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INTRODUCTION

I t  I s  w e l l  known t h a t  I n  a to m ic  p r o c e s s e s  where th e  

i n t e r a c t i o n  b e tw een , s a y ,  a f r e e  ( i . e . ,  unbound) e l e c t r o n  

and an  atom  g i v e s  r i s e  t o  an  i n t e r n a l  a to m ic  t r a n s i t i o n ,  th e  

p r o b a b i l i t i e s  ( r e l a t e d  to  th e  i n e l a s t i c - c o l l i s i o n  c r o s s  

s e c t i o n s )  o f  p o s s i b l e  t r a n s i t i o n s  depend  n o t  o n ly  on th e  

p r o p e r t i e s  o f  t h e  i n i t i a l  and f i n a l  a to m ic  s t a t e s ,  b u t  on 

th e  p r o p e r t i e s  o f  a l l  o t h e r  a to m ic  s t a t e s  a s  w e l l .  T hus, 

an  e x a c t  t r e a tm e n t  o f  su ch  a  p ro b lem  i s  a h o p e le s s ly  com­

p l i c a t e d  a p p l i c a t i o n  o f  quantum  m echan ics  t o  an  i n f i n i t y  o f  

i n t e r a c t i n g  ( i . e . ,  c o u p le d )  s t a t e s .  F o r t u n a t e l y ,  how ever, 

i t  o f t e n  happens t h a t  o n ly  a s m a l l  number o f  s t a t e s  a r e  

s t r o n g l y  c o u p le d  ( i . e . ,  o n ly  th e  i n f l u e n c e  o f  a sm a ll  number 

o f  s t a t e s  a p p r e c i a b l y  a f f e c t s  th e  t r a n s i t i o n  p r o b a b i l i t y  

betw een  two p a r t i c u l a r  s t a t e s ) .  I n  f a c t ,  t h e r e  a r e  many 

i n s t a n c e s  when o n ly  th e  i n i t i a l  and  f i n a l  a to m ic  s t a t e s  a r e  

s t r o n g l y  c o u p le d .  T h is  o f t e n  o c c u r s  when th e  two s t a t e s  a r e  

i n  n e a r  r e s o n a n c e  ( i . e . ,  t h e  e n e rg y  s e p a r a t i o n  o f  t h e  two 

s t a t e s  i s  s m a l l ) .

C o l l i s i o n  prob lem s in v o lv in g  n e a r  re so n a n c e  and 

s t r o n g  c o u p l in g  a r e  found  t o  be somewhat t ro u b le so m e  s in c e  

th e  s t a n d a r d  w e a k -c o u p l in g ,  a p p ro x im a te  methods su ch  a s  B om
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A p p ro x im a tio n ,  and  t h e  Method o f  D i s t o r t e d  Waves g iv e  p o o r  

r e s u l t s .  I n  f a c t ,  i n  t h e  p a r t i a l  wave a n a l y s i s ,  t h e  B o m  

A pp ro x im atio n  i s  fo und  t o  g iv e  p a r t i a l  c r o s s  s e c t i o n s  i n  e x ­

c e s s  o f  t h e  l i m i t s  im posed by  c o n s e r v a t i o n .  Two m ethods have 

been  p ro p o se d  w h ich  s a t i s f y  c o n s e r v a t io n .  However, b o th  o f  

t h e s e  m ethods c o n s i s t  i n  m o d i f i c a t i o n  o f  th e  s t a n d a r d  B o m  

A p p ro x im a tio n .  I t  would seem more d e s i r a b l e  t o  have a  method 

o f  s o l u t i o n  w hich  i n c o r p o r a t e s  t h e  two d i s t i n g u i s h i n g  c h a r ­

a c t e r i s t i c s  o f  th e  p ro b lem  ( i . e . ,  n e a r  re s o n a n c e  and  s t r o n g  

c o u p l in g )  i n  a  more fu n d a m e n ta l  way.

A method ( c a l l e d  th e  method o f  r e s o n a n c e  d i s t o r t i o n )  

i s  d e v e lo p e d  i n  t h i s  t h e s i s  to  h a n d le  e l e c t r o n - c o l l i s i o n -  

in d u ce d  a to m ic  t r a n s i t i o n s  u n d e r  c o n d i t i o n s  o f  n e a r  r e s o n a n c e  

and s t r o n g  c o u p l in g  b e tw een  th e  i n i t i a l  and  f i n a l  s t a t e s .

The scheme in v o lv e s  a n  i t e r a t i o n  p r o c e d u re  b a s e d  on th e  

z e r o t h - o r d e r  s o l u t i o n  f o r  th e  c a se  o f  e x a c t  r e s o n a n c e .  I n  

c a s e s  where th e  c o u p l in g  i s  weak, th e  r e s o n a n c e - d i s t o r t i o n  

r e s u l t s  a r e  found  t o  re d u c e  t o  t h o s e  o f  th e  Method o f  D i s ­

t o r t e d  Waves.

E le c t r o n - a to m  c o l l i s i o n s  accom panied  b y  th e  e m is s io n  

o f  r a d i a t i o n  a r e  h a n d le d  i n  a  d i s t i n c t l y  d i f f e r e n t  way. W ith 

th e  p a r t i c l e s  and  th e  r a d i a t i o n  f i e l d  ta k e n  t o g e t h e r  a s  th e  

sy s te m , one may em ploy th e  s t a n d a r d  t im e -d e p e n d e n t  p e r t u r b a ­

t i o n  a p p ro a c h  i n  d e te r m in in g  c r o s s  s e c t i o n s  f o r  v a r i o u s  

p r o c e s s e s .

F o r  h y d ro g e n ,  f o u r  r a d i a t i v e  p r o c e s s e s  a r e  p o s s i b l e :
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tw o-body re c o m b in a t io n  o f  p r o to n s  and e l e c t r o n s ,  p r o t o n -  

e l e c t r o n  b r e m s s t r a h lu n g ,  f r e e - b o u n d  t r a n s i t i o n s  c a u s in g  th e  

f o r m a t io n  o f  H", and f r e e - f r e e  t r a n s i t i o n s  i n  H“ . B ecause  o f  

th e  im p o r ta n c e  o f  hydrogen  i n  p lasm a r e s e a r c h ,  i t  i s  im p o r ta n t  

to  be a b l e  to  a n a ly z e  th e  c o n t in u o u s  e m is s io n  sp e c tru m  w i th  

r e s p e c t  t o  th e s e  p r o c e s s e s .  The l e a s t  f a m i l i a r  o f  th e  f o u r ,  

f r e e - f r e e  t r a n s i t i o n s  i n  H , i s  i n v e s t i g a t e d ,  and th e  r e s u l t ­

i n g  e m is s io n  compared w i th  t h a t  due t o  r e c o m b in a t io n ,  b re m s s ­

t r a h l u n g ,  and f r e e -b o u n d  o f  H". I t  i s  found  t h a t  i n  c a s e s  

where th e  d e g re e  o f  i o n i z a t i o n  o f  hydrogen  rem a in s  s m a l l ,  th e  

f r e e - f r e e  p r o c e s s  becomes s i g n i f i c a n t  f o r  l a r g e  t e m p e r a t u r e s ,  

say  T «= 50,000*K. Such c o n d i t i o n s  may be found  i n  c a s e s  

where th e rm a l  e q u i l i b r i u m  i s  a b s e n t  ( i . e .  Saha e q u a t io n  i n ­

v a l i d ) ,  o r  where o t h e r  g a s e s  a r e  p r e s e n t ,  e n s u r in g  ch a rg e  

n e u t r a l i t y  w i th o u t  a n e c e s s a r i l y  h ig h  p r o to n  d e n s i t y .
3

F i n a l l y ,  c r o s s  s e c t i o n s  a r e  c a l c u l a t e d  f o r  th e  6 -•

6^Pg t r a n s i t i o n  i n  m ercu ry  u n d e r  t h e  a s su m p tio n  o f  e x a c t  

r e s o n a n c e .  Such c r o s s  s e c t i o n s  a r e  im p o r ta n t  i n  e s t a b l i s h i n g  

th e  p o p u l a t i o n  d e n s i t i e s  o f  t h e s e  s t a t e s .  The e n e rg y  d e ­

pendence  o f  th e  c r o s s  s e c t i o n s  i s  found  to  be c o n s i s t e n t  w i th  

t h e  e x p e r im e n ta l  d e t e r m i n a t i o n .



CHAPTER I  

ELECTRON-ATOM COLLISIONS

The t h e o r e t i c a l  a p p ro a c h  to  s c a t t e r i n g  phenomena i s  

b a s i c a l l y  q u i t e  s im p le .  One need  o n ly  o b t a i n  th e  wave f u n c ­

t i o n  t  w hich  d e s c r i b e s  th e  whole sy s tem  ( t h i s  i n c l u d e s  th e  

a to m ic  sy s tem  and  s c a t t e r e d  p a r t i c l e s ) .  A d e t a i l e d  a n a l y s i s  

o f  th e  p r o p e r t i e s  o f  t h i s  f u n c t i o n  w i l l  y i e l d  a l l  i n f o r m a t io n  

n e c e s s a r y  to  th e  d e te r m i n a t i o n  o f  c r o s s  s e c t i o n s  f o r  p a r t i c ­

u l a r  i n t e r n a l  p r o c e s s e s .  E s s e n t i a l  to  th e  i n t e r p r e t a t i o n  

o f  t h i s  f u n c t i o n  a r e ,  o f  c o u rs e ,  th e  bo u n d a ry  c o n d i t i o n s  im ­

po sed  on i t .  These c o n d i t i o n s  s p e c i f y ,  f o r  exam ple , th e  

fo rm  o f  t h e  con tinuum  p a r t s  o f  Y f o r  l a r g e  s e p a r a t i o n s  o f  th e  

a to m ic  and s c a t t e r e d  sy s te m s ,  and th e  f l u x  o f  i n c i d e n t  

p a r t i c l e s ,  r e l a t i v e  t o  w hich  th e  c ro s s  s e c t i o n s  a r e  d e t e r ­

m ined; a s  i n  o t h e r  wave m echanics  p ro b le m s , i t  i s  n e c e s s a r y  

t o  assume r e g u l a r i t y  o f  a l l  s o l u t i o n s  a t  th e  o r i g i n  c h o sen .  

One i s ,  how ever, u n a b le  t o  so lv e  su ch  a p rob lem  e x a c t l y ,  

and i t  becomes n e c e s s a r y  to  r e s o r t  t o  o n e 's  own p h y s i c a l  

i n t u i t i o n  a s  w e l l  a s  th e  i n v a lu a b le  e x p e r ie n c e  o f  o t h e r s  i n  

o r d e r  to  f i n d  a c c e p t a b l e ,  a p p ro x im a te  d e s c r i p t i o n s  o f  th e  

phenomena.

The p rob lem  t o  be d e a l t  w i th  most e x t e n s i v e l y  i n
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t h i s  work I s  t h a t  o f  one e l e c t r o n ,  h a v in g  l i n e a r  momentum
1-3hko, i n c i d e n t  upon an a to m ic  sy s te m  c e n te r e d  a t  r  = 0 

R e f e r r i n g  to  th e  a to m ic  c o o r d i n a t e s  a s  r ^ ,  i’g ,  r ^  and

th o s e  o f  th e  i n c i d e n t  e l e c t r o n  a s  r ,  we f i n d  th e  h a m i l to n ia n  

f o r  t h e  sy s tem  t o  be g iv e n  by  (a to m ic  u n i t s ,  e = m = h = l )

H = - i  I I  ? l  -  + H e ( r i , ? ) ,  ( l . l )

where

H e ( r i . r )  = (1 .2 )

I t  i s  th e n  n e c e s s a r y  to  s o lv e  th e  S c h r o e d in g e r  e q u a t io n

(H -  E ) ï ( ? ^ , ; )  - , 0  , ( 1 .3 )

where E r e p r e s e n t s  th e  t o t a l  e n e r g y  o f  th e  sy s te m

^  '  (1 -» )

Eq r e p r e s e n t i n g  th e  e n e rg y  o f  th e  a to m ic  s t a t e  p r i o r  t o  th e  

s c a t t e r i n g ,  and where r^  a p p e a r in g  a s  an  a rgum ent r e p r e s e n t s  

th e  e n t i r e  c o l l e c t i o n  o f  a to m ic  c o o r d i n a t e s .  The l a s t  two 

te rm s  i n  Eq. (1 .2 )  r e p r e s e n t  th e  i n t e r a c t i o n  be tw een  th e  

i n c i d e n t  e l e c t r o n  and th e  a to m ic  sy s te m . When th e  s c a t t e r e d  

e l e c t r o n  i s  c lo s e  t o  th e  a to m ic  sy s te m , t h i s  i n t e r a c t i o n  

co u ld  cause  c o n s id e r a b le  d i s t o r t i o n  o f  th e  a to m ic  sy s tem  r e ­

s u l t i n g  i n  a p o l a r i z a t i o n  e f f e c t .  However, s i n c e  th e  r^  a r e  

bound w i t h i n  a  sm a ll  r e g io n  o f  sp a c e  (~  10 cm), th e  two 

te rm s n e a r l y  c a n c e l  f o r  l a r g e  r ;  we have



-  F  + ; j  -  -  #  + r  -  °  ' (1 -5 )

S in c e  I n  th e  l i m i t i n g  c a se  where th e  c a n c e l l a t i o n  i s  e x a c t ,  

t h e  wave f u n c t i o n  becomes

Y ( r ^ , r )  -  , ( 1 .6 )

a l o g i c a l  manner i n  w h ich  t o  r e p r e s e n t  Y ( r ^ , r )  i s  by means 

o f  th e  e x p a n s io n ^

» ( ? ! . ? )  -  I *  '  d ' ? )

where th e  f u n c t i o n s  fo rm  a  c o m p le te  s e t  o v e r  th e  sp a ce

r .  and th e  r  dependence  i s  c a r r i e d  i n  th e  c o e f f i c i e n t s  P .1 m
S u b s t i t u t i o n  o f  Y a s  g iv e n  by  Eq. ( 1 .7 )  i n t o  Eq. ( 1 .3 )  

y i e l d s

* ^  ( i ? ^  + F  ■ } ^m(^) * m (r i)  '

w hich  upon m u l t i p l i c a t i o n  by  " 2 t * , ( r ^ ) d r ^  and  i n t e g r a t i o n  

o v e r  a l l  o f  th e  a to m ic  c o o r d i n a t e s  becomes

d®  + , ) p „ ,  (? )  = U „ ,„ ( ? ) P „ ( ? )  , ( 1 .9 )

where

^  \ ' m ( r )  *  ^ ( ? i ) V ( ? i , ? ) * m ( ? i ) d ? i .  (1 -1 ° )



_ E ^ ,)  . (1 .1 2 )

I t  may be se e n  from  Eq. (1 .7 )  t h a t  th e  f u n c t i o n  P ^ ( r )  d e ­

s c r i b e s  c o m p le te ly  th e  b e h a v i o r  o f  th e  s c a t t e r e d  e l e c t r o n  

f o r  th e  a tom  i n  s t a t e  m, and  t h a t  th e  a s y m p to t ic  b e h a v io r  

o f  t h i s  f u n c t i o n  w i l l  i n d i c a t e  th e  f l u x  d i s t r i b u t i o n  o f  th e  

o u tg o in g  e l e c t r o n s  and th u s  t h e  c r o s s  s e c t i o n  f o r  a p r o c e s s  

i n  w hich  th e  f i n a l  a to m ic  s t a t e  i s  r e p r e s e n te d  by  m. F o r  a 

p rob lem  i n  w hich  th e  i n i t i a l  s t a t e  i s  r e p r e s e n t e d  by o ,  th e  

f u n c t i o n s  Fj^(r) m ust s a t i s f y  th e  c o n d i t i o n s

P ^ ( r )  ~  exp ( i k ^ - r )  + i  /o (0 , tp )  exp ( i k ^ r ) ,

(1 .1 3 )

Fm (r) ~  % /m(6,®P) exp ( i k _ r ) ,  m /  0 .m

I t  i s  assum ed t h a t  Y i s  n o rm a l iz e d  su c h  t h a t  th e  number o f  

s c a t t e r e d  e l e c t r o n s  p e r  u n i t  volume a t  r  coming o f f  w i th  

th e  a to m ic  sy s te m  l e f t  i n  th e  m^^ s t a t e  i s  |Pg^(r) |^ .  We 

o b t a i n ,  t h e n ,  th e  o u tg o in g  f l u x  o f  su ch  e l e c t r o n s  f o r  l a r g e  

r  i n t o  s o l i d  a n g le  dO a s

’'n &  ! /# (* '* )  . (1.14)
r

I f  i n  th e  i n c i d e n t  beam, th e  d e n s i t y  o f  p a r t i c l e s  i s  h e ld  

a t  1/cm ^, t h e n  th e  i n c i d e n t  f l u x  i s  s im p ly  v . The
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d i f f e r e n t i a l  c r o s s  s e c t i o n  I  dO i s  d e f in e d  a s  th e  number

m
o f  p a r t i c l e s  p e r  u n i t  a r e a  p e r  u n i t  t im e  w hich  come o f f  

w i t h in  dO h a v in g  g iv e n  r i s e  to  a t r a n s i t i o n  o-*m, p e r  u n i t  

i n c i d e n t  i n t e n s i t y .  Thus we have^

1^ (8 ,9 )an « ^  1/ ^ ( 8 , cp) l^dn ; (1.15)

s i m i l a r l y  f o r  th e  e l a s t i c  c r o s s  s e c t i o n

I o ( 8 , 9 )dO = |/q(0,cp) l^dn . (1.16)

I t  sh o u ld  be  p o i n t e d  o u t  t h a t  th e  p la n e  wave p a r t  o f  P ^ f r )  

i s  n o t  c o n s id e r e d  h e re  s in c e  i n  a c t u a l i t y  i t  sh o u ld  be r e ­

p la c e d  by  a  wave p a c k e t  o f  w id th  l a r g e  compared to  th e  

r e g io n  o f  i n t e r a c t i o n  b u t  n e g l i g i b l e  compared t o  th e  s e p a r a ­

t i o n  o f  a to m ic  sy s te m  and  m easu rin g  a p p a r a t u s .  I n  o t h e r  

w ords , e x c e p t  f o r  a v e r y  sm a ll  r e g io n  s u r ro u n d in g  th e  kg 

a x i s ,  o n ly  th e  second  te rm  i n  P g ( r )  i s  s i g n i f i c a n t .  The 

t o t a l  c r o s s  s e c t i o n  i s  o b ta in e d  by i n t e g r a t i n g  th e  d i f f e r e n ­

t i a l  c r o s s  s e c t i o n  o v e r  a l l  space  a s

Q(o-m) .  ^ i „ ( e , c p ) d n  . ( 1 . 1 7 )

S t ro n g  C oupling  

I t  i s  o f t e n  th e  c a se  t h a t  f o r  c e r t a i n  t r a n s i t i o n s  

th e  c o u p l in g  be tw een  two s t a t e s  i s  so s t r o n g  t h a t  th e  i n f l u ­

ence  o f  a l l  o t h e r  s t a t e s  may be n e g le c t e d .  Say o and n 

r e p r e s e n t  two su c h  s t r o n g l y  c o u p le d  s t a t e s ,  where o r e f e r s  

t o  th e  i n i t i a l  a to m ic  s t a t e .  I t  i s  t h e n  p o s s i b l e  t o  c o n s id e r



In Eq. (1.9) only the two coupled equations^

+ ko - " o o )" o  = V n  '  (1 - 1 8 )

( ’ ^ ■* = V o  • (1 -19 )

I n  c a s e s  where U , U , and a r e  s m a l l . i t  I s  som etim es00 nn on
v a l i d  to  s e t  17^  ̂ = = 0 and s o lv e  Eq. (1 .1 9 )  f o r  P^ ,

h av in g  r e p l a c e d  P^ by exp ( i k ^ . r ) .  T h is  i s  th e  f a m i l i a r

P i r s t  Born A p p ro x im atio n ^"^  ( B l ) ,  th e  v a l i d i t y  o f  w hich

depends on th e  m a t r ix  e le m e n ts  b e in g  sm a ll  a s  compared to

th e  i n c i d e n t  e n e rg y  o f  th e  e l e c t r o n .  The Born a p p ro x im a t io n

i s  u s u a l l y  good o n ly  f o r  r e l a t i v e l y  l a r g e  i n c i d e n t  e n e r g i e s .

O ften  th e  s i t u a t i o n  a r i s e s  where i s  s m a l l  b u t  and

Ü a r e  n o t .  A method s u i t a b l e  i n  t h i s  c a se  i s  t h a t  o f  nn
D i s t o r t e d  W aves^"^, i n  which and a r e  r e t a i n e d .

The f u n c t i o n  P^ i s  f i r s t  d e te rm in e d  from  Eq. ( l . l 8 ) ,  n e g ­

l e c t i n g  th e  te rm  T h is  f u n c t i o n  i s  th e n  i n s e r t e d  in

Eq. (1 .1 9 )  w hich i s  so lv e d  f o r  P^ . A g a in , th e  v a l i d i t y  o f  

t h i s  method depends on b e in g  s m a l l .

E x ac t  Resonance

I n  c a s e s  where U _ i s  n o t  s m a l l ,  n e i t h e r  o f  th e  twoon ’
p re v io u s  m ethods i s  s a t i s f a c t o r y  and i t  i s  n e c e s s a r y  to  

t r e a t  th e  c o u p l in g  i n  a  more b a la n c e d  m anner. In  th e  case  

o f  e x a c t  re s o n a n c e  ( i . e . ,  = k ^ ,  = U ^^), E qs. ( l . l 8 )

and (1 .1 9 )  may be u n co u p led  e x a c t l y  g iv in g ^

(v2 + -  Ü00 T  U „„)(P g  ±  P„) = 0 . (1 .2 0 )
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D e f in in g ,  i n  t h e  u s u a l  way, t h e  p h a se  s h i f t s  t)  ̂ and 6^ f o r  

Fq + and  Pq -  P^ r e s p e c t i v e l y ,  we o b t a i n  f o r  P^ (assum ing  

s p h e r i c a l l y  sym m etric  p o t e n t i a l s )

Pn ~  r " ^  exp  ( i k ^ r )  + l )  -  e ^ ^ * ^ )P ^ (c o s  e ) .
(1 . 2 1 )

The d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  th e  t r a n s i t i o n  o-»n i s  

th e n  g iv e n  by

-, r-' 2 i^ |.  2 i 6 .  p
I 1  (e -  ® ) ( 2 t  + l ) P ^ ( c o s  0) TdO ,

( 1 . 22)

and th e  t o t a l  c r o s s  s e c t i o n  becomes

Q (o -n )  = I  ( 2 t  + 1) s i n f  (n^ -  6^) . (1 .2 3 )

N ear R esonance  

When e x a c t  r e s o n a n c e  i s  n o t  p r e s e n t ,  t h e r e  i s  no 

e x a c t  way t o  d e c o u p le  th e  e q u a t i o n s ,  and  a  more c o m p l ic a te d
p

method o f  s o l u t i o n  m ust be in v o k e d .  I n  some i n s t a n c e s  

n u m e r ic a l  m ethods have b e e n  t r i e d ,  however i n  most c a s e s  

th e s e  a r e  q u i t e  c o m p l ic a te d  and  do n o t  l e n d  th e m s e lv e s  to  

v e ry  e x t e n s i v e  p h y s i c a l  i n t e r p r e t a t i o n .  A new method f o r  

t h i s  ty p e  o f  p ro b lem  h as  b e e n  d e v e lo p e d .  I t  c o n s i s t s  o f  

f i r s t  s o l v i n g  th e  e x a c t  r e s o n a n c e  p ro b lem  f o r  th e  f u n c t i o n  

Pq , w h ich  w i l l  be c a l l e d  P^^^; t h e n  Eq. (1 .1 9 )  i s  s o lv e d  f o r  

P^ , r e p l a c i n g  P^ by  P ^ ° ) .  The m ethod, c a l l e d  r e s o n a n c e -  

d i s t o r t i o n ,  i s  s i m i l a r  t o  th e  m ethod o f  d i s t o r t e d  waves i n
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t h a t  th e  fo rm e r  method assum es c lo s e  c o u p l in g  i n  th e  z e r o t h  

o r d e r  w h i le  th e  l a t t e r  s t a r t s  w i th  z e r o  c o u p l in g .  I n  th e  

f o l lo w in g  c h a p t e r s  th e  r e s o n a n c e - d i s t o r t i o n  method i s  d i s ­

c u sse d  i n  d e t a i l .  Along w i th  th e  d e s c r i p t i o n  a r e  in c lu d e d  

a p p l i c a t i o n s  and  d e t a i l e d  c o m p a r iso n s  w i th  o t h e r  m ethods.

A pproxim ate  Forms o f  th e  I n t e r a c t i o n  P o t e n t i a l

I n  th e  p r e s e n t  w ork , we w i l l  be co n ce rn e d  p r i m a r i l y  

w i th  th e  s p e c i a l  c l a s s  o f  e l e c t r o n - a t o m  c o l l i s i o n s  w hich  i n ­

v o lv e  ( i )  s t r o n g  c o u p l in g ,  ( i i )  a  lo n g - r a n g e  i n t e r a c t i o n  

p o t e n t i a l ,  and  ( i i i )  n e a r  r e s o n a n c e ;  how ever, th e  r e s o n a n c e -  

d i s t o r t i o n  m ethod i s  n o t  r e s t r i c t e d  t o  su c h  p ro b le m s .
•3

I t  h a s  b e e n  known f o r  some time"^ t h a t  s e v e r a l  

c o l l i s i o n - i n d u c e d  a to m ic  t r a n s i t i o n s  show s t r o n g  c o u p l in g ,  

f o r  exam ple , 2s-»2p o f  Hydrogen ( I t  was found  t h a t  th e  co u ­

p l i n g  h e re  was so  s t r o n g  t h a t  th e  c o n s i d e r a t i o n  o f  t h e s e  

s t a t e s  c o n s i d e r a b ly  re d u c e d  th e  ls-*2p c r o s s  s e c t i o n  i n
1 1  3 3

ag reem en t w i th  e x p e r im e n t ) ,  2 s - 2  p ,  2 s-*2 p o f  H elium , 

4s-*4p, 3d-*4p o f  Ca"^ and 3s-*3p o f  Sodium. T h is  l a s t  t r a n s i ­

t i o n  w i l l  be u se d  a s  a n  a p p l i c a t i o n  o f  re so n a n c e  d i s t o r t i o n .  

These t r a n s i t i o n s  a r e  a l l  o p t i c a l l y  a l lo w e d  and o f  th e  form  

n ' , - t ,m '- * n , t± l ,m ;  su c h  t r a n s i t i o n s  have lo n g - r a n g e  i n t e r a c ­

t i o n s ^ ,  w hich  i n  th e  p a r t i a l  wave p i c t u r e  r e n d e r  s e v e r a l  

p a r t i a l  waves i m p o r t a n t .

I n  many i n s t a n c e s ,  i f  we a r e  d e a l i n g  o n ly  w i th  s i n ­

g l e  e x c i t a t i o n ,  th e  wave f u n c t i o n  o f  th e  a tom  can  be r e p r e ­

s e n te d  a p p ro x im a te ly  by th e  o n e - e l e c t r o n  o r b i t a l  o f  th e
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e x c i t e d  e l e c t r o n  I s ,  o f

c o u r s e ,  n o t  a lw ays v a l i d ,  e s p e c i a l l y  f o r  c a s e s  where th e  e x ­

change e f f e c t s  o f  t h e  a to m ic  e l e c t r o n s  must be c o n s id e r e d ,  

e . g . .  He(2^s-*2^p)) .  However, e x t e n s i o n  o f  th e  t r e a tm e n t  i n  

t h i s  s e c t i o n  t o  t h e s e  c a s e s  can  be  made v e ry  e a s i l y  and w i l l  

n o t  be c o n s id e r e d  h e r e .  I n  Eq. ( l . l l )  t h i s  am ounts t o  con ­

s i d e r i n g  2 - 1  e l e c t r o n s  a lo n g  w i th  th e  n u c le u s  a s  making up 

th e  c o re  o f  ch a rg e  + l j  t h e  r e m a in in g  e l e c t r o n  ( c o o r d in a te  

r ^ )  a lo n g  w i th  th e  co re  r e p r e s e n t s  t h e  s c a t t e r i n g  f i e l d  se e n  

by  th e  i n c i d e n t  e l e c t r o n .  We h a v e ,  t h e n ,  f o r  th e  c o u p l in g  

m a tr ix  e le m e n t

‘  ® ^ [  p  ^ - F  ]
I ' l  -  '•.I

“  I  C )  y ^ C n t . n ' ^ k )  X h ^ y U t n , t 'm ' ) ï x y ( f ) ,  (1 .2 4 )
X“ 0 U*=-X

where

‘  C C ^ ( t m , t ' m ' ) ,  (1 .2 5 )

r
y ^ ( n t , n ' t ' | r )  ( r i ) d r ^

o

X f 1 -X s \ ( n t , n ' t '  )
+ *■ \  R n l f r i ) ? !  )<*'■! I T Ï   '  (1 . 2 6 )

r  r

and where we have made u se  o f  th e  m u l t i p o le  e x p a n s io n
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l î f r r î I  ' - '

The lo n g - ra n g e  b e h a v io r  o f  f o r  o p t i c a l l y  a l lo w e d  t r a n s i ­

t i o n s  ( i . e . ,  f o l lo w s  from  th e  fa c t?  t h a t  f o r  l a r g e  r

s- (n t ± l , n '<,) 
y ^ f n  t ± l ,  n ' t | r )  ~  ^ '  (1 .2 8 )

r
2

where s^ i s  th e  l i n e  s t r e n g t h  f o r  th e  t r a n s i t i o n  g iv e n  by

OD

s ^ ( n  t ± l ,  n ' - t )  ■= ^ Ryj ( ,± 1  ( ^ 1  ) ^ n ' - t ^ ^ l ^ ^ l ^ ^ l  ' ( ^ * 2 9 )
o

The l i n e  s t r e n g t h  i s  r e l a t e d  t o  th e  o s c i l l a t o r  s t r e n g t h  /  

by^

where X i s  th e  wave l e n g t h  c o r r e s p o n d in g  t o  th e  e n e rg y

s e p a r a t i o n ,  and g^ i s  th e  s t a t i s t i c a l  w e ig h t  o f  th e  lo w er

s t a t e .  We see  from  Eq. (1 .2 8 )  t h a t  f o r  l a r g e  r  th e  l i n e

s t r e n g t h  i s  a  m easure  o f  th e  s t r e n g t h  o f  c o u p l in g  o f  th e  two

s t a t e s .  The d ia g o n a l  e le m e n ts  U _ and U „ can  be c a l c u l a t e d00 nn
s i m i l a r l y ,  how ever th e y  a r e  found  t o  f a l l  o f f  e x p o n e n t i a l l y  

f o r  l a r g e  r .  I n  p ro b lem s i n v o lv i n g  a l lo w e d  t r a n s i t i o n s ,  

where th e  c o u p l in g  i s  l o n g - r a n g e ,  t h e s e  s h o r t  range  f u n c t i o n s  

a r e  o f  m inor im p o r ta n c e .

In  o r d e r  t o  i l l u s t r a t e  th e  b e h a v io r  o f  th e s e  m a t r ix
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e le m e n t s ,  we may c o n s i d e r  a s im p le  exam ple  s u c h  a s  th e  

2s-2p(m ) t r a n s i t i o n  i n  Hydrogen. The m a t r ix  e le m e n ts  a r e  

e a s i l y  found  t o  be ( i n  S l a t e r  a to m ic  u n i t s )

Uqo = -  i  e ’ ^(r^ + 2r + 6 + I  ) , (1 .31)

^nn = -  ® + 6r + l8  + ) , (1 . 32)

(Uon^ “  U (r)  Y%\8,9) (m=0 , ±1) , (1 .3 3 )

where

and

^ %  A  .  ( 1 - 3 4 )

0 ( r )  -  8 ^  e ‘ “’(3 r 2 + i 2 r  + 36 + ^  + 2 | .  ) .  — 2 ^  ,  ( 1 .3 5 )
r  / 3  r

th e  a v e r a g in g  h a v in g  b een  done m e re ly  t o  remove th e  a n g u l a r

dependence  f o r  c o m p a r iso n .  S i m i l a r l y ,  we em ploy

(" o n 'rm s  “  (  5 ?  S = |  0 ( r )  . (1 .3 6 )

The b e h a v io r  o f  t h e s e  f u n c t i o n s  i s  i l l u s t r a t e d  i n  F ig u r e  1, 

where th e  f u n c t i o n  -2 / 3 / r ^  h a s  b e en  in c lu d e d  t o  show th e  

im p o r ta n c e  o f  t h e  e x p o n e n t i a l  p a r t  o f

N ear r e s o n a n c e  o f t e n  o c c u r s  f o r  t r a n s i t i o n s  b e tw ee n  

th e  same n ,  i . e . ,  n-t-*n t ± l .  H ere , a  s i g n i f i c a n t  c o n t r i b u t i o n  

to  t h e  t o t a l  c r o s s  s e c t i o n  comes from  t h e  p a r t i a l  waves o f  

l a r g e  I ,  and  th e  e f f e c t s  o f  a t  s m a l l  d i s t a n c e s  a r e
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0

- 0.1

- 0.2

00

F ig u re  1

u n im p o r ta n t .  Thus i n  th e  n s -n p  t r a n s i t i o n  we s h a l l  make th e  

s i m p l i f i c a t i o n  o f  r e p l a c i n g  th e  t r u e  i n t e r a c t i o n  p o t e n t i a l s  

by

0 ,Ü = U oo nn

Üon (1 .3 7 )

The same s e t  o f  p o t e n t i a l  f u n c t i o n s  was u se d  by S e a to n  

i n  d e r i v i n g  th e  c l o s e - c o u p l i n g  fo rm u la  and th e  m o d if ie d  

v e r s i o n  o f  th e  B e th e  a p p ro x im a t io n .  T h roughou t th e  c a l c u l a ­

t i o n ,  th e  exchange  be tw een  th e  i n c i d e n t  and a to m ic  e l e c t r o n s  

has  been  ig n o r e d ;  t h i s  i s  j u s t i f i a b l e  f o r  c o l l i s i o n s  w i th
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lo n g - ra n g e  i n t e r a c t i o n s .  However, th e  e f f e c t  o f  e l e c t r o n  

exchange can  be r e a d i l y  I n c o r p o r a te d  I n t o  t h e  g e n e r a l  

f o rm u la t io n  o f  th e  r e s o n a n c e - d i s t o r t i o n  method (see  Ch. V I l ) .

S ch em a tic  Model 

The e f f e c t s  o f  u s in g  p o t e n t i a l  f u n c t i o n s  o f  th e  form  

g iv e n  I n  Eqs. (1 .3 7 )  can be I l l u s t r a t e d  to  some e x t e n t  by 

means o f  a s c h e m a tic  model (d en o te d  by SM) I n  w hich I t  I s  

assumed t h a t

"oo -  "nn -  0 .

"on = -  '

(1 .3 0 )

A b e in g  an  a d j u s t a b l e  p a ra m e te r .  The a d v a n ta g e  o f  t r e a t i n g  

su ch  a  model I s  t h e  s i m p l i c i t y  o f  s o l u t i o n .  I n  th e

sc h em a tic  model may be th o u g h t  o f  a s  r e p r e s e n t i n g  some k in d  

o f  a n g u la r  a v e ra g e  o f  I n  E qs. ( 1 .3 7 ) .  We w i l l  c o n s i d e r  

th e  r e s u l t s  o f  th e  B orn  a p p ro x im a t io n  (same a s  D i s t o r t e d  

waves f o r  s c h e m a tic  m o d e l) ,  e x a c t  r e s o n a n c e ,  and th e  

r e s o n a n c e - d i s t o r t i o n  m ethod.

I n  th e  Born a p p ro x im a t io n  I t  I s  assumed t h a t  th e  

wave f u n c t i o n  r e p r e s e n t i n g  th e  I n c i d e n t  p a r t i c l e s  I s  n o t  

d i s t o r t e d  by th e  s c a t t e r i n g  c e n t e r .  T h is  am ounts t o  s e t t i n g  

Pq = exp ( lk ^ * r )  I n  Eq. (1 .1 9 )  w hich  th e n  becomes

(^^ + ^  exp ( ik Q - r )  . (1 .3 9 )

We expand exp ( i k ^ - r )  and Pyj(r) I n  te rm s  o f  Legendre
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1p o ly n o m ia ls  a s '

o>

exp ( I k ^ ' r )  = p  ^  1^(21  + l )P  (cos 8 ) j ^ ( k Q r ) ,  ( l . 4o)
t=0

where

'■o

and
I

P̂ (r) .  i  I  1 (at + l)p<,(003 9) P (r) . (1 .42)
"   ̂ t= o  *

Eq. (1 .3 9 )  th e n  b r e a k s  up i n t o  an  i n f i n i t y  o f  o r d i n a r y  

d i f f e r e n t i a l  e q u a t io n s

[  '  ■ 7  (  ^  )  • 't+ è C 'o '- )  •
(1 .4 3 )

T h is  e q u a t io n  can  be so lv e d  by th e  s t a n d a r d  v a r i a t i o n  o f
g

p a ra m e te r s  p r o c e d u r e .  The a s y m p to t ic  form  o f  F , i s  foundn ,  t
t o  be

^ n , t  ~  ( - 1 ) ^  ( Ik n ^ )  I •’ t+ iO 'o '- )  ^  •

° " °  (1.44)

Prom E qs. (1 .4 2 )  and (1 .4 4 )  we se e  t h a t  th e  a m p l i tu d e  /j^ (0 ) 

i s  g iv e n  by

fn(«) - r - ^  I (21 + l)2t(«== ») I Jt4i(’'o'-) Jt9i(V> H-
^ \*^o^n/ t=o  o

(1 .4 5 )

w hich , when s q u a re d  ( a b s o l u te )  and  m u l t i p l i e d  by (kn /ko)dO
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y i e l d s  th e  d i f f e r e n t i a l  c r o s s  s e c t i o n  

In (8 )d O  =

2
"T C 2^ )  I I .  + 1)P^(C03 e )  ^ ^

°  (1 .4 6 )

Upon i n t e g r a t i o n  o v e r  9 and cp, we o b t a i n  t h e  t o t a l  c r o s s  

s e c t i o n
00

Q (o-n) = ^  (nA)^ + l )  J ^ ^ ( k ^ r )  ^  ,

9
w hich , making u se  o f  th e  r e l a t i o n

(1 .4 7 )

S J t + ^ f k o r )  r * 2 t  + l ( k r )   ̂ (1 -4 8 )
o

we may w r i t e  a s

where

z = I ^ A q = (E -  A E )A  , (1 .5 0 )

SMBI
and  where th e  p a r t i a l  c r o s s  s e c t i o n  Q^(o-»n) i s  g iv e n  by

(Z .5 1 ,
o

Eq. (1 . 4 9 ) i s  o f  t h e  same form  a s  th e  t o t a l  B o m  c r o s s
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s e c t i o n  o b t a i n e d  u s in g  th e  a n g u l a r  d e p e n d e n t  p o t e n t i a l s  (see

Eq. 2 . 2 3 ) and i n  f a c t  th e  two g iv e  th e  same r e s u l t  i f  we s e t  
2

A ■ 4 b/ tt / 3 ,  s b e in g  th e  l i n e  s t r e n g t h  f o r  th e  t r a n s i t i o n  
7o -n .

F o r  t h e  c a se  o f  e x a c t  r e s o n a n c e ,  E qs. ( I . 1 8 ) and 

( 1 . 1 9 ) may be u n co u p led  e x a c t l y  by  i n t r o d u c i n g

3 ^ =  Po ^  Fn • (1 . 5 2 )

These f u n c t i o n s  s a t i s f y  th e  u n c o u p le d  e q u a t io n s

(v2 + k l  ±  A / r 2 ) p i  = 0 , (1 . 5 3 )

w h ich , upon s u b s t i t u t i o n  o f  t h e  u s u a l  p a r t i a l  wave e x p a n s io n

CO

F ^ ( r )  = p  ̂  i '^ ( 2 t  + l ) P ^ ( r ) P  (cos  0) , (1 .5 4 )

become

[  -  (?2  -  i ) / r ^  ]  P ^ ( r )  = 0 , (1 . 5 5 )
d r

where

-  [ ( t  + i f  T  A]^ , (1 . 5 6 )

and th u s

i  X Trr
Ft -  I  2k :  ;  Jp.fro"-) (1 -57)

Here Jp  (k ^ r )  i s  th e  B e s s e l  f u n c t i o n  o f  th e  f i r s t  k in d  o f
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o r d e r  and l a  th e  s o l u t i o n  r e g u l a r  a t  t h e  o r i g i n ;  th e  a ^  

a r e  c o n s t a n t  c o e f f i c i e n t s .  C o n s id e r in g  th e  a s y m p to t ic  co n ­

d i t i o n s  f o r  Pq and w hich  a r e  g iv e n  i n  E qs. ( 1 .1 3 ) ,  t h e  

p a r t i a l  wave e x p a n s io n  o f  exp ( ik ^ * r )  g iv e n  i n  Eq. ( 1 .4 0 ) ,  

and th e  r e l a t i o n

( g - f  a m  ( k „ r  -  m / 2 )  , ( 1 . 5 8 )

we f i n d  th e  a s y m p to t ic  c o n d i t i o n s  f o r  F , and P . t o  ta k eo , t  n , t
th e  form

^0 ,-t “  s i n  (kpr -  lrr/2) + CQ ^ exp ( ik Q r ) ,

(1 .5 9 )

-  ^ l )  ~  * n , 4  ®*P ( I k o r )  ; ( I . 6 0 )

t h e  c o l l i s i o n  a m p l i tu d e  /^(@) i s  t h e n  e x p re s s e d  a s

«

/ ^ ( 9 )  .  'I  l ^ ( 2 t  + 1) « n . t  P t ( o o a  «> • ( l - G l )
{,=0

I n  o r d e r  t o  d e te rm in e  th e  c o e f f i c i e n t s  a ^  , we must exam ine

th e  a s y m p to t ic  b e h a v i o r  o f  P^ ,  and P_ , .  F o r  th e  e l a s t i co  f  if  n  j  i#
s c a t t e r i n g  f u n c t i o n  we have

^0 , 1  “  ^  C 5ET [* + Jp + (k o r)  + ~

2^  [a+  cos (k ç r  -  V 4  -  P ^n /2 )  + a_  cos  (k g r  -  n /4  -  P“n / 2 ) ]

(1.62)
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"  exp I f k ^ r  -  tt/4  - P'*‘n /2) + a+  exp [ - l ( k Q r  -  tt/4  -

P“tt/ 2 ) ]  + a_  exp ifk^r -  tt/4  - P“tt/2 )  + a_  exp [- ifk ^ r  - 

V 4  - P"rr/2)]} + ^  s in  (k^r -  tn /2 )  -  g^^^exp ifk ^ r  - l v / 2 )  

+ ^  exp [ - I f k ^ r  -  W 2 ) ]  = ~  s in  (k ^ r  -  t n / 2 )  +

2̂  exp Ik^r {a'  ̂ exp [-1 (tt/4  + P+n/2)] + a_ exp [-1  (TT/4 + 

P " n /2 )  -  I* exp ( - i n / 2 )  3 + exp (-ik^ r) (a^  exp 1(tt/4 +

P"*‘tt/2 )  + a ” exp i ( n / 4  + P"tt/ 2) + |-  exp (ltTr/2) 3 . (1.63)

Comparing E qs . (1 .5 9 )  and (1 .6 3 )  we see t h a t  th e  f i r s t  te rm  

o f  Eq. ( 1 . 6 3 ) r e p r e s e n t s  th e  i n c i d e n t  wave p a r t ;  t h e  r e ­

m a in d e r ,  t h e n ,  sh o u ld  r e p r e s e n t  o n ly  s c a t t e r e d  waves ( i . e . ,  

o u tg o in g  w a v e s ) .  Thus th e  c o e f f i c i e n t  o f  exp ( - i k ^ r )  must 

v a n i s h ,  y i e l d i n g

a ^  exp ( iP ‘*’n /2 )  + a_ exp ( iP " n /2 )  = 2 i  exp i ( t n / 2  -  n / 4 ) .

(1 .6 4 )

S i m i l a r l y ,  t h e  a s y m p to t ic  form  o f  . i s  found  t o  ben  j 'v

* 'n , t  "  * (  5 5 ^  )  '  a . J p  ( k ^ r ) ]  ~

(a ^  exp i ( k ^ r  -  tt/4  -  P'̂ tt/2 )  + a ^  exp  [ - i ( k Q r  -  n /4  -

P"*"n/2 ) ] -  a_  exp  i  (k ^ r  -  n /4  -  P”n / 2 )  -  a_ exp [ - i  (k ^ r
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-  P " n /2 ) ] }  ■= exp  I k ^ r  {a^ exp [ - 1 ( t t / 4  + P‘*’n / 2 ) ]  -  

a_ exp [ - 1 ( t t / 4  + P”n / 2 ) ] )  + exp ( - l k ^ r ) { a +  exp 1 ( t t /4  + 

P‘̂ tt/2 )  -  a "  exp 1 ( n /4  + P”n /2 ) }  . (1 .6 5 )

The a s y m p to t ic  form  o f  must c o n ta in  o u tg o in g  waves

o n ly ;  th u s  th e  c o e f f i c i e n t  o f  exp ( - i k o r )  m ust v a n i s h ,  

y i e l d i n g

a_ = exp [ i ( P +  -  P_) ^  ] . (1 .6 6 )

Combining E qs. (1 .6 4 )  and ( 1 .6 6 ) ,  we f i n d

&+ = 1 exp [ - i ( P ^  + &) jy ] ,

, . i  „  (1 -67)
a_ = 1 exp [ - i ( P  + i )  -  ] .

Prom E qs. (1 .6 2 )  and ( I . 6 7 ) ,  we may w r i t e  P a sO  ̂V

. t + i  ,  |-

Po = — g -  V /  exp ( - i n / 4 )  [ j p ^ ( k o r )  exp ( - i P ^ n /2 )

t  Jp _ (k Q r)  exp ( - i P _ n / 2 ) ]  ; (1 .6 8 )

t h i s  f u n c t i o n  w i l l  be u se d  i n  th e  i t e r a t i o n  method w hich  

f o l l o w s .  I n  o r d e r  t o  d e te r m in e  th e  e x a c t - r e s o n a n c e  c r o s s  

s e c t i o n  f o r  th e  s c h e m a t ic  m odel, we must exam ine t h e  asymp­

t o t i c  b e h a v io r  o f  P^ Comparing E qs. ( I . 6 0 ) and  ( I . 6 5 ) 

we o b se rv e  t h a t
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°n,-t “ 5K" [-1  (TT/4 + pW 2 )]  -  a_ exp [ - 1 (tt/4  +

P " n /2 ) ] 3  » [exp (-IP'^tt/ 2) - exp (-IP 'tt/ 2 ) ]  . ( I . 6 9 )

Prom E qs . (1 .1 5 )  and ( I . 6 I )  I t  f o l lo w s  t h a t  th e  t o t a l  e x a c t -  

re s o n a n c e  c r o s s  s e c t i o n  f o r  th e  sc h e m a tic  model I s  g iv e n  by

SMEX
) = 4 tt )

■‘I

w hich  by  means o f  Eq. ( I . 6 9 ) becomes

SMEX r-, 2
Q (o-n)  = 4tt 2̂  (21 + l )  |c ^ ^ ^ l  , ( I . 7 0 )

SMEXorifkA. tt V' o  TT
Q (o-n) ■= (2^ + 1) s l n f  (P^ -  P_) g ' (1 -71)

ko ^

H ere , P^n/2 and P“n/2 may be  I d e n t i f i e d  w i th  t h e  s t a n d a r d  

p a r t i a l  phase  s h i f t s  g iv e n  I n  Eq. (1 .2 3 ) . ' I t  s h o u ld  be 

m en tioned  t h a t  t h e  above t r e a tm e n t  I s  I n v a l i d  I f  P^ becomes 

Im aginary^® , I . e . ,  I f  A > ( l  + &)&; th u s  f o r  s m a l l  I  th e  

p a r t i a l  c r o s s  s e c t i o n s  may have t o  be c a l c u l a t e d  by  some 

o t h e r  means. F o r  th e  s c h e m a tic  model u n d e r  e x a c t - r e s o n a n c e  

c o n d i t i o n s ,  th e  t o t a l  c r o s s  s e c t i o n  I s  found t o  d i v e r g e ,  a s  

may be  se en  by  ex am in ing  s l n f  [(P+ - P_)tt/2 ]  f o r  l a r g e  I  In  

Eq. ( 1 . 7 1 ) .  T h is  model I s ,  how ever, o n ly  f o r  I l l u s t r a t i v e  

p u rp o s e s  and th e  d iv e r g e n c e  I s  o f  l i t t l e  c o n c e rn .  I t  I s  

fo u n d ,  n e v e r t h e l e s s  t h a t  upon I n t r o d u c t i o n  o f  t h e  In e x a c tn e s s  

( i . e . ,  Eq -  En /  O) t h e  d iv e rg e n c e  d i s a p p e a r s .

