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PREFACE

We deal in this thesis with the isometries and e-near isometries
(Definition 2.2) of analytic function spaces. The spaces we consider
here are H' spaces (1<p<«) and the disc algebra A (see 1.1 for defin-
itions). We deal specifically with two questions: (1) Is every linear
operator on P or A, which is "nearly" an isometry, close to an isometry?
and (2) What are the isometries of the disc algebra A?

Question (1) will be formalized more precisely in 2.1l. Those "near-
ly" isometries are the ones we call e-near isometries. Question (1) was
answered affirmatively fqr a number of well known Banach spaces. D. Amir
and M. Cambern [2,8] worked out (independently) the case of e-near iso-
metries on C(K) onto C(S), the Banach spaces of continuous functions on
K and S, respectively, where K and S are compact Hausdorff spaces. Y.
Benyamini [4] dealt with the into case with K metrizable. He gave a
counter example for a nonmetrizaﬁle K. D. Alspach [1] worked out the
case of e-near isometries on Lp(u) into Lp(v) where u and v are regular
Borel measures and (1<p#2<w).

In Chapter II of this thesis we give examples to show that e-near
isometries on HY spaces (luip'<m) and the disc algebra A are not always
close to isometries on the same spaces. These results are interesting
because it is known (see Boas [7]) that i spaces are isomorphic to P
spaces (L<p<w). In other words, wP spaces are "renormings'" of P

spaces. Now while e-near isometries on P spaces are close to isometries,



that is not the case with HP spaces. This shows that the "renorming"
process destroys this property. Of course, this was expected but no
specific counter examples were given up to this point so the examples
given in Chapter II serve that purpose. Question (2) is a natural ques-
tion to ask about Banach spaces. Isometries of most of the well-known
Banach spaces have beeh characterized. The onto isometries of C(K)
spaces (for a compact Hausdorff K) were characterized by Bamach and Stone.
The into case was worked out by Holsztynski [17]. Isometries of Lp(u)
and BP spaces were worked out by Lamperti [21] and Forelli [13], respec-
tively. The onto isometries of the disc algebra A and H were determined
by de-L-euw, Rudin and Wermer [22]. As for the disc algebra, partial
results were obtained by McDonald [24] and Rochberg [31,32]. The ques-
tion of characterizing the into isometries of the disc algebra was raised
by Phelps [5].

In Chapter III of this thesis we give a complete characterization
of the isometries of the disc algebra A.

Chapter I in this- thesis will be devoted to setting up notation and
listing some of the theorems, propositions, definitions, etc., that will
be used in later chapters. Chapter II deals with the question of e-near
isometries (Definition 2.2) while Chapter III deals with the question of
charactérizing the isometries of the disc algebra A. Chapter IV contains
some comments and open questions. In the Bibliography, references that
were used in this thesis are listed as well as a few others which are of
related interest. However, the listing does not exhaust all possible
references related to this research.

A study like this could not have been completed without the good

will and help of my major advisor, Professor John Wolfe, whose wise

iv



comments helped to clarify my thinking on many points in this study and
who was always ready to come to the rescue when things seemed to come to
a standstill. Special thankfulness from my heart goes to him for his
patient guidance and assistance throughout my study at this institution.
It has been a great privilege and pleasure to study under him, whose
combination of fine scholarship and tutorship will be a guideline for my
future career. A deeply felt gratitude goes to Professor D. Alspach for
showing great interest and support in my work from the beginning till the
end.

I acknowledge my obligation to Professor M. Keener and Yarlagada as
my teachers and as members of my advisory committee for their time and
effort on my behalf. Finally, special thanks goes to Barbara Newport

for her long hours at the typewriter under the pressure of a deadline.
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CHAPTER I
PRELIMINARIES AND NOTATION

The notation in this thesis follows Rudin [34] and Hoffman [16].
D is used for the open unit disc in the complex plane, D = {z: |z|_il}
and T = {z: |z|=1}. C(T), C(D) and C(K) are used to denote the supnorm
Banach spaces of continuous complex-valued functions on T, ﬁ, or a
general compact Hausdorff space K, respectively. Lebesgue measure on T
is denoted by m. Occasionally the letter T is also used to denote a

linear operator where no confusion will occur. H(D) denotes the set of

analytic functions on D.
1.1 # Spaces

Among the numerous definitions of uP spaces we will give the omes
that are going to be used thfoughout this thesis. Proofs of the equiv-
alence of these definitions can be found in Hoffman [16] and Rudin [34].

If 0<p <= we denote by HP the class of analytic functions f in D
for which fr(e) = f(reie) are bounded in Lp(m)-norm as r>1. If 1<p<e,
thgn B’ is a Banach space under the norm

2] = Lim |]£,|lp.

r~>1
For 1<p <= we shall identify HP with the closed subspace of LP(T) con~-

sisting of functions f such that



fZX

5 £(0)el™® 46 = 0, n=1,2,3,....

For 1<p <~ we can also define # to be the class of functions f which

have power series representations

f(z) = £ az
n=0 "

n

such that lim f(rele) exists for almost all 6 and
r>1

. n .
lim [—21? fOZ“ £t - 3 akelkelp a011’? = 0.
k=1

n—>oo
H is also defined to be the space of bounded analytic functions. The
disc algebra is the space of functions continuous on 5, and analytic on
D.

Functions in Lp(T) (L<p<®) are actually equivalence classes where

1° f2 if the set

we identify two functiomns f
E={0: £(e™) # £,(e™%))

has Lebesgue measure zero. The same identification is made with P
spaces (L<p<«), i.e., the elements of an aP space are actually classes

of functioms.
1.2 Some Important Lemmas and Theorems

We list here--for ease of reference--the most important lemmas and

theorems that will be used throughout this thesis.

Lemma 1.1

The conjugate space of the disc algebra A (denoted by A*) is iso-



metric to the space M(T)IH& where M(T) = {u: u is a regular Borel measure
on T} (M(T) is a representation of C(T)* with ||u|| = total variation of

u on T) and
H(J)“ = {fenl: £(0) = 0}.

Proof
The proof of this lemma can be found in many standard text books, e.g.,

Garnett [15].

Theorem 1.2

Let h be a non-negativ- Lebesque integrable function on the circle.
Then there exists a function félﬂ'such that h = |f| if and only if logh
is integrable. If hE'Lm, then h = |g| for some gG‘Hm if and only if logh

is integrable.

Proof

See Hoffman [16], p. 53.

