-shell segments.

Thus, the total strain energy of the n conical segments can be

written as:

vV = i (Vt) (j = number of the conical segment).

where V;‘ now takes the form:

vh = vl 4 yosP 4yl 4 yOsb 4 yesS (5 = 1,2,...1)
i j j j ]

Consider a shell of revolution as shown in Figure 14 composed

of n conical segments. The strain energy can be written as:

. n
|: + [oi-:keik dv] 3.3.1

z J

=

v =

The j determines the limits on the integral in brackets.

Using relations 3.1.6, 3.1.7, and 3.1.8 in 3.3.1 yields

n
DXL LA R L
2 3.3.2

+2%5(z Mg + Lg Hgz) Mg + 27(2Mg +VgHgz) Mg + KSGSZ(ESZ)Z] dv}_
J
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4=

Figure 14--A shell ef revolution composed of n conical-shell segments.
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wheré
T =72 vavg % = 3 -4 )

The factor, 2, entered into the above equation because of the
outer and inner facing effects on the composite shell.
For a uniform thickness shell, Equation 3.3.1 can be integrated

through the thickness and therefore becomes:

el
A
=

-

J

where fik are stress resultants and A is the surface area of the
shell. B
If Equation 3.3.3 is expanded for the various stress resultants

of the composite shell the result is as follows:

T - 1 - .
V= §£ j@; [Fses + Fgee + hs )(s + Mg)-(g + Qsesz] sinx dGsds Y 3.3.4
= J

where (sine ) d6 s ds is an area element.

From Equations 3.1.10 and 3.1.11 the following relations are

obtained:

2u u W
= &= + W, (= +
Fs s 8 (s stane ﬂ

= -.1_1_ w Vo 2u
Fg "29_3 t S tanw T Y6 3 3.3.5

.
M=’@ﬁ@+v1§+@¥%+y@+ W{]W

s tan«
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—
X
+
o
UU
@ [
L

Y

]

Qs K [aa_}é + Vs]

3.3.5
(Cont.)

Upon substituting Equations 3.1.3, 3.1.4, 3.3.5 into Equation

3.3.4 the following expression is obtained:

sjj 21
2
3 2= 4 uu  _W
-gf [78(33) 73»535(3 stanev)
o

S. .
J-1,3

<1
I

J:

+7g(2 +

2, auu 4 ___W + P (2¥s)°
s tano() %% ( s tanoc) 73( o8 )

98 8

3.3.6

—u

2u d¥s o

2
¥ - 9¥s Vs a

+ +
(R s“ss tana 9s

s S 98 s Ss tan« @s 9s

+ 7:(.]?)2 + "?Z)rg‘g_":g _'_‘.;_’g + 'Q(g}s_’ + ?}18)2] do(s)sine ds

where
7= 2h.kyGg,
-~ te B
s ~ ———-—4 £ s
1 - ¥
’719 = 4 tf Eg
1T - v
* 4 tE B
s 301 - VSU'Q)
#* 3

afs(u

J

s tanor

and the first subscript on the parameter, s, denotes the node number,

while the second subscript denotes the cone number.
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The following deflection modes are assumed in the present

analysis (24):

© -
W= Z A sin(me) cos (J21t)
n=1
u = i Bm cos(Pmy) cog(flt) v | 3.3.7
m=1
o0
- 1
IVS = W Dm COS(Pmy) cos (Jz‘b)
m=1
where
y = 1n (=2-) or s = smey
501
Po = B | 3.3.8
s
9 = 1n (._I.Ln%.
501

At the edges v?here 8 = sy and s = Spnn the shell is simply
supported. This requires that the following boundary conditions be met
at each of the two edges:

w = 0
31[; /s = 0
These boundary conditions are met by the model shapes given above. To
handle the case of clamped edges, the second boundary condition would
be
Yy = 0
which would require changing cos( Pmy) to sin( ,Bmy) in the expression

for Y.
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From the transformation in Equation 3.3.8 the following

partial derivativés of u, w, and y% are obtained:

2u - eV au

3s sQ1 °Y

'Bts - g_:z 37|"S . 30309
9s 301 ay
Tauw - eVou

28 So»] 2y

Substituting Equation 3.3.9 into Equation 3.3.6 and integrating

with respect to 6 yields:
n
nf 2u * *yy2¥s
Z [ <7S(ay + (% 79”9)” £
J:

+ (7505 +70¥p) (u + w cot )28 + po(u + v cob ;) + (A (2ks)2.
ey Y 97 3.3.10

2 2
. ;
So1 3y ?y So1 eV

* 79(%)2 *Usgp)* & (EX f;‘; G )2) "R dy]a

where
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Substituting Equation 3.3.7 into 3.3.10 and carrying out the

' integration with respect to y the following expression for the strain
energy of the system is clgt.',ained‘:

n

ad
v — \ 1T sing; codtset) F‘ & 1& _ e _ sincab + Sin(2fa8))
- K m T | T2 2 4 4P,
4z mzi|
+7 B, B sin(Ps - Ba) i —  _Sin(Fs=Fm)6s - Sin(ﬁ-‘.*&)_&
G R i BuBr [ 2(f; - Rl 208 -2) 2(ps+p)
m:l":gv:l

+ s:g(:': :Ff;)@.a ] <7s + %% )_6) -;- Cos(ZF &) - (oS(ZF,,eJ)J-'—

+ 4 + B B [ cos(Po-Pa)i  _  cos(Fa=Ro)Os
¢ (7“{ vé); R‘ B =Ba) (B =Po)
"z M=l
m:®H
cas(Ps +And; _ Cos(Ps +Pm)@i | _ 1 . \ . .
M7 (P +Pa) ] z (% *79*5)““‘ g P [6’ %
(Ps <Fn)
m—l
- Sin(Pz-Pn)S; —  _SI(Pa +Fu)d; + Sin(Px +F..)9J $ 3 -
(Fs =) (o t/) Pavg) | T )52 - 3
) o . m=l
+ sir:’(z&é!! - s}n'(Z&Q;)] + ?6 '\ BB, [ Sinf Ba =Bo)ds sin (Rx = An)O5
A ap, 2(fs -£,) 2(fn —~Fo)
m=l'mt:=l o0
Slhztf;;fzf; o vsinz( f:lf;:)@.c :l — Ppeot%; E_;; BnAm [:cos(?f;,{i) - (os(Zﬁ,e.i):l
[ =) ' mzi
—7 cota; % % A, CoSPu=PR)&;  _ costPo-Pa)Bj cos(Fm +B5)4; cos(RutFn) 8)
@ ) [ (Pm —Pa) (Pn=pPx) * (P +P5) T P:-r-,%-)
m=| M=l
mFW

(Continued)
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2 & y in(2Pagy) |
+ 7ty E A [a_ - L. - A +$.".'.f‘_i’ﬁ%9£]
. m=]
o0 o0
+ 7 oty AoAs | SintFa-Pu)di  _ sin(Pa-Fo)@ _ sintPatlo)dy . sw(Pia+Pp)€) ]
ey 2(Bs - Ba) 2(Ps ~Pu) 25 +Py) ells+pn)
ms) ﬁ.:l
mem
g _ 6 _snerd, m@&gyj
M (s,. s..ﬂ.)t AL, [ 2 4R,
m=y

o0 -]
% s B D5 Dy, l:sin(?a—ﬁn)&i _ Sin(Ps =Bw)G; _ sin(Fa+tfa _@_ sin(Pz 156 ]

* oo soen P 2P ~Fw) 2(fx - £.) 2(Fn +4,) 2(Fa +A)
""='ln*ﬁ=l
(R 728) \ [Cos(a &) — casizze (s +79z6) coslPa=B)S
* 2 (s sinoq Jt " R R+ 2(501 S ) n e “(Pm-B)
me) mz=l &=l
mEh
_ o(Ba=Pn)O; . costPatPu)di cos(Bm +Bn)6 z + Bdoty F B.,Da e sin (24)
(Px -Fn) (Ps +Pn) ( Br +Pn) 1 S..)‘sm'.

ﬁ,.e"{’(sinzn.& + 2Ratos2Rdi) £ €% (sin2pe; +2R.2528,6; ) ]
(1+4p8) (1+4p°)

+ Doty @ colk BB, BaD.| & 4 in Ba =Rl _ §%sinlpa-pley _ g% sintBn+R)
i(sm sina, " (Fe - B.) (P= ~P.) (Pa +Ra)
m*ﬁ

SoisinParhiey _ €O {s‘"‘ﬁ""""ﬁ + (P ~Fu)cos(Pa 50§ |
(Fa * Fo) (Pa-Po) L1 + (P5 =P}

+ e-aisint(ﬁle_;)

& & sintPa-Pa1e; + (on - Ra1cos(my - R)G5 ) + &4 {ain(ha v21ls + (P tPuleost B 3Pl }
(P, =B +(Pa -R»)l_] (Pa"'P..)E""(P.w*Pn)zJ

- <e_e}{sin(p.+p.,)e; +(Pa +Pa) 05 (P + Bn)©j } :‘
(Pa + )L 1+ (P + B ]

(Continued)
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’ o) .
_ s L cotyy; B BmD [e"‘s-" (-smeRd = 2Bncos28f) _ e Y (-sin2h.a; - 2es2f0/) ]
2(s01 )" sine, m o, (1+4pY (1+48")

m=i
+ Tgifaieta; D, B, I:{ €Y (Pr = Pulsin(Bs ~Ru)Ss - cestpin-As)
MECTED z ZF (Fe = B[ 1+ (5 —fuf]

_ N st Role - costpa-Ries} | [ESH (B rR)siniReth)G - cslpetRIG)
(Fﬂ -’.,)[l-fff,;-ﬁ.)zj (P,w-f&)['*(F‘.rﬁn)zJ

_ (€% {(Fsr)smPatRIe ~ costbmrhg)} b os(Ba-yls _ &% (P —PulEs
(Ps+R) L1+ (P "'ﬁ,)z (Pa-R) (Ps —R)

s Sastturhily _ &%t +m] Telhd col'y ZF Q-Am -¢ 5"*F‘J

(Fb*ﬂ\) (Pﬁ "'Pn) (sol) Sine,

v € lstgy . Pk "(5% r 2Bacos2Bed) o fu€ D (sin2pg, +2F-»°°‘ZP..BJ)]
I +4Bg* I+4£%

T15a* cofey P D5 A, ‘sinlfs-ﬁ-)& _ eYsin(B-Rlos & 74 sin(B +B)&;
Z(Sos)"smt’(, - (Fa =Fn) (Fs-A) (P +Fa)

mn=
E34

+ &% sin(Es .,.g,)QJ _ {e 5}{5‘:»(?:—&)& + (P '&)‘“‘ﬁn-&)&}
(Px +55) (B B[ 1+ (B =BJ]