When kg /  k ^ ,  we a r e  f a c e d  w i th  th e  t a s k  o f  t r e a t i n g  

th e  c o u p le d  e q u a t io n s
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(7̂  +k®)Po = -^.Pn , (1.72)

(V® + k®)Pn = -  4  Po • (1.73)

The r e s o n a n c e - d i s t o r t i o n  m ethod, b r i e f l y  d e s c r ib e d  e a r l i e r ,  

c o n s i s t s ,  i n  t h e  c a se  o f  th e  s c h e m a tic  m odel, o f  s o lv in g  

Eq. (1 .7 3 )  f o r  i n  te rm s  o f  Pq w hich  i s  th e n  r e p la c e d  by 

p ( ° ) ,  t h e  s o l u t i o n  o b ta in e d  u n d e r  e x a c t - r e s o n a n c e  c o n d i ­

t i o n s .  E xpanding  Pq i n  te rm s  o f  p a r t i a l  waves i n  th e  form

Pg = i  I  l^ (2 t  + 1)P^(003 e) ,  (1.74)

a s  was done f o r  P_ i n  Eq. ( 1 .4 2 ) ,  we o b t a i n  f o r  P ,n n ,  ■c

t  ^  * 'n  -  ^  • ( 1 - 75)

Making u se  o f  t h e  s t a n d a r d  v a r i a t i o n  o f  p a ra m e te r s  method 

o f  s o l u t i o n ,  we o b t a i n  f o r  t h e  a s y m p to t ic  form

00

'n.t ~ , ,i (-1)̂  dv>  ̂'it+i(V>
2 (kol%) o

2k  i
(1-76)

I t  i s  i n t e r e s t i n g  a t  t h i s  p o i n t  t o  compare th e  above e q u a t io n  

w i th  th e  SM Born  r e s u l t  g iv e n  by  Eq. ( 1 .4 4 ) .  I n  th e  l a t t e r ,  

one h as  w i t h in  t h e  i n t e g r a l  th e  f u n c t i o n  J ^ ^ ( k Q r )  i n  p la c e  

o f  (2k /Tir)^P^ , ( r )  found  i n  Eq. ( I . 7 6 ) .  The pu re  B e s s e lo O j  ^
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f u n c t i o n  r e s u l t s  from  th e  p la n e  wave a s su m p t io n  f o r  th e  

e l a s t i c  f u n c t i o n ,  w hich  I s  I n h e r e n t  I n  th e  Born a p p ro x im a t io n .  

I n  l i n e  w i th  th e  r e s o n a n c e - d i s t o r t i o n  a p p ro x im a t io n ,  we r e ­

p la c e  F I n  Eq. (1 .7 6 )  by  o f  Eq. (1 .6 8 )  w hich  wasO , t  0,4'
c a l c u l a t e d  f o r  t h e  case  o f  e x a c t  r e s o n a n c e  and I s  g iv e n  by

C TT?  ̂ }  i  exp (-iTTl)[Jp_^(k^r) exp  ( - l P + n / 2 )

+ ( - l P . n / 2 ) ]  . (1 .7 7 )

Prom E qs. (1 .7 6 )  and  (1 .7 7 )  we o b t a i n  f o r  th e  c o l l i s i o n  

a m p li tu d e

CD

fn(8) = — -I exp  ( - I tt/4 )  Y l^ (2 - t  + l ) [ I *  exp  (-IP  n /2 )  
4 (k o k n )*  iko  ^  +

+ exp (-1P_tt/2 ) ]P ^ (cos 8) , (1.78)

where ^

^  -  I  ^  • (1 -79)
o

C o n s id e r in g  Eq. (1 . 7 8 ) ,  I t  f o l lo w s  I n  a s t r a i g h t f o r w a r d  

manner t h a t  th e  r e s o n a n c e - d i s t o r t i o n  p a r t i a l  c r o s s  s e c t i o n s  

f o r  th e  sc h e m a tic  model u n d e r  c o n d i t i o n s  o f  n e a r - r e s o n a n c e  

a r e  g iv e n  by

SMRD TT 2 4-2  0
Q^(o-n) -  (inA) (21 + l ) [  | l ^ l  + | l ’ I +

^o

21^ cos i(P +  - P_)tt] , (1 , 8 0 )
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where th e  s u p e r s c r i p t  SMRD r e f e r s  t o  sc h e m a tic  model

( r e s o n a n c e - d i s t o r t i o n ) . I t  may be e a s i l y  shown t h a t ,  a s
SMRD SME3C

sh o u ld  o f  c o u rs e  be e x p e c te d ,  r e d u c e s  t o  o f

Eq. (1 . 7 1 ) i n  th e  l i m i t  o f  = k ^ .  I t  i s  o f  i n t e r e s t  to

p o i n t  o u t  t h a t  th e  r e s o n a n c e - d i s t o r t i o n  method does  n o t

a p p e a r  t o  be  l i m i t e d  t o  c a s e s  o f  s t r o n g  c o u p l in g  s in c e  f o r  
SMRD

sm a ll  A, r e d u c e s  t o  th e  B orn  a p p ro x im a t io n  r e s u l t
SMBX

g iv e n  i n  Eq. (1 .4 9 )#  w hich  s h o u ld  be v a l i d  i n  su c h  a
SMRD SMBIc a s e .  One f i n d s  t h a t  f o r  an y  m ag n itu d e  o f  A, q

f o r  l a r g e  I ;  t h e  c o u p l in g ,  t h e n ,  i s  s a i d  to  be weak f o r  

l a r g e  I .

The r a d i a l  i n t e g r a l s  p r e s e n t  i n  Eq. ( I . 8 0 ) may be 

e v a l u a t e d  i n  te rm s  o f  th e  h y p e rg e o m e tr ic  f u n c t i o n s  2^ 1 > 

w hich  i n  t u r n  may be d e te rm in e d  by  t h e i r  power s e r i e s  

r e p r e s e n t a t i o n ^ ^

r ’ (& )p (b )p
gP ( a , b ; c ; z )  = 2 , — ^ > ( l - 8 l )
^ ^ p=0 P-

where

(a)

We have th e n

P = a ( a  + 1 ) . . .  ( a + P - l )  . 

9

+ , k_ r(a  )
r ( i : ^ ; ) r ( a + t b +  +1)

"  "  “  ( 1 .8 2 )

where

a± i(Pj, + t + i) ,
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i  -  Pj.) ,

z -  .

SMRD
The v a r i a t i o n  o f  w i th  AE i s  g iv e n  i n  F ig u re  2 .

f o r  s e v e r a l  v a lu e s  o f  I .  The p a r t i a l  c r o s s  s e c t i o n  f o r  eac h  

I  i s  s e e n  t o  i n c r e a s e  s t e a d i l y  w i th  d e c r e a s in g  AE, r e a c h in g  

a maximum f o r  AE = 0. A lso  p l o t t e d  i n  F ig u r e  2 .  i s  th e  

maximum p a r t i a l  c ro s s  s e c t i o n  a l lo w e d  by c o n s e r v a t io n  

l i m i t s ^

m a x  fj irm r —
Q. (o-*n) = “ 2 “  “ n + l )  • ( 1 . 8 3 )

t  ko t  k j

I t  i s  s e e n  t h a t  th e  r e s o n a n c e - d i s t o r t i o n  p a r t i a l  c r o s s  s e c ­

t i o n s  s a t i s f y  c o n s e r v a t io n  r e q u i r e m e n ts  even  f o r  AE = 0 .

I t  i s  i n t e r e s t i n g  t o  n o t i c e  t h a t  t h e  d i s t r i b u t i o n  i n  t  does

n o t  d i f f e r  g r e a t l y  f o r  d i f f e r e n t  AE.
SMRD , ,

The dependence  o f  (AE = 0) on th e  c o u p l in g

p a ra m e te r  A i s  g iv e n  i n  F ig u re  3 . T h ere  a r e  two im p o r ta n t  

t h i n g s  t o  n o t i c e  h e r e ;  f i r s t ,  f o r  e a c h  d i f f e r e n t  v a lu e  o f  I  

t h e r e  i s  a c l u s t e r i n g  o f  p o i n t s  (and f o r  some c a s e s  e v en  

o s c i l l a t i o n )  a s  t h e  c o u p l in g  A i s  i n c r e a s e d ,  and s e c o n d ly ,  

th e  d i s t r i b u t i o n  i n  I  i s  s e n s i t i v e  t o  th e  d e g re e  o f  c o u p l in g .  

The c l u s t e r i n g  i s  e v id e n c e  o f  a s a t u r a t i o n  o f  w i t h  i n ­

c r e a s i n g  A. T h is  e f f e c t  i s  i n t i m a t e l y  c o n n e c te d  w i th  

p a r t i c l e  c o n s e r v a t io n  and  i s  n o t  p r e s e n t  i n  th e  B o m
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a p p ro x im a t io n ,  som etim es c a u s in g  th e  l a t t e r  t o  a c t u a l l y  e x ­

ceed  f o r  l a r g e  v a lu e s  o f  A. T h is  s a t u r a t i o n  e f f e c t  w i l l

be d i s c u s s e d  more In  d e t a i l  when th e  a n g u l a r  d e p e n d e n t  p o t e n ­

t i a l  f u n c t i o n s  a r e  c o n s id e r e d .  The d i s t r i b u t i o n  I n  I  o f  th e  

p a r t i a l  c r o s s  s e c t i o n s  I s  r e l a t e d  to  th e  a p p l i c a b i l i t y  o f  

Born a p p ro x im a t io n ,  w h ich  I s  most s u i t a b l e  f o r  p ro b lem s  I n  

w hich  many p a r t i a l  w aves, a l l  making sm a ll  c o n t r i b u t i o n s ,  

a r e  n e c e s s a r y .  We se e  from  F ig u re  3 t h a t  th e  d i s t r i b u t i o n  

I s  most u n ifo rm  and th e  p a r t i a l  c r o s s  s e c t i o n s  s m a l l e s t  f o r

sm a ll  ÀÎ t h i s  I s  I n  ag re em e n t w i th  o u r  a n a l y t i c  r e s u l t  t h a t  
qSMRD _  çSMBI ^

I n t r o d u c t i o n  o f  th e  I n e x a c tn e s s  c o r r e c t i o n  AE a p ­

p e a r s  t o  d e c r e a s e  t h e  c r o s s  s e c t i o n s  I n  g e n e r a l  a s  shown by 

F ig u re  4 .  The s a t u r a t i o n  e f f e c t  I s  p r e s e n t  j u s t  a s  I n  th e  

e x a c t - r e s o n a n c e  c a s e ,  and  th e  d i s t r i b u t i o n  re m a in s  somewhat 

s e n s i t i v e  t o  th e  m agnitude  o f  th e  c o u p l in g  p a r a m e te r  A. A 

c a r e f u l  com parison  o f  F ig u r e s  3 and  4 shows t h a t  I n  th e  c a se  

o f  AE ■ 3eV, th e  maxima o f  th e  I n e x a c t - r e s o n a n c e  p a r t i a l  

c ro s s  s e c t i o n s  a r e  s h i f t e d  Inw ard s l i g h t l y  a s  compared w i th  

th o s e  o f  th e  e x a c t - r e s o n a n c e  c a s e .  The v a r i o u s  p r o p e r t i e s  

m en tioned  above have b een  p o in te d  o u t  so  t h a t  when r e s u l t s  

o f  th e  more In v o lv e d  m ethods a r e  a n a ly z e d ,  one may s o r t  o u t  

w hich  o f  th e s e  p r o p e r t i e s ,  f o r  exam p le , a r e  r e l a t e d  t o  th e  

a n g u la r  dependence  o f  t h e  c o u p l in g  m a t r ix  e le m e n t
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. CHAPTER I I

BORN AND BETHE APPROXIMATIONS

As was m en tion ed  i n  th e  p r e v io u s  c h a p t e r ,  t h e r e  a r e  

s e v e r a l  i n s t a n c e s  i n  e l e c t r o n - a t o m  s c a t t e r i n g  where th e  

c o u p l in g  b e tw een  th e  two s t a t e s  o f  i n t e r e s t  i s  n o t  s t r o n g  

and where one i s  i n t e r e s t e d  i n  i n c i d e n t  e n e r g i e s  l a r g e  

enough so t h a t  i t  may be assumed th e  i n c i d e n t  p la n e  wave i s  

n o t  a p p r e c i a b l y  d i s t o r t e d  by  th e  s c a t t e r e r  and h e n ce ,  to  a 

z e r o t h - o r d e r  a p p ro x im a t io n  th e  e l a s t i c  s c a t t e r i n g  f u n c t i o n  

may be r e p r e s e n t e d  by

F^ir)  =  e x p  ( i i c ^ - r )  . ( 2 . 1)

T h is  am ounts t o  n e g l e c t i n g  th e  te rm s and U F in00 o on n
Eq. (1 . 18 ) .  I n  k e e p in g  w i th  th e  d e g re e  o f  a p p ro x im a t io n ,  

one n e g l e c t s  i n  Eq. ( I . 19 ) ,  w hich th e n  becomes

(V® + k^)Fn  -  exp ( I k ^ - r )  . (2 . 2 )

S o lv in g  Eq. ( 2 .2 )  th e n  r e s u l t s  i n  th e  f i r s t  Born a p p ro x im a ­

t i o n  ( w i l l  be d e n o te d  a s  B l)  f o r  P^ and th u s  f o r  th e  c r o s s  

s e c t i o n .  The Born a p p ro x im a t io n  h as  f o r  some tim e been  a

p o p u la r  r e s e a r c h  t o o l ,  and an  ab u n d an t s u p p ly  o f  c a l c u l a t i o n s
1 2 3 11i s  a v a i l a b l e  i n  th e  l i t e r a t u r e .  * However, i n  r e g a r d

32
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to  p rob lem s in v o lv in g  s t r o n g  c o u p l in g  and n e a r  r e s o n a n c e ,  

w i th  w hich  we a r e  p r i m a r i l y  c o n ce rn ed  h e r e ,  t h e  Born a p p r o x i ­

m a tio n  i s  in a d e q u a te  and  u s u a l l y  g i v e s  a c r o s s  s e c t i o n  v e ry
■a 7

much l a r g e r  th a n  e x p e r im e n t .  ' '  A d e t a i l e d  d e r i v a t i o n  o f  

th e  Born a p p ro x im a t io n  w i l l  be  p r e s e n t e d  h e re  i n  o r d e r  to  

i l l u s t r a t e  a u s e f u l  f a c t  c o n c e rn in g  c h o ic e  o f  th e  a x i s  o f  

q u a n t i z a t i o n ,  and to  compare two m ethods o f  o b t a i n i n g  th e  

B e the  a p p ro x im a t io n ,  w hich  w i l l  be  d i s c u s s e d .

We c o n s id e r  a s  b e f o r e  an  e l e c t r o n  h a v in g  l i n e a r  

momentum i n c i d e n t  upon an  a to m ic  sy s tem  c o n s i s t i n g  o f  

one e l e c t r o n  o u t s i d e  a c o re  o f  c h a rg e  -fl. The t o t a l  wave 

f u n c t i o n  i s  expanded i n  te rm s  o f  a to m ic  wave f u n c t i o n s  a s  

i n  Eq. (1 .7 )>  and th e  s c a t t e r e d  e l e c t r o n  i s  d e s c r i b e d  by 

w h ich , r e w r i t i n g  Eq. ( 2 . 2 ) ,  i s  found  t o  s a t i s f y

(^^ + k ^ ) P n ( r )  = 2 exp ( i k ^ - r )  ^ ♦ * (ï’i )  V ( r ^ , r )  * Q (r^ )d r^  ,

(2 .3 )

where V ( r ^ , r )  i s  g iv e n  i n  Eq. ( l . l l )  w i th  z = 1 . A s o l u t i o n  

to  t h i s  e q u a t io n  i s  e a s i l y  o b ta in e d  by  means o f  th e  G re e n 's
P 2 1

f u n c t i o n  f o r  th e  o p e r a t o r  ^ + k ^ ,  w hich  i s  g iv e n  by

. ( . . 4 )
| r  -  r g  I

Thus we have

p „ ( ? )  -

(2.5)
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F o r  l a r g e  v a lu e s  o f  r  ( r  r e p r e s e n t s  th e  d i s t a n c e  o f  s c a t t e r e d  

e l e c t r o n  from  atom) one has th e  r e l a t i o n

I r  -  rg  I ~  r  -  n • rg  , 

where (2 . 6 )

n = r / r  = ,

and th u s

K ( r , r 2 ) 5 ^  exp ( I k ^ r )  exp  ( - I k ^ T g )  • (2 .7 )

A s y m p to t ic a l l y ,  t h e n ,  we have t h a t

exp  ( I k ^ r )  r ^  ^ ^ ^
 ^ J  ^ ^ 2

^  ^ *ZX^l) V ( r ^ , r g )  * Q (r i )  d r^  (2 .8 )

Comparing E qs. (1 .1 3 )  and (2 .8 )  one o b t a i n s

I S -  i ^ ) - r 2 ] d r
4 tt *=

X 5 * * \ r ^ )  V ( r ^ , r g )  *^ (3^)  d r^  f  . ( 2 .9 )

To f a c i l i t a t e  c a l c u l a t i o n  o f  th e  t o t a l  c r o s s  s e c t i o n .  I t  I s  

c o n v e n ie n t  t o  I n t r o d u c e  th e  r e l a t i v e  momentum c o o r d i n a t e s  K, 

where

x f  = |ko  -  itnl® = k2  + co s  9 , (2 . 10 )

and where 0 I s  t h e  s c a t t e r i n g  a n g l e .  I . e . ,  k^*k^ = k^k^  cos  0 

(see  F ig u re  5 ) .
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F ig u re  5

D i f f e r e n t i a t i n g  Eq. (2 .1 0 )  we o b t a i n

K dK = s i n  0 d0 . (2 .1 1 )

The t o t a l  c r o s s  s e c t i o n  i s  g iv e n  a c c o rd in g  to  Eq. (1 .1 7 )  a s

2n TT
Q (o-n) = S ^ I n ( 0 , 9 )  s i n  0 d0 dcp . (2 .1 2 )

0 0

We now choose  to  d e f i n e

I^(K,cp) dK dtp •  1 ^ ( 8 ,9 )  ,

and c o n s e q u e n t ly

2 t t  k o ^ ^ n  

Q (o-n) = ^ ^ I n (K ,9 )  dK dcp .
0 Ik^-k^  1

(2 .1 3 )

(2.14)

The p o t e n t i a l  a c c o r d in g  to  Eq. ( l . l l )  i s  g iv e n  a s
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- F ' (2-15)
I f l  -  r |

th e  second  te rm ,  how ever, makes no c o n t r i b u t i o n  t o  th e  

i n t e g r a l  b e c a u se  o f  th e  o r t h o g o n a l i t y  o f  and Making

use  o f  an  e x p r e s s io n  due t o  B e th e ,

= ^ e x p  ( l i e . ; )  . (2 . 16 )
k  -  r ^ l  ^ YT

we o b t a i n

In(K,^P) dK dqp = I \  ®xp ( iK - r ^ )  * ^ (^ 1 ) *^^1 1^'

( 2 . 1 7 )
kg K-

B e t h e  A p p r o x im a t io n  

The s t a n d a r d  B e t h e  a p p r o x i m a t i o n  ( w i l l  b e  d e n o t e d  

a s  B ' l ) ^  i s  o b t a i n e d  b y  e x p a n d in g  t h e  f u n c t i o n  e x p  ( i K - r ^ )  

i n  E q . ( 2 . 1 7 )  a n d  r e t a i n i n g  o n l y  t h e  f i r s t  two t e r m s  

1  + iK * r ^ .  T h i s  i s  v a l i d  f o r  K s m a l l  r e l a t i v e  t o  r ~ ^ ,  f o r  

r  i n  t h e  r e g i o n  o f  o v e r l a p  o f  t h e  a t o m i c  w ave f u n c t i o n s .

I n  s i t u a t i o n s  where K i s  n o t  sm a ll  ( i . e . ,  c lo s e  e n c o u n t e r s ) ,  

t h i s  a p p ro x im a t io n  may be e x p e c te d  to  p roduce  to o  l a r g e  a 

c r o s s  s e c t i o n .  I n  th e  p a s t ,  s e v e r a l  m ethods o f  c o r r e c t i n g  

th e  B ethe  a p p ro x im a t io n  have been  d e v i s e d ,  i n c lu d in g  a 

r e a s o n a b ly  s u c c e s s f u l  scheme b y  S e a to n .?  T h is  t e c h n iq u e ,  

c a l l e d  th e  c l o s e - c o u p l i n g  m ethod, w i l l  be  d i s c u s s e d  i n  

C h a p te r  V.

We ta k e  y a s  th e  a n g le  be tw een  n and  r ,  i . e . .
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icT^ «= Kr^ cos Y , (2 .18)

where cos y may be expanded  i n  s p h e r i c a l  h a rm o n ics  a s

1

0 0 3  V = ^  > (2 -1 9 )
m=-l

where a re  a to m ic  e l e c t r o n  c o o r d i n a t e s  and  6',cp' g iv e

th e  o r i e n t a t i o n  o f  K r e f e r r e d  t o  th e  a to m ic  c o o r d in a te  s y s ­

tem ( th e  z - a x i s  i s  t a k e n  a s  th e  a x i s  o f  q u a n t i z a t i o n ) .  Thus 

we have f o r  an  ns-npm t r a n s i t i o n

\ K-ri *o(ri) dr̂  = ^  I  %l,m (S'̂ P')  ̂ l̂̂ l,m̂ ®l̂ *’Pl
m=-l

)

1
*

m=-l
00

'^CP') s ^ ( n p ,n s )  . (2 . 2 0 )

-4
The f i r s t  te rm  i n  th e  e x p a n s io n  o f  exp ( iK - r^ )  makes no c o n ­

t r i b u t i o n  b e c a u se  o f  th e  o r t h o g o n a l i t y  o f  and  The

d i f f e r e n t i a l  c r o s s  s e c t i o n  i n  K becomes

l „ ( K ,^ )  dK dT -  (  L  d l ^  (2 -21 )

^O

which i s  in d e p e n d e n t  o f  <p. I n  th e  c a se  o f  t r a n s i t i o n s
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in v o lv in g  a d e g e n e r a t e  f i n a l  s t a t e ,  su ch  a s  th e  ns-»np t r a n s i ­

t i o n  c o n s id e r e d  h e r e ,  t h e  t o t a l  c r o s s  s e c t i o n  i s  o b t a in e d  

by summing o v e r  t h e  d e g e n e r a t e  s t a t e s .  Thus f o r  a beam o f  

e l e c t r o n s  i n c i d e n t  on a n  u n p o l a r i z e d  g ro u p  o f  a to m s ,  we 

have

m«=0 m=l m=-l
Q (n s -n p )  = Q(ns-*np) + Q(ns-*np) + Q(ns-*np). (2 , 2 2 )

We may choose  to  i d e n t i f y  a s  th e  a x i s  o f  q u a n t i ­

z a t i o n  (z a x i s )  f o r  th e  a to m ic  sy s te m . The c r o s s  s e c t i o n  

becomes

Q (ns-n p )  = ( ^  ^   ̂ I l®l,m(e') ^
kg m«=-l

-  (  ^  )  I  3^ ( n p . n s )  i n  (  )  (2 .2 3 )
< 4 ^ ^  I k ,  - k j

I f ,  on th e  o t h e r  h a n d , K i s  c h o sen  a s  t h e  z a x i s ,  we see  

im m e d ia te ly  t h a t  0 ' = 0 and  n o t i c i n g  t h a t

we f i n d  t h a t  Q(ns-*np) i s  i d e n t i c a l  t o  Eq. ( 2 .2 3 ) .  Thus i f  

one can choose  a n  a x i s  o f  q u a n t i z a t i o n  su ch  t h a t  two o f  th e  

t h r e e  d e g e n e r a te  s t a t e s  p ro d u ce  z e ro  c r o s s  s e c t i o n s ,  th e n  

th e  c r o s s  s e c t i o n  due t o  t h e  t h i r d  d oes  in d e e d  r e p r e s e n t
12t h e  t o t a l  n s -n p  c r o s s  s e c t i o n .  T here  i s  a  r e l a t e d  th eo rem  

due to  O ppenheim er t o  th e  e f f e c t  t h a t  f o r  a d e g e n e r a te  l e v e l ,  

t h e  sum o f  t r a n s i t i o n  p r o b a b i l i t i e s  from  one s t a t e  t o  e a c h
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o f  th e  d e g e n e r a te  s t a t e s  I s  I n v a r i a n t  f o r  a l l  c h o ic e s  o f

th e  a x i s  o f  q u a n t i z a t i o n .  Thus I f  one can  f i n d  a n  a x i s  su ch

t h a t  o n ly  one t r a n s i t i o n  p r o b a b i l i t y  d o e s  n o t  v a n i s h ,  th e n

t h i s  does  In d e e d  r e p r e s e n t  th e  t o t a l  t r a n s i t i o n  p r o b a b i l i t y .

The B e th e  a p p ro x im a t io n  can  a l s o  be o b ta in e d  by a

d i f f e r e n t  a p p ro a c h .  In  w hich  one does n o t  expand th e  f u n c -

t l o n  exp ( l K * r ) ,  b u t  r a t h e r  r e p l a c e s  th e  m a t r ix  e le m e n t

Ü ( r )  -  2 \  V ♦ d r  I n  Eq. (2 .3 )  by I t s  a s y m p to t i c  no n o 1
fo rm . Prom Eq. (1 .3 7 )  we have ( in  S l a t e r  a to m ic  u n i t s )

B . » )
^1

f o r  t h e  s p e c i a l  c a se  o f  an  ns-*np t r a n s i t i o n .  One can  see  a

b a s i c  s i m i l a r i t y  I n  th e  two a p p ro a c h e s  I n  t h a t  b o th  o v e r ­

em phasize  th e  d e g re e  o f  I n t e r a c t i o n  f o r  c lo s e  e n c o u n te r s  

(se e  F ig u re  l ) ,  and  th u s  p r e d i c t  to o  l a r g e  a c r o s s  s e c t i o n .

C hoosing K = a s  th e  a x i s  o f  q u a n t i z a t i o n ,  we have

from  Eq. (2 .9 )

1^ ( 8 ' * )  = I S GxP [ l (K rg  cos 82 ) ]

^  Y *^o(r2 )  ■— "1 ^ —  d?2 1̂  • (2 .2 5 )

The I n t e g r a l  may be w r i t t e n

I I

s ^ ( n p ,n s )  ^ d rg  ^ exp (iK rg  cos Gg) cos  8g s i n  8g d 0.
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-  — { -K 5 =03 (Kr^) ^  .  5 s i n  ( K r g ) ! ^  } •
/ I  YT o ^ ^ 2  5 rg

(2 .26)
One can e a s i l y  v e r i f y ,  u s in g  i n t e g r a t i o n  by  p a r t s ,  t h a t  

\  s i n  (Kr) ^  -  K ^ cos (Kr) ^  , (2 . 2 7 )

and s in c e

l im  = K , (2 .2 8 )
r-*o ^

we o b t a i n

2 /TT V» /a  \ .  /________512 ^  4 n i s i

/ 3  K

^ exp (iKrg cos Sg) Y*^Q(rg) s i ( n p , n s )

(2 .2 9 )

The d i f f e r e n t i a l  c r o s s  s e c t i o n  i n  K becomes

I  (K,tp) dK d i p  ^  . i Î L l l  '  (2 .3 0 )
"  4n^ko V n  3 r

and from  t h i s  th e  t o t a l  c r o s s  s e c t i o n  i s  fou nd  t o  be i d e n t i ­

c a l  t o  t h a t  g iv e n  i n  Eq. ( 2 .2 3 ) .  Thus w i th  r e s p e c t  t o  th e  

t o t a l  B e th e  a p p ro x im a t io n ,  th e  t e c h n iq u e  o f  ex pand ing  

exp ( iK *r^) and  t h a t  o f  u s in g  th e  a sy m p to t ic ,  form  o f  

a p p e a r  t o  be i d e n t i c a l .  I t  i s  found t h a t  th e  l a t t e r  a p p ro a c h  

i s  more c o n v e n ie n t  i n  th e  B e the  p a r t i a l - w a v e  d eve lop m en t.

P a r t i a l  Wave F o rm u la t io n  o f  th e  B e the  A pp rox im ation

I n  many m ethods o f  t r e a t i n g  i n e l a s t i c  s c a t t e r i n g  i t  

i s  n o t  p o s s i b l e  t o  o b t a i n  a  c lo s e d - fo rm  e x p r e s s io n  f o r  th e
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t o t a l  c r o s s  s e c t i o n ,  a s  was done f o r  th e  B e the  a p p ro x im a t io n  

In  th e  p r e v io u s  s e c t i o n ;  su c h  I s  th e  c a s e ,  f o r  I n s t a n c e ,  I n  

th e  r e s o n a n c e - d i s t o r t i o n  m ethod, t o  be  d i s c u s s e d  I n  more d e ­

t a i l  I n  C h a p te r  I I I .  I n  su c h  I n s t a n c e s  I t  I s  n e c e s s a r y  t o  

r e s o r t  t o  a  p a r t i a l  wave f o r m u la t io n  I n  w h ich  th e  I n c i d e n t  

p la n e  wave I s  a n a ly z e d  I n  te rm s  o f  I t s  s p h e r i c a l - w a v e  com­

p o n e n ts ,  e a c h  h av in g  a n g u l a r  momentum I .  The t o t a l  c ro s s  

s e c t i o n  I s  th e n  d e te rm in e d  a s  th e  sum o f  t h e  p a r t i a l  c ro s s  

s e c t i o n s ,  e a c h  o f  w hich  c o r re s p o n d s  t o  a p a r t i c u l a r  v a lu e  

o f  I .  T h is  te c h n iq u e  was u se d  In  t h e  sc h e m a tic  model d i s ­

c u sse d  I n  C h a p te r  I .  The p a r t i a l  wave p ro c e d u re  I s ,  I n  

s p i t e  o f  I t s  c o m p le x i ty ,  an  e x t r e m e ly  v a lu a b le  means o f  I n ­

v e s t i g a t i n g  th e  v a l i d i t y  o f  c e r t a i n  a p p r o x im a t io n s ,  s in c e  

u n l ik e  th e  t o t a l  c r o s s  s e c t i o n ,  th e  p a r t i a l  c r o s s  s e c t i o n  

I s  s u b j e c t  t o  c e r t a i n  c o n s e r v a t io n  law s su c h  a s  t h a t  g iv e n  

I n  Eq. (1 . 8 3 ) .  We w i l l  make d i r e c t  u se  o f  t h e  p a r t i a l  B e the  

c ro s s  s e c t i o n s  f o r  l a r g e  t  I n  c a l c u l a t i n g  t o t a l  c r o s s  s e c ­

t i o n s ,  s i n c e  I t  I s  fo u n d ,  a s  w i l l  be d i s c u s s e d  l a t e r ,  t h a t  

f o r  l a r g e  v a lu e s  o f  I  t h e  B e th e  a p p ro x im a t io n  I s  q u i t e  good.

I n  Eq. (2 . 9 ) f o r  th e  d i f f e r e n t i a l  c r o s s  s e c t i o n ,  we 

expand exp (lkQ *r2 ) and exp [ -1  (k,^ « rg  ) ] a c c o r d in g  to  

Eq. ( l . 4o) a s
m

exp ( I k ^ - r g )  « ± ^{2 l  + l ) P ^ ( c o s  (^ o ^ 2 ) '
2 t= o

1 V t '  (2 31)
exp  ( - l S „ - ? 2 ) I  ( - 1 )  ( S f  (co s  ( k ^ r g ) .

2 ^ ' c o
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where

- ( g ) (2.32)

The a n g le s  a r e  i d e n t i f i e d  I n  F ig u r e  6 ,  where th e  x - a x l s  I s  

t a k e n  I n  th e  p l a n e  o f  and k „ .  Making u se  o f  th e  a d d i t i o n

r (

F ig u re  6

th eo rem  o f  s p h e r i c a l  h a rm o n ic s ,  we have t l | a t 13

P ^ , ( c o s  8n)
4 t t

2 t '  + 1 m '
(2 .3 3 )

F o r  an  ns-*npm t r a n s i t i o n ,  th e  I n t e r a c t i o n  m a t r ix  e le m e n t  I s  

g o t t e n  from  Eq. ( 2 .2 4 )  ( in  S l a t e r  a to m ic  u n i t s )  a s

‘  Y i f n p .n a l r g ) (2 ,3 4 )

When th e s e  e x p r e s s i o n s  a r e  I n s e r t e d  I n t o  Eq. ( 2 . 9 ) ,  th e  

r e s u l t a n t  B orn  d i f f e r e n t i a l  c r o s s  s e c t i o n  I s

I _ ( 8 , 9 ) -------^  I y  y  i^ ( - i )^ ‘' {21 + l ) ( 2 t '  + l ) l B I ( t , t ' )
4n ko t '= o
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I

^  { i  3 m(e2 , * 2 ) P t ( c o 8 Gg) 21'  + 1

X s i n  02 dGg dcpg Y , ( 8 , 9 ) }  f  , (2 .3 5 )I  ' ,m '

where we have d e f i n e d  

BI
, 4 ' )  * 

o

We c o n s i d e r  f i r s t  th e  a n g u la r  i n t e g r a l  

2 / n

BI r
1 (1 , 1 ') J ^ ( k Q r ) j ^ t  ( k ^ r ) y ^ ( n p ,n s  | r )  d r  . (2 .3 6 )

5%m: % l̂,m(G2 '*2 ) C 2Z’'+" 1 ) *4 (̂ 2 )
3 /2  1

X s i n  02 d0g dqpg = 3 ( j I t  T Ï ) '  (  s T  + Ï  )  ^ ®L,m(®2) ®t,o(®2^

% e ^ , ^ ^ , ( 0 2 )  02 d02 , (2 .3 7 )

where t '  *= I  ^  1,  and  m' = -m a r e  th e  o n ly  t ' , m '  g i v i n g  n on ­

v a n is h in g  r e s u l t s .  The a n g u la r  i n t e g r a l s  a r e  e v a l u a t e d  by  

means o f  G a u n t ' s fo rm u la  and fo und  to  be^^

^ 0*1 +1 , - 1  = IÎI I2 1 V 3 ) ] * .

^ * 1 .1 * 1 .0 » 1 - 1 ,  -1  = i  [  A ,  1) '

^ = (  I  J - 3 H 2 i ’ + i ) ] i  ’

Wl,0«l,0«l-1,0 “ ( I ) [(2t + 1)L - i)]i •

(2 .3 8 )
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T hus, we have

+ i ) ( 5 r 4 r /
® t= 0

^  ^ + ( - 1 )

^  ^ ® l,m ® t,0® t - l ,m '  ( * '* ) }  • (2 .3 9 )

Making u se  o f  E qs. ( 2 .3 8 ) ,  we f i n d  f o r  m = 0

,  BI 2
 i  f  I ( t ,4 - 1 )  Y ( 0 ,cp) I , (2 .4 0 )

(21 -  1 )^  4 - 1 ' °

and s i m i l a r l y  f o r  m = -i-l ,

^  T I  i  ([ " ]*

5 BI

(2 .4 1 )

I n t e g r a t i n g  th e s e  d i f f e r e n t i a l  c r o s s  s e c t i o n s  o v e r  a l l  

o r i e n t a t i o n s  o f  th e  f i n a l  momentum k ^ ,  one o b t a i n s
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è i  -  1 i ^ î+ 2 ,^ + 1 )  l ( t , t + i )

i / i  -  1  ̂ BI BI .
-  1 ( 1 - 2 , l - l )  1 ( 1 , l - l )  } , (2 .4 2 )

and

+ : i '  [ Æ , t - i ) f  + * 2 1  i* '3 *  1*1+2,t+i) i * i . i + i )

i ( i  _ -I \ BI BI 1
+ 2 t  -  1 I ( t - 2 , t - l )  I ( t , t - 1 )  } • (2.43)

The t o t a l  c r o s s  s e c t i o n  f o r  an  ns-*np t r a n s i t i o n  l a  o b t a i n e d  

by summing o v e r  th e  t h r e e  d e g e n e r a te  s t a t e s ;  from  E qs. (2 .4 2 )  

and (2 .4 3 )  we have

Q (2s-2p )  = {(<" + 1) [ l ( t , t + l ) ] 2  + I  [ l ( 4 , t - l ) ] ^  } .

(2 .4 4 )

The c r o s s  s e c t i o n  g iv e n  above I s  s t r i c t l y  t h a t  o f  th e  Born

a p p ro x im a t io n  ( B I ) ,  s i n c e  no a p p ro x im a t io n  has b e en  made I n

c o n n e c t io n  w i th  th e  m a t r ix  e le m e n t  Vno
The B e the  a p p ro x im a t io n  ( B ' l )  may now be o b t a i n e d ,  

a s  we have shown p r e v i o u s l y ,  by r e p l a c i n g  yQ ^(n p ,n s |r )  In  

th e  r a d i a l  I n t e g r a l s  by

s i ( n p , n s )
y ^ ( n p , n s | r ) ----------    . (2 . 4 5 )

r
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B'l

Renaming t h e s e  i n t e g r a l s  we o b t a i n

B ' l  n s ,  f Ar,
1 ( 1 , t ± l ) --------------------^ " F  '  (2 .4 6 )

2 ( % )  °

and th e n  f o r  th e  t o t a l  c r o s s  s e c t i o n

Q ® 2 8 - 2 p )  ( n » l ) 2  I { « • + ! )  I ^

m

*  ' t + 3 / 2  ^  ^  I i  ' t + i C ' o ' )  J i - j ( V )  }  -
(2 .4 7 )

T h is  i s  th e  s t a n d a r d  B e the  I  c r o s s  s e c t i o n ^ ,  w hich  w i l l  

be  d e r iv e d  i n  a n o t h e r  manner i n  C h a p te r  V I.



CHAPTER I I I  

METHOD OP RESONANCE DISTORTION

I n  th e  Born and B e th e  a p p ro x im a t io n s  a s  w e l l  a s  th e  

Method o f  D i s t o r t e d  Waves, v a l i d i t y  r e q u i r e s  t h a t  th e  

c o u p l in g  o f  th e  s t a t e s  o f  i n t e r e s t  be weak ( i . e . ,  t h a t  th e  

o f f - d i a g o n a l  m a t r ix  e le m e n t  be r e l a t i v e l y  s m a l l ) .  However, 

t h e r e  a r e  s e v e r a l  i n s t a n c e s ,  p a r t i c u l a r l y  I n  c a s e s  o f  n e a r  

r e s o n a n c e ,  when th e  c o u p l in g  i s  q u i t e  l a r g e .  I n  su c h  c a s e s  

i t  i s  n e c e s s a r y  to  t r e a t  t h e  o f f - d i a g o n a l  e le m e n ts  a s  com­

p l e t e l y  a s  p o s s i b l e .  P e r c i v a l  and S ea to n ^ ^  have fo r m u la te d  

th e  g e n e r a l  p a r t i a l  wave t h e o r y  f o r  e le c t r o n - H y d r o g e n  atom  

c o l l i s i o n s .  T h e i r  f o r m u la t i o n  w i l l  be u sed  below  f o r  

e l e c t r o n - a t o m  c o l l i s i o n s  where t h e  atom i s  r e p l a c e d  by  an 

e l e c t r o n  o u t s i d e  a co re  o f  u n i t  c h a rg e .

C o n s id e r  an  e l e c t r o n  o f  l i n e a r  momentum h k '  i n c i d e n t
I I

upon an  a tom  i n  th e  s t a t e  n ^ t ^ .  We w ish  t o  o b t a i n  th e  c r o s s  

s e c t i o n  f o r  a p r o c e s s  i n  w hich  th e  atom  u n d e rg o e s  t h e  t r a n s i -
t I

t i o n  n ^ t^  n^4^ and th e  e l e c t r o n  goes o f f  w i th  k i n e t i c
2 2e n e rg y  ti k  /2m . S in c e  i s  i n  g e n e r a l  a n g u la r ly - d e p e n d e n t ,  

th e  e x p a n s io n  o f  th e  a m p l i tu d e  f u n c t i o n s  P^ and P^ i n  te rm s 

o f  s p h e r i c a l  h a rm o n ic s ,  c a u s e s  th e  two c o u p le d ,  p a r t i a l  d i f ­

f e r e n t i a l  e q u a t io n s  o f  E qs. ( l . l 8 ) and (1 .1 9 )  t o  decompose

47
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Into.an Infinity of coupled differential equations in I .

F o r  th e  case  o f  an  ns-*np t r a n s i t i o n ,  th e  e q u a t io n  f o r  th e  

t ' t h  p a r t i a l  a m p l i tu d e  f u n c t i o n  c o u p le s  w i th  e q u a t io n s  f o r  

t  ±  1. One must f i n d  a way to  a p p ro x im a te ly  d eco u p le  th e s e  

e q u a t io n s  i n  o r d e r  t o  o b t a i n  a s o l u t i o n .

S e a to n  has s u g g e s te d  a method o f  s o l u t i o n  b a se d  

on th e  f a c t  t h a t  th e  t o t a l  a n g u la r  momentum o f  th e  e l e c t r o n -  

atom  sy s te m  must be c o n s e rv e d .  We f i r s t  d e s c r i b e  th e  sys tem  

by a s s i g n i n g  quantum numbers n^ m  ̂ t o  th e  a tom , and (.m 

to  th e  s c a t t e r e d  e l e c t r o n ,  where t^m^ r e p r e s e n t  th e  a n g u la r  

momentum o f  th e  a to m ic  e l e c t r o n ,  and l , m  t h a t  o f  th e  

s c a t t e r e d  e l e c t r o n .  (Or i f  one p r e f e r s ,  l , m  r e p r e s e n t  th e  

a n g u l a r  momentum o f  one p a r t i a l - w a v e  component o f  th e  

s c a t t e r e d  e l e c t r o n ,  th e  s o l u t i o n  f o r  t h e  s c a t t e r i n g  p rob lem  

th e n  r e q u i r i n g  th e  r e s u l t s  f o r  a l l  -tm. ) Then i n  o r d e r  t o  

o b t a i n  s o l u t i o n s  to  S c h r o e d i n g e r 's  e q u a t io n

(H -  E)Y = 0 , ( 3 .1 )

we f i r s t  c o n s t r u c t  e ig e n f u n c t i o n s  o f  th e  t o t a l  a n g u la r  

momentum L,M a s

where v s t a n d s  f o r  th e  g ro up  o f  quantum  numbers and

C i s  th e  C lebsch-G ordon  c o e f f i c i e n t .  Then th e  wave f u n c t i o n  

f o r  th e  whole sy s tem  i s  expanded a s

Y ( v ' | r i , r )  = r ' ^  ^  F ^ ( V  ( r )  + ^ (^ 1 ' * )  '  (3 .3 )
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where th e  Ind ex  v '  i s  In c lu d e d  t o  rem ind us t h a t  th e  sy s tem  

was i n i t i a l l y  i n  th e  s t a t e  c h a r a c t e r i z e d  by  V .  I n  o t h e r  

w ords , th e  a s y m p to t ic  form o f  F ^ ( V  | r )  f o r  r  -* * i s

P ^ ( v ' | r )  ~  k “^{exp  [ - i ( k r  -

-  exp [ i ( k r  -  , (3 .4 )

i n  te rm s  o f  th e  S - m a t r ix ,  o r  a l t e r n a t i v e l y  

p ^ ( v ' l r )  ~ k  ^ { s i n  (k r  -  + cos (k r  -  i t n ) R ^ ^ , )

( 3 .5 )

where th e  S- and R - m a t r ic e s  a r e  r e l a t e d  by t h e  equation^

S = (1 + i R ) ( l  -  i R ) ' ^  , ( 3 .6 )

where th e  S -m a t r ix  i s  u n i t a r y  and d i a g o n a l  i n  L and  M.

Upon i n t r o d u c in g  th e  T -m a tr ix  d e f in e d  by

T = 1 -  8 = - 2 i R ( l  -  iR )" ^  , ( 3 .7 )

I I
one can e x p r e s s  th e  c r o s s  s e c t i o n  f o r  th e  n ^ t^  -* n ^ t^  

t r a n s i t i o n  a s

Q (n^ t^  -  n ^ t^ )  = [T T /(k ')^ (2 t^  + l )  ] n ( n ^ t^ ,n ^ ^ ^ )

,2 9( n / (k ' )2 ( 2 t '  4 1)) y  (2L 4  1) |T ( n , t ,^ L ,n ' f  <.'L) |‘

(3 .8 )
I I

where 0 ( n ^ t ^ ,n ^ t ^ )  i s  th e  c o l l i s i o n  s t r e n g t h  f o r  th e  t r a n s i -
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D i f f e r e n t i a l  Equations 

When the  t o t a l  wave fu n c t io n  g iven  In  Eq. (3 .3)  I s  

s u b s t i t u t e d  In to  S c h ro ed in g e r ' s  eq u a t io n ,  Eq. (3 .1 ) ,  one 

o b ta in s ,  a f t e r  m u l t ip ly in g  by * * (? ! ,? )  dr^ d r  and 

I n t e g r a t i n g ,

t

dr  

where

2
[  ^  + -  t ( t  + l ) / r 2  ]  P ^ ( V | r )  = ^  P ^ ( v ' | r )  U (v ,p | r )

(3.9)

U(v,p) = II ♦ J ( r i , r )  { ;  - |  - I  } * ^ ( r i ' f )  d? i  d f  ,

and where we have made use of  the o r th o n o rm al l ty  r e l a t i o n

%  ♦ * ( r i> r )  * v ( r j , r )  dr^  d f  = 6^^ . (3.10)

A m ult lpo le  expansion  of  U (v ,n j r )  may be ob ta ined  upon e x ­

panding | r i  -  r |  ^ In  terms of  s p h e r i c a l  harmonics (see Eq. 

(1 .2 7 ) ) ;  we o b ta in

U ( v ,u | r )  = ^  Uj^(v,nlr) (3.11)

where

Oo(v.wlr) =

+ Y o [ ( n i ) v ( t i ) v ' > 

and (3.12)

Uj^(v,p|r) =2/j^[ ( t i ) ^ t ^ ,  ( t^)^t^jL]yj^[  (n j^ )v ( t i )v  (^i)^( ' t '^)^  | r ]
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f o r  \  > 0,  where y ^ ( v ,u )  i s  g iv e n  i n  Eq. ( 1 . 2 6 ) ,  and where

' ( 3  ^3)

b e in g  th e  o r d i n a r y  Legendre  p o ly n o m ia l  o f  o r d e r  X.

T a b le s  o f  f o r  th e  c a s e s  o f  i n t e r e s t  a r e  a v a i l a b l e .

L e t  u s  now c o n s i d e r  an  ns-»np t r a n s i t i o n  and n e g l e c t  i n t e r ­

a c t i o n s  w i t h  a l l  o t h e r  s t a t e s .  To o b t a i n  a g iv e n  t o t a l  

a n g u la r  momentum L, one may choose t h r e e  d i f f e r e n t  com bina-

t i o n s o f  and  I  a s f o l lo w s

( 1 ) = 0 ■C = L

(2 ) = 1 ■t = L -  1 (3 .1 4 )

(3) = 1 t  = L + 1

where th e  p o s s i b i l i t y  = 1 , I  = L has b e en  ig n o r e d  s in c e

t h e r e i s  no c o u p l in g be tw een t h i s s t a t e and th e  o t h e r  t h r e e .

We w i l l  d e s i g n a t e  th e  P f u n c t i o n s  o f  t h e s e  t h r e e  c h a n n e ls  

a s  P^ , P g , and  P^ , and m a t r ix  e le m e n ts  c o n n e c t in g  c h a n n e ls  

1 and  j  a s  U ^ j .  We have th e n

U^2 “  2 /% (1 ,2 )  y i ( n p , n 8 | r )  ~  2 / ^ ( 0  L ,1  L -1 ;L )  s ^ ( n p , n s ) / r ^

(3 .1 5 )
^13 “  2 / ^ ( 1 , 3 )  y i ( n p , n s | r )  ~  2 / ^ ( 0  L,*l L+1;L) S ] ^ ( n p ,n s ) / i^  ,

where th e  c o e f f i c i e n t s  a r e  found  t o  be

/^ (O  L ,1  L - l jL )  = [L /3 (2 L  + l ) ]&  , 

and  (3 . 16 )

/^ (O  L ,1  L+1;L) = -C(L + l ) / 3 ( 2 L  + l ) ] *  .
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We have p o in te d  o u t  e a r l i e r  (see  C h a p te r  I )  t h a t  th e  d ia g o n a l  

e le m e n ts  f a l l  o f f  e x p o n e n t i a l l y  and f o r  i n t e r m e d i a t e  e l e c t r o n  

e n e r g i e s ,  have l i t t l e  e f f e c t  on th e  c r o s s  s e c t i o n ;  a l s o ,  i t  

was m en tioned  t h a t  th e  b e h a v io r  o f  t h e  o f f - d i a g o n a l  e le m e n ts ,  

f o r  s m a l l  r ,  was n o t  im p o r ta n t  to  th e  c r o s s  s e c t i o n  f o r  

i n t e r m e d i a t e  i n c i d e n t  e n e r g i e s .  T h e r e f o r e ,  i n  th e  f o l lo w in g  

we keep  o n ly  th e  a s y m p to t ic  p a r t s  o f  th e  o f f - d i a g o n a l  e l e ­

m ents and ig n o re  th e  d i a g o n a l  ones  c o m p le te ly .  Thus, w i th

®= Ugg = Ugg = ^23 ^  ^ * (3 . 1 7 )

and

U = ,

i  2
= - (L  + l ) W r  , 

we o b t a i n  f o r  th e  d i f f e r e n t i a l  e q u a t io n s

[  ^  -  L(L + l ) / r ^  ]  = L ^P r '^P g  -  (L + l i ^ P r '^ P g  ,
d r 3

(3 .1 9 )

[  ^  + -  L(L -  l ) / r ^  ]  Pg = L ^ P r '^ P i  , (3 .2 0 )

and 

d :
r  + k^ -  (L + 1 ) (L + 2 ) / r ^  1 Po = - (L + l ) ^ 3 r  ^P^ )U ^ ̂  J J

(3 . 2 1 ) 
where

e = . (3.22)
[3(2L + 1)]
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and

2 f? 2
+ Ens = <  + ®np

The c o l l i s i o n  s t r e n g t h ,  t h e n ,  a c c o rd in g  to  Eq. ( 3 .8 )  I s

n ( n p ,n s )  .  ^ ( 2 L + 1 ) }  , (3 .2 3 )

where th e  I n d i c e s  1 , 2 ,  3 r e f e r  to  th e  r e s p e c t i v e  c h a n n e ls .

