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THEORY OF RAREFACTION WAVES IN A PLASMA 

CHAPTER I  

INTRODUCTION

I n  r e c e n t  y e a r s  c o n s i d e r a b l e  r e s e a r c h ,  b o th  e x p e r i ­

m en ta l  and  t h e o r e t i c a l  h a s  b e en  done on v a r i o u s  p rob lem s i n  

p lasm a dy nam ics .  T h is  r e c e n t  r e - e m p h a s is  o f  f l u i d  dynamics 

has b een  s t i m u l a t e d  by v a r i o u s  p ro b lem s su ch  a s  the rm o­

n u c l e a r  r e s e a r c h ,  and r e s e a r c h  and deve lopm en t on new plasm a 

d e v i c e s .  A c o n s id e r a b le  p o r t i o n  o f  th e  r e c e n t  work i n  p lasm a 

dynam ics has been  d i r e c t e d  tow ard  t h e  u n d e r s t a n d in g  o f  th e  

n a tu r e  and s t r u c t u r e  o f  c o m p re s s io n a l  shock  w aves. Every  

shock  wave i s  accom panied  by  a r a r e f a c t i o n  p r o c e s s ;  c o n se ­

q u e n t l y  th e  n a tu r e  o f  th e  r a r e f a c t i o n  p r o c e s s  i n  a plasm a 

m ust a l s o  be u n d e rs to o d  i f  t h e  com ple te  p lasm a f lo w  prob lem  

i s  t o  be  s o lv e d .

The p r i n c i p a l  c o n c e rn  i n  t h i s  p a p e r  i s  t h e  a n a l y s i s  

o f  r a r e f a c t i o n  waves i n  a  s t r o n g l y  i o n i z e d  p lasm a i n  w hich 

t h e  e l e c t r o n  te m p e ra tu re  i s  much g r e a t e r  th a n  th e  m assive  

p a r t i c l e  t e m p e r a tu r e .  P r i n c i p l e s  o f  con tinuum  plasm a dynam ics 

w i l l  be  employed th ro u g h  t h e  E u l e r i a n  f o r m u la t io n  o f  th e  

e q u a t io n s  o f  m o tio n .

1
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H i s t o r i c a l  B ackground

T h e o ry . The te rm  " h y d ro d y n am ics" was f i r s t  u se d  by  

B e r n o u l l i  ( 1700 --1783 ) a s  th e  name f o r  th e  combined s c i e n c e s  

o f  h y d r o s t a t i c s  and h y d r a u l i c s .  The e q u a t io n s  o f  m o tio n  f o r  

a p e r f e c t  f l u i d  were f i r s t  d e r i v e d  by  E u le r  ( l )  who I s  r e s p o n ­

s i b l e  f o r  b o th  th e  " E u le r ia n "  and  th e  "L ag ra n g la n "  fo r m u la ­

t i o n s  o f  th e  e q u a t io n s  o f  h y d ro d y n am ics . P o is s o n  (2) d e t e r ­

mined a s im p le  wave s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t io n s  

o f  m otion  f o r  an  I s o th e r m a l  g a s .  S to k e s  (3) I n t r o d u c e d  th e  

co n c e p t  o f  b a la n c in g  mass and momentum a c r o s s  a d i s c o n t i n u i t y  

s u r f a c e  I n  a n  I s o th e rm a l  g a s  m ark ing  th e  b e g in n in g  o f  th e  

t h e o r e t i c a l  a n a l y s i s  o f  shock w aves . Rlemann (4) d e v e lo p e d  

a com ple te  t h e o r y  f o r  s im p le  I s e n t r o p i c  waves by I n t r o d u c in g  

a t r a n s f o r m a t i o n  o f  v a r i a b l e s  I n  th e  f l u i d  dy n am ica l  e q u a ­

t i o n s .  The te c h n iq u e  f o r  h a n d l in g  s im p le  waves I n t r o d u c e d  

by Rlemann I s  th e  w e l l  known method o f  "Rlemann I n v a r i a n t s " .  

Rlemann a l s o  d e v e lo p e d  a th e o r y  f o r  shock  waves b u t  I n c o r ­

r e c t l y  assum ed t h a t  th e  shock t r a n s i t i o n  was a d i a b a t i c  and 

r e v e r s i b l e .  H ugon lo t (5 ) showed t h a t  c o n s e r v a t io n  o f  e n e rg y  

r e q u i r e s  an  I n c r e a s e  I n  th e  s p e c i f i c  e n t r o p y  a c r o s s  a com­

p r e s s i o n a l  sh o c k .  R a y le ig h  (6 ) p o i n t e d  o u t  t h a t  th e  e n t r o p y  

c o n d i t i o n  p r e v e n t s  t h e  o c c u r r e n c e  o f  a r a r e f a c t i o n  shock  In  

a  p e r f e c t  g a s .

Thomson and Thomson (7) d e v e lo p e d  a  p h en o m en o lo g ica l  

t h e o r y  f o r  s m a l l  a m p l i tu d e  c o m p re s s io n a l  waves I n  a p lasm a 

which was th e  f i r s t  t h e o r e t i c a l  work on a c o u s t i c a l  p lasm a
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w aves. R e c e n t ly ,  F o w le r  (8 ) has  d e v e lo p e d  a  t h e o r y  f o r  e l e c ­

t r o n  d r i v e n  shock  waves i n  w hich  th e  p lasm a  i s  t r e a t e d  a s  a 

t h r e e  component f l u i d  composed o f  n e u t r a l  atoms;, i o n s ,  and 

e l e c t r o n s .

P a x to n  and F o w le r  (9) have d e r i v e d  a  t h e o r y  f o r  e l e c ­

t r o n  a c o u s t i c  shock  waves and  have p o i n t e d  o u t  t h a t  e l e c t r i c a l

breakdown waves o b s e rv e d  i n  t h é  l a b o r a t o r y  by  W hea ts to n e  (1 0 ) ,  

Thomson ( l l ) .  Beams (1 2 ) ,  and Loeb (13) and  i n  l i g h t n i n g  d i s ­

c h a rg e s  by  S ch o n lan d  ( l4 )  a r e  i n  f a c t  e l e c t r o n  a c o u s t i c  shock

w aves.

E x p e r im e n t . As j u s t  m e n t io n e d ,  th e  e a r l y  e x p e r im e n ts  

on e l e c t r i c a l  breakdow n i n  g a s e s  were o b s e r v a t i o n s  o f  h y d ro -  

dy n a m ica l  waves i n  a  p la sm a . S t r u t t  (15) d e m o n s tr a te d  t h a t  

t h e  l u m in o s i ty  o f  a n  e l e c t r o d e l e s s  d i s c h a r g e  w h ich  e x te n d e d  

beyond th e  e x c i t i n g  f i e l d  r e s u l t e d  from  a h y d ro d y n am ica l  mo­

t i o n  o f  th e  p la sm a .  F o w le r ,  e t  a l . ( l 6 , 17) fo u n d  t h a t  t h e  

f lo w  e x p a n s io n  o b s e rv e d  by S t r u t t  was composed o f  a  s u c c e s s io n  

o f  a c o u s t i c a l  waves w hich  c o u ld  be made t o  r e f l e c t  from  o b ­

s t a c l e s  p l a c e d  i n  t h e i r  p a t h .  F o w le r ,  P a x to n ,  and  Hughes 

( l 8 ) o b se rv e d  a new c l a s s  o f  shock  waves i n  t h e  e l e c t r i c  

sho ck  tu b e  and p o i n t e d  o u t  t h a t  th e  waves were d r i v e n  by  th e  

e l e c t r o n  g a s .  T h is  marked t h e  f i r s t  r e a l i z a t i o n  o f  th e  im­

p o r ta n c e  o f  th e  e l e c t r o n s  a s  a  h y d ro d y n am ica l  f l u i d .  A com­

p r e h e n s iv e  t r e a tm e n t  o f  t h e  e x p e r im e n ts  and  t h e o r y  p e r t a i n i n g  

t o  t h e  p lasm a f lo w  i n  t h e  e l e c t r i c  sh o ck  tu b e  h a s  r e c e n t l y  

b een  g iv e n  by  F ow le r  (1 9 ) .
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D e s c r i p t i o n  o f  th e  Prob lem  

The work p r e s e n t e d  I n  t h i s  p a p e r  h a s  b e e n  m o t iv a te d  

by  th e  need  f o r  a t h e o r y  o f  th e  r a r e f a c t i o n  wave fo und  I n  th e  

" d r i v e r "  s e c t i o n  o f  th e  e l e c t r i c  sho ck  tu b e  when t h e  e l e c t r o n  

te m p e r a tu re  I s  much g r e a t e r  th a n  t h e  m ass ive  p a r t i c l e  tem ­

p e r a t u r e .  T h is  r a r e f a c t i o n  o f  th e  p lasm a t a k e s  p l a c e  d u r in g  

th e  e a r l y  s t a g e s  o f  th e  d i s c h a r g e  b e f o r e  th e  m ass iv e  p a r t i c l e s  

have b e en  a p p r e c i a b l y  h e a te d  ( l 8 ) b u t  a f t e r  th e  e l e c t r i c a l  

c u r r e n t  h a s  r i s e n  t o  a  h ig h  v a lu e .  Such a  r a r e f a c t i o n  w i l l  

be named an  " e l e c t r o d l a b a t l c "  r a r e f a c t i o n . *

F o w le r  (8 ) has  p o i n t e d  o u t  t h a t  th e  e l e c t r o n s  I n  a  

p lasm a u s u a l l y  p l a y  a  s i g n i f i c a n t  r o l e  I n  p ro b lem s  o f  p lasm a  

dynam ics and  t h a t  t h e i r  f l u i d  d y n a m ic a l  b e h a v i o r  must be  I n ­

c lu d e d  In  th e  t r e a t m e n t  o f  t h e s e  p ro b le m s .

The s i g n i f i c a n c e  o f  th e  e l e c t r o n s  can  be  d e m o n s t r a te d  

q u a l i t a t i v e l y  b y  c o n s i d e r i n g  th e  r e l a t i v e  e f f e c t i v e n e s s  o f  

e l e c t r o n s  and h eav y  p a r t i c l e s  I n  t r a n s f e r r i n g  momentum to  

o t h e r  heavy  p a r t i c l e s .  F o r  s i m p l i c i t y ,  l e t  u s  assum e t h a t  

th e  heavy  t a r g e t  p a r t i c l e s  a r e  a t  r e s t  and  th e  I n c i d e n t  e l e c ­

t r o n  ahd heavy  p a r t i c l e  have a v e ra g e  v e l o c i t i e s  o f  T  and  V 

r e s p e c t i v e l y .  I t  I s  w e l l  known ths^t t h e  a v e ra g e  t r a n s f e r  o f  

momentum I n  a  c o l l i s i o n  b e tw een  th e  e l e c t r o n  and  a heavy  

p a r t i c l e  I s

= mv

•T he word " e l e c t r o d l a b a t l c "  means " e l e c t r i c i t y  g o e s  
a c r o s s " ;  hence  a n  " e l e c t r o d l a b a t l c "  r a r e f a c t i o n  wave h a s  a  
n e t  e l e c t r i c a l  c u r r e n t  f lo w in g  a c r o s s  I t .
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w h ile  t h e  a v e ra g e  t r a n s f e r  o f  momentum be tw een  two l i k e ,  

heavy p a r t i c l e s  I n  a  c o l l i s i o n  I s

<iPM> -  i  MV .

The c o l l i s i o n  f r e q u e n c y  v_ f o r  th e  e l e c t r o n - h e a v y  p a r t i c l e  

c o l l i s i o n s  I s  q u a l i t a t i v e l y  r e l a t e d  t o  th e  c o l l i s i o n  

f r e q u e n c y  Vjj f o r  c o l l i s i o n s  be tw een  th e  heavy  p a r t i c l e s  by

c o n s e q u e n t ly  th e  a v e ra g e  momentum t r a n s f e r  p e r  u n i t  t im e  p e r  

e l e c t r o n  ( 6P^) v_ i s  r e l a t e d  to  t h a t  f o r  t h e  heavy  p a r t i c l e s  

<iP„> Vg by

(Afrn) = è  ^  ' ’h •

I f  t h e  Im pac t e l e c t r o n s  and heavy  p a r t i c l e s  a r e  I n  th e rm a l  

e q u i l i b r i u m  (mV  ̂ = MV^) ,  I t  l a  o b se rv e d  t h a t  e a c h  e l e c t r o n  

t r a n s f e r s  h a l f  a s  much momentum p e r  u n i t  t im e  a s  d o es  e a c h  

heavy  p a r t i c l e .  Thus f o r  a  s t r o n g l y  I o n i z e d  p lasm a th e  

m e c h a n ic a l  e f f e c t s  o f  th e  e l e c t r o n s  a r e  s i g n i f i c a n t  ev en  when 

th e  e l e c t r o n s  and  heavy p a r t i c l e s  a r e  I n  th e rm a l  e q u i l i b r i u m .  

I f  th e  e l e c t r o n  te m p e ra tu re  I s  much g r e a t e r  t h a n  t h e  heavy  

p a r t i c l e  tenq>er a t u r e  »  HiV^), w hich  I s  t h e  c a se  co n ­

s i d e r e d  I n  t h i s  p a p e r .  I t  I s  e v id e n t  t h a t  t h e  momentum t r a n s ­

f e r  f o r  th e  e l e c t r o n s  f a r  e x c e e d s  t h a t  o f  t h e  heav y  p a r t i c l e s ;  

t h u s  t h e  e l e c t r o n s  w i l l  p l a y  th e  dom inan t r o l e  I n  th e  r a r e f a c ­

t i o n  p r o c e s s  I n  a s t r o n g l y  Io n iz e d  p lasm a w i t h  e l e c t r o n
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t e m p e r a tu re  much g r e a t e r  th a n  th e  m ass iv e  p a r t i c l e  

t e m p e r a t u r e .

As m en tio n ed  abo ve , R a y le ig h  (6 ) o b se rv e d  t h a t  a 

r a r e f a c t i o n  shock  I s  an  I m p o s s i b i l i t y  I n  a p e r f e c t  g a s  due t o  

th e  .e n tro p y  r e s t r i c t i o n .  I n  th e  c a se  o f  a p lasm a t h a t  I s  

s u b je c t e d  t o  an  a p p l i e d  e l e c t r i c  f i e l d ,  th e  p o s s i b l e  e x i s ­

te n c e  o f  a  r a r e f a c t i o n  shock  must be  re - e x a m in e d .  I n  f a c t .

I t  I s  shown I n  t h e  f o l lo w in g  s e c t i o n s  t h a t  u n d e r  c e r t a i n  c o n ­

d i t i o n s  a  r a r e f a c t i o n  shock  e x i s t s  I n  a  p la sm a .

I n  C h a p te r  I I  a  g e n e r a l  t h e o r y  f o r  waves I n  a p lasm a  

I s  d e v e lo p e d  from  th e  b a s i c  e q u a t io n s  o f  m o tio n .  The g e n e r a l  

c r i t e r i a  f o r  s im p le  waves and r a r e f a c t i o n  sho ck s  a r e  d e r i v e d ,  

and g e n e r a l  d e s c r i p t i o n s  o f  e a c h  ty p e  o f  wave a r e  g iv e n .

E l e c t r o d l a b a t l c  r a r e f a c t i o n  waves a r e  t r e a t e d  I n  d e ­

t a i l  I n  C h a p te r  I I I  by  s p e c i a l i z i n g  t h e  g e n e r a l  t h e o r y  o f  

C h a p te r  I I  t o  f i t  t h i s  c a s e .

C h a p te r  IV c o n ta in s  an  a p p l i c a t i o n  o f  th e  e l e c t r o ­

d l a b a t l c  wave th e o r y  t o  th e  c a se  o f  a  s t r o n g l y  Io n iz e d  

hydrogen  p la s m a .  I t  I s  shown t h a t  e l e c t r o d l a b a t l c  r a r e f a c ­

t i o n  sh o ck s  In d e e d  e x i s t  I n  th e  hy d ro g en  p lasm a f o r  c e r t a i n  

v a lu e s  o f  th e  e l e c t r o n  te m p e r a tu re  and  d e g re e  o f  I o n i z a t i o n .