{e }{sm(F,.—. =~ R)& + (Bs ~Rodeos(Ps-£)e;} + L€ _}[sm(ﬂ.o-&)& + (B +B.)cos( e + 2.0 }
(B =B 1+(Bs-p )] (P""ﬁ.)[“‘(&,-rﬁ.fj

5% {sin( +8,)8; + 3 . >
(€%} [sin(RatR)8; +(fn HRa)castPu +B)01} | o 7o B [J,- =
(Pe+R) [ 1+ (Pn +ET ] 250 omui)”

mz=)

+ smeRd) sianR-GJ)]

& 2R (Continued)
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_77;__ Dz D, sin(Ps -Rod&i _ sin(Ps ~RJI& sin(Fa-*/jo_z&‘ _ SinlPs +Fn)ei:|
2(50 simag " (Pa-R) (Ps ~) (Pz +R) (Ps+2)
mz=) :§=l .
ZALM & - Sln(?.ji) s:n(ZR_,,gQ A sm( sin(Ba =R )&
vzﬁ" [_ZL e TR T + ¢ A b 2(F= “R)
m=]

— Sin(B=Fn)6s sn(Bs + Po)&s _ sin(Pa +EQL9J] + __'7_ B AwDin [e&coi‘g&
2(Bs -4,) 2CFy +£p) 2(Bs+R,) smey /o

mz|

_e"cosﬁeJ + B, e’(stF..& —ZR.,coszﬁL&_) _ ﬁneaj(s"’ZF"G-" "ZF"Q”ZR'@
(l+4Fz) 4 (l+4F,})_

F AnDg é: sin(Pu -R); _ e¥sintPa Py |, eHsin (Aol _ Y sin(hn+ B
qull ( ' -’. (F‘ - R..) (F.T "’R) (Fﬂ + Rl)

mi’iﬁ

+ [ Y sintPa- st = (P ~Po)eostpn -An§Y _ L eXH{5nPr-P)0s — P ~Rlos(Ba-B) e}
(Pa = Bo)L 1+ (B =Fa)?] (P ~Pm) L1+ ( By =Fuf]

{éa‘}{sfn(p#p,)é; ~(Fat Pu)esiPatFuld} § &%) {sintPa +8.)0; —(Bm+ Bu)cos( P+

(Fa+Pli+FatRF] (Fetfa) it (Bpt+pf ]
+ 7 o] [ 2 Ydpd; - € "cos"ﬁ,, + ﬂnezg(s'"zﬁ"a = Ao cos2ol)
2 sin‘ay B (i ﬁ.z)
mz|
F"eze". (SIIIZR.GJ _PMCOSZFMGJ.) ] + 7 Dﬁ Dm Lﬁw
201+ p?) 2 sin'q) (Fs -R.)
mzl M=}
mEn
26; S gL
e ° sin(Fp—Pn)& + sin(Bs +Bn)&; _ Y sin(Pz +B)6;
(P -2 (Px +F) (Bx +£.)

(Continued)
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2{&2&}{25""(& —Bo; = (B —Fin) cos(Bs —Bud; 3;
(P ~Pa)[4 + (Fn ~ )]

+ _2{E¥}{2sin(Pn-Pr)0s ~ (P ~An)cos(Bs ~Fu)er )
(Pa =Fm) (4 +(Ba = F)?]

2 {ezé}{z,;,,(& ""PO')JJ‘ ~ (Bz +Bn)cos(Px +&)JJ}
(Fe +R)L 4+ (Pn + Fu)']

2 (¥} {2 sintor +pag) ~ (F5 +R) costom +Pm)0) } ]
(Bs +B)L 4 + (Bs + A ]

+

J

3.3.11

Equation 3.3.11 defines the total strain energy in a sandwich

shell of revolution. For maximum strain energy in the system the term,

cosRt, is unity.
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3.4 Kinetic Energy for the Composite Shell

As in the case of strain energy, the kinetic energy of the

composite shell can be written as:

‘T{ T

The total kinetic energy consists of two translations and

one rotation,

« T Z ¢ [Tt )

S,
+<1' +2I >f” (9/) de sing ods 3.4.1
J-IJ

&)
Where M and I are the mass and the mass moment of inertia

.per unit area respectively.
Substituting Equations 3.3.7, using the transformation

3.3.8 and integrating with respect to 6, Equation 3.4.1. becomes:

n 5 : )
_T_ - f [Tr = .(5,,)25.‘,,.\:‘, sinRt (mC+2mf) Az,,, & sinlﬁ.y
Z o z

m=/

ZEA As €7 singy sing.y +-Z ¥ codiy +T23 B € cosgy cosgy
n=] m=i
—m:ﬁ

= m=] =
h

o9

RO SifRE _ (7¢ 27 D, &
(Sor- S’Inﬂn)}ﬁmq( * ) m E’y

mz=|

+ Z D,, D, € cespy cospy -Jdﬁ 3:4.2

mz) .=t : 41
™eH
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Integrating Equation 3.4.2 yields:

n [
'T‘ o E {w.ﬂ.z(so.)" siny; sintrt (mf +.2mf) ['? E A (925_; sing.d; _ &Y sm/se_,

J=) m=|

_ RlY (il —pesinly | o € (smosy -ﬁ..fvs?-ﬁ.aj))

2(!+F’~) 2(1+g%)
< = 5-' - aJ - é ;e .
+ A, As sntBy-£); _ EFsin(Ps -RI8 _ €5 sn(B 1R |, € sinths+B)&)
E(Fﬁ -A) 2(F -p) 2Py +) 2(P= +A,)
m={ A=)
me iy

- {82&}{25'.”(&‘-:)& ~ (B ~Bu)eos(Bs -£,)4s} + (€%}  2sintpy P - (Fe=Ro)cos (B P&}
(f -4+ (g -p)t] (B~p)4+p-£)]

() [osintPur p)ds — (bt RIastrer)G) _ (€4} asincRernley —(ﬁr*&)@fﬂn*ﬂ'@ﬁ_)
(B +BI[4 + (For £F] (Pe+B)LA +(Fe*hP] |

8, (5 coip — & oty 1 PSS ErRE —pestpf) _ E%smBsi-pmiRE)
?(H-E‘z) 2(/+gl)

-] od
+ DDy &4 sing B 104 _ &%sintss -B)ey + eu{" sin( By + Po)d;
2% -R,) 207~ R) 2(F5 +1,)

wm=} =)
mEW

21 ain (B +Fu)Bs {ed} [ 2sin(Ps —R)&; = (By =B.)cos( P "R,)éL}
2(fs +R) (Fo-R)L4+ (R - Pf']

{82} { 2sin(Ry—£)0) — (s ~RuleosiPn ~RIS} _ (&5} {2sin(R, +RIE; ~ (B +R)eos P+ }
(Pa ~Fa)[ 4 + (Ps -, 1] (Fu+RIL A+ P+ B F]

2%) {25in(ps +R.)6; - (P +A) ;
+ {e } h os(Ps +B,)6; (Continued)

(fz+F)la+pg+p, 1]
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op
. 24;
A 2t 2 [ 26 2 S _ Zfbcosz 8: B, e -'(smzr,& -F.,cosz!_é)
"'%«51 +21)[ E D.n(e cosfo; —e R&; + QYY)

mzi
o [
_ A &% (sin2R.8) = R.cos2RE)) + D,,Ds e"‘g"' sin(Pu -ﬁ-)é
2(1+E?) 2(fa—-R)

m=/ X
mEm

¥ oniPa-m)e; | E4sinBathli _ &% sin(Pa +Pijas

2(Fa ~Rn) 2(Pw +Pn) 2(Px +Pn)

_ {e 25} {asm(pa RS = (P ~Pr) s (Bn =Aa)5} {eze‘}{zsmfl’--ﬂn)e — (B = Pr) oS Ra=Ra) @ )
(Pa ~Ro)ld+ (Ps-F.2] ° (P ~Pu)La+(Ps - P ]

_ {9 asintBs +n)h; = (B +Bo)cos (i +R)}
(Pa+Bn)[ 4+ (Pz +Ba)t]

-+

(%) {2sin(Pa+R)8; —(Ps+R)eos( P +B) &} ):I ' 3.4.3
(Bs +R) L4 + (P +pu} ]

Equation 3.4.3 defines the total kinetic energy in a sandwich
shell of revolution. For maximum kinetic energy in the system the term,

s1n2.9.£: ,1s unity.
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3.5 FTequenc? Equation and the Method of Obtaining

the Eigenvalues

It is assumed that the shell under consideration is a conservative
system and vibrating in simple harmonic motion, so that the maximum strain
and kinetic energies associated with the assumed deflection modes are
equél.

Using Equation 3.2.2 with reference to the assumed deflection

modes in Equations 3.3.7 the following expressions are obtained:

? (7 o - Vpay = 3Tpax
W (Vpax Tpax) = 0 or oy Y.

) ™ _ 2 Vmax 2Tmax 3.5.1
na——— V - T — o crt— L] .
aBm ( max max) or 'aBm aBm

2 (T _m - 3ﬁ%ax__ o Tnax
51 Tmex Tnax) =0 or 2D. @D

m : m m

Equations 3.5.1 lead to an infinite system of homogeneous

linear equations in A, B, and D;. In matrix notation this can be

(<16} L]t

where the Z-matrix can be obtained by differentiating the expression

written as:

for the maximum strain energy with respect to the parameters, Am, Bm
and D, respectively; while, the A-matrix can be obtained by differen-
tiating the expression for the maximum kinetic energy with respect to

the same parameters. The V-column matrix is defined as follows:
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The matrix Equation 3.5.2 was solved with the aid of a digital

computer (IBM 1410) for the lower eigenvalues.
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If Equations 3.3.11 and 3.4.3 are substituted correspondingly

into Equations 3.5:1 the following results are obtained:

n od
33vm: — sing; [_(7‘»; +79.|f.)cotq.§Zg' B, ( _é,_ - 2-! _ sizzg,é _,_sb‘;z;:a:)

_"=' m=)

0 o
. sin(fs ~RIS;  _ sintPs —An®, sin(Ra +Ro)&;
—"z,»s+7ez5>fat°sz éﬁaBz( e ey n(fs Aoy sinlfe R
"='M$'B al
od