Z e ro th - O r d e r  A p p rox im ation  (E xac t R esonance)

I n  th e  r e s o n a n c e - d i s t o r t i o n  m ethod, th e  z e r o t h - o r d e r  

a p p ro x im a t io n  I s  o b t a in e d  b y  s o lv in g  f o r  th e  c a se  o f  e x a c t -  

r e s o n a n c e .  I . e . ,  = k ^ .  Under t h i s  c o n d i t i o n ,  t h e  cou p led

e q u a t io n s  may be d e c o u p le d  by fo rm in g  s u i t a b l e  l i n e a r  com- 

b l n a t l o n s  o f  P^ , Pg and  P^, T h is  can  be s e e n  more c l e a r l y  

by w r i t i n g  Eqs. ( 3 .1 9 ) ,  (3 .2 0 )  and (3 .2 1 )  I n  th e  fo rm  o f  a 

m a t r ix  e q u a t io n

r ® ( â - 5 -  + k | ) p - A P ,
d r

(3 .2 4 )

where P I s  a  column v e c t o r  w i th  components P^ , Pg, P^ and A 

I s  th e  sq u a re  m a t r ix

L(L + 1) 

- (L  + 1)^9

L®e

L(L -  1) 

0

- (L + 1 )^P

(L + 1 ) (L + 2)

(3 .2 5 )

Thus to  o b t a i n  th e  s o l u t i o n s ,  we m ere ly  d l a g o n a l l z e  A by 

means o f  th e  o r th o g o n a l  t r a n s f o r m a t i o n  X so t h a t  Eq. (3 .2 4 )
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becomes

2
C '  (3 . 2 6 )

d r

where a  *> X”^ A X, and Q = X"^ P. The e ig e n v a l u e s  o f  a  a r e

a^ = L(L + 1 ) ,

ag = iP  4 L + 1 -  (2L + l ) x ,  (3 . 2 7 )

a 2 “  L + L + 1 + (2L + l ) x ,

where

X = [1 + P ^ ( 2 L  + 1 ) ] * ,  (3 .2 8 )

and th u s  th e  t r a n s f o r m a t i o n  m a t r ix  I s  g iv e n  by

§1 §2 ^3

L^P§1 L^a§2 L^BSs
2L (2L + 1 ) (1 -  x )  (2L + 1) (1 + x )

(L + l ) ^ B § i  (L + l)*B 5g (L + 1 )^0§3
2 ( l  + 1) (2L + 1) (1 + x )  (2L + l) (l -  x)

(3 . 2 9 )

where

= 4 l (L + 1 ) / [ 4 l (L + 1) + P^(2L + 1 ) ]  ,

§2 = B^/2(B^ + 2L + 1 -  x) , (3 . 3 0 )

§2 = 3 ^ 2 ( 3 ^  + 2L + 1 + x) .

The p ro c e d u re  now I s  t o  choose  s o l u t i o n s  o f  th e  d e c o u p le d
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e q u a t io n s  h av in g  th e  p r o p e r  a s y m p to t ic  b e h a v i o r ,  and th e n  

t r a n s f o r m  b ack  to  P. To i n v e s t i g a t e  th e  a s y m p to t ic  b e h a v io r ,  

we n o te  t h a t

«1 -  I j  '  Z j  • (3 -31 )

C o n s id e r in g  th e  a s y m p to t i c  form  o f  F y  we f i n d  t h a t

s i n  (k ^ r  -  i t n )

+ [ i f k o P  -  i t n ) ]

+ ^21^21 [ l ( k o f  -  i t n ) ]

+ ^ 31^31 [1 (^ 0 ?  -  i t n ) ] ]  . (3 .3 2 )

T h u s ,  th e  s o l u t i o n s  o f  w h ich  conform  to  th e  p r o p e r  

b o u n d a ry  c o n d i t i o n s  a r e

Ql = - 2 i l ^ ^ ( i n r ) *  J^ ^ ^ (k Q r)  ,

Gg = - 2 i l i 2  exp [ i i n ( L  -  Wg) '  (3 .3 3 )

Q3 = -21X^3 exp CiiTT(L -  U3 ) ] ( i n r ) *  J ^ ^ + ^ (k g r )  .

Here we have u se d  th e  a b b r e v i a t i o n s

Pg = - i  + [ ( L  -  i ) ^  -  C]^ , 

^3 = - i  + [ ( L  + ^ ) ^  + C]^ ,
(3.34)
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where

C = (2L + l ) ( x  -  1 ) ,  C > (L -  i f  . (3 .3 5 )

The phase  f a c t o r s  a r e  due t o  th e  a s s ig n m e n t  o f  phase  i n  th e  

d e f i n i t i o n  o f  th e  S -m a tr ix  (se e  Eq. ( 3 . 4 ) ) .

The f u n c t i o n s  Pg, P^ may now be  d e te rm in e d  by 

t r a n s fo r m in g  from  Q to  P . I n  p a r t i c u l a r ,  f o r  P^ we o b t a i n

+ +^(k ( ,r)  exp  [ i n l ( L  -  U j ) ] )  . (3 .3 6 )

The above r e s u l t s  have been  checked  by e n s u r in g  t h a t  th e y  

do in d ee d  y i e l d  t h e  e x a c t  re so n a n c e  c ro s s  s e c t i o n  g iv e n  by 

S e a to n .5

R esonance  D i s t o r t i o n  A pprox im ation  

The r e s o n a n c e - d i s t o r t i o n  a p p ro x im a t io n ,  a s  o u t l i n e d  

e a r l i e r ,  c o n s i s t s  o f  r e p l a c i n g  th e  P f u n c t i o n  d e s c r i b i n g  th e  

e l a s t i c  s c a t t e r i n g  by th e  f u n c t i o n  o b ta in e d  assum ing  e x a c t  

r e s o n a n c e .  The f u n c t i o n s  Pg and P^ can be d e te rm in e d  in  

te rm s o f  P^ by s o l v i n g  E qs. (3 .2 0 )  and  (3 .2 1 )  by th e  v a r i a -
Q

t i o n  o f  p a ra m e te r s  t e c h n iq u e .  We have a s y m p t o t i c a l l y  

?2 ~  k^^ exp [ i  (k ^ r  -  i n ( L  -  l ) ]

X ^ ( i n k ^ r ) ^  (L&Pr-Zp^) d r  , (3 .3 7 )
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exp [ l ( k ^ r  -  i n ( L  + l )  ]

00

X I  ( i n k „ r ) i  J i ,+3/2^* 'n '’'  l ) ^ P r ‘®Pi )  d r .  (3 .3 8 )

A ccord ing  to  th e  d e f i n i t i o n  o f  th e  S - m a t r ix  i n  Eq. ( 3 . 4 ) ,  

we have

p ^ ( v ' | r )  ~  k "^  exp [ i ( k ^ r  -  i n L ) ] S ^ ^ ,  ; (3 . 3 9 )

th u s  one o b t a i n s

8g i  = 1 ( t t /2 )^ L ^ 3  ^ J l - i / 2 ^ V ^  P i ( r )  d r  , (3 .4 o )
0

00

= i ( n / 2 ) ^ ( L + l ) ^ 3 ^  ^ L + 3 /2 (^ n ^ )  P i ( r )  r ' ^ / ^  d r  . ( 3 . 4 l )
0

I n t r o d u c in g  i n t o  E qs. (3 .4 o )  and ( 3 . 4 l )  th e  e x a c t  re so n a n c e  

e x p r e s s io n  f o r  P^, g iv e n  by Eq. ( 3 .3 6 ) ,  and r e c a l l i n g  t h a t  

| T ^ j 1̂  = | s ^ j  1̂ ,  one f i n d s  th e  r e s o n a n c e - d i s t o r t i o n  c o l l i s i o n  

s t r e n g t h  t o  be g iv e n  by

n ^ ( n p , n s )  = 1  (ttSĵ )2 y  {l | i (L ,L -1) 1̂  + (L+l) | l  (L ,L + l)  } ,
(3 .4 2 )

where

2 ( l )  2 f2)
I (L ,L ± 1 )  = H' (L,L±1) + §2 X L ,L ± l )  exp [ i i n ( L  -  u ^ ) ]

P f3)
+ h ' (L,L±1) exp [ i i n ( L  -  p ^ ) ]  , (3 .4 3 )

and

h (i )
00

(L,L±1) = I  '  (3 .4 4 )
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P i  = Hi + i  (h i = L) .

The i n t e g r a l s  H ^^^(L ,L ± l)  may be e x p r e s s e d  i n  te rm s  o f
Q

h y p e rg e o m e tr ie  f u n c t i o n s  a s ^

/ l  \ L±l+&
^ L ,L ± 1 )  = i ( k „ / k o )  { r [ a ^ ( L ±  l ) ] / r [ c i ( L ±  l ) ]

X r [ l  -  b^ (L  + 1 ) ]3  2 P i [ a i ( L ± l ) , b i ( L ± l ) ; C i ( L ± l ) ; ( k n / k o ) 2 ]  ,

(3 . 4 5 )

where

a ^ (L ± l )  = i [ ( L  ±  1) + ? !  + i ]  ,

b i ( L ± l )  = i [ ( L  ±  1) -  ? i  + i ]  ,

c ^ (L ± l)  = L + 1 + 3 /2  .

I t  h as  b een  v e r i f i e d  t h a t  i n  t h e  l i m i t  o f  e x a c t

re so n a n c e  (k^ = k ^ ) ,  t h e  c o l l i s i o n  s t r e n g t h  g iv e n  i n  Eq.

(3 . 4 2 ) does a g re e  e x a c t l y  w i th  t h a t  d e te rm in e d  by  S e a t o n 's  

f o rm u la s .  I t  i s  a l s o  fo und  t h a t  f o r  l a r g e  v a lu e s  o f  L, th e  

r e s o n a n c e - d i s t o r t i o n  c r o s s  s e c t i o n  a p p ro a c h e s  t h a t  o f  th e  

B e the  a p p ro x im a t io n  ( B ' l ) .  A g a in , a l l  o f  th e  above r e s u l t s  

a r e  v a l i d  o n ly  f o r  th o s e  v a lu e s  o f  L w hich  s a t i s f y  th e  i n ­

e q u a l i t y  i n  E qs. ( 3 .3 5 ) .



CHAPTER IV

GENERAL RESULTS

I n  th e  p r e v io u s  c h a p t e r  a t e c h n iq u e  was p r e s e n t e d  

w hereby i n e l a s t i c  c r o s s  s e c t i o n s  f o r  c o l l i s i o n - i n d u c e d  

t r a n s i t i o n s  u n d e r  n e a r - r e s o n a n c e  c o n d i t i o n s  c o u ld  be d e t e r ­

m ined. I t  i s  now w ished  t o  i n v e s t i g a t e  th e  g e n e r a l  b e h a v io r  

o f  t h e s e  c r o s s  s e c t i o n s  f o r  d i f f e r e n t  d e g re e s  o f  c o u p l in g  

and  re s o n a n c e  and t o  compare them w i t h  th e  r e s u l t s ' o b t a i n e d  

from  o t h e r  m ethods o f  c a l c u l a t i o n .

E f f e c t  o f  th e  M agnitude  o f  C o up lin g  

I n  F ig u r e  J ,  th e  c o l l i s i o n  s t r e n g t h  f o r  n s -n p  t r a n s i ­

t i o n  w i th  e x a c t  re s o n a n c e  i s  g iv e n  f o r  s e v e r a l  v a lu e s  o f  th e  

l i n e  s t r e n g t h  s^ (s^  i s  a m easure  o f  th e  s t r e n g t h  o f  co u ­

p l i n g )  . The c ro s s  s e c t i o n s  w i th  t  = 0 and 1 c a n n o t  be c a l c u ­

l a t e d  by th e  scheme o u t l i n e d  i n  t h e  p r e v io u s  s e c t i o n ,  s in c e  

th e y  v i o l a t e  th e  i n e q u a l i t y  i n  E qs. ( 3 .3 5 ) .  I t  h a s  been

shown t h a t  f o r  e x a c t - r e s o n a n c e  c o l l i s i o n s ,  a s  one i n c r e a s e s
%

t h e  s t r e n g t h  o f  c o u p l in g  (from  weak c o u p l i n g ) ,  t h e  t r a n s f e r  

p r o b a b i l i t y  f i r s t  i n c r e a s e s  r a p i d l y ,  th e n  r e a c h e s  a c e r t a i n  

s a t u r a t i o n  s t a g e ,  and f i n a l l y  b e h a v e s  i n  an  o s c i l l a t o r y  

m a n n e r . p o r  a  g iv e n  t ,  su ch  s a t u r a t i o n  and o s c i l l a t i o n

59
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b e h a v io r  can  be s e e n  from  th e  co nvergence  o f  t h e  p o i n t s  

c o r r e s p o n d in g  t o  l a r g e r  v a lu e s  o f  s a lo n g  e a c h  v e r t i c a l  l i n e  

i n  F ig u re  J .  (Here we have r e p l a c e d  th e  e x p a n s io n  in d ex  L 

by I  i n  o r d e r  t o  f a c i l i t a t e  com pariso ns  w i th  o t h e r  w o rk s .)  

T h is  can  be  i l l u s t r a t e d  more c l e a r l y  i n  F ig u re  8 ,  where 

n ^ ( 2 - t  + l )  i s  p l o t t e d  a g a i n s t  f o r  t  = 2 ,  3> . .  6 .  The

s a t u r a t i o n  e f f e c t  i s  more p ronounced  f o r  low v a lu e s  o f  I  

s in c e  p a r t i a l  waves w i th  sm a l l  I  c o r re s p o n d  c l a s s i c a l l y  t o  

a s m a l l  im p ac t p a r a m e te r  and t h e r e f o r e  s t r o n g e r  i n t e r a c t i o n .  

Thus th e  cu rve  f o r  t  ~ 2 i n  F ig u re  8 p a s s e s  th r o u g h  a m ax i-
p

mum a ro u n d  s = 10, w h i le  th e  t  = 3 c o l l i s i o n  s t r e n g t h  does  

n o t  r e a c h  th e  h i g h e s t  v a lu e  u n t i l  s^  = 25,  and  th e  c o l l i s i o n  

s t r e n g t h s  f o r  h i g h e r  I  r e q u i r e  even  s t r o n g e r  c o u p l in g  f o r  

com ple te  s a t u r a t i o n .  T h is  s a t u r a t i o n  e f f e c t  i s  a l s o  r e s p o n ­

s i b l e  f o r  k e e p in g  th e  c o l l i s i o n  s t r e n g t h s  be low  th e  c o n s e r v a ­

t i o n  l i m i t  (see  F ig u re  7 ) .

F o r  th e  c a se  o f  n e a r  (b u t  n o t  e x a c t )  r e s o n a n c e ,  th e  

q u a l i t a t i v e  b e h a v io r  o f  th e  p a r t i a l  c o l l i s i o n  s t r e n g t h s  w i th  

r e s p e c t  t o  th e  d e g re e  o f  c o u p l in g  i s  s i m i l a r  t o  t h a t  o f  

e x a c t  r e s o n a n c e .  F ig u re  9 shows th e  v a r i a t i o n  o f  

n ^ / ( 2 t  4- l )  w i th  r e s p e c t  t o  s^ f o r  an  e n e rg y  s e p a r a t i o n  o f  

th e  i n i t i a l  and f i n a l  s t a t e s  (AE) o f  2 .0  eV.

E f f e c t  o f  AE 

I n  F ig u re  10 i s  d i s p l a y e d  th e  c o l l i s i o n  s t r e n g t h  

i n  te rm s  o f  I  f o r  s e v e r a l  d i f f e r e n t  AE w i th  s^  = 1 9 .3 .  As 

AE i s  d e c r e a s e d ,  th e  c o l l i s i o n  s t r e n g t h  c u rv e s  a r e  found  to
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move up s t e a d i l y ,  a t  f i r s t ,  and f i n a l l y  converg e  upon th e

AE = 0 curve  i n  an  o s c i l l a t o r y  f a s h i o n .  V e r t i c a l  s e c t i o n s

o f  th e s e  c u rv e s  a r e  p l o t t e d  a g a i n s t  (AE)"^ i n  F ig u r e  11.

A l l  th e  c o m p u ta t io n s  were made f o r  a p a r t i c u l a r  v a lu e  o f  E

o f  1 3 .6  eV; i n  g e n e r a l ,  t h e  c o l l i s i o n  s t r e n g t h s  depend  on E

and AE s o l e l y  th ro u g h  z = = (E -  AE)/E. T h is  f a c t

e n a b le s  us t o  u se  F ig u r e s  10 and 11 f o r  s e v e r a l  d i f f e r e n t

s e t s  o f  E and AE by means o f  T ab le  I .  F ig u re  11 i l l u s t r a t e s

t h a t  f o r  low v a lu e s  o f  I ,  r e d u c t i o n  o f  AE l e a d s  t o  s a t u r a t i o n
RDand o s c i l l a t o r y  b e h a v i o r  o f  0^ a n a lo g o u s  t o  F ig u r e  8.

Com parison w i th  O th e r  Methods

The s t a n d a r d  a p p ro x im a te  m ethods f o r  sy s te m s  w i th

weak c o u p l in g ,  su ch  a s  B orn  a p p ro x im a t io n  and t h e  Method o f

D i s t o r t e d  Waves, b r e a k  down i n  t h e  r e g io n  where s a t u r a t i o n

i s  im p o r ta n t  ( i . e . ,  l a r g e  s^  o r  z «  l ) ,  s i n c e  th e y  g iv e  an

a c c u r a t e  e s t i m a t i o n  o f  th e  c r o s s  s e c t i o n s  o n ly  a lo n g  th e

i n i t i a l  r i s e  o f  th e  c u rv e s^ ^  o f  0 ^ / ( 2 t  + 1 )  v s .  s ^ .  Thus

when t h e s e  methods a r e  u se d  f o r  c a s e s  w i th  s t r o n g  c o u p l in g ,

th e y  may p roduce  p a r t i a l  c r o s s  s e c t i o n s  w hich v i o l a t e  th e
c; 7

c o n s e r v a t io n  l i m i t ^ * '

1  TTk"2(2t + 1 ) .  ( 4 .1 )

I t  may be se en  i n  F ig u r e  8 t h a t  a  weak c o u p l in g  a p p ro x im a t io n  

a p p l i e d  to  t  = 2 i s  v a l i d  o n ly  f o r  r e l a t i v e l y  s m a l l  l i n e  

s t r e n g t h s  (s^ = 7*5 i s  c o n s id e r e d  sm a ll  f o r  n e a r - r e s o n a n c e  

o p t i c a l l y  a l lo w e d  t r a n s i t i o n s ) . ^
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TABLE I

VALUES OP AE(eV) CORRESPONDING TO 

GIVEN VALUES OP E(eV) AND z

z 3 .4 6 .8 1 0 .2

E(eV)

1 3 .6 1 7 .0 2 0 .4 2 3 . 8 2 7 .2

.9632 .125 .25 .375 .50 .625 .75 .875 1 .0

.9265 .25 .50 .75 1 .0 1 .25 1 .5 1 .7 5 2 .0

.8897 .375 .75 1 .125 1 .5 1.875 2 .2 5 2 .6 2 5 3 .0

.8529 .5 1 .0 1 .5 2 .0 2 .5 3 .0 3 .5 4 .0

.8162 .625 1 .25 1 .875 2 .5 3.125 3 .7 5 4 .3 7 5 5 .0

.7794 .75 1 .5 2 .2 5 3 .0 3 .7 5 4 .5 5 .2 5 6 .0

.7426 .875 1 .75 2 .6 2 5 3 .5 4 .3 7 5 5 .2 5 6 .1 2 5 7 . 0

.7059 1 .0 2 .0 3 .0 4 .0 5 .0 6 .0 7 . 0 8 . 0

.6324 1 .25 2 .5 3 .7 5 5 . 0 6 .2 5 7 . 5 8 .7 5 1 0 .0

.5588 1 .5 3 .0 4 .5 6 .0 7 .5 9 .0 10 .5 1 2 .0

.4853 1 .7 5 3 .5 5 .2 5 7 .0 8 .7 5 1 0 .5 12 .5 1 4 .0

.4118 2 .0 4 .0 6 .0 8 .0 1 0 .0 1 2 .0 l 4 . 0 1 6 .0
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One method w hich has b een  d e v is e d  so  a s  t o  s a t i s f y  

th e  c o n s e r v a t io n  r u l e  I s  t h a t  o f  B orn  I I . ^ The method 

c o n s i s t s  o f  r e p l a c i n g  th e  R -m a t r lx ,  w hich  was d e f i n e d  In  

Eq. (3 . 5 ) ,  by  th e  B -m a t r lx ,  w hich  f o r  th e  p a r t i c u l a r  c a se  

o f  t h r e e  c h a n n e ls  I s  g iv e n  I n  a to m ic  u n i t s  by^

00

®1J “ ^ O i j ( r )  > (4 .2 )

where

= 2 f ^ (0  I  1 y ^ (n p ,  n s )  , (4 .3 )

= 2 f i ( 0  I  1 t + l ; t )  y j ( n p ,  n s)  ,

and

f (̂0 I  1 l - l i l )  = [ V 3 ( 2 t  + l ) ] i  , 

f l ( 0  t  1 = - [ ( t  + l ) / 3 ( 2 t  + 1 ) ] ^  .
(4 .4 )

I n  th e  a p p ro x im a t io n  o f  k e e p in g  o n ly  th e  a s y m p to t ic  p a r t s  

o f  th e  p o t e n t i a l s  (c o r re sp o n d in g  t o  th e  B e the  A p p ro x im a tio n ) ,  

we have

^11 -  ^22 “  ^33 -  °  '

U,p = t^P/r^ , U ,.  = - ( t  + l ) i e / r 2
(4 .5 )

'12 "  '  "13

and

• K
o

®12 °  ^  '  (* .6 )

00

=13 = + 1)** I  •'<.+3/2
o

where

(4 .7 )
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0 = 2 s ^ (n p ,  n s ) / [ 3 ( 2 ' t  + l ) ]&  . '  (4 .8 )

A c c o rd in g ly ,  th e  p a r t i a l  c o l l i s i o n  s t r e n g t h  w i l l  be d e n o te d

= 4 ( 2 t  4 l ) [ [ ( B i 2 ) 2  + + (8^2)2 + (B ^^)^ ]}  .

( 4 .9 )

The B ' l  (usual Bethe approximation) p a r t ia l  cross se c t io n  

may be expressed in  terms of these matrix elements as

^ = TTkg2 4 (2 4  + l ) [ ( B i 2 ) ^  + (B ig )^ ]  • (4 .1 0 )

■R « T T
For purposes of comparison. C alcu lations of Or have been

made f o r  E = 1 3 .6  eV, s^ = 1 9 .3 ,  and s e v e r a l  v a lu e s  o f  th e

energy separation AE. The r e su lts  are shown in  Figure 12.

From Figure 13 we see that for  4 > 3, the p a r t ia l  cross

se c t io n s  calcu lated  by the resonance-d istortion  method and

by B ' l l  agree quite w ell with each other for  AE as large as

3 .0  eV. However, fo r  4 = 2  and 4 = 3 ,  they are found to

d i f f e r  c o n s i d e r a b ly .  T h is  can be a s c r i b e d  to  th e  f a c t  t h a t

the method B ' l l  tends to overestimate the c o l l i s io n  strength

fo r  small 4, since in the l im it  o f AE = 0, 'II does exceed

the corresponding p a r t ia l  cross se c t io n  obtained from the

exact ca lcu la tion  for 4 = 2  and 3.^ Furthermore Figure 10
RDshows that for  these low values of 4 and for  AE < 3 .0 ,  0  ̂

i s  quite in s e n s it iv e  to AE. Because of the in s e n s i t iv i t y  of  

the c o l l i s i o n  strength with respect to  AE and the fa c t  that  

fo r  AE = 0 the resonance-d istortion  r e s u lt  i s  exact fo r  the
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m etho d , and  t h e  lo w e r ,  t h e  R e s o n a n c e - D i s t o r t i o n  m e th o d .)
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p a r t i c u l a r  p o t e n t i a l s  c h o se n ,  i t  a p p e a r s  l i k e l y  t h a t  t h e  

r e s o n a n c e - d i s t o r t i o n  method g i v e s  more a c c u r a t e  p a r t i a l  

c r o s s  s e c t i o n s  f o r  sm a l l  t  th a n  d oes  B ' l l .



CHAPTER V

APPLICATION -  3^S-3^P TRANSITION OF Na BY ELECTRON IMPACT

An e x c e l l e n t  exam ple o f  a n e a r - r e s o n a n c e  and s t r o n g -
2 2c o u p lin g  s i t u a t i o n  i s  th e  3 S-*3 P t r a n s i t i o n  i n  Na, which 

has an  en e rg y  s e p a r a t i o n  AE = 2 .1 0 4  eV and a r a t h e r  l a r g e
P

l i n e  s t r e n g t h  s = 1 9 .0 .  S in c e  t h i s  t r a n s i t i o n  i s  o p t i c a l l y

a l lo w e d ,  th e  c o u p l in g  m a t r ix  e le m e n t  V becomes p r o p o r t i o n a l
on

to  1 / r ^  a s y m p t o t i c a l l y ,  and b e ca u se  o f  t h i s  lo n g - r a n g e  

i n t e r a c t i o n  i t  i s  e x p e c te d  t h a t  many p a r t i a l  waves w i l l  co n ­

t r i b u t e  to  th e  t o t a l  c r o s s  s e c t i o n .  Salmona and  S e a to n ^ ^  

have d i s c u s s e d  t h i s  p rob lem  and made c a l c u l a t i o n s  b a se d  on 

th e  m o d if ie d  B e th e  a p p ro x im a t io n s  B ' l l  and B ' l I I ,  w hich  a r e  

found  to  s a t i s f y  c o n s e r v a t io n  c o n d i t i o n s .  P r e v i o u s l y ,

S e a to n  had i n v e s t i g a t e d ,  by a c lo s e  c o u p l in g  t e c h n iq u e , ?  

p r o to n  and e l e c t r o n  im p ac t on Na, g iv in g  r i s e  t o  t h i s  t r a n s i ­

t i o n ;  th e  r e s u l t s  were found  t o  be q u i t e  good f o r  h ig h

e n e r g i e s .  C ro ss  s e c t i o n s  f o r  t h i s  t r a n s i t i o n  have been
17d e te rm in e d  e x p e r i m e n t a l ly  and found to  be l a r g e .

P a r t i a l  c r o s s  s e c t i o n s  have b een  c a l c u l a t e d  f o r
2s e v e r a l  v a lu e s  o f  t h e  i n c i d e n t  e l e c t r o n  e n e rg y  u s in g  th e  

r e s o n a n c e - d i s t o r t i o n  m ethod, B ethe  I ,  and B e the  I I  a p p r o x i ­

m a t io n s .  S in c e  f o r  l a r g e  v a lu e s  o f  t ,  say  I  > th e
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c o u p l in g  I s  weak, we f i n d  t h a t  th e  p a r t i a l  c r o s s  s e c t i o n s  

^  ^ arid Q® a l l  c o i n c i d e .  The t o t a l  c r o s s  s e c t i o n s•V ^ C
may th e n  be d e te rm in e d  by u t i l i z i n g  th e  " t a i l " o f  B ' l  a s

^ N f   ̂ (5 .1 )
t= o  t= 2

t= o  t= o
where

'  " k ; ^ ( 8 s ^ / 3 )  t a  [ ( k g  + k g ) / | k g  -  k g l ] ,  ( 5 .3 )

and Q' r e p r e s e n t s  th e  sum o f  th e  s and  p c r o s s  s e c t i o n s ,

w hich  must be  d e te rm in e d  i n  some o t h e r  m anner. N um erica l

v a lu e s  f o r  and a r e  g iv e n  i n  T a b le s  I I  and I I I  f o r

s e v e r a l  v a lu e s  o f  th e  i n c i d e n t  e n e rg y  and  s e v e r a l  t ;  a l l
2

c r o s s  s e c t i o n s  a r e  i n  u n i t s  o f  n a ^ .  A co m parison  o f  th e  

p a r t i a l  c r o s s  s e c t i o n s  Q® Q® and  i s  g iv e n

i n  F ig u r e s  l 4  and  15 f o r  i n c i d e n t  e l e c t r o n  e n e r g i e s  1 0 .5 2 0  

eV and 3 3 .6 6 0  eV, r e s p e c t i v e l y .  As i s ,  o f  c o u r s e ,  t o  be e x ­

p e c t e d ,  th e  m a jo r  c o n t r i b u t i o n  t o  th e  c r o s s  s e c t i o n  i n  th e  

c a se  o f  E = 1 0 .5 2 0  eV i s  due t o  a  few i n t e r m e d i a t e  v a lu e s  

o f  I ;  w h i le  f o r  E = 3 3 .6 6 0  eV, t h e  c o n t r i b u t i o n  i s  more 

u n i fo rm ly  d i s t r i b u t e d  among s e v e r a l  d i f f e r e n t  I .  One may 

a l s o  n o t i c e  t h a t  Q ^ ,  Q® and  a l l  a p p ro a c h  th e  same

v a lu e  f o r  l a r g e  t ,  th e  c o n v e rg e n c e  b e in g  f a s t e r  f o r  sm a l l  E.

I n  c a l c u l a t i n g  c r o s s  s e c t i o n s  by th e  r e s o n a n c e -
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TABLE I I

PARTIAL CROSS SECTIONS IN UNITS OF na^ OP THE 3 s -3 p  

TRANSITION OP Na CALCULATED BY THE METHOD 

OP RESONANCE DISTORTION

I 4 .2 1 0 7 .3 6 4

E(eV)

10 .5 2 0 16.832 2 3 .1 4 4 33 .660

2 1 1 .7 9 6 .5 4 4 .3 1 2 . 6 9 2 .0 4 1 .51

3 1 1 .4 4 10 .17 7 .5 8 4 .8 0 3 . 4 9 2 .4 0

4 7 .8 4 1 0 .03 8 .2 5 5 .5 0 4 .0 2 2 .7 4

5 4 .5 2 8 .1 8 7 .4 4 5 .2 9 3 .9 3 2 .7 0

6 2 .4 5 6 .2 6 6 .2 9 4 .8 0 3 .6 5 2 .5 4

7 1 .2 9 4 .6 5 5 .1 8 4 .2 5 3 .3 2 2 .3 4

8 0 .6 6 3 .4 0 4 .2 1 3 .72 2 .9 8 2 .1 5

9 0 .3 4 2 .4 6 3 .3 9 3 .2 4 2 .6 8 1 .96

10 0 .1 7 1 .7 7 2 .7 2 2 .8 2 2 .4 0 1 .7 9

11 0 .0 9 1 .27 2 .1 8 2 .4 5 2 .1 5 1 .64

12 0 .0 4 ' 0 .9 1 1 .7 4 2 .1 2 1 .92 1 .50

13 0 .0 2 0 .6 5 1 .3 9 1 .8 4 1 .72 1 .38

14 0 .0 1 0 .4 7 1 .1 1 1 .6 0 1 .55 1 .27

15 0 .0 0 6 0 .3 3 0 .8 9 1 .3 9 1 .3 9 1 .17
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TABLE III

PARTIAL CROSS SECTIONS IN UNITS OP Tia^ OP THE 3 s-3 p  

TRANSITIONS OP Na CALCULATED BY B ' I I  METHOD

I 4 .2 1 0 7 .3 6 4

E(eV)

1 0 .5 2 0 16.832 2 3 .1 4 4 33 .66 0

0 3 .1 8 1 .5 0 0 .9 3 0 .5 1 0 .3 5 0 .2 3

1 6 .1 9 3 .6 4 2 .6 2 1 .6 8 1 .2 4 0 .8 6

2 16 .1 4 9 .1 7 6 . 4 l 4 .0 2 2 .9 3 2 .0 1

3 16 .43 1 1 .6 7 8 .3 7 5 .2 6 3 .8 1 2 . 6 l

4 10 .8 3 1 1 .0 8 8 .5 2 5 .5 2 4 .0 2 2 .7 5

5 5 .9 8 9 .1 3 7 .7 3 5 .2 7 3 .8 9 2 .6 7

6 3 .0 8 7 .0 1 6 . 6 l 4 . 8 l 3 .6 2 2 .5 1

7 1 .5 5 5 .1 8 5 .4 7 4 .2 9 3 .3 0 2 .3 2

8 0 .7 7 3 .7 6 4 .4 6 3 .7 8 2 .9 8 2 .1 3

9 0 .3 8 2 .7 0 3 .5 9 3 .3 0 2 .6 9 1 .95

10 0 .1 9 1 .93 2 .8 8 2 .8 8 2 . 4 l 1 .7 9

11 0 .1 0 1 .3 7 2 .3 0 2 .5 0 2 .1 6 1 .6 4

12 0 .0 5 0 .9 8 1 .8 3 2 .1 7 1 .9 4 1 .5 0

13 0 .0 2 0 .6 9 1 .4 6 1 .8 9 1 .7 4 1 .3 8

14 0 .0 1 0 .4 9 l . l 6 1 .6 4 1 .5 7 1 .2 7

15 0 .0 0 6 0 .3 5 0 .9 2 1 .42 1 .41 1 .1 7



10
B'll

8

2

1
142 #0 124 6 6

F ig u r e  l 4 .  
i  f o r  Na,

RD B ' l  
P a r t i a l  C ro ss  S e c t i o n s  ^

b y  E l e c t r o n  Im p a c t3^8 3®P,
eV and  s^ « 19 ,0  f o r  an  I n c i d e n t  E n e rg y  É

B ' l l  
Qt , and 
w i th  AE -  2.104  

10.520 eV



•'I

RD

OO

RD B ' l  B ' l l  
F i g u r e  1 5 , P a r t i a l  C ro s s  S e c t i o n s  Qt > ^  ^  ,  and
i  f o r  Na, 3^» -  3^P> b y  E l e c t r o n  I m p a c t ,  w i th  AE »  2 .1 0 4
eV and  s^  »  1 9 .0  f o r  an  I n c i d e n t  E n e rg y  E ■ 3 3 .6 6 0  e V ,



79
d i s t o r t i o n  and B e th e  m ethods, a l l  o f  th e  h y p e rg e o m e tr lc

f u n c t i o n s  n e ed e d , e x c e p t  th o s e  f o r  E = 3 3 .6 6  eV, were

e v a l u a t e d  by means o f  th e  s e r i e s  r e p r e s e n t a t i o n ^ ^
00

P ^ ( a ;  b ;  c ;  z) = ^  [ ( a )^  ( b ) n / ( ° ) n  n . ' ] z ^ ,  (5 .4 )2 _ n=o

where

(p )^  = (p + l ) ( p  + 2) . . .  (p + n -  1 ) ,  (5 .5 )

and

|z| < 1.

F o r  th e  h i g h e r  e n e rg y ,  u se  was made o f  a fo rm u la  g iv e n  by 

S e a t o n .7

The t o t a l  r e s o n a n c e - d i s t o r t i o n  and B e th e  I I  c r o s s

s e c t i o n s  c a l c u l a t e d  by means o f  E q s . (5 .1 )  and (5 .2 )  a r e

g iv e n  In  T ab le  IV. The c u t - o f f  v a lu e  f o r  th e  t a l l  I s  I q =

15 an d  th e  p e rc e n ta g e  c o n t r i b u t i o n s  from  th e  t a l l ,  th e

I n t e r m e d i a t e  v a lu e s  o f  I ,  and t  = 0 and 1 = 1  a r e  a l s o  g iv e n
RDI n  th e  t a b l e  ( i . e .  ^  r e l a t i v e  to  Q ) ;  t h e  s and p c ro s s  

s e c t i o n s  were a r b i t r a r i l y  t a k e n  a s  I n  F ig u re  l 6 ,

t h e s e  c r o s s  s e c t i o n s  a r e  compared w i th  B orn  a p p ro x im a t io n  

a s  w e l l  a s  a b s o l u t e  m easurem ents o f  C h r i s to p h  and r e l a t i v e  

measui*ements o f  H a f t  (as  q u o ted  by  B a te s ,  e t  a l . ) .  ^^

The r e l a t i v e  c u rv e  has been  a d j u s t e d  a c c o rd in g  to  th e  a b ­

s o l u t e  m easu rem en ts .  I t  I s  I m p o r ta n t  t o  n o te  t h a t  some 

freedom  re m a in s  I n  th e  a d ju s tm e n t  o f  H a f t ' s  r e l a t i v e  m eas­

u re m e n ts .  Each r e s o n a n c e - d i s t o r t i o n  c r o s s  s e c t i o n  In  

F ig u r e  l 6  I s  accom panied  by  a b a r  I n d i c a t i n g  th e  maximum and
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TABLE IV

TOTAL CROSS SECTIONS IN UNITS OP AND PARTIALo
SUMS OP POR THE 3 s - 3 p  TRANSITION OP Na.

E(eV) r Q'
CD

t = l 6

15

I  f
4 .2 1 0 2 8 8 .6 3 6 4 .9 4 7 . 1 6 . 5 ( 1 3 . 7* ) 0 .0 ( 0 * ) 4 0 .6 6 ( 8 6 .3 * )

7 .3 6 4 2 3 1 .8 7 7 1 . 6 6 1 . 7 3 . 7 ( 6 . 0 * ) 0 . 9 ( 1 . 5* ) 5 7 . 1 0 ( 9 2 . 5*)

1 0 .5 2 0 1 89 .12 6 8 .9 6 2 . 9 2 . 6 ( 4 . 1 * ) 3 . 6 (5 . 7* ) 5 6 . 6 9 ( 9 0 . 2* )

1 6 .832 1 3 9 .1 9 6 0 .5 5 7 . 7 1 . 6 ( 2 . 8 * ) 9 . 6 ( 1 6 . 6* ) 4 6 .5 0 ( 8 0 .6 * )

2 3 .1 4 4 1 1 1 .2 6 5 3 .3 5 1 . 6 1 . 2  (2 . 3* ) 1 3 . 2 (2 5 . 6* ) 3 7 .2 4 ( 7 2 .1 * )

3 3 .6 6 0 8 4 .4 8 4 4 .4 4 3 . 5 0 . 8 ( 1 . 8 * ) 1 5 . 6 (3 5 . 9*) 2 7 . 1 0 (6 2 . 3* )

00
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minimum v a lu e s  o b t a i n e d  by t a k i n g  Q' = 0 and Q' = 0 ^ %  

r e s p e c t i v e l y .  (One may r e c a l l  t h a t  I n  T ab le  IV th e  v a lu e  

^Snax u s e d . )  I t  I s  c l e a r  t h a t  th e  form  o f  t h e  re so n an c e -  

d i s t o r t i o n  c u rv e  I s  I n  r e a s o n a b le  ag reem en t  w i th  t h a t  o f  th e  

e x p e r im e n ta l  c u rv e ,  how ever we sh o u ld  n o t  p l a c e  to o  much 

f a i t h  In  o u r  r e s u l t s  f o r  s m a l l  E , s i n c e  In  su c h  c a s e s ,
2 2 p /k_ -  k I s  no lo n g e r  v e ry  s m a ll  compared to  k ( I . e . ,  t h e  o n o

k i n e t i c  e n e rg y  o f  r e l a t i v e  m otion  changes  c o n s i d e r a b l y  d u r ­

in g  th e  c o l l i s i o n ) ,  and  th u s  o u r  a s su m p t io n  o f  e x a c t  r e s o ­

nance  In  t h e  z e r o t h  o r d e r  I s  no l o n g e r  J u s t i f i e d .  I t  I s  

a l s o  l i k e l y  t h a t  d i s t o r t i o n  e f f e c t s  due to  t h e  d i a g o n a l

e le m e n ts  U U w i l l  come I n .  Exchange e f f e c t s  have b een  00 nn
n e g le c t e d  c o m p le te ly ,  and a r e  e x p e c te d  t o  be I m p o r ta n t  o n ly  

f o r  sm a l l  I ;  how ever, s i n c e  f o r  s m a l l  E, th e  e f f e c t  o f  s m a l l

I  becomes s i g n i f i c a n t ,  one m igh t t h e n  e x p e c t  exchange  t o  be

I m p o r ta n t .

A c lo s e  c o u p l in g  te c h n iq u e  was d e v is e d  by  S e a to n ?  

s p e c i f i c a l l y  f o r  c a s e s  where e x c e p t i o n a l l y  s t r o n g  c o u p l in g  

c a u se s  th e  weak c o u p l in g  a p p ro x im a t io n s  t o  g iv e  much to o  

l a r g e  c r o s s  s e c t i o n s .  I n  su c h  c a s e s ,  one may f i n d  a v a lu e  

I q o f  t ,  such  t h a t

4?^  -  + 1 ) .  (5 .6 )

I t  I s  fou nd  t h a t  a r e a s o n a b ly  good a p p ro x im a t io n  I s
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CC
Q,

i n k  + 1 ) ,  t

(5 .7 )

V

BI g  I TIt is known that for large -t, and (standard Bethe
approximation) coincide. Thus, if is suitably large,
one may simplify calculation by replacing above by 
Despite the simplicity of this approach, it is actually 
found to give satisfactory results. Cross sections calcu­
lated by this method (denoted by CC) are included in Figure 
l6. It should be pointed out that this method is strictly 

limited to cases of strong coupling, its failure in other
7cases having been clearly demonstrated.



CHAPTER VI

TWO-CHANNEL APPROXIMATION FOR ELECTRON-ATOM COLLISION

A ttem p ts  have been  made to  d e v is e  a s i m p l i f i e d  p r o ­

ced u re  f o r  th e  c a l c u l a t i o n  o f  th e  c o l l i s i o n  s t r e n g t h  by th e  

r e s o n a n c e - d i s t o r t i o n  m ethod, p a r t i c u l a r l y  t o  a v o id  t h e  t a s k  

o f  s o lv in g  th e  t h r e e - c h a n n e l ,  co u p led  d i f f e r e n t i a l  e q u a t io n s .

Here th e  z e r o t h - o r d e r  s o l u t i o n  o f  P (d en o ted  by p ( ° )  i s0 o
a g a in  o b ta in e d  from  th e  . l im i t in g  e x a c t - r e s o n a n c e  c a s e ,  i . e . ,  

p j ° )  and p j° ^  s a t i s f y  th e  e q u a t io n s

+ k2) v M  .  , ( 6 .1 )

(v2 + yZ)  . ( 6 .2 )

At t h i s  p o i n t  we in t r o d u c e  an  a d d i t i o n a l  a p p ro x im a t io n  o f

r e p l a c i n g  th e  a n g u la r  d e p en d e n t  U ^^ fr)  by  an  a n g u la r  i n d e ­

p e n d en t  p o t e n t i a l  o f  th e  form  -A / r^ .  T h is  e l i m i n a t e s  th e  

t h r e e - c h a n n e l  c o u p l in g  f o r  th e  z e r o t h  o r d e r  e q u a t io n s  and 

Pq°^ can be o b t a in e d  by  a p ro c e d u re  an a lo g o u s  to  t h a t  g iv e n  

i n  S ec . I I I .  We th e n  so lv e  f o r  P^ by u s in g  t h i s  form  o f  

p j ° )  and th e  o r i g i n a l  a n g u la r  d ep en d en t  At f i r s t

th o u g h t ,  t h i s  p ro c e d u re  m ight seem i n c o n s i s t e n t  i n  t h a t  we 

u se  an  a n g u la r  in d e p e n d e n t  i n t e r a c t i o n  p o t e n t i a l  t o  c a l c u l a t e

84
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(o)

P , and an a n g u la r  d e p e n d e n t  one f o r  P^. However, I t  must
® f \

be remembered t h a t  P^ can  be r e g a r d e d  a s  a  f i r s t - s t e p

t r i a l  f u n c t i o n .  I t  need  n o t  be th e  s o l u t i o n  o f  th e  p rob lem

c o rre s p o n d in g  t o  th e  t r u e  p o t e n t i a l s  a s  long  a s  i t  has

s u f f i c i e n t  re sem b lan ce  t o  th e  a c t u a l  s o l u t i o n  P^ o f  E qs.

( 1 . 1 8 ) and ( 1 .1 9 ) .

The f i r s t  t a s k  i s  t o  s e l e c t  a s u i t a b l e  v a lu e  o f  A,
(o)

so t h a t  P^ g o t t e n  h e re  w i l l  p rodu ce  a s a t i s f a c t o r y  r e s u l t

f o r  P^. As s u g g e s te d  b e f o r e ,  th e  p o t e n t i a l  -A /r^  r e p r e s e n t s

some k in d  o f  a v e ra g e  o f  C o n s id e r in g  E q s . ( 1 .3 7 ) ,  we

can w r i t e  down th e  a s y m p to t ic  form  o f  U f o r  th e  t r a n s i t i o n s
on

ns-npm , a s

Uon = (4 /3 )  / tt Y ^(0 ,cp) s / r ^  = U*^(?) (6 .3 )

where 0 , cp g iv e  th e  o r i e n t a t i o n  o f  th e  i n c i d e n t  p a r t i c l e  i n  

th e  a to m ic  c o o r d in a te  sy s te m . We r e c a l l  t h a t  when one c o n ­

s i d e r s  th e  c r o s s  s e c t i o n  f o r  t r a n s i t i o n  to  a d e g e n e ra te  

l e v e l ,  one must sum th e  c r o s s  s e c t i o n s  o v e r  e a c h  o f  th e  

d e g e n e ra te  s t a t e s  o f  th e  l e v e l .  T h is  f a c t  l e a d s  u s  t o  con ­

s i d e r  two a v e r a g in g  t e c h n iq u e s  i n  o r d e r  to  o b t a i n  an  a p p ro p ­

r i a t e  v a lu e  o f  A. I t  sh o u ld  be remembered t h a t  th e  z e r o t h  

o r d e r  f u n c t i o n  p j ° )  need  o n ly  r e p r e s e n t  one o f  th e  t h r e e  

d e g e n e ra te  s t a t e s  (m = 0 , ±  l ) ,  s in c e  i n  p e r fo rm in g  th e  

i t e r a t i o n  i t  w i l l  be u sed  t o  c a l c u l a t e  th e  c r o s s  s e c t i o n  f o r  

e a c h  o f  th e  d e g e n e ra te  s t a t e s ,  s e p a r a t e l y .  We f i r s t  t a k e  A 

to  be  d e te rm in e d  by a v e r a g in g  th e  modulus sq u a re d  o f  U °^(p)
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over a l l  space as

(“on’rma '  |   ̂ K^^'> = |  '
(6 .4 )

thus

- A = — 8.
3

A lte r n a t iv e ly ,  we can average the square o f  the matrix e l e ­

ments over a l l  the m values, i . e . .

('’on'rn.s ‘  ' J  < K n + '"on'" + = |  '^ .5)

g i v in g  th e  same r e s u l t  a s  Eq. ( 6 .4 ) .

Next we sh a ll  determine from

(v^ + k^) p (?) = u  (?) P (?) , (6.6)n n no o

where i s  g iven  by Eq. ( l . l O) .  I t  i s  not perm issib le  to 

expand P^(r) in  terms of Legendre Polynomials since such an 

expansion im plies cy lin d r ica l symmetry. Rather, the sp h eri­

cal harmonics must be used, i . e . .

• (6 .7 )

The d i f f e r e n t ia l  equation for  the p a r t ia l  wave amplitudes i s
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X y^.g.(r) Po t,g,(r) dr. (6.8)

The d e s i r e d  s o l u t i o n  may be  found  by th e  s t a n d a r d  v a r i a t i o n  

o f  p a ra m e te r s  t e c h n iq u e ,  i n  w hich  th e  w ro n sk ian  o f  th e
o

homogeneous s o l u t i o n s  i s  ch o sen  to  be e q u a l  to  o n e . Thus 

we have f o r  th e  p a r t i a l  wave a m p l i tu d e s ,  th e  a s y m p to t ic  

r e s u l t

00

~  ( - 1 ) ^  \  F o , t ' g ' ( r l

X Ï  ° n o ( r )  d f  '  (6 -9 )

where

J ^ ( k r )  = ( n / 2 k r ) ^ J ^ _ ^ ( k r )  , 

and f o r  th e  t o t a l  i n e l a s t i c  f u n c t i o n

00

P „ (? )  ~  r - 1  exp ( I k ^ r )  Y ( - 1 ) ^  \
t g , 7 r 'g '  o

X ^ « n o I f  Y ^ g (r)  . (6 .1 0 )

I n  th e  case  o f  o p t i c a l l y  a l lo w e d  t r a n s i t i o n s ,  w hich  

a r e  o f t e n  accom panied  by  s t r o n g  c o u p l in g ,  ( r )  w i l l  a lw ays

in c lu d e  a  d ip o le  te rm  i . e . ,  a  te rm  g iv e n  by

b ^ ( t ± l  m ,tm ')  Y * ^ (f )  y ^ (n  t ± l ,  n t | r )  , (6 .1 1 )

where f o r  ns^np  t r a n s i t i o n s  we have

bjjj(pm, so )  = (4 /3 )  / tt , (6 .1 2 )
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and f o r  l a r g e  r

y ^ (n p ,  ns | r )  ~  s ^ fn p ,  n s ) / r ^  . (6 .1 3 )

We r e p l a c e  ( r )  In  Eq. (6 .1 0 )  by I t s  a s y m p to t ic  fo rm , and

n o t i c i n g  t h a t  a s  a r e s u l t  o f  th e  a n g u la r  i n t e g r a t i o n ,

g = g ' -  m and t  = t '  ±  1 , we o b t a i n  f o r  th e  t o t a l  c o l l i s i o n

a m p l i tu d e

œ

f ” (9,<p) = | / I T  3 ^ •>{..+!O 'n'') P o . t ' g ' f r )

* I  & ' g '  g ' - m ( ^ )

-  I P o , f g ' ( r )  ^ ? I ' _ 1  g ' - m '* '

= -2 s  y  ( - l ) ^ ( l ( t + l , t  g )  c ^ ( t  g ;  t+ 1  g-m)
t g

X g . jn ( r )  + I ( t - l , t  g )  c ^ ( t  g ;  t - 1  g-m)

X ? t - l  g _ m (f ) ]  '

where we have employed th e  Condon and S h o r t l e y  n o t a t i o n ,

(see  T ab le  V)

TT
c ^ ( - tm ; t 'm ')  = (2 /2 k + l ) ^  ^ 0 (k ,m -m ')  0 ( t ,m )  8 ( t ' , m ' )  s i n  9 d0 ,

(6 .1 5 )



89

TABLE V

INTEGRALS OF THREE NORMALIZED ASSOCIATED 

LEGENDRE POLYNOMIALS.

c l ( t ,  0 ; t  + 1 , ±  1) = - [ ( t  + 2) (I  + l ) / 2 ( 2 l  + 3) (21 + l ) ]&

0; t  - 1, ±  1) = [ 1 ( 1  - l ) / 2 ( 2 l  + l ) ( 2 l  - !)]& 

c ^ ( l  + 2,  0; t  + 1, ±  1) = i ( l  + 2 ) ( t  + l ) / 2 ( 2 l  + 3 ) (21 + 3)]^  

c ^ ( l  -  2,  0; t  - 1, ±  1) = - [ 1 ( 1  -  l ) / 2 ( 2 l  - l ) ( 2 l  -  3)]&

Q^( l ,  0; t  + 1, 0) = (t + l ) / [ ( 2 l  + 3 ) ( 2 l  + 1)]^

0^(1,  0 ; t  -  1 , 0) = l / [ ( 2 l  + l ) ( 2 l  -  ! )]&
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and where we have d e f in e d

00
I ( t '  ±  1, t ' g ' )  5 ^ P g ^ ; ^ g , ( r )  r - 1  d r .  ( 6 . l 6 )

The t o t a l  c r o s s  s e c t i o n  f o r  th e  t r a n s i t i o n  ns-npm . I s  g iv e n  

by

Q(ns^npm) = (k^^/k^) ^ dO

= (k ^ /k g )  ^  8^ y  { | l ( t + l , t  g) c ^ ( t  g ;  t+ 1  g-m) 1̂

+ g) c l ( t  g ; t - l  g -m ) |2  4 I * ( t + l , t  g)

X l ( t + l , t + 2  g) c ^ ( t  g ; t + l  g-m) c^(-t<+2 g ; t + l  g-m)

+ g ) l ( t - l , ‘t - 2  g )  c ^ ( t  g j ' t - l  g-m)

X c ^ ( t - 2  g ; t - l  g-m )} . (6 .1 7 )

I n  e v a l u a t i n g  th e  r a d i a l  I n t e g r a l s  I ( t ' , 4  g ) ,  we

u se  ( r )  a s  d e te rm in e d  f o r  th e  c a se  o f  e x a c t  r e s o n a n c e .
o , l g

I n  t h i s  s e c t i o n ,  we have made u se  o f  th e  e x p a n s io n

• (6 . 18 )

Comparing t h i s  w i th  Eq. (1 .6 8 )  f o r  P^ we f i n d  t h a t

P^ , p ( r )  = 21^[T T (2 t + l ) ] i  p  ( r )  6 (6 .1 9 )0 , t g  o ,  t  g ,o

where Ô ^ I s  th e  u s u a l  K ro n e c k e r  d e l t a .  The r a d i a l  I n t e g r a l s
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a r e  found  t o  be g iv e n  by

0) = + l)^(kQkj^) ^  exp  ( - ^ n i )

X [!!■*■ ( t ± l , t )  exp ( - i l p ^ n )

+ H '( < t± l , t )  exp ( - i l p _ n ) ]  , (6 .2 0 )

where we have d e f i n e d  

H
O 
00

H

(6 . 21)

Making u se  o f  t h e  c o e f f i c i e n t s  g iv e n  I n  T a b le  V, we f i n d  f o r  

t h e  t o t a l  c r o s s  s e c t i o n s

Q ( n s - n p (± l ) )  = n k " 2 ( 4 / 3 ) ( n s ) 2  2 '(2 t^ + " 3 )^ ^

x | G ( t + l , t )  I + i )  | G ( 4 - l ; t )

— 2 ( i l ^ +  3 )^^ G ( t + l , t + 2 )

(6 . 2 2 )

_ t ( t  -  1

and

2 ( 2 t  ^ 1 } G * (4 -1 '4 )  G ( t - l , t - 2 )  ,

Q(ns-*npo) «= nk"^  ( 4 /3 )  (tts)^ ^  { I f :  t  l ) ^  ) G ( t + l , t ) | ^
t  2 t  + 3

+ ^ / 4 - t  l o ( i - i . i )  I® + ^ - "- g l H V o * ( t + i , t )
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X G ( t+ l , t+ 2 )  4 {1-1,1)  } ,

(6 .2 3 )

where we have d e f in e d

G ( ( ,± l , t )  = exp ( -  1  Ip ^ n )  + H " ( t ± l , t )  exp  (-&dp_n).