I n  C h a p te r  V th e  e l e c t r o d l a b a t l c  wave th e o r y  I s  a p ­

p l i e d  to  th e  r a r e f a c t i o n  wave In  t h e  " d r i v e r "  s e c t i o n  o f  th e  

e l e c t r i c  shock  t u b e .  The r e l a t i o n s  c o n n e c t in g  th e  shock  

v e l o c i t y  o f  t h e  c o m p re s s io n a l  sho ck  p ro d u c e d  I n  t h e  e l e c t r i c  

shock  tu b e  t o  th e  known c o n d i t i o n s  I n  t h e  d r i v e r  s e c t i o n  a r e
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f o r m u la te d  f o r  b o th  s im p le  r a r e f a c t i o n  waves and  r a r e f a c t i o n  

s h o c k s .

A v e ry  b r i e f  t r e a t m e n t  o f  th e  e f f e c t s  o f  th e  p lasm a  

m i c r o f i e l d s  on th e  s t r u c t u r e  o f  a r a r e f a c t i o n  wave h as  b e en  

d e v e lo p e d  i n  C h a p te r  V I.



CHAPTER I I  

THEORY OP ONE-DIMENSIONAL PLASMA PLOW

I n  th e  t h e o r y  d e v e lo p e d  i n  t h i s  p a p e r  th e  p lasm a  I s  

t r e a t e d  a s  a  con tinuum  w i th  th e  E u l e r i a n  fo rm  o f  th e  d i f f e r ­

e n t i a l  e q u a t io n s  o f  m o tio n  u se d  th r o u g h o u t  th e  a n a l y s i s .

These p la sm ad y n am ica l  e q u a t io n s  d i f f e r  from  th e  c l a s s i c a l

E u l e r i a n  e q u a t io n s  o f  hydrodynam ics o n ly  by  th e  i n c l u s i o n  o f

e l e c t r i c  and m a g n e tic  f o r c e  te rm s .  I n  t h e  c a se  o f  o n e ­

d im e n s io n a l  f lo w  w i t h  no e x t e r n a l l y  a p p l i e d  m ag n e tic  f i e l d s ,

t h e  i n t e r n a l l y  in d u c e d  and  th e  e x t e r n a l l y  a p p l i e d  e l e c t r i c  

f i e l d s  a r e  th e  o n ly  new f o r c e  te rm s  i n  th e  p lasm a e q u a t i o n s  

o f  m o tio n .

E q u a t io n s

The m e c h a n ic a l  e q u a t io n s  can  be  d e r i v e d  e i t h e r  by r e ­

q u i r i n g  c o n t i n u i t y  o f  mass and  momentum i n  a n  i n f i n i t e s i m a l  

volume o f  th e  p lasm a  (2 0 , 2 1 , 2 2 , 2 3 ) ,  o r  by  t a k i n g  moments o f  

th e  B o ltzm ann  e q u a t i o n  (2 4 ) .  The i n d i v i d u a l  e q u a t i o n s  o f  

p a r t i c l e  c o n t i n u i t y  o f  th e  t h r e e  com ponents o f  t h e  p la sm a  i n  

th e  l a b o r a t o r y  r e f e r e n c e  fram e a r e

I ?  ÎX “  * (1)

8



y t “  + Î5T (NqUq ) = -  5 (3)

where 6 I s  th e  i o n i z a t i o n  r a t e  p e r  u n i t  volum e. The momentum

b a la n c e  i n  th e  p lasm a g iv e s

+ | _  (nnu^ + p_) = -  enE + + P_^ (4)

It (M*N+0) + ( M % f  + P+) = eH+E + P^_ + P ^  (5) .

It (MNpUp) + & + Pp) - Pp- + Pp+

where P , P, , P , P ^ ,  and  P , a r e  th e  t o t a l  momentum-+  +- -o o -  +0 0+
t r a n s f e r s  t o  th e  p a r t i c l e s  d e n o te d  by  th e  f i r s t  s u b s c r i p t  p e r  

u n i t  volume p e r  u n i t  t im e  by  c o l l i s i o n s  w i th  th e  p a r t i c l e s  

d e n o te d  by  th e  second  s u b s c r i p t .  S in c e  t h e  momentum i s  co n ­

s e rv e d  i n  c o l l i s i o n s  be tw een  p a r t i c l e s ,  P = -  P^ ; P =— + - -o
-  Pg_; and P ^  *= -  P^^ . A s e t  o f  e n e rg y  b a la n c e  e q u a t io n s  

can  a l s o  be o b ta in e d  (8 ) ,  b u t  i n s t e a d  a  s l i g h t l y  d i f f e r e n t  

a p p ro a c h  w i l l  be u sed  i n  o r d e r  t o  c h a r a c t e r i z e  th e  p lasm a 

f lo w .  The e n e rg y  b a la n c e  e q u a t io n s  a r e  a c t u a l l y  r e l a t i o n s  

w hich  d e f i n e  th e  dependence  o f  t h e  t e m p e r a tu re  o f  th e  p lasm a 

p a r t i c l e s  on t h e  o t h e r  f lo w  v a r i a b l e s .  I n  o r d e r  t o  k e ep  th e  

p r e s e n t a t i o n  i n  t h i s  s e c t i o n  a s  g e n e r a l  a s  p o s s i b l e .  I n s t e a d  

o f  u s in g  th e  u s u a l  e n e rg y  b a la n c e  e q u a t i o n s ,  a  g e n e r a l  f u n c ­

t i o n a l  dependence  o f  t h e  p a r t i c l e  te m p e r a tu re  on th e  f lo w
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v a r i a b l e s  I s  assum ed , and i n  C h a p te r  I I I  t h i s  a s s u m p t io n  w i l l  

be J u s t i f i e d  f o r  t h e  s p e c i f i c  p ro b lem  o f  e l e c t r o d l a b a t l c  wave 

m o tio n  i n  a p la sm a . The a s su m p t io n  r e g a r d i n g  e n e rg y  b a la n c e  

i s  c o n ta in e d  i n  th e  f o l lo w in g :

P = P(N) , (7)

and

a  = a(N) , (8 )

where p i s  th e  t o t a l  p lasm a p r e s s u r e  (p = p_ + p+ + p ^ ) ,  N 

i s  th e  t o t a l  number d e n s i t y  o f  heavy  p a r t i c l e s  (N = + N ^),

and  a  i s  th e  d e g re e  o f  i o n i z a t i o n  o f  t h e  p lasm a (a  = Ny^N).

The e l e c t r i c a l  c u r r e n t  m ust a l s o  be c o n se rv e d  t h r o u g h ­

o u t  th e  medium, and  i n  th e  c a se  w here d i s p la c e m e n t  c u r r e n t s  

a r e  n e g l i g i b l e ,  t h i s  p r i n c i p l e  i s  g iv e n  by

J = e(N^U -  hu) = c o n s t a n t  . (9 )

I t  i s  shown i n  C h a p te r  I I I  t h a t  t h e  c o n s e r v a t io n  o f  e l e c t r i c a l  

c u r r e n t  th ro u g h  t h e  wave d e te r m in e s  t h e  e n e rg y  b a la n c e  o f  th e  

e l e c t r o n  g a s .

I f  .m acrosco p ic  ch a rg e  n e u t r a l i t y  i s  assum ed th ro u g h o u t  

t h e  p lasm a medium, one has

N+ = n . ( 10 )

T h is  a s su m p tio n  i s  c o m p le te ly  v a l i d  i n  r e g i o n s  o f  c o n s t a n t  

s t a t e .  I n  wave r e g i o n s  where t h e  p la sm a  i s  b e in g  a c c e l e r a t e d  

i n  a  g iv e n  d i r e c t i o n  b y  i n t e r n a l  p r e s s u r e  g r a d i e n t s ,  th e  

e l e c t r o n s  a t t e m p t  t o  e sc a p e  more q u i c k l y  t h a n  th e  i o n s .
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E scape o f  th e  e l e c t r o n s  from  t h i s  m ac ro sc o p ic  r e g i o n  d e s t r o y s  

ch a rg e  n e u t r a l i t y  and g e n e r a t e s  e l e c t r o s t a t i c  f o r c e s  w hich  

a c c e l e r a t e  th e  p o s i t i v e  Io n s  I n  th e  d i r e c t i o n  o f  th e  e x p a n ­

s i o n .  The e l e c t r o s t a t i c  f o r c e  f i e l d  g e n e r a t e d  by th e  c h a rg e  

s e p a r a t i o n  I s  p r o p o r t i o n a l  t o  th e  p r e s s u r e  g r a d i e n t  I n  t h e  

p lasm a {Eoa  ô p /ô x ) .  P o i s s o n 's  e q u a t io n  r e l a t e s  t h e  d e v i a t i o n  

from  c h a rg e  n e u t r a l i t y  I n  t h e  p lasm a to  th e  g r a d i e n t  o f  th e  

e l e c t r o s t a t i c  f i e l d  by

H  = (N+ -  n) . (11)

When th e  e q u a t io n s  o f  m o tion  o f  t h e  com ponents o f  th e  

p lasm a a r e  combined t o  g iv e  th e  p la sm ad y n am ica l  e q u a t i o n s  f o r  

th e  p lasm a  a s  a w ho le , te rm s  emerge w hich  a r e  p r o p o r t i o n a l  

t o  th e  n e t  ch a rg e  d e n s i t y  -  n ; hence by  e q u a t io n  ( l l )  and

th e  p r o p o r t i o n a l i t y  b e tw ee n  th e  e l e c t r i c  f i e l d  and t h e  p r e s ­

s u r e  g r a d i e n t ,  t h e s e  te rm s  a r e  p r o p o r t i o n a l  t o  th e  seco nd  

d e r i v a t i v e  o f  th e  p r e s s u r e  (ô ^ p /ô x ^ ) .  The c h a rg e  s e p a r a t i o n  

te rm  I s  o f  t h e  same o r d e r  a s  h e a t  c o n d u c t io n  and  v i s c o s i t y  

te rm s  w h ich  have b e en  n e g l e c t e d  I n  th e  f i r s t  o r d e r  h y d ro d y ­

nam ic t h e o r y ;  c o n s e q u e n t ly  c h a rg e  s e p a r a t i o n ,  th e r m a l  cond uc­

t i v i t y ,  and  v i s c o s i t y  d e te rm in e  th e  l i m i t i n g  wave p r o f i l e  f o r  

a  wave w hich  becomes d i s c o n t i n u o u s  I n  t h e  f i r s t  o r d e r  t h e o r y .

B ecause  o f  th e  a p p ro x im a te  e q u a l i t y  o f  t h e i r  m a s se s ,  

th e  p o s i t i v e  Io n s  and  n e u t r a l  a tom s exchange  momentum and 

e n e rg y  q u i t e  r a p i d l y .  T h is  r a p i d  exchange  o f  e n e rg y  be tw een  

th e  Io n s  and  n e u t r a l s  k e e p s  them  I n  therm odynam ic e q u i l i b r i u m ;
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hence  one has
T_ = T , ( 12 )

and
Uq = Ü . (13)

Adding e q u a t io n s  (2) and (3) and  u s in g  e q u a t io n  (13)

a lo n g  w i th  th e  d e f i n i t i o n  o f  th e  t o t a l  m assive  p a r t i c l e  d e n ­

s i t y  N = N+ + g iv e s

I t  N + (rro) = 0  . (14)

Adding e q u a t io n s  ( 4 ) ,  ( 5 ) ,  and (6 ) and  s u b s t i t u t i n g  e q u a t io n s  

( 9 ) ,  ( 1 0 ) ,  (12 ) ,  and  (1 3 ) g iv e s

yg- (MNU) + I j - ( mNU  ̂ + + p )  = 0 . (15)
e ON

E q u a t io n s  ( l4 )  and (15) a r e  t h e  g e n e r a l  m e c h a n ic a l  

e q u a t i o n s  o f  a  p la sm a . A t r a n s f o r m a t i o n  o f  th e  f lo w  v e l o c i t y  

v a r i a b l e  U d e f i n e d  by

U» E Ü -  s  i  ( 16 )

r e d u c e s  t h e  e q u a t io n s  o f  m o tion  t o  t h e  fo rm :

I t  »  + l î  (Nu*) « 0 , (17)

and

T t  ^  [mNu*2 + + . (18)
e “N

I f  we now Impose t h e  a s s u m p t io n s  a  <= a(N ) and  p = 

p(N) and  p e r fo rm  th e  d i f f e r e n t i a t i o n s ,  th e  e q u a t io n s  o f  mo­

t i o n  become
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H  + n | ^  + u* | | = 0  (19)

and

MN l ^ + M N u *  + Mc^ = 0 (2 0 )

where i  [  ^ ( - | ^  -  ^ )  + p (N ) ]  .

The q u a n t i t y  c i s  c a l l e d  th e  e f f e c t i v e  sound sp eed  

i n  t h e  p la sm a .  A ga in , i t  sh o u ld  be s t a t e d  t h a t  t h e  assum p­

t i o n s  a  = a(N ) and p = p(N) p la c e  c e r t a i n  r e s t r i c t i o n s  on th e  

e n e rg y  b a la n c e  i n  th e  f lo w .  E q u a t io n s  (19) and (20) com­

p l e t e l y  d e te rm in e  th e  n a t u r e  o f  th e  p lasm a f lo w  and a r e  ob ­

s e rv e d  t o  be i d e n t i c a l  irt form  to  th e  c l a s s i c a l  hydrodynam ics 

e q u a t io n s  f o r  i s e n t r o p i c  f lo w .
P p

I f  th e  q u a n t i t y  c i s  n e g a t iv e  (c < 0 ) ,  t h e  e q u a t io n s  

a r e  e l l i p t i c  and no wave s o l u t i o n s  e x i s t .  I n  th e  e l l i p t i c  

c a se  th e  hodograph  t r a n s f o r m a t i o n  t r a n s f o r m s  th e  two non ­

l i n e a r  e q u a t io n s  i n t o  l i n e a r  e q u a t io n s  w hich  a r e  v a l i d  i n  th e  

e n t i r e  p lasm a  r e g io n  and  w hich  can be s o lv e d  e i t h e r  a n a l y t i ­

c a l l y  o r  n u m e r i c a l ly .  When th e  e q u a t io n s  o f  m otion  a r e  

e l l i p t i c  t h e  r a r e f a c t i o n  p r o c e s s  w i l l  be  c a l l e d  an  " e x t r u s i o n " .  

The " e x t r u s i o n " r a r e f a c t i o n  p r o c e s s  w i l l  n o t  be t r e a t e d  i n  d e ­

t a i l  i n  t h i s  p a p e r .

I f  c^ i s  p o s i t i v e  (c^ > O), th e  p lasm ad y n am ica l  e q u a ­

t i o n s  a r e  h y p e r b o l i c  and  wave s o l u t i o n s  e x i s t .  The a n a l y s i s  

o f  t h e  h y p e r b o l i c  c a se  i s  a c c o m p lish e d  b y  making u s e  o f  th e  

n o t io n  o f  " c h a r a c t e r i s t i c s " .
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C h a r a c t e r i s t i c s

I n  th e  m a th e m a tic a l  t h e o r y  o f  h y p e r b o l i c  f l o w , t h e  d e ­

p e n d e n t  v a r i a b l e s  i n  th e  e q u a t io n s  a r e  i n  g e n e r a l  d i f f e r e n ­

t i a t e d  i n  d i f f e r e n t  d i r e c t i o n s .

I f  a l i n e a r  co m b in a t io n  o f  t h e  e q u a t io n s  i s  t a k e n  so 

t h a t  th e  d e p en d e n t  v a r i a b l e s  a r e  a l l  d i f f e r e n t i a t e d  i n  th e  

same d i r e c t i o n ,  su c h  a d i r e c t i o n  w h ich  i n  g e n e r a l  depends on 

a l l  v a r i a b l e s  b o th  d e p en d en t  and  in d e p e n d e n t  i s  c a l l e d  " c h a r ­

a c t e r i s t i c " .  I n  t h e  case  o f  o n ly  two in d e p e n d e n t  v a r i a b l e s  

and two d e p en d e n t  v a r i a b l e s  th e  c h a r a c t e r i s t i c  d i r e c t i o n s  d e ­

f i n e  two o n e - p a r a m e te r  f a m i l i e s  o f  " c h a r a c t e r i s t i c  c u rv e s "  

o r  s im p ly  " c h a r a c t e r i s t i c s " .