__ Sin(Pw +Pn)S) ) - %co@ . %: ( cos2p,d; - coszﬁ.e.:)

2(fr *Fu)
mz|
od 00
— s cotep, 23 ( Cos(Pn=Pr)di  _ cos(Pm-Pn)B) . cos(Pm+Pm)d
% o. Y n oy - + Y
ln:!"*m =
o ,
— cos( Pt Pma; cota \ A (;. o _ SnePadi . sin2Pu
 (PwtPx) ) * BT S 2/ | 2fm
mz)
od o0 .
+ 7 et Aa( sin(Pa~B)di  _ sin(Ps=Fa)@i _ sin(Ps+Pm)dy
Y ) (ha =) o) T (RetR)
ms|. W=/ .
sn(Pr+R)8 ) _ sba® oot (_-Jsg-z & e sitee;
v 20Kl ) Ll oty g0 (-7 L o+ E% iR

ms|

. 5 . )
_ Re (sin2Bb; +2Bacos2p, ) BEX(sin2p.8; + 28, cos2p,0 ,
(1+48%) + i+ 4&,_)3" 2PnEs) ) (Continuwed)
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_ B oty By Ds ( Y sn(Pu -Pa)ls € Dsin(Bm -Pwle)  _ &% sn(Fim +Bnd;
2(sa )% 5in ) »om (Fx - £) (Ps - Fu) (Ps +Ps)
m=] =1
mIT»

L € ¥sinipr +h)8s {5V SPs ~Rlly + (B - ) con( P A}
(e + Fn) (Fa ~Ro) [ 1+(Px - P} ]

o (€T H5inPr ~R)O) + (s ~Pu)eostBn~RIE) + {e‘&'} LsingBa +Pml + (P + ) cos (P +An)E3 }

(Ps = Pm)L )+ (B3 = Put] (Pe+RIC I+ By + BJ]
: [
_ {é-e.;],{sm(hi-ﬁn)ej +(Pr +R»)<;.=S(Fa+ﬂ.p)9)l) + 7 E:‘- A, ( s - o + sin2Badi _ s'sz,.e«,)
(Put+Pm) L1+ (Pa+Bn)" ] 2 Fn 2 P
m=|
0 o
Ag [ -Sin(Ba ~Ba) _ Sin(Pa-Pn)8i . sin(Fm+Ball; _ sin(Pa +Bn)S) )
1 fi P ( S2{222E Pa-Pr) |~ (PatPo) (Pa+E)
e
+ 22_\ ED, eé';cog'ﬁc(- - eJodpe 4 Pme&(Si"zF-‘h - 2A2R.5;)
sindy ™ - m (r+ 48%)
»m=|

oD
_ B (sin2Bae; —mmm@)) + 2 B D, (e“*‘sin(aﬁ-m&; _ Ssin(Pa-R)6;

(1 +4B%) sini (Px ~Fa) (P - Ra)
. mz=) =
mEm
. % sin(Pe+Bo); _ & sin(Ps +Rn)8) + {e‘SJ"}{sin(B,. ~Bal; —(Ps ~Ra)cos(Pm —Pu)S3 )
{Fﬁ +Fm) (Fﬁ"'Fm) (Pﬁ -Fm)[ |+(Fﬁ -&)ZJ

81 fei .
= LS BaPa)os - Py - Pu) ostPr BB} | (Y ism(Pa +BS; - (Pr+BalcostPm +Pa) i }
(Bs=P) [ 14 (B5 = Ful] (P +Ba) 1+ (B + Pt

_ {4} Lsin(Prt BBy = (Pa+Bu)eos(PatBn) 05 } )]}

(Pr+Pa)C 1+ (P + Bn)-] 3.5.3

J



63

\ sin2B, S sinz2B.8;
A -6; 3 -+ zﬁ:—;)

n )
may- — H z z
e = E {5‘""3 [’?s Eﬁnsm( i -8 -5
mzl
Sin (Pm + Fn)©y

J=1
sin(Ps ~Pm)8; _ sintPs +Pa)&S + )
(PntFo) (P +FPn)

_[ sin(Ps -R&  _
t% fo P B’"( (o —F) (Pr —F)
T mn
= )
288 _ cos2pe cos(Fs ~Pn) i
+ ('75)[‘ 7 G)Z . (COS P"SJ cos2p, J) + ('73 +779)f9)§ Zwsﬁ Z(F‘—ﬁ')
=/ =) M3
. me
_cos(Pa—Pn) . Cos(PatPm)di _ cos(Pa +ﬂ~)a4_-_)
2(Ps =~ ) 2P +R.) 2(P=+E,)
+(n, g_ coBp-Fr)di  _ cosPaBr)Bi . cos(PutPa)d
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Since the lower axisymmetric natural frequencies of vibrations

are sought, only three-term series solution were considered. For higher

frequencies more terms should be taken to obtain accurate results. Thus,

form = 1, 2, and 3, the following matrices were obtained:

[ 244

where

M2 %13
80 823

833
a = a

ij

ji

825

835

216

826

a7

87

499 |

3.5.10
(stiffness matrix)
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3.5.11
bgg O 0O 0 (Inertia matrix)

bgg O 0 0 (bij = bji)

bgg  bgy
b99
-
(Displacement column matrix) 3.5.,12
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From Equations 3.5.3, 3.5.4 and 3.5.5 the elements, 8541 of

matrix Equation 3.5.10 are obtained. Those elements are as follows:
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an‘ .

J=}

+ _'?— co(2hsin2fd; — cos2pd) - €0 (2f sin2po; ~ cos2p;) }
'S E‘L

+ {e“ﬁ (4F‘ sin4pd; —cosdfdi) - é'oJ(AF,sinagej - cos4f,9.;)})
2(1+16pY

- ! -9. . = . .
+ o.75'§‘5_ﬁ (e g‘( smzp’c(} +o..5'sm4p.£-) - e ‘(snge_, + 035 ;,,,4ﬁq,)

- l_-:Z'FT{‘e-Jj( sm2fd; + 2P, «as2pd;) - E-Q"(S/HZﬁQ,' +2fcos2£6;)}

&5 _o:
[ € " (sinapd; y apl) — € singpo; +4 cosqle')} .
+ ————-—2('”‘3'_){ SnqBo; + 4f©sdfe;) (/”43-’ + 4P cos4pe) )]}

n

3 oo s o

J:I

+ ’73 (cas4f,[_t - cns4ﬂ6,')} .
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Qg :ﬂZ{.%. [ (Gf"-&-?‘)(&j,_e_;) +’ (Gﬁz—ﬁ)(_snn.sg&; +sin5‘f;9_,') 5]

d=n

+0.57, (cosﬁ&; - cospey + cosspd) _cosa’,qe_,-)} .

n
. — L gy
Qsp = ; {%‘;’:‘[&574(2 3 ( - cospd; +%<°szn{;) — € (-cosp +L cosafe;)

J=

+ '+' F{_{ e-SJ(-ﬁS;nﬁS_; +cospdi) _ e_ej(—F,Sl‘nﬁej + cospay) }

+ 36 9F1){ e (3f5'"3Fg .-c.os3f&) -e (3F5m3f'9 "‘053F9.:)})

+ 7R (e~&(s,-ng&- - Lomsphi) - E%(sinpe; - Leinspey)

Fes { e"g"(sin,gé} + F,cosﬁz{;) - 5%'(sin/,82,' +,;ir.osea_;)} h
]

3( ] +9P’~)

" .
-4 -8; \
” — T ¥ . (IS .
% = g {“"s—.-.?‘-.,, [4755 (-e si'2pd; + € i 26; )

- 2R _ ( a7 {',’1‘0'57-4 ) (e-&(smqg;‘ ;- 4pesdpd) ¢ Ysinapey +4gosqg%))]} .

{e "(sma,wJ +3pcosafé') - (s/nJFQ, +3fcos3p6; )}):I}

l-r—lég‘
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E J
a59 - {Sma(, [i 5Z ( (cas’{, + 0. Zwssﬁ&) -€ ('e:os’?eJ +0- 2cos$‘f9_,)

J=i

+ |-:-ﬁ\{e (ﬂsmﬂsj -—Casﬁéj) - eej(ﬁsmﬁej _Cﬁﬂej)}

+ {e J(.b‘P fmspJJ -.casSfJJ) - J(.S'f;SmS’ﬂe_; - cos.;gq,)})
5(1+25',B) .

-+ 32_ ﬁ ( e'& (sinpd; -0-2 s:hsgéj) -€ e_,-( Sinp&; -0 Zs'nfgeﬁ

- ; = { e""(sinr.& +peosph) —€ U (sinpe; +Fespa)}
[}

5(|+zsp'-){e (sms'pJ +5peossp;) —€ "(sms'fe., +5,ﬂcas$f9)})]}

ki

Qg =Z{(9P‘ +i,) (&- - %-) + (93‘- ’7,)(-3'"‘/??9 + sfns/}w)/Sﬁ +7 (wsePJ '- wsﬁ@)]}

J=t

.om :
Qsq i{%&% ELZS % ( e"‘SJ'( —cos2pd; #0.5 cosapd:) — € (~cos2pl; + 0.5 cos PRy )

J=] —

I+4p’-{e e - ZF"“F& + cos2pd;) ~ € "( 2sin2p 6y +cos?.fq)}

zcmcr) (€ ‘(4PSm43efJ —cosapd) - € (apsinipe; cosofq,)})
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m
ase - {cat:(“l [7?'4 (e'Jj (- cong; +0.2 cos5p4)) ~ e-e"'(- wsP G; +A2cosSHG)

&5 (=g singl; +cospdy) — & -pempe; + cosgen)}

Je & M ( SEsmSpS —coss;uL —e F(spsnspe; —cosSpE;) })
5(0+asg’~)

+3Z_E( e‘s‘;( sin}S; -.0~zsin5'ﬂcf;) - e'e“(sinﬁe,,- -0.2 sinS’ﬂB_,')

LehComply +peospls) - € Hesinge; Reespi)d

I+ pr

+ ie & (snspd; + 5P eossPE) — % (SINSRE; + 5PewsSpe; )})]} .
SO+25pY)
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| e - : - =\/ & ..
@so =' % {-?ﬂ [9*’75,F (_e‘gsnhﬁcf; + & erln’-_;’QJ) _ (9 751'31_0.574)(@ (smeg& +ép c,sg,‘g)aﬂ
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-3’l e‘ei(sinéﬁq,‘ -~ SEws‘ﬁe_‘.)) ('+36i2)-]} .

Q,, =z{mw [7‘( B+ ~8y) + (B* =7 )(-sin2pd; +Sin2fieyyj2p
(1
3=1

+ Ty (coszpdy —cos2pey >) +% ( et - €% eorpe;

+01;5g. { ez“"(sng& _ﬁwszgaﬁ') - eze"(sngaj -B ccsﬁe_;)})]} .