Theorem 1.3 (de-Leeuw, Rudin and Wermer)
Let T:-H - H°° be a bounded linear operator which is onto H . Then

T is an isometry if and only if -
(T£) (z) = af(7(2)

for all f¢€ HOo and all z € D, where T is a complex member of modulus one
and T is a conformal map on D. The result also holds if we replace H

by the disc algebra everywhere.

Proof

See Hoffman [16], p. 147.



Theorem 1.4 (F. Forelli)
Let T: HP - Hp be a bounded linear operator which is onto HP

(L<p<w, p#2), then T is an isometry if and only if

1/p

(T£) (2) = a(¢'(2)) £(¢(2))

for all f ¢ i and all z € D, where o is a modulus one constant, ¢ is a

conformal map on D (¢(z) = Az—_az with [A|=1, |a|<1), and ¢' is the

1-2a
complex derivative of ¢ (¢' = A(1l- |a|2)/(l-gz)2).

Proof

See Forelli [13].

Note that the pth root of ¢' is well defined on D since ¢' has no zeros
there and therefore can be represented as exp g(z) for some analytic

function g on D.

Definition 1.5

A boundary point B of a simply connected plane region Q will be

called a simple boundary point of @ if B has the following property:

To every sequence‘ {ocn} in @ such that o > B as n > » there corresponds
a curve Y with parameter interval [0,1] and a sequence {tn} such that
0< tl < t2 <iiey lim t = 1, such that Y(tn) =o (n=1,2,3,...). In

n>w

other words, there is a curve in Q which passes through the points o

and which ends at B

The last definition is only needed to state a form of the Riemann

mapping theorem which will be used in Chapter II.

Theorem 1.6 (The Riemann Mapping Theorem)



If Q@ is a bounded simply connected region in the plane and if every
boundary point of @ is simple, then every conformal mapping of Q onto D

extends to a homeomorphism of Q onto D.

Proof

See Rudin [34], p. 281.
The following theorem, due to Rudin, will be used in Chapter III.

Theorem 1.7 (Rudin)
Let K be a closed set of Lebesque measure zero on the unit circle,
and let F be any complex valued function in C(K). Then there exists a

function in A whose restriction to K is F.

Proof

See Hoffman [16], p. 81.



CHAPTER II
OPERATORS APPROXIMABLE BY ISOMETRIES
2.0 Introduction

D. Amir and M. Cambern [2,8] proved independently that C(K) and
C(S) are isomorphic with an isomorphism T satisfying ||T]|| [lT-lll < 2,
then K and S are homeomorphic. Hence C(K) and C(S) are isometric. Their
proofs (especially in [8]) gives, in fact, more: If ||T|| < 1+e¢,

-1 -1
T 7] < 1+e, and [|z[] |[T7]

< 1l+¢e (with 0<e<1), then an isometry
W can be chosen close to T, with ||T-W|| < 2e. In [4] Y. Benyamini
showed that if K is a compact metric space and if T: C(K) - C(S) is an
onto isomorphism satisfying I]f[l f_iITfll 5_(14-€)|If|], then there is
an isometry W of C(K) into C(S) satisfying ||T-—W|] < 3e. He also showed
that the result is false if the assumption of metrizability of K is
dropped.

In [1] D. Alspach proved a similar result for the case of Lp spaces.
He showed that for each p, 1<p#2<® there exists €>0 and a function
t: [0,e) - [0,8), 1lim 1(s) = 0, such that if T is an isomorphism of Lp(u)
into Lp(v) such thz:OHfHp §_||Tf||p_§ (14-s)||f|[p for some s € [0,¢€)
then there exists an isometry S: Lp(u) > Lp(v) such that |[s-T|| < 1(s).
In this chapter we study the same problem for the case of the disc alge-

bra and HP spaces 1<p <«. The question we are trying to answer can be

formulated as follows:



2.1 Statement of the Problem

Given a Banach space X and O0<e<y<1l. Is there a function g: [0,Y)
+ [0,8) with 1lim g(e) =0 such that if T: X+ X is a linear isomorphism
>
satisfying (le- (a)) | lx] | < ||T=]|] < (L+¢)||x|| we can find an isometry
W: X+X such that ||T-W|| < g(e)?
The main results of this chapter will show that the answer to
question 2.1 is negative in both the cases of the disc algebra A and the

case of the HP spaces 1<p<®, We begin by defining an e-near isometry,

a term which will be used throughout this chapter.

Definition 2.2

Let X, Y be Banach spaces, and let T: XY be an into-isomorphism
such that (1-¢)| |x| | < | |Tx| | < (L+¢)] le | (0<e<1), then T is said

to be an e-near isometry.

We now state our main results for this chapter.

Theorem 2.3
Given € >0, there exists a linear operator § on the disc algebra A

onto itself satisfying
a-efle]] < [[8£]] < a+e|f]]

such that if U: A+ A is an isometry and if g € A, then
[18-gul] > 1-e.

Theorem 2.4
Given €> 0, there exists a linear operator S omn # onto itself

(1<p <) satisfying



- Sf 1+ £
a-ollell, < N3l < arollel],
such that if T is an isometry on Hp, then
[|§-T|| > 1-e.
2.2 Proofs of the Results

Note that the statement of Theorem 2.3 is stronger than the state-
ment of the problem 2.1. In fact Theorem 2.3 states thét there exist e-
near isometriés on A which are not even close to an isometry followed by
a multiplication operator. The statement of the problem (2.1) follows
from Theorem 2.3 if we take g=1. The reason for stating Theorem 2.3
as we have will be clear from the discussion after Theorem 2.6 below.

We begin with a lemma.

Lemma 2.6
Let X, Y be Banach spaces. Let T: X+ Y be an invertible operator
and let W: X->Y be a bounded linear operator which does not have a demnse

range, then:

1

||T-w]] i‘ﬁ;‘_—l—”‘-

Proof
Let 0<e<1l. Let Z = Range of W. Since Z is a closed proper subspace of
Y, we can apply Riesz's Lemma to get an element e €Y with ||y€|l=11

such that
|ly_-zl] > 1-¢ for all z€z.

In particular [|y€-W(Ty_l)|| > 1-¢e. Thus



Hi-wrt] > [la-wrhy || = [y -wa )] > 1-e.
But |[1-wr || = |[@-wr ] < [lT-w]|] [T, so
-1
lr-wl| [|T7H]] > 1-e

and since € is arbitrary, we get

1

|T-w]] il—lTTl_”—.

For g€ A the operator Tg: A+ A defined by Tg(f) = g+f is called a multi-

plication operator. It can be easily shown that ||Tg|| = I|g||m.