Some i m p o r t a n t  p h y s i c a l  i n t e r p r e t a t i o n s  an d  theo rem s 

r e l a t i v e  t o  th e  h y p e rb o l i c  e q u a t io n s  o f  m o tion  a r e  s t a t e d  

w i th o u t  p r o o f : *

1. The c h a r a c t e r i s t i c s  i n  th e  ( x , t )  p l a n e  r e p r e s e n t  

sound wave t r a j e c t o r i e s .

2 .  F undam en ta l  Theorem: The f lo w  i n  a r e g i o n  a d j a ­

c e n t  t o  a  r e g io n  o f  c o n s t a n t  s t a t e  i s  a  s im p le  

wave.

3 . I n  a  s im p le  wave z o n e ,  th e  c h a r a c t e r i s t i c  c u rv e s  

o f  one f a m i ly  a r e  s t r a i g h t  l i n e s .

T hese  d e f i n i t i o n s  and  theorem s a r e  n e c e s s a r y  i n  o r d e r  t o  p r o ­

ceed  w i th  th e  a n a l y s i s  o f  p lasm a f lo w .

The c h a r a c t e r i s t i c s  o f  e q u a t i o n s  (19) and  (20) a r e

• F o r  t h e  p r o o f s  o f  th e s e  th eo re m s  se e  C o u ra n t  (2 5 ) .
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d e te rm in e d  by t a k i n g  a  l i n e a r  c o m b in a t io n  o f  th e  e q u a t i o n s :

1̂  + (u* + *N) + ♦ ll + ( t u *  + ^  ) H = 0 (21)

w here  * i s  a  v a r i a b l e  p a r a m e te r .  We now a s k  when t h i s  com­

b i n a t i o n  i n v o lv e s  t h e  d e r i v a t i v e s  o f  u*  and N i n  o n ly  one 

d i r e c t i o n  g iv e n  by (  | | » | |  ^  . E v a l u a t i o n  o f  t h e  c o e f f i ­

c i e n t s  i n  e q u a t io n  (2 1 ) shows t h a t  t h i s  c o n d i t i o n  i s  f u l f i l l e d  

by

I f  = (u* + tN) l l  (2 2 )

and

♦ l a  "  (* u *  + )  l a  • (23)

S o lv in g  f o r  t ,  one f i n d s

2
t  = ^  o r t = i ^ *  (24)

W ith  t h i s  r e s u l t  t h e  two f a m i l i e s  o f  c h a r a c t e r i s t i c  c u rv e s  

and  C_ i n  t h e  ( x , t )  p la n e  a r e  d e te r m in e d  by  th e  two 

d i r e c t i o n s

I + :  dx = (u* + c ) d t  (2 5 )
and

I _ :  dx = (u* -  c ) d t  . (2 6 )

I n  o r d e r  t o  d e te rm in e  how th e  v a r i a b l e s  u*  and  N v a r y  a lo n g  

t h e  c h a r a c t e r i s t i c  c u r v e s ,  th e  v a lu e s  o f  * i n  e q u a t i o n  (24) 

a r e  s u b s t i t u t e d  b a c k  i n t o  e q u a t i o n  (2 1 ) g iv in g

I I ^ «  du* = — ^  dN



16

and
I I  : du* = ^  dN , (28)

N

where 11^ and I I _  a r e  v a l i d  a lo n g  and C_ r e s p e c t i v e l y .

The e q u a t io n s  I ^ ,  I _ ,  I I + ,  and I I _  a r e  i n  some p l a c e s  

r e f e r r e d  t o  a s  th e  " c h a r a c t e r i s t i c  e q u a t io n s "  o f  th e  f lo w . 

S in c e  c = c (n ) ,  e q u a t io n s  (27) and (28) can  be i n t e g r a t e d  to  

g iv e

u* + ^ = c o n s t a n t  a lo n g  (2 9 )

and

u* -  ^ = c o n s t a n t  a lo n g  C (30)

E q u a t io n s  (29) and (30) a r e  th e  u s u a l  Riemann i n v a r i a n t s  .

C h a r a c t e r i z a t i o n  o f  R a r e f a c t i o n  Waves 

As m en tioned  e a r l i e r ,  a b a s i c  p r o p e r t y  o f  s im p le  waves 

i s  t h a t  th e  c h a r a c t e r i s t i c s  o f  one k in d  a r e  s t r a i g h t  l i n e s .

We w i l l  c o n s i d e r  h e re  r a r e f a c t i o n  waves i n  w hich  th e  c h a r ­

a c t e r i s t i c s  a r e  s t r a i g h t  l i n e s .  These waves a r e  c a l l e d  

" f o r w a r d - f a c in g "  waves s in c e  p a r t i c l e s  e n t e r  th e  wave zone 

from  a r e g i o n  w i th  g r e a t e r  v a lu e s  o f  x .  T h is  i s  a s s u r e d  

s in c e  t h e s e  waves a r e  p ro p a g a te d  w i th  a  c o n s t a n t  v e l o c i t y  

(u* + c ) w h ich  i s  a lw ay s  g r e a t e r  th a n  t h e  p a r t i c l e  v e l o c i t y  

u* (c i s  t h e  + r o o t  o f  c ^ ) .  I l l u s t r a t i o n s  o f  " f o r w a r d - f a c in g "  

r a r e f a c t i o n  waves a r e  shown i n  F ig u r e s  1 and  2 .  The c h a r a c ­

t e r i s t i c  w hich  s e p a r a t e s  th e  wave r e g io n  from  a r e g io n  o f  

c o n s t a n t  s t a t e  i s  c a l l e d  th e  "head" o f  th e  wave i f  th e  g a s  

e n t e r s  th e  wave a c r o s s  i t  o r  th e  " t a i l "  o f  th e  wave i f  t h e
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P a r t i c l e
P a th

Figure 1. Forward-facing rarefaction wave with flatten ing  
wave p ro file  - a simple wave at a l l  times.
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Particle
Path

Figure 2. Forward-facing rarefaction wave with steepening 
wave p rofile  -  a rarefaction shock at the f ir s t  Intersection  
of ch aracteristics.
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g a s  l e a v e s  th e  wave a c r o s s  I t .

F i g u r e s  1 and 2 a r e  s e e n  t o  r e p r e s e n t  q u i t e  d i f f e r e n t  

s i t u a t i o n s  i n  t h a t  th e  c h a r a c t e r i s t i c s  a r e  d i v e r g i n g  i n  th e  

fo rm e r  and  c o n v e rg in g  i n  t h e  l a t t e r .  I n  th e  d i v e r g e n t  c a se  

th e  i l l u s t r a t i o n  shows t h a t  th e  w id th  o f  th e  wave i n c r e a s e s  

a s  th e  wave p r o p a g a t e s ;  c o n s e q u e n t ly  th e  r a r e f a c t i o n  re m a in s  

a  s im p le  wave. I n  th e  c o n v e rg e n t  c a s e  i l l u s t r a t e d  i n  F ig u r e  

2 , th e  w id th  o f  th e  wave d e c r e a s e s  a s  th e  wave p r o p a g a t e s .  

E v e n t u a l l y  t h e  c h a r a c t e r i s t i c s  i n t e r s e c t  g i v i n g  r i s e  t o  an  

e n v e lo p e  on w hich  m u l t i p l e  v a lu e s  o f  th e  p r o p a g a t io n  v e l o c i t y  

e x i s t .  Beyond th e  p o i n t  where t h e  e n v e lo p e  fo rm s ,  a u n iq u e  

c o n t i n u a t i o n  o f  a s im p le  wave i s  m a th e m a t i c a l ly  im p o s s ib l e ,  

t h i s  m a th e m a t ic a l  f a i l u r e  o f  t h e  c o n t in u o u s  p lasm a  h y d ro d y ­

namic t h e o r y  c o r r e s p o n d s  p h y s i c a l l y  t o  t h e  p r o d u c t i o n  o f  a 

shock  wave. Any f low  i n  w h ich  t h e  c h a r a c t e r i s t i c s  i n  th e  

( x , t )  p l a n e  co n v erg e  a s  t h e  wave p r o p a g a te s  becom es a "shock" 

wave and  m ust be  a n a ly z e d  b y  c o n s e r v a t i o n  o f  t h e  f low  th ro u g h  

th e  wave f r o n t .

T h ere  a r e  th e n  m a th e m a t i c a l ly  two p o s s i b i l i t i e s  f o r  

a  r a r e f a c t i o n  wave i n  a  p lasm a  -  a  s im p le  wave o r  a  r a r e f a c ­

t i o n  sh o c k .

D e te rm in in g  th e  n a t u r e  o f  t h e  r a r e f a c t i o n  wave i s  

e q u i v a l e n t  t o  a s c e r t a i n i n g  how t h e  s lo p e  o f  t h e  s t r a i g h t  C+ 

c h a r a c t e r i s t i c s  changes  a c r o s s  t h e  wave. The s lo p e  o f  th e  

c h a r a c t e r i s t i c s  i s  g iv e n  b y  e q u a t i o n  (2 5 ) t o  be  d x / d t  =

(u* + c ) ;  hence  i t  i s  n e c e s s a r y  t o  d e te r m in e  how t h e  q u a n t i t y
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(u* + c) changes  th r o u g h  th e  wave zone . To d e te rm in e  (u* + c) 

on d i f f e r e n t  c h a r a c t e r i s t i c s ,  we exam ine t h e  C_ c h a r a c t e r ­

i s t i c s  w h ich  a r e  c a l l e d  i n  t h i s  c a se  th e  " c r o s s - c h a r a c t e r i s ­

t i c s  F o r  fo rw a rd  f a c i n g  waves th e  C_ c h a r a c t e r i s t i c s  

th r o u g h  th e  wave zone a r e  c u rv e d  l i n e s  i n  t h e  ( x , t )  p l a n e .

The c h a r a c t e r i s t i c  e q u a t io n  I I _ ,  e q u a t io n  ( 2 8 ) ,  g i v e s  a d i f ­

f e r e n t i a l  « r e l a t i o n s h i p  w h ich  h o ld s  a lo n g  th e  C_ c h a r a c t e r i s ­

t i c s ,  and  s in c e  t h e  C_ c h a r a c t e r i s t i c s  i n t e r s e c t  th e  d i f f e r ­

e n t  s t r a i g h t  c h a r a c t e r i s t i c s  i n  th e  wave z o n e ,  t h i s  r e l a ­

t i o n s h i p  d e te r m in e s  u* a s  a  f u n c t i o n  o f  t h e  o t h e r  v a r i a b l e s  

on th e  d i f f e r e n t  c h a r a c t e r i s t i c s .  F ig u re  3 i l l u s t r a t e s  

t h e s e  im p o r ta n t  p o i n t s  i n  t h e  wave zone o f  a " fo rw ard  f a c i n g "  

r a r e f a c t i o n  wave.

A r a r e f a c t i o n  wave i s  b a s i c a l l y  a  wave a c r o s s  w hich  

t h e  d e n s i t y  d e c r e a s e s .  I n  th e  c a se  o f  th e  r a r e f a c t i o n  o f  a 

p la sm a ,  th e  t o t a l  number d e n s i t y  N o f  th e  p lasm a  p a r t i c l e s  

d e c r e a s e s  a s  t h e  p a r t i c l e s  f lo w  th ro u g h  th e  w ave. W ith  t h e s e  

rem ark s  i t  f o l lo w s  t h a t  i f ,  i n  t h e  wave.

±...c )  < 0 (31)W

th e  c h a r a c t e r i s t i c s  w i l l  co n verg e  c a u s in g  a  r a r e f a c t i o n

shock  and  i f

> °  (32)

th e  c h a r a c t e r i s t i c s  w i l l  d iv e r g e  r e s u l t i n g  i n  a  s im p le

r a r e f a c t i o n  wave. By u s in g  th e  c h a r a c t e r i s t i c  e q u a t io n  I I _ ,  

e q u a t io n  (2 8 ) ,  we f i n d
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C_

4

Figure 3. C ross-characteristics C_ in  a steepening forward 
facing rarefaction wave.
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i(u *  Jt.-gl = = Ç + = l  g-(.Nc) f33)
dN dN dN N dN N dN

Thus t h e  r a r e f a c t i o n  wave I s  c h a r a c t e r i z e d  by  th e  q u a n t i t y  

d (N c)/dN  In  t h a t  d (N c)/dN  < 0 I m p l ie s  a  r a r e f a c t i o n  shock  

w h i le  d (N c)/d N  > 0 I m p l ie s  a s im p le  r a r e f a c t i o n  wave.

G e n e ra l  Comments on th e  R a r e f a c t io n  Shock Wave

As m en tioned  I n  C h a p te r  1 ,  R a y le ig h  (6 ) p o in te d  o u t  

t h a t  a  r a r e f a c t i o n  shock  wave c an n o t  o c c u r  I n  a  p e r f e c t  g a s .  

T h is  d e d u c t io n  was b a se d  on th e  f a c t  t h a t  t h e  s p e c i f i c  e n ­

t r o p y  would d e c r e a s e  a c r o s s  a  r a r e f a c t i o n  shock  which I s  p r o ­

h i b i t e d  by  therm o dyn am ics .  A lso ,  an  a n a l y s i s  o f  I s e n t r o p l c  

waves I n  a p e r f e c t  g a s  (2 5 ) shows t h a t  th e  n a tu r e  o f  th e  

waves I s  c h a r a c t e r i z e d  by  c^ and d (N c)/dN  I n  e x a c t l y  t h e  same 

manner a s  d e r iv e d  above f o r  p lasm a waves. F o r  a p e r f e c t  g a s  

c and d (N c)/dN  a r e  a lw ay s  p o s i t i v e ;  hence  th e  r a r e f a c t i o n  

wave w i l l  a lw ays  be a s im p le  wave.

On th e  o t h e r  h an d . I n  a p lasm a w hich  I s  b e in g  " h e a te d "  

by an  e l e c t r i c  f i e l d  a t  t h e  same tim e I t  I s  u n d e rg o in g  e x p a n ­

s i o n ,  th e  change I n  th e  s p e c i f i c  e n t r o p y  o f  t h e  p lasm a I s  n o t  

a  u s e f u l  c r i t e r i o n  f o r  d e te r m in in g  th e  n a t u r e  o f  th e  r a r e f a c ­

t i o n  wave. I n  t h i s  c a se  t h e r e  I s  no therm odynam ic r e s t r i c t i o n  

on th e  e x i s t e n c e  o f  a r a r e f a c t i o n  shock  wave. A lso ,  ex am in a ­

t i o n  o f  th e  q u a n t i t i e s  c^ and d(N c)/dN  I n d i c a t e s  t h a t  t h e  

c o n d i t i o n s  c > 0  and d (N c)/dN  < 0 can  e x i s t  I n  a  p la sm a ;  

t h e r e f o r e  a r a r e f a c t i o n  shock  wave I s  a p o s s i b l e  e x p a n s io n  

p r o c e s s  I n  a  p la sm a .
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R a r e f a c t i o n  P r o c e s s  I n  a  Plasm a

G e n e r a l . I n  th e  above a n a l y s i s  we have s e e n  t h a t  

t h e r e  a r e  t h r e e  d i s t i n c t  p o s s i b i l i t i e s  f o r  th e  r a r e f a c t i o n  

p r o c e s s  i n  a c u r r e n t  b e a r i n g  p la sm a .  T hese  t h r e e  p o s s i b i l ­

i t i e s  a r e  g iv e n  by  th e  f o l lo w in g :

2
E x t r u s io n :  c < 0

S im ple  R a r e f a c t i o n  Wave: c^ > 0 and ) > 0

R a r e f a c t i o n  Shock Wave : c^ > 0 and  < 0 .