+ « 8
6273 =Z{s'lﬁ“’ l:.% ( (2p*+ 7, )(smFJJ - SInFGJ) + (2p* - B0~ smag!; +s:b3ﬁQ;)/3)
[
+P.5 ?[352' (cosﬁJj — cospe; + c.os.‘s/,!Jj - mssﬁej) + — L ( J"( SIan- £ 5m3ﬁ{ )
4 1 I
~ &% (singe; +4 SPE) ~ F%-w{ &4 (2sinfd; - f cospds) &% asinge; - cosey)}
+E‘

W{e 4( 2sin3pd; -BFcossp&) - e (zs:nB/sQ, -3;!:?053’9_,)})-]}
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Q= é { ! [__'75. (BP"+7.)(sfnzg£‘ - sin28;) +0.5 (3g4=7, X~ smipd; *5"’%’91’)
79 = I

bt sin2nd: sassmand;
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_ ezeJ(gsinllng - 4ﬁ°054ﬁ94')})] ] .

n
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T
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From Equations 3.5.6, 3.5.7 and 3.5.8 the elements, bij’ of

matrix Equation 3.5.11 are obtained., These elements are as follows:

n
= P ) e i e JJ' . '
b, :Z{ 1&7[ e"&'smﬁ‘& _ & Sinpo6; '25;4.31)( & (.stF‘J_, —ﬁmzﬂ&)

J=sl

- &% (sin2pe; ...”cos?.ﬁej))]} .

b, =z{—72[ ez‘!"'(sinﬂ& — Lsinapi) - &V (sinpey -1 sinspey)

<u

- 4:—_? ( &% 2sinpd; - peospdi) — &% (2singey - gcos,;aej))

= 4_1__9,.&_1) ( &4 (asinapl ~3geos3p§) - % ¥ (2sinapey -3f “53594))]}

bz =Z{_£_’z_ [ & (sin2pd;—0.5 snapd;) &% (sin 2f8;~0.5sin4P8;)
i

J=i

| ( e"-gi ( 2sin2pd; - Zﬁcost,J;’) &% (2sin2p6; - 2fcos2p Q"))

- z(|+ﬁt

' i (2sinapds - ARcosapds) - &% (25inage; - 4gcosq ) i
+4('*4ﬁ)(e in4p, Reesagds) sind B f <o gQ,]

ba=bis=bc =br=be=bo =0
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CHAPTER 4
APPLICATION TO SPECIFIC PROBLEMS

The method developed in Chapter 3 was applied to the following
specific problems:

a. Homogeneous conical shell frustrum.

b. Sandwich conical shell frustrum.

¢. Sandwich paraboloidal shell.
A1l the numerical evaluations for the above problems were made on a
digital computer (IBM 1410).' Appendix A gives the program which eval-
uated all the elements, a;j and bjj of Equation 3.5.2. Appendix B

contains the program for the frequency evaluations.

4.1 Formulation of Parameters
From Figure 15 the parameters of a conical segment are given
as follows:
. L.
A i = 3 d) tane,
Rj J
where for Ay = 1 the cone is complete, and for O</uj <1 the cone

is truncated.

sj5 = (1 +,uj) ﬁj cse O(j
- 4.1.1
s5-1,5 = (1 -}13.) Rj ese X,
92



- L

Figure 15--The jth segment of a shell of revolution showing the
parameters of the conical segment.
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For sandwich shells of revolution the following parameters are
used:
M = EG/Es

h
T2 = G () (D) (1 -ny)

M3 = Vg + Egp/Bs

T = T E2 (1422
So1

P = '-7'4/,,«S 41,2
- 2tp\2

= 1 (2
% = 1 201
. %
T =~ (F <°> + 1

- - |1 c h,
78 - 76{ (,of) (‘b) +31+—) +1J

1 -%%
Eg

I

( ) 6 sgf 22

4.2 Free Vibrations of Homogeneous Conical Shells

The lower axisymmetrical natural frequencies of a uniform
thickness, linearly elastic homogeneous cone were computed. Tfansverse—
shear and rotatory inertia effects were included. Calculations for this

particular cone had been made previously by Garnet and Kempner (24).
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The fundamental data for this cone as given in (24) were:

From the theory developed in Chapter 3, the following equation

is obtained:

[,A - 7\§'B}]{v} = 0 R
T r_1
For nontrivial solutions the matrix, [; Ay - ‘hi.Bj] s
must vanish,
. Pt
or tAl - NiB = 0 boR.2
LoJ - J

The numerical values of N which satisfy Equation 4.2.2 are the sought
eigenvalﬁes.

The computer input data for this specific problem are given in
Table 1.

The first two frequency parameters found are:

SN = 26,191
/hy = 83.366

Garnet and Kempner (24) found only the first frequency parameter for

this problem. The value they obtained for this problem is:
f?ﬁ = 26,233

The small difference between the two results is due to the increased
accuracy of the present analysis due to the term in the series solution
used. This difference is negligible for the fundamental frequency but

it increases appreciably for higher frequencies.
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4.3 Free Vibrations of Sandwich Conical Shells

The lower axisymmetric natural frequencies of a uniform
thickness, linearly elastic sandwich conical shell were computed. Trans-
verse shear and rotatory inertia were included.

The composite was assumed to have the following properties (25):

Material: Fiberglass Facings and Core

GSZ
—E: = 0,00186
Pe - 0.0388
Pe
h
e -
tp 25
2t
—f£ = 0,002
Ry
1 =
& = z0
1 5

The computer input data is given in Table 2.

The first two frequency parameters obtained were:

ST = 6.6616
ﬁ/>,2' = 20.286

These two frequency parameters were found to be much lower than
those for the homogeneous conical shell. These lower frequencies were

expected because of the flexibility effects of the core on the composite.
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4.l TFree Vibrations of Sandwich Paraboloidal

e r—— ————————————————  —— C————————

Shells of Revolution

A sandwich paraboloidal shell of revolution having an equation

of the form: -
2 _ 2 x
was considered, where
L - g,

Ry
The paraboloidal shell was approximated by 2, 4, 6, 8, 10 and 12

conical segments successively (Figure 16). 1In each case the method de-
veloped in Chapter 3 was applied and the first two eigenvalues calculated.

The fundamental data used for the shell are as follows:

Pe

Zc = 0.0388
e 0.038
&' = 0.00186
Eq *
.

?fL = 25

£

2t

=L = 0.00129
R

Ks = 1.935
v, = 0.12

The input data are given in Tables 4,5,6,7,8 and 9 for each
case respectively.
The obtained eigenvalues are given in Table 3 for all six cases

and the results plotted in Figures 17 and 18,



Figure 16--A sandwich paraboloidal shell of revolution composed of
six conical-shell segments.
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Figure 17--Graph showing the number of conical-shell segments
versus the first frequency parameter of a paraboloidal
shell of revolution.
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Figure 18--Graph showing the number of conical-shell segments

versus the second frequency of a paraboloidal shell of

revolution.
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TABLE 1

Computer Input Data for a Homogeneous Conical Shell .

n=1

1

R

0.218729244 (10~1)

0

© | O~

0.8727 (10°1)

143.6292923

1

0.2916666666

0.6

0

0

0:16177 (107°)

1

0.16177 (107°)




102

TABLE 2

Computer Input Data for a Sandwich Conical Shell

n=1
j 1 B | 143.6292923
-1 ﬁ1 !

«, |0.218729244 (1071) . =
J Ry | 0443852972 (107")
$; 0 R | 0.2

- -6

7 0.6286 (107°)
05 |0.8727 (10-1 4

%5 | 0.5239 (10~2)

| g | 0.26 (1078)
R | 1.484709
g | 0+56929 (10™°)




TABLE 3

First and Second Eigenvalues for a Sandwich Paraboloidal Shell Approximated
by Different MNumbers of Conical-Shell Segments

n 2 4 6 8 10 12

/'T1 0.26833 0.17088 0.16244 0.13416 0.13420 0.12166

v hz 1.9527 0.89764 0.68562 0.59599 0.57061 0.52230

€oL
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TABLE 4

Computer Input Data for a Sandwich Paraboloidal Shell
Approximated by Two Conical-Shell Segments

n:

1 2 B | 1.568766312
7 | 1
0.64344 0.32841 -
o | 0.44385297 (1071)
0.40541982 2.00258804 | |%5 | 0.24
sy | 0-10264422 (1072)
0 1.01528458 | | ;
75 | 0.8553685 (107)
% | 0.42177938 (1079)
My 1.484615

.10286539 (1077)

~|
(0]
o




TABLE 5

Cumputer Input Data for a Sandwich Paraboloidal Shell Approximated

by Four Conical-Shell Segments

n=4
1 2 3 4 P l1.38504716
5 |1
0.64344 0.42877 0.30106 0.25074 1
% 0.443851972 (10~
0.40541982 | 1.32549092 | 1.92131112 | 2.26822071 73 | 0-24
5 | 0.10264422 (10™3)
0 0.7662923 | 1.66679289 | 2.09789493 4
| 7 | 0.8553685 (1073)
g, 0.42177938 (10‘6)
T 1.484615

1]
(s 23

0.10286539 (10

_2) X

GoL



TABIE 6

Computer Input Data for a Sandwich Paraboloidal Shell Approximated
by S8ix Conical-Shell Segments

n=6

K 1 2 3 4 5 6 B 1.361982814

Tl

%5 | 0.64344 {0.46367 [0.35866 | 0.30427 | 0.26384 |0.24115 3
o | 0.443852972 (107")

£. | 0.40541982{1.097329 {1.558985 | 1.871051 | 2.122739 | 2.306632 ﬁB 0.24

7, | 010264422 (1072)
e.]0 0.6989819] 1.338760 | 1.717919 | 2.007214 | 2.21208

J 75 | 0.8553685 (1072)

90l

7 | 0.42177938 (107°)

My i 1 484615

, g | 0.10286539 (1072) !