Theorem 2.7
Given O0< e <1 there exists a function g€ A such that Tg is an e-near

isometry of the disc algebra A and, if W is any isometry on A, then
|lTg-w[] > 1-e.

Proof
Let g be a function in the disc algebra A such that g maps the unit disc

D to the slit annular region g(ﬁ) shown in Figure 1.

Vdk an
kY

Figure 1. The Function g in Theorem 2.7

-<
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The region g(ﬁ) is chosen as shown to satisfy the requirement that every
point of the boundary of g(D) is a simple boundary point (see definition
1.5) and therfore guaranteeing the existence of such a g (Theorem 1.6).

It is easy to check that the multiplication operator Tg corresponding to

g is an e-near isometry. Since |g(£)| > 1-¢ for all 56'5, then gnl =-§
is in A. Thus (Tg)—l = Tg-l exists and therefore Tg is onto. Also

-1 1
lTell [lTg™"|] <

—1-¢"

Now let W be an isometry on A. If W is into, then Lemma 2.6 implies

1 > 1l-¢

llTg-wl| > el

and there is nothing to prove. If W is onto, then by Theorem 1.3 W has

the form WEf = of o T where Ial =1 and T is a conformal map on D.

Claim

If 1T is not the identity map on D, then I]Tg-—WIl_i 2-€.

Proof of the Claim:

If not, then there exists a point Eoé T such that r(go) # go. Let f be

any function in A such that f(T(EO)) = a-l and f(£0)=-—g-1(€0)(1-e) and
such that ||f|| = 1 (a linear fractional transformation will do). Then
[1g-wl] > |ITat-we|| = ||sf-atox|| > |a(EE(Ey - af (5D

= Jg(E) (=671 EN A=) maa M| = 2-c.

This proves the claim, and the theorem for T # z. On the other hand if

T = z, then

WE = of.
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But the choice of g implies that for each o € T there exists a gae T such

|g(5a)-a| > 2-¢. Thus if £ = 1, we get

|lTg-wl| > [|Tef-wE|| = |[g-al| > [g(¢)-a] > 2-¢>1-e.
Q.E.D.

Some remarks on Theorem 2.7 are due

1. The quantifier (1-¢) is not the sharpest possible result. For
example, if W is onto then the proof of the theorem shows that this esti-
mate can be improved to 2-e. It is suspected that the same estimate
holds when W is into. In order to get such an estimate one would use
the characterization of the into isometries of the disc algebra given in
Chapter III of this thesis. However, the estimate we used in Theorem
2.7 is good enough for our purposes.

2. Instead of using the Riemann mapping theorem in the proof of
Theorem 2.7 one could actually give an explicit formula for g with the
aid of region transformation maps. The Riemann mapping theorem was pre-
ferred because such formulas are not easy to manipulate.

3. Theorem 2.7 shows that the multiplication operator as an e-near
isometry is not always close to an isometry. Thus it seems natural to
try to approximate the e-near isometry by operators of the form gW where
g €A and W is an isometry on A since in this case the class of multipli-
cation e-near isometries will be approximated by operators of the same
kind. However, Theorem 2.3 says that approximating e-near isometries by
operators of the form gW is still impossible.

Before proving Theorem 2.3 we need two lemmas.

Lemma 2.8

Let Tl and T2 be two operators defined on A into C(T) by
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Tif = otide)i, i=1,2

where o, is a constant of modulus one and ¢i is a continuous unimodular
function of T onto itself. If ¢1 # cbz, then for any nonzero function
g€A

|z, -g7, || > 1+ inf |g(e™].
0<6<27

In particular

Ity - 7,11 = 2.

1

Proof

Since ¢; # 9ss there exists a point 50 € T such that

and by the continuity of q)l and d)z, there exists an interval IE such
: 0
that ¢1(F,) # ¢2(5;) for all £ ¢ IE . ‘Now let g€ A be a nonzero function.
0
such that g(&,) # 0. (If g(I& ) = {0}, then g
%0 . 0
Choose f € A such that '

Pick a ElE I

0.)

@ gl =1
(i1) D(¢1(El)) = a,, and

g/lel €40
where sgn(g) = 0 £=0

Thus | [T, - gT, || 2 [|T =gl e || > [(T,6) (5)) - g5 (T,6) (&)

= o £(0, () - 8(E o, £(9,(E )] = lala2+ala2|g(£1)|l
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=1+ lg(gl)l > 1+ min |g(eie)l
0<8<2m
T Q.E.D.

Lemma 2.9

E-a
1-ag

Let 0 < a < 1. Let ¢ be the conformal map ¢$(§) = for £ ¢ D.

Let F(&) = F(rele) = rl/2 ele/2 for 0 < 6 < 27, a branch of the square
root function. Then there exists a function ¢ C(T) with T = ¢(T) such

that wz(i) = £¢(E) for all £€T and
—_——
Iw-z!|=¢2—2ﬂ—a{

Proof
Note first that according to the polar representation chosen for complex

numbers in this lemma we have: for each £€T

arg¢ = 0 0 <6 <2
and
= 1
arg & =21r-6=argg
Thus
E-a _,cE-a_ 10 i(21-8) £E-a
gl-ag—ggg-a € € E~-a
=£—a for all £€T.
E-a

Let arg(£-a) = 7y, then

1 1 —_—
—_—_— = —_= 2 - - = 27 - 2 - = .
arg F_a) | ¥ o m-arg(g-a) T-(2r=-v) =y
Thus
2y O<y<m
g-a _ -
arg t-a

2y =21 w<y<2m

Therefore
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iy
_ e O<argg<m
FE 2D =

(refer to Figure 2)
-e m<argg&< 2w

Figure 2. The Relation Between |- a| » Y and 6

Define
F(6(&)) 0<ob<m
p(g) = for £€T
-F(g6(8)) T<H<2m
Then Y(§) = elY for 0<6<2m. Since Yy depends continuously on 6 (shown

.by Figure 2 or can be proved analytically) and since Yy takes on every
value in [0,27) as 6 changes between O and 2w, it follows that ¢ is con-

tinuous and onto. Clearly xpz(g) = £¢ (&) as asserted. Now we consider

o-z|]:
[lv-2|[, = sup IeiY—eie[ = sup Iei(Y-e)-]_l,
0<@<2m 0<6<2m
i(y-9)

Using Figure 3 it is clear that [e - ll is maximum when (y-0) is
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ty.
le ¥ ej—il
-2
1
Figure 3. The Maximum of y -6
maximum. Using the triangle OAf in Figure 2 we get
sin(y-6) _ siny
a 1
Thus, sin(y-6) = asiny. Since the maximum value of siny = 1, we have

that (y-6) is maximum when sin(y-06) = a. In this case, with the help

of figure (3), we get

i(Y—e)_llz 2

max|e =12+ 12 2 2/h-a% -2 - 2h-a2

Therefore

/
lz-w|]_ = YY)
Note that ¢ cannot be extended analytically to being the square root of
an analytic function which has a simple zero at 0. Q.E.D.