Sing)le R a r e f a c t i o n  Wave. In  t h e  c a s e  o f  th e  s im p le  

r a r e f a c t i o n  wave t h e  s t a t e s  on e a c h  s i d e  o f  t h e  "fo rw ard  

f a c i n g "  wave a r e  r e l a t e d  by  t h e  Riemann i n v a r i a n t ,  e q u a t io n  

( 3 0 ) .  Thus a c r o s s  t h e  wave we f i n d

«4 - «* = S ^ IN (34)

w here f o r  r e a s o n s  w hich  w i l l  become a p p a r e n t  l a t e r  s u b s c r i p t  

4  r e f e r s  t o  th e  r e g i o n  i n  f r o n t  o f  th e  r a r e f a c t i o n  wave and 

s u b s c r i p t  3 r e f e r s  to  th e  r e g i o n  b e h in d  t h e  r a r e f a c t i o n  wave. 

E x p l i c i t  d e t e r m i n a t i o n  o f  c(N)* w i l l  be  d e a l t  w i th  i n  C h a p te r  

I I I .

R a r e f a c t i o n  Shock Wave. R e la t i n g  th e  f lo w  p a ra m e te r s  

a c r o s s  t h e  r a r e f a c t i o n  shock  by  i n t e g r a t i n g  a lo n g  th e  C_ 

c h a r a c t e r i s t i c  i s  n o t  p o s s i b l e  s i n c e  i t  h a s  b e e n  shown t h a t  

t h i s  a n a l y s i s  o f  th e  f lo w  i s  n o t  v a l i d  a f t e r  t h e  shock  i s
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fo rm ed . I n s t e a d ,  t h e  so  c a l l e d  "jump c o n d i t i o n s "  a r e  d e r iv e d  

from  th e  f o l lo w in g  b a s i c  law s o f  p h y s i c s :

1. C o n s e r v a t io n  o f  mass

2 .  C o n s e rv a t io n  o f  momentum

3. C o n s e r v a t io n  o f  e n e rg y

4 .  C o n s e r v a t io n  o f  c u r r e n t .

The Jump c o n d i t i o n s  g i v in g  c o n s e r v a t i o n  o f  mass and 

momentum a r e  d e r iv e d  by  t ra n s fo im iin g  e q u a t i o n s  (17 ) and ( l 8 ) 

i n t o  a  fram e o f  r e f e r e n c e  a t t a c h e d  t o  t h e  sh o ck  wave. In  

t h i s  r e f e r e n c e  fram e p la sm a  p a r t i c l e s  come i n  one s id e  a t  

c o n s t a n t  v e l o c i t y  and d e n s i t y  and le a v e  t h e  o t h e r  s i d e  a t  a  

d i f f e r e n t  c o n s t a n t  v e l o c i t y  and d e n s i t y ;  t h e r e f o r e  th e  mass 

and  momentum e q u a t io n s  become s t e a d y  s t a t e  e q u a t io n s  i n  t h e  

sh ock  f ram e . These e q u a t i o n s  a r e  g iv e n  by

^  (NV) = 0 (35)

and

e  N

w here V i s  a v e l o c i t y  v e c t o r  i n  th e  shock  fram e  d e f in e d  by  V 

= u*  -  Uj^. The r a r e f a c t i o n  shock  v e l o c i t y  i n  th e  l a b o r a t o r y  

fram e i s  r e p r e s e n t e d  by  U^. I n t e g r a t i o n  o f  e q u a t io n s  (35) 

and (3 6 ) a c r o s s  th e  sh o ck  wave y i e l d s  t h e  junq) c o n d i t i o n s  o f  

mass and  momentum b a l a n c e :

N3V3 = M4V4 (37)
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e No e Nh
(38)

The g e n e r a l  Jump c o n d i t i o n  f o r  th e  c u r r e n t  i s  g iv e n  by

= J ' (39)

The g e n e r a l  Jump c o n d i t i o n  f o r  e n e rg y  c o u ld  a l s o  be  w r i t t e n  

down h e r e ;  however we w i l l  fo re g o  t h i s  and  w i l l  c o n s i d e r  o n ly  

s p e c i f i c  a p p ro x im a t io n s  t o  th e  e n e rg y  e q u a t io n  i n  t h e  n e x t  

c h a p t e r .



CHAPTER I I I

ELECTRODIABATIC RAREFACTION WAVES

A r a r e f a c t i o n  wave In  a p lasm a  w i th  e l e c t r o n  tem p era^  

t u r e  much g r e a t e r  th a n  m assive  p a r t i c l e  t e m p e r a tu r e  (T_ »  T) 

and w i th  a  t im e  In d e p e n d e n t  e l e c t r i c  c u r r e n t  d r i v e n  by  an e x ­

t e r n a l  e l e c t r i c  f i e l d  norm al t o  th e  wave h a s  b een  named an  

" e l e c t r o d l a b a t l c " r a r e f a c t i o n  wave. I t  h a s  b een  p o i n t e d  o u t  

I n  th e  p r e v io u s  c h a p t e r  t h a t  c o n s e r v a t io n  o f  th e  e l e c t r i c  

c u r r e n t  th ro u g h  an  e l e c t r o d l a b a t l c  wave r e q u i r e s  a  d e f i n i t e  

e n e rg y  b a la n c e  In  th e  e l e c t r o n  g a s .  I n  t h i s  c h a p t e r  th e  r e ­

l a t i o n  o f  th e  e n e rg y  b a la n c e  o f  th e  e l e c t r o n s  t o  t h e  n a tu r e  

o f  th e  e l e c t r o d l a b a t l c  r a r e f a c t i o n  wave I s  exam ined In  d e t a i l .

C u r re n t  B a la n ce  

U nder t h e  c o n d i t i o n s  J u s t  m en tion ed  th e  c o n s e r v a t io n  

o f  e n e rg y  l o s e s  I t s  h y d rod ynam ics1 Im p o rta n ce  s i n c e  t h e  e l e c ­

t r o n  g a s ,  w h ich  I s  th e  e n e r g e t i c  component o f  t h i s  p la sm a .

I s  c o n s t a n t l y  g a in i n g  e n e rg y  from  th e  e l e c t r o m a g n e t i c  f i e l d  

by means o f  t h e  F o y n t ln g  v e c t o r  and  l o s i n g  e n e rg y  I n  c o l l i ­

s io n s  w i th  t h e  m ass iv e  p a r t i c l e s .  T h is  e n e rg y  b a la n c e  I n  th e  

e l e c t r o n  g a s  I s  c o n t r o l l e d  by  th e  c o n s e r v a t io n  o f  c u r r e n t ;  

c o n s e q u e n t ly  c u r r e n t  c o n s e r v a t io n  I s  e x t r e m e ly  Im p o r ta n t  In

26
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d e te r m in in g  th e  n a t u r e  o f  t h e  r a r e f a c t i o n  wave. S in c e  i n  th e  

c a se  u n d e r  c o n s i d e r a t i o n  th e  c u r r e n t  i s  c a r r i e d  a lm o s t  e n t i r e l y  

by th e  e l e c t r o n s ,  one f i n d s

j = -  enV^ = c o n s t a n t  (4o)

where i s  th e  d r i f t  v e l o c i t y  o f  th e  e l e c t r o n s  i n  t h e  a p p l i e d  

e l e c t r i c  f i e l d .  We m ust now d e te rm in e  t h e  depen dence  o f  th e  

e l e c t r o n  d r i f t  v e l o c i t y  on t h e  e l e c t r o n  te m p e r a tu re  and th e  

d e g re e  o f  i o n i z a t i o n  i n  t h e  p la sm a .

E l e c t r o n  D r i f t  V e l o c i t y  

I t  was j u s t  n o te d  t h a t  t o  a  v e r y  good a p p ro x im a t io n  

th e  e l e c t r i c  c u r r e n t  th ro u g h  th e  e l e c t r o d i a b a t i c  wave i s  

c a r r i e d  e n t i r e l y  by  t h e  e l e c t r o n s .  I n  e q u a t i o n  (40) we see  

t h a t  th e  c u r r e n t  d e n s i t y  i s  p r o p o r t i o n a l  t o  th e  p r o d u c t  o f  

th e  e l e c t r o n  d e n s i t y  and th e  e l e c t r o n  d r i f t  v e l o c i t y ;  c o n s e ­

q u e n t l y  i t  i s  n e c e s s a r y  t o  d e te rm in e  t h e  f u n c t i o n a l  d e p e n d ­

ence  o f  th e  e l e c t r o n  d r i f t  v e l o c i t y  on th e  p lasm a  v a r i a b l e s  

i n  o r d e r  t o  c h a r a c t e r i z e  th e  r a r e f a c t i o n  wave.

I n  th e  f o l lo w in g  d e r i v a t i o n  a v e ra g e  v a lu e s  (mean f r e e  

p a t h ,  a v e ra g e  c o l l i s i o n  f r e q u e n c y ,  a v e r a g e  th e rm a l  v e l o c i t y ,  

and  e t c . )  a r e  u se d  fro m  th e  b e g in n in g  i n s t e a d  o f  i n t e g r a t i n g  

th e  m ic r o s c o p ic  p r o c e s s e s  o v e r  th e  v e l o c i t y  d i s t r i b u t i o n .

Even th o u g h  th e  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  i s  c e r t a i n l y  

warped i n  a n  a p p l i e d  e l e c t r i c  f i e l d ,  t h e  a v e r a g e  v a lu e  t e c h ­

n iq u e  h a s  b e e n  fo u n d  t o  be  q u i t e  u s e f u l  i n  g a s e o u s  e l e c t r o n i c s  

i n  t h a t  t h e  r e s u l t s  o b t a i n e d  a r e  q u i t e  s im p le  and  r e a s o n a b ly
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v a l i d  (2 6 ) .

L e t u s  assum e th e  p lasm a I s  composed o f  e l e c t r o n s ,  

n e u t r a l  a to m s, and  one s p e c i e s  o f  p o s i t i v e  I o n s .  I n  t h i s  

c a se  th e  e l e c t r o n s  g a in  e n e rg y  from  th e  a p p l i e d  e l e c t r i c  

f i e l d  and lo s e  e n e rg y  th r o u g h  c o l l i s i o n s  w i th  b o th  t h e  n e u t r a l  

a tom s and th e  p o s i t i v e  I o n s .  In  th e  s t e a d y  s t a t e  o f  th e  

h e a t in g  p r o c e s s  th e  e n e rg y  l o s s  r a t e  o f  th e  e l e c t r o n s  I s  

e q u a l  to  t h e  r a t e  th e  e l e c t r o n s  r e c e i v e  e n e rg y  from  th e  

f i e l d ;  t h e r e f o r e  t h e  f u n c t i o n a l  dep endence  o f  t h e  e l e c t r o n  

d r i f t  v e l o c i t y  on th e  p lasm a v a r i a b l e s  I s  d e te rm in e d  by 

e q u a t in g  t h e  e l e c t r o n ' s  e n e rg y  l o s s  r a t e  t o  I t s  e n e rg y  g a in  

r a t e .  The r a t e  an  e l e c t r o n  g a i n s  e n e rg y  from  t h e  a p p l i e d  

e l e c t r i c  f i e l d  I s

E nergy  Gain R a te  = -  eE V . ( 4 l )

w h i le  I f  T_ »  T t h e  e n e rg y  l o s s  r a t e  o f  th e  e l e c t r o n s  I s

— 2
E nergy  Loss R a te  = (42)

w here E^ I s  th e  a p p l i e d  e l e c t r i c  f i e l d ,  I s  th e  a v e ra g e  

f r a c t i o n  o f  I t s  e n e r g y  an  e l e c t r o n  l o s e s  t o  a  p o s i t i v e  Io n  

d u r in g  a  c o l l i s i o n ,  i s  t h e  a v e ra g e  f r a c t i o n  o f  I t s  e n e rg y  

an  e l e c t r o n  l o s e s  t o  a  n e u t r a l  a tom  d u r in g  a  c o l l i s i o n ,

I s  t h e  c o l l i s i o n  f r e q u e n c y  f o r  e l e c t r o n - l o n  c o l l i s i o n s ,  and  

Vq I s th e  c o l l i s i o n  f r e q u e n c y  f o r  e l e c t r o n - a t o m  c o l l i s i o n s .  

S in c e  th e  c o l l l s l p n s  t e n d  t o  random ize  t h e  e l e c t r o n  m o tio n ,  

th e  d r i f t  v e l o c i t y  I s  g iv e n  a p p r o x im a te ly  by

Vd T (43)
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where t I s th e  a v e ra g e  c o l l i s i o n  t im e  f o r  an  e l e c t r o n  i n  th e  

p la sm a . I n  te rm s  o f  th e  "mean f r e e  p a t h s "  and th e  

a v e ra g e  e l e c t r o n  c o l l i s i o n  tim e i s

T = •=“
J L  + 2 _ 
^o t i

(44)

E q u a t in g  th e  e n e rg y  g a in  r a t e  t o  th e  e n e rg y  l o s s  r a t e  and 

s u b s t i t u t i n g  th e  r e l a t i o n s  f o r  t h e  d r i f t  v e l o c i t y  and  th e  

c o l l i s i o n  tim e g iv e n  i n  e q u a t io n s  (43) and (44) g iv e s

S u b s t i t u t i n g  th e  e l e c t r o n  t e m p e r a tu re  (v® *= 3kT_/m) i n t o  

e q u a t io n  (45) g i v e s

F o r  e l e c t r o n s  w i th  e n e r g i e s  g r e a t e r  th a n  a  few e l e c ­

t r o n  v o l t s ,  th e  e l e c t r o n - a t o m  "mean f r e e  p a t h "  i s

*•0 “ * g (47)

where A and B a r e  p a ra m e te r s  w hich  depend  on t h e  a to m ic  

s t r u c t u r e  o f  t h e  a tom  in v o lv e d  i n  th e  c o l l i s i o n  b u t  a r e  i n ­

d e p e n d e n t  o f  t h e  c l a s s i c a l  therm odynam ic  v a r i a b l e s  i n  t h e  

p la sm a .  The e l e c t r o n - i o n  "mean f r e e  p a t h "  f o r  s i n g l y  c h a rg e d  

io n s  i s  d e te rm in e d  p r i n c i p a l l y  by  cou lom bic  s c a t t e r i n g  o f  th e  

e l e c t r o n  b y  th e  i o n s  and  i s  g iv e n  by  S p i t z e r  (2 4 ) :
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\ l  = (48)
+

2 2 4
where D = ( iS n e^k  ) / ( l n  A e ) i n  MKS u n i t s .  The d im e n s io n -  

l e s s  q u a n t i t y  I n  A i s  a w eak ly  d e p en d e n t  f u n c t i o n  o f  th e  

e l e c t r o n  te m p e ra tu re  T_ and  e l e c t r o n  d e n s i t y  n w hich  t a k e s  

i n t o  a c c o u n t  th e  s c a t t e r i n g  o f  an  e l e c t r o n  by  " d i s t a n t " e n ­

c o u n te r s  due to  th e  lo n g  ran g e  o f  th e  coulomb f o r c e .

R e c a l l i n g  t h a t  Nq = ( l  -  a)N  and  N+ = aN and s u b s t i ­

t u t i n g  e q u a t io n s  (47) and  (48) i n t o  e q u a t io n  (46) g i v e s

V, .  i  I 3 W .  r 1 \i . (49)
a(A + B T .)  + (1 -  a )  DT?

The p o s i t i v e  o r  n é g a t iv e  r o o t  i s  t o  be  ch o sen  so t h a t  and 

have o p p o s i t e  s e n s e .