TABLE 7

Computer Input Data for a Sandwich Paraboloidal
Approximated by Eight Segments

Lol

n=8
3 y ' 5 g | 1-38168679

0.64344 0.40541982 0 LS

0.46913 1.01229776 0471743922 %, | 0.443852972 (1071)
3 | 0.39270 1.36327662 1.17227310 73 | 0.24
4 | 0.33481 1.65121218 1.51480365 =, | 0.10264422 (1073)
5 | 0.29438 1.88078424 1.77536492 75 | 0.8553685 (1077)
6 | 0.27401 2.03852858 1.94977062 g | 0.42177938 (1070)
7 | 0.25831 2.17241551 2.09555734 T | 1484615
8 | 0.24958 2.2737372 2 .20470688 Bg | 0.10286539 (107%)




TABLE 8

Computer Input Data for a Sandwich Paraboloidal
Approximated by Ten Segments

=10
J & 3 8 ; 05 B | 1.362306271
1 | 0.64344 0.40541982 0 1 |0
2 | 0.50208 0.88309924 0.62151671 Mo | 0.443852972 (10~1)
3 | 0.40957 1.24700091 1.08112755 A3 | 0.24
4 | 0.36477 1.47735398 1.35041816 7y, | 010264422 (1073)
5 | 0.33219 1.67090957 1.56878764, 5 | 0.8553685 (1073)
6 | 0.30776 1.83474502 1.74946432 'v“zé 0.42177938 (10-6)
7 | 0.27925 2.0013828 1.93032362 Ao | 1.484615
8 | 0.25976 2.1315022 2.06971901 mg | 0.10286539 (1072)
9 | 0.24319 2.24811962 2.19358798
10 | 0.24144 2.30608397 2.25/489033
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TABLE 9

Computer Input Data for a Sandwich Paraboloidel Shell Approximated

by Twelve Segments

n=12
il 8 6; B | 1.369999172
1 | 0.64344 0.40541982 0 M|
2 | 0.5105 0.82937042 0.60847214 A2 | 0.443852972 (1077)
3 | 0.43109 1.1440109 0.99292534 3 | 0.24
4L | 0.,38484 1.36960354 1.25345483 %y, | 010264422 (1073)
5 | 0.34558 1.55989037 1.46630059 s | 0.8553685 (1073)
6 | 0.31416 1.73098114 1.65358174 %6 | 0.42177938 (1070)
7 | 0.30514 1.82943568 1.75975552 g | 1.484615
g | 0.29147 1.93504297 1.87284208 qg | 0.10286539 (107%)
9 | 0.26849 2.06832756 2.01447148
10 | 0.25452 2.16933358 2.12096275
11 | 0.24493 2.2539188 2.2096743
12 | 0.24492 2.29313471 2.25063316 E
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CHAPTER 5
CONCLUSIONS

A unified method of analysis for the vibrational behavior of
sandwich shells of revolution has been developed by utilizing the
Rayleigh~Ritz energy apﬁ;oach. Throughout the development, engineering
shell theory assumptions have been employed. In addition transverse
shear and rotatory inertia effects were taken into consideration.

The developed method was generalized in such a manner to be
applicable to sandwich shells with orthotropic or isotropic cores and
facings, as well as to orthotropic or isotropic homogeneous shells.

The validityv of the analysis was established by applying the
present method to a homogeneous conical frustrum which was considered
previously by Garnet and Kempner. The percent difference between the
frequency they obtained and the frequency obtained in the present
analyéis was less than 0.17%. This small d;%ferenbe resulted from
the increased accuracy of the present analysis due to the number of
terms in the series solution used. The percent difference is of negli-
gible magnitude for the fundamental frequency but increases rapidly for
higher frequencies. Thus, if higher frequencies, third frequency and

above, are sought, more terms in the series solution should be consid-

ered.
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The frequencies obtained for the sandwich conical frustrum were
about 75% lower than those obtained for the homogeneous conical frustrum
of the same geometrical dimensions. From a structural efficiency stand-
point, sandwich panels are manufactured in such a manner that their cores
are very flexible. Primarily, the shear flexibility erffect of the core
on the composite explains the frequency difference between the two shells.

The developed method was also applied to sandwich paraboloidal
shells of revolution., The analysis has shown that approximating the
paraboid by twelve conical segments yields good results. The curve of
frequency versus number of segments showed that the eigenvalues for this
particular shell reached their leveling point around n=10, where n is
the number of segments.

The method can be applied to any shell of revolution, if such a
shell can be approximated by a finite number of conical shells. The num-
ber of segments required to yield accurate results depends on the type of
shell under consideration.

The eduilibrium and the basic differential equations of motion
for sandwich shells of revolution were also developed and presented in
this diésertation° The differential equations of motion were of the
linear homogeneous type with variable coefficients. The author has found

no closed form solution of such equations in the literature.
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NOMENCLATURE

arbitrary parameters; .
he + tp

Young's modulus

shear modulus

dynamic shear factor

= stress resultants per unit length

o~
mass per wnit surface area

mass moment of inertia per unit surface area

half thicknesses of facings and core respectively

radius of the parallel circles of the shell measured
from the axis of rotation

principal radii of curvature of the shell

subscripts and superscripts used to denote the outer
facing, inner facing and core respectively

coordinate azes on the middle surface of the shell in
the meridional, circumferential and normal directions
respectively

translational displacements of the middle surface of the
shell along the x, y and z axes respectively.

mass density
time
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strain and kinetic energies respectively
frequency
eigenvalue parsmeter = (1 - ¥g)p) F}sé152?/Es
Poisson's ratio
2hKsGsz
(4t5Eg) /(1 = Ygip)
(4tpEg) /(1 = V¥p)
(4t28)/3(1 - 1 p)
(482E5)/3(1 - v p4)

shell parameters defined in Equations 4.1.2

stresses

strains

change of slope of the normal to the middle surface of
the shell in the meridional direction

cone half angle
conical shell parameter

m7

L.
%(ﬁ-}) tan o
J
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3 - ']n (in'_n
501
éj = 1n (Zii)
So01
S, .
0. = 1n ..J.:l:..l
J 501
Sjj = (1 +}.1j) Rj csc o‘j
Sj"1,j = (1 "}lj) RJ- csce °<j
j = 1,2 —n

m = a parameter used in the infinite series (m=1, 2, 3--- )
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Computer Program for the Evaluation of the

Matrix Elements aij and bij
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APPENDIX A

DIMENSION AA(599)

FORMAT(3E16410)

FORMAT (1X93E2048)

FORMAT(15)

FORMAT{1H191I5)

READ 2N

PRINT 28N

READ 198

PRINT 4B .

READ 19BN1sBN29sBN3sBN49sBN5 sBN69BNT79BNS
PRINT 4sBN19sBN29BN3sBN49sBNS59BNE9BNT 9BN8
DO 3 I=195

DO 3 J=149
AA(T9J)=0s0
B2=B#B

BN2B2=BN2#B2
DO 999 J=1sN
READ 19AsD T
PRINT 49AsDyT
TAN=SINF(A)/COSF({A)
BN1C2=BN1#(le/TAN)#*(1le/TAN)
X«B#T
ST1=SINF(X)
CT1l=COSF (X}
Y=2 %X
ST2=SINF(Y)
CT2=COSF(Y)
Y=3 g #X
ST3=SINFI(Y)
CT3=COSF(Y)
Y=4 ¢ #X
ST4=SINF(Y)
CT4=COSF(Y)
Y=5 ¢#X
STS5=SINF(Y)
CT5=COSF(Y)
Y=6o%X
ST6=SINF(Y)
CT6=COSF(Y)
X=B#D
SD1=SINF(X)
CD1=COSF(X)
Y=2e¢¥X -
SD2=SINF(Y)
CD2=COSF(Y)
Y=3 %X
SD3=SINF{Y}
CD3=COSF(Y)
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1494

1493

33
34

120

Y=4 ¢ #X
SD&4=SINFLY)
CD4=COSF(Y)
Y=54#X
SD5=SINF(Y)
CD5=COSF1{Y)

Y=6 .*X
SD6=SINF(Y)
CD6=COSF(Y)
IF(J-N)1493’149401493
SD1=0,

SD2=0s

5D3=0s

S5D4=0.

SD5=0.

SD6=0.
$8D1=8D1#SD1
S8D2=5D2#8D2
SST1=ST1#ST1
SST2=ST2#S5T2
CSD1=CD1#CD1
CsD2=CD2#CD2
CST1=CT1#CT1
CST2=CT2#CT2
ED=EXPF(D)
ET=EXPF(T)
IF(J=1)34933y34
SA=SINF(A)
RSS=14/(SA#SA)
COSS=1le/ (TAN¥SA)
TAN2=TAN*TAN
E2D=EXPF (2e%D)
E2T=EXPF(2e¢%*T)
DMT=D=T .
SS8T3=ST3*%5T3
S55D3=5D3#5D3
CST3=CT3#CT3
CSD3=CD3#CD3
AA(L191)=AA(19s1)+(BN1C2+BN2B2)*¥DMTH(BN1C2~BN2B2)3#{ST2-SD2)/(2¢%B)
AA(192)=AA(192)+((BN1CZ2+2+%¥BN2B2)*({SD1=STL1)+(BN1C2~2+%¥BN2B2)#(ST3~
1SD3)/3.)/B
AA(193)= AA(103)+((BN1C2+3.*BNZBZ)*(SD2 ~5T2)+(BN1C2~3#BN2B2) #(ST4~

15D4)/24)/(2e%B)
Allsb)= AA(194)+(*.B*BNB*B*(DMT-(SDZ“STZ)/(2.*8))“BNI*(CDZ-CTZ)/B)

1/TAN
AA(195)=AA(195)+(~BN3#({(SD1=ST1)~{5D3~5T3)/3e)=BN1#{(~CD1+CT1)+(CD
13=CT3)/34)/B)/TAN

AA(L96)=AA(196)+(~e7B*BN3# ((SD2~5T2)=(SD4=ST4)%e5)~e5%¥BN1#*((~CD24C
1T2)+(CD4~CT4)%*e5)/B)/TAN
AAL197)=AA(197)+(B/SA)*(«~BN4*(=SSD1/ED+SST1/ET~B*((SD2+2«%B*CD2)/E
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ID=(ST2+2¢#B¥CT2)/ET)/(la+4e%B2) ) /TANZ+2 ¢ #BNZ*{ED#ISDI~ETHCETL4+B*((
2502-2¢#B#CD2) KED=(ST2=-2 #¥B*CT2)#ET ) /(lot4e®B2)})

AAL198)=AA(198)+(1e/SA)H#{=~{(BN4/TAN2)#L(SD13D3/3e}/ED~(5T1~5T3/34)
1/7ET={({SD1+B*CDL1 ) /ED~(STL+BuCT1)/ETI/{Le+B2)+( (S03+34#B%CD3)/ED-(ST
23+3 ¢ ¥BRCT3ILET)/(B3e+27e#82) )+BN2#{ (SDL+E03/50 ) %ED~{STL+ST3/3e ) *ET+
3({(SD1~B*CD1) *ED-{ST1~ B«Cnl)*t])/(1.‘52)4((593“30*B*CD3)*ED“(ST3“39
4LBRCT3I*ET )/ (3e+2T7e#B2) )}

AA(L99)=AA(1sS)+{1e/SA)H({ =~ 7B*ENG/TANZ ) % { {SD2~a5%SD4 | /ED-{ST2~e5%
lST4)/ET“((Sde o KBRCD2)/ED-(ST2+2 4% B*CT’)/L:)/(10—40k32)+((534+40

2B*CD4 ) JED=(STL+4¢¥B¥CTE} /ET )/ (2o +324%B2) 1 +eD#BN2H({S5D2+e5%5D4 ) ¥ED~
BIST2+e5%STLH)RETH((SPD2~-2e¥BHFCU2)¥EVD-{ST2~2#B#CTZ2)*ET)/{Lotae®*B2)+(
4(SDL4=4 ¢ #BHCDG ) HED~(ST4 =4 ¢ #B% CIQ)*LI)'(KQ”J)efﬁ’))) '

