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LONGITUDINAL DISPERSION OF THERMAL ENERGY
IN UNCONSOLIDATED PACKED BEDS

- CHAPTER I
INTRODUCTION

Rate proéesses in porous media are of fundamental im-
portance to a varlety of commercial operations. Particular
interest has been generated for a better understanding of
longitudinal heat and mass transfer dispersion mechanisms
involved in the displacement of one fluld from a porous me-
dium by a second fluid which is physically similar but dif-
fers in either temperature or component concentration from
the original fluid. Specific examples of such operations
include fixed bed adsorbers (chromatography), regenerator
heat éxchapgers, ion exchange columns, fuel cell electrodes,
chemical reactors, and various petroleum recovery techniques
involving fluid displacement. The velocity or rate of fluid
displacement varies over a wide range depending on the
particular operation of interest. |

Longitudinal dispersidh‘maj be considered as the

spreading'Of the potential involved (either tempefature or

concentration) as the displacement front moves longitudinally
1
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through the porous medium. Thls type of process is an un-
steady state process which uses a step function or unit
pulge boundary condition at the bed entrance. Figure 1 com-
pares the exit conditions with the input conditions for both
a step ifunction and a unit pulse input. |

‘The longitudinal dispersion mechanisms involved are
éimilar for both heat and mass transfer. These may be broadly
classified as (1) bulk movement of the fluid, (2) molecular
diffusion in the various phases present, (3) convective
transfer between phases, which will be controlled by both a
fluid film resistance and a resistance due to gradients
existing within the solid particles, and (4) convective edd&
mixing of the flulid phase within the flow channels of the
medium. Figure 1 presents a schematic of these mechanisms.

In many mass transfer operations, such as miscible
displacement of petroleﬁm from underground reservoirs, the
solid particles are not porous, and thus mechanism {3) is
eliminated. This is never the case for heat transfer
processes since all solids have a definite heat capacity.

The specific process of interest here 1s the longl-

. tudinal dispersion or spreading of a thermal step function

when introduced into an unconsolidated packed bed. The dis-
persion 13 presented as an effective thermal conductivity

which 1s a lumped parameter representing the sum of the in-
dividual mechanisms. Two mathematical models are discussed

extensively. These are: (1) the previously used one
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parameter diffusion model (4,39,50,67,69), which represents
a one dimensional, semi-infinite porous medium, and (2)-the
four parameter lumped model, which employs the solution of
a pair of simultaneous differential equations which clearly

shows the contribution of each mechanism.



CHAPTER II
REVIEW OF PREVIOUS WORK

Discussion of previous theoretical and experimental
work applicable to this study may be broadly classified into
three groups: (1) unsteady state heat transfer studies,
mass transfer studies, and general packed bed studiesz.. The
last group was used previously for experimental design con-
siderations and will be discussed at the end of this chapter
as well as Chapter IV. There are many references availablé
in the literature which are not directly applicable to this
work but which are related to the general field of heat
transfer'in porous medla. Included in these are steady
state studies, studies in which heat radiation and radial
transfer.are considered, and solid-gaseous heat transfer
studies. These studles are not discussed here. The reader
is referred to Green (39) for a general review of them. It
should be noted that the work of Green and this work are so
closely related that any interested reader would undoubtedly
benefit from the work of Green. The same experimental equip-
ment was used in both works, and parts of this chapter and
the following chapter were taken di}ectly from Green's

dissertation with permission.
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Unsteady State Heat Transfer Studies

Square Front

The simplest case of heat transfer in the direction
of fluid flow is exhibited by the "square front" model as
discussed by several authors including Preston (67) and
Churchill (16). 1In this highly idealized case only the heat
transfer mechanisms (1) and (4) of the previous chapter are
considered, i.e., bulk movement of the fluid and éonvective
transfer between phases. The latter mechanism is restricted
to the case of instantaneous equilibrium between-phases,
i.e., there 1is no so0lid or film resistance to transfer be-
tween phases. The differentlal equation describing this

model 1s:

LR 11-1

The output response of equation II-1 to‘a step func-
tion input is a translated step function arriving aﬁ the bed
exit at time t = L/VF. For this reason V; is designated as
the "square" heat front velocity.

While this model is physically unrealistic it serves
as an idealized reference case. Churchill points out that in
some cases it is closely approached. Hadidi (44) discusses
the application of this model to a system composed of two
mobile phases and-a stationary solid phase. In many practi-

cal cases it is desirous to hold thermal dispersion to a
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minimum and thus attempts are made to obtain the square

front. However, the square front is only rarely obtained.

Finite Convective Coéfficient
When instantanreous equilibrium between the phases
does not occﬁf, i.e., ha is finite, the square front model
may be modified to yield the following differential
equations:

Fluld phase

BTW BTw
PWCWW 3T ° -wacww 3z ha(Tw - Ts) II-2
Solid Phase
] AT,
pscs(i -9) 8= ha(Tw - Ts) II-3

ot

This model does not allow molecular conduction in
either phase, eddy mixing of the fluld phase, or solid re-
sistance to transfer between the fluid and solid phases,
Green (39) has discussed the work of Anzelieué (1), Schuman
(76), Klinkenberg (51), Walter (81) and others (29,36,47,48,
49,68) as related to equations II-2 and II-3. The most use-
ful solution obtained by these workers for a step function

input is the approximation presented by Klinkehberg (51,52).

uzi[erfc(fZ-/Y-J-s]jz-i«Bf‘[Y)] IT-4a
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where - ( £ >
Z = - = II-LI'b
Ps s‘1 - @) .
= ._.haz_v. II-AC
pWCWQ

"Klinkenberg and Sjenitzer (53) have shown for the
case of a pulse input‘of energy equations II-2 and II-3 give
an output response which approaches a @aussian distributicn
wlith a mean of Y and a variance of 2Y where Y is defined by
equation II-ldc. )

Several investigétors have conducted unsteady-state
experiments where values of the heat transfer ccefficient,
ha, were determined by comparing effluent temperature re-
sponse curves with equation II-M: Data were obtained by
Greenstein and Preston (43) and Preston and Hazen (68) with
liQﬁid-solid systems at relatively low liquid velocities
(3-24Ift/hr). Their work yilelded heat transfer coefficients

that correlated with fluid velocity as
1.82
ha = 0.196 ¢ ' 1I-5
Green (39) has pointed out that the application of
equation II-5 to systems in which piston flow is obtained
would béVQuestionable since the data were obtained using
heating runs, and viscous fingering undoubtedly occurred,
~Preston and his co-workers measured a mixing cup temperature
at the bed exit so no check of deviation from piston flow was’

possible.
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Several workers have conducted zxperiments where
steady state heat transfer coefficients have been measured.
Unfortunately, all these workers used gases for the flowing
fluid. A large number of investigations of mass transfer
between phéses in a packed bed have been conducted using_both
gases and liquids. Mass transfer data indicates a substantial
difference between gaseous data and liquid data, For this.
reason the liquid mass tranpfer aata were used by applying
the Colburn "j" factor analogy rather than relying on gaseous

heat transfer data.

" One Parameter Diffusion Model
The alternate approach to the finite convective coef-
ficient model is to consider longitudinal diffusion in both

phases and to mathematically disregard any finite time required

for communication between phases. This model was first pro-
posed by Jenkins and Aronofsky (50) and is utilized by recent
workers (4,39,69). The describing differential equation ise

Notice that in this model T = T, = Tg.

Preston (67) discusses the possibility that the effec-
tive conductivity, k,, be composed of a static component, kg,
and a veloclity dependent component, ke(v). Green extended
this concept in proposing that kg (v) in turn be composed of an
| eddy.mixing conductivity, kwm?’ a heat transfer coefficient

conductivity, kha’ and possibly a third conductivity, ks(ha)’
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characterizing the contribution of the s0lid phase resistance
to the transfer between phases. Green proposed that equation
II-6 could adequately describe the bhysical situation if K,
was considered to be an overall dispersion coefficient com-
posed of sevéral more basic coﬁductivities, each describing
one of the previously mentioned mechanisms. Further, Green
maintained that the individual conductivities were additive to
yleld k,. Green's assumption of addlcivity was based on two
results: 1) the numerical work of Green and Perry (39,41) aﬁd
2) a theoretical derivation showing the additivity of k o, and

h
k@ resulting from the work of Van Deemter et al. (39,79)

Static Conductivity

The diffusion model requires knowledge of kg, the
conductivity of the medium, when a fluid 1s present but is
not flowing. Stafic thermal conductivities of porous media
have been investigated by several authors. In these studies
the important criteria is not that the medium be porous, but
that 1t consist of a continuous and discontinuous phase. 1In
this and most other studies the fluid phase is usually taken
as the contlnuous phase, and the solid phase designated as
the discontinuous. This designation is not rigorous since
the sclid phase 1s somewhat continuous_ through point‘to point
contact. However, designating the fluid as continuo;s re-
sults 1in good agreement between theoretically derived ex-

pression for kg and the existing data, thus indicating that
point to point contact plays an insignificant role.
Euchen (26) modified the electrical conductivity
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work of Maxwell and developed the following predictive equa-
tion applicable to heat transfer.

O [kg + 2ky - 2(1 - ®)(ky - kg)]
Ke = Ky (kg + 2ky + (1 - ?)(ky - kg)]

II-7

‘Hamilton (45) modified this expression so as to in-
clude non-spherical particles. Preston (67) made a rather
extensive study of this parameter and his results generally
agree with the Euchen equation. In this work kO was found by
extrapolating available k, data to zero velocity. Green and
earlier work by the' author (4) present comparisons of extrap-

olated static conductivities and Euchen static conductivities.