(6 .24 )

S in c e  th e  i n i t i a l  s t a t e  i s  n o n - d e g e n e r a te ,  we need 

o n ly  sum th e  t h r e e  c r o s s  s e c t i o n s  above to  o b t a i n  th e  t o t a l  

ns-*np c r o s s  s e c t i o n ;  one f i n d s

Q (n s-n p )  = tt1c" ^ ( 4 /3 )  (n s )^  { ( t  4 l ) | G ( t 4 l , t ) | ^

4- 4 | G ( t - l , t )  f  } . (6 .25 )

The r a d i a l  i n t e g r a l s  g iv e n  i n  Eqs. (6 .2 4 )  may be 

r e a d i l y  e v a l u a t e d  i n  te rm s  o f  h y p e rg e o m e tr ic  f u n c t i o n s ^  a s

00

= i  ^ J p ^ ( k g r )  J(,+3 /2  d r

4-3/2
= i ( k /k ^ )  , ( r ( a j / r ( c j  r ( i  _ b j }  (6.26)

X [a+ , by.; Cy.; ( k ^ /k ^ ) ^ ]  ,

where

= i ( P ±  + t  4 3 /2 )  , 

by, = i ( t  4 3 /2  -  p j  , (6 .2 7 )

C . = t  4 5 /2  ,
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and

00

-  è  \  J p  (k r )  J  (k  r )  r " ^  d r

= è(k„A o)^'*[r(a^)/r(o^) r ( i  - b^)l (6.28)

X 2^1 b j.; c^ ;  (ky j/k^ )^ ]  ,

w ith

a± = i ( P i  + 4 4 3 /2 )  ,

bj. = + 3 /2  - p+) , (6 .2 9 )

cj. = t  + 5 /2  .

We n o t i c e  t h a t  Eq. (6 .2 5 )  I s  o f  p r e c i s e l y  th e  same 

form  a s  th e  Born c r o s s  s e c t i o n  g iv e n  by  Eq. ( 2 .4 7 ) ,  e x c e p t  

t h a t  t h e  r a d i a l  I n t e g r a l s  a r e  d i f f e r e n t  and I n  th e  I t e r a t i o n  

r e s u l t ,  c o n ta in  th e  A d ep en d e n ce .  I t  can  be shown t h a t  f o r

a g iv e n  A and l a r g e  v a lu e s  o f  t ,  o r  f o r  s m a l l  A and any

v a lu e s  o f  I ,  th e  two r e s u l t s  c o i n c i d e .  T h is  I s  to  be e x ­

p e c te d  s in c e  A I s  a  m easure  o f  t h e  d i s t o r t i o n  o f  P^, and 

I t s  e f f e c t  becomes much l e s s  p ro no unced  f o r  l a r g e  t ; we a l s o  

f i n d  t h a t  f o r  A-0 we have p j ° ^ ( r )  exp ( i k ^ - r ) .

The c r i t e r i o n  by  w hich  we chose  th e  c o n s t a n t  A I s ,  

o f  c o u r s e ,  somewhat I n t u i t i v e .  I t  I s  b a se d  on th e  w e l l -  

known I d e a  t h a t  t r a n s i t i o n s  I n  an  a to m ic  sy s tem  a re  g o v e rn e d  

by th e  a b s o l u t e  sq u a re  o f  th e  m a t r ix  e le m e n ts  o f  th e  e x t e r n a l  

p e r t u r b a t i o n  c o n n e c t in g  th e  I n i t i a l  and th e  f i n a l  s t a t e .
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S in c e  th e  c r o s s  s e c t i o n s  c a l c u l a t e d  from  Eq. (6 .2 5 )  do d e ­

pend a p p r e c i a b l y  on A, th e  u se  o f  th e  tw o -c h a n n e l  a p p ro x im a ­

t i o n  d oes  I n t r o d u c e  some u n c e r t a i n t y  t o  th e  c r o s s  s e c t i o n s .  

N e v e r t h e l e s s ,  t h i s  " tw o -c h a n n e l"  scheme may be u sed  a s  an  

a p p ro x im a te  method f o r  c a l c u l a t i n g  th e  c r o s s  s e c t i o n s  where 

more d e t a i l e d  c a l c u l a t i o n s  a r e  I m p r a c t i c a l .  F ig u r e  17 shows 

r e a s o n a b le  a g re em e n t b e tw een  th e  c o l l i s i o n  s t r e n g t h s  c a l c u ­

l a t e d  by th e  t h r e e - c h a n n e l  c o u p l in g  e q u a t io n s  and by th e  tw o- 

c h an n e l  a p p ro x im a t io n  w i th  A = -  ^  s .  A lso  I s  shown th e  

v a r i a t i o n  o f  t h e  c o l l i s i o n  s t r e n g t h s  w i th  r e s p e c t  t o  A.



MAX

A -2 .96
A -4 .0

6
RO

cT /  A -5 .0

4

2

\o
Ln

RD
F ig u r e  17 . C o l l i s i o n  S t r e n g t h s  ( s  *  1 9 .0 )  and  0^  (2 -  
C h a n n e l ,  A ■ 2 . 9 ,  4 . 0 ,  5 . 0 )  f o r  Na, 3 ^ s  -  3 ^ p ,  b y  E l e c t r o n  
I m p a c t ,  w i th  AE — 2 .1 0 4  eV. (The v a lu e  o f  A = 2 . 9  c o r r e s -  
p o n as  t o  th e  r e l a t i o n  |A | »  2 | s | / 3 ) .



CHAPTER V II 

DISCUSSION

I n  th e  c a l c u l a t i o n s  p r e s e n t e d  I n  th e  p r e v io u s  ch ap ­

t e r s ,  we have made th e  a p p ro x im a t io n  o f  u s in g  a s p e c i a l  s e t  

o f  p o t e n t i a l  f u n c t i o n s  a s  g iv e n  i n  Eqs. (1 .3 7 )  and o f  n e g ­

l e c t i n g  th e  e f f e c t  o f  exchange be tw een  th e  c o l l i d i n g  and th e  

a tom ic  e l e c t r o n s .  F o r  t r a n s i t i o n s  w i th  lo n g - ra n g e  c o u p l in g ,  

where th e  t o t a l  c r o s s  s e c t i o n  i s  d i s t r i b u t e d  o v e r  a l a r g e  

number o f  Q^, t h e s e  a p p ro x im a t io n s  can be j u s t i f i e d  on th e  

b a s i s  t h a t  th e y  a f f e c t  o n ly  th e  p a r t i a l  c r o s s  s e c t i o n s  

c o r re s p o n d in g  to  s m a l l  v a lu e s  o f  I .  The u se  o f  th e  a p p r o x i ­

mate p o t e n t i a l  f u n c t i o n s  i s  m ere ly  t o  s i m p l i f y  th e  c a l c u l a ­

t i o n  o f  th e  c r o s s  s e c t i o n s ,  and i s  n o t  e s s e n t i a l  t o  th e

method o f  r e s o n a n c e - d i s t o r t i o n .  I n  c a se  U  and U a r e  n o t00 nn
s e t  to  z e r o ,  o u r  z e r o t h  o r d e r  s o l u t i o n ,  i n  th e  unco u p led  

r e p r e s e n t a t i o n , i s  t a k e n  a s  th e  s o l u t i o n  o f

+ 4  -  ®oo> = «on '  ( 7 - : )

+ k !  -  ®oo> '  “no " i " ’ .

and th e  f i r s t  a p p ro x im a t io n  o f  i s  g o t t e n  by s o lv in g

+ 4  -  “ nn> = “no ' <7.2)
96
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We have i n v e s t i g a t e d ,  t o  a c e r t a i n  e x t e n t ,  th e  e f f e c t s  o f

th e  p a r t s  o f  th e  p o t e n t i a l  f u n c t i o n s  w hich  were n e g l e c t e d  i n

E qs. ( 1 .3 7 ) ,  on th e  c r o s s  s e c t i o n s .  F o r  e l e c t r o n - a t o m

c o l l i s i o n s ,  U ^ and U behave  l i k e  - r " ^  exp  ( - a r )  n e a r  th e  
00 nn

o r i g i n  and decay  r a p i d l y  on a c c o u n t  o f  th e  e x p o n e n t i a l  f a c -
p

t o r .  The r a d i a l  p a r t  o f  i s  p r o p o r t i o n a l  t o  r  a t  l a r g e

d i s t a n c e s  (ns-*np), b u t  a t t a i n s  a maximum and e v e n t u a l l y  

p a s s e s  th ro u g h  th e  o r i g i n  a s  r  i s  d e c r e a s e d  t o  z e r o .  Even 

f o r  e l a s t i c  c o l l i s i o n  p ro b le m s ,  th e  f u n c t i o n a l  form  o f  U00
i s  so  c o m p l ic a te d  a s  to  make e x a c t  s o l u t i o n  i m p r a c t i c a l .  In

t h e i r  s t u d i e s  o f  e l a s t i c  c o l l i s i o n s  b e tw een  e l e c t r o n s  and
20atom s o f  th e  r a r e  g a s e s ,  A l l i s  and Morse u sed  a p o t e n t i a l  

o f  th e  form

V = Z ( l / r Q  -  1/ r ) ,  r  < r ^ .

= 0 , r  > r ^ .
(7 .3 )

w hich  makes p o s s i b l e  an  a n a l y t i c  s o l u t i o n  o f  th e  S c h r o e d in g e r  

e q u a t io n .  As a t r i a l  c a l c u l a t i o n  we have c o n s id e r e d  a mod­

i f i e d  sc h em a tic  model w i th  th e  f o l lo w in g  i n t e r a c t i o n  te rm s :

«00 -  "nn  -  0 

"on  =
} r  > To - (7 - 5 )

We chose th e  p a ra m e te r  r^  so  t h a t  a t  r  = r ^ ,  Uqq and a re
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b o th  v e ry  s m a l l  and h a s  d e v i a t e d  a p p r e c i a b ly  from  i t s

a s y m p to t ic  i n v e r s e - s q u a r e  fo rm . Once r^  i s  f i x e d ,  z can  be

d e te rm in e d  i n  th e  same m anner a s  was done by  A l l i s  and

M orse . 20 F o r  th e  c a se  o f  e x a c t  r e s o n a n c e ,  th e  s o l u t i o n s

o f  and can  be e x p r e s s e d  i n  te rm s  o f  th e  coulomb wave o n
f u n c t i o n s  0  ( r  < r  ) and B e s s e l  f u n c t i o n s  ( r  > r  ) .  We

o ' — o
,20

have c a l c u l a t e d  th e  p a r t i a l  c r o s s  s e c t i o n s  ( e x a c t  re s o n a n c e )  

f o r  th e  2s-*2p t r a n s i t i o n s  o f  H a t  an  e l e c t r o n  e n e rg y  o f  13.6  

eV u s in g  th e  tw o - r e g io n  i n t e r a c t i o n  p o t e n t i a l s  o f  E qs. (7 . 4 ) 

and (7 . 5 ) ,  and have r e p e a t e d  th e  same c a l c u l a t i o n  w i th  th e  

o n e - r e g io n  a s y m p to t i c  form  o f  E q s . (1 . 38 ) .  I t  i s  found  t h a t  

th e  r e s u l t s  o f  th e s e  two c a s e s  a r e  d i f f e r e n t  o n ly  f o r  sm a l l  

I .  F o r  i n s t a n c e ,  th e  sum o f  from  -t = 2 to  -t = 7 v a r i e s  by 

a b o u t  10^ .  Thus f o r  t r a n s i t i o n s  in v o lv in g  a lo n g - ra n g e  

i n t e r a c t i o n ,  t h e  i n t r o d u c t i o n  o f  th e  tw o - r e g io n  p o t e n t i a l  

a l t e r s  th e  t o t a l  c r o s s  s e c t i o n  o n ly  s l i g h t l y .

The exchange  e f f e c t  o f  th e  e l e c t r o n s  can be i n c o r ­

p o r a t e d  i n t o  th e  f o r m u la t i o n  o f  th e  method o f  re s o n a n c e  d i s ­

t o r t i o n .  I f  we c o n s i d e r  o n ly  th e  i n t e r a c t i o n  o f  two s t a t e s ,  

and th e  t o t a l  wave f u n c t i o n  i s  now expanded a s

Y( 1 , 2 )  = P o ( r )  ♦ o ( r ' )  + P^( r)  + G o ( r ' )  * o ( r )

+ O n ( r ' )  , (7 . 6 )

i n  th e  u n co u p led  r e p r e s e n t a t i o n .  Upon i n t r o d u c in g

(7.7)
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we o b t a i n  th e  d i f f e r e n t i a l  e q u a t io n s  f o r  t h e  s c a t t e r i n g  

2
a m p l i tu d e s  a s

= ^  5l « o n ( ? ' ? ' )  P „ , ± ( ? ' )  a ? '  ,
(7 . 8 )

f ’ ® + I'n -  " n n ]  ±  ^ K „ n ( ? - ? ' )  '

= V o , ± ( ? )  T  ^ K „ „ ( ? ,5 '} F „ ^ ^ ( ? ' )  d ? '  , (7 . 9 )

Where U^q, and  a r e  g iv e n  by Eq. (1 . 24 ) ,  and

K oo(^ l'^ 2) “ *%(?!) * 0 % )  (^o -  2 /^12 '  ^Eq ) .

^ n n ( ^ l ' ^ z )  “ +% (ri)  (^n " 2/ r ^ g  -  2E„) , (7 . 10 )

K o n f f l ' f g )  = * n ( Z l )  * 0 % )  " 2 / r ^ 2  " 2 Eq ) = K ^ o % ' ^ l )  '

The z e r o t h  o r d e r  s o l u t i o n s ,  w hich  w i l l  be d e n o te d  a s
(o)and p'' , a r e  t a k e n  a s  th e  s o l u t i o n s  o f  th e  l i m i t i n g  e x a c t -
n ,±

re s o n a n c e  p ro b lem . I g n o r in g  ex ch an g e . U nder t h e s e  l i m i t i n g

c o n d i t i o n s ,  E qs . (7 . 8 ) and (7 . 9 ) red u c e  t o  E qs. (7 . 1) and

p ( ° )  and p ( ° )  become I d e n t i c a l  to  th e  f u n c t i o n s  P^°^ and p ( ° ^ ,  o , ±  n , ±  o n
r e s p e c t i v e l y .  We th e n  r e p l a c e  P I n  Eq. (7 . 9 ) by P ^ ° 'o,± o,±
and  s o lv e  f o r  P . A s i m i l a r  I t e r a t i o n  p ro c e d u re  can be 

u se d  I f  one expands Y ( l , 2 ) I n  te rm s  o f  b a s i s  f u n c t i o n s  o f  

th e  c o u p le d  r e p r e s e n t a t i o n . ^ ^

P l n a l l y  we w ish  t o  d i s c u s s  t h e  a p p l i c a b i l i t y  o f  th e  

method o f  re so n a n c e  d i s t o r t i o n  and  I t s  r e l a t i o n  t o  o t h e r



100 ,

a p p ro x im a te  methods o f  s o lv in g  c o l l i s i o n  p ro b lem s. F i r s t  o f  

a l l ,  th e  method o f  re so n an c e  d i s t o r t i o n  i s  r e s t r i c t e d  to  

p rob lem s in v o lv in g  n e a r  r e s o n a n c e ,  s in c e  th e  l i m i t i n g  case  

o f  e x a c t  re s o n a n c e  i s  t a k e n  a s  th e  z e r o t h - o r d e r  a p p ro x im a t io n .  

T h is  method i s  most s u i t a b l e  f o r  c a s e s  where th e  c o u p lin g  

be tw een  th e  i n i t i a l  and f i n a l  s t a t e s  i s  s t r o n g .  We can i l l u s ­

t r a t e  th e  n a tu r e  o f  t h i s  method th ro u g h  a p a r t i a l  wave a n a l ­

y s i s .  The p a r t i a l  c r o s s  s e c t i o n s  c o r re s p o n d in g  to  l a r g e  I  

f o r  th e  s t r o n g  c o u p l in g  case  red u c e  to  th e  Born p a r t i a l  c ro s s  

s e c t i o n s ,  b e c a u se  p a r t i a l  waves o f  l a r g e  I  a r e  c l a s s i c a l l y  

e q u i v a l e n t  t o  d i s t a n t  im p a c ts  and a t  l a r g e  d i s t a n c e s ,

and a r e  s u f f i c i e n t l y  sm a l l  so t h a t  th e  Born A p p ro x i­

m ation  i s  a p p l i c a b l e .  At lo w e r  I  th e  " e f f e c t i v e "  c o u p l in g  

becomes so l a r g e  t h a t  th e  u se  o f  th e  Born  A p prox im atio n  and 

th e  Method o f  D i s t o r t e d  Waves, w hich a r e  v a l i d  f o r  weak cou ­

p l i n g ,  i s  n o t  a lw ays j u s t i f i a b l e .  I t  i s  i n  t h i s  r e g io n  o f  I  

( c a l l e d  "low I  r e g io n " )  t h a t  th e  method o f  re so n an c e  d i s t o r ­

t i o n  i s  u s e f u l .  F o r  c o l l i s i o n - i n d u c e d  t r a n s i t i o n s  w i th  a 

lo n g - ra n g e  i n t e r a c t i o n  p o t e n t i a l ,  where th e  c o n t r i b u t i o n  from 

th e  p a r t i a l  c r o s s  s e c t i o n s  i n  th e  "low I  r e g io n "  c o n s t i t u t e s  

a s u b s t a n t i a l  p a r t  o f  th e  t o t a l  c r o s s  s e c t i o n  ( e . g . .  T ab le  

IV ) ,  we may e x p e c t  th e  method o f  re so n a n c e  d i s t o r t i o n  to  

y i e l d  more a c c u r a t e  r e s u l t s  th a n  th e  u s u a l  B om  A p p rox im ation .

F o r  v e ry  weak c o u p l in g ,  th e  r e s u l t s  o f  th e  method o f  

re so n an c e  d i s t o r t i o n  a p p ro a c h  th o s e  o f  t h e  Method o f  D i s t o r t e d  

Waves. T h is  can  be  se en  from  E qs. (7 . 1 ) and (7 . 2 ) .  When
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becomes v e ry  s m a l l ,  I n  Eq. (7 . 2 ) i s  n e a r l y  e q u a l  t o  th e

z e r o t h  o r d e r  s o l u t i o n  i n  th e  Method o f  D i s t o r t e d  Waves, which 

i s  d e f in e d  by

The d i f f e r e n c e  i n  a s  c a l c u l a t e d  by th e s e  two z e r o t h  o r d e r  

f u n c t i o n s  sh o u ld  be sm a l l  compared to  P^ i t s e l f .



CHAPTER V I I I

THE CONTINUUM OF ATOMIC HYDROGEN

F o r  some t im e ,  r e s e a r c h e r s  have b een  aw are o f  th e  

e x i s t e n c e  o f  a s t r o n g  con tinuu m  i n  hy d ro g en  a r c s ,  s p a r k s ,  and 

o f  p a r t i c u l a r  i n t e r e s t  i n  th e  e x p a n s io n  from  an  e l e c t r i c  

shock  tu b e ;  th e  con tinuum  r a d i a t i o n  i s  o f  p a r t i c u l a r  i n t e r ­

e s t  i n  th e  v i s i b l e  r e g i o n ,  and hence  t h i s  i n v e s t i g a t i o n  w i l l  

c o n c e rn ,  p r i m a r i l y ,  w a v e le n g th s  i n  th e  ran g e  2000 to  6000 A®.

I t  was g e n e r a l l y  b e l i e v e d  t h a t  t h i s  con tinuum  was due 

to  r e c o m b in a t io n  ( i . e . ,  r a d i a t i o n  r e s u l t i n g  from  th e  com bin­

in g  o f  a f r e e  e l e c t r o n  w i th  a  p r o t o n ) ,  and p r o t o n - e l e c t r o n  

b r e m s s t r a h lu n g ,  however i t  was o f t e n  found  t h a t  th e  m easured  

i n t e n s i t y  was to o  s t r o n g  t o  be e x p l a i n e d ,b y  th e s e  a l o n e . 21
Op

I n  h i g h - p r e s s u r e  h y d ro g e n -a rc  e x p e r im e n t s ,  i t  was shown 

t h a t  a l a r g e  p a r t  o f  th e  con tinuum  was due to  th e  f r e e -b o u n d  

t r a n s i t i o n  o f  th e  n e g a t iv e  hydrogen  io n  ( i . e . ,  th e  a t t a c h m e n t  

o f  a f r e e  e l e c t r o n  o n to  a n e u t r a l  hy d rogen  a to m ) . The im ­

p o r t a n c e  o f  th e  r e v e r s e  p r o c e s s  o f  p h o to d e ta c h m e n t  o f  H“ , a s  

an  a b s o r p t i o n  mechanism i n  th e  a tm o sp h e re  o f  th e  su n ,  had

been  r e a l i z e d  f o r  some t im e ,^ ^  and much work had a l r e a d y  been
2hdone on th e  c a l c u l a t i o n  o f  a b s o r p t i o n  c o e f f i c i e n t s .

I n  e l e c t r i c a l l y  e n e r g i z e d  s h o c k s ,  i t  i s  p o s s i b l e  to

102
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have c o n d i t i o n s  i n  which l o c a l  therm odynam ic e q u i l i b r i u m  i s  

25
n o t  p r e s e n t  ( e . g .  p o p u la t io n s  o f  e x c i t e d  l e v e l s  a r e  n o t  r e ­

l a t e d  by th e  B oltzm ann f a c t o r s ,  and th e  Saha e q u a t io n  d o e s n ' t  

a p p ly )  and  h e n c e ,  su ch  p r o p e r t i e s  a s  e l e c t r o n  d e n s i t y  and 

e l e c t r o n  t e m p e r a tu re  a r e  n o t  s im p ly  r e l a t e d .  S in c e  m ea su re ­

m ents o f  su ch  p r o p e r t i e s  a r e  o f t e n  q u i t e  u n c e r t a i n ,  i t  was 

f e l t  t h a t  a co m parison  o f  m easured co n tinuum  i n t e n s i t i e s  w i th  

th o s e  c a l c u l a t e d  u n d e r  an  a r r a y  o f  d i f f e r e n t  c o n d i t i o n s ,  

co u ld  be h e l p f u l  i n  d e te rm in in g  c h a r a c t e r i s t i c s  o f  th e  p lasm a . 

W ith  t h i s  i n  m ind, t h e n ,  we d e te rm in e  c o n t r i b u t i o n s  t o  th e  

hyd ro gen  con tinuum  from  s e v e r a l  p r o c e s s e s ,  a ssum ing  o n ly  t h a t  

th e  e l e c t r o n s  th e m se lv e s  a r e  i n  th e rm a l  e q u i l i b r i u m  ( i . e .  an 

e l e c t r o n  te m p e r a tu re  T may be d e f i n e d ) .

E l e c t r o n - P r o t o n ,  R a d ia t iv e  R eco m b in a tio n  

W henever a  f r e e  e l e c t r o n  i s  l o c a t e d  i n  th e  p r o x im i ty  

o f  a p r o t o n ,  t h e r e  e x i s t s  a f i n i t e  p r o b a b i l i t y  t h a t  th e  two 

w i l l  combine to  form  a bound s t a t e  ( s a y ,  n .  I )  o f  th e  hydrogen  

a tom . I n  so d o in g ,  an amount o f  e n e rg y  hv i s  e m i t t e d ,  where

hv = E + I  . , (8 . 1 )

E b e in g  th e  i n i t i a l  k i n e t i c  e n e rg y  o f  th e  e l e c t r o n  and I  ,n ,  t
th e  i o n i z a t i o n  p o t e n t i a l  o f  th e  l e v e l  n , t .  I n  th e  f o l lo w in g ,

we s h a l l  n e g l e c t  th e  l i f t i n g  o f  th e  t - d e g e n e r a c y  i n  hydrogen

( i . e .  I  , I  ) .  The c ro s s  s e c t i o n  f o r  su ch  a p r o c e s s  i s  n , t  n
22 26 27 

w e l l  known and i s  g iv e n  by  ̂ *
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where g j j  i s  th e  Gaunt f a c t o r  f o r  th e  f r e e -b o u n d  t r a n s i t i o n ^ ®  

and

^ n  ^  = Rc , (8 . 3 )

where R i s  th e  Rydberg c o n s t a n t .  Gaunt f a c t o r s  have been  

c a l c u l a t e d  and t a b l e s  a r e  a v a i l a b l e , h o w e v e r  f o r  most c a s e s  

one f i n d s  g^^ = 1 .2 8 -3 0

The c r o s s  s e c t i o n  g iv e n  i n  Eq. (8 . 2 ) i s  f o r  a p r o c e s s  

i n  w hich  a f r e e  e l e c t r o n  o f  k i n e t i c  e n e rg y  E = h (v  -  v^) = 

i%nv  ̂ i s  c a p tu r e d  i n t o  th e  n^^ quantum  s t a t e  o f  a hydrogen  

a tom . In  g e n e r a l ,  we do n o t  have a beam o f  m ono en erge tic  

e l e c t r o n s  b u t  r a t h e r  a m axw ellian  e n e rg y  d i s t r i b u t i o n ,  where 

th e  number o f  e l e c t r o n s  p e r  u n i t  volume i n  th e  en e rg y  ran ge  

E, E + dE i s  g iv e n  by

N, ^  E ' / '  dE ,
/TT

where Ng i s  th e  e l e c t r o n  number d e n s i t y .  Combining w i th  Eq. 

(8 .2 )  and m u l t i p ly i n g  by vN ihv, we o b t a i n  th e  e n e rg y  p e r  u n i t  

volum e, p e r  u n i t  t im e ,  p e r  u n i t  s o l i d  a n g le  e m i t te d  from  a 

sy s tem  o f  e l e c t r o n s  and p r o to n s  h a v in g  d e n s i t i e s  Ng and 

r e s p e c t i v e l y ,  f o r  r e c o m b in a t io n  i n t o  t h e  n^^  s t a t e ;  th u s
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where

C  ------- 32 TT̂ e®

I n  o r d e r  to  o b t a i n  th e  t o t a l  power e m i t te d  p e r  u n i t  volum e, 

one must sum Eq. (8 . 4 ) o v e r  a l l  v a lu e s  o f  n such  t h a t  E = 

h (v  -  v^) > 0 . I t  has b een  a s t a n d a r d  p r a c t i c e  t o  sum o v e r  

n up t o ,  say  n = 4 , and th e n  I n t e g r a t e  from  n = 5 to  ®, th u s
PPt a k in g  a d v a n ta g e  o f  th e  n e a r n e s s  o f  l e v e l s  f o r  h ig h  n v a l u e s .  

However, c o n s i d e r a t i o n  o f  th e  s t a r k  b ro a d e n in g  o f  h i g h e r  

l e v e l s  s u g g e s t s  t h a t  o n ly  a f i n i t e  number o f  d i s c r e t e  s t a t e s  

be c o n s id e r e d ,  th e  c u t - o f f  b e in g  ta k e n  when th e  b r o a d e n ­

in g  becomes o f  th e  same o r d e r  a s  th e  l e v e l  s e p a r a t i o n .  I . e .

=  Rho [  -1 . +  -------------- ]  , (8 . 5 )2 / , \2m (m + 1 )

where AE^ I s  th e  s p re a d  o f  th e  m^^ l e v e l  due to  th e  p e r t u r b a ­

t i o n  o f  th e  m l c r o f l e l d .

Lowering o f  t h e  I o n i z a t i o n  P o t e n t i a l  

S e v e ra l  r e s e a r c h e r s  have c o n s id e re d  t h i s  p rob lem  o f  

d e te rm in in g  to  what e x t e n t  th e  p re s e n c e  o f  e l e c t r o n s  and Io n s  

In  th e  p r o x im i ty  o f  a hydrogen  atom c a u se s  th e  I o n i z a t i o n  

p o t e n t i a l  t o  d e c r e a s e  and th e  c o r re s p o n d in g  s e r i e s  l i m i t s  to  

s h i f t  tow ard  l a r g e r  wave l e n g t h s . ^^"35 However, th e  most 

s t r a i g h t f o r w a r d  th e o r y  I s  p ro b a b ly  t h a t  o f  Uns6' l d ,  I n  w hich 

he c o n s id e r s  o n ly  n e a r e s t  n e ig h b o r  I n t e r a c t i o n s  w hich I s  

v a l i d  f o r  n o t  to o  h ig h  d e n s i t i e s . H i s  r e s u l t  f o r  th e
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lowering of the ionization potential Ax is given by

l o g  (Ax) = -  6 .1 5 8  + — lo g  N , (8 . 6 )
3 ^

where Ng i s  t h e  e l e c t r o n  d e n s i t y .  The p r i n c i p a l  quantum  num­

b e r  c o r r e s p o n d in g  t o  t h i s  e n e rg y  i s  d e te rm in e d  from

I T  '  (8 . 7 )

and hence

lo g  n = 3.645  -  i  lo g  Ng . (8 . 8 )

T h is  e q u a t io n  i s  found  to  g iv e  ro u g h ly  th e  same v a lu e  

o f  n , f o r  a g i v e n  e l e c t r o n  d e n s i t y ,  a s  th e  v a lu e ,  o b ta in e d  

by I n g l i s  and T e l l e r , f o r  w hich  th e  l e v e l s  b e g in  t o  o v e r l a p  

due to  S t a r k  b r o a d e n in g ;  th e y  o b ta in e d

where

7 . 5  lo g  n = 2 3 .2 6  -  lo g  N , (8 .9 )

N = 2Ng , T < ( l o 5/ n ) ° K  ,

(8 . 1 0 )
N =  Ng , T > ( l 05/n ) ° K  .

A cco rd in g  to  Eq. (8 . 10) ,  o n ly  th e  io n s  a r e  e f f e c t i v e  a t  

l a r g e r  t e m p e r a t u r e s .

S in c e  we a r e  n o t  s t r i v i n g  f o r  h ig h  a c c u ra c y  i n  t h i s  

i n v e s t i g a t i o n ,  we choose  to  t a k e  a d v a n ta g e  o f  th e  s i m p l i c i t y  

o f  U n s f i ld 's  r e s u l t s .  I t  i s  c o n v e n ie n t  to  c o n s i d e r  th e  r a t e  

o f  p h o to n  e m is s io n s  ( i . e .  number o f  p h o to n s /c m ^ -se c -c m  wave­

l e n g t h ) ,  w hich  i s  r e l a t e d  t o  t h e  e m is s io n  c o e f f i c i e n t  by
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”n “ dl “ s  ®v,n ■

Thus we have

_L  ^  j. cm"3 s e c “  ̂ cm"l , ( 8 . 1 2 )
In

where

= ( - 911) p . (8 . 13 )
p -  n

P = 5612.1  (  5^  (8 . 14)

and where X and T a r e  I n  u n i t s  o f  10^ A° and 10^°K, r e s p e c t ­

i v e l y ,  and Ng and a r e  i n  u n i t s  o f  10^? cm"^. The p a ra m e te r  

p i s  a m easure o f  th e  s h i f t  o f  th e  i o n i z a t i o n  p o t e n t i a l .  The 

t o t a l  r a t e  o f  p h o to n  e m is s io n  f o r  a  g iv e n  w a v e le n g th  i s  g iv e n  

by

V
Rr = 1  Rn  ̂ (8.15)

n=-t

where m i s  th e  l a r g e s t  i n t e g e r  c o n ta in e d  i n  p ,  and I  i s  th e  

s m a l l e s t  i n t e g e r  such  t h a t  X < X^. Of c o u r s e ,  Eq. (8 . l 4 ) i s  

e q u i v a l e n t  t o  U n s f i ld 's  r e s u l t  g iv e n  i n  Eq. (8 . 8 ) .  The n e t  

e f f e c t  o f  i n c lu d in g  th e  lo w e r in g  o f  th e  i o n i z a t i o n  p o t e n t i a l  

i s  t o  d e c r e a s e  somewhat th e  c o n t r i b u t i o n  from  re c o m b in a t io n
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and to  s h i f t  t h e  d i s c o n t i n u i t y ,  due t o  p a s s in g  o v e r  th e  

B alm er s e r i e s  l i m i t ,  tow ard  h i g h e r  w a v e le n g th s .

I t  sh o u ld  be p o in te d  o u t  h e re  t h a t  we have made a 

r a t h e r  a r b i t r a r y  c h o ic e  i n  s h i f t i n g  th e  i o n i z a t i o n  p o t e n t i a l  

by  A c t u a l ly ,  th e  e f f e c t s  o f  th e  m erging  o f  h i g h e r  l e v e l s

and th e  lo w e r in g  o f  th e  i o n i z a t i o n  p o t e n t i a l  a r e  i n s e p a r a b l e ,  

and e a c h  p l a y s  a p a r t  i n  th e  a p p a r e n t  s h i f t  o f  th e  Balm er 

s e r i e s  l i m i t .  However, s in c e  th e  p se u d o -co n tin u u m  r e s u l t i n g  

from  th e  o v e r l a p p in g  o f  h i g h e r  l e v e l s  j o i n s  sm o o th ly  o n to  th e  

r e a l  co n tin uum , t h e  n e t  r e s u l t  w i l l  be a p p ro x im a te ly  th e  same 

r e g a r d l e s s  o f  th e  d e g re e  o f  p a r t i c i p a t i o n  by e a c h  o f  th e  two 

e f f e c t s .

I n  T a b le s  VI-XVII a r e  g iv e n  c a l c u l a t e d  v a lu e s  o f  th e  

r a t e s  o f  e m is s io n  from  p r o t o n - e l e c t r o n  re c o m b in a t io n  ( i . e . ,  

number o f  p h o to n s  e m i t te d  p e r  cm^ p e r  sec  p e r  cm o f  wave­

l e n g t h ) ,  w hich  a r e  o b ta in e d  w i th  th e  a i d  o f  E qs. 8.12  -  8 . 15 . 

R e s u l t s  a r e  g iv e n  f o r  f o u r  a r b i t r a r i l y  chosen  e l e c t r o n  d e n ­

s i t i e s ;  th e  e l e c t r o n  d e n s i t y ,  o f  c o u r s e ,  e n t e r s  th e  c a l c u l a ­

t i o n  th ro u g h  t h e  s h i f t  o f  th e  i o n i z a t i o n  p o t e n t i a l .  I t  

sh o u ld  be p o in te d  o u t  t h a t  th e  number o f  s i g n i f i c a n t  f i g u r e s  

i n  a l l  o f  th e  t a b l e s  t o  be p r e s e n t e d  i s  i n  no way i n d i c a t i v e  

o f  th e  a c c u ra c y ;  one sh o u ld  r e c a l l  t h a t  i n  a l l  c a s e s ,  we have 

ta k e n  th e  g a u n t  f a c t o r s  a s  u n i t y ,  w hich  may cau se  e r r o r s  

r a n g in g  from  a b o u t  1^  f o r  r e c o m b in a t io n  to  p o s s i b l y  a s  h ig h  

a s  155È f o r  b r e m s s t r a h lu n g .



TABLE VI

CALCULATED RATES OP EMISSION PROM PROTON-ELECTRON RECOMBINATION

( u n i t s o f  X e 10^2 cm" s e c " l c m 'l

ng = .01 (Ng = 10^5 cm“3 )T P = 131.98, X ( l i m i t ) = 3722 A*

T ( 10^ ®K)

( i o 3 A®) .50 .5 5 .6 0 .6 5 .7 0 .75 .8 0 .8 5 .9 0 .95
1 . 0 .0001 .0 0 0 5 .0021 .0 0 7 4 .02 1 0 .0 5 1 9 .1 1 3 7 .2261 .41 4 8 .71 1 4
1 .5 .8 2 2 0 2 .0 2 3 4 .2 3 9 7 .8 5 9 1 3 .2 4 2 0 .6 9 3 0 .4 0 4 2 .5 0 5 7 .0 0 7 3 .8 5
2 . 0 7 4 .5 8 1 1 8 .7 1 7 2 .9 2 3 5 .8 3 0 5 .3 3 7 9 .5 4 5 6 .7 5 3 5 .2 6 1 3 .7 6 9 1 .1
2 . 5 1060 . 1298 . 1522 . 1725 . 1907. 2 0 6 7 . 22 0 7 . 2 3 2 6 . 2 4 2 8 . 2 5 1 4 .
3 . 0 6015 . 6189 . 6271 . 6288 . 6256 . 6189 . 6099 . 5992 . 5874 . 5749 .
3 . 5 20292 . 18434. 16838 . 1 5 4 6 2 . 1 4 2 6 8 . 13225. 12308 . 11498 . 10779 . 10136 .
4 . 0 2 1 1 . 0 2 6 5 .5 3 1 8 .6 3 6 9 .1 4 1 5 . 9 4 5 8 .6 4 9 7 .0 5 3 1 .2 5 6 1 .2 5 8 7 .2
4 . 5 4 1 7 .2 4 8 8 . 0 5 5 1 .3 6 0 6 .7 6 5 4 .3 6 9 4 .5 7 2 8 .1 7 5 5 .6 7 7 7 .6 7 9 5 .0
5 . 0 7 1 1 .7 7 8 5 .4 8 4 5 .3 8 9 2 .9 9 2 9 .7 9 5 7 .3 9 7 7 .2 9 9 0 .5 9 9 8 .4 1 0 0 2 .
5 . 5 1092. 1 1 4 9 . 1188 . 1 2 1 4 . 1228 . 1234 . 1232 . 1225 . 1 2 1 4 . 1199.
6 . 0 1 5 4 8 . 1565 . 1567 . 1556 . 1537 . 1512 . 1 4 8 3 . 1451. 1 4 1 7 . 1383.
6 . 5 2066 . 2 0 2 1 . 1967 . 1908 . 1 8 4 7 . 1785 . 1 7 2 4 . 1 6 6 4 . 1606 . 1550 .
7 . 0 - 2632 . 2 5 0 1 . 2 3 7 7 . 22 5 9 . 2 1 4 9 . 2 0 4 6 . 1950 . 1861 . 1778 . 1700.
7 . 5 3230 . 2 9 9 5 . 2787 . 26 0 3 . 2 4 4 0 . 2293 . 2 1 6 1 . 2 0 4 l . 1932. 1833.
8 . 0 3 8 4 9 . 3491 . 3191 . 2 9 3 5 . 2 7 1 4 . 2 5 2 2 . 2353 . 2203 . 2069 . 1949.

8 .5 44 7 6 . 3983 . 3582 . 3251 . 2 9 7 1 . 2 7 3 3 . 2 5 2 8 . 2 3 4 8 . 21 9 1 . 2051 .
9 . 0 6 2 5 .9 6 3 3 .0 6 3 2 .6 6 2 6 .8 6 1 7 .3 6 0 5 .1 5 9 1 .3 5 7 6 .3 5 6 0 .7 5 4 4 .9
9 .5 7 0 1 .6 6 9 8 .8 6 8 9 .5 6 7 5 .9 6 5 9 .5 6 4 1 .3 6 2 2 .2 6 0 2 .8 5 8 3 .3 5 6 4 .0

1 0 .0 7 7 5 .5 7 6 1 .8 7 4 3 .1 7 2 1 .4 6 9 8 .1 6 7 4 .0 6 4 9 . 8 6 2 6 .0 6 0 2 .7 5 8 0 .3

oVO

♦ H ere ,  i s  t h e  e l e c t r o n  d e n s i t y  Ng, i n  u n i t s  o f  10^? cm-3



TABLE VII

CALCULATED RATES OP EMISSION PROM PROTON-ELECTRON RECOMBINATION
2

( u n i t s  o f  Hg 22X 10 cm se c c m - l )

rig = .01 (Ne = 10^5 cm 3 , P = 13 .9 8 ,  X ( l i m i t )  = 3722 A*

Tk T ( 10^ *K)

103 A°) 1.0 1.5 2 .0 2 .5 3 .0 3 .5 4 .0 4 .5 5 . 0
1.0 1.152 22.11 8 7 .0 6 1 8 5 .6 2 9 3 .8 3 9 4 .8 480.4 548.7 6 0 0 .6
1.5 92.93 3 6 0 .5 6 3 8 .4 842.4 9 6 8 .8 1036. 1062. 1062. 1045.
2 .0 7 6 6 .6 1337. 1588 . 1649 . 1616. 1541. 1451. 1357. 1266 .
2.5 2585 . 2792 . 260 8 . 2345 . 2088 . i 8 60 . 1663. 1494 . 1350.
3 .0 5621 . 4409 . 3511 . 2868 . 2396 . 2038 . 1761. 1541. 1363.
3.5 9558. 5967 . 4239 . 3233 . 2580 . 2125 . 1792 . 1538. 1340.
4 .0 6 0 9 .6 694. 6 5 3 .0 5 9 2 .9 5 2 6 .7 467.2 416.0 3 7 2 .2 335.0
4 .5 8 0 8 .1 8 0 5 .2 714.3 6 1 8 .3 5 3 4 .8 465.6 4 0 8 .6 3 6 1 .6 3 2 2 .6
5 .0 1001 . 8 9 6 .8 7 5 4 .3 6 3 2 .4 5 3 5 .5 4 5 9 .1 3 9 8 .3 3 4 9 .4 3 0 9 .5
5.5 1182. 9 7 0 .6 7 8 1 .5 6 3 8 .3 5 3 1 .2 4 4 9 .7 3 8 6 .6 3 3 6 .7 2 9 6 .4
6 .0 1348 . 1029. 7 9 8 .9 6 3 8 .4 5 2 3 .6 4 3 8 .7 3 7 4 .2 3 2 3 .9 2 8 3 .9
6 .5 1496. 1074. 8 0 8 .7 6 3 4 .5 514.0 4 2 6 .9 3 6 1 .7 3 1 1 .5 2 7 1 .9
7 .0 1627. 1108. 8 1 2 .7 6 2 7 .6 5 0 3 .1 414.7 3 4 9 .4 2 9 9 .6 2 6 0 .6
7 .5 1742 . 1133. 8 1 2 .3 6 1 8 .8 4 9 1 .5 402.5 3 3 7 .5 2 8 8 .3 2 4 9 .9
8 .0 1841 . 1151. 8 0 8 .6 6 0 8 .6 4 7 9 .5 3 9 0 .5 3 2 6 .0 2 7 7 .6 240.0
8 .5 1926. 1162. 8 0 2 .4 5 9 7 .5 467.5 3 7 8 .8 3 1 5 .1 2 6 7 .4 2 3 0 .7
9.0 5 2 9 .0 3 9 0 .4 2 9 6 .1 2 3 2 .8 1 8 8 .6 1 5 6 .6 1 3 2 .6 114.1 9 9 .5 4
9.5 5 4 5 .2 3 9 1 .2 2 9 2 .6 2 2 8 .1 1 8 3 .8 1 5 2 .0 1 2 8 .3 110.2 9 5 .9 0

10.0 5 5 8 .6 3 9 0 .9 2 8 8 .7 2 2 3 .3 1 7 9 .0 1 4 7 .5 124.2 1 0 6 .4 9 2 .5 0



TABLE V III

CALCULATED RATES OP EMISSION FROM PROTON-ELECTRON RECOMBINATION

ne = .01

2
( u n i t s  o f  Hg X 

(Ne = 10^5 cm-3 )

22 lO r^  cm

A P = 13

-3 s e c  

.9 8 ,  X

c m 'l )

( l i m i t )  = 3722 A°

103 A°) 5 .5 6 .0 6 .5 7 . 0

T (10^ '

7 . 5

“K)

8 .0 8 .5 9 .0 9 .5 10.0
1 .0 6 3 8 .3 664.1 6 8 0 .4 6 8 9 .0 6 9 1 .8 6 9 0 .0 684.6 6 7 6 ,6 6 6 6 .7 6 5 5 .3
1.5 1018. 984.6 948.6 9 1 1 .4 8 7 4 .2 8 3 7 .7 8 0 2 .4 7 6 8 .6 7 3 6 .3 7 0 5 .7
2 .0 1180. 1101 . 1029 . 9 6 2 .8 9 0 2 .6 847.8 7 9 7 .9 7 5 2 .4 7 1 0 .8 6 7 2 .7
2 .5 1227. 1120 . 1027. 9 4 5 .9 8 7 4 .8 8 1 1 .9 7 5 6 .1 7 0 6 .2 6 6 1 .6 6 2 1 .4
3 .0 1217 . 1095. 9 9 1 .9 904,0 8 2 8 .4 7 6 2 .8 7 0 5 .3 6 5 4 .7 6 0 9 .9 5 7 0 .0
3.5 1181. 1052. 9 4 4 .7 8 5 4 .6 7 7 8 .0 7 1 2 .2 6 5 5 .3 6 0 5 .6 5 6 1 .9 5 2 3 .2
4 .0 3 0 3 .2 2 7 5 .9 2 5 2 .3 2 3 1 .7 2 1 3 .7 1 9 7 .9 1 8 3 .9 1 7 1 .5 1 6 0 .4 1 5 0 .4
4 .5 2 8 9 .8 2 6 2 .1 2 3 8 .4 2 1 8 .1 200.4 1 8 5 .0 1 7 1 .4 1 5 9 .4 148.7 13 9 .1
5 .0 2 7 6 .4 248.8 2 2 5 .4 2 0 5 .4 1 8 8 .2 1 7 3 .2 1 6 0 .1 148.6 1 3 8 .4 1 2 9 .3
5 .5 2 6 3 .6 2 3 6 .3 2 1 3 .3 1 9 3 .9 1 7 7 .2 1 6 2 .7 1 5 0 .1 1 3 9 .1 1 2 9 .3 120.6
6 .0 2 5 1 .4 224.6 202.2 1 8 3 .3 1 6 7 .2 1 5 3 .3 141.2 1 3 0 .6 1 2 1 .3 113.0
6 .5 2 3 9 .9 2 1 3 .8 1 9 2 .0 17 3 .7 1 5 8 .2 144.8 1 3 3 .2 1 2 3 .1 114.2 1 0 6 .3
7 .0 2 2 9 .3 2 0 3 .8 1 8 2 .7 1 6 5 .0 1 5 0 .0 13 7 .1 1 2 6 .0 1 1 6 .3 1 0 7 .8 1 0 0 .3
7 .5 2 1 9 .4 1 9 4 .6 1 7 4 .2 1 5 7 .1 142.6 1 3 0 .2 1 1 9 .5 110.2 102.1 9 4 .8 6
8 .0 2 1 0 .2 1 8 6 .1 1 6 6 .3 1 4 9 .8 1 3 5 .8 1 2 3 .9 1 1 3 .6 104.7 9 6 .8 9 9 0 .0 0
8.5 2 0 1 .7 1 7 8 .3 15 9 .1 143.1 1 2 9 .7 1 1 8 .2 1 0 8 .3 99 .7 2 9 2 .2 2 8 5 .6 1
9.0 8 7 .8 0 7 8 .1 8 7 0 .2 0 63.48 5 7 .7 7 5 2 .8 6 48.61 4 4 .9 0 41.63 3 8 .7 5
9.5 84.46 7 5 .1 2 6 7 .3 7 6 0 .8 7 5 5 .3 4 5 0 .6 1 46.51 42.93 3 9 .7 9 3 7 .0 2