The following corollary will be used in the proof of Theorem 2.4.
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Corollary 2.10

1
If ¢ and a are as defined in Lemma 2.9 and if, in addition, a < 7_2—,
then ¢ has a continuous derivative with respect to 6, bounded away from

zero on T.

Proof

Using the notation of the previous argument, since Y(§) = ely, and since

sin(y-6) = asiny, then

dv _ L iy dy
as ¢ Qe
and
dy _ cos(y-19)

de cos(y-6) - acosy

Now since cos(y-9) i/l - a2 , then
—_——

cos(y=-90) - acosy > 1/l—a2 - a

/ 1
But 1-—a2 - a > 0 since a < /_2— Thus % exists and is continuous on T.

Q.E.D.

Proof of Theorem 2.3

/&

Given 0 < € < 1. Choose a€ (0, /82—%)- Let ¢ = L4

1-az

(z is the
identity function z(£) = g). Let ¢y be the map defined in Lemma 2.9.
Then
PSS
2 Y A2 e 2
[lv-z||] =2(1-Y1-2a%) <201 - V1-¢ +5) = e,
. 2 2 ]

Therefore Hw-z( lw < € and since ¥ = z¢, P extends to an analytic
function on D.

Let P be the algebra of complex polynomials on D viewed as a sub-



algebra of the disc algebra A. Define an operator S: P - P by

+1
[5] (%571
St = I a, Ve 1 3y 1 22

=0 k=1
n k

where £ = I ak z € P.
k=1

Claim 1:

S has the following properties:
(i) S is linear
(ii) S is an e-near isometry

(iii) S is onto.

Proof of Claim 1:

(i) is easy to check. To prove (ii), let p: A - A be the projection
1
() (8) = F(EE) + £(-£)).

Then we can check that P is a norm one projection on A. Define

W: C(T) » C(T) by

(WEY(E) = £((E)) for all £€C(T) and £ € T.

Then W is an isometry since ¥ is onto (by Lemma 2.9). Now let f€P .

then
5 oy .
||se-we|| = |] 20 2y o 4 kil By s k=2 _ iil a Al
£ By
<z T oay, W22 g Sy p2e1 |

17

*)
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n+l
[—2-]

[|(z-v) =
k=1

2k-2
|

31 ¥
n+l
[T]

lz=w|] || = 22572 oyl |
el 82-1

| A

n+1
[—2—]

||z"¢ll II z k-1 z

2k-2
|

(since W is an

isometry). And since ||z-y|| < e, we have

n+l n+l
a e

2k-2
se-uel] <ell T ay ;22| =el] 1

]

a ZZk_lll
2k-1 )

The last equality holds because lz(g)l = 1 for all £€T. Thus

[[se-wE|[ < el|@x-2)E[] < el£]].

Note that (I-P)f(g) = %[f(?,) - f(-g)] is also a norm one projection on A.

Now since W is an isometry, it follows that
a-e) ]| < |Isf|| < @+¢e)||f]] for all feA.

Thus S is an e-near isometry on P . This proves (ii).
To prove (iii), we show by induction that for each k > O, zk is in

the range of S. 1In this proof the reader should recall that

2 _ _z-a
¥~ = z¢, and that ¢ = 1-az"

Claim 2:
k 2, .
(a) z ¢ 1is in the range of S for k > 0

(b) zk is in the range of S for k > 0.
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Proof

For k = 0,1, we have

Sz2 = wz , S1 =1

and

Sz zwz s 92 = zZ.

1]

For k = 2, we have
2 3 2 .
S(az + z~ - az”) = z~ (which proves (b) for k = 2)

and since z2 = az + wz - azwz, then

ZZWZ = azwz + w4 - azmp4 = S(az3 + z4 - azS)

(which proves (a) for k = 2). Now suppose that the hypotheses are true
for all k < n, and n > 2. Notice that

azn + zn“l wz - azn wz

n-1 z-a n z-a
+ z A
1-az

[}
[
N

n+1 n n+2 2 nt+l
n a - az az - az

= -+ -
az l-az 1-az

n n+l 1-az nl-az n+1
az + z — - a Z .
1-az 1-az

That is, for k = nt+l, we have

zk - azk—l + zk—2 Il}2 _ azk—1 11}2 (1)
Therefore,
zk I’{)2 - azk-l wZ + zk—2 ¢4 _ azk—l w4 2)
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Claim 3:

If g€ P is in the range of S, then S0 is gw4.

Proof

If g is in the range of S, then g = Sf for some f€ P . Write

f= I al z2
2=0
then
m
z4 f= z al zz+4
2=0
and
[EJ [Eil
2 2
S(z4f) - 5 azg w22+4 - 322_1 ¢2£+2
2=0 2=0
;31 (=4
- ¢4( 5 azg w22 + 2 5 322_1 wZZ—Z)
2=0 2=0
4 4
=9 (8f) =y g.

This proves Claim 3.

Now using the induction hypothesis, the first term of the right-hand
side of equation (2) is in the range of S by part (a) of the hypothesis.
Part (b) of the induction hypothesis together with Claim 3 imply that the
second and third terms of the right-hand side of equation (2) are in the
range of S. Therefore, zk wz is in the range of S for all k > 0.  And
thus part (b) of Claim 2 is proved. Part (a) follows by induction from
part (b) together with equation (1). This proves Claim 2. In particular,
Claim 2 shows that zk is in the range of S, k=0,1,2.... Therefore S is

onto. This proves (iii) and completes the proof of Claim 1.
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Since P is dense in A (in the sup norm), S extends to an e-near
isometry S on the disc algebra A. Sf is given by formula (*) for every
f€A (with n replaced by ). Since § has closed range, the range of S
contains the closure of the range of S, i.e., contains the closure of P
which is the disc algebra A. Thus S is also onto.

Now let U: A -+ A be an isometry and let g€ A. If U is not onto,

then so is gU. But Lemma 2.6 gives:

|1§-gu|| > —L—> 1-e.

1,, =
[1s 1
On the other hand if U is onto, then U has the form:
Uf = af o T where [al =1 and T is a conformal map on D (by Theorem

1.3). Since y cannot be extended analytically to D (being a square root
of the analytic function z¢ which has only a simple zero in D), then

T # y. Therefore Lemma 2.8 gives:
[IS-gul| > |[gu-w]|| - [[w-8]] > 1-e.