Mass Transfer Studies

Adsorption Studies
Several investigators have studied packed bed adsorp-
.tion columns which have practical application in chromato-
graphy and fixed bed reactor work. (19,34,53,55,71,72,74,80)
The~mechani§ms ocecurring in adsorption cblumns are identical
to those occurring in heat transfer except that the mass
concentration of a diffﬁsing component 1s the potential in-
volved instead of energy concentration, i.e., in adsorption
columns the adsorbing component is dispersed axially by'bulk
movement of the fluid, by molecular and eddy diffusion within
the fluid, and by adsorbing and desorbing on both the ex-
ternal and internal surfacés of the poroﬁs packing. The
differential equations describing this type of an adsorptiof

process and the heat transfer process are identical, In
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particular, Rosen (71,72,73,T4) and Deisler (19) have con-'
tributed considerably tec the mathematical analysis of this
model. Rosen has extensively considered fhe dispersion
created by a definite time lag due to communication between -
fluid and the packing while neglecting any longitudinal
molecular or eddy diffusion within the fluid phase. Deisler
(19) considered all of the mechanisms mentioned but utilized
only a cosine input instead of the more general step func-

tion used by Rosen.

Tracer Studies

Numerous workers have investigated dispersion in
packed beds by injecting a non-adsorbing component into the
flowing fluld. In this type of study the dispersion is due
entirely to molecular diffusion and eddy mixing in the fluid
phase. No communication between phases occurs. Eddy mixing
in the fluid phase, kwﬁv’ cannot be measured directly in
heat transfer work since it is impossible to prevent the
solid packing from exchanging energy with the fluld phase.
For this reason tracer studies are valuable to this study.
Tracer dispersion coefficlents can be compared with
kwmp/pwcwm* in an attempt to correlate eddy mixing coeffi-
cientg. Since eddy mixing 1s a hydrodynamic mechanism per-
taininglto-the fluid phase, one would expect heat transfer
mixing and mass transfer mixing to be equivalent.

¥Obtained in this work'by difference,assuming
additivity of various mechanisms.
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The table on the‘following page summarizes the various ex-
perimental studies avallable in the literature for spherical
beadé.

Several theoretical studies have been presented con-
cerning the eddy mixing of a fluid. Klinkenberg and
Sjenitzer (53) have used a "similitude" approach in predict-
ing that the eddy diffusion coefficient E be a linear func-
tion of Vd_.. This concept was extended by Klinkenberg and

P
- Sjenitzer and others to yield the mixing cell model. This

model assumes a packed bed to consist of "n" perfect mixers
in series, i.e., the fluld leaving a mixing cell has the same
concentration as the bulk fluld in the cell. Equations have
been derived expressing the effluent from the nbh cell as a
function of time for either an impulse or step‘function
input. Carberry (12) has extended the model by introducing
a cell mixing efficiency. |

Aris and Amundson (3) compared the cell mixing and
diffusion models and at distancés equivalent to several mix-
ing lengths down the bed, the two models gave appfoximately
the same distribution expressions for injected tracer mate-
rial. By equéting these distributions, an expression for

the Peclet number resulted.

vd
Pea——2—=

II-
E+D T

=<

Where Y is the ratio of distance between successive mixing



Table 1

D cm?/sec

Author (Ref. No.) Type of Bead Type of Fluid Tracer
Harleman & Rumer (46) plastic (1 mm) water salt 1.35 x 1072
Rumer (75) glass (0.35 mm) water salt 1.35 x 107
Liles & Geankoplis glass (0.47 & water 2-napthal 1.0 x 1072
(59) 6.135 mm) assumed
ogata (63) glass (3.45 & methylene 1.0 x 1072
1 mm) blue dye assumed
Ebach & White (23) glass (1 mm) pontamine 5 x 1076
: blue dye
Carberry & Bretton glass (1, 3, & pontamine 5 x 10'6
(13) 5 mm blue dye |
\
Cairns (8) glass (3.2 mm) NaNO3 0.9\x 1072
‘Strang & Geankoplis glass (6 mm) water 2-napthal 1.0‘x 1072
(78) assumed

#T
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cells to the particle diameter of the pack. Notice'that for
the restrictions v = constant and E >> O equation II-7 re-
fains the linear dependence of E on Vdp.

For spheres, and in certain veloclty ranges, the
length of the mixing cell 1s essentially equal to one parti-
cle diameter, 1.e., Y = 1. For these conditions the mixing
cell theory predicts a value of 2.0 for the Peclet number,

* @1ddings and Robinson (34) have attacked the validity
of the mixing cell theory. .Their model indicates a non- -

linear dependence of E upon velocity at low velocities.

1
E=""3 L 2 11-8
AV CgV2

Where A is a proportionality constant and where Cg is a non-
equilibrium term for diffusion in the interparticle spaces.
Notice that at high velocities equation II-8 reduces to tﬁe
linear dependence as presented by Klinkenberg and Sjentzer
(53). Perkins and Johnson (64) have presented a similar but
independent treatment of diffusion in the interparticle
spaces. Their work will be discussed in more detail later.

Other mixing models have been proposed. Giddings'(32)
has proposed a random walk model. Cairns and Prausnitz (9,
10) have proposed a statistical model variation to the randoﬁ
walk model. Tﬁeir work is based on the mathematics of

Einstein (24). Taylor (79) has developed models for flow
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through capillary tubes which have application to porous
packs in some cases. @ottschlich (30) has discussed and
presented a model predicting the influence of fluid dead
spaces on eddy mixing. '

- In this work the mixing cell model is used,

Steady State Mass Transfer Studies

Several investigations nave been conducted on steady
state mass transfer between liquids and solid packings. (22,
30,82) The usual correlating pbocedure is to plot Jm versus
the Reynolds number, 1In geperal, the analogy between heat
and mass transfer holds, making it possible to use mass-
transfer results to predict heat transfer rates.__Thié has
been.discuséed by Gamson (31), Denton (20), and Colburn (17),
among cthers,

The j, correlation used in this work is the one pre-
sented by Dryden, Strang, end Withrow (22), It was chosen
because the Dryden, et al, data waé t;kén in the laminar
flow region and required less extrapolation than other data
to the velocity range of this work. Fulton (28) has pre-

sented a review of the various gas-solid-Jm correlations,

General Packed Bed Studies

Flow Distributions in Packed Beds
Inherent in this work and most other packed bed
studies 1s the assumption 6r piston-like fluid flow. Devia-

tions from piston flow are known to occur. In the region
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‘near the wall the presence of the wall increases the void
volume of the pack. The result is a higher fluid velocity in
this region, and when the particle size becomes large com-
pared to the fuhe diameter, significﬁnt deviations from pis-
ton flow can occur. Cairns and Prausnitz (11) and Schwartz
and Smith (77) have reported this wall effect to be signif-
icant in cases in which the ratio of particle dlameter to
tube diameter is greater than 0.04-0.067.

Elow channelihg may also cause deviations from piShon-
like displacement. (6,15,27) Generally, flow channeling is
caused by either an unfavorable viscoslity ratio, i.e., the
fluid being displaced has a higher viscosity than the dis-
placing'fluid, or natural convection due to density varia-
tions. (22,30) The latter mechanism is characterized by the
Grashof numbér which involves the particle diameter raised
to the third power. For this reason natural convection ef-

fects increase rapidly as the particle size 1s increased.

Iength Effects

Green (39) applied a statistical "t" test %o Ko
measuremgntg made at 6.77 inches and 11.Q4 inches and found
the dafg at the two locations to be in agreement at a 95%
confidence level. Other literature data on longitudinal heat
and mass transfer in packed beds indicate that length effects
should not be significant in beds of the length used here.
(13,23,44,7T7)



18

Shape Factors

' Aris (2) has presented a theoretical discussion con-
cerning the role packing shape plays in connection with lon-
gitudinal dispersion of heat and mass. Iﬁ 1s shown that
taking sphericity, the surface area of a sphere having the
same volume as the particle'divided Py‘phe surface area of the
particle, as the characteristic dimension does not reconcile
the results for different particle shapes. A new shape factor
is introduced from which the contribution of internal diffuy-
sion to the longlitudinal dispersion of heat or matter may £e
estimated for various shapes.

Reymond (69) conducted unsteady state longitudinal
dispersion experiments, similar to the experiments conducted
in this study, in which helixes, Raschig rings, and perforated
spheres were used as packing. Reymond also concluded that the
particle volumé to surface area parameter was insufficient.
Reymond 's work was somewhat inconclﬁqive since the efféct of

trapped fluid within the individual,was not determined.

Research Ob;ectives

This research is the conclusion of a long-range
program supported by the Nafional Science Foundation designed
to study the longitudinal dispersion of thermal energy as a
cold fluld displaces the original fluild present in a pre-
viously heated packed bed. The goal i1s a better understand-
ing of the mentioned mechanisms, their interactions, if any,

and the conditions under which each is significant. A
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secondary goal is to compare the eddy mixing mechanism for
heat transfer to. the extensive mixing data available in the
literature for mass tran.cer.

Specifically a mathematical derivation is desired
that will show the additivity of the mechanisms as proposed
by Green (39), and to show under what range of system
parameters this sdditivity is valid. Also, it 1s desirable
to show that the solid thermal diffusivity exerts an influ-
ence on fluld mixing that is not present in mass transfer

mixing.



CHAPTER III

THEORETICAL INVESTIGATION

One Parameter Lumped Model

The following is a detailed review of the litera-
ture concerning the one parameter diffusion model. It is'
used to initially reduce the experimental data, and is pre-
sented here in crder to allow the reader to compare it to
the four parameter lumped model to be discussed.