AA(292)=AA(292) +(BNLIC2+4¢%BNZB2) #UMTH(BNLE2~ 4o BN2B2 3% ( ~SD4+5T4 )/ ¢
144%B)

AA(2,3)“AA(2,3)+((BNlLd+ba*BNZBL)”(bD1 STLI+(BNLCZ-6e#*DNZ2B2)*(~SD5
1+5T5)/56)/
AA(Z94)=AA(2:4)+(“5.*5N3*((SDl~5Tl)~(SD3”5T3)/30)“8Nl*(CDl“CTl+(CD
13-CT3)/3e)/B)/TAN

AA(295)=AA(2 95+ {=-BN3#B*{ DMT={3DL~5T4)/{454%B))~BNLR¥{CD4~CT4)/(24%
1B))/TAN

AAL296)=AA(296)+(~145%BN3H{{SD1I~ST11)~{505~575)/54)~BNL#({—-CDLI+CTL +
1{CD5=CT5 /54 ) /D) /TAN

AAL29T)=AA(29T7)+{1e/SA)¥ { (e S*BNG/TAN2)#((S0D1~SD3/ 50 )/ ED-(5T1~ST3/
13 ) 7ET~((SDI+BHCDL) /LU~ (CTLHBCTLI/EN )/ {lanB2Y+ {1503 +3.~B*CD5)/ED“
2{ST3+3e#¥BRCTI)AET)/(Ber2Te®B2) ) 120 ‘UI&*((QDI+SD* 3.)'tD“(51173TJ/3

B )RETH((SD1~B*CDL)HED-(STLI-B®CTIV#ET )/ {14823+ (1SD3 -3 BB YFED--{
4ST3~34#B*¥CT3VRET)/ {3 e¥2Te#B2) ) )

AA(Z298)=AA(298)+(2e%B/SA) R {=BNG/TANZ Y #{=SSL2/ED+ESTZ/ET 2 o*B®((SD
14+4 5% 8*CD4)/ED~(ST4+4.*D#(T4)’&1)/\l.*léo“BZ),*ao~b¢é*(LD*L502 £ %
2CST242 ¢ 4B (( SDar=—4 #BHCTa ) HED~(STo~a o #BrCTL)RETY/ (Le+1l0e*B2)))

AA(Z 99 )= AA(2 09+ (1a/78MV % (- 1a5%BNG/TANZ ) % \(SDI“SDB/ﬁal/ED*(STIMSTS
1/75 ) /ET={{SUL+BRCCLY/EDL-(STL+B*CTL /ET)I/{L4+B2)+{{S0E+5e%BuCD5 Y /EL
2=(STO+B4#B*CTS)/ET I/ (Dat+l25eB2) I +2e#BNIH (\OD.}.‘FL!)" /5o ) HED-{STL+STS
3/50)*ET+((501‘B*CDI)*LD {(STL-B#CTLI®IT ) A{iatBE)Y+{ {3055 ¢ %BRLDE )Y RED
4= (STE=D4#BHCTH)®ET) /(Do +125e%E2)))

AA(393)=AA{3 93 ) H{BNLIZ+9e*BN2B2)HEMT+(BNLC2-QawBN2B2)# (--5D645T6)/{
1#4%B) ‘

AAC3 94 )= AA(S 94 )+ (= o SEBHB*) {{SD2-5T2) 5% {SD4- STL) )~BN1I¥{ (CD2~CT2)+e
15%{CD4~CT4) ) /BY/ {2 e TAN)

AAL{Z95)=PA(3 95 )+ (=BNIM(SDL-STL-(3505=3T2)/5,)

1 ~“ONL®*{CDL~CTL+(CD5~LTH)
2/5e¢)/B)/TAN

AAL346)=AA(395)+(~145%BN3*B *(DMT*(SDG“ST&)/(@.*B”SWBNl*(CD6“CT6)/
1{(3«%B))/TAN
AA(39T7)=2AA(3s7)+(1e/SA ¥ {{~25%ENG/TAN2 ) ((3D2=~e53%SD4 ) /ED~(STZ2—eb%
1ST4)Y/ET=({(SD2+2e#B*CD2) /ED~(ST24+2e#BRCT2VI/ET )R (1o +4e¥ B2+ { (SDb+ae#
2B#CD4) /ED-(ST4+a e #BACTLJ/ET 1/ (2a+220%B2) 1+ 1eDuBN2H{ {302+ 553D ) ¥ED
3=(ST2+¢5#STL ) HETH({SD2~2 ¢ ¥BRCDZ)REL={ST2=2 o %ERCTZ)IRET )/ {labbhaPE2)+
G({(SD4=4 ¢ #BHCDG)HED={STL ~L o ¥EHTTHINET )/ (Z2eT32e%B2)))
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AA(3+8)=AA(398)+(1e/SA)*( (~BN4/TAN2)*((3D1=5D5/54)/ED~{ST1~5T5/54)
1/ET=({SD1+B*CD1) /ED=(ST1+B#CT1)/ET)/(1le+B2)+((SD5+5¢#B*CD5)/ED~(ST
25+5 ¢ #B#CT5) /ET)/ (5a+125¢%B2) ) +3¢¥BN2#( (SD1+5D5/5¢ ) ¥ED=(ST1+5T5/54)
FHET+((SD1-B#CD1)#ED~(ST1~B*#CTLI*ET)/(1le+B2)+{ (SD5-5¢*B*CD5) *ED~ (ST
4554 ¥B*CTS5)¥ET)/(5e+1254%B2) ) )

AAL399)=AA(399)+(3e%*B/SA)* ((~BN4/TAN2)*(~SSD3/ED+SST3/ET-3e%B*((SD
16+6 ¢ #¥B#CD6) /ED~(ST6+be#B¥CTH) /ET)/(1a+36e%B2) )+BNZ2¥ (ED¥CSD3~ET#CST
23434 %B#({ (SD6=6 ¢ #BRCDH ) ¥ED={STH-C e ¥B¥CTHI¥ET)/(le+36e%B2}) )

AA(L94)=AA(434)+(B2+BNL ) ¥DMT+(B2-BN1)# (~5D2+5T2)/(2e%B)+BN3*(LCD2~C
172)

AA(495)=AA(495) +( (2, %B2+BN1)*(SD1=ST1)+(24%*B2~BN1)*(~SD3+5T3)/3e)/
1B+e5¥BN3#{CD1~CT14CD3~CT3)

AA(496)=AAlL4 6 +( (34%¥B2+BN1)#(SD2~ST2)+(3e%B2~BN1)*#(~SD4+ST4)/2e)/
1(26%B)+e5%BN3#(CD2~CT2+CD4~CT4)

AAL4sT)=AA(4G 97 ) +COSSHIBNS*B2* (~SSD1/ED+SSTL/ET) ~B*

1 (BN5#B2=e5%BN4 ) *( (
1SD2+2 ¢ ¥B*#CD2) /ED=(ST2+2e¥B*CT2)/ET) /(Lla+4e#B2))

AA(498)=AA(498)+COSS#(BN4* ((CD1+CD3/34 ) /ED~(CT1+CT3/3e)/ET+((B#SD]
1=CD1)/ED=(B*ST1=CT1)/ET)/ (La+B2)+{ (3 e#B*SD3=CD3) /ED~ (3 4#B#ST3=CT3)
2/ET)/(3e+27e%B2) ) +BNS#B#*

2 ((SD1~SD3/3e)/ED=(S5T1=~3T3/3¢ )} /ET=((SD1+B*CD1
3)/ED={ST1+B*#CTL)/ET)/(1e+B2)+{(SD3+34%*B#CD3) /ED=(ST3+3e*B*CT3)/ET)
4/ (3e+27e%B2) ) )

AATL499)=AAL4 93 )+COSSH*( o 75 #BN4H# ({CD2+e5%CD4 ) /ED-(CT24e54#CT4) /ET+((2
1e#B%*SD2~CDZ) /ED= {2 #B#ST2~CT2)/ET)/ (1a+be*B2 )+ {4e#B¥*SD&~CD4) /ED~(
24 ¢ ¥B¥STL4=CTL ) /ET) /1 2e+320%B2) ) +e TORBNE*B# ( (SD2=e5%5D4) /ED=(ST2~e5%
3ST&4)/ET+((SD2+2e#¥B*#CD2) /ED—(ET2+2e ¥B¥CT2)/ET) /(1 o+4e¥B2)+( (SDG+4 e %
4B8#CD4G ) JED~(STh14e #EHCT4)/ET) /(26 +32e%B2)))

AA(595)=AA(595) +(4e#B2+BNL ) MDMTH {4 ¢ *B2--BNL) ¥ {~5D4+85T4) /(4 o%*B)+EN3*
1(CD4=CT4)

AAT596)=AA(598)+( (66 #B2+BNLI*¥(SDL-S5TL)+{Se%B2~BN1)#{~SD5+5T5)/5e)/
18+ ¢ 5*BN3#*(CD1~CT1+CD5~CT5}

AA{SsT)=AA(E 97 )+COSSH (o 5#BNG4* ({~C0L+CD3/30 ) /ED{~CTLIHCTE/30) /ETH
1-B*SD1+CDL}/ED~(=B*STI+CTL)/ET) A {1le+B2)+{(34%3%5D3~LD3) /ED=~(34%BxS
2T73-CT3)/ET)/ (3e+27¢%#B2) ) +BNE®B#{ (OSD1-ED3/34 ) /EL~{STL~3T3)/ET=((SD1
3+B¥CUL)/ED={STLI+BYCTI)/ET) /{La+B2)+( (SD34+3 o #¥B#CD3) /ED~(ST343 4 ¥B*CT
43Y/ET) /(342 Te%B2) 1Y)

AA(598)=AA(598)+CUSSH (4 e #BNSHB2¥ (~SED2/ED+5STZ/ETi=2e#B%

1 {Go*BNE*B2=45#B
ING)# ((SD4+4e #BRCDSG ) /ED=(STL+4 o #B8%LT4E) /ET)/(Levibei*B2))

999 AA(599)=AA(599)+COSE#(145%BN4&#{ (COL+CD5/5¢ ) /ED~{CTLIHCTS/ 54 ) /ETH(B
1#5D1-CDL1)/ED=(B*ST1=CT1)/ET)/ (la+B2)+{(Be*#B%SDE~CD5) /ED-(5e*B*5T5
2CT5)/ET)/{5e+125e%82) ) +3 e ¥BNE#B#{{5D1~SD5/5¢) /ED~(ST1~5T5/54)/ET~{
3(SD1+B#CDL)/ED~(ST1+B*#CTL) /ET)I/(1e4B2)+((SD5+5¢%*B*CD5)/ED~(ST5+54 %
4B#CTS)/ET)/(5e+1256%B2) ) )