I n  g e n e r a l  and  a r e  f u n c t i o n s  o f  t h e  e l e c t r o n  

te m p e ra tu re  o n ly  -  = K^(T_) and = %o(T_) -  and v a ry

from  a minimum o f  (2m)/M* and (2m)/M r e s p e c t i v e l y  t o  a  m ax i­

mum o f  one h a l f  (2m /Vl*  < < & and 2iq/M < Xq < i ) .  The

u p p e r  l i m i t  a p p ro a c h e s  one h a l f  b e c a u se  when th e  c o l l i s i o n  

p ro d u c e s  i o n i z a t i o n  t h e  im p a c t  e l e c t r o n  s h a r e s  i t s  e x c e s s  

e n e rg y  w i th  th e  i o n i z e d  e l e c t r o n .  However, i f  t h e  i o n  h a s  

b e en  c o m p le te ly  s t r i p p e d  o f  i t s  e l e c t r o n s  a s  I n  t h e  c a s e  o f  

H^, H e ^ y  e t c . ,  th e  f u n c t i o n  i s  e q u a l  t o  (2m)/M* f o r  a l l  

e l e c t r o n  im p a c t  e n e r g i e s .  The g e n e r a l  t e m p e r a tu re  dependence  

o f  Xq and x^ ( " n o n - s t r i p p e d "  io n )  i s  i l l u s t r a t e d  i n  F ig u r e  4 .
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Figure 4. The average fractions Xq and X4 of electron  
energy lo s t  in  co llis io n s  with atoms and ions respectively  
as functions of the electron température T_ (qualitative  
dependence).
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E q u a t io n  (49) r e l a t e s  t h e  e l e c t r o n  d r i f t  v e l o c i t y  i n  

th e  p lasm a  t o  th e  e l e c t r o n  t e m p e r a tu re  and  d e g re e  o f  i o n i z a ­

t i o n .  T h is  e q u a t io n  p l u s  t h e  law o f  c u r r e n t  c o n s e r v a t io n  

d e te r m in e s  a  f u n c t i o n a l  r e l a t i o n  b e tw ee n  th e  t o t a l  p lasm a 

d e n s i t y  N, th e  e l e c t r o n  t e n ç e r a t u r e  T_, and th e  d e g re e  o f  

i o n i z a t i o n .  The f u n c t i o n a l  r e l a t i o n  be tw een  T_, N, and  a 

a lo n g  w i th  a n  a s s u m p t io n  on a  (nam ely t h a t  a  i s  a p p ro x im a te ly  

c o n s t a n t  th ro u g h  th e  wave) i s  u se d  t o  d e te rm in e  th e  e f f e c t i v e  

sound sp eed  c i n  t h e  p lasm a a s  a f u n c t i o n  o f  t h e  t o t a l  p lasm a 

d e n s i t y .  I n  th e  th e o r y  d e v e lo p e d  i n  C h a p te r  I I ,  th e  e f f e c t i v e  

sound speed  c(N) d e te r m in e s  t h e  n a tu r e  o f  th e  r a r e f a c t i o n  wave 

th ro u g h  th e  q u a n t i t y  d (N c)/d N .

C h a r a c t e r i z a t i o n  o f  E l e c t r o d i a b a t i c  R a r e f a c t i o n s

S u b s t i t u t i n g  t h e  d r i f t  v e l o c i t y  d e te rm in e d  i n  e q u a t io n  

(49) i n t o  t h e  p r i n c i p l e  o f  c u r r e n t  c o n s e r v a t io n  w h ich  i s  

g iv e n  by  e q u a t i o n  (4o) y i e l d s

j  = 7  ettN ^  = c o n s t a n t  (50)

o r

where

a^N^T_K = c o n s t a n t  (5 0 ' )

K^a(A + BT-) + X (1 -  a)DT?  ̂ ^
K = -J:-------------------------2------------ _—  . (5 1 )

a(A + BT_) + (1 -  a)DTf

The f u n c t i o n  x = x (a ,T _ )  d e f in e d  by  e q u a t io n  (51) i s  c a l l e d  

t h e  " e f f e c t i v e "  f r a c t i o n  o f  i t s  e n e r g y  a n  e l e c t r o n  i n  a 

p lasm a  l o s e s  p e r  c o l l i s i o n  w i th  a  heavy  p lasm a p a r t i c l e .
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I f  a  I s  c o n s t a n t  th ro u g h  th e  wave. I t  can be  t r e a t e d  a s  a  

p a ra m e te r  and e q u a t io n  (5 0 ) i n  p r i n c i p l e  can  be  s o lv e d  f o r  

T_ = T_(N ). S in c e  i n  a s t r o n g l y  i o n iz e d  p lasm a w i t h  th e  

e l e c t r o n  te m p e r a tu re  much g r e a t e r  th a n  th e  heavy  p a r t i c l e  

te m p e ra tu re  th e  t o t a l  p r e s s u r e  i s  a p p ro x im a te ly  e q u a l  t o  th e  

e l e c t r o n  p a r t i a l  p r e s s u r e ,  we have

p «  p_ = ttNkT. = p(N) . (5 2 )

E q u a t io n  (52) and th e  a s su m p tio n  t h a t  th e  d e g re e  o f  

i o n i z a t i o n  i s  c o n s t a n t  th ro u g h  th e  wave s a t i s f y  t h e  assum p­

t i o n s  t h a t  were made i n  d e v e lo p in g  th e  g e n e r a l  t h e o r y  i n  th e

p r e c e d in g  s e c t i o n ;  c o n s e q u e n t ly  e l e c t r o d i a b a t i c  f lo w  i n  a  

p lasm a w i t h  c o n s t a n t  i o n i z a t i o n  th ro u g h  th e  wave c an  be 

a n a ly z e d  u s in g  t h e  g e n e r a l  t h e o r y  d e v e lo p e d  i n  C h a p te r  I I .

The e f f e c t s  o f  th e  e l e c t r i c  m i c r o f i e l d s  on th e  p lasm a 

e q u a t io n  o f  s t a t e  have b e e n  n e g l e c t e d  in  e q u a t io n  (5 2 ) where 

th e  e l e c t r o n  p a r t i a l  p r e s s u r e  i s  assumed to  be  p ro d u c e d  by 

an  " i d e a l " e l e c t r o n  g a s .  The e f f e c t s  o f  th e  e l e c t r i c  m ic r o ­

f i e l d s  on th e  n a tu r e  o f  th e  p lasm a f lo w  a r e  exam ined  q u i t e  

b r i e f l y  i n  C h a p te r  VI f o r  I s e n t r o p i o  and i s o t h e r m a l  e x p a n ­

s i o n s  i n  a  p lasm a i n  th e rm a l  e q u i l i b r i u m .

W ith  th e  d e g re e  o f  i o n i z a t i o n  c o n s t a n t  th r o u g h  t h e  

wave, th e  sq u a re  o f  th e  e f f e c t i v e  sound sp e ed  g iv e n  i n  e q u a ­

t i o n  (2 0 ) can  be  w r i t t e n



34

The c o n s e r v a t io n  o f  c u r r e n t  g iv e n  by e q u a t io n  (50) 

i s  now u se d  to  c a l c u l a t e  &T_/&N. L e t u s  d e f i n e  a  new q u a n ­

t i t y  cp by  v(T _) = h(T_)T_ w hich  g i v e s  on s u b s t i t u t i o n  i n t o  

e q u a t io n  (5 0 )

cp(T_) = c o n s t a n t .  (54)

D i f f e r e n t i a t i n g  e q u a t io n  (54) w i th  r e s p e c t  t o  N g i v e s

Where cp' = ôcp/ÔT_. S u b s t i t u t i n g  th e  v a lu e s  f o r  t h e  c u r r e n t  

d e n s i t y  J and )T_/5N i n t o  e q u a t io n  (53) y i e l d s

c2 = -  1  ( l  -  ^  ^  »T . + ^  ( t -  -  I ?  )  (56)

o r  a p p ro x im a te ly

-  2 )  • ( 5 6 ' )

S in c e  th e  q u a n t i t y  d (N c)/dN  w hich  c h a r a c t e r i z e s  a 

r a r e f a c t i o n  wave a s  e i t h e r  a shock  o r  a  s im p le  wave i s

d(N c) 1 d(N ^c^)
dN “  2Nc dN

and s in c e  t h e  q u a n t i t y  Nc i s  a lw ay s  p o s i t i v e ,  th e  q u a n t i t y  

d (N ^c^)/dN  can  be u s e d  to  c h a r a c t e r i z e  th e  e l e c t r o d i a b a t i c  

r a r e f a c t i o n  p r o c e s s .  U sing  e q u a t io n  (53) we f i n d

(57)

» -

dN -  M  ̂ q,,3

where qp" = ô^cp/ôTl .
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E q u a t io n s  (5 6 ) and (57) c o m p le te ly  c h a r a c t e r i z e  t h e  

e l e c t r o d l a b a t l c  f lo w  p r o c e s s  I n  t h e  p la sm a .  The d i f f e r e n t  

p o s s i b l e  r a r e f a c t i o n  p r o c e s s e s  p r e d i c t e d  by  th e  g e n e r a l  

t h e o r y  f o r  th e  e l e c t r o d l a b a t l c  c a s e  a r e  l i s t e d  In  th e  

f o l lo w in g :

E x t r u s i o n :  T_ " § r  -  ^  V < 0 (5 8 )

S im ple  R a r e f a c t i o n :  T_ -  § r  -  ^  V > 0

and T .  .  > 0  (59)

R a r e f a c t i o n  Shock: T_ -

and T_ -  ^  < q (6 0 )
^  qp 1-3

The q u a n t i t i e s  I n  I n e q u a l i t i e s  (5 8 ) ,  (59) an d  (6 0 ) d e te rm in e  

th e  n a tu r e  o f  t h e  r a r e f a c t i o n  p r o c e s s  I n  te rm s  o f  t h e  f u n c ­

t i o n  ?  and I t s  d e r i v a t i v e s .  In  g e n e r a l ,  n u m e r ic a l  d e te r m in a ­

t i o n  o f  <P, cp' and  cp" i s  p o s s i b l e  b u t  w ould be q u i t e  I n v o lv e d .

I n  th e  c a s e  o f  a  hydrogen  p la sm a  (P, cp', and cp" can  be 

d e te rm in e d  a s  e x p l i c i t  f u n c t i o n s  o f  T_ and  a .  T h is  a n a l y s i s  

o f  a  hydro gen  p la sm a  I s  d e v e lo p e d  I n  C h a p te r  IV .

S im ple  E l e c t r o d l a b a t l c  R a r e f a c t i o n  Waves

The g e n e r a l  th e o r y  r e l a t i n g  th e  therm odynam ic s t a t e s  

on e a c h  s i d e  o f  th e  r a r e f a c t i o n  wave w h ich  was d e v e lo p e d  I n  

C h a p te r  I I  I s  a p p l i e d  h e re  t o  th e  e l e c t r o d l a b a t l c  r a r e f a c t i o n .  

F o r  an  e l e c t r o d l a b a t l c  r a r e f a c t i o n  wave w i t h  e f f e c t i v e  sound
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speed  g iv e n  by e q u a t io n  ( 5 6 ' ) ,  e q u a t io n  (34) -  a  Riemann 

i n v a r i a n t  a c r o s s  th e  wave -  becomes

“4 - “3 “  ̂ ^  ( t-  - | t - I  1>) ] • (Gl)
"3

E q u a t io n s  (54) and (55) a r e  u se d  to  t r a n s f o r m  e q u a t io n  (6 1 ) 

t o  th e  f o l lo w in g  form :

T.4
u r  -  u;, = -  ^ ^  (  T .  -  I  d T . . (6 2 )<  - " I

^ -3

E q u a t io n  ( 6 2 ) . r e l a t e s  th e  change i n  v e l o c i t y  u*  a c r o s s  th e  

s im p le  e l e c t r o d i a b a t i c  r a r e f a c t i o n  wave to  a f u n c t i o n  o f  th e  

therm odynam ic v a r i a b l e s  on e a c h  s i d e  o f  th e  wave g iv e n  b y  th e  

i n t e g r a l  on th e  r i g h t  s i d e  o f  th e  e q u a t i o n .  I n  C h a p te r  IV 

th e  i n t e g r a l  w i l l  be e x p re s s e d  a s  an  i n t e g r a l  o v e r  an  e x p l i c i t  

f u n c t i o n  o f  T_ f o r  th e  c a se  o f  a n  e l e c t r o d i a b a t i c  wave i n  a 

hy d rogen  p la sm a .

E l e c t r o d i a b a t i c  R a r e f a c t i o n  Shocks 

The t h r e e  Jump c o n d i t i o n s ,  f o r  c o n s e r v a t io n  o f  m ass, 

momentum, and c u r r e n t  a c r o s s  an  e l e c t r o d i a b a t i c  r a r e f a c t i o n  

shock  have b e e n  d e r iv e d  i n  C h a p te r  I I .  W ith  th e  f u n c t i o n a l  

dependence  o f  t h e  e l e c t r o n  d r i f t  v e l o c i t y  d e v e lo p e d  i n  t h i s  

c h a p t e r ,  t h e  e q u a t io n  o f  c u r r e n t  c o n s e r v a t io n  -  e q u a t io n  (3 9 ) -  

becomes

qP4 (63)

and  th e  momentum c o n s e r v a t io n  e q u a t io n  becomes
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2

+ C“ - ^  )  I  + =N3kT-3 = +

C" - T  )  #  • (G4)

The e q u a t io n  o f  mass c o n s e r v a t io n ,  e q u a t io n  (3 7 ) ,  i s  r e c a l l e d  

t o  be th e  f o l lo w in g :

V 4  = V 3

S o lv in g  e q u a t io n s  (3 7 ) ,  (63) and (64) f o r  th e  r e l a t i v e  

v e l o c i t y  ahead  o f  th e  wave i n  te rm s  o f  th e  s t a t e s  on e a c h  

s id e  o f  th e  wave, one f i n d s

V  = — — K | ) * [ | ( i - f ) ^ 3 ^ ^ - 3  ]

- [  #  0 - ^ + ' '̂-4 ]  } (^5)

I f  Cp i s  r e p l a c e d  by kT_ and i f  (ma)/M i s  n e g l e c t e d ,  e q u a t io n  

(6 5 ) can be r e w r i t t e n  a p p ro x im a te ly

"4 . 3 _ ^ .  1 l i
- ( é )  ( 1  + # ' 3 ) ^ - 3  ] }

The r e l a t i v e  v e l o c i t y  b e h in d  th e  sh ock  i s  g iv e n  b y
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V3

- 0 + I ’*3 ) ’■-3 ] }* • (67)
F o r  a " fo rw a rd  f a c i n g "  wave th e  n e g a t iv e  v a lu e  o f  th e  sq u a re  

r o o t  i s  t h e  c o r r e c t  s o l u t i o n .

The v e l o c i t y  o f  t h e  r a r e f a c t i o n  sh o ck  i n  th e  l a b o r a ­

t o r y  fram e i s

ÜR = u* -  V4 '  (6 8 )

b u t  by  d e f i n i t i o n

"4  = ”4  -  ^  (6 9 )

w hich  g i v e s

%  = "4 -  -  V4 . (7 0 )

S in c e  i n  th e  e l e c t r o d i a b a t i c  r a r e f a c t i o n  t h e  v e l o c i t y  

o f  t h e  m ass iv e  p a r t i c l e s  ah ead  o f  th e  wave i s  z e r o ,  one 

o b t a i n s

- C ^  + I ’̂3 ) ’’-3 ] (7 1)
E q u a t io n  (71) shows t h a t  t h e  e l e c t r o d i a b a t i c
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r a r é f a c t i o n  shock  v e l o c i t y  d epends  on th e  p o l a r i t y  o f  th e  

c u r r e n t  J .  I t  can  be shown t h a t  th e .m a g n i tu d e  o f  th e  f i r s t  

te rm  i n  e q u a t io n  (71 ) I s  s m a l l e r  th a n  t h a t  o f  th e  second 

te rm ; c o n s e q u e n t ly  th e  r a r e f a c t i o n  shock  v e l o c i t y  i s  o n ly  

s l i g h t l y  d e p e n d e n t  on th e  p o l a r i t y  o f  t h e  c u r r e n t  j .

D egree  o f  I o n i z a t i o n

S in c e  th e  d e g re e  o f  i o n i z a t i o n  i n  th e  p lasm a has  b e en  

assum ed c o n s t a n t  th ro u g h  t h e  wave, t h i s  q u a n t i t y  e n t e r s  th e  

th e o r y  a s  a p a r a m e te r .  Even i f  t h i s  a s s u m p t io n  i s  v a l i d ,  

t h e r e  a r e  o t h e r  r e s t r i c t i o n s  on t h e  d e g re e  o f  i o n i z a t i o n  t h a t  

must be f u l f i l l e d .