It 1s known that when a fluid is displaced from a
packed section by a displacing fluid of different tempera-
ture a characteristic "s" shaped erfc* curve response will
result at any point downstream (1,39,41,44,50,66). The
simplest mathematical model that yields an erfc solution is
that resulting from an energy balance applied to a one di-
mensional system of differential length dz and composed of
both s0iid and fluid phases. The major assumptions involved
are:

1.) Piston-like displacement occurs.

2.) Constant physical properties;

3.) Fluid and solid temperatures become equal

*The erfc function is discussed by Carslaw and
Jaeger (14) page 482.

20
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instantaneously, i.e., ha = =,

4,) No temperature gradients exist in the individ-
ual solid particles normal to the direction of
fluid flow. This allows the solid phase to
act as an evenly diépributed heat sink having
the property of allowing conduction in the
direction of fluid flow.

5.) No radial temperature gradients exist in either
phase, i.e., the bed is perfectly insulated '

radially.

DIRECTION OF FLUID FLOW

STEP FUNCTION S— SHAPED
INPUT RESPONSE
t '

:

=

-The differential equation which results has been
solved by Jenkins and Aronofsky (50).

2
T - 3T T .
3t = - VF 3z + De a—;; 1IT-1
pwcme

where VF =
PuCu® * pscs(l - )

and
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ke

D. =
e _
P.CP + pscs(l ®)

Equation III-1 is the usual one dimensional heat
conduction equation with the additicnal bulk flow term
(vp %1:- . The k, contained in the effective thermal dif-
~ fusivity, .. represents an effective thermal conductivity
dependent upon Tiow conditions as well aé.static properties

of the system.

If the following dimensionless variables are defined:

T -T, vV_t

u = Er———Er" T = ——, and X =2
Equation III-1 becomes
D 2
3u du e 3 u
o oX VFL BX2

v

Using the following boundary conditions

u(X,0)

i
(@

u{0,7) = 1.

u(®,7r) =0

the solution given by Jenkins and Aronofsky (50) at the bed
exit where z = L, (X = 1) is:

u(l,r) = % [erfc (

ITI-3

1 -7
s o)
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f
eric ( (De/VFL)T J

where R = ¢

Preston (66) has suggested that R be'approximated by

R =exp [z' - tgl

2J/m tp
where z' = VgL/Dg and
14 2 n(l T 1> III-
t. = H vt = Z = g o .LIIS
P Ty N ETETE
2

From equation III<5 1t may be shown that t5 1s
always greater than z' thus rendering R small for small
values of (De/VgpL), aﬁd becoming 1ncrea§ingly‘1mportant'as
(De/VpL) increases, fo the point that the characteristic "s"
shaped curve no longer exists at (Dg/VgL) = =, Leven?piel
(58) has constructed curves of u vs. T with values of
(De/VFL) as a third parameter. |
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The maximum value of R may be approximated by dif-
ferentiating the approximation of R with respect to v and
setting the derivative equal to zero. The resuits obtained
by Preston (67) are
1.) Roax OCCUrs at 7 = 1.0, i.e., the arrival time

of the heat front.

2.) Ry, = (3/m) /(D /VgL) = -282 /(D /v L) 116

Specific values of (De/VFL) for the systems studied
in this work afe tabulated in Appendix B. The values range
from 0.006 to 0.100. This range of values is in the general
region Levenspiel (58) has designated as "intermediate."

Because of the relatively low values of (De/VFL) the second

e

term in the solution, R, has been neglected here. Green
(39) has concluded that R is negligible if (2D./VgL) << 1.
According to the above discussion one would expect
to characterize the system by a single parameter (De/VFL).
This is true only for a particﬁlar system at a particular
velocity. That is, at a particular veloclty there exists
~a value of the parameter (Do /VgL) which will cause the ex-
perimental and theoretical "s" shaped temperature distribu-
tions to coincide. However, attempts to correlate (De/VFL)
as a function of velodit;, particle diameter, and system
phﬁéical properties have been unsuccessful, indicating the
need for a more advanced mathematical model. |

The work of Green (39) and others (4,44,67) in heat

transfer studies has shown that assumptions (3) and (4) are
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invalid, i.e., there exists a finite time lag for commﬁnica;
tion between phases due to temperature gradients within the
individual solid particles and a film resistance to heat
transfer in the fluid phase. Due to the inadequacy of the
one parameter diffusion model to contribute information con-
cerning these two mechanisms, the four parameter lumped
model has been presentedi The lumped model shows that'these
mechanlsms may be characterized by expressions which contain
system parameters that are known under a given set of ex-

perimental conditions.

Four Parameter Lumped Model

It 1s proposed in this work that the system be char-
acterized by three velocity dependent parameters and one
velocity independent parameter. These are:

1. kha which characterizes the finite time required
for heat to be transported across a stagnant
fluid film surrounding the solid phase.
ks(ha) which characterizes the finite time re-

quired to eliminate temperature gradients within
the s80l1lid phase normal to the direction of fluid
flow. “ N
3. kwdm which cﬁaracterizes the eddy mixing of the
fluid due to stagnant and trapped pockets of
fluid.
4k, k& which characterizes molecular conduction in

the fluid phase.
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The mathematical solution which represents the four
parameter system results from the simultaneous solution of
differential equations describing both the fluld temperature
and the temperature profile existing within the solid par-
- ticles. These equations are:

1.) The fluid equation

2 .Y
T aT o T P qCq OT
ik w s“s s
+ V—- +D = - i
Pulw 37 dt PuC 3z (E )wpw w az2 m d¢ III

- .A

T
where PgCq g;g represents the rate of change of the average
heat content of the so0lid phase with respect to time.- The

boundary conditions which apply to equation III-7 are:

TW(Z,O) =

f
H

o
Tw(“,t) = To
2.) The solid equation
- s _ o 3°Tg4 g_ Ts1
s°s 3t T PsCsUsly 2 T I11-8

The boundary conditions for equation III-8 are

Tsi(r,z,o) = Tsio

Tg4(0,2,t) = finite (i.e., the temperature of the
center of the particle is not infinite.)

\
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Tsi(b,z,t) is given by the expression

A ,
3T p.c.T ,(b,z,t)
s 3h 8"s"giV\v’e?
P C —— = ch - III_Q
8 s 3t bpw°w< WWwW K >
where K = Pss

p c
W w

While the basic ideas for the simultaneous solution
of eqﬁations III-7 and III-8 follow from the work of Rosen
(71-73) and Deislsr (18,19), the two equations have not been
solved to this author's knowledge for the boundary conditions
indicated. Rosen solved the case in which the second order

52

. o=T
term (E + D)wpwcw S 2" was neglected, and much of his anal-
. z :

ysis is applicable to the work presented here. Delsler

solved equations III-7 and III-8 for the steady state re-
sponse to a cosine input. The step function solution pre-
sented here is mathemétically more general and has wider
practical application than the steady state cosine response.

The major assumptions involved in the advanced model
are:

(1) Piston like displacement occurs.

(2) No radial heat losses from the packed bed.

(3) Radial symmetry exists within the individual

ST, N '
w
<<
0z ) dp

spherical particles, i.e., <
To - TI'
(4) No heat i1s conducted downstream by exchange

between particles through point to point
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contact or longitudinally within the individual
particles.

(5) Physical properties of both phases are tempera-
ture independent.

A more detailed discussion ofvassumptiéns (3) and (4) is
presented in Appendix H. An approximation for nonspherical
packing would replace equation III-8 by a parallel slab model
in which conduction in the direction of fluid flow 1is not
allowed. Aris (2) has proposed other treatments for the
cases in which the so0lid particles are non-spherical.

The simultaneous solution for equations III-7 and

III-8 with the boundary conditions indicated involves the
following steps, the details of which are presénted in
Appendix A.

1.) The solid and fluid dependent variables are re-
defined in order to yield energy concentration
variables.

2.) A solution to the equation describing the solid
phase (Equation A-2) is then obtained yielding
a concentration distribution within the ;olid
phase in terms of a variable surface
éoncentration. (72)

3.) This expression is first integrated over the en-
tire volume of the particle, and then differen-
tiated with respect to time, to obtain an ex-

pression for the rate of change of the average



5.)

u(z,8) =

6.)

N

Y2(HS - )
)
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s0lid concentration with respect to time. (72)
(Equation A-4)
Equation A-4 is then introduced into the equa-
tion describing the fluid phase, and the Laplace
transform with respect to time taken.
(Equation A-5)
By utilizing boundary condition III-9 (or Equa-
tion A-3) the surface concentration is expressed
in terms of the average solid concentration
which may be expressed as the left hand side of
the equation describing the fluid phase. (Equa-
tion A-1). When this expression is introduced
into Equation A-5 the result is an ordinary,
Second order, linear differential equation in
the Laplace transform domain. (Equation A-6)
After Equation A-6 is solved, the work of Rosen
(72) is used to obtain the inverse iaplace
transform. The resulting solution is the fol-
lowing infinite integral involving a variable
of integration, A.

= T%GSD exp - {YXHI N ZDL< oB4 20\ YH2 s

on o - et 3 ( 2012?H +
v

2H1H2Y ) } a "
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where Hl and H2 are complicated hyperbolic functions of A

and v
2 2
HD1 + v(H‘.D1 + HDQ)
(1 + vEy )2 + (vEp )
HD2
H,(A,v) = A-19
2 (1 + vHy )2 + (v, )2
d where and re defined as:
an her I-IDl HD2 a n a
sinh 2\ + sin 2\
=|x -1 A-14
HDl { <'cosh 2\ - cos 2\ ]
Hb = sinh 2\» - sin 2\ A-15

2 cosh 2A - cos 2\

Rosen (72) has tabulated exact values of HDl and HD2
as a funct;on of A. If equations A-14 and A-15 are expanded
in a Maclahrin series the following limiting expressions may
be obtained

4
4 :
Hp. = 7= -
D, = 35 III-10
2
2\
H, = 2*_ ITI-11
Dy = "3

Limiting values obtained from these expressions com-

pare within 4% of the exact values obtained by Rosen (72)
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if A < 1., If these limiting expressions for Hbl and HD2 are
substituted into equations A-18 and A-19, the following

apprcximations are obtained for H

1 and H2 if the product
x“v < 0.5.
\ axu(l + 5v) <
H (A,v) = i5 A-20
2
A
Hy(\,v) = 2—3— - A-21

If sguations A-20 and A-21 are introduced into equa-
tion A-24, the resulting infinite integral reduces to the
following simplified form.