7 FORMAT(1X96E2048)
8 FORMAT(E16e10s10X»iHA)

PRINT 21

21 FORMAT(////1X}
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DO 6 [=1495

PRINT 79 (AA{IsJ)eJ=137)
PUNCH 89 (AA(I3J)sJ=1+99)
PAUSE

GO TO 1492

END
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DIMENSION AA(999)s58(999)

EQUIVALENCE (EZT9ET2)e(E2DED2Z)

FORMAT (3E16410)

FORMAT(1X93E20e8)

FORMAT(I5)

FORMAT(1H1#15)

READ 2N

PRINT 28N

READ 18

PRINT 498

READ 19BN19BNZsBN3sBN4 SN 9BNEsENTIENS
PRINT 49BN19BN2sBNZ9BN49sBNS9BNOsBNT9BNE

DO 3 J=1y9

DO 3 1I=1s¢

AA(19J)=0e0
B2=B*B

BN2B2=BN2#Bz
DO 999 J=1lsi
READ 1lsAsDoT
PRINT 43AsDs7
TAN=SINF(A)/CCST(A)
BN1C2=BN1l*(le/TAN)¥*(1e/TAN)
X=B*T
STL=SINF{X}
CT1=COSF (X)
Y=24¢%X
ST2=SINF(Y)
CT2=COSF (V)
Y=3.*X
ST3=SINFI(Y)
CT3=CGSF(Y)
Y=4 ¢ %X
ST4=SINF(Y)
CT74=COSF(Y)
Y=5¢%X
STS=SIMF(Y)
CT5=COSF (Y)
Y=64%X
ST6=SINFI{Y)
CT6=COSF{Y)
X=B#D
SD1=SINF{X)
CDi=CGSF (X}
Y=2e¢%X
SD2=SINF (Y}
CD2=C0SF (Y)
Y=3.*X
SD3=SINF(Y)
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CD3=COSF(Y)

Y=4 o ¥ X

SD4=SINF(Y)

CD4=COSF(Y)

Y=54%X

SD5=SINF(Y)

CD5=COSF({Y)

Y=64%X

SD6=SINF(Y)

CD6=COSF(Y)

IF(JU=N)14939 149491493

SD1=0,

SD2=0,

SD3=0.

SD4=0s

SD5=0s
SD6=0s

SSD1=SD1#%#SD1

SSD2=5D2%5D2

SST1=8ST1#ST1

SST2=5T2#5T2

CSD1=CD1*CD1

CsD2=CD2#CD2
CST1=CT1%#CT1

CsT2=LT2#CT2

ED=EXPF(D)

ET=EXPF(T)

IF{J=11349335934

SA=SINF (A)

RSS=1e/(SA%SA)

COSS=1e/ { TAN#*SA)

TANZ2=TAN*TAN

E2D=EXPF (2e%0D)

E2T=EXPF(2¢%T)

DMT=D==T

SST3=8T3%#S7T3

SSD3=5D3%5D3

CST3=CT3%CT3

CSD3=CD3#CD3

AA(636)=AA(H96)+((Fe%¥BZ-+BNL)#*{DMT)+(9e*B2Z~ BNl)*(STG“SDé)/é /B+BN3“
1(CD6~CTH))

AA(BsT7)=AALEsT)+COSSH#(o25%#BN&*({ b*kD4 CDZ)/ED*(05*CT4 CT29/ET+((C
1D2=2 ¢ ¥B#SD2) /ED=(CT2=2¢#BHST2)/ET)/(1a+4e%¥B2)+( (4e%#B*SD4=CD4)/ED=-(
240 #BRSTL=CT4)Y/ET)/2e/ (la+16e#B2) ) +a75%BNE*B* ((SD2~¢5%5D4) /ED=(ST2~
3e5%ST4Y/ET={(SD2+2.%B*CD2) /ED={ST24+2e¥BHCT2)/ET) /{1 e+4e%B2)+{ (SD4+
4G4 ¢ ¥BUCDY Y /ED=(STL+4 o4 #B*CTL)/ET)/2e¢/(Le+16e%52)))

AA(698)=AA(698)+L0S5#(BN4*¥ { (CD5/5e=~CDL)/ED=(CTS5/5e-CTL)/ET
1+((CD1=B*SD1) /ED+(B#*ST1=CTL1)/ET)I/(La+B2)1+{{5e#B*SD5~CD5)/ED=(54¥B*
25T5=CT5)/ET)/5e/(1a+25a%B2) ) +3¢#BNE#B*{ {SD1=5D5/5¢)/ED~(ST1=ST5/54)
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2)
3/ET~( (SD1+B*CDL)/ED=(STI+B*CT1)/ETI/ (1e4+B2)+( (SD5+5 ¢ *B*CD5) /ED~(STS
35 .

445 #¥B*CTB) /ET) /5e/(1a+25e%B2) 1)

AAL699)=AA(699) +COSSH (S ¥BNERE2%(SST3/ET~SSD3/ED ) =3 o #B# (9 4 ¥BN5*B2
1 o 5#BN4
1)%( (SD6+6e*¥B#CD6) /ED~(STE+6e%B*CT6) /ET)/(Le+36e%B2))
AALT27)=AALTs7) +RSS# (BN6%#{ (B2+BN1 I #DMT+ (B2-BNL)#(~SD2+ST2)/2e/B+BN
19##(CD2=CT2) ) +BN2* (E2D*CSD1 ~E2T#CST 1+ 5%5#{ {SC2=B#CD2 ) #ED2~{ ST2=~B*C
2T2)%ET2)/(1e+B2)))
AAL798)=AA(T798)+RSSH# (BN6#( (2¢ ¥B2+BN1)# (SD1~ST1)+(2¢%B2=BN1)%*(ST3-S
1D3) /34 ) /B+e5#BN3#BN6#* (CD1~CT1+CD3=CT3) +BN2%( (SD1+SD3/3 ¢ ) ¥ED2=(ST1+
25T3/3¢ ) ¥ET2=2e% ((2e%SD1~B*#CD1)¥ED2~( 2% ST1=DHCTL)HET2) /(4e+B2)=2¢%
3((2e#SD3=3 ¢ #B*CD3 ) RED2~ (26 #ST3~3 ¢ ¥B¥CT3)*¥ET2) /20 /(Le+94%B2))/B)
AAL739)=RSS* (BNO#*( (3¢ ¥B2+BN1) #(SD2~ST2)+(3¢#*B2-BN1)#(ST4~SD4)/2e)/
12¢/B+e5%¥BN3%¥BNE*(CD2~CT24+CD4~CT4 ) +BN2% ( (SD2+¢5%SD4 ) #E2D=(ST2+¢5%ST
2UYHE2T =2 e ((2¢H#SD2-2 o #¥BHCD2 ) KE2D~ (24 #ST2~2 ¢ ¥BHCT2)¥E2T) /be/ {1 e+B2)
Fu2e % (2e%SDl~t o ¥BHCDG) HE2D (2 ¢ *STt~4 ¢ ¥BHCTL)REZT ) /8e/ { Lo+te*B2))/2
4e/BI+AALT9)

AA(898)=AALE38) +RS5% (BNGE#* ( (4o *B2+BNL)*DMT+ (e #B2-BNL) ¥ (ST4~SD&) /b
1/B+BN3#(CD4~CT4))+BN2 #(E2D#CSD2
1 ~E2T#CST2+B% ( (SD4=2 e ¥BRCD4 ) #E2D~(S
2T4=2 e ¥B#CT4)¥E2T)/ (1le+be#B2))) '
AA(B99)=AAIS99) +RSS* (BNE* [ (64 ¥B2+BNL)I*(SD1~ST1)+{6e*¥B2~BN1)*(ST5~5
1D5) /54 ) /B+e5%BN3#BN6#(CD1~CTL+CD5-CT5)+BN2# { {SDL+SD5/5¢ } ¥E2D~(ST1+
25T5/5¢ )¥E2T~2 % ({2 %SD1=B*CD1 ) #E2D~(2 ¢ #ST1-BHCTL)I*E2T)/ (4e+B2) =2e%
3({2¢%SD5~5 e %B*CD5 ) ¥E2D~ (26 ¥ST5=5¢ ¥B*CTS)*E2T) /54 / (40+25e%B2))/B)

AA(999)=AA(999) +RSSH* (BNE*( (9e#B2+BN1 ) %¥DMT+ (S e *B2=BN1)*(ST6~SD6) /6
1/B+BN3#(CD6-CT6) ) +BN2* (E2D*CSD3=E2T#CST3+1 ¢5%Bit { (SD6~3 e ¥B*#CD6 ) ¥E2D
2-E2T%

3 (ST6=3e#BRCTH) )/ (1le+9e%B2)))

BE(1s1)=BB(1lsl)+BNT#(E2D*55D1~E2T#SST1~B#( (SD2~B*CD2)*E2D~({ST2~B*C
1T2)%E2T)/2e/(1e+B2))

BE(192)=BB{1s2)+BNTH*{{SD1~SD3/3¢ ) E2D=(5T1-ST5/3¢)%E2T~2e%( (26%5D1
1-B#CD1 ) #E2D~( 2 #STL-B#CTL)¥E2T)/ (4e +B2
1 J42e({2e3#SD3 3 o #B*CD3 ) ¥E2D~ (
224%ST3w3 4 %BHCT3)HE2T)/3a/ (Le+9e*B2) ) /B

BS(193)=BB(Lls3)+BNT7#{(SD2=e5%SD4 ) REZD~(ST2=e5%ST4)RE2T~2e%( (2%5D2
1=2 e ¥BH¥CD2 ) ¥E2D~(2e%#3T2~2 o ¥B#CT2)*E2T) /46 /{ Lo +B2 ) #24% (| 2 ¢ #SDG =4 ¢ #B3#
2CD4 ) ¥EQD (20 ¥SThmts o #B#CTH)#E2T) /G0 /(1.+4.*b2))/£ /B

BB(ls4)=0e

BBl195)=0e

BB(146)=0e

BB{1s7)=0e

BB(198)=0e

BB(199)=00

BB(292)=BB(292)+BN73# (E2D*SSD2~E2T#*SST2=B% ( (SD4~2 ¢ #BHCD4 ) ¥E2D={ ST 4~
12 ¥B¥CT4)¥E2T) /{1lo+4e%E2) )

BB(233)=BB(293)+BN7#((SD1~SD5/56 }¥E2D=(ST1<5T5/5¢ J*#E2T-26e%( (2 %SD1
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DG C~GAS%2) ) #°2—-(29+*H) /(L2 (T1D%G=~T1S%%2)~A23 % (TAD%8=20S%*2)) 1
#92-123n1°C/G1S+TLIS)=0234(°G/8AS+TAS) % (Q/SSUxBNE)+(66¢8)dg8=(6¢8)49
: ((Z2ax°h+eT) /(123 {H#10%8#*2~»15T