I n  th e  e l e c t r o d i a b a t i c  r a r e f a c t i o n  p r o c e s s  t h e  e l e c ­

t r o n s  a r e  assum ed to  have a  t e m p e r a tu re  much g r e a t e r  th a n  th e  

m assive  p a r t i c l e  t e m p e r a tu re  (T_ »  T ) . As d i s c u s s e d  i n  

C h a p te r  I I  th e  r a r e f a c t i o n  wave i n  a p lasm a  a c c e l e r a t e s  th e  

io n s  by  t h e  in d u c e d  e l e c t r i c  f i e l d  r e s u l t i n g  from  th e  ch a rg e  

s e p a r a t i o n  cau se d  by  th e  e l e c t r o n s  e s c a p in g  from  a  r e g i o n  o f  

chang ing  s t a t e  f a s t e r  th a n  th e  i o n s .  The io n s  i n  t u r n  g iv e  

momentum and  e n e rg y  t o  th e  n e u t r a l  a tom s by  c o l l i s i o n s .  The 

i o n - n e u t r a l  a tom  c o l l i s i o n s  t e n d  t o  random ize  th e  e n e rg y  o f  

b o th  th e  io n s  and  n e u t r a l s ;  c o n s e q u e n t ly ,  i f  t h e  n e u t r a l  a tom  

d e n s i t y  i s  to o  l a r g e  th e  a tom s and  io n s  w i l l  a c t u a l l y  be 

" h e a te d "  by  th e  r a r e f a c t i o n  wave. The r e s u l t  o f  t h i s  " h e a t ­

in g "  f o r  cx < ^  would be t h a t  t h e  i o n  and  atom  p a r t i a l  p r e s ­

s u r e s  would i n c r e a s e  th ro u g h  th e  r a r e f a c t i o n  wave and would 

n o t  be n e g l i g i b l e .  F o r  t h i s  r e a s o n  th e  t h e o r y  d e v e lo p e d  h e re  

i s  a p p l i c a b l e  o n ly  f o r  a  > ^ .



CHAPTER IV

APPLICATIONS OF THE ELECTRODIABATIC THEORY

I t  has been  n o te d  i n  t h e  p r e v io u s  c h a p t e r  t h a t  th e  

n a t u r e  o f  th e  e l e c t r o d i a b a t i c  r a r e f a c t i o n  wave i n  a  s t r o n g l y  

i o n i z e d  p lasm a i s  d e te rm in e d  by  th e  c o n s e r v a t io n  o f  th e  

e l e c t r i c  c u r r e n t  w hich  i n  t u r n  r e q u i r e s  a d e f i n i t e  e n e rg y  

b a la n c e  i n  th e  e l e c t r o n  g a s .  The a v e ra g e  e n e rg y  p e r  c o l l i s i o n  

t h a t  an  e l e c t r o n  l o s e s  h as  been  shown t o  be a v e r y  complex 

f u n c t i o n  o f  th e  e l e c t r o n  t e m p e r a t u r e . I n  g e n e r a l  t h i s  f u n c ­

t i o n  i s  n o t  known a n a l y t i c a l l y ;  hence th e  a n a l y s i s  o f  t h e s e  

r a r e f a c t i o n  waves m ust i n  g e n e r a l  be  h a n d le d  n u m e r i c a l ly .

The unknown q u a n t i t i e s  i n  x a r e  x^ and x^ . T hese  

f u n c t i o n s  can  be c a l c u l a t e d  by c o n s i d e r i n g  a l l  o f  th e  p o s s i b l e  

c o l l i s i o n  c r o s s  s e c t i o n s  f o r  e a c h  ty p e  o f  c o l l i s i o n ,  b u t  t h i s  

a p p ro a c h  would n o t  p e rm i t  an  a n a l y t i c a l  e v a l u a t i o n  o f  t h e  

n a t u r e  o f  th e  e l e c t r o d i a b a t i c  wave a s  a  f u n c t i o n  o f  th e  

e l e c t r o n  t e m p e r a tu r e .

I n  th e  c a se  o f  a p a r t i a l l y  i o n i z e d  hydrogen  p lasm a 

t h e  r e q u i r e m e n t  o f  th e  th e o r y  t h a t  th e  p lasm a have o n ly  t h r e e  

t y p e s  o f  p a r t i c l e s  -  e l e c t r o n s ,  n e u t r a l  a to m s , and one s p e c i e s  

o f  io n s  -  i s  f u l f i l l e d .  We assume t h a t  t h e r e  a r e  no h yd rog en  

m o le c u le s  o r  m o le c u la r  io n s  i n  th e  p la sm a .  A lso ,  i f  th e

40
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e l e c t r o n  t e m p e r a tu re  In  th e  hydrogen  p lasm a  u n d e rg o in g  r a r e ­

f a c t i o n  i s  o f  th e  o r d e r  o f  th e  i o n i z a t i o n  e n e rg y ,  i . e .  kT_ “  

eV^, th e n  Kq a  1 /2  w h i le  s in c e  an  e l e c t r o n  can  o n ly  l o s e  

e n e rg y  to  th e  hydrogen  io n  H'*' e l a s t i c a l l y  = (2m)/M* f o r  

a l l  e l e c t r o n  e n e r g i e s .

C h a r a c t e r i z a t i o n  o f  t h e  Waves 

The th e o r y  d e v e lo p ed  i n  C h a p te r s  I I  and I I I  i s  now 

a p p l i e d  t o  a hydro gen  p lasm a i n  w hich  th e  e l e c t r o n  te m p e r a tu re  

i s  on th e  o r d e r  o f  th e  i o n i z a t i o n  e n e r g y  (kT «  eV^ ) .  Under 

th e  c o n d i t i o n s  w hich  e x i s t  i n  th e  hydrogen  p la sm a ,  th e  x 

f u n c t i o n  i s  a c c o r d in g  to  e q u a t io n  (5 1 ) th e  f o l lo w in g  e x p l i c i t

f u n c t i o n  o f  th e  e l e c t r o n  t e m p e r a tu re

P  a(A + B T .)  + i ( l  _ a)DT?

a(A + BT.) + (1 -  a)DT?

The fu n c t io n s  cp, cp', and cp" (cp = kT_, cp' = ôcp/ôT_, cp" =
2 2Ô cp/0T_ w hich d e te rm in e  th e  n a tu r e  o f  th e  r a r e f a c t i o n  by  th e  

i n e q u a l i t i e s  (5 8 ) ,  (5 9 ) ,  and (6 0 ) can  now be c a l c u l a t e d  from  

e q u a t io n  (7 2 ) a s  e x p l i c i t  f u n c t i o n s  o f  e l e c t r o n  t e m p e r a t u r e .  

C a r ry in g  o u t  th e  d i f f e r e n t i a t i o n  g iv e s

'  (74)
B*

„ _ B»(B*E* -  A»P») -  2D*(B*C* -  A»D*)
B*3 t . (75)
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The f u n c t i o n s  i n  e q u a t io n s  (7 3 ) ,  ( 7 ^ ) ,  and  (75) a r e  d e f in e d  

by t h e  f o l lo w in g :

A* s | S  a  (A + BT .) + i  (1 -  a )  DT? , (76)

B *  = a  (A + B T .) + (1 -  a )  DT? , (77)

C* = i B  a(A + 2BT.) + |  ( l  -  a )  DT? , (78)
M* 2

D* = oBT. + 2 (1  -  a )  DT? , (79)

E* 5 ^  OBT. + 3 (1  -  a )  DT? , (80)
M*

and

p# 5 2 (1  -  a )  DT^ . (8 1 )

I f  e q u a t io n s  (7 3 ) ,  (7 4 ) ,  and  (75) a r e  s u b s t i t u t e d
2 2 2

i n t o  e q u a t io n s  ( 5 6 ' )  and  (57) f o r  c and d(N c ) /d N , one 

o b t a i n s

(8^)

and

-  - - -  '  A*B*d(N c ) 2okNT- r,
dM  '  — n —  ( I  - B*C* -  A*D*

_ 2A »S*[B*(B*B* -  A*P*) -  2D*(B»C* -  A»D*)] 1 . .
(B*C* -  A*D*)3 J (o3)
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A ccord ing  to  th e  i n e q u a l i t i e s  (5 8 ) ,  ( 5 9 ) ,  and  (6 0 ) 

d e v e lo p e d  i n  th e  p r e v io u s  c h a p t e r ,  th e  n a tu r e  o f  t h e  e l e c t r o -  

d i a b a t i c  r a r e f a c t i o n  p r o c e s s  i n  a hydrogen  p lasm a i n  te rm s  

o f  th e  above q u a n t i t i e s  depends on th e s e  i n e q u a l i t i e s :

E x t r u s io n :  1 -  ‘  2 B? ^

Wave S o l u t i o n :  1 -  -  §  g f  > (85)

I f  th e  r a r e f a c t i o n  i s  a c c o m p lish e d  th ro u g h  a wave, th e  n a tu r e  

o f  th e  wave i s  g iv e n  by

S im ple  R a r e f a c t i o n :  1 -  A*B*
B*C* -  A*D*

2A*^B»[B*(B*E* -  A*F*) - 2D*(B*C* -  A*D*)] ^  ^ 
(B*C* -  A*D*)3

R a r e f a c t i o n  Shock: 1 -  A*B*

(86)

B*C* -  A*D*

2A»^B»[B*(B*E* - A*P*) - 2D*(B*C* -  A*D»)] ^ ^ 
(B*C* -  A*D*)3 (87)

We now t u r n  t o  th e  d e t e r m i n a t i o n  o f  th e  e s s e n t i a l  

c o n s t a n t s  A, B and D. The mean f r e e  p a th  f o r  e l e c t r o n s  i n  a
pp

g a s  o f  hy d rogen  a tom s a t  1 mm Hg p r e s s u r e  (Nq = 3 . 5  10 

a tom s/m 3) i s  p l o t t e d  a s  a f u n c t i o n  o f  th e  e l e c t r o n  te m p e ra tu re  

i n  F ig u re  5* The t o t a l  c o l l i s i o n  c r o s s  s e c t i o n  d a t a  u sed  to  

p l o t  t h i s  g ra p h  have been  t a k e n  from  Brackmann, e t  a l .  (27)
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Figure 5. Electron-atom mean free path in  a gas of H 
atoms am a function of electron temperature T. • (atom 
density ■ 3.54 1 0 ^ 2  atoms/m3).
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f o r  th e  low e n e rg y  s c a t t e r i n g  w h i le  th e  h ig h  e n e rg y  c r o s s  s e c ­

t i o n s  have been  a p p ro x im a te d  from  h ig h  e n e rg y  c r o s s  s e c t i o n s  

i n  m o le c u la r  hydrogen  (2 8 ) .  The v a lu e s  f o r  A and  B a r e  th e n  

o b ta in e d  from  th e  i n t e r c e p t  and th e  s lo p e  o f  th e  c u rv e  by 

m u l t i p ly i n g  t h e s e  numbers by  th e  n e u t r a l  p a r t i c l e  d e n s i t y  Hq 

c o r re s p o n d in g  t o  1 mm Hg p r e s s u r e .  T h is  g r a p h i c a l  d e te r m in a ­

t i o n  o f  th e  c o n s t a n t s  A and B i n  a to m ic  hydro gen  g i v e s

A -  5 .3  10^® per nf
and

B « 8 .1  10^3 p e r  m^ p e r  ®K .

The c o n s t a n t  D i n  th e  e q u a t io n  f o r  th e  e l e c t r o n - i o n  

mean f r e e  p a th  i s  c a l c u l a t e d  t o  be a p p ro x im a te ly

D = 2 .1  10® p e r  m  ̂ p e r  .

The e lec tro n -io n  mean free  path i s  p lo tted  in  Figure 6 as 

à function  o f e lec tro n  tenqperature fo r  an ion d en sity  o f 

3 .5 4  lo22  ions/m 3.

C a l c u l a t i o n s  o f  c^ and d (N ^c^)/dN  f o r  e l e c t r o n  tem ­

p e r a t u r e s  r a n g in g  from  10^ t o  10® ®K and f o r  d e g r e e s  o f  

i o n i z a t i o n  o f  a  = 0 . 5 ,  0 . 9 ,  and 0 .9 5  a r e  p l o t t e d  i n  F ig u r e s  

7 , 8 ,  and 9 show ing th e  dependence  o f  t h e  n a tu r e  o f  t h e  r a r e ­

f a c t i o n  p r o c e s s  on th e  e l e c t r o n  te m p e ra tu re  and d e g re e  o f  

i o n i z a t i o n  i n  t h e  p la s m a .  The i l l u s t r a t i o n s  show t h a t  a l l  

t h r e e  r a r e f a c t i o n  p r o c e s s e s  -  e x t r u s i o n ,  s im p le  r a r e f a c t i o n ,  

and r a r e f a c t i o n  shock  -  can  be e x p e c te d  i n  a  g iv e n  hy d rogen  

p lasm a d ep en d in g  on th e  v a lu e s  o f  t h e  e l e c t r o n  te m p e r a tu r e
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F ig u r e  6 .  E l e c t r o n - i o n  mean f r e e  p a t h  X, i n  a  g a s  o f  
i o n s  a s  a  f u n c t i o n  o f  e l e c t r o n  te m p e r a tu r e  T_ ( io n  
d e n s i t y  -  3 .5 4  10^2 i o n s / n P ) .
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Figure 7 . A p lo t  o f  McVokT. and H/2o1cT.N d(N^c^)/dN as
fu n ction s o f e le c tro n  temperature T_ fo r  a degree o f
io n iz a t io n  a « .5  .
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fu n ction s o f e lec tro n  temperature T . fo r  a degree o f
io n iz a t io n  a •  .9  .
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and d e g re e  o f  I o n i z a t i o n  t h a t  p r e v a i l .

S im ple  R a r e f a c t i o n  Wave 

F o r  th e  c a s e  o f  th e  s im p le  e l e c t r o d i a b a t i c  r a r e f a c t i o n  

wave i n  a hydrogen  p la sm a ,  th e  f u n c t i o n s  d e r iv e d  i n  t h i s  

c h a p t e r  can  be s u b s t i t u t e d  i n t o  e q u a t i o n  (62) t o  g iv e  th e  

f o l lo w in g  r e l a t i o n  be tw een  th e  f lo w  v a r i a b l e s  on e a c h  s i d e  

o f  t h e  wave:

1 T -4
* -  u !  = -  i  r  ^  y  A ________2B*A*
4 3 J  T i  B*A* B*c* -  A*D*

-3

3A*
B* ) ^ d T _  . (88)

No a t t e m p t  t o  e v a l u a t e  t h i s  i n t e g r a l  h a s  b e en  made ; how ever, 

s i n c e  th e  i n t e g r a n d  i s  a known f u n c t i o n  o f  th e  e l e c t r o n  te m ­

p e r a t u r e ,  n u m e r ic a l  i n t e g r a t i o n  can  r e a d i l y  be p e r fo rm e d .

R a r e f a c t i o n  Shock Wave 

The v e l o c i t y  o f  th e  e l e c t r o d i a b a t i c  r a r e f a c t i o n  shock  

a s  a  f u n c t i o n  o f  t h e  e l e c t r o n  te m p e r a tu re  on e a c h  a id e  o f  

th e  wave i s  o b t a in e d  by  s u b s t i t u t i n g  t h e  q u a n t i t i e s  d e r i v e d  

above i n t o  e q u a t io n  (7 1 ) .  P e r fo rm in g  t h i s  s u b s t i t u t i o n  g i v e s

% = -  [  0 + # ̂  )  T -4

B3 A4

B4A3 ®3
(8 9)
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I n  C h a p te r  V th e  q u a n t i t i e s  d e r iv e d  i n  t h i s  s e c t i o n  

a r e  a p p l i e d  t o  t h e  e l e c t r o d i a b a t i c  r a r e f a c t i o n  waves t h a t  a r e  

p ro d u ce d  i n  th e  " d r i v e r  s e c t i o n "  o f  th e  e l e c t r i c  sho ck  tu b e .