At {@as)vx + sv) +——£< + I,)Q}
u(z,8) =

©
+20e
o

sin {o00% - (2/3)yxr

roh—-
=1|f\)

21 a A-25

Equation A-25 in turn reduces to the following erfc form.

The detalils are presented in Appendix A.

"1 -7 |
=% | erfe A-31
e ()]
where D - Kem? + Ky ® + Kg(hg) + K(pa)
€ PyCu® + PgCg(l - @)
. [pgeg(l - @)VE1e
and Kg(ha) = 50 ks(l -y III-12
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_[pgeg(1 - @)Vgl2

k(ha) ha

ITI-13

) The conclusion drawn from the four parameter model
is that the total dispersion of the system may be approxi-
mated by the summation of four independent conductivities
each of which represents one of the previously mentioned
mechanisms. In practice kwm is replaced ty the static con-

ductivity, x°

o> SO as to include downstream conduction through

the solid phase. The other three parameters, kwﬁm’ ks(ha)
and k(ha) are all veloclity dependent, and the?r sum is
designated as kg (v).

Three of the conductivities are known or may be
calculated for a given set of experimental conditions. The
exception is the term kwﬁm° This term 1s obtained by dif-

ference, and the mixing cell model is used to correlate it.

Conditions for Convergence

The convergence of equation A-24 to the desired erfc
form is dependent upon the validity of the limiting expres-
sions for H, and H, (A-20, A-21). The critical point in
both -1imiting expressions 1is the convergence of the de-
nominator of equations A-18 and A-19 to a value of 1.0.
Using the approximate values of Hbl and ED2, this requires
that

L

4 2
Dvye v
Q+5z2)"%+ 5 IIT
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For small values of A the lu term insures this con-
. vergence; however, for values of A approaching 1.0, the
restriction of small values of 'V must be added. The follow-
ing table presents values of equation III-14 for various con-

ditions of A and V.

‘Table 2

A v (2 + L‘z:\’ )2 + 4":"2 % error
1 1 1.02 2.0
1 .5 1.20 20

1 1 1.63 63

.5 1 1.002 0.2
5 .5 1.01 - 1.0
.5 1 1.04 4.0

A detailed study of the exponential term in equation
A-25 reveals an apparent bullt-in safety factor that assures
the convergence to the erfe¢ form. For example, if vV becomes
approximately 1.0 the term 1 + 5V increases the value of the
exponential and thus the infinite integral converges for a
smaller value of A. Table 2 indicates a V value of 1.0 may
be tolerated 1if kt< 0.5. For the case of small values of
v, the lu term assures convergence at values slightly )
greater than 1.0. Table 2 indicates that values of A > 1.0
may be tolerated at low values of v. The only time con-

vergence to the erfc form would result in appreciable error
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would be a case in which v > 1.0 and the second} term in the

- zD
exponential, ZL(o + ﬂ)g , was very small. For the sys-
v3 3m

tems studied here, 0 is of the order of magnitude of 10°

. causing the second term in the exponential to be comparable

in size to Hyx(1 + 5v) .
45




CHAPTER IV
EXPERIMENTAL INVESTIGATION

The experimental model was designed to simulate the
baslic requirements of the real physical system. The main
requirements were: .

(a) Piston flow of a liquid in one direction

(axial) through a packed bed.

(b) The establishment of a known initial constant

temperature throughout the bed.

(¢) The introduction of a step function in tempera-

ture into one end of the bed.

(d) The measurement of the response temperature

profile at a known position down the bed.

(e) Negligible heat losses in the direction perpen-

dicular (radial) to the fluid flow.

. Early considerations indicated that a design similar
to that used by Preston (6¥) and Hadidi (44) would be satis-
factory. The heat-transfer section in these linvestigations
consisted of a packed bed of particles contained in a thin-
walled, insulated, cylindrical tube. An open-volume section
;mmediately above the bed face served to distribute the flow
evenly across the pack. A step-function temperature input

35
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was approximated by first bringing the bed to a desired tem-
perature, Tc{ using the test liguid as the heating media.
Then, the entrance-Tace temperature was quickly changed by
"flushing out" the open volume above the bed with liquid at

the different input temperature, T These design concepts

x
were followed in this work.

Experimental Apparatus

Flow System

A schematic dlagram of the flow system 1is shown in
Figure 3. Fluid storage was in an 8 gallon closed tank.
Flow rates through the system were controlled by regulated
air pressure on the liquid in the storage tank. Liquid
leaving the storage passed through a rotameter (C). To
maintain constant volumetric flow rates during an experi-
mental run, a constant differential type flow controller
(not shown) was installed between the fluid storage tank and
the rotémeter (C). The flow controller was necessary due to
the changing upstream pressure caused by the sudden change
in £luvid viscosity at the time of application of the step
function.

To preheat the liquid, it was passed through the
heat-transfer coils in two heating baths in series. Water
was used as the heating media. 1In the first bath, a crude
temperature control was maintained with the test liquid
being heated to within a few degrees 6f the final
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temperature. The heat source was a 1000 watt immersion
heater (D) which contained its own thermostat. The second
bath maintained a fine temperature control (0.1°F) and
brought the liquid entering the packed tube to a set tem-
perature level. The control in this second bath consisted
of a mercury temperature regulator (E) and an electronic
relay in conJunc%ion with electric immersion heaters (D).

The test liqulid went directly from the heating baths
to the packed-bed test section. To reduce heat losses be-
tween the temperature baths and the test cell, a double-pipe
heat exchanger insulated the flow line (A). Hot water from
the second constant-temperature bath was circulated through
the annulus of this exchanger.

When the test liquid was not preheated, it went im-
mediately from the flow meter (C) to the test cell, by-
passing the heating baths. With a constant flow rate, the
temperature at the entrance to the cell was found to hold
steady (iO.l°F) over the time of an experimental run.

A small resistance heatef (@), manually controlled
by means of a rheostat, was wound around the liquid flow
line just above the cell entrance. The need for this heater
is discussed iater. When desired, the packed bed could be
by-passed by closing the exit flow line and opening the
flush-out line (B) from the entrance cap. Provision was
made to catch timed samples of the packed-bed effluent in

order to determine volumetric flow rates.
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Temperatures were measured using iron;constantan
thermocouples and a Minneapolis-Honeywell multipoint tem;
perature recorder (¥ 153 x 87-C-11-111-106-8-B-V). TUp to 24
separate points could be recorded during a given run, how-
ever, a maximum of six wefe used in this work. Print speed
was two seconds per point, with a recording chart speed of
one inch per minute. The temperature range was 60 to 220° F,
The chart was graduated at 1.0°F and temperature recordings
could easily be read to 0.2°F. Chart—speed—wes—i—irch—pes
minubte: Both 30 and 24 gauge, spun-glass 1nsuiated thermo-
couples were used. In order to obﬁain small thermocouple

beads, an electric arc was used to form the wire Junctions.

Test Cell

More detalled sketches of the test cell are shown in
Figures (4), (5), (6), and (7). The packed bed, consisting
of solid spheres, was held in a cylindrical metal container
which was 3.66 * 0.1 inches ID and 13.67 inches in length.
(including threaded end pieces). The sﬁheres were held in
place between two end retalning screehs, each of which"was
composed of a 100 mesh over a 6 mesh screen. The outlet re-
taining screen was soldered permanently in place while the
entrance screen was fixed using Armstrong A-1 adhesive
(Armstrong Company, Warsaw, Indiana).

The wall of the packed bed was made of 0.010 inch
stainless steel sheet formed into a cylindr%cal shape and

soldered at the seam. Threaded end pieces w%re soldered to
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the tube. The thinness of the tube resulted both in a low
wall heat capacity and small heat conduction down the tube
in the direction of fluid flow. The heat capacity of the
tube wall was approximately 1.4% of the total packed-bed
heat capacity, with water as the test liquid.

Fluid entrance and exit caps were threaded to match
the tube end pieces. The use of "O" rinés.at this poiut
prevented fluid leak (Figure 4). The thin-walled retaining
tube, plus end caps, were inserted into a heavy-walled,
steel casing. "O" rings were also used here to hold the
inner tube in place and to seal off the annular space. This
arrangement allowed a vacuum to be pulled around the packed
bed, providing insulation. Vacuums on the order of 2 mm
total pressure were used. An alumina-foil radiation shield
around the inner tube, at a distance of about 0.25 inches
from the tube, provided further against heat losses ffom the
packed bed.

The entrance cap contained a flow sparger which
served to distribute the incoming fluld over the face of the
packed bed (Figure 5). There was a void space of 0.4
inches above the bed in which mixing of the feed liquid oc-
curred. Two flush-out exit lines were fitted into the en-
trance cap allowing the bed to be by-passed. The use of
this flush-out will be discussed in the Procedure Section.
Thermocouples were fixed at different radial positions Just

above the entrance retaining screen (Figures 6 and 7). The
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thermocouples were sealed by taking the leads in through
1/4 inch copper tubing and applying Armstrong adhesive at
| the outlets.