10.0 8 1 .3 5 7 2 .2 7 64.75 5 8 .4 5 5 3 .1 1 48.53 4 4 .5 8 41.13 3 8 .1 1 3 5 .4 3



TABLE IX

CALCULATED RATES OF EMISSION FROM PROTON-ELECTRON RECOMBINATION

n = 0.1  e

( u n i t s  

(Ne = 10

o f  Hg X

16 om-3 )

00 _o 
10 cm~^ s e c

f P ~ 9 . 5 2 , 1

■1 cm "l)  

( l i m i t )  = 3814 A*

(103 A ) .50 .5 5 .6 0 .6 5

T (10^

.7 0

*K)

.75 .8 0 .85 .9 0 .95
1 .0 .0001 .0004 .001 8 .0064 .0185 .0 4 5 9 .1015 .2032 .3753 .6473
1 .5 .6828 1 .7 0 9 3 .6 3 5 6 .8 2 2 1 1 .6 2 1 8 .3 2 27.14 3 8 .2 1 5 1 .5 7 6 7 .1 9
2 .0 61.95 100.3 148.3 204.7 2 6 7 .8 3 3 6 .1 4 0 7 .7 481,2 5 5 5 .3 6 2 8 .8
2 .5 880.5 1097. 1305. 1498 . 1673. 1831 . 1970. 209 2 . 2197 . 2287 .
3.0 4996 . 5230 . 5378. 5458 . 5488 . 5480 . 5444 . 5387 . 5314 . 5231 .
3.5 16855. 15579. 14438. 1 3 4 2 2 . 12518. 11710. 10987 . 10337. 9752 . 9222.
4 .0 1 7 9 .4 2 2 9 .5 2 7 9 .2 3 2 7 .0 3 7 1 .9 413.4 4 5 0 .9 484.6 514.4 540.6
4 .5 3 5 4 .6 421.9 483.1 5 3 7 .6 5 8 5 .2 6 2 6 .0 6 6 0 .6 6 8 9 .3 7 1 2 .9 7 3 1 .8
5 .0 6 0 5 .0 6 7 9 .0 740.8 7 9 1 .2 8 3 1 .5 8 6 2 .9 886.6 9 0 3 .7 9 1 5 .3 9 2 2 .2
5 .5 9 2 8 .0 9 9 3 .1 I 04l . 1076 . 1098. 1112 . 1118. 1118. 1113. 1104 .
6 .0 1315. 1353 . 1373 . 1379 . 1375 . 1363. 1345 . 1324 . 1299. 1273 .
6.5 1756. 1747 . 1723. 1690. 1652. 1609. 1564 . 1518 . 1472. 1427 .
7 .0 2237 . 21 62 . 208 3 . 2002 . 1922. 1844 . 1770. 1698 . 1630. 1565.
7 .5 2746 . 2589 . 2442 . 23 0 7 . 218 2 . 20 67 . i9 6 0 . 1862. 1771. 1687.
8 .0 3272. 3018 . 2796 . 2601 . 2428 . 227 3 . 2135 . 2010 . 1897. 1795.
8 .5 3805. 3443 . 3139. 288 0 . 2 6 5 8 . 2464 . 229 3 . 2142 . 20 0 8 . 1888 .
9 .0 4337 . 3858 . 3468 , 3144 . 2871 . 2637 . 2436 . 2260 . 2106 . 1969.
9.5 6 0 8 .2 6 1 2 .1 6 0 8 .8 6 0 0 .6 5 8 9 .0 5 7 5 .2 5 6 0 .0 5 4 4 .1 5 2 7 .8 5 1 1 .4

10.0 6 7 2 .3 6 6 7 .3 6 5 6 .1 641.0 6 2 3 .5 6 0 4 .5 584.9 5 6 5 .0 5 4 5 .4 5 2 6 .2

ro



TABLE X

CALCULATED RATES OP EM ISSIO N  PROM PROTON-ELECTRON RECOMBINATION

( u n i t s  o f  X 1 0 ^ ^  cm “ ^  s e c ” ^ cm ” ^ )e

" e = 0 .1 (N^ = 10^6 
e cm“ 3 ) ,  p = 9 .5 2 , X ( l i m i t ) = 3814 A*

oX
(10^ A®) 1.0 1 .5 2 . 0

T

2 .5

(10^ ®K) 

3 .0 3 .5 4 .0 4 .5 5 .0
1 .0 1 .0 5 4 2 0 .8 7 8 3 .4 0 1 7 9 .2 2 8 5 .1 384.3 468.7 5 3 6 .3 5 8 7 .7
1.5 84.99 340.3 6 1 1 .5 8 1 3 .4 940.0 1008. 1036. 1038. 1022 .
2 .0 7 0 1 .1 1262. 1521. 1592 . 1568. 1500 . 1415 . 1326. 1239.
2 .5 2364 . 2635 . 249 8 . 2264 . 2 0 2 6 . 1811 . 1623. l 46 l . 1321.
3 .0 514i . 4 l 62 . 3363 . 276 9 . 232 5 . 1984 . 1718. 1506 . 1334.
3 .5 8742 . 5633 . 4o6o . 3122 . 2504 . 206 9 . 1748 . 1503 . 1311.
4 .0 5 6 3 .3 6 5 4 .2 6 2 5 .3 5 6 5 .5 5 0 3 .5 4 4 7 .4 3 9 8 .7 3 5 7 .0 3 2 1 .5
4 .5 746.7 7 5 9 .1 6 7 8 .7 5 8 9 .8 5 1 1 .4 4 4 5 .8 3 9 1 .6 346.8 3 0 9 .5
5 .0 92 5 .2 845.4 7 1 6 .7 6 0 3 .3 5 1 2 .0 4 3 9 .5 3 8 1 .8 3 3 5 .1 2 9 7 .0
5 .5 1093. 9 1 5 .0 742.6 608 . 9 5 0 7 .8 4 3 0 .6 3 7 0 .5 3 2 2 .9 284.5
6 .0 1245 . 9 7 0 .0 7 5 9 .1 6 0 9 .0 5 0 0 .6 420.1 3 5 8 .7 3 1 0 .7 2 7 2 .4
6.5 1382. 1012 . 7 6 8 .4 6 0 5 .2 4 9 1 .4 408.7 346.7 2 9 8 .8 2 6 0 .9
7 .0 1504. 1045 . 7 7 2 .2 5 9 8 .7 481.0 3 9 7 .1 3 3 4 .9 2 8 7 .3 2 5 0 .0
7 .5 1609. 1068. 7 7 1 .9 5 9 0 .3 4 7 0 .0 3 8 5 .4 3 2 3 .5 2 7 6 .5 2 3 9 .8
8 .0 1701. 1085. 7 6 8 .3 5 8 0 .6 4 5 8 .5 3 7 3 .9 3 1 2 .5 2 6 6 .2 2 3 0 .3
8 .5 1780. 1096. 7 6 2 .4 5 7 0 .0 4 4 7 .0 3 6 2 .7 3 0 2 .0 2 5 6 .5 221.4
9.0 1846 . 1102 . 7 5 4 .7 5 5 9 .0 4 3 5 .6 3 5 1 .9 2 9 2 .0 2 4 7 .4 2 1 3 .1
9.5 4 9 5 .2 3 5 8 .8 2 6 9 .3 2 1 0 .3 1 6 9 .6 140.3 1 1 8 .5 101.8 88.64

10.0 5 0 7 .5 3 5 8 .5 2 6 5 .7 2 0 5 .9 1 6 5 .2 1 3 6 .2 114.8 9 8 .3 5 8 5 .4 9

w



TABLE XI

CALCULATED RATES OP EMISSION FROM PROTON-ELECTRON RECOMBINATION

rig = 0 . 1

( u n i t s  

(Ne = 10

o f  H g  X

cm"3 )

10^2 cir 

j P = 5 .

sec"

9 2 , \  1

cm“ ^) 

[ l i m i t )  = 3814 A*

103 A®) 5 . 5 6 . 0 6 . 5 7 . 0

T ( 10^ ° 

7 . 5

K)

8 . 0 8 .5 9 .0 9 .5 1 0 .0
1 . 0 6 2 5 .2 6 5 1 .0 6 6 7 .3 6 7 6 .2 6 7 9 .2 6 7 7 .6 6 7 2 .6 6 6 4 . 9 6 5 5 .3 6 4 4 .2
1 .5 9 9 6 .8 9 6 5 .1 9 3 0 .4 8 9 4 .3 8 5 8 .2 8 2 2 .7 7 8 8 .3 7 5 5 .2 7 2 3 .7 6 9 3 .7
2 . 0 1 1 5 6 . 1079. 1009 . 9 4 4 .8 8 8 6 .1 8 3 2 .6 7 8 3 .9 7 3 9 .3 6 9 8 .6 6 6 1 .3
2 . 5 1 2 0 1 . 1098. 1007 . 9 2 8 .3 8 5 8 .8 7 9 2 .4 7 4 2 . 8 6 9 4 .0 6 5 0 .3 6 1 0 .9
3 . 0 1 1 9 2 . 1073 . 9 7 2 .8 8 8 7 .2 8 1 3 .3 7 4 9 .1 6 9 2 .9 6 4 3 . 4 5 9 9 .5 5 6 0 .3
3 . 5 1 1 5 7 . 1031 . 9 2 6 .6 8 3 8 .6 7 6 3 .8 6 9 9 .5 6 4 3 . 8 5 9 5 .1 5 5 2 .2 5 1 4 .3
4 . 0 2 9 1 .1 2 6 4 . 9 2 4 2 . 3 2 2 2 . 6 2 0 5 .4 1 9 0 .2 1 7 6 .8 1 6 4 .8 1 5 4 .2 1 4 4 .6
4 . 5 2 7 8 .2 2 5 1 .7 2 2 9 .0 2 0 9 .5 1 9 2 .6 1 7 7 .7 1 6 4 .7 1 5 3 .2 1 4 2 .9 1 3 3 .8
5 . 0 2 6 5 .4 2 3 8 .9 2 1 6 .5 1 9 7 .4 1 8 0 .8 1 6 6 .5 1 5 3 .9 1 4 2 .8 1 3 3 .0 12 4 .3
5 . 5 2 5 3 .0 2 2 6 .9 2 0 4 . 9 1 8 6 .2 1 7 0 .2 1 5 6 .4 1 4 4 .3 1 3 3 .7 1 2 4 .3 1 1 6 .0
6 . 0 2 4 1 .3 2 1 5 .7 1 9 4 .2 1 7 6 .1 1 6 0 .7 1 4 7 .3 1 3 5 .7 1 2 5 .6 1 1 6 .6 1 0 8 .7
6 . 5 2 3 0 .3 2 0 5 .3 1 8 4 .5 1 6 6 .9 1 5 2 .0 1 3 9 .1 1 2 8 .0 1 1 8 .3 1 0 9 .7 1 0 2 .2
7 . 0 2 2 0 .1 1 9 5 .7 1 7 5 .5 1 5 8 .5 1 4 4 .1 1 3 1 .8 1 2 1 .1 1 1 1 .8 1 0 3 .6 9 6 .3 8
7 . 5 2 1 0 .6 1 8 6 .9 1 6 7 .3 1 5 0 .9 1 3 7 .0 1 2 5 .1 1 1 4 . 9 1 0 5 .9 9 8 .1 1 9 1 .2 0
8 . 0 2 0 1 . 8 1 7 8 .7 1 5 9 .8 1 4 3 .9 1 3 0 .5 1 1 9 .1 1 0 9 .2 1 0 0 .7 9 3 .1 5 8 6 .5 3
8 . 5 1 9 3 .6 1 7 1 .2 1 5 2 .8 1 3 7 .5 1 2 4 .6 1 1 3 .6 1 0 4 .1 9 5 .8 5 8 8 .6 5 8 2 .3 1
9 . 0 1 8 6 .0 1 6 4 .3 1 4 6 .4 1 3 1 .6 1 1 9 .1 1 0 8 .5 9 9 .3 9 9 1 .4 8 8 4 .5 6 7 8 .4 7
9 .5 7 8 .0 7 6 9 .4 4 6 2 .2 9 5 6 .2 8 5 1 .1 8 4 6 . 8 0 4 3 .0 1 3 9 .7 1 3 6 .8 1 3 4 .2 4

1 0 .0 7 5 .2 0 6 6 .8 1 5 9 .8 7 5 4 .0 5 4 9 .1 1 4 4 . 8 8 4 1 .2 3 3 8 .0 4 3 5 -2 4 3 2 .7 7



TABLE XII
CALCULATED RATES OF EMISSION PROM PROTON-ELECTRON RECOMBINATION

ne = 1 . 0

( u n i t s  

(Ne = 10

o f  n |  X

cm-3 )

10^^ s e c

, p = 6 .4 9 ,  X

cm"^) 

( l i m i t )  = 4028  A °

103 A®) . 5 0 .5 5 .6 0 .6 5

T ( 10^

.7 0

*K)

.7 5 .8 0 .8 5 .9 0 .95
1 . 0 .00 0 0 .0 003 .0 013 .0047 .0 1 3 9 .0 3 5 4 .0795 .1 6 1 7 .3 0 2 8 .5286
1 . 5 .4581 1 .1 9 1 2 .6 1 2 5 .0 3 5 8 .7 7 4 1 4 .1 1 2 1 .2 7 3 0 .4 1 4 1 .6 0 5 4 .8 7
2 . 0 4 1 .5 6 6 9 .8 5 1 0 6 .6 1 5 1 .1 2 0 2 .2 2 5 8 .8 3 1 9 .5 3 8 2 .9 4 4 8 .0 5 1 3 .6
2 . 5 5 9 0 .8 7 6 4 .3 9 3 7 .6 1105. 1263 . I 4 l 0 . 1544 . 1665 . 1772 . 1868 .
3 . 0 3352 . 3 6 4 3 . 3 8 6 4 . 4 0 2 8 . 4 l 4 4 . 4 2 2 1 . 4 267 . 42 87 . 4 2 8 8 . 4 2 72 .
3 .5 11309. 10850 . 10376 . 9906 . 9452 . 9019 . 8 6 11 . 8 227 . 7 8 6 8 . 7 5 3 2 .
4 . 0 27651 . 2 4 l 6 4 . 21376 . 19107 . 17230 . 15657 . 14321 . 13176 . 1 2 1 8 4 . 11318.
4 . 5 2 5 2 .0 3 1 0 .0 3 6 4 .7 4 i 4 . 9 4 5 9 .9 4 9 9 .5 5 3 3 .9 5 6 3 .3 5 8 8 .1 6 0 8 .7
5 . 0 4 2 9 .9 4 9 8 .9 5 5 9 .2 6 1 0 .6 6 5 3 .4 6 8 8 .5 7 1 6 .6 7 3 8 .5 7 5 5 .0 7 6 7 .0
5 . 5 6 5 9 .4 7 2 9 .8 7 8 6 .2 8 3 0 .1 8 6 3 .2 8 8 7 .1 9 0 3 .4 9 1 3 .2 9 1 7 .9 9 1 8 .3
6 . 0 9 3 4 .8 9 9 4 .3 1036 . 1 0 6 4 . 1080 . 1087 . 1087 . 1082. 1072. 1059.
6 . 5 1 2 4 8 . 1 2 8 4 . 1301 . 1305 . 1298 . 1 2 8 4 . 1 2 6 4 . 1 2 4 1 . 1215 . 1187 .
7 . 0 1590. 1589. 1572 . 1545 . 1511 . 1472 . 1430 . 1388 . 1344 . 1302.
7 . 5 1951. 1902. 1 8 4 4 . 1780 . 1715 . 1 6 4 9 . 1 5 8 4 . 1522 . I 4 6 l . 1 4 0 3 .
8 . 0 2 3 2 5 . 2 2 18 . 2 1 1 1 . 2 0 0 7 . 1908 . I 8 l 4 . 1725 . 1 6 4 3 . 1565 . 1 4 9 3 .
8 . 5 2 7 0 4 . 2 5 30 . 2 3 7 0 . 2 223 . 2 0 8 8 . 1966. 1853 . 1751. 1657 . 1570.
9 . 0 3082 . 2835 . 2618 . 2 4 2 6 . 2 2 56 . 2 1 0 4 . 1969. 1 8 4 7 . 1737. 1637.
9 .5 3455 . 3130 . 2 8 5 3 . 2 616 . 2 4 1 0 . 22 30 . 20 72 . 1932. 1807 . 1695.

1 0 .0 3819. 3 4 1 2 . 3075 . 27 92 . 2551 . 2 344 . 2 1 6 4 . 2 006 . 1867. 1744.

ui



TABLE X I II

CALCULATED RATES OF EM ISSIO N  PROM PROTON-ELECTRON RECOMBINATION

( u n i t s  o f  X 10^^  cm~^ s e c  ^ cm~^)

n e = 1 . 0 (Ng = lO^T p = 6 .4 9 , X ( l i m i t ) = 4028  A®

(103 A®) 1 . 0 1 .5 2 .0

T

2 . 5

( l o 4  °K ) 

3 . 0 3 . 5 4 . 0 4 .5 5 .0
1 . 0 .8 7 0 0 1 8 .4 3 7 5 .9 5 1 6 6 .0 2 6 6 .8 3 6 2 .1 4 4 3 .7 5 0 9 .4 5 5 9 .7
1 . 5 7 0 .1 7 3 0 0 .5 5 5 6 .9 7 5 3 .4 8 7 9 .7 9 5 0 .0 9 8 1 .0 9 8 5 .8 9 7 3 .7
2 . 0 5 7 8 .8 1115 . 1385 . 1474 . 1 4 6 7 . l 4 l 4 . 1 3 4 0 . 1260 . 1180.
2 . 5 1952. 2 3 27 . 2 2 75 . 2 0 9 7 . 1896 . 1706. 1536 . 1387 . 1258.
3 . 0 4 2 4 4 . 3675 . 3063 . 2 5 6 5 . 2 1 75 . 1870 . 1627 . 1431. 1270.
3 . 5 7 2 1 7 . 4 9 74 . 3698 . 2 8 9 2 . 2 3 4 3 . 1949. 1655 . 1 4 2 8 . 1249.
4 . 0 10557 . 6130 . 4183 . 3107 . 2 4 3 3 . 1975. 1 6 4 6 . 1 4 0 1 . 1 2 1 1 .
4 . 5 6 2 5 .5 6 6 1 .8 6 0 1 .3 5 2 6 .9 4 5 9 .0 4 0 1 .4 3 5 3 .4 3 1 3 .5 2 8 0 .2
5 . 0 7 7 5 .0 7 3 7 .1 6 3 5 .0 5 3 8 .9 4 5 9 .6 3 9 5 .8 3 4 4 .6 3 0 2 .9 2 6 8 .8
5 . 5 9 1 5 .2 7 9 7 .7 6 5 7 .9 5 4 4 .0 4 5 5 .9 3 8 7 .8 3 3 4 .4 2 9 1 .9 2 5 7 .5
6 . 0 1 0 4 3 . 8 4 5 .6 6 7 2 .6 5 4 4 .1 4 4 9 .4 3 7 8 .3 3 2 3 .7 2 8 0 .8 2 4 6 .5
6 . 5 1158. 8 8 2 .7 6 8 0 .8 5 4 0 .7 4 4 1 .1 3 6 8 .1 3 1 2 .9 2 7 0 .1 2 3 6 .1
7 . 0 1259. 9 1 0 .8 6 8 4 .2 5 3 4 .8 4 3 1 .8 3 5 7 .6 3 0 2 .3 2 5 9 .8 2 2 6 .3
7 . 5 1 3 4 8 . 9 3 1 .4 6 8 3 .8 5 2 7 .3 4 2 1 .8 3 4 7 .1 2 9 2 .0 2 4 9 .9 2 1 7 .1
8 . 0 1 4 2 5 . 9 4 5 .8 6 8 0 .7 5 1 8 .6 4 1 1 .6 3 3 6 .7 2 8 2 .0 2 4 0 .6 2 0 8 .5
8 . 5 1491. 9 5 5 .2 6 7 5 .5 5 0 9 .2 4 0 1 .3 3 2 6 .7 2 7 2 .6 2 3 1 .9 2 0 0 .4
9 . 0 1547. 9 6 0 .5 6 6 8 .6 4 9 9 .3 3 9 1 .1 3 1 6 .9 2 6 3 .5 2 2 3 .6 1 9 2 .9
9 .5 1594. 9 6 2 .4 6 6 0 .7 4 8 9 .3 3 8 1 .0 3 0 7 .5 2 5 5 .0 2 1 5 .9 1 8 5 .8

1 0 . 0 1633. 9 6 1 .7 6 5 1 .9 4 7 9 .1 3 7 1 .2 2 9 8 .5 2 4 6 . 9 2 0 8 .5 1 7 9 .2

cr>



TABLE XIV

CALCULATED RATES OP EMISSION PROM PROTON-ELECTRON RECOMBINATION

( u n i t s o f  n^ X
00 _o 

10 cm~^ s e c ' c m ' l )

ne = 1 .0 (Ne = 10 cm“3 ) , p = 6 .4 9 ,  X ([ l i m i t )  = 4028 A®

ï T (10^ °K)

(10^ A®) 5 .5 6 .0 6 .5 7 . 0 7 .5 8 .0 8 .5 9 .0 9 .5 10.0
1 .0 596.6 6 2 2 .2 6 3 8 .7 647 .9 6 5 1 .4 6 5 0 .4 646.0 6 3 9 .0 6 3 0 .0 6 1 9 .6
1.5 941.2 92 2 .5 8 9 0 .5 8 5 6 .9 8 2 3 .0 7 8 9 .6 7 5 7 .1 7 2 5 .8 6 9 5 .8 6 6 7 .3
2 .0 1103 . 1032 . 9 6 5 .8 9 0 5 .3 849.8 799 .2 7 5 2 .9 7 1 0 .5 6 7 1 .7 6 3 6 .1
2 .5 1146 . 1049 . 964.1 8 8 9 .4 8 2 3 .6 7 6 5 .3 7 1 3 .4 6 6 6 .9 6 2 5 .2 5 8 7 .6
3 .0 1137 . 1026 . 9 3 1 .1 8 5 0 .0 7 8 0 .0 7 1 9 .0 6 6 5 .5 6 1 8 .3 5 7 6 .4 5 3 9 .0
3.5 1104 . 9 8 5 .6 886.8 8 0 3 .5 7 3 2 .5 6 7 1 .4 6 1 8 .3 5 7 1 .9 5 3 1 .0 4 9 4 .7
4 .0 1 0 6 l . 9 3 9 .5 8 3 9 .8 7 5 6 .6 686.4 6 2 6 .4 5 7 4 .7 5 2 9 .8 4 9 0 .4 4 5 5 .7
4 .5 2 5 2 .0 2 2 8 .2 2 0 7 .8 1 9 0 .2 1 7 4 .9 1 6 1 .5 149.7 1 3 9 .3 1 3 0 .0 121.6
5 .0 240.4 2 1 6 .6 1 9 6 .4 1 7 9 .2 164.2 1 5 1 .3 1 3 9 .9 1 2 9 .9 121.0 1 1 3 .0
5 .5 2 2 9 .2 2 0 5 .7 1 8 5 .9 1 6 9 .1 1 5 4 .6 142.1 1 3 1 .1 1 2 1 .5 1 1 3 .0 1 0 5 .5
6 .0 2 1 8 .6 19 5 .5 17 6 .2 1 5 9 .9 1 4 5 .9 1 3 3 .8 1 2 3 .3 114.1 1 0 6 .0 9 8 .8 3
6 .5 2 0 8 .7 1 8 6 .1 1 6 7 .4 1 5 1 .5 1 3 8 .0 1 2 6 .4 1 1 6 .3 1 0 7 .5 99.79 92 .9 2
7 .0 1 9 9 .4 1 7 7 .5 1 5 9 .2 1 4 3 .9 1 3 0 .9 1 1 9 .7 110.1 101.6 9 4 .2 2 8 7 .6 6
7 .5 1 9 0 .8 1 6 9 .5 1 5 1 .8 1 3 7 .0 124.4 1 1 3 .7 104.4 9 6 .3 1 8 9 .2 1 8 2 .9 5
8 .0 1 8 2 .8 16 2 .1 144.9 1 3 0 .6 1 1 8 .5 1 0 8 .2 9 9 .2 6 9 1 .5 0 84.70 7 8 .7 0
8 .5 1 7 5 .4 1 5 5 .2 1 3 8 .7 124.8 1 1 3 .1 1 0 3 .2 9 4 .5 9 8 7 .1 4 8 0 .6 1 7 4 .8 6
9 .0 1 6 8 .5 148.9 1 3 2 .9 1 1 9 .5 1 0 8 .2 9 8 .6 0 9 0 .3 3 8 3 .1 6 7 6 .8 9 7 1 .3 7
9.5 1 6 2 .1 143.1 1 2 7 .5 114.6 1 0 3 .7 94.40 8 6 .4 3 7 9 .5 2 7 3 .4 9 6 8 .1 8

10.0 15 6 .2 1 3 7 .7 122.6 110.0 99.48 9 0 .5 3 82.84 7 6 .1 8 7 0 .3 7 6 5 .2 7



TABLE XV

CALCULATED RATES OP EMISSION FROM PROTON-ELECTRON RECOMBINATION
p

( u n i t s  o f  Hg X 10^2 cm“3 s e c " c m -l)

rig = 1 0 .0  (Ne = 10^® cm' 3 ) ,  P = 4 . 4 2 , X ( l i m i t ) = 4584  A®

T ( 10)4 *K)

( l o 3 A®) .5 0 .55 .6 0 .65 .7 0 .7 5 .8 0 .8 5 .9 0 .95
1 . 0 .0000 .0001 .0 0 0 7 .0025 .0077 .0203 .0473 . 0994 .1 9 1 6 .3433
1 . 5 .1 9 4 9 .5493 1 .2 9 0 2 .6 3 3 4 .8 2 0 8 .0 8 9 1 2 .6 6 1 8 .6 9 2 6 .3 3 3 5 .6 4
2 . 0 1 7 .6 8 3 2 .2 3 5 2 .6 1 7 8 .9 9 1 1 1 .1 1 4 8 .4 1 9 0 .1 2 3 5 .4 2 8 3 .5 3 3 3 .5
2 . 5 2 5 1 . 3 3 5 2 .6 4 6 3 . 0 5 7 8 .0 6 9 4 .0 8 0 8 .3 9 1 8 .6 1023 . 1 1 2 2 . 1213 .
3 . 0 1 4 2 6 . 1681 . 1908 . 2106 . 2 2 7 6 . 2 4 2 0 . 2 5 3 9 . 26 3 6 . 2714 . 2774 .
3 . 5 4 8 1 1 . 5006 . F^2 ? 5180 . 5192 . 5170 . 5123 . 5058 . 4979 . 4 8 9 1 .
4 . 0 1 1 7 6 4 . 11149 . 10554 . 9992 . 9 4 6 5 . 8 9 7 5 . 85 2 1 . 8101 . 7 7 1 1 . 7 3 5 0 .
4 . 5 2 3 256 . 2 0 4 9 5 . 18262 . 1 6 4 2 5 . 1 4 8 9 1 . 13593. 1 2 4 8 2 . 11523. 10686 . 9951.
5 . 0 2 0 9 .2 2 5 7 .0 3 0 1 .7 3 4 2 .1 3 7 8 .0 4 0 9 .2 4 3 5 .8 4 5 8 .2 4 7 6 .8 4 9 1 .8
5 . 5 3 2 0 .9 3 7 5 . 9 4 2 4 .1 4 6 5 .1 4 9 9 .3 5 2 7 .2 5 4 9 .4 5 6 6 .7 5 7 9 .6 5 8 8 .8
6 . 0 4 5 4 .9 5 1 2 .2 5 5 9 .0 5 9 6 .2 6 2 4 .9 6 4 6 .3 6 6 1 .4 6 7 1 .3 6 7 6 .9 6 7 9 .0
6 . 5 6 0 7 .2 6 6 1 .2 7 0 1 .8 7 3 1 .0 7 5 0 .8 7 6 2 .9 7 6 8 .8 7 6 9 .8 7 6 7 .0 7 6 1 .1
7 . 0 773.5 8 1 8 .4 8 4 8 .1 8 6 5 .7 8 7 3 .8 8 7 4 .6 8 6 9 .9 8 6 1 .0 8 4 8 . 9 8 3 4 .7
7 . 5 949.6 979.9 •994.6 997.5 991.9 979.9 9 6 3 .6 944.1 9 2 2 .6 899.9
8 . 0 1132 . 1 1 4 2 . 1139 . 1125 . 1 1 0 4 . 1078 . 1049. 1019 . 9 8 8 .2 957.1
8 . 5 1316 . 1303. 1278 . 1 2 4 6 . 1208 . 1168 . 1127 . 1086 . 1 0 4 6 . 1007.
9 . 0 1500 . 1 4 6 0 . 1 4 1 2 . 1359. 1305 . 1251. 1197. 1 1 4 6 . 1097 . 1050.
9 .5 1681 . 1612. 1539. l 4 6 6 . 1394. 1325 . 1260 . 1199. I l 4 l . 1087 .

1 0 .0 1858 . 1758. 1659 . 1565 . 1 4 7 6 . 1393. 1316 . 1 2 4 5 . 1179. 1118.

00



TABLE XVI

CALCULATED RATES OF EM ISSIO N  FROM PROTON-ELECTRON RECOMBINATION
2 22 o *̂1

( u n i t s  o f  Hg X 10 cm”-̂  s e c '  cm ' )

" e = 1 0 .0 (Ng = 10I8 cm “ 3 ) ,  p = 4 . 4 2 , X ( l i m i t ) = 4584 A*

103 A») 1 .0 1.5 2 . 0

T

2 .5

(10^ °K) 

3 .0 3 .5 4 .0 4 .5 5 .0
1 .0 .5782 14.10 6 1 .9 3 140.2 2 3 0 .3 3 1 7 .0 3 9 2 .5 4 5 4 .0 5 0 1 .8
1.5 46.63 2 2 9 .8 4 5 4 .1 6 3 6 .3 7 5 9 .2 8 3 1 .8 8 6 7 .8 8 7 8 .6 8 7 2 .9
2 .0 384 . Y 8 5 2 .6 1130. 1245 . 1266 . 1238 . 1185. 1123. 1058.
2 .5 1297 . 1780 . 1855. 1771. 1636. 1494 . 1359. 1237 . 1128.
3 .0 2821 . 2 811 . 2497 . 2166 . 1877 . 1637 . 1439 . 1275. 1139.
3.5 4796 . 3804 . 3015 . 2442 . 2022 . 1707. 1464 . 1273. 1120 .
4 .0 7 0 1 6 . 4689 . 3411 . 2624 . 2100 . 1729 . 1456 . 1248 . 1086.
4 .5 9300 . 5440 . 3703 . 2737 . 21 32 . 1723. 1431. 1213. 1045 .
5 .0 503.8 5 1 9 .9 464 .9 403.1 348.5 3 0 3 .0 2 6 5 .6 2 3 4 .8 2 0 9 .2
5 .5 594.9 5 6 2 .7 481.7 4o6 .8 3 4 5 .7 2 9 6 .8 2 5 7 .8 2 2 6 .2 200.4
6 .0 6 7 8 .2 5 9 6 .4 4 9 2 .4 4 0 6 .9 340.7 2 8 9 .6 2 4 9 .5 2 1 7 .6 1 9 1 .9
6 .5 7 5 2 .8 6 2 2 .6 4 9 8 .5 404.4 3 3 4 .5 2 8 1 .8 241.2 2 0 9 .3 1 8 3 .8
7 .0 8 1 8 .8 642.4 5 0 0 .9 400.0 3 2 7 .4 2 7 3 .7 2 3 3 .0 2 0 1 .3 1 7 6 .1
7 .5 8 7 6 .4 6 5 6 .9 5 0 0 .7 3 9 4 .4 3 1 9 .8 2 6 5 .7 2 2 5 .0 1 9 3 .7 1 6 8 .9
8 .0 9 2 6 .3 6 6 7 .1 4 9 8 .4 3 8 7 .9 3 1 2 .1 2 5 7 .8 2 1 7 .4 1 8 6 .5 1 6 2 .2
8 .5 9 6 9 .1 6 7 3 .7 4 9 4 .6 3 8 0 .8 304.3 2 5 0 .0 210.1 1 7 9 .7 1 5 5 .9
9 .0 1005. 6 7 7 .5 489.6 3 7 3 .5 2 9 6 .5 242.6 2 0 3 .1 1 7 3 .3 1 5 0 .1
9.5 1036. 6 7 8 .8 483.7 3 6 5 .9 2 8 8 .9 2 3 5 .4 1 9 6 .5 1 6 7 .3 144.6

10.0 1062. 6 7 8 .3 4 7 7 .3 3 5 8 .3 2 8 1 .5 2 2 8 .5 1 9 0 .3 1 6 1 .6 1 3 9 .5

KO



TABLE XVII

CALCULATED RATES OF EMISSION PROM PROTON-ELECTRON RECOMBINATION 

( u n i t s  o f  Hg X 10^^ cm"3 s e c ”^ cm“^)

= 1 0 .0  (Ng = 1 0 I8  cm-3 ) ,  p = 4 . 42 , X ( l i m i t )  = 4584 A®

T ( 10^  ®K)

103' V ) 5 .5 6 .0 6 .5 7 . 0 7 . 5 8 .0 8 .5 9 .0 9 .5 1 0 .0
1. 0 5 3 7 .3 5 6 2 .5 5 7 9 .1 5 8 8 .9 5 9 3 .3 5 9 3 .5 5 9 0 .4 584.8 5 7 7 .4 5 6 8 .5
1 . 5 8 5 6 .7 8 3 3 .9 8 0 7 .4 7 7 8 .9 7 4 9 .7 7 2 0 .6 6 9 2 .0 664.3 6 3 7 .7 6 1 2 .2
2 . 0 9 9 3 .6 9 3 2 .7 8 7 5 .7 8 2 2 .8 7 7 4 .1 7 2 9 .3 688.1 6 5 0 .3 6 1 5 .6 5 8 3 .6
2 . 5 1033 . 948.3 8 7 4 .1 8 0 8 .5 7 5 0 .2 6 9 8 .4 6 5 2 .0 6 1 0 .4 5 7 3 .0 5 3 9 .1
3 . 0 1024 . 9 2 7 .2 844.2 7 7 2 .7 7 1 0 .5 6 5 6 .1 6 0 8 .3 5 6 5 .9 5 2 8 .2 4 9 4 .5
3 . 5 9 9 4 .5 8 9 0 .9 804.1 7 3 0 .4 6 6 7 .2 6 1 2 .7 5 6 5 .1 5 2 3 .4 486.6 4 5 3 .9
4 . 0 9 5 5 .4 849.3 7 6 1 .4 6 8 7 .7 6 2 5 .2 5 7 1 .6 5 2 5 .3 484.9 4 4 9 .4 4 l 8 . l
4 . 5 9 1 3 .2 8 0 6 .9 7 1 9 .7 642.2 5 8 6 .2 5 3 4 .2 489.4 4 5 0 .6 416.7 3 8 6 .8
5 . 0 1 8 7 .8 1 6 9 .6 1 5 4 .2 i 4o .9 1 2 9 .4 1 1 9 .4 1 1 0 .5 1 0 2 .7 9 5 .7 9 8 9 .6 0
5 . 5 1 7 9 .0 1 6 1 .1 1 4 5 .9 1 3 3 .0 121.8 112.1 1 0 3 .6 9 6 .1 4 8 9 .5 2 8 3 .6 2
6 . 0 1 7 0 .7 1 5 3 .1 1 3 8 .3 1 2 5 .8 1 1 5 .0 1 0 5 .6 9 7 .4 5 9 0 .2 9 8 3 .9 6 7 8 .3 4
6 . 5 1 6 3 .0 1 4 5 .8 1 3 1 .4 1 1 9 .2 1 0 8 .8 9 9 .7 6 9 1 .9 3 8 5 .0 7 7 9 .0 2 7 3 .6 6
7 . 0 1 5 5 .7 1 3 9 .0 1 2 5 .0 1 1 3 .2 1 0 3 .1 94.48 8 6 .9 7 80.40 7 4 .6 1 6 9 .4 9
7 . 5 1 4 9 .0 1 3 2 .7 1 1 9 .1 10 7 .7 9 8 .0 4 8 9 .7 1 8 2 .4 9 7 6 .1 9 7 0 .6 5 6 5 .7 5
8 . 0 142.8 1 2 6 .9 1 1 3 .8 1 0 2 .7 9 3 .3 9 8 5 .3 7 7 8 .4 3 7 2 .3 8 6 7 .0 7 6 2 .3 8
8 . 5 1 3 7 .0 121.6 1 0 8 .8 9 8 .1 8 8 9 .1 5 8 1 .4 2 7 4 .7 4 6 8 .9 3 63.84 5 9 .3 4
9. 0 1 3 1 .6 1 1 6 .6 104.3 • 9 3 .9 8 8 5 .2 6 7 7 .8 0 7 1 .3 8 6 5 .7 9 6 0 .8 9 5 6 .5 7
9. 5 1 2 6 .6 112.1 100.1 90 .1 1 8 1 .6 8 7 4 .4 9 6 8 .2 9 ■ 6 2 .9 1 5 8 .2 0 5 4 .0 5

10 . 0 121.9 1 0 7 .8 9 6 .2 0 8 6 .5 3 7 8 .3 8 7 1 .4 4 6 5 .46 6 0 .2 7 ■ 5 5 .7 3 5 1 .7 3

roo



121

E l e c t r o n - P r o t o n  B re m s s t ra h lu n g  

An e l e c t r o n  In  th e  p r o x im i ty  o f  a p r o to n  may. I n s t e a d  

o f  com bining  to  form  a h yd rogen  a tom , lo s e  p a r t  o f  i t s  e n e rg y  

t o  th e  r a d i a t i o n  f i e l d  and  rem ain  unbound. The p r o c e s s  i s  

c a l l e d  b re m s s t r a h lu n g  and o f t e n  c o n s t i t u t e s  a s i g n i f i c a n t  p o r ­

t i o n  o f  th e  H -continuum . T h is  phenomenon h a s  been  o f  i n t e r e s t
30 37-42f o r  some tim e  and has  b e e n  w id e ly  i n v e s t i g a t e d .

I t  i s  fo u n d ,  a s  i n  th e  c a se  o f  r e c o m b in a t io n ,  t h a t  

th e  c r o s s  s e c t i o n  may be  w r i t t e n  a s  th e  c l a s s i c a l  form  m ul­

t i p l i e d  by a c o r r e c t i o n  f a c t o r  g _ ( i . e .  Gaunt f a c t o r  f o r
28 42f r e e - f r e e  t r a n s i t i o n s ) .  T hus, we have

3 2
a (v )  dv = )  g j j j  dv (8 .1 6 )

3 / 3  V ^  E /  j

where R i s  th e  Rydberg c o n s t a n t ,  a  th e  f i n e  s t r u c t u r e  con­

s t a n t ,  and  E th e  i n i t i a l  e l e c t r o n  e n e r g y .  In  c a l c u l a t i n g  th e

e m is s io n  c o e f f i c i e n t ,  we must i n t e g r a t e  v a (v )  o v e r  th e  d i s -
? -E /kTt r i b u t i o n  f u n c t i o n ,  w hich i s  p r o p o r t i o n a l  t o  v e dv .

S in c e  th e  o n ly  q u a n t i t y  i n  o (v )  w hich i s  v e l o c i t y  d ep en d en t

t  j 
30

i s  I t  i s  c o n v e n ie n t  t o  d e f i n e  a w e ig h te d  a v e ra g e

g a u n t  f a c t o r

hv

Average g a u n t  f a c t o r s  have b e en  c a l c u l a t e d  f o r  ra n g e s  o f  T 

and V, and a r e  t a b u l a t e d . ^^'30

The e m is s io n  c o e f f i c i e n t  f o r  f r e e - f r e e  t r a n s i t i o n s
22o f  an  e l e c t r o n  i n  th e  f i e l d  o f  a  p r o t o n ,  i s  g iv e n  a s
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%  - «III °

where g
r _ 32 e

3 / 3  o3 (2nm)3/ ^  ,

and where i s  th e  io n  d e n s i t y ,  w hich  f o r  th e  c a se  o f  a  pu re  

hydrog en  p la s m a ,  i n  th e  a b se n c e  o f  e x t e r n a l  f i e l d s ,  m ust be 

e q u a l  t o  t h e  e l e c t r o n  d e n s i t y  Ng i n  o r d e r  t o  p ro d u ce  c h a rg e  

n e u t r a l i t y .  Thus making u se  o f  Eq. (8 . 11) th e  r a t e  o f  p h o to n  

e m is s io n  becom es

where a i s  t h e  f i n e  s t r u c t u r e  c o n s t a n t  ( i . e . ,  a  =

7 .2 9 7 2 0  X 10*3 ) .  R e w r i t in g  Eq. (8 .1 8 )  w i th  X i n  u n i t s  o f  

10^ A°, T i n  u n i t s  o f  10^°K, and n^ and n^ i n  u n i t s  o f  

10^7 cm“3 , we have

-1 4 .3 8 6 7
R. .  (1 .03237  X i c f 6 ) ÜSZI e cm-3 390-1 ^

^  (8 . 19)

The f a c t o r  g j j j  f o r  th e  f r e e - f r e e  t r a n s i t i o n  i s  a l s o  found
28 -3 0t o  be c lo s e  t o  u n i t y .

S in c e  th e  r a t e s  and e m is s io n  c o e f f i c i e n t s  o f  th e  r e ­

c o m b in a t io n  and b r e m s s t r a h lu n g  p r o c e s s e s  p o s s e s s  th e  same 

d e n s i t y  d e p en d e n ce ,  th e y  a r e  o f t e n  combined i n t o  one e x p r e s ­

s io n  w hich  i s  th e n  s im p ly  s a i d  t o  r e p r e s e n t  th e  r a t e ,  o r
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e m iss iv ity  for  the hydrogen continuum. S im p lif ica tio n  i s  

then p o ss ib le  i f  one in teg ra te s  over higher s ta te s  in  the re ­

combination p art. However, sin ce we wish to  examine r e la t iv e  

co n tr ib u tio n s, we sh a ll continue to  d is t in g u ish  between the 

two.

Tables XVIII -  XX g ive  values o f ra tes of em ission  

( i . e .  number o f photons em itted per cm̂  per sec per cm of 

wavelength) r e su ltin g  from p roton -electron  bremsstrahlung, 

which were ca lcu la ted  using Eq. (8 . 19 ) w ith g j j j  s e t  equal 

to  u n ity .