This completes the proof of Theorem 2.3. Q.E.D.

To prove Theorem 2.4, we need a Lemma similar to Lemma 2.7 in the

it case.
Lemma 2.11
If Tl’ T2 are two operators defined omn wP space (1 < p < ») by
1/p .
= ' ° =
T, (£) = a,(43) foo, i=1,2

where: o, is a modulus one complex constant

¢i: T - T is an onto continuously differentiable function.



22
If |¢;| is bounded away from zero on T and if ¢1 # ¢y then
HTl—TzH .>_1'

Proof
Since ¢l # ¢2, then there exists a point EOG‘I and an interval I such

%0
that

@ 433 )0 8,(1, ) = ¢

(ii) either ¢1 or ¢2 is not constant on I

. %0
161
(To get I, let €. = e be any point in T such that ¢,(8.) # ¢,(5.).
SO 1 171 271
Increase or decrease el till either ¢l or ¢2 starts to change while

¢1(£) # ¢2(€). Now choose EO’ to satisfy (i), (ii).)

I

%0
Assume without loss of generality that ¢l is not constant on Ig
0
Since ¢1 is continuous, then 4)1(1g ) is an interval I of positive
0
Lebesgue measure 2. Let 0 < § < 1. Since ¢£ is continuous and bounded

away from zero, there exists a positive comstant M > 1 such that

<lejl =M i=1,2.

1
i

==

Choose an € > 0 such that

S
€ < —z—.
2M2/p

Let g€ H be such that
lg(®)| = X (8) + X (E)

where:

XI is the characteristic function of the interval I = ¢l(I£ )
0

XIC is the characteristic function of the interval Ic, the comple-
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ment of I.

and
= (2m1/p _ P A\\1/p
s =) Q-e@=-5007".

We can check that Ilg[[p = 1. Note that such a choice of g is possible

by Theorem 1.2. Now

1
8- Tyel 12 = 3 2 Loy P go sy - a,opt/P g0, [P a0

1 (2 1 )1
o o I P L P I P L PR N TLIET
1 L] l | l
20k, 14l /25— Jo3]MP c|P g
0

Since M—l < |¢1| < M, we have

1 1 1 1 1 1

o1IP s = 1o31M2 e > [o31MP s = [og]P & > [o2]MP s - al/P

> oM (5P ey > [or|MP (s- 9.
Thus

1 8 1
[Ime- el ] 2 575-) | o /g = Lis-% fua, )
C
= 2(s-DP.
So
1 2w, 1 2\ 1/ §
lImye-Tysl | > P 1EHYP a-Pa-7077 -3

= @-Pa-gnMP SR By

-8
2 2w 2
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Q.E.D.

Now we turn to the proof of Theorem 2.4

Proof of Theorem 2.4

Let 0 < g < 1 Let ¢ and ¥ be as defined in Lemma 2.9. Then

4.
dy 4, _dwde ., __1 . iy __ cos(y-8) _1
dz do dz . 18 cos(y~-06)-asin®

ie
(by the proof of Corollary 2.10). Using Figure 4 we can estimate

||3—1£ - 1] Ie as follows

cos(y-0) <« — 1
cos(y-96) - asinb — /{l-az - a
Then
L(v=0) cos(y-9)
cos(y-06) - asin®
; 2

is no farther from 1 than 2 as shown in Figure 4, where cosy, = /1-a“.

(This was proved in Lemma 2.9.) Here Yo = max(y~-6). Thus

——

. 2
52,2 =1 + (v/l-a2 - a)-2 - 21],'_-—_{_——
V1-a2-3
o2t
1-2a/1-a2
Therefore
ot -1]],_< 22 (where y' = %)

(1-2a/1-a2)l/2

Note that the right-hand side of the last inequality tends to zero as

+ .
a+0 . Thus we can choose a value a for which



A

(m,a\

Yo

Figure 4. The Maximum of ‘g—z- 1]

o' -1ll, <& ana |lo-zl], < £

Since € < %, then 1 < 2|¢"| on T.
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Now let P be the subspace of polynomials considered as a subspace

of Hp. Define S: P > P by

n n+1l
2] w L2 2k-2
S(f) = = 3y, ¥ +z I 3y 1 P
k=0 k=1
where
n L3
f= I ak zk e P
k=0

We can easily check that S is linear.

Claim

(*)

(1) S is an e-near isometry (i.e., (l—e)llfl[p < l|SfHp < (1+e)-

lel])



(ii) S is onto.

Proof

To prove (i) define W: P - LP(T) by

We) () = (v (e)*/P

£,
then W is an isometry. Now let f € I, then

[we-sel] < [we-opl] + |leey-se||

1
2T

HWf-fotpHg [ |£ov-wue|P do

21 1anMPo1fP e u]? a.
Since p > 1,
[ YP-1] < o -1] < £.
So
1
IIWf—fowllg <5 @P [ £ u|P ao
and since 1 < 2|y'|, then
1 P 1 P 5= P _ D
L leewP a0 <[ 20w] feeul® a0 = 2f[wel P = 2] |52
(since W is an isometry). Therefore

1
eew-wel ] < 2P 2ljel] < Slel],

also

1€ ow-sel [P = [ l£ov-s5|” as

26



n n+l
n . (5] [=57]
L 2k 2k-2p
= == po- L a, v -z I a, .V | de
2r 0 1 20 %k oo 2K oo 2k-1
[n+l]
2 -
1 2k-2
=ﬂf Iz-lplp I z a2k_lw Ip dé

k=0

n+1
[_E_]

€p 1 2k-1,p
@ 5 | oo fzer? " ae

IA

(since [lw-zl|w < %~and 4] =1 onT).

Define the+ operators A: i > gP by
Af(g) = £(-8)
and C: H® -+ HP by
Af = fov,
then
“(l;_P)f”p = G [ 3@ -t P de)1/P

<G P e+ & o P al/?

= HfHP for all f e®P

el B = 5 J leovl® as < 5 [ 2]w'] £ w[P ao = 2[|£] [P

for £ € ¥ so that |[c|| < 2%/P.

Now

27
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2
2k-1, _ I-A
(kio a1 Y ) = (Co 5 ) (£).
Thus
I-A I-A 1/p
[Tce=5 @[, < el == gl <2 el

This means that

- 1
Ao, < 2P £ 11el] < 5 el

leew-sell <1l
Therefore ||Sf-Wf||p §_e||fl|P and since W is an isometry, we get
- + f .
(1 s)llfllpf_]lellpi(l s)l[fllp or all f€ P

This proves (i). The proof of (ii) is exactly the same as in the proof
of Theorem 2.3. Thus the claim is proved.