The exit cap contained seven openings for thermocou-
ple leads (Figures 6 and 7). Thermocouples (30 gauge) lo-
cated in the packed bed itself were run into the cap open-
ings, through small holes in the bottom retaining screen,
and up into the bed. These were fixed in place with Arm-
strong adhesivé prior to packing the bed. Iead wires were
sufficiently rigid to hold the thermocouples in upright po-
sitions. Thermocouples could thus be placed at any selected
depth in the bed, or at the packed-section exit, Just below
the retaining screen. The thermocouple openings were de-
signed to serve as fluld flow outlets, however, it was found

satisfactory to use only the center exit line.

Experimental Materials

Two liquids were used in the experimental program.
These were distilled water and Soltrol.* Sources and physi-
cal properties of these liquids are given in Appendix F.

Four different so0lild spheres were used to formulate
the packed section. These were glass, lucite, lead, and
stainless steel. The sizes used were 3 mm and 6 mm in diam-
eter for the glass, lucite and lead systems, and 6 mm only

for the stainless steel. Sources and descriptions of the

*See Appendix F for a discussion concerning the
Soltrol used with thg lead packing.

~_
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beads are also presented in Appendix F. The 3 mm beads were
screened between U. S. Sieve sizes 6 and 7. The dilameter
was then taken as the mean of the two screen openings which
resulted in a diameter of 0.118 inches. The 6 mm beads were
measured with a micrometer and the average of twenty-five
measurements was taken as the diameter of the bead. The
densitles of the beads were determined by measuring the lig-
uld volume displaced by a bead sample of known weight. Care
was taken to eliminate the effect of aif bubbles clinging to

the surface of the spheres.

Experimental Procedure

Prelliminary Procedures

The Minneapolis-Honejwell Temperature Récorder was
calibrated using a Leeds and Northrup Potentiometer #8662,
as prescribed in the Leeds and Northrup manual.

Thermocouples were checked against the best available
thermometers over the experimental temperature range. The
precision of all thermocouples used was judged to be better
than #0.2° F between 70°F and 175°F. Accuracy was within
0.5°F.

Prior-to packing the spheres, thermocouples which
were to be located within the bed were fixed in position and
their locations measured. The thermocouples generally were
placed approximately 2.0 inches from the outlet end of the

bead pack and approximately 11.0 inches from the entrance



47

face. Also, prior to packing, the empty volume of the tube
between the retaining screens was measured to allow a calcu-
lation of bed porosity.

The beads were wet packed using a mechanical shaker,
with two to four inches of water maintained above the beads
during packing. When the final bed height was reached, the
top was smoothed, and the retaining screen fixed in position
using Armstrong adhesive. Once the top screen was fixed and
the entrance cap threaded on, the complete tube could be in-
verted with no shifting of the bed.

Bed porosity was calculated, knowing the empty tube
volume, bead density, and total weight of beads in the bed.
Packing as described gave porosities reproducible to within
two per cent. -

The packed heat-transfer tube, with the radiation
shield in place, was next inserted into the heavy-walled
outside cylinder which was fixed in a tri-pod metal stand.
The "0" rings were clamped into place. The- assembled tube
was placed 1n its operating location, leveled, and a vacuum
was pulled on the annular space. The tube was now ready

for operation.

Experimental Run Procedure
The experimental procedure consisted of bringing the
bed to a constant'temperature, injecting a step function in
temperature at one end, and measuring the response curve at

fixed positions.
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The packed section ﬁas heated to a constant specifiled
temperature throughout by preheating the test liquid in the
constant-temperature baths and flowing it through the section
until thermocouple readings at the inlet and outlet agreed.
Initial bed temperatures between 135°F and 150°F were used,
with about 145°F being the usual value. A The hot flow through
the bed was stopped. The entrance cap (space above packing)
was flushed out at a high flow rate with cool (room tempera-
ture) test fluid. This was done by closing in the tube exit
line and opening the entrance-cap, flush-out line. Flush-out
was continued until the entrance thermoccuples indicated a
constant temperature. The approximate flow rate for the run
was set using the flow meter. After allowing a few seconds
for further temperature adjustment at the entrance, flow was
started through the test section by simultaneously opening
the tube exit line and closing the flush-out line. The tem-
perature recorder was started at this same instant. Total
time of flush-out was held to one minute or less and, as dis-
cussed in the next sectlion, this procedure resulted in a
satisfactory approximation to a temperature step function.

Even with flush-out, the entrance temperature tended
to drift downward 1-3°F during a run. This was apparently
due to a combination of initial incomplete cooling of the
entrance cap and back diffusion of heat out of the bed. To
offset this drift, a small reslstance heater was wound around

the feed line, Just above the entrance cap. By manually
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controlling the input from this heater, a constant tempera-
ture of #0.5°F was maintained at the packed-section face
except during approximately the first 20 seconds of a run.
A drift of 1-2°F sometimes occurred in this short initial
period. These tolerances were exceeded very slightly in a
few of the runs, with no noticeable effect on the measured
temperature profile. At 1nterstitial velocities of approxi-
mately 5 ft/hr or less, back diffusion of heat out of the
bed prevented complete control of the input temper%EE/

During a run the flow rate was held constant within
one percent by the flow controller. Flow was measured by
catching timed samples of the effluent. It was necessary to
control the flow rate during a run because of changing pres-
sure drop across the packed bed as the heat front progressed
down the bed.

The temperatures at six pre-selected points in the
system were recorded during the run. The two center posi-
tions, at the bed face and within the packed section (posi-
tions 1 and 8, see Figure 7) were always recorded. These
points were all that were really necessary to the data calcu-
lations. The other thermocouples provided auxiliary informa-
tion on piston flow and length effects. No deviations from
piston flow were noticed. Wall effects were controlled by
keeping dp/dy < 0.068 as suggested by previous workers. (11,
77) Viscous fingering and natural convection effects were

eliminated by flowling vertically upward while displacing a
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warm fluid by a cooler one. An experimental run concluded
when all thermocouples in the bed reached the temperature
of the input fluid. A typical data sheet and temperature
recorder chart are presented in Appendix E. -

In changing from one fluid system to another, the
bed was unpacked, the bead dried, and then the bed repacked.
This is necessary when the two fluids are lmmiscible as was

the case here. (4)

Exploratory Data

A few preliminary runs were made to explore the pos-
sibility of using a pulse input instead of a step function.
Although the results were hot completely discouraging it was
decided that the step function wculd be more practical. A
recorder chart for a pulse run is presented in Figure 8.

Also, preliminary data was taken on an empty tube
hoping to be able to obtainﬂanformation on'the contribution
of molecular éxial diffusion only. The fesults were useless
due.to the fact that the heat front arrived much earlier
than would be expected (i.e. Ve >> V). No logical reason

- for this phenomenon has occurred to this author.

Step Function Injection
One of the weaker points of the procedure was the
injecting a temperature step function into the bed. A pre-
liminary calculation was made to estimate the amount of heat

conduction into or out of the bed during a two-minute
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flush-out. This indicated that the very maximum heat con-
duction would be about 2% of the total heat input. An ex-
perimental check was made by conducting entrance-cap, flush-
out tests with thermocouples at known positions just under
the packed-bed face. These tests showed the éalculated
maximum conduction rate to be hiéh, and that a negligible
amount of mizing between the bed liquid and entrance-cap
liquid occurred. A one-minute flush-out period would there-
fore not cause adverse effects, and actually flush-out times
up to two minutes resulted in no appreciable effects on the
temperature response curves of the bed.

The temperature of the injected fluid was constant
across the inlet face of the packed section to #0.5°F in most
runs. In some cases, there was as much as a 3°F temperature
difference between the center and outside radius.

It is expected that the results were not affected
by using a statiec injeetion, i.e., fluid flow through the
bed stopped during flush-out. This has been checked in a
study on the longitudinal dispersion of mass in porous

media (13).

Bed Heat Losses
Calculated heat losses from the glass bead pack were
on the order of 1.5-3% of the heat input at a water flow
velocity of 4.5 ft/hr, decreasing with increasing flow rate.
For the metal systems heat losses were slightly higher due

to the increased time required for completion of the run.
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The use of a vacuum did not significantly reduce the alr
thermal conductivity, but convective transfer was essen-
tially eliminated. An estimation of radiation indicatéd
that the radiation shield reduced these losses to a negll-

glible value.

Temperature Measurement

Thermocouples were made of 30 gauge wire allowing
small junction beads to be formed (on the order of .02
inches). However, a slight time lag would occur in the
heating of the thermocouple bead. Recorded temperatures
therefore represent some intermediaste value between the true
liquid temperature and the solid-sphere temperature. Estims-
tions of this time lag, based on literature heat-transfer
coefficient correlations indicated that it had negligible
effect on the data, with the temperature difference between

fluid snd thermocouple being iess than .01.

Experimental Data Sets

The experimental systems investigated are summarized
in Table 3. In all cases the cooling runs were made with
flow being upward. Green (39) has presented recordér charts
in which severe channeling was present for heating runs.

The velocity range was between 5 ft/hr and 150 ft/hr. For
the metal systems, runs below 10 ft/hr were discarded due

to heat losses. The data 1s tabulated in Appendix B.
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Table 3
Run No. Solid Liquid dp ¢
D-BB-24C-42¢C Glass Wafer 0.232" 0.362
D-BB-118C-135C Glass Water 0.232" 0.362
D-BB-46C-6U4C Glass Soltrol 0.232" 0.370
D-BB-136C-147C  Glass Soltrol  0.118" 0.363
D-BB-88C-117C Lucite Water 0.232" 0.368
PM-157C-170C Lucite Water 0.118" 0.350
D-BB-68C~84C Lucite Soltrol 0.232" 0.370
D-BB-148C-165C Lead Water 0.250"  0.375
D-BB-166C-187C Lead Soltrol 0.250" 0.346
D-BB-188C-199C Lead Soltrol 0.118" 0.382
D-BB-200C-220C  Stainless Steel Water 0.250" 0.380
D-BB-221C-240C Stainless Steel Soltrol 0.250". 0.380



CHAPTER V
DATA REDUCTION AND ANALYSIS

Data Reduction

The data were initially reduced by means of the solu-
tion to the one parameter conduction equation in which R was

neglected.