CHAPTER V 

ELECTRIC SHOCK TUBES

A s im p le  e l e c t r i c  sh ock  tu b e  I s  c o n s t r u c t e d  from  a 

lo n g  c y l i n d r i c a l  tu b e  i n  w hich  th e  h e a t in g  d i s c h a r g e  t a k e s  

p l a c e  b e tw een  a p la n e  c a th o d e  p la c e d  i n  one end  o f  th e  tu b e  

and a  h o llo w  r i n g  anode p l a c e d  a  s h o r t  d i s t a n c e  from  th e  

c a th o d e .  The r e g i o n  be tw een  th e  two e l e c t r o d e s  i s  c a l l e d  th e ' 

" d r i v e r  s e c t i o n "  w h i le  t h e  r e g i o n  beyond th e  h o llo w  r i n g  

anode i s  r e f e r r e d  t o  a s  t h e  "ex p a n s io n  cham ber" . A l a r g e  

c a p a c i t o r  c h a rg ed  t o  a  h ig h  v o l ta g e  i s  q u i c k l y  sw itc h e d  

a c r o s s  th e  two e l e c t r o d e s  i n  th e  d r i v e r  s e c t i o n  r e s u l t i n g  i n  

an  e l e c t r i c a l  d i s c h a r g e  th ro u g h  th e  g a s .  T h is  e l e c t r i c a l  

d i s c h a r g e  c r e a t e s  a h ig h  t e m p e r a tu r e ,  h ig h  p r e s s u r e  p lasm a 

i n  t h e  d r i v e r  s e c t i o n  w hich  expands beyond th e  r i n g  e l e c t r o d e  

c a u s in g  a  r a r e f a c t i o n  wave to  p ro p a g a te  th ro u g h  th e  plasm a 

from  th e  r i n g  anode b ack  to  th e  p la n e  c a th o d e  and  c a u s in g  a 

c o m p re s s io n a l  shock  to  p r o p a g a te  up th e  t u b e .  A sc h e m a tic  

o f  t h e  e l e c t r i c  shock  tu b e  i s  shown i n  F ig u r e  10 .

The t h e o r y  d e r i v e d  i n  th e  p r e c e d in g  s e c t i o n s  i s  a p ­

p l i e d  h e re  t o  th e  r a r e f a c t i o n  wave i n  t h e  d r i v e r  s e c t i o n  o f  

th e  e l e c t r i c  shock  t u b e .  The developm en t i n  t h i s  s e c t i o n  

w i l l  be  l i m i t e d  to  t h e  f o r m u la t i o n  o f  th e  e q u a t io n s  g iv in g

52
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E le c t r o d e s

E xp an s io n
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D r i v e r
S e c t i o n

I g n l t r o n
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C a p a c i to r
Bank

F ig u r e  10. S chem atic  o f  a  s im p le  e l e c t r i c  sh o c k  tu b e .
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t h e  f u n c t i o n a l  dependence  b e tw een  t h e  c o m p re s s io n a l  sh o ck  

v e l o c i t y  and th e  known c o n d i t i o n s  i n  th e  d r i v e r  s e c t i o n  o f  

t h e  t u b e .

G e n e ra l  D e s c r i p t i o n  o f  th e  Flow

T here  a r e  i n  g e n e r a l  f o u r  d i s t i n c t  p lasm a r e g i o n s  i n  

th e  s im p le  o n e -d im e n s io n a l  e l e c t r i c  shock  tu b e .  T hese  f o u r  

r e g i o n s  a r e  s e p a r a t e d  by  t h r e e  d i f f e r e n t  h y d ro d y n am ica l  

waves -  a  c o m p re s s io n a l  shock  wave, a c o n t a c t  s u r f a c e ,  and  a 

r a r e f a c t i o n  wave.

The f i r s t  r e g i o n ,  l o c a t e d  i n  th e  e x p a n s io n  cham ber, 

i s  composed o f  th e  a s  y e t  u n d i s t u r b e d  s t a t i o n a r y  g a s .  The 

secon d  r e g io n  i s  composed o f  a p a r t i a l l y  i o n i z e d  p lasm a  w hich  

i s  moving w i th  a c o n s t a n t  v e l o c i t y  up th e  e x p a n s io n  cham ber 

o f  th e  tu b e .  A l l  p a r t i c l e s  i n  r e g i o n  2 have b e e n  p ro d u c e d  

from  g a s  o r i g i n a l l y  e x t e r i o r  t o  t h e  d r i v e r  s e c t i o n .  R eg ion s

1 and  2 a r e  s e p a r a t e d  by a c o m p r e s s io n a l  shock  wave w h ich  

i o n i z e s ,  h e a t s ,  co m p resse s  and a c c e l e r a t e s  th e  g a s  p a s s i n g  

th ro u g h  i t .

The p lasm a i n  r e g i o n  3 was g e n e r a t e d  from  g a s  w hich  

was o r i g i n a l l y  i n  th e  d r i v e r  s e c t i o n  o f  th e  t u b e .  The c o n ­

s t a n t  f lo w  v e l o c i t y  i n  r e g i o n  3 i s  e q u a l  t o  th e  f lo w  v e l o c i t y  

i n  r e g i o n  2 ;  c o n s e q u e n t ly  t h e r e  i s  no p lasm a f lo w  th r o u g h  th e  

wave s e p a r a t i n g  th e  two r e g i o n s .  The wave s e p a r a t i n g  r e g i o n s

2 and 3 i s  c a l l e d  a  " c o n ta c t  s u r f a c e " .  The t e m p e r a tu r e  and 

d e n s i t y  change d i s c o n t in u o u s ly  a c r o s s  a  c o n t a c t  s u r f a c e ,  b u t  

th e  p r e s s u r e  re m a in s  c o n s t a n t  a c r o s s  th e  wave. The p la sm a  in
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r e g io n  3 can  be  p i c t u r e d  a s  a g a se o u s  p i s t o n  moving w i th  a 

c o n s t a n t  v e l o c i t y  i n t o  th e  e x p a n s io n  cham ber.

R egion  4 i s  composed o f  p lasm a  i n  th e  d r i v e r  s e c t i o n  

t h a t  has  a s  y e t  n o t  been  d i s t u r b e d  by  th e  h y d ro d y n am ica l  e x ­

p a n s io n  o f  th e  p la sm a . The e l e c t r o n s  i n  r e g i o n  4 have a 

d r i f t  v e l o c i t y  i n  th e  a p p l i e d  e l e c t r i c  f i e l d  o f  t h e  d i s c h a r g e ;  

how ever, d u r in g  th e  e a r l y  s t a g e s  o f  t h e  d i s c h a r g e ,  th e  io n s  

and n e u t r a l s  a r e  a p p ro x im a te ly  s t a t i c .  R eg io n s  3 and  4 a r e  

s e p a r a t e d  by  a n  e l e c t r o d i a b a t i c  r a r e f a c t i o n  wave w hich  has  

b een  shown i n  th e  p r e c e d in g  s e c t i o n s  t o  be  e i t h e r  a s im p le  

r a r e f a c t i o n  wave o r  à  r a r e f a c t i o n  shock  d e p e n d in g  on th e  tem ­

p e r a t u r e  and  d e g re e  o f  i o n i z a t i o n  i n  th e  p la sm a . I t  sh o u ld  

a l s o  be n o te d  t h a t  th e  mass d e n s i t y  i n  r e g i o n  4 i s  e q u a l  t o

th e  known mass d e n s i t y  i n  r e g io n  1.

When th e  e x p a n s io n  t a k e s  t h e  form  o f  an  e x t r u s i o n ,  

r e g i o n  4 d i s a p p e a r s  and r e g io n  3 e x te n d s  i n s t a n t a n e o u s l y  t o  

th e  end  e l e c t r o d e  o f  th e  t u b e .

F ig u r e  11 i l l u s t r a t e s  th e  wave p r o f i l e s  and th e  .

changes  o f  th e  d i f f e r e n t  therm odynam ic v a r i a b l e s  a c r o s s  th e

t h r e e  w aves.

F o w le r  (8) has  d e v e lo p e d  a  t h e o r y  f o r  e l e c t r o n  d r i v e n  

shock  waves w h ich  g i v e s  t h e  f o l lo w in g  r e l a t i o n s h i p  b e tw een  

th e  c o m p re s s io n a l  shock  v e l o c i t y  Ug, t h e  e l e c t r o n  t e m p e r a tu re  

T_g, and th e  d e g re e  o f  i o n i z a t i o n  Og b e h in d  th e  shock  f o r  

t h e  s t r o n g  sh o ck  a p p ro x im a t io n  (pg »  p ^ ) :
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Figure 11. Schematic o f the hydrodynamical waves In an 
e le c tr ic  shock tube showing the changes of the variables 
P.j Nj and T. across the waves.
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2eV.

^2 ^ - 2
i

+ k f t )
"S = - [  ----------- ,  2 e v : ' '  ?  • (90)

kT_,

The n e g a t iv e  s i g n  has  b e en  chosen  f o r  a  shock  t r a v e l i n g  t o  

t h e  l e f t  a s  shown i n  F ig u re  11. The f o l lo w in g  e q u a t io n  f o r  

th e  p lasm a f lo w  v e l o c i t y  Ug and th e  t o t a l  d e n s i t y  Ng b e h in d  

t h e  shock  can a l s o  be d e te rm in e d  from  th e  above c i t e d  work:

f '  2®Vi 
02 kT_2 V  + J  1 

Ug = -  [  ------------ g-------------------- ]  • (91)

and

"2  ‘  C'* ^  • (92>

Combining e q u a t io n s  (9 0 ) and (9 1 ) y i e l d s

%  =  ------------------- %  • (93)

k T _ r

I t  h a s  j u s t  b e e n  p o i n t e d  o u t  t h a t  Pg = p^ w hich

i m p l i e s

Ng Og kT_g = o^ kT_2 • (94)

If the theory for the electrodiabatic rarefaction
process is now used to relate the variables in region 3 to
the known variables in region 4, the velocity of the
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c o m p re s s io n a l  shock  wave i s  d e te rm in e d  by  th e  v a r i a b l e s  i n  

r e g io n  4 o f  t h e  p la sm a .

The d e n s i t y  i n  r e g i o n  4 i s  d e te rm in e d  by  th e  i n i ­

t i a l  g a s  p r e s s u r e  i n  th e  t u b e .  T h is  l e a v e s  o n ly  th e  e l e c t r o n  

t e m p e r a tu re  and  d e g re e  o f  i o n i z a t i o n  i n  r e g i o n  4 t o  be d e t e r ­

m ined. The so c a l l e d  " h e a t in g  t h e o r y "  ( 8 ,1 8 ,1 9 )  o f  th e  

p lasm a d e te r m in e s  th e  e l e c t r o n  te m p e r a tu re  and d e g re e  o f  

i o n i z a t i o n  i n  r e g io n  4 i n  te rm s  o f  t h e  a p p l i e d  e l e c t r i c  f i e l d  

and c u r r e n t .  The h e a t in g  th e o r y  o f  th e  e l e c t r o n  g a s  i s  q u i t e  

complex and a s  y e t  in c o m p le te ;  how ever, i n  p r i n c i p l e  t h e  

e l e c t r o n  t e m p e r a tu r e  and  d e g re e  o f  i o n i z a t i o n  i n  r e g io n  4 

a r e  known.

The v e l o c i t y  o f  th e  a d v a n c in g  c o m p re s s io n a l  sho ck  n o t  

o n ly  d epend s  on th e  p lasm a d e n s i t y ,  a p p l i e d  e l e c t r i c  f i e l d ,  

and e l e c t r i c  c u r r e n t  i n  th e  d r i v e r  s e c t i o n ;  b u t  a l s o  d ep en d s  

on th e  n a t u r e  o f  th e  e l e c t r o d i a b a t i c  r a r e f a c t i o n  wave.

We now assume t h a t  t h e  e x p a n s io n  i n  t h e  d r i v e r  s e c ­

t i o n  o f  th e  e l e c t r i c  shock  tu b e  i s  an  e l e c t r o d i a b a t i c  r a r e f a c ­

t i o n  wave w i t h  th e  d e g re e  o f  i o n i z a t i o n  c o n s t a n t  a c r o s s  th e  

wave. The a s s u m p t io n  t h a t  t h e  d e g re e  o f  i o n i z a t i o n  i s  c o n ­

s t a n t  a c r o s s  t h e  e l e c t r o d i a b a t i c  r a r e f a c t i o n  wave i s  v a l i d  

when th e  d e g re e  o f  i o n i z a t i o n  i n  r e g i o n  4 i s  l a r g e  (a^ > ^ ) .  

The th e o r y  d e v e lo p e d  i n  C h a p te r  I I I  i s  u se d  t o  r e l a t e  th e  

p lasm a v a r i a b l e s  a c r o s s  th e  wave f o r  th e  two c a s e s  -  s im p le  

r a r e f a c t i o n  wave and r a r e f a c t i o n  sh o c k .
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Sim ple R a r e f a c t i o n  

I f  th e  e l e c t r o n  te m p e r a tu re  and  d e g re e  o f  I o n i z a t i o n  

s a t i s f y  th e  I n e q u a l i t i e s  (5 9 ) » t h e  r a r e f a c t i o n  I s  a  s im p le  

wave a c r o s s  w hich  e q u a t io n  (62) must be s a t i s f i e d .  W ith  th e  

d e f i n i t i o n  u* = U -  (mJ)/MeN and e q u a t io n  (50) f o r  t h e  c u r ­

r e n t  d e n s i t y ,  e q u a t io n  (6 2 ) I s  r e w r i t t e n

, . T -4  , (95)

- | C ? )  \  f  ( t -  -  I? - I .
’ '■3

W ith th e  ^  s i g n  d ep en d in g  on th e  p o l a r i t y  o f  th e  a p p l i e d  

e l e c t r i c  f i e l d .  The c o n s t a n t  d e g re e  o f  I o n i z a t i o n  th ro u g h  

t h e  r a r e f a c t i o n  I s  d e n o te d  by ^3(^3  = 014) .  The f lo w  v e l o c i t y  

Ü4 o f  th e  m ass iv e  p a r t i c l e s  I n  th e  r e g i o n  ah ead  o f  th e  r a r e ­

f a c t i o n  wave I s  z e r o  f o r  th e  e l e c t r o d i a b a t i c  r a r e f a c t i o n  wave 

g i v in g

i

^ -3

The c u r r e n t  c o n t i n u i t y  g iv e n  b y  e q u a t io n  ( 5 0 ' )  t r a n s f o r m s  

e q u a t io n  (94) I n t o

“2 ''-2  “  ^  ^  (T-4T -3 )*  • (97)
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I f  e q u a t io n  (92) and th e  f a c t  Nj = N2̂ a r e  s u b s t i t u t e d  i n t o  

e q u a t io n  (9 7 ) ,  one f i n d s

(4  + )  "2?-2 -  “3 (  ^  (T-4 T-3 )* • (58)

E q u a t io n s  ( 91 ) and ( 96 ) a lo n g  w i th  th e  f a c t  Ug = g iv e  t h e  

f o l lo w in g :

)

(59)
T-3

E q u a t io n s  (98 ) and  (99) a p p ro x im a te ly  d e te rm in e  th e  

q u a n t i t y  OgT.g ; hence t h e s e  e q u a t io n s  c o u p le d  w i th  t h e  a p ­

p r o p r i a t e  h e a t in g  th e o r y  g iv e  th e  v e l o c i t y  o f  t h e  c o m p re s s io n ­

a l  shock  i n  te rm s  o f  th e  a p p l i e d  e l e c t r i c  f i e l d ,  e l e c t r i c a l  

c u r r e n t ,  and p lasm a d e n s i t y  i n  th e  d r i v e r  s e c t i o n .

R a r e f a c t i o n  Shocks 

I f  t h e  r a r e f a c t i o n  wave i n  th e  d r i v e r  s e c t i o n  o f  th e  

e l e c t r i c  shock  tu b e  i s  a  r a r e f a c t i o n  sh o c k , an  a n a l y s i s  

s i m i l a r  to  t h a t  j u s t  com p le ted  r e l a t e s  t h e  v e l o c i t y  o f  th e  

co m p re ss io n  shock  to  th e  known p a ra m e te r s  i n  th e  d r i v e r  s e c ­

t i o n  o f  th e  tu b e .