Since the closure of P in LP norm is HP itself, then the operator
S extends to an e-near isometry § on HP. And since § has closed range,

then § is onto. §f is given by formula (*) for every £eH’. Now let

T: #° > # be an isometry. If T is into then Lemma 2.5 implies that

- s—1 S q1_c
T

and we are done. If T is onto, then T has the form

Tf = a(‘r')l/p for

where |a| = 1 and T is a conformal map (by Theorem 1.4). Since T is
analytic and ¢ is not (Lemma 2.9), then T # ¥. And since t' and y'

satisfy the requirements of Lemma 2.11, then

28



Thus

|v

| v

fw-f] - ls-wl] > 1-e.

Q.E.D.
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CHAPTER III
INTO ISOMETRIES OF THE DISC ALGEBRA
3.0 Introduction

In his paper published in 1963 Frank Forelli [13] characterized

the into isometries of HY spaces for 1<p#2<e, In [5], p. 354, Phelps
raised the question of characterizing the into isometries of the disc
algebra. Rochberg [31] and McDonald [24] worked independently on that
problem and obtained partial results. Their work amounts to describing
into isometries of the type given in part (a) of Theorem 3.4 below. In
this chapter we give a complete characterization of the into isometries
of the disc algebra. The following two examples illustrate two different

types of isometries of the disc algebra.

3.1 Examples

Example (1)
Let ¢: D > D be given by

2
$(€) = €
and let 6: D - ﬁ‘be given by

8(8) = ¢&.

Define a linear operator U: A + A by

30
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(U£) (&) = 0(8)E£(¢(8)).

Then U is an into isometry. Indeed, for every f € A, there is an EOG T
such that ||f]] = If(éo)[. Since ¢ is onto, there exists an Elé T such

that ¢(£l) = 50. Therefore

[Jug]] = [le,£06]] = sup [8(EIECH(EN)] = sup |E(o(ED)] =
EET EET
[£GE] = [tEp] = [1£]].
Thus ||Uf|] = ||£]] for all f €A.

Example (2)

Let A be the cantor set of Lebesgue measure zero (embedded in T).
There is a continuous surjection ¢ of A onto T (see Dugundji [10], p.
108). A theorem by Pelczynski [28] asserts the existence of a norm 1
linear operator E of C(A) into A such that Ef=f on A. Define the lin-

ear operator U: A - A by

(U£) (€) = E(£(¢))(&).

Then U is an into isometry: ||Uf|| = ||ECEGN)]|] = [|f°¢|] = ||£]]
since ¢ is onto.

The question now is: are there other into isometries of the disc
algebra? The results of this chapter will show that the answer is nega-
tive. In other words, the above two kinds are essentially the only ones,
although the functions 6 and ¢ defined in Example (1) will belong to

larger classes of functions.
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3.2 Statement of the Results

We begin with the following definitions.

Definition 3.1

Let B denote the subalgebra of " consisting of functions which are

quotients of two functions with disc algebra, i.e.,

B={f€H : f=hl/h2 with hl,h €A}

2

Definition 3.2

Let B1 be the subclass of B with the following properties:

(i) for each f € B, there exists a closed subset Sf<:T such that

TcC f(Sf)

(ii) lhz(s)l = 1 for all s¢€ 8¢ and all representations f==hl/h2

dii) ||£]] < 1.

Definition 3.3

Let S be a subset of T of Lebesgue measure zero. For each 0,) € C(S)
Y(8,p) = {6f(p): f €A}

Let L[Y(8,¥),A] denote the class of norm one linear extensions from
Y(6,y) to A, i.e., the class of operators E: Y(6,y) - A such that IIEf]|=

||£]] and Ef =f on S for all f €Y(0,y).

With the above definitions we can now state the main theorem of this

chapter.

Theorem 3.4

(i) Let U: A - A be an into isometry from the disc algebra A into
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itself, i.e., ||Uf||_= [|£]||_ for all f€A, then either

(a) there exist norm one functions 6 € A and ¥ € B, such that
Uf = 8f(y) (1)

for each f €A, or:

(b) there exists a closed subset SCT with Lebesgue measure
zero and functions 6,y € C(S) where ¢ maps S onto T and 6
is unimodular on S and there exists an E € L[Y(0,V),A]

such that

Uf = E(6£(¥)) (2)

for each f €A.

(ii) 1If U is the map defined by (1) (with Y € B, and 6 =h2 where
h
=-h—1) or the map defined by (2), then U is an isometry of A
2

into itself.

3.3 Proof of the Results

The proof of Theorem 3.4 will follow from a string of lemmas and

propositions which will be given now.

Lemma 3.5

f€B if and only if there exists a closed subset K of T with m(K) =

0 such that f is continuous outside of K.

Proof

Suppose f=h1/h2. Let K = {£€T: h,(g) = 0}. Then K is closed and has

Lebesque measure zero (since otherwize h

5= 0). If £¢K, then there ex-

ists an interval I_c T such that I_NK = {¢} and |h2(s)lz_M for some M>0

g g
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and all s¢€ Ig' Since hl is continuous on T, it follows that f is contin-

uous at §. Therefore f is continuous outside of K.
On the other hand, suppose f is continuous outside a set K of Le-
besque measure zero. By Rudin's Theorem (Theorem 1.7) there exists a

function h2 € A such that h2 vanishes on K. Since it is bounded (f € Hm) R

then hzf is continuous on T. Thus h,f€A, i.e., h

5 f=hl, or f=hl/h2.

2
Therefore f € B. Q.E.D.

In the following lemmas A* denotes the conjugate space of A, BA* de-

notes the unit ball of A*, and ext(BA*) = {pe€ BA*: U is extremel}. We

note in passing that ext(BA*) is the set of measures of the form AS§

g

where lAI =1 and §,_ is the Dirac S-measure associated with & € T.

g

Lemma 3.6

Let U: A~ A be an into isometry. Fix £€ T, then
)™ (s,) Next(B,,) # .
g€ A*

Proof

Define K_ = (U*)—l(ég) n BA*' Since U* is onto, then K

£ is not the empty

g

set. Since K, is W#*-compact, and convex, then K_ contains and extreme

g €

point pu (the Krien-Millman Theorem). We .claim that u € ext(B

p% ). Indeed

if y is not an extreme point of B, ,, then we can find a nonzero v € A*

BA
such that u+v€BA* and u-—vGBA*, i.e.,

[lu+v[] <1 and [|u-v|| <1, )
then

HuxEw ] < [{ox]| [luEvll < [lutv]] <1
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But U*(ufv) = Ggi‘U*(v). This means that 6£+U*(v) B, and SE-U*(\)) €

B,,. But since £€ T, then § This implies that U*(v) =0.