T -T

I -
us= N % erfe ( L i ) III-3

Equation III-3 may be rearranged to yileld

erfe —f— V-1

2 VDe

c
h
VT

where

L k
— -V /t and D, = e

F e -
VA PP tr.e (1 P)

F =

The procedure for determining ke from the raw data utilizing
the above equation has Been presented other places (4,39,67),
and it will only briefly be described here. A detailed cal-
culation of run D-BB-99C including a temperature chart is
presented in Appendix E. The procedure consists of:
(1) t vs. F is plotted on arithmetic - probability
55
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paper which produces a straight line.
(2) This line is shifted so as to pass through the
point F = 0, U = 0.5 as required by equation V-1,
(3) An arbitrary point is picked (usually u = 0.10)
which will yield F at this point, (F ;).

(4) From equation III-3; 0.20 = erfec F.lO which
2 VDe

upon taking the inverse erfc yields a value of
Dg. It in turn yields a value of k, when mul-
tiplied by the system parameters Pulu® +
Pgeg(l - @).

The k., so obtained is broken into two components, a

static component and a velocity dependent component
(o)
ko = kg + kg (v)

The static component is the effective conductivity of the sys-
tem at zero veldcity. Several authors have studied this param-
eter {26,45,67), and they have developed methods for predict-
ing the magnitude of kJ for a wide variety of systems. k3 in
this work is obtained by extrépoiating ke data tc zeroc veloc-
ity, and the results agree well with the various predictive
models. The static conductivity serves as a corrected fluid
molecular conductivity, kﬁm, because the four parameter math-
ematical model does not allow conduction downstream in the
solid phase. Static conductivity, k3, is subtracted from the
raﬁlke'data to yield the velocity dependent component.

The velocity component, ke (v), 1s the sum of three
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independent velocity dependent mechanisms.

[pge (1 - CP)V]2 lpgeg(1 - CP)Vdp]2

ko(v) = k_© + +
o Wi ha 60 kg (1 - @)
= kwmm + kha + kS (ha)
k and k are functions which may be predicted so that

ha s{ha) .
it is possible to further reduce the data so that dispersion

caused only by fluid mixing may be studied. The parameter
which can be predicted with least accuracy 1s the term ha.
The correlating curve of Dryden et al. (22) (Jﬁ$ vs. Re) was
used to calculate ha by assuming the analogy between heat
and mass transfer to be valid. .For heat transfer J,® is de-

fined as

c 2/3
Jhcp=%%<—k§i> V-2

Dryden (21) has suggested that the data of Williamson et al.
(82) may be more applicable for the lower Reynolds numbers
than his cata. PFigure 9 presents a graphical comparison of
these. (22,82) The difference between the correlations is
primarily due to definition of JhQ. Williamsbn et al. have
correlated their data using the Prandtl number to the 0.58

power instead of the more commonly used 2/3 power.

h® cw 3% 0.58
In® cy @ ky > V=3




58

8N\
N .
6 N FIGURZ 9
L\ \ . J# CORRELATION COMPARISON
4 ' (1) Dryden, et. al. (22)
N ’ \ (2) wﬁuezmsgn, Zt. al. (82)
2 -
_ \ A\
10 @ AN
08— ‘ T AN
06 — _ — — \q\
‘04 - — S .
, . - ~
- \ ! . \\
E | NG N |
0.2 }— — : S -
S : N
: - 1 . _ 1 | "N
Q. - . - . \ .
0.08 — : - - ' ‘ \\ .
008 ' 2 — NG
0.08 }— : ‘ : '
. 002
0.0t b — -
ol . 02 0.4 0608 1O 2 ‘4 6 810 2 4 6 8100

Re = VdpP/u -



- 59
It is the opinion of this author that insufficient evidence
has been presented to justify the 0.58 power. Also, using
the Williamson et al, correlation results in values of k(ha)
so large that kme must become negative in order to preserve
the theory of additivity of the various conductivities, A

negative kwm@ has no meaning.

Data Analysis

Mixing Cell Theory

Several workers have studied the eddy mixing of a
fluid flowing through a porous medium. The most comprehen-
sive revigw of this type of dispersion is the work of Perkins
and Johnson (64) who use the mixing cell theory. This theory
has been independently proposed by several authors. (3,23,
53,55) It suggests that a.packed section be thought of as
a large number of small mixing chambers within each of which

complete mixing occurs.

Cell 1 Cell n Cell n+1
Cn CBuik Ca CBulk
a-; 1 Y j_, l ©n ‘Lo« i > Cnel
— L'
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L' = length of a mixing cell.
Differential equations for each cell are linked by
having the output of one cell be the input of the next, i.e.,
assume Co = Cp ., for each mixing cell. When the number of
cells approaches infinity, it may be shown that (3,53,55)

2
Pe =% +D ¥ | V-4

Where Y = L'/dp, the number of mixing cell lengths
per particle diameter.

The critical assumption of the mixing cell theory,
for Y defined as it is above, is that complete backmixing
must occur in each of the individual cells. In other words,
L' is the length required for complete backmixing. This
makes Y a variable dependent upon flow conditions. An alter-
nate treatment has been proposed by Carberry (12) which sets
Y = 1 for all conditions and then defines a mixing cell
efficiency. A cell having an-efficiency of 100% would yield
a constant value of the Peclet number, Pe = 2.0, indicating
that E, the eddy mixing diffusion coefficient, 1is a linegr
function of Vdp under the restriction of E >> D. Whether Y
is treated as a variable or as a mixing cell efficiency is
immaterial. Both treatments serve the same purpose and the
difference is merely one of presentation. The variable y is
used in this study.

The mass transfer studies discussed in Chapter II

indicate that the Peclet number is a function of flow
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conditions and that only at certain ranges of the variable
Vdp/D is it equal to approximately 2.0. Perkins and Johnson
(64) and others (33,34) have developed a reasonable explana-
tion for this. When a fluid flows through a pack at a very
low rate there will be time for molecular diffusion to elim-
inate concentration gradients within each mixing cell and
thus complete mixing will occur. If the veloclity is in-
creased, yet still maintaining laminar flow, a point will be
reached at which there is insufficient time for molecular
diffusion to act within & particle diameter, causing the mix-
ing cell length, L', to increase, (or the mixing cell effi-
ciency to decrease) resulting in a lower Peclet number, i.e.,
an increase in the mixing coefficient E. The ablility of the
molecular diffusion of the'fluid phase to eliminate these
pockets within a certain specified range of Vdp/DAdoes not
mean that the eddy dispersion has been eliminate .. It does
mean that if the pockets are eliminated within the specified
times, the mathematics of the mixing cell model predict a
linear dependence of the eddy mixing coefficient, E, on VdD.

The dimensionless group, Vdp/D, may be considered ;s
the ratio of the time required for molecular diffusion to
damp out concentration gradients to the residence time of
the fluid in a mixing cell of length dp. Thus, it‘is a meas-
ure of the efficiency of the mixing within the cells. Al-
though the region is not sharply defined, mass transfer stud-
ies indicate that the cell mixing length 1s approximately
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one particle diameter in the region of 10 < Vdp/D < 50. For
Vdp/D < 10 moleculiar diffusion is predominant; for Vdp/D.>
50 insufficient time is available for complete mixing in one
particle diameter length. When Vdp > 50 eddy dispersion, E,
increases as Vdp to some power greater than one up to the
point where transition from laminar to turbulent flow begins.
This transition éone is characterized best by the Reynolds
number rather than Vdp/D, but since the group M/pD = 1000
for most mass transfer processes, Vdp/D again may be used as
the correlating variable. The transition zone begins at
approximately de/D = 60,000,vand complete turbulence occurs
roughly at Vdp/D = 10 x 106. The reader is referred to
Figure 10 compiled from literature liquld mass transfer stud-
ies using spherical beads. Note that when the veloclty is
decreased to the point where E=¥‘o, that the Peclet number
then becomes a linear function of Vdp.

The correlating variable should be Y instead of the
Peclet number. This cholce is somewhat arbitrary since vy =
2/Pe according to the mixing cell theory. Howevér, using v
as the correlating variable helps visualize the physical
situation. The combined data of this work and the work of
Green (39) cover a range of 3 < Vdp/D < 800.: As in mass
transfer mixing data, one would expect complete mixing within
one particle diameter length to occur in the general region
of 10 < Vdp/D < 50. In heat transfer, however, another

variable is influential, the thermal diffusivity of the



64
solid packing. Eddy mixing is assumed to occur because of
the difference in velocity of the fluld around the solid |
particles. It is usually assumed that stagnant pockets form,
or there are slugs of fluid traﬁeling at very low relative
velocitj. In the case of mass transfer studlies using non-
porous packing, the only mechanism that can eliminate these
stagnant pockets 1s molecular diffusion in the fluid phase.
In the caée of heat transfer, the heat contained in the stag-
nant pockets can also be eliminated by heat transfer into the
solid phase, followed by conduction through the solid to a
region of high fluid velocity. Also, heat may be conducted
down the bed in the solid phase through point to point con-
tact of the solid particles. However, Masamune and Smith
(61) indicate that point to point contact thermal conduc-
tivities are of the order of 10~2 Btu/hr-ft-°F. The net
result of this additional mechanism would be a decrease in
mixing cell length, i.e., Y < 1.0 at 10 < Vd,/D < 50.