E q u a t io n s  (67 ) and  (7 1 ) a lo n g  w i th  th e  d e f i n i t i o n  

u* = Up + V g iv e
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. [ ( ■ . i - . ) ' - .
" [ C s î ) - i ]

H,

■ (  )  ( l  + i  *3 )  ^ -3  ]  }

- ( l  + 1 * 3  ) t - 3 ]  } ^ .  (100)

The d e f i n i t i o n  u* = U -  (mj)/MeN and  e q u a t io n  (50) red u c e  

e q u a t io n  (lOO) to

+  i  * 4  )  T - 4  ' 0  +  §  *3  )  ’ ’- 3  ]  • ( 1 0 1 )

I f  e q u a t io n  (91) a lo n g  w i th  Ug = i s  s u b s t i t u t e d  

i n t o  e q u a t io n  ( l O l ) ,  one h as
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-  [  ^  H «3 C i  [ ("3^ - 3 )*

- (*4?-4)* ] + { - —    [ ( 1  + I H ) T-4
« [ ( 5̂ )  - 1]

 ̂ «[1 -C4 ) ]

*  [ C ̂  I *4 )  T-4  -  ( 1  + I "3 )  T-3  ]  } *  . (102)

S in c e  th e  c u r r e n t  c o n t i n u i t y  c o n d i t i o n  f o r  th e  

r a r e f a c t i o n  sh o ck  i s  t h e  same a s  f o r  t h e  s im p le  r a r e f a c t i o n ,  

e q u a t io n  (9 8 ) h o ld s  h e re  a l s o .  E q u a t io n s  ( 9 8 ) and  (102) 

d e te rm in e  02^-2  te rm s  o f  As b e f o r e ,  t h e s e  q u a n ­

t i t i e s  a r e  d e te r m in e d  b y  th e  h e a t in g  t h e o r y .  Thus th e  com­

p r e s s i o n  sh o ck  v e l o c i t y  g iv e n  by  e q u a t i o n  (90) i s  d e te rm in e d  

b y  th e  c o n d i t i o n s  i n  r e g i o n  4 o f  t h e  p la s m a .



CHAPTER VI

ISENTROPIC AND ISOTHERMAL RAREFACTION WAVES

The e f f e c t s  o f  th e  p lasm a m l c r o f l e l d s  on th e  n a tu r e  

o f  th e  r a r e f a c t i o n  wave a r e  c o n s id e r e d  v e r y  b r i e f l y  h e r e .

F o r  t h i s  d e r i v a t i o n  l e t  u s  assume t h a t  t h e r e  i s  no a p p l i e d  

e l e c t r i c  f i e l d ;  hence  t h e  c u r r e n t  d e n s i t y  i s  t a k e n  t o  be z e ro  

( j  = 0 ) .  The p lasm a  i s  a l s o  assum ed t o  be  c o m p le te ly  i o n i z e d  

and i n  therm odynam ic  e q u i l i b r i u m  a t  a  t e m p e r a tu r e  T.

E q u a t io n s

The e q u a t io n s  c h a r a c t e r i z i n g  t h e  p lasm a f lo w  a r e  th e  

g e n e r a l  e q u a t io n s  d e r i v e d  i n  C h a p te r  I I .  I f  t h e  c u r r e n t  

d e n s i t y  j  i s  z e ro  and  th e  d e g re e  o f  i o n i z a t i o n  a  i s  u n i t y ,  

th e  e f f e c t i v e  sound  sp eed  c d e f i n e d  i n  e q u a t io n  (20) r e d u c e s  

t o  th e  f o l lo w in g :

2 1 ar
-  M ' (103)

I n  o r d e r  t o  d e te rm in e  t h e  n a t u r e  o f  t h e  r a r e f a c t i o n  

wave i t  i s  n e c e s s a r y  t o  o b t a i n  a n  e x p r e s s i o n  f o r  t h e  p lasm a 

e q u a t io n  o f  s t a t e .  F o r  th e  c a se  o f  th e  i s e n t r o p i c  r a r e f a c ­

t i o n  th e  s p e c i f i c  e n t r o p y  must be  e x p r e s s e d  i n  te rm s  o f  th e  

p lasm a te m p e r a tu r e  and  d e n s i t y .
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The D ebye-H uckel t h e o r y  o f  e l e c t r o l y t e s  y i e l d s  an  

e q u a t io n  o f  s t a t e  f o r  a p lasm a g iv e n  by

3 /2
p = 2NkT -  0 (104)

T

where
,3 /  p

O

The q u a n t i t y  3 I s  g iv e n  I n  MKS u n i t s .  T h is  t h e o r y  a l s o  

d e te rm in e s  th e  s p e c i f i c  e n t r o p y  to  be

3 1/2
s = k ‘t n ^ ^ ^ - 3  —gyg + (105)

n T

where Sq I s  a c o n s t a n t .

Thelm er (29) from  a d i f f e r e n t  a p p ro a c h  h as  d e r i v e d  

e q u a t io n s  f o r  th e  p lasm a p r e s s u r e  p and s p e c i f i c  e n t r o p y  s In  

a p lasm a f o r  th e  l i m i t i n g  c a se  o f  v e r y  l a r g e  p lasm a d e n s i t y .  

T h e lm e r 's  e q u a t io n s  f o r  th e  p lasm a p r e s s u r e  and s p e c i f i c  

e n t r o p y  a s  f u n c t i o n s  o f  p lasm a  d e n s i t y  and te m p e r a tu re  a r e  

I d e n t i c a l  t o  th e  D ebye-H uckel e q u a t io n s  (104) and  (1 0 5 ) .

The n a t u r e  o f  th e  p lasm a r a r e f a c t i o n  p r o c e s s  can  be 

d e te rm in e d  d i r e c t l y  from  e q u a t io n s  (103 ) ,  (104) and ( 105 ) f o r  

e i t h e r  an  I s e n t r o p i c  o r  I s o th e r m a l  e x p a n s io n .

The r a r e f a c t i o n  p r o c e s s  I s  c h a r a c t e r i z e d  a s  b e f o r e  

by  th e  f o l lo w in g :

2
E x t r u s io n :  c < 0
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Sim ple  R a r e f a c t i o n  Wave: _ _
uN

: c2 > 0 0

,2 > 0 i ÿ i ^ o h  < 0R a r e f a c t io n  Shock Wave: c > 0 aN

I s e n t r o p i c  E x p an s io n  

Combining e q u a t io n s  (103) and  (104) g iv e s

2 1 r  3 1 dT 1
c  -  M -  F  ^  I T ?  +  ( 2 k N  +  ?  P “ 5 7 ?  )  W  J  • ( 106 )

T T

F o r  th e  c a se  o f  I s e n t r o p i c  f lo w  th e  s p e c i f i c  e n t r o p y  s I n  

e q u a t i o n  (105) l a  c o n s t a n t .  I f  e q u a t i o n  (105) l a  d i f f e r e n ­

t i a t e d  w i th  r e s p e c t  t o  th e  d e n s i t y ,  one f i n d s

2k  B 

BT ^  7 7 ^

Thus th e  sq u a re  o f  t h e  e f f e c t i v e  sound v e l o c i t y  I s

L e t  u s  now exam ine d (N ^ c^ ) /d H . I f  e q u a t io n  (108) I s  m ul­

t i p l i e d  by  and  th e n  t h e  p r o d u c t  d i f f e r e n t i a t e d  w i th  r e ­

s p e c t  t o  N, I t  I s  fo u n d  t h a t
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(240/  +
3 7 ?

4 T-
2 T'

2 2 3 3/2 4 j2 .
+ 125-ÊJŒ .  303 .  2 i ± ^  )  . (109)

4 8 1 ^ '  2  T

I n  o r d e r  t o  i l l u s t r a t e  t h e  p o s s i b l e  p r o c e s s e s  p = 0 , 

= 0 ,  an d  d (N ^c^)/dN  = 0 a r e  p l o t t e d  i n  F ig u r e  12 w i t h  th e  

a rro w  on t h e  c u rv e s  i n d i c a t i n g  th e  r e g io n s  i n  w hich  t h e  

r e s p e c t i v e  q u a n t i t i e s  a r e  p o s i t i v e .  T h is  i l l u s t r a t i o n  shows 

t h a t  th e  r a r e f a c t i o n  shock  wave i s  p h y s i c a l l y  im p o s s ib l e  b e ­

c au se  d (N ^ c^ ) /d N  < 0 i m p l i e s  p  < 0 .  S in c e  p > 0 i m p l i e s
p

o r  > 0 , t h e  r a r e f a c t i o n  p r o c e s s  i n  a n  i s e n t r o p i c  p lasm a  i s  

a  s im p le  wave f o r  a l l  v a lu e s  o f  te m p e r a tu re  and  d e n s i t y .

I s o th e r m a l  E x p an s io n  

The n a t u r e  o f  t h e  r a r e f a c t i o n  p r o c e s s  o f  t h e  p lasm a  

d e s c r i b e d  a t  t h e  b e g in n in g  o f  t h i s  c h a p t e r  i s  now exam ined  

f o r  th e  i s o t h e r m a l  c a s e .  S in c e  i n  t h i s  c a se  t h e  p lasm a 

t e m p e r a tu r e  T i s  c o n s t a n t ,  e q u a t io n  (106 ) r e d u c e s  t o

M -  ?  ^ 1 3 7 ?  J  (110)
T“

The q u a n t i t y  d (N ^c^ )/dN  i s  q u i t e  e a s i l y  d e te r m in e d  t o  be

(111)
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Figure 12. Plots o f p •  0, c » 0, and d(N^c )/dH ■ 0 as
functions of density n and temperature T for  an isentropic  expansion.
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The r e l a t i o n s  d e f in e d  by  p = 0 , c = 0 ,  and 

d (N ^c^)/dN  ■ 0 a r e  p l o t t e d  i n  F ig u re  13. T h is  i l l u s t r a t i o n  

shows t h a t  r a r e f a c t i o n  shock  waves a r e  in d e e d  p o s s i b l e  f o r  

th e  i s o th e r m a l  e x p a n s io n .

E x am in a tio n  o f  th e  n u m e r ic a l  v a lu e s  f o r  t e m p e r a tu r e  

and d e n s i t y  i n d i c a t e s  t h a t  f o r  a  r e a s o n a b le  v a lu e  f o r  th e  

p lasm a te m p e ra tu re  th e  d e n s i t y  must be e x t r e m e ly  l a r g e  f o r  

th e  r a r e f a c t i o n  t o  be a r a r e f a c t i o n  sh o c k . Even th o u g h  

th e s e  d e n s i t i e s  f o r  a  r a r e f a c t i o n  shock  f a r  e x c e e d  th o s e  

o b ta in e d  i n  th e  e l e c t r i c  shock  t u b e ,  th e y  a r e  n o t  u n r e a s o n ­

a b le  f o r  a  h ig h  d e n s i t y  m e ta l  p la sm a .



69

3210

31
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simple Wave2810

,2710

26
10

10'

T K

Figure 13. P lots « o f  g *  0, c -  0 , and A(N^c^)/dN -  0
as fu n ction s o f  deiensity  n and temperature T fo r  an
isotherm al expansi<lon.



CHAPTER V II  

CONCLUSIONS AND AN OBSERVATION 

C o n c lu s io n s

P e rh ap s  th e  most s i g n i f i c a n t  r e s u l t  o b t a i n e d  i n  t h i s  

work has  b e e n  th e  d e m o n s t r a t io n  o f  t h e  e x i s t e n c e  u n d e r  s u i t ­

a b l e  c o n d i t i o n s  o f  r a r e f a c t i o n  shock  waves i n  a  p la s m a .  I t  

h a s  b e en  shown t h a t  th e  e x i s t e n c e  o f  su c h  a wave i s  t h e  r e ­

s u l t  o f  th e  e n e rg y  b a la n c e  i n  t h e  e l e c t r o n  g a s  o f  a  p lasm a 

i n  w hich  th e  e l e c t r o n s  a r e  th e  p r i n c i p a l  p la sm a -m o tiv e  a g e n t .  

Thus th e  c h a r a c t e r i z a t i o n  o f  th e  ty p e  o f  r a r e f a c t i o n  p r o c e s s  

p r e s e n t  i n  a  p lasm a has  b e en  shown t o  be c r i t i c a l l y  d e p en d e n t  

on th e  m ic ro s c o p ic  i n t e r a c t i o n s  be tw een  th e  e l e c t r o n s  and 

th e  m ass ive  p a r t i c l e s  i n  th e  p la sm a .

I n  g e n e r a l  th e  n a tu r e  o f  th e  r a r e f a c t i o n  p r o c e s s  has  

b e e n  shown t o  be c h a r a c t e r i z e d  i n  th e  f o l lo w in g  way:

E x t r u s i o n :  c^ < 0 .

S im ple  R a r e f a c t i o n  Wave: c^ > 0 ,  )  > 0 .

R a r e f a c t i o n  Shock Wave: c^ > 0, < o.

2
The g e n e r a l  f u n c t i o n a l  dependence  o f  c and  

d (N ^ c^ )/d N  on th e  e l e c t r o n  te m p e r a tu r e  and  d e g re e  o f
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i o n i z a t i o n  i n  a n  é l e c t r o d i a b a t i c  r a r e f a c t i o n  have b een  shown 

t o  be g iv e n  by  th e  f o l lo w in g :

= TT ( ? -  -  § ?  -  §

d(N ^c^) _ 2alcN V 2<P̂ cp"
■(TN -  ■ ■' = I ? -  -  ^  J

w here t h e  q u a n t i t y  cp i s  p r o p o r t i o n a l  t o  t h e  a v e ra g e  e n e rg y  

an  e l e c t r o n  l o s e s  i n  a  c o l l i s i o n  and  i s  a  f u n c t i o n  o f  th e  

e l e c t r o n  t e m p e ra tu re  and  d e g re e  o f  i o n i z a t i o n  i n  t h e  p la sm a .

The e x p l i c i t  dependence  o f  9 o r  x (cp -  %T_) on e l e c ­

t r o n  te m p e r a tu re  and  d e g re e  o f  i o n i z a t i o n  h a s  b een  d e r iv e d  

f o r  a  s t r o n g l y  i o n i z e d  hydrogen  p la sm a . The r e s u l t  h a s  b e en  

a p p l i e d  t o  t h e  above c r i t e r i a  t o  d e te rm in e  th e  e l e c t r o n  tem ­

p e r a t u r e  r e g io n s  f o r  e a c h  ty p e  o f  r a r e f a c t i o n  p r o c e s s  -  

e x t r u s i o n ,  s im p le  wave, and r a r e f a c t i o n  sh o c k .

The th e o r y  f o r  e l e c t r o d i a b a t i c  r a r e f a c t i o n  waves has  

b een  u t i l i z e d  i n  th e  g e n e r a l  f lo w  p ro b lem  o f  t h e  e l e c t r i c  

sh o ck  tu b e  t o  d e te rm in e  th e  v e l o c i t y  o f  th e  c o m p re s s io n a l  

sho ck  wave p ro d u ce d  i n  te rm s  o f  t h e  known v a lu e s  o f  th e  

e l e c t r o n  te m p e r a tu re  and d e g re e  o f  i o n i z a t i o n  i n  t h e  " d r i v e r "  

p la sm a .

O b s e rv a t io n

T h is  work h a s  b een  d e v o te d  p r i n c i p a l l y  t o  th e  r a r e f a c ­

t i o n  waves i n  a  p la sm a ,  b u t  a  p o i n t  s h o u ld  be made p e r t a i n i n g  

t o  c o m p re s s io n a l  w aves . I f  t h e  c o n d i t i o n s
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c“ > 0 and2    < 0
ai

a r e  s a t i s f i e d  I n  a  p lasm a u n d e rg o in g  c o m p re ss io n ,  th e  com­

p r e s s i o n a l  wave i s  p ro p a g a te d  a s  a  s im p le  wave w i th  i t s  p r o ­

f i l e  s p re a d in g  o u t  i n  t im e .  Thus u n d e r  th e  c o n d i t i o n s  t h a t  

a  r a r e f a c t i o n  wave becomes a sh ock  wave, a  c o m p re s s io n a l  wave 

re m a in s  a  s im p le  w ave .
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