A
Thus U*(p+v) = §

gé ext(BA*).

£ and U*(p-v) = 6€. This together with inequalities
(1) show that u+ve€ Kg £ But since u is extreme in Kg it

follows that v=0, which is a contradition. Therefore u € ext(BA*).

and py-v €K

(Note: wu = AGt for some |A|=1 and t€T.) Q.E.D.

Note that the results in the above lemma can be generalized to
function algebras following the same proof. We preferred to state it
for the disc algebra in order to use it directly below. The following

proposition is similar to that in Pelczynski [30].

Proposition 3.7

Let U: A >~ A be an into isometry, then there exists a closed sub-

set QC T, a continuous function €: Q-+ T and a map ¢ of Q onto T such that

e(q) (Ug) (q) = g(¢(q)) for all q€Q.

Proof

In the following proof we identify T with its embedding in B (i.e.,

A*
t P—6t) and we let AT ='{A6t: t € T} where |A|=1. For each A €T, let

Q, = (U*)_l(AT) Nt
and let

Q= U Q. (1)

Define €: Q > T by

e(q) = A—l for q € QA’
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and define ¢: Q >~ T by
$(q) = e(q)U*(Gq)-

Then for q €Q and g € A, we have

e(q) (Ug) (@) = e(q)[U*(Gq)](g) = [Go(q)](g) = g(¢(q)).

By Lemma 3.6, ¢ is onto. Thus we need to show that Q is closed and ¢ is
continuous: Let F be a closed subset of T, then:
el = v Q-1= T s totnynT = oo™ v alninT.
A€F A€EF A€F
Since the map (A,£) - A-lg is a homeomorphism, then U (A-lT) is W#-
AEF

closed. And since U* is W¥-continuous, then e (F) is closed and thus ¢

is continuous. Now since Q = eil(T), then Q is closed. Q.E.D.

Proof of Theorem 3.4

Let e£,¢ be the maps associated with U in proposition 3.7 and let Q be the
set associated with £,¢. We have two cases:
Case (1): m(Q).> 0

Case (2) m(Q) =0

Suppose Case (1) holds, then we have:

Proof of Part (a)

Claim (1)
For f,g€A, and n>1, we have;
(i) (ul)(Ufg) = Uf Ug

(1i) (@11 yEmy = (ue)n.
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Proof
To prove (i) notice that the same identity holds on Q. Indeed, if q €Q,

then by proposition 3.7:

e(q) (Ug) (q) = g(¢(q)) for all g€A.

Then

]
'_.I

e(q) (U1) (q)

Therefore

(U1) (q) = s—(lq—)- :

Thus for any f €A,

(Uf) (@) = (W) (£ (9(q)).

And for f,g € A, we have

(Ufg) (@) = (U1)(q) (fg) (¢(a)) = (U1) (@) £($(a))g((a))

SO

(Ul)(q)(Ufg)(q) [(U1)(@)£(o(q))1[(U1)(q)g(d(q))]

(Uf) (q) (Ug) (q) .

Now (i) follows since m(Q) > 0. Part (ii) of the claim follows from

part (i) by taking f =g and using induction. Q.E.D.

Claim (2)
If Ul(¢) has a zero of order n at a point EOG D, then (Uzk)(E) has a

zero of order at least n at EO’ k=1,2,3,... (here z is the identity func-



tion z(£) =¢%).

Proof

By Claim (1), we have

vz = w2,
therefore,
k.2 _ 2k _
W2 (5) = (WD) (gy) Wz~ () = 0,

i.e., (Uzk)(go) 0 for all k. Since (Ul) has a zero of order n at EO’

we have

W™ gy)
)n(n-l)

lim

e, (E-g

= C where O_<_|C[ < o,

From (ii) of Claim (1) we have:
wn® ) W @) = W5 ).

Then

an™> e WM e . wz")" ()

lim = lim (1)

N n(n-1)
g EO (€- Eo)

k
uz n

= lim [ n—l]

ey (E-¢g)

n-1 ’
The left-hand side = lim (L) ngﬁzl) lim (Uzkn)(i)

E+Ey (8- &) £,

c(uzE™) (gg) = 0.



Uzk
Thus lim ———— = 0.

Erg, (E-g )"

Therefore Uzk has a zero of order at least n at EO. Q.E.D.

Claim (3)

Define

XG) =%§§——%
then ¢, €H and |[o || = 1.
Proof

First note that Claim (2) implies ¢1 is analytic on D. To show that

||¢ll| < 1, assume there is an £ € D such that |¢l(£)| > 1.

0, then
Uz (8) = (1) (E)o] (),  n=1,2,3,...
and since ||Uzn|| = Ilznl‘ = 1, we have

N Uz () |, 1
o7 @ = T1®) = 41|

< o« for all n

which is a contradiction since lim |¢1(E)l = o, Now since
N>

39

If (U1)(8) #

1

is anal-

ytic on D and the zeros of Ul(f) are isolated in D we must have that

l6,(8)| < 1 for all £€D. Thus ¢, €H and ||¢;]] = 1 (since [o,(E)] =1

for £€D. Q.E.D.

Finally, to prove part (a) of Theorem 3.4 note that since

Uz(q) = Ul(q)d(q) for q€Q
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then ¢, = ¢ on Q. So for any f€A
Uf(q) = UL(9)£(¢(q)) = Ul(q)£(¢;(q)) for all q€Q
and since n(Q) > 0, then
Uf = UL£(¢;) on D.

Thus, if we take 6=Ul, ¢ = ¢l, h1=uz and h2=Ul it follows that ¢ € Bl
and (U£)(g) = 6(&)f(W(E)) for all £€A and £¢€ D. This finishes Case (1).

Now suppose that Case (2) holds (i.e., m(Q) =0). Then we have

Proof of Part (b)

Let S=Q, 6 = % , and ¥ = ¢ where Q, 6, Y are as defined in proposition

3.7. Then we have:

(Ug)(q) = 6(q)g(d(q)) for all q€S and g€A.

Let Y(6,y) be as given by Definition 3.3. Note that if g€ Y(6,y), then
g has a unique representation as g = 6f(y) for a unique f € A. Indeed,

assume that g = 6£(¥) = 6h(yY) for £f,h€A. Since
1
le(s)| = |E~(—S—)| = 1 for each s€S8S,
then

£(¥) = h(¥)

and since ¥ is onto, it follows that f=h on T and therefore f =h.