Since this added mechanism does occur for heat trans-
fer, it is necessary to define a normalization facter in
order to compare mass transfer and heat transfer mixing data.
For thls reason the factor Yn,vwhich is a function of the
. physical properties of the 80l1id phase, has been introduced.
Yn is defined as the factor required to force the mixing
cell length to equal one particle diameter (Y/Yn = 1) in the
region of 10 < Vdp/D < 50. When this is done, the heat
transfer mixing data correlate with the mass transfer mixing
data over the range of 3 < Vdp/D < 800.
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The normaliization factor Y, 18 a sole function of
the thermal properties of the solid phase. The thermal
diffusivity was chosen since the efficiency of the added
mechanism is dependent upon how quickly the heat contained
within the stagnant pockets can be conducted to a region of
higher fluid_velocity; The mechanism being an unsteady étate~
process, the diffusivity was chosen as the correlating
parameter, Aiso, a base of Yo = 1 was chosen for the mass
transfer case where Dy = 0.

A detalled mathematical model would undoubtedly yleld
;nsight into the mixing process, but it is felt that the
analysis is unwarranted at this time. It would be unwise
to attempt to prove such a model with the data presented
since it is so far removed from the measured parameter, ke,
when comparing mixing data. For this reason Yn is presented
as a function of thermal diffusivity only,'and the more ad-
vanced models deferred to future work where the experimental
program may be designed accordingly.

Figures 21 to 24 (Appendix C) present Y as a func-
tion of Vdp/D for the various solid systems. Figure 11 pre-
sents Y, as & function of the solid thermal diffusivity Ds.
The data points—5f~Figure 11 indicate the maximum variation
in Yn for the vérious 80l1id systems. Figure 12 presents all
of the heat transfer mixing data available (this work, 4,39)
in a form comparable to the mass transfer mixing data of the

previously mentioned authors.
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The following désign procedure is outlined in order
to predict a value of ke. The following system properties
must be known: Pus Hs Cys @, Pgs Cg, Ky, kg, V, and 4.
1) The static thermal conductivity is predicted by

the Euchen or Hamilton equation.

O . K, [k + 2k, - 2(1 - @) (k, - kg)]
e kg + 2ky + (1 - 9)(k, - kg)

II-7

2) The solid resistance contribution is estimated

by means of equation III-12.

. [pgeg(l - ©)Vpd,)2
s(ha) 60kg (1 - 9) III-12

3) TUpon calculation of the Reynolds number, Dryden's
Jﬁv factor may be obtained from Figure 9. Under the assump-
tion that Jdm = Jhp, a value of h is calculated from the
definition of JhP |

he Cq M >2/ 3

J.@ = V-2
h cyG Ky
6(1 -
ha = JncwC [ HD¢) ] Vo5
(cﬁu/kw)2/3

where a = 6(1 - 9)/d, for spherical particles. Equation
ITI-13 is then used to obtain the contribution of the film
resistance

. (pscs(l_- ?)Vp)2

ha ha III-13
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4) Calculation of Vdp/D yields a value of Y/Y,, from
Figure 12. Knowing Dg allowg a value of Y, to be taken from
Figure 11. The eddy mixing contribution is then obtained by
the following calculation.

n® = [ (/7)) () (Va,) - 2DI0pyey®/2] V-6

5) The overall longitudinal dispersion coefficient
ke is then the algebraic sum of the individual contributions.

(o)
ko = kg + Ky(pa) + K(na) + Ky V-7



CHAPTER VI
SUMMARY AND CONCLUSIONS

A fluld was considered in one-dimensional, steady,
piston flow through a porous’mgdium. At the entrance face,
a step function in temperature was imposed-on the injected
fluid. The resulting heat front moved throggh the porous
medium, with thermal energy being dispersed in the direction
of fluid flow and away from the mean heat-front position by
a combination of heat transfer mechanisms. The particular
dispersion mechanisms of molecular conduction, eddy mixing,
and a finite fluid-solid heat transfer rate were considered.

General differential equations describing the above
mentioned mechanisms were solved analytically, and the re-
sulting solution approximated to yield a convenient erfc
form. The mathematical model indicated that the overall
dispersion coefficient, k,, ~ould be represented by the sum

of the following conductivities.

kg - characterizing the static conductivity of the
medium _
kwd$ - characterizing eddy mixing within the fluid
phase

70
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k(ha) - characterizing the finite heat transfer rate
occurring across a fluld film resistance
ks(ha) - characterizing the contribution of internal
diffusion to the fluid-solid heat transfer
rate.

Predictive equations for all of the above conductiv-
itles except kwﬂm were presented. The contribution of eddy
mixing (kwdp) was obtained from the experimental values of
the total dispersion (ke) by difference. The resulting eddy
mixing coefficlient was compared to mass transfer mixing data.
The heat and mass transfer mixing data were correlated by in-
troducing a heat transfer normalization factor to account for
_the added mechanism of internal conduction within the solid
particles. The mixing cell theory was found to be adequate
in correlating the mixing data for a variety of.systems.

The application of the mathematical work to a similar
mass transfer process (chromatography) resulted in an exten-
sion of the commonly used H.E.T.P. design equation originally
presented by Van Deemter et al. (80)

Conclusions

The following conclusions may be drawn from the re-
sults of this investigation.

1) The solution to the general differential equa-
tions, equations III-7 and III-8, may be approximated by a
simple conduction-equation solution (equation III-3) using

an effective thermal conductivity which is equal to the sum
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of four contributing conductivities each of which represents
a separate mechanism. A qualitative discussion indicates
that this approximation is valid for an extensive range of
variables.

2) The mixing cell theory adequately correlates the
heat transfer mixing data if v, the dimensionless mixing
cell length, is treated as a variable.

3) The added heat transfer mechanism of internal
conduction within the solid phase, which does not occur in
mass transfer mixing systems, tends toc eliminate stagnant
pockets, and thus decrease the eddy mixing coefficient E.
This effect is presented in terms of a normalization factor
Y,» which is correlated as a smooth function of the solid

phase diffusivity.



NOMENCLATURE

A - feed volume of adsorbate per unit area of bed, ft
a - particle area per unit volume of bed, ft

b - particle radius, in. or ft

c - heat capacity, Btu/lby-"F

¢ " Pululw T pwchwo

Cg - non-equilibrium term for diffusion in the inter-

particle spaces

D - molecular diffusivity (mass or heat transfer),
£t2/hr. D = D unless otherwise stated.

De - effective thermal diffusivity of porous media for

the one parameter model, £t2/hr

Do - effective thermal diffusivity of porous media for
the four parameter model, ftZ/hr

Dy, - total diffusivity of the fluid phase, E + D, ftz/hr

Dv - velocity component of effective thermal diffusivity,
£t2/hr

dp -'solid particle diameter, in. or ft

dt - inside diameter of heat transfer tube, ft

E - eddy mixing diffusivity (mass or heat transfer),
£t2/hr )

erf - denotes errcr function

erfec - denotes co-error function, 1 - erf

73
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F -2/t -V /t

! - mass flux, 1by/ft®-hr

h - heat transfer coefficient, Btu/hr-ft--°F

Hl - defined in Appendix A, equation A-18

H2 - defined in Appendix A, equation A-19

HDl - defined in Appendix A, equation A-14

HD2 - defined in Appendix A, equabticn A-15

H or - height equivalent to a theoretical plate, ft

H.E.T.P.

H! - Gistance between theoretical plates, ft

j. - empirical "j" factor )

k - molecular thermal conductivity, Btu/hr-ft-°F

Ke - effective thermal conductivity of porous media,
Btu/hr-ft-°F

_g - statlic thermal conductivity of porous medla, 1li.e.,
thermal conductivity with fluid ln-place but not
moving, Btu/hr-ft-°F

ke(v) - velocity dependent component of effective thermal

conductivity, Btu/hr-ft-°F

k(ha) ~ effective coefficient characterizing a finite heat
transfer rate between the solid and fluid phases
controlled by a fluid "film" around the particles,
Equation (III-13), Btu/hr-ft-°F

k - thermal conductivity obtained by numerical integra-
tion, Btu/hr-ft-°F

kp - thermal qonductivity through point to point contact
of the packing, Btu/ar-ft-°F
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- effective coefficlent characterizing a finite time

required to damp out temperature gradients within
the solid particles, Equation (III-12), Btu/hr-ft-°F
eddy mixing dispersion coefficient, Btu/hr-ft-°F
thermal equilibrium constant, pscs/p"cw

length of packed section, ft

length of a mixing cell, in. or ft

ratio of solid bed fraction to void fraction, +—2
®

number of theoretical plates
Peclet number, Vdp/(E + D)
p.eT -0 ¢ T

s 8”8 87878,

real part as opposed to imaginary part
vd. o

Reynolds' number, up
bpC

film resistance, 3; ¥ . hr

Laplace transform variable, a + 1B

fluid injJection volume per unit area of bed, ft

temperature, °F
time, min or hr

time of injection fcr pulse input
T-T
0

TI -To
interstitial fluid velocity, ft/hr

temperature fraction,

effective plate volume, £t
Py Cu PV
wou® +oscs(1 -9)

veloclity of square heat front,'wpsﬁ
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equation II-4
defined in Appendix A
defined in Appendix A
defined in Appendix A
distance, ft
equation II-4
VpL/Dg