TABLE X V III

CALCULATED RATES OF EMISSION PROM PROTON-ELECTRON BREMSSTRAHLUNG

( u n i t s 2
o f  Hq X 10^2 cm' s e o " l cm”^ )

T (10* *K)

( i o 3 A®) . 5 0 .55 .6 0 .6 5 .7 0 .7 5 .8 0 .8 5 .9 0 . 9 5
1 .0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0001 .0002 .0 0 0 5 .0012 .0 0 2 8
1 . 5 .0 0 0 0 .0002 .0 0 1 0 .0033 .0 0 9 2 .0222 .0 4 7 8 .0 9 3 9 .1 7 0 8 .2913
2 .0 .0041 .0145 . 0 4 l 4 .1 0 0 0 .2 1 2 5 .4073 .7 1 8 2 1 .1 8 2 1 .8 3 9 2 .7 2 6
2 . 5 .0 5 8 6 .1591 .3643 .7 3 1 9 1 .3 2 7 2 .2 1 9 3 .4 7 0 5 .1 3 9 7 .2 7 5 9 .9 1 4
3 . 0 .3325 .7 5 8 3 1 .5 0 1 2 . 6 6 8 4 .3 5 4 6 .6 4 2 9 .5 9 0 1 3 .2 4 1 7 .6 0 2 2 . 6 8
3 . 5 1 .1 2 2 2 .2 5 9 4 .0 3 1 6 .5 6 0 9 .9 3 1 1 4 .1 9 1 9 .3 5 2 5 .4 0 3 2 .2 9 3 9 .9 8
4 . 0 2 .7 4 3 5 .0 3 0 8 .3 0 5 1 2 .6 5 1 8 .1 0 2 4 . 6 4 3 2 .1 9 4 0 . 6 8 5 0 .0 1 6 0 .0 7
4 . 5 5 .4 2 3 9 .2 4 6  . 1 4 .3 7 2 0 .8 0 2 8 . 4 8 3 7 .3 1 4 7 .1 5 5 7 .8 7 6 9 .3 1 8 1 .3 3
5 . 0 9 .2 5 0 1 4 .8 8 2 2 .0 3 3 0 .6 1 4 0 .4 7 5 1 .4 3 6 3 .2 9 7 5 .8 6 8 8 .9 8 1 0 2 .5
5 . 5 1 4 .1 9 2 1 .7 7 3 0 .9 8 4 1 .6 2 5 3 .4 6 6 6 .2 6 7 9 .7 8 9 3 .8 2 1 0 8 .2 1 2 2 .7
6 . 0 2 0 .1 1 2 9 .6 6 4 0 .8 4 5 3 .3 5 6 6 .9 1 8 1 .2 3 9 6 .0 4 1 1 1 .1 1 2 6 .3 1 4 1 .5
6 . 5 2 6 .8 5 3 8 .2 9 5 1 .2 6 6 5 .4 1 8 0 .3 8 9 5 .8 8 1 1 1 .6 1 2 7 .5 1 4 3 .1 1 5 8 .6
7 . 0 3 4 .2 1 4 7 .3 9 6 1 .9 5 7 7 . 4 6 9 3 .5 6 1 0 9 .9 1 2 6 .3 1 4 2 .5 1 5 8 .4 1 7 3 .9
7 . 5 4 1 . 9 9 5 6 .7 4 7 2 .6 5 8 9 .2 6 1 0 6 .2 1 2 3 .2 1 3 9 .9 1 5 6 .3 1 7 2 .2 1 8 7 .5
8 . 0 5 0 .0 3 6 6 .1 5 8 3 .1 7 1 0 0 .6 1 1 8 .2 1 3 5 .5 1 5 2 .4 1 6 8 .7 1 8 4 .4 1 9 9 .4
8 . 5 5 8 .1 8 7 5 .4 7 9 3 .3 7 1 1 1 .5 1 2 9 .4 1 4 6 . 8 1 6 3 .7 1 7 9 .9 1 9 5 .2 2 0 9 .8
9 . 0 6 6 .3 2 8 4 .5 6 1 0 3 .1 1 2 1 .6 1 3 9 .7 1 5 7 .2 1 7 3 .9 1 8 9 .7 2 0 4 . 7 2 1 8 .8
9 . 5 7 4 .3 4 9 3 .3 5 1 1 2 .4 1 3 1 .2 1 4 9 .3 1 6 6 .6 1 8 3 .0 1 9 8 .4 2 1 2 . 9 2 2 6 .4

1 0 . 0 8 2 .1 7 1 0 1 .8 12 1 .2 l 4 o.O 1 5 8 .0 1 7 5 .1 1 9 1 .1 2 0 6 .1 2 2 0 . 0 2 3 3 .0

ro



TABLE XIX

CALCULATED RATES OP EMISSION FROM PROTON-ELECTRON BREMSSTRAHLUNG

( u n i t s  o f  Hg X 1 0 ^ ^  cm~^ s e c “ ^ cm~ )

T (10* ®k )
qX O 

(103 A ) 1 .0 1 .5 2 .0 2 .5 3 .0 3 .5 4 .0 4 .5 5 . 0
1 .0 .00 58 .5760 5.486 20 .68 4 9 .2 7 9 0 .5 0 141.5 1 9 9 .0 2 5 9 .9
1.5 .4703 9 .3 9 3 4 0 .2 3 9 3 .8 9 1 6 2 .5 2 3 7 .5 3 1 2 .9 3 8 5 .0 4 5 2 .0
2 .0 3 .8 7 9 34.84 100.1 1 8 3 .7 2 7 1 .0 3 5 3 .3 4 2 7 .3 4 9 2 .0 5 4 7 .7
2 .5 1 3 .0 8 7 2 .7 3 164.3 2 6 1 .4 3 5 0 .2 4 2 6 .4 489.8 541 .9 584.2
3 .0 2 8 .4 5 114.9 221.2 3 1 9 .6 401.7 467.3 5 1 8 .8 5 5 8 .8 5 8 9 .8
3 .5 48.37 1 5 5 .5 2 6 7 .1 3 6 0 .4 4 3 2 .7 487.2 5 2 7 .8 5 5 7 .8 579.8
4 .0 7 0 .7 6 1 9 1 .6 3 0 2 .2 3 8 7 .3 4 4 9 .3 4 9 3 .7 5 2 5 .1 5 4 7 .1 5 6 2 .2
4 .5 9 3 .7 9 2 2 2 .3 3 2 8 .0 4 0 3 .9 4 5 6 .3 4 9 1 .9 5 1 5 .8 5 3 1 .5 541.3
5 .0 1 1 6 .2 2 4 7 .6 346.4 413.1 4 5 6 .8 485.1 5 0 2 .8 5 1 3 .5 5 1 9 .3
5 .5 1 3 7 .2 2 6 8 .0 3 5 8 .9 4 1 7 .0 4 5 3 .1 4 7 5 .2 488.0 4 9 4 .8 4 9 7 .5
6 .0 1 5 6 .4 284.1 3 6 6 .9 4 1 7 .0 446.7 463.6 4 7 2 .4 4 7 6 .1 4 7 6 .4
6 .5 1 7 3 .7 2 9 6 .5 3 7 1 .4 4 l 4 .4 4 3 8 .5 4 5 1 .1 4 5 6 .6 4 5 7 .8 4 5 6 .2
7 . 0 1 8 8 .9 ' 3 0 5 .9 373.2 410.0 429.2 4 3 8 .2 441.1 440.3 4 3 7 .3
7 .5 202.2 3 1 2 .9 3 7 3 .0 404.2 419.3 4 2 5 .3 426.1 423.7 419.4
8 .0 2 1 3 .7 3 1 7 .7 3 7 1 .3 3 9 7 .5 409.1 412.6 411.6 407 .9 402 .8
8 .5 2 2 3 .5 3 2 0 .9 3 6 8 .4 3 9 0 .3 3 9 8 .9 400.3 397.8 393.1 3 8 7 .2
9 .0 2 3 1 .9 3 2 2 .6 364.7 3 8 2 .8 3 8 8 .7 3 8 8 .3 384.6 379.1 3 7 2 .6
9.5 2 3 9 .0 3 2 3 .3 3 6 0 .4 3 7 5 .0 3 7 8 .7 3 7 6 .8 3 7 2 .1 3 6 5 .9 3 5 9 .0

10.0 244 .9 3 2 3 .0 3 5 5 .6 3 6 7 .2 3 6 9 .0 3 6 5 .8 3 6 0 .2 3 5 3 .5 346.2

ro
VJ1



TABLE XX

CALCULATED RATES OP EMISSION PROM PROTON-ELECTRON BREMSSTRAHLUNG

(units 2o f  Hg 31[ 10^  ̂ s e c ” -̂ cm-l)

T ( lo 4 °K)

(103 A®) 5 .5 6 .0 6 .5 7 .0 7 .5 8 .0 8 .5 9 .0 9.5 10.0
1 .0 321.8 383.2 442.7 499.7 553.6 604.3 651.7 695.8 736.7 774.5
1 .5 513.1 568.1 617.2 660 .9 699.6 733.7 763.8 790.3 813.6 834.1
2 .0 595.1 635.4 669.5 698.2 722.3 742.6 759 .6 773.7 785.4 795.1
2 .5 618.5 646.1 668.3 686 .0 700.1 711.1 719.7 726.2 731.1 734.5
3 .0 613.6 631.7 645.4 655.6 663.0 668.1 671.4 673.3 673 .9 673.7
3 .5 595.7 607 .0 614.7 619.7 622.6 623.8 623 .8 622.7 620 .9 618.4
4 .0 572.3 578.6 582.1 583.6 583.4 582.1 579.8 576 .9 573.4 569.6
4 .5 547.0 549.7 550.2 549.2 547.0 543 .9 540.2 536.1 531.6 527.0
5 .0 521.8 521.8 520.2 517.4 513.7 509.5 504.8 499 .9 494.8 489.7
5 .5 497.4 495.5 492.3 488.2 483.6 478.5 473.2 467 .9 462.4 457.0
6 .0 474.4 471 .0 466.7 461.7 456.4 450.8 445.1 439.4 433.7 428.1
6 .5 452 .9 448.4 443.2 437.6 431.7 425.8 419.9 4i 4 .o 408.2 402.5
7 .0 432.8 427.5 421.7 415.6 409.4 403.3 397.2 391.2 385.4 379.7
7 .5 4l 4 .1 408.2 401 .9 395.6 389.2 382 .9 376.8 370.8 364.9 359.3
8 .0 396.8 390.4 383.8 377.2 370.7 364.4 358.2 352.2 346.5 340.9
8 .5 380.7 374.0 367.2 360.5 353.9 347.5 341.4 335.4 329.7 324.3
9 .0 365.8 358.8 351.8 345.0 338.5 332.1 326.0 320.1 314.5 309.2
9 .5 351.8 344.7 337.7 330.8 324.3 317.9 311.9 306.1 300.6 295.4

10.0 338.9 331.6 324.5 317.7 311.2 304.9 299.0 293.3 287 .9 282.7

ro0 \



CHAPTER IX

THE CONTINUUM OF THE NEGATIVE HYDROGEN ION

The e x i s t e n c e  o f  a  bound s t a t e  o f  H~ was f i r s t  c o n -
43 44

f i rm e d  by  B e th e  and  H y l l e r a a s  , when c ru d e  c a l c u l a t i o n s

were made f o r  th e  wave f u n c t i o n  and th e  e l e c t r o n  a f f i n i t y

( i . e .  th e  b in d in g  e n e rg y  o f  th e  e l e c t r o n  to  th e  hydrogen

a to m ) .  The e x i s t e n c e  o f  su ch  a bound s t a t e ,  th e n  makes

p o s s i b l e  a r a d i a t i v e  p r o c e s s  a n a lo g o u s  t o  r e c o m b in a t io n  o f

e l e c t r o n s  w i th  p r o t o n s ;  t h i s  p r o c e s s  i s  c a l l e d  " a t ta c h m e n t"

and th e  r e s u l t i n g  con tinuum  i s  o f t e n  r e f e r r e d  to  a s  th e

" a f f i n i t y  s p e c t r u m . " T h is  sp e c tru m  d i f f e r s  from  t h a t  due to

re c o m b in a t io n  i n  t h a t  H" p o s s e s s e s  o n ly  one bound s t a t e  and

th u s  o n ly  one s e r i e s  l i m i t  ( i . e .  t h r e s h o l d ) ,  l o c a te d  a t  X =

16 .500  A °. The in v e r s e  p r o c e s s ,  " p h o to d e ta c h m e n t ,"  has  b e en  

found  to  be th e  dom inan t a b s o r p t io n  mechanism i n  th e  a tm o s ­

p h e re s  o f  th e  sun  and s i m i l a r  s t a r s  a t  w a v e le n g th s  X <

16 .500

A n o th e r  im p o r ta n t  c o n t in u o u s - e m is s io n  p r o c e s s ,  i s  th e  

f r e e - f r e e  t r a n s i t i o n  o f  H" ( i . e .  a t r a n s i t i o n  be tw een  two u n ­

bound s t a t e s  o f  th e  e l e c t r o n - h y d r o g e n  atom  s y s te m ) .  T h is  

p r o c e s s  i s  a n a lo g o u s  to  b r e m s s t r a h lu n g  r e s u l t i n g  from e l e c t r o n -  

p r o to n  i n t e r a c t i o n s ,  e x c e p t ,  o f  c o u r s e ,  t h a t  i n  th e  fo rm e r  th e

127
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lo n g - ra n g e  coulomb p o t e n t i a l  i s  n o t  p r e s e n t ;  a s  a r e s u l t  o f  

t h i s  r a t h e r  s i g n i f i c a n t  d i f f e r e n c e ,  th e  b e h a v io r  o f  th e  two 

i s  q u i t e  d i f f e r e n t .  The in v e r s e  f r e e - f r e e  p r o c e s s  i s  a l s o  

found to  be a n  im p o r ta n t  a b s o r p t i o n  mechanism i n  th e  s o l a r  

a tm osphere  f o r  w a v e le n g th s  X > l 6,500  24^ ^ 5-47

The A f f i n i t y  Spec trum  

The c a l c u l a t i o n  o f  th e  c r o s s  s e c t i o n  f o r  e m is s io n  i n  

a f r e e -b o u n d  t r a n s i t i o n  o f  H“ i s  e x t r e m e ly  c o m p l ic a te d .  S in ce  

an  e l e c t r o n  a p p ro a c h in g  a hydrogen  atom  s e e s  a t  l a r g e  d i s ­

t a n c e s  e f f e c t i v e l y  a n e u t r a l  a tom , any  chance f o r  f o rm a t io n  

o f  a bound H" sy s te m  w i l l  have t o  r e s u l t  from  th e  in c o m p le te  

s h i e l d i n g  o f  th e  n u c le u s  by th e  a to m ic  e l e c t r o n ,  a s  w e l l  a s  

th e  r e - o r i e n t a t i o n  o f  th e  a to m ic  e l e c t r o n  d e n s i t y  w i t h in  th e  

atom  so t h a t  a n  a t t r a c t i v e  p o t e n t i a l  w e l l  o f  s u i t a b l e  d e p th

may be form ed f o r  th e  i n c i d e n t  e l e c t r o n .  Thus i t  i s  found
48t h a t  c o r r e l a t i o n  and p o l a r i z a t i o n  e f f e c t s  a r e  im p o r t a n t .

B ecause  o f  i t s  im p o rtan c e  i n  a s t r o p h y s i c s ,  t h e  a b s o r p ­

t i o n  c ro s s  s e c t i o n  o f  th e  c o r re s p o n d in g  b o u n d - f r e e  t r a n s i t i o n  

has been  i n v e s t i g a t e d  e x t e n s i v e l y ,  and q u i t e  a c c u r a t e  c a l c u ­

l a t i o n s  have b e e n  m a d e .^ ^ '^ l  yg w i l l  ta k e  a d v an tag e  o f  t h i s  

work by i n c o r p o r a t i n g  th e  p r i n c i p l e  o f  d e t a i l e d  b a la n c in g ,  

w hich  i n  quantum  m echan ics  i s  s im p ly  a r e s t a t e m e n t  o f  th e  

f a c t  t h a t  o p e r a t o r s  c o r re s p o n d in g  t o  o b s e r v a b le s  a r e  h e r m i t i a n .  

The r e l a t i o n  be tw een  th e  a b s o r p t i o n  (de tach m en t)  and e m is s io n  

( a t ta c h m e n t)  c r o s s  s e c t i o n s  i s  g iv e n  by M i ln e 's  fo rm u la ^^ "^ ^
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P^2 2^2

«d ■ V /  «a - (9 . 1 )
Yr»

where v i s  th e  f r e q u e n c y  o f  th e  p h o to n  e m i t t e d  i n  th e  c a p t u r e , 

R e w r i t in g  Eq. (9 . 1 ) ,  w i th  X i n  u n i t s  o f  10^ A® and i n  

u n i t s  o f  13.6  eV, we o b t a i n

Qa -  Y (9 . 2 )
X k

where y «= 4 i s  a  f a c t o r  r e l a t i n g  th e  t o t a l  p h o to n  i n t e n s i t y  

to  th e  f l u x  p a s s i n g  p e r p e n d i c u l a r l y  th ro u g h  u n i t  a r e a  (See 

Appendix I I ) .  T ab le  XXI c o n ta in s  v a lu e s  o f  t h e  p h o t o d e t a c h ­

ment c r o s s  s e c t i o n  o b t a in e d  by O eltm an, who u sed  a r a t h e r  

. c o m p lic a te d  v a r i a t i o n a l  scheme^®; a l s o  g iv e n  a r e  a t t a c h m e n t  

c r o s s  s e c t i o n s  c a l c u l a t e d  u s in g  Eq. (9 . 2 ) .  A s l i g h t l y  b e t t e r

f i t  t o  th e  e x p e r im e n ta l  p h o to d e ta c h m e n t  c r o s s  s e c t i o n s ^ ^  has
4qbeen  o b ta in e d  by  A rm stro n g , ^ u s in g  an  e m p i r i c a l  method b a sed

on e f f e c t i v e  ran g e  t h e o r y .  However, h i s  c r o s s  s e c t i o n s  a r e

i n  e s s e n t i a l  a g re em e n t w i th  th o s e  o f  Gteltman.

Now, a ssum ing  th e  p o p u l a t i o n  o f  f r e e  e l e c t r o n  s t a t e s  

t o  be g iv e n  by a M axw ell-B oltzm ann d i s t r i b u t i o n ,  one o b t a i n s  

f o r  th e  number o f  p h o to n s  e m i t t e d  p e r  cm^ p e r  sec

dn(X ,T ) = NjjNg V dO^(X,T) , (9 . 3 )

where

dOa(X,T) .  Qa ^  (k T )" ^ /^  ^ -E A T  ^ 1/2   ̂ (9 . 4 )

and where Ny r e p r e s e n t s  th e  d e n s i t y  o f  hydrogen  a tom s. Thus
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TABLE XXI

PHOTODETACHMENT AND ATTACHMENT CROSS SECTIONS FOR H" 

( u n l t s  o f  lO"^^ and lO"^^ cir^, r e s p e c t i v e l y ;  See Appendix I I )

\  (103 A®) Qd (10-17 cm2 ) Qg (10“21 cm2 )

1 .0 0.33 .085

1.5 0.57 .101

2 .0 0.85 .117

2 .5 1.17 .134

3 .0 1.52 .150

3.5 1.89 . l 66

4 .0 2.23 .178

4.5 2.55 .189

5 .0 2.84 .197

5.5 3.11 .205

6 .0 3.35 .212

6.5 3.56 .21 9

7 .0 3.71 .223

7 .5 3.83 .226

8 .0 3.92 .230

8.5 3.95 .232

9.0 3.93 .232

9.5 3.85 .231

10.0 3.73 .22 9
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making use of the relations

)dE| = jh dv) he dX 
.2 '

and (9 .5 )
V = (2E / m ) ,

we o b t a i n  f o r  th e  r a t e  o f  p h o to n  e m is s io n  p e r  cm o f  wave­

l e n g t h  a s

Ha " = V h C ^
(9 . 6 )

o r  i n c o r p o r a t i n g  th e  u n i t s :  n ,n  (10^^ cm"3 ) ,  X (10”^ cm),
I ^

Qa (10"21 cm^), T (icr ° k ) ,  E (eV), one o b t a i n s

\  = (1. 037, X 10®' )̂ E _ (9 .7 )
\  T

I t  i s  im p o r ta n t  to  n o te  h e re  t h a t  d e c r e a s e s  r a p i d l y  w i th  

t e m p e ra tu re  a s  does Rj, (R e c o m b in a t io n ) ,  however th e  r a t e  o f  

e m is s io n  due to  a t t a c h m e n t  depends o n ly  l i n e a r l y  on th e  

e l e c t r o n  d e n s i t y  Ng, w h i le  t h a t  due to  r e c o m b in a t io n  has  a 

q u a d r a t i c  d ep en d en ce . I t  i s  c l e a r  t h a t  by d e c r e a s in g  th e  

d e g re e  o f  i o n i z a t i o n ,  one may wash o u t  th e  r e c o m b in a t io n  co n ­

t r i b u t i o n  i n  f a v o r  o f  th e  a f f i n i t y  sp e c tru m .

In  T a b le s  XXII -  XXIV a r e  g iv e n  c a l c u l a t e d  v a lu e s  o f  

r a t e s  o f  e m is s io n  ( i . e .  number o f  p h o to n s  e m i t te d  p e r  cm^ p e r  

se c  p e r  cm o f  w a v e le n g th ) ,  w hich  were o b ta in e d  from  th e



TABLE XXII

CALCULATED RATES OP EMISSION PROM PREE-BOUND TRANSITIONS OP H‘ 

( u n i t s  o f  ngnjj x 10^2 cm“3 s e c “^ om "l;  See A ppendix  I I )

T (104 ®K)

i o 3 A ) .50 .55 .60 .65 .7 0 .75 .80 .85 .9 0 .95
1.0 .0000 .0000 .000 0 .0002 .0007 .0023 .0065 .0161 .0 3 5 9 .073 0
1.5 .0026 .0111 .0365 .0990 .231 1 .478 3 .8983 1 .5 5 8 2 .5 3 0 3 .8 8 5
2 ,0 .1496 .4097 .9377 1 .8 7 2 3 .3 5 6 5 .5 2 9 8 .5 0 3 12.36 1 7 .1 6 2 2 .9 0
2 .5 1.501 3 .1 6 3 5 .8 2 2 9 .6 6 1 14.79 21.24 2 8 .9 8 3 7 .9 0 4 7 .8 8 5 8 .7 6
3 .0 6 .408 1 1 .3 4 1 8 .0 5 2 6 .4 9 3 6 .5 0 47.84 6 0 .2 5 7 3 .4 3 8 7 .1 2 101.1
3.5 1 6 .9 4 2 6 .4 7 3 7 .9 8 51.04 6 5 .2 2 8 0 .0 8 9 5 .2 5 110.4 1 2 5 .2 1 3 9 .6
4 .0 3 2 .7 5 46.63 6 1 .8 7 7 7 .8 5 9 4 .0 1 1 0 9 .9 1 2 5 .3 1 3 9 .8 1 5 3 .3 1 6 5 .9
4 .5 5 2 .0 2 68.86 86 .00 102.8 1 1 8 .8 1 3 3 .7 1 4 7 .4 1 5 9 .7 1 7 0 .7 1 8 0 .4
5 .0 7 2 .0 7 9 0 .0 1 1 0 7 .1 1 2 2 .9 1 3 7 .1 149.7 1 6 0 .6 1 7 0 .0 1 7 8 .0 184.5
5 .5 9 0 .9 8 1 0 8 .3 1 2 3 .9 1 3 7 .5 149.0 1 5 8 .7 1 6 6 .7 1 7 3 .0 1 7 8 .0 1 8 1 .8
6 .0 1 0 7 .0 1 2 2 .5 1 3 5 .5 146.2 .1 5 4 .8 1 6 1 .5 1 6 6 .5 1 7 0 .1 1 7 2 .5 1 7 4 .0
6.5 1 1 9 .4 1 3 2 .2 142.2 1 4 9 .9 1 5 5 .5 1 5 9 .3 1 6 1 .8 1 6 3 .0 1 6 3 .4 1 6 3 .0
7 .0 1 2 7 .0 1 3 6 .6 1 4 3 .4 148.1 1 5 1 .0 1 5 2 .4 1 5 2 .7 1 5 2 .2 1 5 0 .9 14 9 .2
7 .5 1 3 0 .8 1 3 7 .3 l 4 l  .'2 143.3 1 4 3 .9 143.3 142.0 l 4 0 . l 1 3 7 .7 1 3 5 .0
8 .0 1 3 1 .5 1 3 5 .0 1 3 6 .4 1 3 6 .2 1 3 5 .0 133.0 1 3 0 .4 1 2 7 .5 124.4 1 2 1 .1
8 .5 1 2 8 .5 1 2 9 .4 128.6 1 2 6 .8 124.2 121.1 1 1 7 .7 114;2 110.6 1 0 7 .0
9.0 122.8 12 1 .5 1 1 9 .1 1 1 6 .0 112.4 1 0 8 .7 104.8 101.0 97.20 9 3 .5 4
9.5 114.6 111.7 1 0 8 .1 104.2 100.1 9 5 .9 3 9 1 .8 9 8 7 .9 8 84.23 8 0 .6 5

10.0 1 0 5 .3 101.2 9 6 .8 1 9 2 .3 5 8 7 .9 8 8 3 .7 5 7 9 .7 1 7 5 .9 0 7 2 .3 0 6 8 .9 3

OÜro



TABLE X X III

CALCULATED RATES OF EMISSION PROM FREE-BOUND TRANSITIONS OF H' 

( u n i t s  o f  HgHjj X 10^^ cm“^ s e c " ^  cm“^ ;  See A ppendix  I I )

( l o 3 A®) 1 .0 1.5, 2 .0

T

2 . 5 ,

( 10^  °K) 

3 .0 3 .5 4 .0 4 .5 5 .0
1 .0 .1376 6.79Ô 42.06 1 1 6 .4 21Ô.1 3 2 9 .5 4 3 7 .2 533.4 6 1 5 .1
1.5 5.695 5 6 .8 2 1 5 8 .0 2 7 0 .6 3 6 8 .3 442.8 4 9 5 .0 5 2 8 .6 5 4 7 .9
2 .0 29 .59 1 3 2 .7 247.4 3 3 3 .3 3 8 6 .6 414.7 4 2 5 .4 4 2 5 .0 4 1 7 .7
2 .5 70.37 1 9 5 .3 2 8 6 .5 3 3 4 .2 3 5 2 .2 3 5 2 .7 3 4 3 .7 3 3 0 .0 314.1
3 .0 115.1 2 3 2 .0 2 9 0 .0 3 0 7 .4 3 0 3 .8 2 9 0 .7 2 7 3 .7 2 5 5 .9 2 3 8 .4
3 .5 153.3 245 .9 2 7 4 .2 2 7 1 .4 2 5 6 .2 2 3 7 .3 2 1 8 .1 200.0 1 8 3 .5
4 .0 177.3 2 3 9 .6 2 4 5 .2 2 3 0 .5 210.4 1 9 0 .1 1 7 1 .5 1 5 5 .1 140.7
4 .5 1 8 8 .8 2 2 3 .3 2 1 3 .8 1 9 3 .1 1 7 1 .6 1 5 2 .1 1 3 5 .3 121.0 1 0 8 .8
5 .0 1 8 9 .9 202.0 1 8 3 .3 1 6 0 .4 1 3 9 .5 121.8 1 0 7 .1 9 4 .9 1 84.73
5 .5 184.6 1 7 9 .8 1 5 6 .3 13 3 .2 1 1 3 .8 9 8 .1 7 8 5 .5 2 75 .24 6 6 .7 8
6 .0 1 7 4 .6 1 5 8 .2 1 3 2 .6 1 1 0 .5 9 3 .1 0 79.46 6 8 .6 9 6 0 .0 6 5 3 .0 6
6.5 1 6 2 .0 1 3 8 .0 112.2 91 .8 1 7 6 .3 9 64.63 5 5 .5 0 48.28 42.47
7 .0 1 4 7 .0 1 1 8 .8 9 4 .0 6 7 5 .7 8 6 2 .3 9 5 2 .3 9 4 4 .7 4 3 8 .7 5 3 3 .9 7
7 .5 1 3 2 .1 102.0 7 8 .9 1 6 2 .7 1 5 1 .1 6 42.68 3 6 .2 7 3 1 .2 9 2 7 .3 5
8 .0 1 1 7 .7 8 7 .3 6 6 6 .2 5 5 2 .0 2 42.10 3 4 .9 2 2 9 .5 5 2 5 .4 1 2 2 .1 5
8 .5 1 0 3 .5 7 4 .1 2 5 5 .2 2 42.91 34.48 28.46 2 3 .9 9 2 0 .5 7 1 7 .8 9
9.0 9 0 .0 0 6 2 .4 7 4 5 .8 2 3 5 .2 7 2 8 .1 7 23.14 1 9 .4 4 1 6 .6 3 14.43
9.5 7 7 .2 6 52.14 3 7 .7 1 2 8 .7 8 22.86 1 8 .7 1 1 5 .6 7 1 3 .3 7 1 1 .5 8

10.0 6 5 .7 6 4 3 .2 8 3 0 .9 1 23.41 1 8 .5 0 1 5 .0 8 1 2 .6 0 1 0 .7 3 9 .2 7 6

(jOU)



TABLE XXIV

CALCULATED RATES OP EMISSION PROM PREE-BOUND TRANSITIONS OP H* 

( u n i t s  o f  n^Hjj x 10^^ cm”^ s é c " ^  cm“^ ;  See A ppendix  I I )

1? ( l o 4 ®K)

l o 3 A®) 5.5 6 .0 6 .5 7 . 0 7 .5 8 .0 8 .5 9 .0 9.5 10.0
1 .0 6 8 1 .8 7 3 4 .4 7 7 4 .7 804.2 824.8 8 3 8 .0 845.2 847.4 845.7 840.9
1.5 556.5 5 5 7 .5 5 5 2 .9 5 4 4 .6 533.6 5 2 0 .9 5 0 7 .1 4 9 2 .8 4 7 8 .2 463.6
2 .0 406.2 3 9 2 .3 377.4 3 6 2 .0 346.7 3 3 1 .7 3 1 7 .3 3 0 3 .5 2 9 0 .4 2 7 8 .0
2 .5 297.5 2 8 1 .2 2 6 5 .5 2 5 0 .7 2 3 6 .8 2 2 3 .9 2 1 1 .9 200.8 1 9 0 .5 1 8 1 .0
3 .0 221 .9 2 0 6 .2 1 9 2 .8 1 8 0 .1 1 6 8 .6 1 5 8 .1 148.6 140.0 1 3 2 .1 124.8
3 .5 168.7 1 5 5 .5 143.8 1 3 3 .3 124.0 1 1 5 .6 1 0 8 .1 101.4 9 5 .2 6 8 9 .7 3
4 .0 128.1 1 1 7 .2 1 0 7 .6 99.24 91.84 8 5 .2 8 7 9 .4 5 7 4 .2 3 6 9 .5 5 6 5 .3 3
4 .5 9 8 .3 6 8 9 .4 3 8 1 .7 1 7 5 .0 1 6 9 .1 5 64.00 5 9 .4 5 55.40 5 1 .7 9 48.54
5 .0 7 6 .1 8 6 8 .9 2 6 2 .7 2 5 7 .3 7 5 2 .7 3 48.68 4 5 .1 1 41.95 39.14 3 6 .6 2
5 .5 59.79 5 3 .8 5 48.84 4 4 .5 5 40.84 3 7 .6 2 3 4 .7 9 3 2 .3 0 3 0 .0 9 2 8 .1 2
6 .0 4 7 .2 8 4 2 .4 7 38.41 3 4 .9 5 3 1 .9 8 2 9 .4 0 2 7 .1 5 2 5 .1 7 23.42 21.86
6 .5 37.73 3 3 .7 9 3 0 .4 9 2 7 .6 9 2 5 .2 9 2 3 .2 1 21.41 19 .8 2 1 8 .4 2 1 7 .1 8
7 .0 3 0 .0 8 2 6 .8 8 24.21 2 1 .9 4 2 0 .0 1 1 8 .3 4 1 6 .9 0 1 5 .6 3 14.51 13 .5 2
7 .5 24.16 2 1 .5 4 1 9 .3 7 1 7 .5 3 1 5 .9 6 14.62 1 3 .4 5 1 2 .4 3 1 1 .5 3 1 0 .7 4
8 .0 1 9 .5 2 1 7 .3 8 1 5 .6 0 14.10 1 2 .8 3 1 1 .7 3 1 0 .7 9 9 .9 6 0 9 .2 3 5 8 .5 9 3
8 .5 1 5 .7 4 1 3 .9 8 1 2 .5 3 1 1 .3 2 1 0 .2 8 9.400 8 .6 3 5 7 .9 6 9 7 .3 8 3 6.866
9 .0 1 2 .6 7 1 1 .2 5 1 0 .0 7 9 .0 8 0 8.244 7 .5 2 9 6 .9 1 2 6 .3 7 4 5 .9 0 3 5.487
9.5 1 0 .1 5 8 .9 9 9 8.047 7 .2 5 2 6 .5 7 9 6.004 5 .5 0 8 5 .0 7 7 4 .6 9 9 4 .366

10.0 8.124 7 .1 9 2 6.425 5 .7 8 5 5 .2 4 4 4 .7 8 3 4 .3 8 6 4.040 3 .7 3 8 3 .4 7 2

LU
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a t ta c h m e n t  c r o s s  s e c t i o n s  g iv e n  i n  T a b le  XXI by means o f  Éq.

(9.6).

F r e e - F r e e  T r a n s i t i o n s  i n  H"

E a r l y  a t t e m p t s ^ ^ '^ ^  t o  t r e a t  f r e e - f r e e  t r a n s i t i o n s

o f  H“ were r a t h e r  u n s u c c e s s f u l  s i n c e  th e y  i n c o r p o r a t e d  th e

Born a p p ro x im a t io n ,  w hich  i s ,  o f  c o u r s e ,  c o m p le te ly  i n v a l i d

f o r  t h e  c o n d i t i o n s  in v o lv e d  h e r e .  C o n s id e ra b le  im provem ent
57was made by C h a n d ra se k h a r  and B re en  who s o lv e d  f o r  th e  con ­

t in uum  s t a t e s  i n  a s t a t i c  H a r t r e e  f i e l d .  More r e c e n t l y ,
eg

Ohmura and  Ohmura-^ , r e a l i z i n g  th e  p o s s i b l e  im p o r ta n c e  o f

exchange  and p o l a r i z a t i o n ,  d e v is e d  an  a p p ro x im a te  scheme which
59p a r t i a l l y  i n c l u d e s  t h e s e  e f f e c t s .  F i n a l l y ,  F i r s o v  and 

H undley^^ have d e r iv e d  e x p r e s s io n s  f o r  th e  e m i t t e d  e n e rg y  

sp e c t ru m , b o th  i n c o r p o r a t i n g  id e a s  s i m i l a r  t o  th o s e  o f  Ohmura 

and Ohmura. These e x p r e s s io n s  a r e  a c t u a l l y  in t e n d e d  f o r  

r a d i a t i o n  e m i t t e d  from  e l e c t r o n s  c o l l i d i n g  w i th  heavy  a to m s, 

and  a r e  n o t  d i r e c t l y  a p p l i c a b l e  t o  h y d ro g en . However, p a r t  

o f  th e  p r e s e n t  a p p ro a c h  w i l l  p a r a l l e l  th e  work o f  F i r s o v .

I n  o r d e r  to  c a l c u l a t e  th e  e m is s io n  from  th e  e l e c t r o n -  

hydrog en  atom  sy s tem  i n t e r a c t i n g  w i th  th e  r a d i a t i o n  f i e l d ,  

we must f i r s t  i n v e s t i g a t e  th e  con tinuum  s t a t e s  o f  H". The 

sy s te m  i s  d e s c r ib e d  by  th e  h a m i l to n i a n

« -  - 55 - 25 ’2 - - -rj ' (9-8)

w hich  i s  h e l i u m - l i k e ,  e x c e p t  t h a t  t h e  n u c le u s  h as  o n ly  a u n i t
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c h a rg e .  A c rude  c h o ic e  f o r  t h e  t o t a l  e ig e n f u n c t i o n  o f  (9 . 8 ) 

i s

(P(k |rg ) , (9 . 9 )

where $ ^ g ( r^ )  i s  th e  h y d ro g e n ic  w a v e fu n c tio n  f o r  th e  g round
—« - .

s t a t e ,  and  where cp(k j rg )  r e p r e s e n t s  th e  unbound s t a t e  o f  

momentum k h ,  and s a t i s f i e s  t h e  a s y m p to t ic  r e l a t i o n

-  i k ' r ^  , i k r p  
V (k I r2 ) ~  e + —g e ( rg )  . (9 . 10)

The a s y m p to t ic  r e l a t i o n  (9 . 10) i s ,  o f  c o u r s e ,  th e  f a m i l i a r  

b o u n d a ry  c o n d i t i o n  f o r  e l a s t i c  s c a t t e r i n g  wave f u n c t i o n s , ^  

and th e  p rob lem  o f  o b t a i n i n g  th e  c o n t in u u m -s ta te  f u n c t i o n s  

r e d u c e s  t o  t h a t  o f  s o lv in g  th e  c o r re s p o n d in g  e l a s t i c  s c a t t e r ­

in g  p ro b lem , e x c e p t  t h a t  i n  th e  l a t t e r ,  one i s  n o rm a l ly  i n ­

t e r e s t e d  o n ly  i n  th e  a s y m p to t ic  form  o f  th e  wave f u n c t i o n s ,

w h ile  h e re  we w ish  th e  wave f u n c t i o n  i n  a l l  r e g io n s  o f  s p a c e .
58Ohmura and  Ohmura fo u n d , how ever, t h a t  f o r  low e n e r g i e s  i t  

i s  p o s s i b l e  t o  u se  th e  s c a t t e r i n g  c r o s s - s e c t i o n  r e s u l t s  d i r ­

e c t l y  i n  d e te rm in in g  th e  f r e e - f r e e  a b s o r p t io n  c o e f f i c i e n t s .

I n  th e  s t a n d a r d  p a r t i a l  wave d eve lopm en t, cp(k |rg) i s  

expanded  a s ^

cp(k |rg )  = - r  Z  -t- l ) P  (cos  e ) e /  ( k r g ) ,  (9 . 11 )
^2 t= o

where
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k 'T g  = k rg  COS 0g , 

and (9 . 12)

/^ (k P g )  s i n  [k rg  -  t n /2  + \ ( k ) ]  ,

where T^(k) I s  th e  e l a s t i c - s c a t t e r i n g  phase  s h i f t .  When e x ­

change e f f e c t s  a r e  c o n s id e r e d ,  i . e . ,  when th e  t o t a l  wave f u n c ­

t i o n  i s  e x p r e s s e d ,  i n  th e  s i m p le s t  c a s e ,  a s

= /&  { t i s f r j )  ^  * i g ( r g )  , (9 . 13)

one o b t a i n s  two p h a se  s h i f t s  and c o r re s p o n d in g  t o  th e  

t r i p l e t  and s i n g l e t  s t a t e s ,  r e s p e c t i v e l y .  Low e n e rg y  e l e c t r o n -  

hydrogen  c o l l i s i o n s  have b een  i n v e s t i g a t e d  e x t e n s i v e l y ^ ^ ^ ; 

c a l c u l a t e d  c r o s s  s e c t i o n s  a r e  a v a i l a b l e  w hich  i n c o r p o r a t e  

ex ch an g e , c o r r e l a t i o n ,  and s t r o n g  c o u p l in g  e f f e c t s  ( e .g .  i n ­

f lu e n c e  o f  2s ,  2p s t a t e s  on I s - e l a s t i c  s c a t t e r i n g ) .  I t  i s  

found  t h a t  f o r  r a t h e r  low e n e r g i e s ,  say  l e s s  th a n  13.6  eV, 

p a r t i a l  waves c o r r e s p o n d in g  t o  t  > 2 c o n t r i b u t e  o n ly  a sm a l l  

p e r c e n ta g e  t o  t h e  t o t a l  c r o s s  s e c t i o n ,  w h i le  f o r  e n e r g i e s  

l e s s  th a n  4 eV, o n ly  th e  p a r t i a l  c r o s s  s e c t i o n  c o r re s p o n d in g  

to  t  = 0 i s  o f  g r e a t  s i g n i f i c a n c e .

C a l c u l a t i o n  o f  th e  T r a n s i t i o n  P r o b a b i l i t y  

I n  t r e a t i n g  p rob lem s in v o lv in g  th e  r a d i a t i o n  f i e l d ,  

i t  i s  c o n v e n ie n t  t o  employ th e  s t a n d a r d  te c h n iq u e  o f  tim e
go

d e p en d e n t  p e r t u r b a t i o n  th e o r y  . I n  t h i s  c o n te x t ,  th e  

p a r t i c l e s  a r e  t a k e n  a lo n g  w i th  th e  q u a n t i z e d  r a d i a t i o n  f i e l d
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t o  make up t h e  com ple te  sy s te m . As I s  w e l l  known, th e  t r a n s i ­

t i o n  p r o b a b i l i t y  p e r  u n i t  t im e  ( f o r  t im e s  s m a l l  compared to  

l i f e t i m e s  o f  s t a t e s  b u t  l a r g e  r e l a t i v e  to  a to m ic  p e r i o d s )  f o r  

a  t r a n s i t i o n  i  -  f ,  i n  w h ich  e i t h e r  th e  i n i t i a l  o r  f i n a l  

s t a t e  i s  f r e e ,  i s  g iv e n  t o  f i r s t  o r d e r  by

^  I p (E f)  > (9 . l 4 )

where i s  t h e  m a t r ix  e le m e n t  b e tw ee n  i n i t i a l  and  f i n a l  

s t a t e s  o f  th e  i n t e r a c t i o n  p a r t  o f  th e  h a m i l to n i a n  and  p(E^) 

i s  th e  f i n a l  s t a t e  d e n s i t y .  T hu s , f o r  a p r o c e s s  i n  w hich  a 

p h o to n  i s  e m i t t e d  w h i le  a t w o - p a r t i c l e  sy s te m  u n d e rg o e s  a 

t r a n s i t i o n  fro m  s t a t e  a t o  s t a t e  b ,  we have

« <00 . . .  1 . . .  Ob I -  ^  (p^ -h pg ) • S 100 . . .  0 . . .  Oa ) ,

(9 . 15 )

where A i s  t h e  v e c t o r - p o t e n t i a l  o p e r a t o r  f o r  th e  r a d i a t i o n  

f i e l d ,  and  i n  te rm s  o f  th e  i n d i v i d u a l  quantum o s c i l l a t o r s ,  

i s  g iv e n  by

Â '  + < * • )  , (9 . 16 )

where

A_̂  -  (4nc2 ) l / 2  exp ( iK ^ - r )  , (9 . 17)

and where and  q* a r e  th e  f a m i l i a r  p h o to n  a n n i h i l a t i o n  and 

c r e a t i o n  o p e r a t o r s ,  r e s p e c t i v e l y .  I n  Eq. (9 . 17) ,  ê and KI-* p
r e p r e s e n t  t h e  u n i t  p o l a r i z a t i o n  v e c t o r ,  and  th e  p r o p a g a t io n

I n h e r e n t  i n  Eq. (9 . 14 ) i s  c o n s e r v a t io n  o f  e n e r g y ,  v i z .

vector ( i . e .  |K^j = 2tt/X) corresponding to the n o s c i l la t o r .
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= Eb + hv . (9.18)

C a r ry in g  o u t  th e  i n t e g r a t i o n  o v e r  th e  f i e l d  v a r i a b l e s ,  we 

o b t a i n

“ v 1 1%  '  - # % -  a n -  I <b | p . ê j e l K ' ' | a )  f  , (9 . 19 )

where dO^ i s  th e  d i f f e r e n t i a l  s o l i d  a n g le  a b o u t  th e  K a x i s ,

J d e s i g n a t e s  th e  p o l a r i z a t i o n  (two p o s s i b l e ) ,  and where p i s

th e  t o t a l  l inear-m om entum  ( i . e .  p = p^ + p g ) .  In  Eq. (9 . 19)

we have in c lu d e d  f o r  p ( E f ) ,  th e  p h o to n  s t a t e  d e n s i t y  ( i . e .  

number o f  quantum  o s c i l l a t o r s  p e r  u n i t  volume i n  th e  e n e rg y  

ran g e  e ,  e + d e ) ,  w hich  i s  g iv e n  by

Pc de = ^  de . (9 . 20 )
hc^

I t  i s  e a s i l y  shown t h a t

( b | r | a >  *= -  2rriv < b |r |a >  ; (9 . 21 )

th u s

" v . j  '*"k '  0"k  iM 'ëj P  , (9 . 22 )
C fl

w here , i n  th e  c a se  where two e l e c t r o n s  a r e  in v o lv e d ,

M = < b |r^  + r g l a )  , (9 . 23 )

and  where we have d ropped  th e  r e t a r d a t i o n  te rm  exp ( iK * r ) ,  

w hich i s  i n s i g n i f i c a n t  f o r  p rob lem s in v o lv in g  n o n r e l a t i v i s t i c
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64e n e r g i e s .

S in c e  we a r e  n o t  i n t e r e s t e d  i n  th e  p r o b a b i l i t y  o f  an  

e v e n t  i n  w h ich  a p h o to n  I s  e m i t t e d  h a v in g  a p a r t i c u l a r  

p o l a r i z a t i o n  o r  d i r e c t i o n  o f  p r o p a g a t io n ,  we sum o v e r  t h e  two 

in d e p e n d e n t  p o l a r i z a t i o n  d i r e c t i o n s  and i n t e g r a t e  o v e r  a l l  

d i r e c t i o n s  o f  p r o p a g a t io n .  R e f e r r i n g  to  F ig u re  l 8 , we have

(Wv,l + Wv,g)

4w®e2..3

X

F ig u re  l 8 . O r i e n t a t i o n  o f  th e  P o l a r i z a t i o n  and P r o p a g a t io n  
V e c to r s .

I n t e g r a t i n g  f i r s t  o v e r  «P', we o b t a i n
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2 tt

^ ( | Ü ' ê i |2 + iM 'êg jZ) dcp' =

2n s l n ^  0 '  + |  ( I m^ I ^  + | M y | ^ ) ( l  +

cos^  0 ' )  } ; (9 .2 5 )

th e  0 ' i n t e g r a t i o n  t h e n  y i e l d s  

TT 2 tt

^ ^ + iM 'ég l^  } s i n  0 ' d 0 ' dcp' = ^  |m 1 . ( 9 . 26 )
o o

T hus, f o r  a  p r o c e s s  i n  w hich  a p a r t i c l e  s t a t e  changes from  a 

to  b and a p h o to n  i s  e m i t t e d  h av in g  e n e rg y  hv , th e  t r a n s i t i o n  

p r o b a b i l i t y  p e r  u n i t  t im e  i s  g iv e n  by

w , =  ̂ (9 . 2 7 )
3 c 3 h

and th e  e n e rg y  r a d i a t e d  p e r  u n i t  t im e  becomes

3^ , 6i A V | - | 2 _ (9 . 28 )

3 . 3

I t  sh o u ld  be p o in te d  o u t  h e r e ,  t h a t  a l th o u g h  th e  

p r e v io u s  deve lopm en t i s  l o c a t e d  i n  th e  s e c t i o n  c o n c e rn in g  

f r e e - f r e e  t r a n s i t i o n s ,  i t  i s  p e r f e c t l y  g e n e r a l  and E qs. (9 . 2? )  

and (9 .2 8 )  a p p ly  to  bound-bound and f r e e - b o u n d  t r a n s i t i o n s  

a s  w e l l .  The d e r i v a t i o n s  were p la c e d  in  t h i s  s e c t i o n ,  r a t h e r  

th a n  a t  th e  b e g in n in g  o f  C h a p te r  V I I ,  p a r t l y  b e ca u se  th e
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e l e c t r o n - p r o t o n ,  r a d i a t i v e  p r o c e s s e s  a r e  so w e l l  known t h a t  

t h e i r  d e r i v a t i o n s  a r e  u n n e c e s s a r y ,  and i n  o r d e r  t h a t  a more 

c o n t in u o u s  d i s c u s s i o n  o f  th e  e l e c t r o n - a t o m ,  f r e e - f r e e  t r a n s i ­

t i o n s  m ig h t be p r e s e n t e d .

The p r o c e s s e s  d e s c r i b e d  by E qs. (9 . 2? )  and  (9 . 28 ) a r e  

d i s t i n g u i s h e d  by th e  form  o f  th e  d i p o l e  m a t r ix  e le m e n t  M. In  

th e  s i m p le s t  c a se  o f  bound-bound t r a n s i t i o n s ,  b o th  i n i t i a l  

and f i n a l  s t a t e  wave f u n c t i o n s  a r e  n o rm a l iz e d  to  u n i t y .  In  

th e  c a se  o f  f r e e - b o u n d  t r a n s i t i o n s ,  su ch  a s  e l e c t r o n -  

re c o m b in a t io n  o r  a t t a c h m e n t ,  th e  f i n a l  s t a t e  i s  s t i l l  n o r ­

m a lize d  t o  u n i t y ,  w h i le  th e  n o r m a l i z a t i o n  o f  th e  i n i t i a l  f r e e  

s t a t e  i s  l e f t  somewhat a r b i t r a r y  d e p en d in g  on th e  i n t e r p r e t a ­

t i o n  o f  and S^ . F o r  i n s t a n c e ,  i f  t h e  f r e e  s t a t e  i s  n o r ­

m a lize d  to  a p la n e  wave o f  u n i t  a m p l i tu d e  a t  i n f i n i t y ,  th e n  

s im p ly  r e p r e s e n t s  th e  p r o b a b i l i t y  p e r  u n i t  t im e  f o r  th e
O

r a d i a t i v e  p r o c e s s  i n  w hich  a beam o f  v e l e c t r o n s  p e r  cm p e r

sec  i s  i n c i d e n t  on th e  s c a t t e r e r ,  how ever i f  one n o rm a l iz e s

th e  f r e e - s t a t e  f u n c t i o n  so  t h a t  i t  a p p ro a c h e s  a p la n e  wave 
- 1 /2o f  a m p l i tu d e  v a t  i n f i n i t y ,  t h e n  becom es o^ , th e  

f a m i l i a r  c r o s s  s e c t i o n  f o r  th e  p r o c e s s .  I n  th e  c a se  o f  a 

f r e e - f r e e  t r a n s i t i o n ,  th e  same d i s c u s s i o n  a p p l i e s  to  th e  

i n c i d e n t  p a r t i c l e  s t a t e ,  however th e  o u tg o in g  p a r t i c l e  must 

be c o n s id e r e d  d i f f e r e n t l y .  We s im p ly  i n q u i r e  a s  t o  what k in d  

o f  phenomenon we w ish  Ŵ  to  d e s c r i b e .  F o r  ex am p le , i f  we 

w ish  th e  c r o s s  s e c t i o n  f o r  a p r o c e s s  i n  w hich  th e  f i n a l  s t a t e  

c o n s i s t s  o f  a p h o to n  and  an  o u tg o in g  e l e c t r o n  o f  a s p e c i f i c
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e n e rg y  E ( i . e .  I n  a ra n g e  E, E + d E ) ,  we s im p ly  n o rm a l iz e  th e  

f i n a l  f r e e  s t a t e  to  u n i t  a m p l i tu d e  a t  i n f i n i t y  and m u l t i p ly  

by th e  number o f  s t a t e s  p e r  u n i t  volume c o r re s p o n d in g  t o  th e  

e n e rg y  ran g e  E, E + dE. I t  sh o u ld  be c l e a r  th e n ,  t h a t  n o r ­

m a l i z a t i o n  o f  th e  wave f u n c t i o n s  a p p e a r in g  i n  M i s  in d e e d  

what i n d i c a t e s  th e  n a tu r e  o f  th e  p r o c e s s  one i s  a t t e m p t in g  

to  d e s c r i b e .

The D ip o le  M a tr ix  E lem ent 

S p e c i a l i z i n g  now to  th e  p a r t i c u l a r  p r o c e s s  i n  w hich 

an  e l e c t r o n  i s  d e c e l e r a t e d  i n  th e  v i c i n i t y  o f  a hydrogen  

atom  and a p h o to n  e m i t t e d ,  we have from  Eq. (9 . 23 )

M

w hich , i n  th e  c a se  where Y t a k e s  on t h e  s im p le  form  Eq. (9 . 13) ,  

becomes s im p ly

M = ^ r  d r  -± ^ * * ( r )  3^ ( r ) r  d r  ^ [ q ^ ( r )  ]*

X t ( r )  d r  ±  ^ [cp^(?)]*  ♦ (? )  r  d r  ^ ♦ * (? )  ^ ( r )  d r  . (9 .3 0 )

I f  exchange i s  ig n o re d  i n  c a l c u l a t i n g  th e  m a tr ix  e le m e n t ,  

th e n  one no lo n g e r  n eed s  t o  d i s t i n g u i s h  be tw een  s i n g l e t  and 

t r i p l e t  s t a t e s ,  and Eq. (9 . 30 ) becomes s im p ly
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M =  ̂(P̂ (r) cp̂ (r) r dr , (9.31)

where (p̂ (r) and <ÏV,(r) are as given In Eq. (9. 11). Thus, we
have

= p  + 1 ) (cos  a^ )  / * ( r ) ,
•t=o

(9 .3 2 )

% ( ? )  + 1) P . ,  (003 ot,) / N r ) ,  ( 9 . 33 )
^ t '=0

where (kg^) ,  and where th e  a n g le s  a r e  d e f in e d  i n  F ig u re

19. The z - a x i s  h e re  i s  th e  a x i s  o f  q u a n t i z a t i o n  f o r  th e

'  j

X.

F ig u re  19. O r i e n t a t i o n  o f  th e  E le c t r o n  P o s i t i o n  V e c to r  and 
th e  F i n a l  Momentum V e c to r .

hydrogen  a tom . From th e  a d d i t i o n  th eo rem  f o r  s p h e r i c a l  

h a rm o n ic s ,  one can  e x p re s s  Oj, i n  te rm s  o f  0 , qp and F , V (o f



145
c o u rse  = "e) a s

■0 ■

%) - 5 1 7 ^  I  ?%',g ' ( « ' ? )  ' g ' ( « . * )  • ( 9 . 3 4 )
g = _ t  '

I f  we d e f in e

Mg = ^ ? a ( r )  z d r  ,

and (9 . 35 )
f * / “*\ /■*\ . ±1®P -«

Mj. = ^  cPjjCr) (P^(r) B in  0 e d r  ,

th e n  c l e a r l y

|m1̂  = \ n . f  i 1m, 1̂  . (9 .36)

C o n s id e r in g  E qs. (8 . 32 ) -  (8 . 35) ,  we f i n d  f o r  th e  

m a tr ix  e le m e n ts

.  4ne ^  l ^ ( 2t  + 1) { ^ ^
t =0

X p, (cos 0) dn Y. (0,9) \  /^ .̂(r) f*(r) dr 
^  t + 1,0  -  “̂+1 ^

— ( t  —l )  r _  __ _  _  _

I  V l ' * ’ ’  ' l ( r )  }  '  ( 9 - 3 7 )
O

_  — icp
and s i m i l a r l y  f o r  w i th  cos 0 r e p l a c e d  by s i n  0 e . S in c e

we a r e  i n t e r e s t e d  i n  t o t a l  c r o s s  s e c t i o n s ,  th e  d i r e c t i o n  o f



146
t h e  o u tg o in g  e l e c t r o n  c o n s t i t u t e s  a  d e g e n e ra c y  I n  t h e  p rob lem  

and may be  I n t e g r a t e d  o u t .  F o r  c o n v e n ie n c e  we s h a l l  c o n t in u e  

t o  d e s i g n a t e  th e  d i p o le  e le m e n ts  a s  and e v en  a f t e r  

I n t e g r a t i o n  o v e r  a l l  f i n a l  e l e c t r o n  d i r e c t i o n s  ( i . e .  o v e r  dk^) 

One o b t a i n s  th e n

00
|m+|^ = (4t t ) \ ^  ^  { ( 2 1  + 1 ) ( l i f t  -  l , t )  h ^ ( t  -  1 , 1 ) f

{,—0

+ | l ( t  + l , t )  h+(t + 1 , 1 )  f  )  - 1(21  + l ) ( 2 l  -  3)]^ /^

X 1 ( 1  -  l , t )  h*(t + l , t )  1( 1  - 1 , 1  -  2)  -  1 , 1  - 2)

-  [ (21 + l ) ( 2 l  + 5 ) ]^^^  I ( t  + l , t )  h*(t + 1,1)

X 1 ( 1  + 1 , 1  + 2)  h+ ( t  + 1 , 4  + 2)  }  , ( 9 .38)

and

00
-  ( 4 t t ) V  I  { (21  + 1) ( | l ( i  -  1,1)  h g ( t  -  l , t ) | 2

+ \ l ( l  + 1,1)  h^( l  + l , t ) | 2  )  - [ (21  + l ) ( 2 l  - 3) ]
1 /2

«
X l ( ‘t - l , t )  h„ ( t  -  l , t )  l ( ‘t -  1,-t - 2 ) h- ( t  -  1,^ - 2 )

-  [(21  + 1)(24 + 5 ) ] l / 2  + l , t )  h j ( t  + l , t )

X  I ( t  + 1 , 1  + 2.) hg(t + l , t  + 2) } , (9 . 39)
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where

"  ,b , \ .a
1{1  -  1 , 1 ) = ^ / ^ ( r )  r  d r  , (9 . 40 )

and where

h + ( t  -  l , t )  = Y % _ i^ i(8/ p )  s i n  0 e^*^ ^ ( 8, 9 ) s i n  8 d 0 dqp ,

(9 . 41 )

h g (4 -  1 , 1 ) = 8 d 8 dcp ;

(9 . 42 )

t h e s e  a r e  g iv e n  i n  T a b le  XXV. S u b s t i t u t i o n  o f  th e  e x p r e s s io n s

TABLE XXV

h z (4 -  l . t ) -------------------   172
[ (21  + 1)(21  -  1) ] ^

h z ( t  +  i , t )  =  ----------------LL j L J J --------- -
[ ( 2 t  + l ) ( 2 t  + 3 ) ]  /

from  T ab le  XXV i n t o  E q s .  (9 . 38 ) and (9 . 39 ) y i e l d s

O *
|m| = (4t t ) V  y  I  { | l ( t  -  1 , 1 ) f  + \ l ( l , l  -  1) |2  } (9 . 43 ) 

iko  ^
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At t h i s  p o i n t  i t  i s  n e c e s s a r y  to  c o n s i d e r  th e  d e ­

t a i l e d  n a tu r e  o f  th e  r a d i a l  f u n c t i o n s  d e f in e d  i n  E q s . (9 . 32 ) 

and (9 . 33) .  In  th e  c ase  where T ( r j , r 2 )  i s  g iv e n  th e  s im p le  

p ro d u c t  form  o f  Eq. (9 - 9 ) ,  th e  s t a t i c  H a r t r e e  a p p ro x im a t io n  

r e s u l t s ,  and / ^ ( r g )  i s  e a s i l y  shown to  s a t i s f y  ( in  S l a t e r  

a tom ic  u n i t s )

{ 4 + k :  -  -  2 ^ ^ = 0 .