Now define a linear operator E: Y(6,y) - A by

E(6f(y)) = Uf.
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It follows by the above discussion that E is well defined. We need to

check that ][EH = 1. But this is true since y maps S onto T and |6(s)| =
1 for s€S. Hence for any f€A, |[f(y)| attains its maximum on S. There-
fore given f €A, let £€T be a point such that |f(g)| = ||f] ]w. Let g€S

be such that Y(q) = &, then

lwH) @] = [EEEWN @] = [e£@W) @] = |6 ]| [£(¢) (@]

l£@ | = [l£]] = [[ug]].
Hence if g€Y, then g = 0£(¢) for a unique £ € A. Then
|Eg|| = [|Eof ) || = |lug|| = [Ce£@N (@] = lg@| < []g]]-

But since E is an extension operator, then IIEgH > Ilgl ! . Thus ||Eg|| =
||lg||. This shows that E has norm one. This finishes Case (2) and com-

pletes part (i) of Theorem 3.4.

Proof of Part (ii) of Theorem 3.4

Suppose a linear operator U: A -+ A is given by
Uf = 6£(y).

In the case y = hl/h2 €B. and 9§ = hz, we can show that Uf € A for every

1
fe€A. It suffices to show that UanA for n=0,1,2,.... Let K= {s€T:
hz(s) = 0}. Lemma 3.5 implies that Ipn is continuous on T-K. Since
wnéHw, then wn is bounded. Since 6 = h2 then 6(K) = {0}. Therefore
ewn is continuous on T. Thus ewn = Uzn€A for n=0,1,2.... Now if

f € A, then there exists a point EOGT such that lf(EO)[ = ||£] [m. And

since ¢ € Bl, there exists a point El € T such that xp(gl) = 50. Now
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[uee)| = o] (£ | = lep] €| = [[£]],

(since |8(s)]| 1 for s¢€ S¢)' Therefore |]Uf||c° = HfH°° and U is an

isometry. In the case 6, y satisfy (b), then for each f € A we have

sup |6(q)£(W(q))]|
q€s

[ug]] = [|ECGEW)|] = [lo£w)|]

sup |£(W(q))]| = 'lfllw'
q€S

The last equality holds because y is onto. Therefore U is an isometry.

This concludes the proof of Theorem 3.4.



CHAPTER. IV
SOME COMMENTS AND FURTHER QUESTIONS

The operator S defined in the proofs of Theorems 2.3 and 2.4 is a
member of a class of e-near isometries. S is "almost" a composition

operator with the function ¢ which has the property that wZn is analytic

2n+1 . .. . . .
but ¢ is not. Similar e-near isometries can be constructed using

this periodicity feature of y with periods 3, 4, etc. For example ¥ can

3n+1 3n+2
and

be chosen such that w3n is analytic while ¢ Y are not, n=0,

1,2,.... One can then define the operator

_ > 3n > 3n 2 7 3n
Sf = 'Z a3, Yy +z X 33n+1 v+ z z 33n+2 U]
n=0 n=0 n=0
for each holomorphic function f where we write f = I a z". With the

n=0
proper choice of y, S can be made to define an e-near isometry. This

leads us to the following question:

Question (1)

Are there any other e-near isometries (aside from the perturbation

of isometries)?

o]
Although the e-near isometries on L have not been studied yet, it is
felt that a result similar to the results in Theorems 2.3 and 2.4 is true.
We believe that the operator § defined in Theorem 2.3 extends to an g-

near isometry of Hoo onto itself. 1If that is the case, then Theorem 2.3

43
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(o]
extends to H . Thus we ask:

Question (2)

0
Are the same results true for H ?

Theorem 3.4 describes the isometries of the disc algebra A. The iso-
metries of ik spaces were described--as pointed out earlier--by Forelli
[13] for lip# 2<®. The onto isometries of H were described by Dr.
de Leeuw, Rudin and Wermer (see [22]). The problem of describing the

0
into isometries of H seems to still be open. Thus, we have:

Question (3)

(o]
What are the into isometries of H ?

We close with the following remark about "extending' linear extensioms.
The linear extension operator defined in part (b) of Theorem 3.4 is de-
fined only on the subspace YCC(Q). Can this operator E be extended to
an operator E on C(Q). More generally, one can put the question as fol-
lows:

Let Q be a closed subset of T of Lebesque measure zero, ¢: Q > T be
an onto continuous map and ¥ € C(Q) satisfy [w(q)l = 1 for each q€Q.
Let Y(y,9) = {¢f(¢): £f€A}. Then if E: Y(¥,¢) > A is a norm one linear
extension operator, does there exist an extension operator E': C(Q) - A
such that E' = E on Y(y,¢)?

The answer to the above question is negative. We construct here a
counter example. The idea of the counter example is based on the fact
that no linear extension operator E: C(Q) - A is such that E1 = 1. The

proof of this fact is given in Michael and Pelczynski [25].
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Proposition 4.1

If T: A~ A is an isometry such that T1 = 1, and T is not multipli-

cative, then T is an isometry of the type (b) in Theorem 3.4.

Proof
This is an immediate consequence of Theorem 3.4 since all type (a) iso-
metries which take 1 to 1 are multiplicative (being of the form Tf‘=
f(y)). Q.E.D.

Now let A be the Cantor set of Lebesque measure zero, as a subset
of T, let y: A - T be continuous and onto. By Rudin's Theorem (seé

Hoffman [16] y extends to a function h, € A such that |[h1]| = 1 and

1
p(g) = hl(i) for £€ A. By adjoining a point to A and applying Rudin's

Theorem again we can find h, € A of norm one such that y(§) = hz(E) and

2
h #h,. Let Uz A~ A be the isometry: (Uf)(£) = %(f(hl(g)) + £(h,(E))).
It can be easily checked that U is not multiplicative and Ul = 1. It
follows by proposition 4.1 that u is a type (b) isometry. Thus Uf =
E(6f(y)), where E, 6, ¢ satisfy the requirements of Theorem 3.4.

Since Ul = 1 and since E is a norm one extension operator it fol-
lows that 6 = 1. Thus E: Y(1,y) - A is an extension operator of norm
one such that E(1) = 1. If this operator can be extended to an exten-

sion operator E,: C(A) = A, then El(l) = 1 which is impossible. There-

1
fore the extension operator E cannot be extended to all of C(A).

We note here that the above construction is due to Ryff and Forelli.

(see Rochberg [31]).
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