)=023% (70D #Q%#°2~H0S) ) %8+21LSD%#12T7-2052%02IF ) #SSH#ONG+(83¢8)88=(8¢8)Gd
((2g%°CE+°8) /(1 23%(HID#koY~w]1S%®2) =023 % (H#AD%Gx°H~9QqS%x*C) ) %
0Z-(2Cx " h+®h) /L2334 {2Ll0o%E%%2-2L5%°2)~023% (2AD#Ex*2-20S**2) )#*2=1231
#{PLS#G*+21S)~Q2I% (PAS#G*+20AS) ) #((G+2) / (SSH%BNG) )+(6¢.L)89=(6¢.)d8
({2a=°L2+¢2T)/{L2A%(ELDxHe*E~ELlS%*2)~-A23#(EQZ

D#@x%C~€0S#*2) )02~ (28+* %)/ (LZ2F#(TID#G~TLS%°2)~AC3%x (TAD#E-TAS%*2)) 1
%92=12I%(°E/€LS+TIS)I~Q23#(¢/QS+T0S) )% (8/SSY#BNO)+{B8¢L)89=(8¢.)8Q
SCuxl{(Z9x®Z2+22)/(L23%(CLT
2#8=21lS8)~Q23»(200#8~2AS) ) #E8+T LSO LZ3~TASO:ACI ) %8NE+(L¢L)88=(L¢L)99

0¢0=(6¢9)499g
0°0=(8¢9)4d4d
Ce0=(L¢9)89

((2g#°64*Ti/(123%(9LD%8+%°2~915T

)~0233 (90D #8%°€~90S) ) %E8%G°T+E€LSD%123-€ASD#C2 31 #LNA+(9¢€9)8G=(9¢9) 8¢
0°*0=({6%g)89

0*0=(8¢g)84d

0*0=(L¢g)4dd

G/71(29%°G2+°%%)/7°G/ (1222 (GLD%E%°6-GlS%*2)—-QA23C

#(GA0%gx%°6-6qC0Sx*2) )~ (2g+* %)/ (L23%(T1D#8-TLS%x*2)-023%(TAD*%QT
~T

~T0S%%2))%%2-123%(°G/G1S+T1S =23 (*6/6AS+TAS) ) #LNG+(S9€5)8d=(9¢G) 44
{(zQuet+*T) /(123 (H1lDxGx"CT

~71S) -2 (HAD%P:*Z~HAS )} ) #€8+21SDx 1 Z73-20SDO#0AZI ) #/.NG+ (€ c)gGE=(g¢ g )€gd
*0=(5¢%)dgd

*0=(g8¢H)g4d

*0=(L¢%)G89
g/7%Z/( (29« +2T)/°8/{ 123 (H#1DxO% -9 [S%*2)~023%{+%AD2C

%0 * =705 %%2) ) x92-(29+°T )/ / (123421020 %*Z~21S#%2)~023% (20D xBx*C~T
2AS%2) ) #%2-L23% (H1S#G*+21S)~A23%(H7AS#G°+2QS) ) #LNG+(9¢%)g8={(9¢ %) 89
/0 (29%26+*%) /°¢/ (12 (E€LDngx*E~CLS%2) 2
~0Z23%# (EGD#g#0C~€AS%*2) )% C~(28+° %)} /(123 (T)Dxg-T1lS%*2) -2 {TAD#E-1T
TAS%%7) ) #%2~123%(°€/€LS+TLS)~A23%(°€/E€AS+TAS) ) #ING+(G¢7)Gga=(G¢¥)HE
((Z2g+°T)/(L23%(2LD%#8¢C
—218)~023%(200%9~2CS) } #9+G*+T1SD2:%123-TASO#AZI) #.NG+(H€é¢H)dg=(H¢% )84
*0=([¢¢)dg 07

6¢%=1 0T 0OQ
{((2Q%°6+°T)/(123%(91D%8%*%€~-91ST
L23-€0sSxGZa# NG+ (eeg)gg=(g¢c)dd
*0=(6¢2)494

*0=(g¢Z)4dd

*0=(.,¢2)89d

*0=(9¢2)499

- *0=(g¢Z)gd

°Q=(H¢7)dg9d

g/l (Z29x®Ge+eh)/°c/ (123x(GLD#Bx%G~GLl5%%2)C
~0Z3%(6AD#0#°6~60S+%2Z) )5°2+(CG+*H) /(L2 (TLD#8~TLS%#*2) =023 % (TQO»E~1

)=Q23%(90D%8%°€-90S) ) #g9x¢*T~£ 158Gy

R

Lel



128

2D5) RE2D= (2% ST5=5 o ¥B#CT5 ) #E2T ) /(204+125%B2) )
999 BB{999)=BB(999)+BNE#RSS*(EZD*CSD3-E2T#*CST3+1e5%B%*( (SDE~3 e *B*¥CD6)*E
12D-(STE=3+%¥B*CTEI*E2T)}/(1le+FeiB2))
7 FORMAT (1X96E2048)
§ FORMAT(ELl6410910X91HA)
PRINT 21
DO 6 1=659
PRINT 7s(AAlLsJ)ed=1,9)
6 PUNCH 89 (AA(IsJ)sJ=199)
PRINT 21
21 FORMAT(////71X)
DO 22 I=199
PRINT 79(BB(1lsJd)ed=199)
22 PUNCH 189(BB(I9J)sJ=1s9)
18 FORMAT({E164".2510X91HB)
PAUSE
GO TO 1492
END
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Computer Program for the Evaluation
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25

26

27
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35
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36
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DIMENSION A{999)19sB({999)9C(999)9IPVTI(9)
FORMATAET6e10)

DO 21 1I=1s9

DO 21 J=1s9

READ 205A(IsJ) .

IF( ABSF(A(I9J))=s5E=8)22921)21
AllsJ)=0a

A(Jsl)=A({IsJ)
FORMAT(1H191X)
FORMAT(//7/1X)
FORMAT(1X96E20410)
PRINT 30

DO 33 I=199

PRINT 329 (All9J)sd=199)
DO 23 I=1,9

DO 23 J=199

READ 209B(IsJ)

IF( ABSF(B(I9sJ))=e5E=8)24923923
B(IsJ)=0Da

B{Jel)=B(1sJ)

PRINT 31

DO 34 [=149

PRINT 325(B(IsJ)sJd=199)
NF=1

PRINT 31

U2=0

DELTA=.01

DO 25 1=199

DO 25 J=1»9
C(IsJ)=B(IsJ)

DO 26 t=193

DO 26 J=143
Cl{IoJ)=B(loaJd)=U2%A(I sJ)
DO 271=446

DO 27 J=446
ClIleJ)=B(leJ)=~U2%A(I sJ)
DO 28 1=799

DO 28 J=T799
ClIeJ)=BlIeJ)=~U2¥%A(IesJ)}
CALL DETER({Cs99IPVTHEL)
DO 35 1=199
E1=E1*#C({Iy1)
U2=U2+DELTA

DO 36 1=199

DO 36 J=1lys9 .
CliIedi=B(1lsJ)

DO 37 1I=446
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DO 37 J=4s6
37 ClIeJ)=B(IlsJ)=U2%A(TI9J)
DO 38 I=T799
DO 38 J=T799
28 ClIaJ)=B(IlaJ)=U2¥A(I9J)
DO 39 I=193
DO 39 J=193
39 ClIeJ)=B(leJ)=U2¥A(IsJ)
CALL DETER{(C99sIPVTsE2}
DO 5 I=199
E2=E2%C(Is1)
PRINT 329E19E29U2
IF(ABSF{E2)=elE~20)79898
7 U=SQRTF(U2)

PRINT 9sNFsU29UsE1sE29DELTA
9 FORMAT(///5Xs4HNeFe912//5X315HOMEGA SQUARED =E1l6e¢895X9s THOMEGA =

1E1648//5X94HELl =E16e895X94HE2 =E1648//5X9 THDELTA =E1648/1H1)
IF(NF=1)10911s11
10 NF=NF+1
DELTA=4D5
Uz2=U2+601
GO TO 42
11 CONTINUE
GO TC 40
8 IF(EL®E2)158791
l4 El=E2 :
GO TO 16
15 IF({ABSF(DELTA)=elE=5)7917917
17 U2=Uz«~DELTA
DELTA=DELTA/Se
GO TO 16 —
END

vt
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SUBROUTINE DETER{AsNsIPVTHDET)

CROUT REDUCTION OF A MATRIX WITH PIVOTING

THIS SUBROUTINE TRANSFORMS THE MATRIX A INTO A LOWER TRIANGULAR
MATRIX L AND AN UPPER TRIANGULAR MATRIX U SUCH THAT A=LU.
FURTHER THE DIAGONAL ELEMENTS OF L EQUAL 1.

THE RCWS OF A ARE INTERCHANGED SO THAT ROUND=OFF ERRORS ARE
IN GENERAL MINIM1ZED.

DIMENSION A(9s9)sIPVT(9)

DET=1.0

DO 1 K=1eN

KPl=K+1

KMl=K~=1 -

COMPUTE U(KsK) AND THE ELEMENTS OF THE KTH COLUMN OF L

DO 1é I=KsN

T=A(IyK)

IF(KM11)16916914

DO 15 J=1sKM1

T=T=A(IsJ)¥A(JsK)

ACT oK) =T

SEARCH FOR LARGEST ELEMENT IN COLUMN K ON OR. BELOW A(KsK)
T=0.0

DO 2 I=K»sN

S=ABSF{A(IsK))

IF(T=S)39292

IF THE ELEMENT A{IsK) 15 LARGER THAN THE CURRENT MAXIMUMj
CHOOSE 1T

T=S§

IMAX=1

CONTINUE

IF T=0.0s THE MATRIX IS SINGULAR

IF(T) 49495

DET=0a0

RETURN

OTHERWISE RECORD THE THE LOCATION OF THE MAXIMUM AND INTERCHANGE
ROWS IF NECESSARY

IPVT{K)=IMAX

IF(IMAX=K) 639796

DO 8 J=1sN

T=A{IMAXJ)

A(IMAX sJ)=A(KeJ)

AlKoJ) =T

DET==DET :

DIVIDE THE KTH COLUMN OF L BY U(K»K)

T=A(KsK')

IF(KP1=N)12912»1

DO 13 I=KP1lsN

A{I4K)=A(IsK)I/T )

COMPUTE THE ELEMENTS OF THE KTH ROW OF U

DO 9 J=KP1lsN
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T=A(KyJ)
IF(KM1)999910

DO 11 I=1ysKM1
T=T=A(KsI)#A(IsJ)
AlKed)=T

CONTINUE

RETURN

END