“  (9 . 44 )

where th e  a s y m p to t ic  c o n d i t i o n  becom es, from  Eq. (8 . 12 ) ,

/ * ( r g )  -  ^  s i n  (k^rg  -  trr/2  + n^) • ( 9 . 45 )

57C h a n d rase k h a r  t r e a t e d  t h i s  p ro b lem  n u m e r i c a l ly ,  and  o b ­

t a i n e d  v a lu e s  f o r  th e  c o n t in u o u s  a b s o r p t io n  c o e f f i c i e n t  o f  H" 

w hich were l a t e r  shown t o  be somewhat to o  l a r g e .  I t  was 

p o in te d  o u t  by  Ohmura and Ohmura^® t h a t ,  s in c e  exchange  and 

c o r r e l a t i o n  e f f e c t s  a r e  found  to  be im p o r ta n t  t o  th e  bound 

s t a t e  o f  H", th e y  may a l s o  be  s i g n i f i c a n t  i n  th e  f r e e  s t a t e  

d e t e r m i n a t i o n .  They th e n  s u g g e s te d  an a p p ro a c h  i n  w hich  o n ly  

t h e  a s y m p to t ic  form o f  / ^ ( r )  i s  u se d  i n  c a l c u l a t i n g  th e  d i ­

p o le  m a t r ix  e le m e n t .  T h is  o f  c o u rs e  i n c lu d e s  th e  phase  s h i f t  

hgCk), w hich can be made to  in c lu d e  su ch  e f f e c t s  a s  exchange

and e l e c t r o n i c  c o r r e l a t i o n .  M a tr ix  e le m e n ts  d e te rm in e d  i n

t h i s  manner were compared, u s in g  th e  s t a t i c  H a r t r e e  ph ase  

s h i f t s ,  w i th  th e  n u m e r ic a l ly  d e te rm in e d  m a tr ix  e le m e n ts  and
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found  to  a g re e  w i t h in  = th r o u g h o u t  th e  e n e rg y  ran g e  o f

c o n s i d e r a t i o n .  U sing  more a c c u r a t e  p h ase  s h i f t s ,  c o n s i d e r ­

a b ly  im proved  a b s o r p t io n  c o e f f i c i e n t s  were o b ta in e d  w i th  r e ­

g a rd  to  s o l a r  o p a c i t y  m easu rem en ts . In  th e  above te c h n iq u e  

o n ly  s -  and p-w aves ( i . e . ,  = 0 and I  l )  were c o n s id e r e d

and  th e  p h ase  s h i f t  f o r  t  = 1 was t a k e n  t o  be z e ro  ( i . e . .

Born a p p ro x im a t io n  i s  u sed  f o r  p -w a v e ) ;  b o th  a r e  good assum p­

t i o n s  f o r  s m a l l  e n e r g i e s .

In  o r d e r  t o  f u r t h e r  exam ine th e  a s y m p to t ic  a p p ro x im a ­

t i o n ,  th e  a u t h o r  c o n s id e re d  a t h r e e - d im e n s i o n a l  s p h e r i c a l
2p o t e n t i a l - w e l l  p rob lem . The w e l l  was a s s ig n e d  a d e p th  k^ and 

a r a d i u s  a such  t h a t  th e  r e s u l t i n g  e l a s t i c  s c a t t e r i n g  ph ase  

s h i f t s  a g re e d  f a i r l y  w e l l  w i th  th o s e  o f  e le c t r o n - h y d r o g e n  

s c a t t e r i n g  r e s u l t s .  S in c e  i t  i s  p o s s i b l e  t o  s o lv e  such  a 

p ro b lem  e x a c t l y ,  m a t r ix  e le m e n ts  e v a l u a t e d  by th e  a s y m p to t ic  

a p p ro x im a t io n  ( i . e .  a s y m p to t ic  s-wave f u n c t i o n  and B om  

a p p ro x im a t io n  f o r  p-w ave) co u ld  be compared d i r e c t l y  w i th  th e  

c o r r e c t  r e s u l t s .  We c o n s id e r  o n ly  th e  t  = 1 te rm  i n  Eq.

(9 . 43 ) ;  t h i s  a s su m p tio n  i s  v a l i d  f o r  low e n e r g i e s  and was 

u se d  by Ohmura and Ohmura i n  t h e i r  work. F o r  i n c i d e n t  

e n e r g i e s  be tw een  2 and 6 eV, th e  e r r o r  i n  |m|^ was found  to  

l i e  be tw een  0 .3  and 2 . 0^ ,  th e  l a r g e r  o f  th e  two c o r r e s p o n d in g  

to  6 eV. I t  was a l s o  shown t h a t  by  f a r  th e  g r e a t e s t  so u rc e  

o f  e r r o r  was n o t  th e  a s y m p to t ic  a s su m p tio n  f o r  th e  s-w ave , 

b u t  th e  B orn  a p p ro x im a t io n  f o r  th e  p-wave ( i . e .  th e  assum p­

t i o n  t h a t  = 0 ) .  T h is  i s  q u i t e  e a s y  t o  u n d e r s t a n d ,  s in c e



150
th e  a s y m p to t i c  fo rm  f o r  th e  s-w ave d e v i a t e s  from  th e  t r u e  wave 

f u n c t i o n  o n ly  I n  a s m a l l  r e g i o n  where th e  p o t e n t i a l  I s  s t i l l  

e f f e c t i v e .  I . e .  where r  I s  s t i l l  r a t h e r  s m a l l ,  w h i le  th e  

n e g l e c t  o f  t h e  p-wave ph ase  s h i f t  h a s  a c u m u la t iv e  e f f e c t  on 

th e  d i p o l e  m a t r ix  e le m e n t .  One c o n c lu d e s ,  t h e n ,  t h a t  th e  

above a p p ro x im a t io n s  a r e  w e l l  w i t h i n  th e  d e s i r e d  a c c u ra c y .  

D e t a i l s  o f  t h i s  I n v e s t i g a t i o n  w i l l  be p r e s e n t e d  I n  Appendix I .

I n c o r p o r a t i n g  th e  a p p ro x im a t io n s  d i s c u s s e d  ab o v e ,  we 

f i n d  th e  s -  and p-wave f u n c t i o n s  to  be g iv e n  by

/ o ( r )  =  ^  s i n  ( k ^ r  + ti^ )  ,  ( 9 . 4 6 )

/ * ( ? )  = { cos k  r  -  } (9 .4 7 )
^a  ® k%r

Thus from  Eq. ( 9 , 4 3 ) ,  we have t h a t  (k ee p in g  o n ly  t h e  t  = 1 

term )

00

{1 ^ s i n  < v  + ]  r  d r f
‘'a 'S  °  »

+ 1 ^ S in  (k ^ r  + Tig) [ c o s  k ^ r  ]  r  d r  1̂  } .
o V

( 9 . 4 8 )

C a r ry in g  o u t  th e  e le m e n ta ry  I n t e g r a t i o n s ,  one o b t a i n s  

1: 1'  =  +  ü f g i }  .  ( 9 . 4 9 )
K  -  >'b) K  <

R e la t i n g  t o  th e  s-wave p a r t i a l  c r o s s  s e c t i o n  by
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(^o(k) -  ^  s l r f  Tio(k) , (9 . 50 )
k

we obtain

("a  °S) • (9 -51 )
(ka -  k ^ j

Emission Spectrum 

In ca lcu la tin g  the d ipole matrix elem ent, the con­

tinuum fun ction  representing the outgoing e lec tro n  was nor­

malized to  a plane wave o f u n it amplitude a t  I n f in ity . In 

order to obtain  the energy per u n it time o f frequency v 

em itted In a process where e lec tro n s  go o f f  with momenta In 

the range k^, k  ̂ + dk^, we m ultip ly by the f in a l  e lectro n  

s ta te  d en sity

kb dkb
 r  '  (9 . 52 )
(2n )^

or. In terms o f the k in e t ic  energy.

Now, combining Eqs. (9 . 53 ) ,  (9 -51 ) and (9 . 2 8 ) ,  we have

3 c (2tt)  ft (k^ -  k ^ )
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4 /i2 Of i/p h a
 Ü Æ  ^  %  " o  +  * * )  '  ( 9 - 5 4 )

3 ttc

where I s  th e  f i n e  s t r u c t u r e  c o n s t a n t  (a^ = 7 .2 9 7 2 0  x 10" ^ ) .  

Using th e  e n e rg y  c o n s e r v a t io n  r e l a t i o n

hv = Eg -  Eb , (9 . 55 )

59we can w r i t e

'  g r  )  *0 ]  4 (hv) ,  (9 . 56 )

Where we a r e  t h in k i n g  o f  a  p a r t i c u l a r  I n c i d e n t  e n e rg y  

( i . e .  |dE^ 1 = d ( h v ) ) .  I n  Eq. (9 . 56 ) ,  th e  u n i t s  a r e  c l e a r l y  

e r g - c m ^ - s e c " ! ;  th u s  one may I n t e r p r e t  dS^ a s  th e  e m i t te d  

e n e rg y  p e r  se c  p e r  cm^ o f  f r e q u e n c y  v , v + dv p e r  I n c i d e n t  

e l e c t r o n  p e r  h yd rogen  a tom .

S in c e  I n  d i s c h a r g e s  o f  v a r i o u s  ty p e s  and lum inous 

r e g io n s  o f  a  sh o c k , one d o es  n o t  have a m cn o en erg e tlc  beam 

o f  e l e c t r o n s ,  b u t  r a t h e r  a d i s t r i b u t i o n  ( to  a good a p p r o x i ­

m ation  M axw ell-B oltzm ann) d e s c r ib e d  by an e l e c t r o n  te m p e ra tu re  

T, I t  I s  n e c e s s a r y  to  w e ig h t  dS^ a c c o r d in g ly  and I n t e g r a t e  

o v e r  a l l  I n c i d e n t  e n e r g i e s  g r e a t e r  th a n  hv. Thus, th e  f r a c ­

t i o n  o f  e l e c t r o n s  hav ing  k i n e t i c  e n e r g i e s  In  th e  rang e  

E, E + dE a t  te m p e ra tu re  T I s  g iv e n  by
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/ ( E ,T )  dE « (k T )’ ^^^ g -E /kT  ^ 1/2  ̂ (9 -57 )
/TT

and we have
00

d S j T )  .  (  )  ^ ( l  -  f  Ÿ
3 (nm) c

X dE + ^  e ( l  -  ^  o® E® dE } . ( 9 . 58 )
hv

We have o b ta in e d  an  e x p r e s s io n  f o r  th e  e m i t t e d  power 

sp e c tru m  w hich  now dep en d s  on th e  d e t a i l e d  n a tu r e  o f  th e  

p a r t i c l e  I n t e r a c t i o n  o n ly  th ro u g h  th e  s-w ave p a r t i a l  c ro s s  

s e c t i o n s  c o r r e s p o n d in g  t o  th e  I n i t i a l  and f i n a l  k i n e t i c  

e n e r g i e s .  P l r s o v ^ ^  and Hundley^®, who w ere I n v e s t i g a t i n g  

e m is s io n  from  e l e c t r o n  c o l l i s i o n s  w i th  heavy  a to m s , assume 

a t  t h i s  p o i n t  t h a t  = c o n s t . ,  and f a c t o r  t h i s  o u t  o f

th e  I n t e g r a l s ,  t h e r e b y  o b t a i n i n g  th e  r e s u l t  t h a t  th e  r a d i a t e d  

e n e rg y  I s  p r o p o r t i o n a l  t o  th e  e l a s t i c  s c a t t e r i n g  c r o s s  s e c ­

t i o n .  C l e a r l y  su c h  an  a s su m p t io n  I s  I n v a l i d  In  th e  c ase  o f  

h y d ro g en .

E le c t ro n -H y d ro g e n ,  E l a s t i c  S c a t t e r i n g  C ross  S e c t io n s

As was m en tioned  e a r l i e r ,  e l a s t i c  s c a t t e r i n g  o f  e l e c ­

t r o n s  and  hydrogen  a tom s a t  low e n e r g i e s  I s  q u i t e  c o m p l ic a te d  

s in c e  th e  con tinuum  wave f u n c t i o n  o f  th e  e l e c t r o n  s t r o n g l y  

p e n e t r a t e s  th e  atom  ( v i z .  s-w aves  most I m p o r t a n t ) ,  c o n s i d e r ­

a b ly  d i s t o r t i n g  th e  a to m ic  c h a rg e  c lo u d ,  and  exchange e f f e c t s
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a r e  s i g n i f i c a n t .  A c o n s i d e r a b l e  amount o f  work h as  b een  done 

i n  c o n n e c t io n  w i th  e l e c t r o n - h y d r o g e n  e l a s t i c  s c a t t e r i n g .  

I n c lu d in g  c a l c u l a t i o n s ^ ^ a n d  l a b o r a t o r y  m ea su re m e n ts .

S in c e  h ig h  a c c u ra c y  I s  r e a l l y  n o t  w a r r a n te d  In  t h i s  

I n v e s t i g a t i o n ,  I t  was assum ed s a t i s f a c t o r y  to  f i t  an  a p p r o x i ­

mate c u rv e  t o  th e  s-w ave p a r t i a l  c r o s s  s e c t i o n s  g iv e n  by 
68B ran sden  e t  a l .  I t  was found  t h a t  a s a t i s f a c t o r y  f i t  cou ld  

be made w i th  th e  sum o f  a r a p i d l y  d e c a y in g  and a s lo w ly  d e c a y ­

in g  e x p o n e n t i a l  o f  t h e  fo rm

o(E ) = A ( e " ^  + B e '^® ) , (9 . 59 )

where a  = .1471 e V '^ ,  3 = 1.8382  e V ^ ,  B = 2 . 5 , and A =
2

20 na^ . A co m p ariso n  o f  o (E ) from  Eq. (9 . 59 ) and a s  g iv e n  

by  B ransd en  e t  a l .  I s  g iv e n  In  T a b le  XXVI. The ag reem en t I s  

s a t i s f a c t o r y  f o r  o u r  p u r p o s e s .

TABLE XXVI

THE ELASTIC CROSS SECTION 0q (E) AS GIVEN BY BRANSDEN 
ET AL. AND BY EQ. (9 . 59 )

a0
a0

u n i t s  o f  13.6  eV B ra n sd en  e t  a l . A pproxim ate

0.0025 63.8 66.9
0.01 53.6 58.7
0.05 32.5 32.4
0.1 2 3 .0 20.5
0.2 15.0 13.7
0.3 11.0 11.0
0.4 8.5 8 .99
0.6 6 .0 6.02
0.8 4 .0 4.04
1.0 2 .7 2 .7 0
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I n t e g r a t i o n  o v e r  th e  B oltzm ann D i s t r i b u t i o n  

From E q s . (9 . 58 ) and (9 . 59) we o b t a i n

dS^(T) = (  - -  3/ 2^2 )  A d (h v )  { ( l  + e'^^'^)gg ( a ,  v)

+ B(l + ê ^̂ ) g2(e,v) - g] (̂a,v) - Bgi(3,v) j- , (9 .6o)

w here^^

g , ( a , v ) = ^  5 E ( l - f  
(kT )3 ^  ^

“ ®o ® '*  ^  e"®S dÇ
o

1
2a
®° K i ( a / 2 ) , (9 .6 1 )

and

a?  a"® (  (? + l)rç(? + e"®^ d l  .  -hvo
o

a.3o - a /2
^  e [ (2  + a / 2 ) ( a / 2 ) + ( a / 2 ) K o (a /2 ) ]  ,

(9 . 62 )

W i t h
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= '

and (9.63)
_1_ 
kT

a = h v ( o  + i ) .

The e x p r e s s io n s  f o r  g ^ ( p ,v )  and gg fG /v )  a r e  o b ta in e d  from 

Eqs. (9 .6 1 )  and (9 . 62 ) w i th  a  r e p l a c e d  by  P and a  r e p la c e d  

by b ,  where

b = hv ^  P + ^  « ( 9 .64 )

The f u n c t i o n s  K ^ (a /2 ) and K ^ (a /2 ) ,  o f  c o u r s e ,  a r e  th e  m o d if ied  

B e s s e l  f u n c t i o n s  o f  th e  second k in d  o f  o r d e r  z e ro  and one , 

r e s p e c t i v e l y .

I n c o r p o r a t i n g  u n i t s  su c h  t h a t  we have n g ,n g  In  

10^^ cm"3 , X I n  10^ A®, T In  10^ ®K, and A I n  ttSq, and 

em ploying th e  r e l a t i o n s h i p

"  “  a r  “  "e"H X ’ ( 9-G5 )

one f i n d s  f o r  t h e  number o f  p h o to n s  p e r  cm^ p e r  se c  e m i t te d  

p e r  u n i t  cm o f  w a v e le n g th  to  be g iv e n  by

3/2
Rf « (  )  » (2 .8 5 3 9  X i c f ^ )  o (v ,T )

*1

X cm s e e ” cm“ , (9 . 66)

where 0 (v ,T ) c o r r e s p o n d s  to  th e  e x p r e s s io n  w i t h in  th e  c u r l y
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b r a c k e t s  o f  Eq. ( 9 .6 0 ) .  I n  th e s e  u n i t s ,  a i s  g iv e n  by 

a = Y ( 1 2 .3 9 4 6  a  + ,

and s i m i l a r l y  f o r  b ,  w i th  a  r e p l a c e d  by  B.

I t  i s  im p o r ta n t  t o  o b se rv e  t h a t  H“ , f r e e - f r e e  e m is s io n  

i n c r e a s e s  l i n e a r l y  w i th  Ng and q u i t e  s t r o n g l y  w i th  t e m p e r a tu re  

(0 (v ,T ) i n c r e a s e s  w i th  T f o r  s m a l l e r  v a lu e s  o f  T ) .

I n  T a b le s  XXVII and  XXVIII a r e  g iv e n  r a t e s  o f
3

e m is s io n  ( i . e .  number o f  p h o to n s  e m i t t e d  p e r  cm p e r  sec  p e r  

cm w a v e le n g th ) ,  c a l c u l a t e d  from Eq. ( 9 .6 6 ) .  We s h o u ld  b e a r  

i n  m ind, t h a t  i n  t h e  above a n a l y s i s  i t  h a s  b een  assum ed t h a t  

th e  p-wave p h ase  s h i f t  i s  z e ro .  T h is  a s su m p tio n  i s  good f o r  

low e n e r g i e s ,  s a y  E < 8 eV, b u t  f o r  T * 100,000  °K, th e  

e l e c t r o n s  have an  a v e ra g e  th e rm a l  e n e rg y  o f  ~  10 eV, and th e  

p-wave p h ase  s h i f t  i s  no lo n g e r  n e g l i g i b l e .  T h is  c o u ld  cause

us t o  u n d e re s t im a te  th e  e m is s io n  somewhat. However, i t  i s

h i 
66

68known t h a t  t h e  p h ase  s h i f t s  o f  B ra n sd en  e t  a l .  , w hich  a r e

u se d ,  somewhat o v e r e s t i m a t e  th e  e l a s t i c  c r o s s  s e c t i o n .  

Thus, we m ight e x p e c t  a p a r t i a l  c a n c e l l a t i o n  o f  t h e s e  two 

e r r o r s .



TABLE XXVII

CALCULATED VALUES OF THE RATE OP PHOTON EMISSION PROM PREE-PREE TRANSITIONS IN H"

( u n i t s  o f  OgHji X 10^^  cm~3 s e c “^ cm“^)

T ( 10^  °K)

\  ( 10)3 A°) 1.0  1.5 2 .0 2 .5 3 .0 3 .5 4 .0 4 .5 5 . 0

2 .0 .6723 2 1 .0 1 41.49 6 5 .0 0 8 9 .1 5 112.4 1 3 4 .0 1 5 3 .5

2 .5 1.733 2 7 .6 9 48.24 6 9 .7 1 90.41 1 0 9 .5 1 2 6 .5 141.4

3 .0 3.059 3 1 .6 5 5 0 .8 9 6 9 .9 0 8 7 .5 3 1 0 3 .3 1 1 7 .1 1 2 9 .0

3.5 4.399 33.66 5 1 .2 5 68.00 8 3 .1 5 9 6 .4 7 1 0 7 .9 1 1 7 .7

4 .0 5.603 34.41 5 0 .3 9 6 5 .2 1 78.41 8 9 .8 5 9 9 .6 1 1 0 7 .8

4.5 6 .6 1 2 3 4 .3 9 48.90 6 2 .1 3 73.77 8 3 .7 7 92 .2 2 9 9 .2 6

5 .0 7.417 3 3 .9 0 4 7 .1 3 59.04 6 9 .4 2 7 8 .2 7 8 5 .7 1 9 1 .8 8

5.5 8.037 33.14 4 5 .2 6 5 6 .0 6 6 5 .4 1 7 3 .3 5 7 9 .9 8 8 5 .4 5

6 .0 8 .4 9 8 3 2 .2 3 4 3 .3 9 5 3 .2 6 6 1 .7 6 6 8 .9 4 7 4 .9 2 7 9 .8 3

VJI
00



TABLE X V III

CALCULATED VALUES OP THE RATE OF PHOTON EMISSION FROM FREE-FREE TRANSITIONS IN H'

( u n i t s  o f  HgUjj X 10',22 cm-3 s e c cm“^)

(103 A*) 5 .5 6 .0 6 .5

T

7 . 0

(10'* «

7 . 5

K)

8 .0 8 .5 9 .0 9 .5 10.0

2 .0 170.7 1 8 5 .7 1 9 8 .7 2 0 9 .8 2 1 9 .1 2 2 6 .9 2 3 3 .3 2 3 8 .4 242.5 2 4 5 .6

2 .5 154.3 1 6 5 .2 1 7 4 .5 1 8 2 .1 1 8 8 .4 1 9 3 .5 1 9 7 .5 200.6 2 0 2 .9 204.5

3 .0 139.0 1 4 7 .4 1 5 4 .4 1 6 0 .0 164.6 1 6 8 .1 1 7 0 .9 1 7 2 .9 17 4 .2 1 7 5 .0

3.5 1 2 5 .8 1 3 2 .5 1 3 8 .0 142.4 145.9 148.5 15 0 .5 1 5 1 .8 1 5 2 .6 1 5 3 .0

4 .0 114.6 1 2 0 .1 124.6 1 2 8 .2 1 3 0 .9 1 3 2 .9 1 3 4 .4 1 3 5 .3 1 3 5 .8 1 3 6 .0

4 .5 105.1 1 0 9 .8 1 1 3 .5 1 1 6 .4 1 1 8 .7 1 2 0 .3 121.4 122.1 122.4 122.4

5 .0 96.91 101.0 104.2 1 0 6 .7 1 0 8 .5 1 0 9 .9 1 1 0 .7 111.2 111.4 1 1 1 .3

5 .5 8 9 .9 0 9 3 .4 5 9 6 .2 5 9 8 .3 9 9 9 .9 7 101.1 101.8 102.1 102.2 102.0

6 .0 8 3 .8 0 8 6 .9 6 8 9 .4 3 9 1 .3 0 9 2 .6 6 9 3 .6 0 9 4 .1 7 9 4 .4 3 9 4 .4 4 9 4 .2 2

\J1VO



CHAPTER X 

COMPARISON OP RADIATIVE PROCESSES

I t  I s  w e l l  known t h a t  th e  c a r e f u l  e x a m in a t io n  and 

I n t e r p r e t a t i o n  o f  r a d i a t i o n  e m i t t e d  from  a plasm a can  be an  

im p o r ta n t  t o o l  f o r  th e  d e t e r m i n a t i o n  o f  i n t e r n a l  p r o p e r t i e s ,  

such  a s  e l e c t r o n  d e n s i t y  and t e m p e r a tu r e .  In d e e d ,  a  m ul­

t i t u d e  o f  t e c h n iq u e s  have b e en  d e v e lo p e d  f o r  e x t r a c t i n g  such  

in f o r m a t io n  from  v a r io u s  l i n e  i n t e n s i t i e s ,  w id th s ,  and  co n ­

t o u r s ,  a s  w e l l  a s  r e l a t i v e  i n t e n s i t i e s  o f  d i f f e r e n t  l i n e s ,

and r e l a t i v e  i n t e n s i t i e s  o f  l i n e s  and a d j a c e n t  r e g io n s  o f  th e
7 0  7 1

continuum . * S e v e r a l  o f  th e s e  m ethods depend s t r o n g l y  on 

th e  p re s e n c e  o f  l o c a l  therm odynam ic e q u i l i b r i u m  (LTE); t h i s  

i s  to  e n s u re  t h a t  th e  r e l a t i v e  p o p u l a t i o n s  o f  e n e rg y  l e v e l s  

a r e  r e l a t e d  by th e  Boltzm ann f a c t o r s .  I t  i s  known t h a t  u n d e r  

c e r t a i n  c o n d i t i o n s ,  t h e  p o p u l a t i o n s  v a r y  s i g n i f i c a n t l y  from  

a B oltzm ann d i s t r i b u t i o n , ^ ^  and g e n e r a l l y  no s im p le  r e l a t i o n  

e x i s t s  b e tw een  th e  e l e c t r o n  te m p e ra tu re  and th e  r e l a t i v e  popu­

l a t i o n s  o f  bound and f r e e  s t a t e s  ( e . g . ,  th e  Saha e q u a t io n  i s  

no lo n g e r  a p p l i c a b l e ) .  I n  such  c a s e s  i t  may be h e lp f u l  to  

compare th e  m easured  continuum  i n t e n s i t i e s  w i th  th o s e  c a l c u ­

l a t e d  u n d e r  a v a r i e t y  o f  c o n d i t i o n s ,  and i n  such  a way o b t a i n  

an  i n d i c a t i o n  o f  th e  m agn itud es  o f  th e  e l e c t r o n  te rq > e ra tu re

160
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and electron density.

E m iss io n  Spec trum  

The t a b l e s  g iv e n  I n  C M p te r s  V I I I  and IX were u sed  

to  g ra p h  r e p r e s e n t a t i v e  c u rv e s  g iv in g  r a t e s  o f  e m is s io n  

c o r re s p o n d in g  t o  e a c h  o f  th e  f o u r  p r o c e s s e s  c o n t r i b u t i n g  to  

th e  con tinuum  o f  h y d ro g en . I n  F ig u r e s  20 -  38 a r e  g iv e n ,  on 

a s e m i- lo g  p l o t ,  th e  r a t e s  o f  e m is s io n  R ( in  u n i t s  o f  n^ x 

10^^ cm"3 s e c " !  cm"! w a v e le n g th ,  where n I s  t h e  t o t a l  p a r t i c l e  

d e n s i t y  ( i . e .  n « njj + n ^ ) .  I n  u n i t s  o f  Iq!*^ cm”^) f o r  th e  

f o u r  p r o c e s s e s  : r e c o m b in a t io n  ( r ) ,  p r o t o n - e l e c t r o n

b re m s s t r a h lu n g  ( b ) ,  f r e e - b o u n d ,  H" sp e c t ru m  ( fb )  (See Ap­

p en d ix  I I ) ,  and f r e e - f r e e ,  H” sp e c tru m  ( f f ) .  The c u rv e s  

c o r re s p o n d in g  t o  r e c o m b in a t io n  ( r )  and b r e m s s t r a h lu n g  (b)
p

must s t i l l  be m u l t i p l i e d  by  a , where a  i s  t h e  d e g re e  o f  

I o n i z a t i o n  ( i . e . ,  n^ «= a n ,  n^  = (1 -  a ) n  , and th e  c u rv e s  f o r  

f r e e -b o u n d  ( fb )  and f r e e - f r e e  ( f f )  m ust be m u l t i p l i e d  by 

a ( l  -  a ) .  A l t e r n a t i v e l y ,  one may s im p ly  t h i n k  o f  th e  r e ­

c o m b in a t io n  and b r e m s s t r a h lu n g  c u rv e s  a s  b e in g  g iv e n  I n  u n i t s  

o f  n |  X 10^5 om"3 s e c " !  cm"!, and th o s e  o f  f r e e -b o u n d  and 

f r e e - f r e e  e m is s io n  I n  u n i t s  o f  n^n^ x 10^^ cm“^ s e c ”!

The a b s c i s s a  o f  e a c h  g r a p h  I s  s c a l e d  by  th e  w a v e le n g th  X, 

g iv e n  In  u n i t s  o f  10^ A®.

B ecause  o f  th e  s h i f t i n g  o f  t h e  I o n i z a t i o n  p o t e n t i a l  

w i th  e l e c t r o n  d e n s i t y ,  th e  r e c o m b in a t io n  e m is s io n  has  a some­

what c o m p l ic a te d  dependence  on N@. However, f o r  m odera te  

d e n s i t i e s  ( i . e .  N@ < I q!"^), v a r i a t i o n  o f  th e  I o n i z a t i o n
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p o t e n t i a l  has  a r a t h e r  s m a l l  e f f e c t .  P e r  c o m p a r iso n ,  c u rv e s  

have b een  g iv e n  f o r  f o u r  r e p r e s e n t a t i v e  e l e c t r o n  d e n s i t i e s :

Ng -  1 0 I5 ,  1 0 I6 ,  l o l ? ,  and  10^® cm"^ ( i . e .  n^ = . 01 , 0 . 1 , 1 . 0 , 

10 . ,  r e s p e c t i v e l y ) .

I n  F ig u r e s  39-46  a r e  g i v e n ,  bn a  l o g - l o g  p l o t ,  c a l c u ­

l a t e d  v a lu e s  o f  r a t e s  o f  e m is s io n  R ( in  u n i t s  o f  10^5 cm"^

se c " ^  cm"^ w a v e le n g th )  f o r  a t o t a l  p a r t i c l e  d e n s i t y  o f  N =
17

10 cm" (n = 1 .0 )  and  s e v e r a l  v a lu e s  o f  T ,  I n  te rm s  o f  a ,  

th e  d e g re e  o f  I o n i z a t i o n .  F ig u r e s  39 , 4 l ,  43 , and 45 c o r r e s ­

pond to  X *= 3000° (X be low  B a lm er  l i m i t ) ,  and  F ig u r e s  40 , 42 , 

44 , and 46 t o  X = 5OOO® (X above B a lm er  l i m i t ) .  C urves a r e  

g iv e n  f o r  r e c o m b in a t io n  ( r ) , b r e m s s t r a h lu n g  ( b ) ,  f r e e - b o u n d  

(fb )  (See Appendix I I ) ,  f r e e - f r e e  ( f f ) ,  and t h e  sum o f  th e  

f o u r  p r o c e s s e s ,  d e n o te d  by  s .  I n  o r d e r  t o  I n v e s t i g a t e  d i f ­

f e r e n t  t o t a l  p a r t i c l e  d e n s i t i e s  N ( i . e .  d i f f e r e n t  p r e s s u r e s ) ,  

one may s c a l e  th e  r a t e s  g iv e n  I n  F ig u r e s  39 -  46 by  n^ ( i . e .

X 10" ^ ^ ) ;  t h i s  I s ,  o f  c o u r s e ,  o n ly  a p p ro x im a te  f o r  th e  r e ­

c o m b in a t io n  c u rv e s ,  due t o  t h e  s h i f t i n g  o f  th e  I o n i z a t i o n  

p o t e n t i a l  w i th  e l e c t r o n  d e n s i t y ,  how ever, e x c e p t  f o r  Ng ^
1 o

i c r ° ,  t h e  e r r o r  I s  s m a l l .  The c u rv e s  may e a s i l y  be e x te n d e d  

f o r  h ig h e r  d e g re e s  o f  I o n i z a t i o n ,  b y  means o f  th e  t a b l e s  I n  

C h a p te rs  V I I I  and IX , an d  by  r e c a l l i n g  t h a t

2 2 2 
n e ^ l  * «= a  n  ,

2 (1 0 .1 )
n^ n y  = a ( l  -  a ) n  .

I t  sh o u ld  be m e n t io n e d ,  t h a t  th e  r e s u l t s  g iv e n  In
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F ig u r e s  20 -  38 a r e  i n  no way r e s t r i c t e d  t o  a  p u re  hydrog en  

p la sm a . I f  o t h e r  com ponents a r e  p r e s e n t ,  t h e n  i n  g e n e r a l  th e  

r e l a t i o n  n^ = n^ d o e s  n o t  h o ld ,  and  hence  i t  i s  im p o s s ib le  

t o  d e f i n e  an  a  s a t i s f y i n g  Eq. (10 . l ) ,  s i n c e  c h a rg e  n e u t r a l i t y  

may be m a in ta in e d  by means o f  i o n s  o f  t h e  o t h e r  com ponents 

a s  w e l l  a s  p r o t o n s .  I n  su c h  c a s e s ,  t h e  c o n t r i b u t i o n  t o  th e  

t o t a l  e m i s s io n ,  due t o  h y d ro g en , i s  o b t a i n e d  by  m u l t i p ly i n g  

th e  r e c o m b in a t io n  ( r )  and b r e m s s t r a h lu n g  (b) r e s u l t s  by n^n^ , 

where n^ g i v e s  t h e  p r o t o n  d e n s i t y ,  and t h e  f r e e - b o u n d  ( fb )  

and f r e e - f r e e  ( f f )  by n^ng.

Dependence on E l e c t r o n  T em p era tu re  and  E l e c t r o n  D e n s i ty

The e m is s io n  from  a  h i g h ly  i o n i z e d  ( sa y  > 50#)  

hy d ro g en  p lasm a  i s ,  o f  c o u r s e ,  m a in ly  due t o  r e c o m b in a t io n  

and  p r o t o n - e l e c t r o n  b r e m s s t r a h lu n g  ( D i s s o c i a t i o n  o f  Hg i s  

p r a c t i c a l l y  c o m p le te  f o r  t e m p e r a tu r e s  o f  i n t e r e s t  h e r e . ) .  

R e co m b in a t io n  i s  a  r a p i d l y  d e c r e a s i n g  f u n c t i o n  o f  t e m p e r a tu r e ,  

a s  s e e n  i n  Eq. (8 . 12 ) ,  w h i le  b r e m s s t r a h lu n g  i n c r e a s e s  w i th  

t e m p e r a tu re  o v e r  a  c e r t a i n  ran g e  o f  T , due t o  th e  e x p o n e n t i a l  

dependence  shown i n  Eq. (8 . 10) .  B re m s s t r a h lu n g  i s  o f  con ­

s i d e r a b l y  more im p o r ta n c e  beyond th e  B a lm er s e r i e s  l i m i t ,  

where th e  r e c o m b in a t io n  i n t e n s i t y  h a s  d ro p p ed  o f f .  (Recom­

b i n a t i o n  i n t o  th e  n = 2 s t a t e  d oes  n o t  c o n t r i b u t e  t o  th e  

e m is s io n  f o r  w a v e le n g th s  beyond th e  B a lm er  s e r i e s  l i m i t . ) ,  

how ever f o r  l a r g e  t e m p e r a tu r e s  i t  i s  q u i t e  s i g n i f i c a n t  on 

b o th  s i d e s  o f  t h e  l i m i t .

In  c a s e s  where th e  r a t i o  n ^ /n ^  ( i . e . ,  a / ( l  -  a )
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a purely hydrogenic plasma) i s  much le s s  than u n ity , the 

e f f e c t s  o f  the negative hydrogen ion  become im portant. The 

r e la t iv e  temperature dependence o f the free-bound and the 

fr e e -fr e e  p rocesses i s  s im ila r  to  that o f recombination and 

bremstrahlung, the fr e e -fr e e  em ission  becoming important a t  

higher tem peratures.

The Free-Bound H~ Continuum

In order to  observe the free-bound continuum (a f f in ity

spectrum) (See Appendix I I ) ,  i t  i s  necessary to  maintain

con d itions such that the em ission  due to  recombination and

bremsstrahlung i s  weak (v iz . high n eu tra l d en s ity , but low

degree o f io n iz a t io n ) . In a plasma p ossessin g  lo c a l thermal

equ ilibrium , the neutral p a r t ic le  d e n s ity , ion  d en sity , and
71 71the e lec tro n  d en sity  are re la ted  by the Saha equation .

ngn, 5 .0 5 0  Vi 
l o s i o  - 7 - ^    Î — -  + 1-5 + 15 .3 85  ,  (1 0 .2 )

where i s  the io n iza tio n  p o te n t ia l in  v o l t s ,  and where the 

t o ta l  pressure i s  g iven  by

P » Pn + Pi + Pe • (10.3 )

In cases where n  ̂ = n̂  ( v iz . ,  a one-component plasma with no

strong ex tern a l f i e l d s ) ,  we have

l ° S iO  C — ^  P )  -  2 . 5  l o s j o  T -  6 .5  , ( 10 . 4 )
1 -  X

where
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X = n ^ /n  «= r ig /n  .

One can  se e  from  Eq. (10 . 4 ) ,  t h a t  low v a lu e s  o f  n^ and  n^ a r e  

f a v o re d  by l a r g e  p r e s s u r e s ,  and c o n s e q u e n t ly  l a r g e  n e u t r a l  

p a r t i c l e  d e n s i t i e s .

The a p p r o p r i a t e  c o n d i t i o n s  have b e e n  fo und  t o  e x i s t  

i n  h ig h  p r e s s u r e ,  h y d ro g e n -a rc  d i s c h a r g e s  a t  t e m p e r a tu r e s  o f
o 2 2

t h e  o r d e r  10,000  t o  15,000  K. L o c h te -H o l tg re v e n  and 
74N is s e n '  foun d  t h a t  i n  a w a te r - c o o le d  hydrogen  a r c  a t  p r e s ­

s u r e s  o f  .4  t o  1.0  a tm . and  t e m p e r a tu r e s  o f  10,000  t o  12,000 

°K, th e  obsejTved co n tin uum  was, on th e  a v e r a g e ,  tw ic e  a s  

s t r o n g  a s  t h a t  due t o  r e c o m b in a t io n  and b r e m s s t r a h lu n g  a lo n e .  

I t  was c o n c lu d e d  t h a t  t h e  f r e e - b o u n d ,  H“ con tinuum  made up

th e  d i f f e r e n c e ,  and  i n  f a c t ,  t h e o r e t i c a l  c a l c u l a t i o n s  showed
75t h i s  t o  in d e e d  be t h e  c a s e .  S e v e r a l  o t h e r  s i m i l a r  e x p e r i ­

ments have b een  c a r r i e d  o u t  in v o lv in g  p r e s s u r e s  up t o  1000 

a tm . ,  i n  w h ich  c a s e ,  th e  e m is s io n  i s  v e r y  c lo s e  t o  t h a t  o f  a
pp

b la c k  body . At t h e s e  h i g h e r  p r e s s u r e s ,  t h e  f r e e - b o u n d ,  H"

con tinuum  i s  s e v e r a l  t im e s  s t r o n g e r  th a n  t h a t  o f  H.

I t  m igh t be w e l l  t o  p o i n t  o u t ,  t h a t  i n  th e  above work

e x te n s iv e  u se  was made o f  th e  f a c t ,  t h a t  f o r  c a s e s  where

th e rm a l  e q u i l i b r i u m  i s  p r e s e n t ,  th e  e m is s io n ,  and  a b s o r p t i o n
22c o e f f i c i e n t s  a r e  r e l a t e d  by

e

^  = B (T) , (10 . 5 )
"•V

where B^(T) i s  th e  P la n c k  f u n c t i o n ,  and  i s  g iv e n  by
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Bv(T) = (g h v A T  _ i ) - l   ̂ (10 . 6 )

T h is  i s  K i r c h o f f ' s  r a d i a t i o n  law , and  i s  s im p ly  a s t a t e m e n t

o f  th e rm a l  e q u i l i b r i u m  o f  t h e  p a r t i c l e s .  I t  i s  i m p o r t a n t  t o

r e a l i z e  t h a t  Eq. (10 . 5 ) d o es  n o t  r e q u i r e  therm odynam ic

e q u i l i b r i u m  o f  t h e  r a d i a t i o n  i t s e l f  ( i . e . ,  need  n o t  have

b la c k -b o d y  r a d i a t i o n ) .  The r e l a t i o n  g iv e n  by  Eq. (10 . 5 ) i s

q u i t e  u s e f u l ,  s i n c e  e x t e n s i v e  c a l c u l a t i o n s  o f  a b s o r p t i o n
oil

c o e f f i c i e n t s  a r e  a v a i l a b l e ;  how ever, one must be  c e r t a i n  

t h a t  th e  sy s te m  i s  i n  th e rm a l  e q u i l i b r i u m .

S u i t a b l e  c o n d i t i o n s  f o r  th e  o b s e r v a t i o n  o f  t h e  H" 

con tin uum  have a l s o  b e en  o b ta in e d  by  Weber^^ i n  a  d ia p h ra g m -  

ty p e  shock  tu b e ,  f i l l e d  w i th  a  H-Kr m ix tu re  i n  th e  low - 

p r e s s u r e  s e c t i o n  and  p u re  hy d rogen  i n  th e  h i g h - p r e s s u r e  

s e c t i o n .  The d i s c o n t i n u i t y  a t  t h e  B a lm er l i m i t  was fo u n d  t o  

be  25# , w hich  i s  i n  a p p ro x im a te  ag re em e n t  w i th  t h e o r y ;  i n  t h e  

a b se n c e  o f  any  H" co n tin u u m , t h e  i n t e n s i t y  would Jump by  a 

f a c t o r  o f  30 . The m easu rem en ts  were made b e h in d  th e  r e f l e c t e d  

shock  wave, where t h e  t e m p e r a tu r e  was a p p ro x im a te ly  8600®K, 

and th e  d e n s i t i e s  were found  t o  b e ;  N@ = 4 .8  x 10^^ , Njj =

8 .3  X lo lG ,  Ng+ -  3 .9  X lO^S, Njj_ .  1.45  x  10^^ ,  » 1.66

X 10^^ , and « 4 .4  x 10^^ cm"^. The c o n t r i b u t i o n  from  

f r e e - f r e e  t r a n s i t i o n s  i n  H“ was o f  c o u rs e  assum ed t o  be 

n e g l i g i b l e  b e c a u se  o f  th e  low t e m p e r a tu r e .

The F r e e - F r e e  Continuum

Of th e  f o u r  p r o c e s s e s  d i s c u s s e d  i n  t h i s  w ork, t h e
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most d i f f i c u l t  t o  o b serv e  I s  c le a r ly  th a t  corresp on d in g  to  

f r e e - f r e e  t r a n s i t io n s  In H". Q uite  u n lik e  th e  a f f i n i t y  sp e c ­

trum , where a p p ro p r ia te  c o n d it io n s  can be r e a l iz e d  In  an 

e q u ilib r iu m  s i t u a t i o n ,  th e  f r e e - f r e e ,  H“ continuum  I s  Im port­

an t o n ly  In  c a s e s  where th e  e le c t r o n  tem perature i s  h ig h  

( e .g .  2 5 * 0 0 0 -5 0 ,0 0 0  ®K) and th e  Ion  d e n s i ty  low . P rob ab ly , 

o n ly  In  c a se s  o f  non-therm al e q u ilib r iu m , can su ch  c o n d it io n s  

be m et.

Hamberger,^^ In  a s tu d y  o f  I n t e n s i t y  m od u lation  o f  

Balm er l i g h t  from a h ig h -fr e q u e n c y  d is c h a r g e , o b ta in ed  c o n d i­

t io n s  con d u cive  to  th e  appearance o f  the f r e e - f r e e ,  H" 

continuum . At low p r e ssu r e s  (~  .2  mm H g), r a th e r  h ig h  e l e c ­

tro n  tem p eratu res r e s u l t  from  th e  a c c e le r a t io n  o f  th e  e l e c ­

tr o n s  In  th e  r f  f i e l d ,  w h ile  th e  e le c t r o n  d e n s ity  rem ains  

low . T y p ic a l c o n d it io n s  a r e  g iv e n  by: F ■ 0 .2  mm % , Ng -

10^^ cm 'S, Ng ■ 10^^ cm"^, where th e  e le c t r o n  tem perature
£

was e s t im a te d  to  vary  betw een  3 and 9 eV, a t  1 .5  x  10 c p s . 

A lthough no m easurem ents were made on th e  continuum . I t  was 

ob served  to  be r e l a t i v e l y  strong.*^® Prom th e  above d i s ­

c u s s io n , we would con clu d e t h a t ,  under th e se  c o n d it io n s ,  r e ­

com b ination  and p r o to n -e le c tr o n  brem sstrah lu n g  c o n tr ib u te  

p r a c t i c a l l y  n o th in g  to  th e  continuum , which I s  th en  a lm o st  

e n t i r e ly  due to  free-b ou n d  and f r e e - f r e e  t r a n s i t io n s  In  H", 

w ith  th e  f r e e - f r e e  e m is s io n  b e in g  somewhat th e  s tr o n g e r  o f  

th e  two.
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CHAPTER XI

TRANSITIONS BETWEEN PINE-STRUCTURE LEVELS IN MERCURY 

RESULTING FROM ELECTRON IMPACT

The c a r e f u l  a n a l y s i s  o f  g a s  d i s c h a r g e ,  o r  e l e c t r o n

beam e x p e r im e n ts  r e q u i r e s  a c c u r a t e  know ledge o f  t r a n s i t i o n

p r o b a b i l i t i e s  b e tw een  d i f f e r e n t  l e v e l s ,  a s  w e l l  a s  p o p u l a t i o n

d e n s i t i e s  o f  t h e s e  l e v e l s .  B ecau se  o f  th e  g r e a t  number o f

s im u l t a n e o u s ly  o c c u r r i n g  p r o c e s s e s ,  d e t e r m i n a t i o n  o f  t h e s e

q u a n t i t i e s  I s  e x t r e m e ly  d i f f i c u l t .  I n  c a s e s  where f r e e

e l e c t r o n s  a r e  p r e s e n t ,  t h e s e  e l e c t r o n s  may c o l l i d e  w i th  atom s

c a u s in g  e x c i t a t i o n  ( c o l l i s i o n  o f  th e  f i r s t  k i n d ) ,  o r  t h e y  may

c o l l i d e  w i th  a tom s I n  e x c i t e d  s t a t e s  c a u s in g  d e - e x c l t a t l o n

( c o l l i s i o n  o f  t h e  seco n d  k i n d ) ,  n e i t h e r  p r o c e s s  i n v o lv i n g  t h e

a b s o r p t i o n  o r  e m is s io n  o f  r a d i a t i o n .  C ross  s e c t i o n s  f o r

t h e s e  p r o c e s s e s  a r e  n e c e s s a r y  f o r  a com ple te  d e s c r i p t i o n  o f
7Q ftn

th e  e x p e r im e n t s .

I n  m erc u ry ,  th e  g ro und  s t a t e  I s  c o r r e s p o n d in g  to
10 Pt h e  c o n f i g u r a t i o n  5d 6s . I n  th e  t r i p l e t  sy s te m , a s  a r e s u l t  

o f  th e  s p l n - o r b l t  I n t e r a c t i o n ,  t h e  f i r s t  e x c i t e d  c o n f i g u r a t i o n  

5d^*^6s ( ^ S ) 6p p ro d u c e s  t h r e e  s t a t e s  6^Pq, S^p^, and S^Pg, 

c o r r e s p o n d in g  t o  J  = 0 , 1 , 2 , r e s p e c t i v e l y ;  t h e s e  a r e  

I d e n t i f i e d  I n  F ig u r e  4 7 . As a  r e s u l t  o f  th e  s t r o n g  s p i n -

195
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o r b i t  i n t e r a c t i o n ,  t h e r e  i s  some m ixing  be tw een  th e  s t a t e s

(Jp,—

6'S.

•oto

5.44 ev

F ig u re  4 7 . E nergy  L e v e ls  o f  M ercury

g 1

6 and 6 ( i . e . ,  S i s  n o t  a c o m p le te ly  good quantum  num­

b e r ) .® ^  C o n se q u e n t ly ,  t h e  t r a n s i t i o n  6^P^ -* 6^3^ i s  o p ­

t i c a l l y  a l lo w e d ,  and p ro d u c e s  th e  f a m i l i a r  2537 A® re so n a n c e  

l i n e  o f  m ercu ry . The l e v e l s  6^P^ and ô^Pg, w hich  a r e  a l s o  

p o p u la t e d  by e l e c t r o n  im p a c t ,  a r e  m e t a s t a b l e ,  and do n o t  

c o n t r i b u t e  d i r e c t l y  t o  t h e  r a d i a t i o n  f i e l d .  However, 

c o l l i s i o n - i n d u c e d  t r a n s i t i o n s  b e tw een  th e s e  s t a t e s  and 6^P^ 

can a l t e r  th e  p o p u l a t i o n  d e n s i t i e s  and i n  su c h  a way i n f l u ­

ence  th e  r a d i a t i o n .  We w ish  t o  c a l c u l a t e  a p p ro x im a te  c r o s s  

s e c t i o n s  f o r  su c h  t r a n s i t i o n s .

Wave F u n c t io n s  f o r  th e  6^P^ ^ 2 S t a t e s  o f  M ercury

B ecause  o f  th e  e x tre m e  c o m p le x i ty  o f  t h i s  a tom , i t  i s
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a p p ro x im a te d  h e re  by  a  h e l i u m - l i k e ,  t w o - e l e c t r o n  sy s te m . The 

a n t i s y m m e t r ic  b a s i s  f u n c t i o n s  f o r  s h a rp  s p i n ,  and o r b i t a l  

a n g u la r  momentum (S = L « l )  a r e  w e l l  known to  be g iv e n  by

where

(1 1 . 2 )

and where cp, (1 , 2 ) i s  a member (c o r re s p o n d in g  t o  S = l )  o f  
8

an  o r th o n o rm a l  s e t  o f  b a s i s  f u n c t i o n s  i n  a  t w o - p a r t i c l e  s p in  

sp a c e .  The r a d i a l  f u n c t i o n s  i n  Eq. (11 . 2 ) w i l l  be d i s c u s s e d  

be low .
^  ^

S in c e  t h e  t o t a l  a n g u l a r  momentum J  = L + S i s  a co n ­

s t a n t  o f  m o tio n ,  wave f u n c t i o n s  a c c u r a t e l y  r e p r e s e n t i n g  th e

sy s tem  may be c h o sen  t o  be e i g e n f u n c t i o n s  o f  th e  o p e r a t o r s

in(

82

2
J  and J g .  Such f u n c t i o n s  a r e  e a s i l y  o b t a in e d  by means o f

th e  C leb sch -O o rd an  c o u p l in g  schem e, namely

LSJ
*LmSmg '

These f u n c t i o n s  a r e  t a b u l a t e d  i n  T ab le  XXIX i n  te rm s  o f  

( w r i t t e n  a s  ) f o r  t h e  s p e c i a l  c a se  L « S ■ 1 . I t  sh o u ld  

be m en tio ned  t h a t  no s l n g l e t - t r l p l e t  m ixing  i s  shown f o r  th e
Oq

J  ■ 1 s t a t e .  Penney has  c o n s id e r e d  t h i s  and found  th e
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TABLE XXIX

EIQENFUNCTIONS Y^gJM TERMS OP LmSnig BASIS FUNCTIONS 

(WRITTEN AS *mm ) ^OR L = S = 1

J  * 1

J  = 0

T = *
1122 U1

’’1121 '  k  (*10 + *01>

’ l l 20 '  ^  (*1-1 * ^*00 * *-11*

*112-1 " 7ÏÏ (*0 -1 *-1 0*

*112-2 “ *-1-1

*1111 ‘  ^  (*10 ■ *01* 

*1110 '  ^  (*1-1 ■ *-11* 

*111-1 '  ^  (*0-1 ■ * .10*

*1100 -  h (-*00 + *1-1 + * -11*
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m ixing  t o  be s m a l l .  I n  any  c a s e ,  i f  exchange  i s  ig n o r e d  i n  

t h e  s c a t t e r i n g  p ro b le m , t h e n  t h i s  s i n g l e t  p a r t  w i l l  make no 

c o n t r i b u t i o n  t o  t h e  c r o s s  s e c t i o n ,  and i t s  e f f e c t  w i l l  m ere ly  

be  t o  change t h e  n o r m a l i z a t i o n  o f  t h e  b o u n d - s t a t e  f u n c t i o n  

s l i g h t l y .

R a d ia l  F u n c t io n s  

The r a d i a l  f u n c t i o n s  and Rg^ from  Eq. ( 11 . 2 ) may 

be e x p e c te d  t o  be r a t h e r  c o m p l ic a te d  n o d a l  f u n c t i o n s .
Qh

H a r t r e e ,  by means o f  a s e l f - c o n s i s t e n t - f i e l d  a n a l y s i s ,  o b ­

t a i n e d  a n u m e r ic a l  r e s u l t  f o r  t h e  g rou nd  s t a t e  f u n c t i o n .  

Im proved g r o u n d - s t a t e  f u n c t i o n s  have b e en  fo u n d ,  i n c o r p o r a t i n g  

th e  r e l a t i v i s t i c  c o r r e c t i o n ,  and c a l c u l a t i o n s  have b een  

c a r r i e d  o u t  f o r  s e v e r a l  e x c i t e d  s t a t e s  o f  m erc u ry ,  i n  p a r t i c ­

u l a r  th e  s t a t e s ;  6p ,  6d ,  7s ,  7p# and 7d.®^

I n  t h i s  p r e l i m i n a r y  i n v e s t i g a t i o n ,  we assum e t h a t  th e  

f u n c t i o n s  Rg^ and  Rg^ do  n o t  d i f f e r  much i n  t h e  r e g i o n  o f  

sp ace  im p o r ta n t  t o  th e  s c a t t e r i n g  p ro b lem . A ls o ,  we know 

from  th e  d i s c u s s i o n s  i n  C h a p te r s  I  and I I I ,  t h a t  p a r t i a l  

waves c o r r e s p o n d in g  t o  l a r g e  v a lu e s  o f  I  a r e  s e n s i t i v e  o n ly  

t o  th e  a s y m p to t ic  fo rm  o f  t h e  o f f - d i a g o n a l  m a t r ix  e l e m e n t s .

F o r  3p _ ,  t r a n s i t i o n s ,  i t  w i l l  be shown t h a t  t h e s eJ J
m a t r ix  e le m e n ts  b eh av e  a s y m p t o t i c a l l y  a s

U ( ^ P j / P j , )  <6p l r ^ | 6p> . (11 . 4 )

Thus f o r  l a r g e  t ,  one w ould e x p e c t  good r e s u l t s  i f  an
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a p p ro x im a te  f u n c t i o n  c o u ld  be  foun d  f o r  w hich  would g iv e

a c c u r a t e  v a lu e s  f o r  (6p | r ^ | 6p> . However, i t  i s  a n t i c i p a t e d

t h a t  f o r  a p ro b lem  in v o lv in g  m a t r ix  e le m e n ts  w hich  behave  a s

shown i n  Eq. (11 . 4 ) ,  t h e  dom inan t p a r t i a l  wave w i l l  p ro b a b ly

c o r re s p o n d  t o  s m a l l e r  v a lu e s  o f  I ,  say  t  = 1 , o r  2 . T hus,

th e  ch o sen  r a d i a l  f u n c t i o n s  s h o u ld  behave p r o p e r l y  i n  a

r e g i o n  somewhat c l o s e r  t o  th e  n u c le u s  o f  th e  m ercu ry  a tom .

W ith  t h i s  i n  m ind, a ro u g h  c a l c u l a t i o n  o f  r  was made,
84u s in g  H a r t r e e ' s  SCP f u n c t i o n ;  i t  was found  t h a t

As a f i r s t  t r i a l  f u n c t i o n  t h e n ,  we c o n s i d e r  th e  S l a t e r  

n o d e le s s  orb ita l® "^

1

where n < p r i n c i p a l  quantum num ber, th e  p a r t i c u l a r  v a lu e  d e ­

p e n d in g  on th e  s i z e  o f  th e  quantum  number, and where th e  e x ­

p e c t a t i o n  v a lu e  o f  r  i s  g iv e n  by

I-S "  . (11 . 7 )

07
I n  th e  c a se  o f  and  Rg^, a  r e a s o n a b le  c h o ic e  i s  n  = 4 .

Then, e q u a t in g  Fg from  Eq. (11 . 7 ) w i th  Fg from  Eq. (11 . 5 ) ,  we 

o b t a i n
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^  -  3 .44  ,z

and
Z = 5.233  , (11 . 8 )

The c o r r e s p o n d in g  n o rm a liz e d  r a d i a l  f u n c t i o n  I s  g iven , a s

”63 "  " 6p -  ( - 378) r 3 e - l - 3° 8r  _ (11 . 9 )

T h is  f u n c t i o n  I s  compared w i th  t h a t  d e te rm in e d  by  H a r t r e e  i n  

F ig u re  4 8 . (The s o l i d  cu rve  I s  th e  H a r t r e e  f u n c t i o n  and th e  

d a sh ed  c u rv e ,  th e  a p p ro x im a te  f u n c t i o n  g iv e n  I n  Eq. 11 . 9 . )  

Agreem ent I s  s e e n  to  be s a t i s f a c t o r y  I n  t h e  r e g i o n  s u r r o u n d ­

in g  r .

E l e c t r o n - C o l l l s l o n  P rob lem  

We now c o n s i d e r  th e  p ro b lem  o f  a  f r e e  e l e c t r o n  I n ­

c i d e n t  upon t h i s  t w o - e l e c t r o n  sy s te m . The h a m l l to n la n  I s  

g iv e n  ( in  H a r t r e e  a . u . )  by

H .  -  i  (V® 4 Vg + v^) .  2 (  i  i  )  4 V f ? ! ,  r) .

where

v ( ? j ,  ?2 , ? ) - - !  + — :  -  • (11 . 10)
j r  -  r ^ l  i r  -  Tgl

In  th e  a p p ro x im a t io n  where exchange  i s  I g n o r e d ,  th e  t o t a l  

w a v e fu n c t lo n  d e s c r i b i n g  a con tinuum  s t a t e  o f  t h e  t h r e e - 

e l e c t r o n  sy s te m , where th e  a tom  was I n i t i a l l y  assum ed to  be 

In  th e  s t a t e  63p j , Q , ,  I s  assum ed t o  have th e  form ^



0.4
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r2 4

toOto

Figure 4 8 . Comparison o f  r Rcg C alcu lated  by H artree ' s  Func­
t io n  ( s o l id  curve) and a N odeless O rb ita l (dashed cu rv e).
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YfJ'M'Irjr ĵrg) =  ̂ Pjpj (J'M'|r) - (H-H)
JiM

I n  Eq. (11 . 11 ) ,  a n g u la r  momentum c o u p l in g  be tw een  th e  a tom  

and  th e  I n c i d e n t  e l e c t r o n  h a s  b e en  n e g l e c t e d .  S c h ré J d in g e r 's  

e q u a t io n  becom es ( i n  S l a t e r  a . u . )

[V̂  +kj - U(JM,JM)] Pj„(?) = ^U(JM,J'M') Fj,„,(?) ,
J'M'

( 11. 12)

where

X d r^  d ?2 do^g ,

4
r 6 ( J M ,J 'M ')  + 4 '* 'l lJM ^ ^ l '^ 2  ̂ iz  Z I ^ l l J ' M ' f ^ l ' ^ ? )r  -  r^

X d r ^  d ?2 d o jg  , (11 . 13)

where do^^ r e p r e s e n t s  t h e  volume e le m e n t  i n  s p i n  s p a c e .

E v a l u a t i o n  o f  t h e  m a t r ix  e le m e n ts  from  Eq. (11 . 13) ,  

u s in g  th e  f u n c t i o n s  g iv e n  i n  T a b le  XXIX, i s  s t r a i g h t - f o r w a r d ,  

and one f i n d s

U (JM ,J 'M ')  = 2 [ y o ( 6s ^ | r )  + y o ( 6p ^ | r )  -  & ] 6 ( JM ,J 'M ')  

where
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y^(6s2 |r) = \  R(L ( l̂) '

(11.15)
r>

y ^ ( 6p ^ | r )  -  ^ Rgp ( r ^ )  ,

o >

and where t h e  m a t r ix  U_„ i s  g iv e n  i n  T ab le  XXX. TheUM,U M
e n t r i e s  i n  t h i s  t a b l e  must a l l  be  m u l t i p l i e d  by th e  common 

f a c t o r

§ - ^  Yg (6p ^ | r )  > (1 1 .1 6 )5 / 5

where

.2 , r f  d r .
^ R g p f r i )  è   . (11 . 17)

One h as  t h e  a s y m p to t i c  r e l a t i o n

m
y 2 (6p ^ | r )  R g p ( r2 ) d r^  . (1 1 .1 8 )

0

Two-Channel A p p ro x im a tio n  

The a n g u l a r  dependence  o f  th e  f u n c t i o n s  U (JM ,J 'M ')  

makes s o l u t i o n  o f  t h e  c o u p led  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  

g iv e n  i n  Eq. (11 . 12 ) e x t r e m e ly  d i f f i c u l t .  I n  v iew  o f  th e  

n a tu r e  o f  th e  a p p ro x im a t io n s  a l r e a d y  i n t r o d u c e d ,  i t  i s  r e a - '  

so n a b le  t o  s e e k  o n ly  an  a p p ro x im a te  s o l u t i o n .  R e c a l l i n g  t h a t  

i n  t im e -d e p e n d e n t  p e r t u r b a t i o n  t h e o r y ,  t r a n s i t i o n  p r o b a b i l i t i e s
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TABLE XXX

THE MATRIX U

A il  e n t r i e s  sh o u ld  be  m u l t i p l i e d  by  (2 / n /5  / 5 ) (6p ^ | r ) .

J '  «= 0 

M' -  0 M' = 1

J '  = 1 

M' = 0 M' « -a

J  = 0 M = 0 0 0 0 0

M = 1 0 n  Ï 2 .1 T̂2 .2

J  *= 1 M * 0 0 - ^ ^ 2 0 -  ’̂ 2-1

M « -1 0 \/*6 Y22 / 3  Y s i ^20

J '  = 2

M' -  2 M' -  1 M' -  0 M' -  -1 M' -  -2

J  = 0 
M -  0 -2  / 2  Ï 22 -2  / 2  Ygi -2  / 2  Ygg -2 / 2  ^2 ~l -2 / 2  ï g .2

M « 1 -  1̂ 21 -3  1̂ 20 -3  ^2-1 -  ’̂ 2-2 0

(J - 1 )  
M -  0 2 / 3  Ygg / 3  Y21 0 -  / 3  Yg_i -2 / 3  Yg.2

M 0 / 6  Y22 3 Y21 3 h o / 6  Y g .i
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TABLE XXX (c o n t in u e d )

M' = 2 M' -  1

J '  = 2 

M' = 0 M' = -1 M' = -2

M = 2 -" ^ 2 0 -  Y g .i 0 0

M = 1 / 6  Ygi ^20 -Y g - i -  ^2-2 0

r - 2  M = 0 -2 Ygg ^21 ^2-1 -2 Yg-g

M . - l 0
-  T̂ 22 -?21 ^20 / 6  Yg_]^

M=-2 0 0 - 2Y22 -  Ygi -" ''2 0
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a r e  p r o p o r t i o n a l  t o  th e  a b s o l u t e  s q u a r e s  o f  th e  p e r t u r b a t i o n  

m a t r ix  e l e m e n t s , w e  c o n s i d e r  t h e  a n g u l a r l y  in d e p e n d e n t  

f u n c t i o n s  g iv e n  ( f o r  J  /  J ' )  by

-  { , ,  1 Y } . (11 . 19 )

The f a c t o r  (2J ' + l ) ”^ ,  and th e  sum o v e r  M' a r e  i n t r o d u c e d  to  

t a k e  i n t o  c o n s i d e r a t i o n  th e  a v e r a g in g  o v e r  i n i t i a l  d e g e n e r a t e  

s t a t e s ,  w h i le  t h e  sum o v e r  M i s  r e l a t e d  to  th e  summing o v e r  

a l l  f i n a l  d e g e n e r a t e  s t a t e s .  F o r  t h e  t r a n s i t i o n s  

and 3p 3p f i n d

and

0(2.1) .  Ogi .  y^(6p2|r) , (11.20)

0(2,0) - Ü20 - ̂ 5 ^  yg(6p^|r) . (11.21)

The d i a g o n a l  m a t r ix  e le m e n ts  i n  c a s e s  o f  c lo s e  c o u ­

p l i n g  u s u a l l y  have a r a t h e r  s l i g h t  e f f e c t  on t h e  p a r t i a l  c r o s s  

s e c t i o n s ,  a t  l e a s t  f o r  l a r g e  v a lu e s  o f  I .  For  i n s t a n c e ,  i n  

a c a se  where e x a c t  r e s o n a n c e  i s  v a l i d ,  t h e  p a r t i a l  c r o s s  s e c ­

t i o n s  f o r  a  tw o -c h a n n e l  p rob lem  a r e  p r o p o r t i o n a l  t o  s in ^

-  6^)  a s  shown i n  Eq. (1- 23 ) .  The p h a se  s h i f t s  and  6^ 

a r e  d e te rm in e d  from  th e  f u n c t i o n s  Fq + F^ and Fq -  F ^ ,  r e s ­

p e c t i v e l y .  T hese  f u n c t i o n s  s a t i s f y  d i f f e r e n t i a l  e q u a t i o n s  

d i f f e r i n g  o n ly  I n  th e  s i g n  o f  t h e  o f f - d i a g o n a l  e le m e n t  ( se e  

Eq. 1 . 20 ) ,  We now make th e  a p p ro x im a t io n  o f  a v e r a g i n g  th e
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d i a g o n a l  e le m e n ts  o v e r  0 ,cp, th u s  r e t a i n i n g  o n ly  th e  s p h e r i ­

c a l l y  sym m etric  p a r t  common t o  a l l  J ,M , nam ely

U(JM,JM) = 2y ^ ( 6s ^ | r )  + 2y ^ ( 6p ^ l r )  -  ^  . (11 . 22 )

The f u n c t i o n s  y ^ f S s ^ l r )  and  y o ( 6p ^ | r )  a r e  fo u n d  t o  c o n ta in  

p u re  1/ r  t e r m s ,  c a u s in g  U(JM,JM) t o  behave  e x p o n e n t i a l l y .

I n c o r p o r a t i n g  t h e  m a t r ix  e le m e n ts  g iv e n  i n  E qs. 

( 11 . 20 ) ,  (11 . 21 ) ,  and (11 . 22 ) ,  we a r e  a b le  t o  re d u c e  th e  

p ro b lem  to  one o f  two c h a n n e ls .  The c o r r e s p o n d in g  d i f f e r e n ­

t i a l  e q u a t i o n s  a r e  g iv e n  f o r  th e  t r a n s i t i o n  -  6^Pg by

(V® + ( r )

0 2 -  -  {11. 23 )
(9 + kg - Dj2)F2(r) -  (r) ,

w h ere ,  a c c o r d in g  t o  E q s . (11 . 19 ) and (11 . 22 ) ,  = Ugg and

-  ^ 21 * C o n s id e r in g  th e  c lo s e n e s s  o f  th e  l e v e l s  (see  

F ig u r e  47 ) ,  we make th e  a d d i t i o n a l  a s su m p t io n  t h a t  = k2 . 

W ith  t h e s e  s i m p l i f i c a t i o n s ,  one may e a s i l y  d e c o u p le  Eqs. 

( 11 . 23 ) ,  o b t a i n i n g

(v2 + k^ -  T  u^2 )F*Xr) = 0 , (11 . 24 )

where

B^(r) = ?i(r) ±  Pg(r) . (11.25)
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B ecause  o f  th e  s p h e r i c a l  symmetry o f  th e  m a t r ix  e le m e n t s ,  

P ^ ( r )  may be  expanded  i n  th e  form

F ^ ( r )  = p  I  i ^ ( 2t  4 1 ) e ^ " ^  P ^ (co s  9) p f ( r )  , (11 . 26 )
I

and E qs . (11 . 24 ) red u c ed  to

(  ^  + -  ^11 T  U 2̂ )  F ^ ( r )  = 0 . (11 . 27 )
d r

S in c e ,  a c c o r d in g  to  Eq. (11 . 18 ) th e  m a t r ix  e le m e n ts  f a l l  o f f  

f a s t e r  t h a n  1/ r ^  f o r  l a r g e  r ,  th e  ph ase  s h i f t s  may be 

d e te rm in e d  from  th e  a s y m p to t ic  r e l a t i o n

~ C 2k ^ + (-1)^ s i"  "Î
( 1 1 . 2 8 )

~  ^  s i n  (k r  -  t n /2  4 n^) . (11 .29 )

The e x p r e s s io n  (11 . 28 ) i s  v a l i d  when th e  m a t r ix  e le m e n ts  a re
p

much s m a l l e r  t h a n  t (4 4 l ) / r  , w h ile  ( 11 . 29 ) h o ld s  o n ly  f o r

v e r y  l a r g e  v a lu e s  o f  r  ( f o r  4 > 0 ) such  t h a t  th e  m a t r ix
o 2

e le m e n ts  and t (4 4 l ) / r ^  a r e  n e g l i g i b l e  compared t o  k .

C l e a r l y ,  f o r  n u m e r ic a l  w ork , ( 11 . 28 ) i s  th e  more p r a c t i c a l

o f  th e  two.

S o l u t i o n  o f  t h e  D i f f e r e n t i a l  E q u a t io n s  

B ecause  o f  th e  c o m p le x i ty  o f  th e  m a t r ix  e le m e n t s ,  i t  

i s  n e c e s s a r y  t o  a p p ly  n u m e r ic a l  methods i n  o r d e r  t o  o b t a i n
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s o l u t i o n s  o f  E q ' s .  ( 11 . 27 ) .  A t e c h n iq u e  d e v is e d  s p e c i f i c a l l y
88f o r  s e c o n d - o r d e r ,  l i n e a r  e q u a t io n s  i s  t h a t  o f  Numerov.

I n  t h e  Numerov m ethod, i t  i s  f i r s t  n e c e s s a r y  t o  o b t a i n  

s o l u t i o n s  o f  t h e  e q u a t io n s  a t  two p o i n t s ,  s a y  P ^ ( r  ) and•V O
P ^ ( r ^ ) .  A p p l i c a t i o n  o f  th e  method o f  F ro b e n lu s  t o  E q 's .

(1 1 .2 7 )  shows t h a t  f o r  sm a ll  r ,

F ^ ( r )  « A^ r^"^^ , (11 . 30 )

where A^ i s  an  a r b i t r a r y  c o n s t a n t  (may be  c h o sen  e q u a l  t o  

u n i t y ) ;  t h i s  e q u a t i o n  h o ld s  so  lo n g  a s  th e  m a t r ix  e le m e n ts  

i n c r e a s e  no f a s t e r  t h a n  1/ r ^ .  Once s o l u t i o n s  a t  two p o i n t s  

a r e  fo u n d ,  th e  g e n e r a l  s o l u t i o n  may be  b u i l t  up by means o f  

t h e  r e l a t i o n

-  [ i  -  i l  ] ■ ' {  [ 2  + 1  ^

- b - è  ( « r ) '  ]  ' î ( ' j . i )  }  '  ( " - 3D

Where

^  - «11 '’is  ] ' (11-32)

and where

6r  = r .  , -  r .  . 
j +1 j

The p h a se  s h i f t s  a r e  t h e n  o b ta in e d  by m atch in g  th e  

n u m e r i c a l ly  d e te rm in e d  f u n c t i o n  t o  th e  b e s s e l  f u n c t i o n
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c o m b in a t io n  i n  Eq. (11 . 2 8 ) f o r  two v a lu e s  o f  r ,  s a y  r^  and 

l a r g e  enough  so  t h a t  Eq. ( 11 . 28 ) i s  v a l i d .  Then d e f i n i n g  

th e  r a t i o s

^  '  («-a > { H - 33 )

we o b t a i n

where

. ( 11 . 35 )

2
The p a r t i a l  c r o s s  s e c t i o n  i s  t h e n  g iv e n  ( in  u n i t s  o f  na^)  by

( 2 t  + l )  s i n ^  (t]^ -  T|^) . (1 1 .3 6 )

B e the  I  A p p ro x im a tio n  

We have fo und  t h a t  f o r  l a r g e  v a lu e s  o f  I ,  th e  weak 

c o u p l in g  a p p ro x im a t io n  i s  J u s t i f i e d ,  and a l s o  o n ly  a s y m p to t ic  

p a r t s  o f  th e  m a t r ix  e le m e n ts  a r e  s i g n i f i c a n t .  T h us , a  com­

p a r i s o n  o f  th e  B e th e  I ,  and  tw o -c h a n n e l  a p p ro x im a t io n s  g iv e s  

some i n d i c a t i o n  o f  th e  s t r e n g t h  o f  c o u p l in g  and th e  im p o r ta n c e  

o f  a c c u r a t e  m a t r ix  e le m e n t s .

The B e th e  I  a p p ro x im a t io n  f o r  t h i s  ty p e  o f  t r a n s i t i o n  

s im p ly  r e d u c e s  t o  t h e  B o m  I  a p p ro x im a t io n  f o r  a  s c h e m a tic
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model possessing the off-diagonal matrix element

U' .  , (11 . 37 )
r-^

where a c c o r d in g  t o  E qs. (11 . 20 ) and  (11 . 2 1 ) ,  B i s  g iv e n  by

Olg = By2 (6p ^ | r )  ,  (11 . 38)

and C b y

Y gfG p^lr)  ~  , (11 . 39)

o r

C .  \  Rf ( r )  r ^  d r  -  13.218  . (11 . 4o)
o

The B e th e  I  p a r t i a l  c r o s s  s e c t i o n  i s  e a s i l y  found  to  be  g iv e n  

by

B ' l  tt 9 B ' l  2
-  3  d t  ) ,  (11 . 41 )

“ o

where

B ' l  *

W i t h

^n  * *0 -  I ?  (Bn -  Eq)
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Under t h e  a s s u m p t io n  o f  e x a c t  r e s o n a n c e  ( I . e . ,  ICq »= = k ) ,

g
one f i n d s

, I  jé 0 . (11 . 43 )

2
Hence, from  Eq. (11 . 40 ) we h a v e ,  i n  u n i t s  o f  na^ ,

B ' I
I t  i s  i n t e r e s t i n g  t o  o b se rv e  t h a t  i s  in d e p e n d e n t  o f  th e

k i n e t i c  e n e rg y  o f  th e  i n c i d e n t  e l e c t r o n .  We s h o u ld ,  t h e n ,  

e x p e c t  t h i s  t o  be t r u e  o f  t h e  tw o -c h a n n e l  c r o s s  s e c t i o n s  f o r  

l a r g e  v a lu e s  o f  t .

E x a c t-R e so n a n c e  R e s u l t s  

The s o l u t i o n  o f  E q s .  (11 . 27 ) ,  and d e te r m i n a t i o n  o f  

th e  p a r t i a l  c r o s s  s e c t i o n s  have b een  c a r r i e d  o u t  f o r  th e  

-* t r a n s i t i o n  i n  m erc u ry ,  where th e  o f f - d i a g o n a l

m a tr ix  e le m e n t  was t a k e n  t o  be t h a t  g iv e n  by Eq. (11 . 20 ) .  

Because  o f  t h e  lo n g - r a n g e  c h a r a c t e r  o f  U^g, i t  was n e c e s s a r y  

to  c a r r y  th e  s o l u t i o n  o u t  t o  r a t h e r  l a r g e  v a lu e s  o f  r  b e f o r e  

a t t e m p t in g  t o  d e te rm in e  t h e  p h a se  s h i f t s  by  m atch in g  w i th  

th e  b e s s e l  f u n c t i o n  c o m b in a t io n  i n  Eq. (11 . 28 ) .  R e s u l t i n g  

tw o -c h a n n e l  and  B ' l  c r o s s  s e c t i o n s  a r e  g iv e n  i n  T ab le  XXXI
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TABLE XXXI

PARTIAL CROSS SECTIONS (UNITS OP TTa )̂ FOR THE 6^?]^ 6^?^

TRANSITION IN MERCURY I N .THE TWO-CHANNEL, AND BETHE I  

EXACT-RESONANCE, APPROXIMATIONS

k .05 .10 .15 .20 .25 .3 0 B ' l
0 16.40 9 .5 1 4.83 2 .7 6 1 .7 6 1 .2 3
1 27.96 1 6 .0 6 1 7 .9 7 14.28 8.33 5 .0 2 3 1 .4 5
2 5.67 5.64 5 .5 2 5 .3 5 5 .1 3 4 .8 7 5 .8 2
3 1 .9 6 1 .9 8 1 .9 7 1 1 .9 6 1 .9 3 1 .9 0 2.04
4 0 .8 9 0 .9 1 0 .9 2 0 .9 2 0 .9 2 0 .9 1 0 .9 4

f o r  s e v e r a l  e n e r g i e s .  As s u g g e s te d  e a r l i e r ,  t h e  tw o -c h a n n e l  

r e s u l t s  a r e  se e n  t o  a p p ro a c h  th o s e  o f  B ' l  f o r  l a r g e  v a lu e s  

o f  I ,  and c o n s e q u e n t ly  become r a t h e r  I n s e n s i t i v e  t o  th e  i n ­

c id e n t  e n e rg y  o f  th e  c o l l i d i n g  e l e c t r o n .  I t  i s  c l e a r  t h a t  

w i t h in  th e  a c c u r a c y  o f  t h i s  p r e l i m i n a r y  i n v e s t i g a t i o n ,  B ' l  

p a r t i a l  c r o s s  s e c t i o n s  may be  u sed  f o r  t  > 5 . T o t a l  c r o s s  

s e c t i o n s  may th e n  be c a l c u l a t e d ;  t h e s e  a r e  g iv e n  i n  T ab le  

XXXII.

TABLE XXXII

TOTAL CROSS SECTIONS (UNITS OP nâ ) FOR THE 6^P^ 6^Pg
TRANSITION IN MERCURY IN THE TWO-CHANNEL, 

EXACT-RESONANCE, APPROXIMATION
k^ .05 .10 .15 .20 .25  .3 0

Q 5 4 .9 3 6 .1 33.2 2 7 .3 20.1  1 5 .9
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No d i r e c t  m easurem ents  o f  t h e s e  c r o s s  s e c t i o n s  have

y e t  b e en  made. However, a c c o rd in g  t o  Y av o rsk y , P a h r l k a n t  h as

b een  a b l e  t o  deduce  some r e s u l t s  from  H g -d isc h a rg e  e x p e r l -  
i d  8 Q

m en ts .  * T hese  a r e  q u o ted  In  Y a v o r s k y 's  p a p e r  a lo n g  w i th  

h i s  B o m -O p p e n h e lm e r  r e s u l t s .  (These r e s u l t s  a r e  g iv e n  I n  

te rm s o f  t h e  e f f e c t i v e  c r o s s  s e c t i o n ,  w hich  I s  g o t t e n  b y  m ul­

t i p l y i n g  th e  o r d i n a r y  c r o s s  s e c t i o n  by  th e  atom  d e n s i t y  n a t  

1 mm Hg, and  0*C; u s u a l l y  n = 3*56 x 10 cm” . )  ■ I t  may be 

se en  t h a t  t h e  r e s u l t s  I n  T a b le  XXXII a r e  c o n s i d e r a b ly  l a r g e r  

th a n  th o s e  q u o te d  by  Y avorsky ; t y p i c a l  v a lu e s  o b t a in e d  by

Y avorsky a r e  Q = 19.7  TOq a t  k^ = 0.1  and Q = l 6 .9  Tra^ a t  
2

k = 0 . 15 . However, c o n s i d e r i n g  t h e  w ell-kno w n  I n c o n s i s t e n ­

c i e s  o f  t h e  B om -O ppenh e lm er m ethod , and  th e  l a c k  o f  In f o r m a ­

t i o n  r e g a r d i n g  P a h r l k a n t ' s  d a t a ,  c o m p ar iso n  I s  r a t h e r  d i f f i ­

c u l t  a t  t h i s  p o i n t .  I t  s h o u ld  be p o i n t e d  o u t ,  a l s o ,  t h a t  

th e  r a t h e r  c ru d e  a v e r a g in g  p r o c e d u re  a p p l i e d  t o  th e  m a t r ix  

e le m e n t s ,  c o u ld  In d e e d  o v e r e s t i m a t e  th e  r e s u l t i n g  c r o s s  

s e c t i o n .



APPENDIX I

FREE-FREE TRANSITIONS OF A PARTICLE IN A 

THREE-DIMENSIONAL POTENTIAL WELL

C a l c u l a t i o n  o f  t h e  c r o s s  s e c t i o n  f o r  a f r e e - f r e e  

t r a n s i t i o n  accom pan ied  by t h e  e m is s io n  o f  r a d i a t i o n ,  was d i s ­

c u sse d  I n  C h a p te r  IX. I t  was shown t h a t  th e  con tinu um  s t a t e s  

co u ld  be d e s c r i b e d  by f u n c t i o n s  o f  th e  form

m iT)
? ( r )  *= i  ^  (21 + 1 ) e ^  cos  0 / ^ ( r )  ,

t= o

where

/ ^ ( r )  ~  ^  s i n  ( k r  -  t n /2  + .

The c r o s s  s e c t i o n ,  and  hence  th e  r a t e  o f  e m is s io n ,  was found 

(as shown I n  Eq. (9 . 2 7 ))  t o  be p r o p o r t i o n a l  t o  th e  sq u a re  o f  

th e  d i p o l e  m a t r ix  e le m e n t  M, and from  Eq. (9 . 43 ) ,  we have
CD

|m 1̂  = (4n )3 e^  ^  ^  { | l ( t - l , t ) | ^  + | l ( t , t - l ) |2  } ,
t= o

where
00 00

I (1 - 1 , 1 ) -  \  X t_ i ( lC b r ) X t ( k a r ) r  d r  = \  / ^ _ ^ ( r ) / ® ( r ) r  d r ,
a D o o

and where a and  b r e f e r  t o  th e  I n i t i a l  and  f i n a l  s t a t e s ,

216
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re sp e c t iv e ly ;  thus

2 . 2 .
(*a -

In ca lcu la tin g  the matrix elem ents fo r  fr e e -fr e e  

tr a n s it io n s  In H', an approximation was Introduced, In which 

the asym ptotic form. Including the phase s h i f t ,  was taken fo r  

the 8-wave, and the t  = 1 component o f a plane wave was 

assumed fo r  the p-wave ( i . e . ,  assume t^fk)  = O); p a r t ia l  

waves corresponding to  t  > l  were not considered. I t  was 

Indicated  that fo r  low en erg ies , these approximations are 

v a lid . In order to p a r t ia l ly  examine the v a lid ity  o f the 

above approxim ations, we consider the corresponding matrix 

elem ents fo r  a problem Involving fr e e - fr e e  tr a n s it io n s  o f a 

system co n sis tin g  o f a p a r t ic le  and three-dim ensional poten­

t i a l  we l l .  Since th is  problem may be solved  ex a c tly , we are 

able to  compare exact and approximate r e s u lt s .

Consider a p a r t ic le  o f k in e tic  energy k  ̂ ( a . u . ) ,
p

Incident upon a p o te n tia l w e ll of depth k^ (a .u. )  and radius 

a, as shown In Figure a . We require continuum sta te s  of

I
k %

Figure a
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the set of equations

(  ÉÎg. .  + , 1) + k '2 )  x A k r )  . 0  ( r  < a )  ,
d r  ^

(  ^  I  )  X ^ (k r)  -  0 ( r  > a )  ,
d r^  ^

where

k '2 = k^ + .o

E x a c t  s o l u t i o n s  f o r  th e  c a se  t  = 0 a r e  g iv e n  by^

E ,  X f ^o (k r )  ( r  < a )
X ^(k r)  « J

'• s i n  ( k r  + Ti ) (r > a) ,

where th e  s c a t t e r i n g  p h ase  s h i f t  i s  g iv e n  by

tiq = t a n " ^  ^  ~  t a n  k ' a  ^  -  ka ,

and th e  c o e f f i c i e n t  by

= ^ s ln ^  k ' a  + ^  ^  ^  cos^  k ' a j " ^ / ^  ,

The s o l u t i o n s  f o r  t  = 1 a r e  s i m i l a r l y  found  to  be

 ̂ A^ / r  J g y g C k 'r )  ( r  < a )
X ^(k r)  ^

(  ^  {cos m  J 3 / 2 ( k r )  -  s i n  h]_ J . g / g f k r ) }

( r  > a ) .
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where

. -1/ (3gi - l)(2ka)3 ,
TI, = t a n  I  ----------------   —-----------  J- ,

24[1  -  (ka) (g^ -  i ) ]

w i th

= ( k 'a  s i n  k ' a )  ^ ,3 ' ^  -  cos k ' a ]  ,

and  where

w i th

and

c o s  x]̂  j^ y g ( k a )  -  s i n  j_ 3 /2 ( k * )  

J 2/ 2 ( k 'a )

J _ 3 /2 ( k a )  .  -  s i n  ka  .

S o l u t i o n s  f o r  t  > 1 c an  e a s i l y  be o b t a i n e d ^ ,  how ever th e y  

w i l l  n o t  be n e c e s s a r y  I n  t h i s  I n v e s t i g a t i o n .  The a s y m p to t ic  

a p p ro x im a t io n  f o r  th e  s-w ave s o l u t i o n  am ounts t o  a ssu m ing  f o r  

a l l  r ,  th e  r e l a t i o n

X „ (k r)  = s i n  (k r  + t) ) (O < r  < « ) ,

w h i le  t h e  p lan e -w av e  a p p ro x im a t io n  ( i . e . ,  B o m  a p p ro x im a t io n )  

f o r  th e  p-wave I s  g i v e n  by



2 2 0

X ^(k r)  = (  )  J g y g ( k r )  (0 < r  < » ) .

The f o l lo w in g  i n t e g r a l s  may now be d e f i n e d :

CO

(Ea,Eb) = ^ (k ^ r )  X ^(k^r)  r  d r  ,

(Ea,Bb) = ^ x ^ ( k a r ) x ^ ( k ^ r )  r  d r  ,

00

(Aa,Bb) = ^ X ^ ( k ^ r ) x ^ ( k ^ r )  r  d r  , 
o

where c l e a r l y  th e  f i r s t  l e t t e r s  r e f e r  t o  th e  s-wave and  th e

second  t o  t h e  p -w ave . I n  o r d e r  t o  exam ine e r r o r  i n  p a r t i c u l a r

r e g io n s  o f  s p a c e ,  we append  1 f o r  0 < r  < a ,  and 2 f o r  a < r  

< ®, f o r  exam ple (Ea,Bb) = (E a ,B b ) l  + (E a ,B b )2 , and  s i m i l a r l y  

f o r  (Ea,Eb) and  (A a ,B b). The c r o s s  s e c t i o n ,  th e n  i s  p r o p o r ­

t i o n a l  t o  th e  sum o f  s q u a r e s  o f  m a t r ix  e le m e n ts  i n  th e  form

(EE) = (E a ,E b )^  + (E b ,E a)^  ,

f o r  th e  e x a c t  s o l u t i o n ,  and

(EB) = (E a ,B b)^  + (E b ,B a)^  ,

(AB) = (A a,B b )2 + (Ab,Ba)^ ,

f o r  th e  two ty p e s  o f  a p p r o x im a t io n s .
2

The r a d i u s  a ,  and t h e  d e p th  k^ o f  th e  p o t e n t i a l  w e l l



221

may be ch osen  so  t h a t  th e  phase  s h i f t s  a g r e e ,  w i t h in  a few 

p e r c e n t ,  w i th  t h o s e  o b ta in e d  by C h a n d ra se k h a r  and B reen  u s in g  

th e  s t a t l c - h a r t r e e - f l e l d  a p p ro x im a t io n  f o r  Such a
p

c h o ic e  o f  p a ra m e te r s  g i v e s  a = 1.0  a ^ ,  and  = 2 .3  a . u .

31 eV ). I n  T a b le s  A and B a r e  g iv e n  c a l c u l a t e d  v a lu e s  o f  

(EE), (EB), (AB), and t h e i r  p e rc e n ta g e  d i f f e r e n c e s  (a lw ays 

t a k e n  r e l a t i v e  t o  th e  more e x a c t  o f  t h e  tw o ) .  The a p p ro x im a­

t i o n  u sed  In  C h a p te r  IX c o r re sp o n d s  to  AB I n  t h i s  model c a l c u ­

l a t i o n .  I t  I s  s e e n  from  T a b le s  A and B , t h a t  f o r  low e n e r g i e s  

th e  e r r o r  I s  r a t h e r  s m a l l ,  and even  f o r  an  e l e c t r o n  e n e rg y  o f  

12 eV th e  e r r o r  I s  s t i l l  l e s s  th a n  10^ ,

I f  we now r e c a l l  th e  s i g n i f i c a n c e  o f  t h e  ap p ro x im a­

t i o n s ,  th e n  I t  I s  c l e a r  t h a t  th e  a g re em e n t o f  (EE) and (EB)

I s  a m easure  o f  t h e  v a l i d i t y  o f  a ssum ing  = 0 ( i . e . ,  p la n e  

wave component f o r  p -w a v e ) ,  w h i le  th e  a g re em e n t  o f  (EB) and 

(AB) I n d i c a t e s  t h e  v a l i d i t y  o f  u s in g  t h e  a s y m p to t ic  form  f o r  

th e  s-w ave ; th e  l a t t e r  I s  q u i t e  o b v io u s ly  t h e  b e t t e r  o f  th e  

two a p p ro x im a t io n s .  T h is  I s  e a s i l y  u n d e r s to o d ,  s in c e  th e  

a s y m p to t ic  a p p ro x im a t io n  I s  I n  e r r o r  o n ly  I n  th e  I n n e r  r e g io n  

(0 < r  < a ) ,  w hich  c o n t r i b u t e s  l i t t l e  t o  th e  I n t e g r a l s ,  w h i le  

th e  p lan e -w av e  a s s u m p t io n  f o r  t  = 1 h a s  a c u m u la t iv e  e f f e c t  

w hich  I s  s t r o n g l y  f e l t  In  th e  o u t e r  r e g io n  (a < r  < * ) ,  w hich 

I s  most Im p o r ta n t  t o  t h e  I n t e g r a l s .  T h is  a rgum ent sh o u ld  

a l s o  a p p ly  t o  H“ , s in c e  th e  p o t e n t i a l  s e e n  by  th e  e l e c t r o n s  

I s  s h o r t  ra n g e  and  r a p i d l y  d e c a y in g  ( e x p o n e n t i a l  I n  th e  

s t a t l c - h a r t r e e - f l e l d  a p p r o x i m a t i o n ) .
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TABLE A

CALCULATED VALUES OP (EE), (EB), (AB), AND 

PERCENTAGE DIFFERENCES FOR a » 1.0

AND k. 2 .3  a . u .

£
(eV) (lO^A®) (EE)

%
(EE,EB) (EB)

K>
(EB,AB) (AB)

,  *  
(EE,AI

2 .0 10 . 1151. .3 1154. 0 1154. .3

3 .0 6 .
Q

325.4 .6 3 2 7 .3 0 3 2 7 .4 .6
O .

10. 3167 . .6 3185. 0 3185. .6

4 .0 4 . 108.5 1 .0 1 0 9 .6 0 109 .6 1.0
6 . 666.8 .9 673.0 0 673.1 .9
8 . 2349 . .9 2370 . 0 2370. .9

10 . 6145 . .9 6202 . 0 6202 . .9

5 .0 4 . 1 8 9 .8 1.4 1 9 2 .4 0 192 .5 1.4
6 . 1124. 1.4 1140 . 0 1140 . 1.4
8 . 3883. 1.4 3936 . 0 3936 . 1.4

10 . 10021. 1 . 4 , 10161. 0 10162. 1.4

6 .0 4 . 29 1 .5 1 .9 2 9 7 .1 0 2 9 7 .2 1 .9
6 . 1691. 1 .9 1723. 0 1723 . 1 .9
8 . 5756. 2 .0 5870 . 0 5870. 2 .0

10 . 14714. 2 .0 15012. 0 15013. 2 .0

7 .0 2 . 19.42 2 .8 19.97 .1 20.00 2 .8
4 . 413.3 2 .6 423.9 0 424.1 2 .6
6 . 2356. 2 .6 24l 8 . 0 24l 8 . 2 .6
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TABLE B

CALCULATED VALUES OP (EE), (EB), (AB), AND 

PERCENTAGE DIFFERENCES FOR a = 1 .0  a o
AND kg = 2 .3  a . u .

E
(eV)

X
(lO^A*) (EE) (EE,EB) (EB) (EB,AB) (AB)

,  % 
(EE,A]

8 .0 2 . 27.23 3 .6 2 8 .2 1 .1 2 8 .2 4 3.7
4 . 553.0 3 .4 5 7 1 .8 0 5 7 2 .0 3 .4
6 . 3107 . 3.5 3217. 0 3218. 3.5

1 0 .0 2 . 44.67 5 .6 4 7 .1 7 .1 4 7 .2 4 5 .7
4 . 8 7 6 .6 5 .7 92 6 .2 0 926 .5 5 .7
6 . 48l 6 . 6 .0 5103. 0 5104 . 6 .0

1 2 .0 2 . 6 5 .1 6 8 .4 7 0 .6 6 .1 7 0 .7 6 8 .6
4 . 1240 . 9 .0 1351. 0 1351. 9.0
6 . 6701. 9.4 7333 . 0 7334. 9.4
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In order to  examine the s e n s i t iv i t y  of the r e s u lts

2
w i t h  r e s p e c t  t o  th e  r a d i u s  a and  th e  d e p th  s e v e r a l  com­

b i n a t i o n s  were i n v e s t i g a t e d  f o r  an  i n t e r m e d i a t e  e n e rg y  o f  

4 eV. I n  T ab le  C ai?e g iv e n  p e r c e n ta g e  d i f f e r e n c e s  o f  (EE), 

(EB), and  (AB) f o r  s e v e r a l  c h o ic e s  o f  a  and  k ^ . One c o n c lu d e s  

t h a t  f o r  p ro b lem s i n v o lv i n g  p o t e n t i a l s  o f  l o n g e r  r a n g e ,  c a re  

sh o u ld  be t a k e n  i n  t h e  t r e a tm e n t  o f  th e  p -w ave. In  su ch  

c a s e s ,  one s h o u ld  c o n s i d e r  h i g h e r  p a r t i a l  waves a s  w e l l .

TABLE C

A COMPARISON OP (EE), (EB), AND (AB) FOR SEVERAL 

CHOICES OP THE RADIUS a AND DEPTH k^

( ) 
(  )  
C )
V kg = 2 .0  J

r  a  .  2 .0  ^
kg = 0 .5  J

C )
c fe-.'A )

X ( l o 3 A®) (EE,EB) K, (EB,AB) % (EE,AB

4 . 6.5 .04 6 .5
10 . 5 .1 .01 5 .1

4 . 4 .3 .04 4 .3
1 0 . 3.5 .01 3.5

4 . 3 .0 .03 3 .0
1 0 . 2 .4 .01 2 .4

4 . 1 .8 .03 1 .9
10 . 1.5 .01 1.5

4 . 24 . .54 25 .
10 . 22 . .09 2 2 .

4 . 5 .8 .49 5 .4
10 . 3.5 .0 8 3 .6

4 . 19 . .43 19 .
10 . 3.2 .07 3 .3



APPENDIX II

IMPORTANT POINTS CONCERNING USE OP 

THE FIGURES AND TABLES

I t  I s  i m p o r t a n t  t o  em phasize  t h a t  g r e a t  c a r e  must be 

ta k e n  i n  i n t e r p r e t i n g  th e  f i g u r e s  and t a b l e s  o f  C h a p te rs  

V I I I  -  X. In  a l l  c a s e s ,  th e  f r e e - b o u n d  and  f r e e - f r e e  g a u n t  

f a c t o r s  f o r  h y d ro g en  have b een  t a k e n  a s  u n i t y ;  t h i s  can g iv e  

r i s e  to  e r r o r  a s  h ig h  a s  15$  f o r  th e  p r o t o n - e l e c t r o n  

b r e m s s t r a h lu n g  e m is s io n  ( b ) .  I n  F ig u r e s  20 - 38 , th e  recomr- 

b i n a t l o n  ( r )  and p r o t o n - e l e c t r o n  b r e m s s t r a h lu n g  (b) c u rv e s  

must s t i l l  be m u l t i p l i e d  by  n^n^ (o r  a^n^ i n  th e  case  o f  a 

p u re  hydrogen  p la s m a ) ,  w h i le  th e  f r e e - b o u n d  H~ (fb )  and th e  

f r e e - f r e e  H" ( f f )  c u rv e s  must be  m u l t i p l i e d  by  n^ny (o r  

a ( l  -  a )n ^  i n  th e  c a s e  o f  a p u re  h y d rogen  p la s m a ) ;  n^ , n^ , 

and n r e p r e s e n t  th e  e l e c t r o n  d e n s i t y ,  p o s i t i v e  hydrogen  io n  

d e n s i t y ,  and t o t a l  p a r t i c l e  d e n s i t y ,  a l l  i n  u n i t s  o f  

10^7 cm“^ ,  and n^ = an .

One f u r t h e r ,  somewhat am biguous, p o i n t  re m a in s .  The 

a t t a c h m e n t  c r o s s  s e c t i o n s  f o r  f r e e - b o u n d  t r a n s i t i o n s  i n  H", 

w hich  a r e  g iv e n  i n  T a b le  XXI, a r e  c o n s i s t e n t  w i th  th o s e  g iv e n  

by  Massey and B u rh o p ,53  and a r e  u se d  i n  C h a p te r  IX t o  c a l c u ­

l a t e  th e  f r e e - b o u n d  H" ( fb )  r a t e s  o f  e m is s io n  p r e s e n t e d  i n

225
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T a b le s  XXII -  XXIV and In  .the g ra p h s  o f  C h a p te r  X. However,

In  c h ec k in g  th e  p r e d i c t e d  f r e e -b o u n d  a b s o r p t i o n  c o e f f i c i e n t s
T I( te m p e ra tu re  d e p e n d e n t)  w i th  th o s e  g iv e n  by  Oriem, one may 

see  t h a t  o u r ' s  a r e  f o u r  t im e s  to o  l a r g e .  The d i f f e r e n c e  

a p p e a rs  t o  s tem  from  d e f i n i t i o n ,  and i n  o u r  f o r m u la t io n  

a r i s e s  w i th  th e  i n t r o d u c t i o n  o f  y i n  Eq. (9 . 2 ) .  I n  o r d e r  t o  

be c o n s i s t e n t ,  i t  i s  n e c e s s a r y  to  re d u c e  by f o u r  a l l  f r e e -  

bound H" ( fb )  r a t e s  o f  e m is s io n  a p p e a r in g  i n  th e  t a b l e s  and 

f i g u r e s .  The S c u rv e s  must be a d j u s t e d  a c c o r d i n g l y .
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