Greek letters

real part of complex Laplace transform variable s
imaginary part of complex Laplace transform variable
s or as defined in.Appendix D, equation D-1
3DK/b2, 1/hr

variable of integration or proportionality constant
in the treatment of eddy diffusivity

defined in Appendix A

viscosity, 1lbp/ft-hr

density, 1lby/ft3

porosity, i.e., vold fraction

t - 2/V

Vpt/L

2Ds/b2’ 1/hr

YRy = kg/bh

Subscripts

denotes heat transfer variable

denotes inlet condition



1T
denotes 1inside solid particles
denotes mass transfer variable
denotes n'? cell
denotes initial condition or injection time for
pulse input
denotes so0lid phase
denotes fluid phase
denotes fluid mixing

Superscripts

denotes average temperature with respect to solid
particle radius

denotes Laplace transform domain
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APPENDIX A

MATHEMATICAL TREATMENT

Four Parameter Model Solution

The mathematical model proposed in Chapter III re-
qﬁires the simultaneous solution of differential equations

describing the temperature of both phases. These equations

are-:
> aT a°T am
T P,C
W W W s®s °'s
wlw 3¢ T PwCw 35 ~(E+D) Py 32 . m 3t 11I-7
and
2
oT T AT
i si 2 " “si
pscs S-E— = pScSDS are + '; 31 ] III-8

The following definitions are used:
C=p,c T -p.c.T

WW W WWWO
. s
1(2,t) = PgegTy - PgCqTy

q (r,2,t) = pge Tyy - pscsTsio
qs(z,t) = qi(b,z,t), i.e., q, evaluated at the solid particle
. 85



86
surface where subscript o denotes initial conditions, sub-
script 1 denotes inside solid particle, and superscript 4
denotes average value with respect to solid particle radius.

Equations III-7 and III-8 then become

and

TN A-e

The boundary conditions in this nomenclature become:

c(z,0) = 0O
C(0,t) = C1 = 0,0, (Typ = Tyeo)
C(»,t) = O

and
qi(r,z,o) =0; 220
qi(o,z,t) = finite; 2> 0
Qg = qi(b;z,t) given by 2 > 0

%% - SQE__ c-2 " A-3
Pwlw K
The various C and q terms will be referred to as con-
centrations since they represent the heat concentration in
Btu/ft3. |
| The last boundary condition (A-3) is the linking
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equation between equations A-1 and A-2. Carslaw and Jaeger
(14) have solved equation A-2 for the special case of a conQ
stant value of q,. By applying Duhemel's theorem (14, p. 30)
to the solution of Carslaw and Jaeger, Rosen was able to ob-
tain an expression for qi(r,z,t) in terms of the surface

concentration qg(b,z,t).

Q4 (r,z,t) =

- t
n+l o ' o
2D82 (-1) o, “_“r‘_n_"’g qg(b,2,t) exp [-Dgop (¢ -1)ldr

h=l o

If this expression is in turn integrated over the entire
volume of the particle the following expression is obtained
for the average solid concentration in terms of the surface

concentration qs(b,z,t)

b
EE-S qi(r,z,t)redr b

8 3 % 3 5
EE-S r2dr °
3 (o)

o g

6D

A

3(z,6) = = ). § ag(b,z.0) exp [-Dga2(t - 1)]ah
b® n=1 o

Exchanging the order of differentiation and summation, ap-
plying Leibnitz's Rule, integrating the resulting integral
by pafts, and making use of the fact that qs(b,z,of- 0, the
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following expression for the rate of change of the average
solid concentration with respect to time 1s obtailned
t

d3ag(z,2)
§ e exp [-D02(t - 1)1 & A-4
o

Substituting equation A-# into equation A-1 and taking the

Laplace transform with respect to time we have

:'1_ exp [-Dscﬁ(t -2)Jdx

2 [--4
ss?:f+\7317-1>Laz'fr z =
n=l A-5

az

O‘/‘d'

The Laplace transform of the integral on the right-
hand side of equation A-5 may_be recognized as the Faltung

integral theorem and therefore can be replaced by £ f. £ f2

1

3q
where fl = S..EE.and f, = exp [-Dsogt]. Using the boundary

2
condition A-3 and equation A-1, &£ S%E.- sag can be expressed

as

bKs Y 2% 3n
Sq, = 3> | meT + Vm g, - mDp, =5 + - C |

2
and £ exp [-Dgo t] = 1/(s + Dg0,
With these substitutlions and the following notation
Y = (3DgK)/(v%)
Rp = DPycy/3h

Yp(s) = 2v ) (8)/(s + Dgol)

n=1
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Yb(s).
(1 + RpYp(s)]

YT(8> =

equation A-5 becomes

A-6

Equation A-6 may be treated as an ordinary, second order,
linear differential equation whose solution after applying
the boundary conditions is

Yn(s) > .

l:% 2DL. "/—-2'4'(‘5}:+ mDL AT

C1

u =

Equation A-T7 may be rearranged to yield

ﬁ--i-exp[%%;(l- 1+—{s+Y(B)}>] A-8

Y (s)
m

D
Provided that { —-2—1—' | 8 + I } < 1 the radical of equa-
v

tion A-8 may be expanded in a binomial expansion and discard-
ing all but the first three terms yields

Yy (s) . Zf;, (s + Y (s) )2 ] "

Vm m

The factor e in equation A-9 is a time translation factor

and may be ignored if in the final result t 1s replaced by 6



Q0
where 8 = t - Z
\'s
Making use of contour integrals Rosen (71) has been
able to show that the inverse Laplace transform of equation
A-9 is given by

1B6_
u(z,8) = %-+-%- R [e P u(z,iB)] ds A-10

oL 8

thus necessitating the evaluation of YT(iB). Again follow-
ing the work of Rosen (71) a trigonometric expression for

Yn(s) 1s obtained.
Yb(s) = Y(w cot w - 1) A-11
where w = 1b(s/Ds)%. From equation A-11
Yp(18) =v( (2 - 1M cot [(1 - 1A -1 )  A-12

where w(18) = (1 - 1A , A= (8/0)}, o = (2Dg/2).

By rather tedious manipulations Y,(iB) reduces to

YD(iB ) = Y[H‘Dl ()\ ) + iHD2)] A-13
where
Hn (L) = |2 ( 8inh 2 + sin 2 ) _ A-14
Dl( ) [ ( cosh 2\ - cos 2\ l]
A) = ) ( 8inh 2\ - sin 2\ _
HDz( ) ( cosh 2\ - cos 2\ A-15
YT\;B) =T . V(Hnl " 1HD2) where V = YR, A-16
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By multiplying numerator and denominator by 1 + v(HD1 - iHD2)

equation A-16 reduces to

YT(is) = Y(H; (A,v) + 132(x,v)) where A-1T7

- 2

2 2
Hy + V(H + Hy ¢)
Dy D, Dy

Hl(X,v) = A-18

: 2
(1 + val) + (vaz)a

Hp
He()\,\’) = 2

> > A-19
+ VH + (VH

(1 Dl) ( Dg)

If the hyperbolic and circular functions of equations A-14

and A-15 are expanded in a Maclaurin series and all but the

first few terms discarded the following limiting values of

Hp, and HD2 may be obtained

1
iy, = (4/u5 )"
Hp, = (2/308

which are accurate to within 4% if A < 1. If the limiting
values of Hbl and HD2 are in turn substituted into equations
A-18 and A-19, with vxn assumed less than 0.5, the following
expressions for H;(A,v) and Hy(A,v) are valid within 5%.

H = (4/&5)14(1 + 5v) A-20
Hy, = (2/3)A2 A-21

Therefore Yp(18) = Y[ (4/45N*(1 + 5v) + 1(2/3n%]  a-22
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Substituting A-17 into equation A-9 and equation A-9 in turn

introduced into equation A-10 the following results:
e [Hy (A,v) (x,v)]
-Yx V) + 1 v
U.(ZG)=—- !‘.SR[eiBQe 1\"? H2 s
m o
A-23
. exp——( 18 +— (5, +1H2)>] ds
v3

where x = (2/Vm). Remembering B = 0)»2 and considering the

real part as indicated in equation A-23 we have

2
zD 200L"H.Y
o —{nyl + ——L-(02k4+ —_—2
1,2 S v3 m
u(z,8) =5 +=-9 ¢
o
2
Y ,°2 2
: {0912 XH, + —= <aok2H +
sin -Y HQ \E— 1Y
2H, Hy¥ )} e R
—z /I : -
m
1w
where e =cos W + 1 sin W has been used. Substituting the

limiting values of Hl and H‘E (A-20 and A-21) and throwing

away ail terms involving 16 or higher order we have

a8 {(4/45)71(1 + 5v) ’+ %(c + %)2 } |

u(z,8) =2+ 2\ e

o=

o8

sin {oe).a - (2/3)Y:ltk2 } dT)" ’ A-25
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Equation A-25 may be reduced to an erfc form as follows

2
Let £2 = 2" {(‘V‘*S)Yx(l +5v) + 2L <c + ?%) } A-26
V3 3

2 { (4/85)yx(1 + 5v) + 2L by o +2r)2}3
v3 3m

Then

1 1
u(z,8) =5 +

o8

e-g sin 28y Qé_

which reduces to

u(z,8) = % erfe ( (:(4‘31):;,;);9 A-28
z

where reference is made to the fact that

2

e sin 2§y—§-&erry

A=
o8

Carslaw and Jaeger (14) p. 483. Thus

,0) = Eralve - o8
u(z,s % 91‘“( . ( (4/45)yx (1 +5v) + (zDL/V3)[a + emJ >%>

A-29

If the argument of the erfc in Equation A-29 is multiplied
top and bottom by (b°Vp/2Dg /'t) and substituting x = (z/mV),
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98 =t - Z and further replacing z by Vgt everywhere but in

Vv
the numerator, equation A-29 becomes

(z/ /t) - VgVt
2 /D'

u(z,t) = & erfe [ ] A-30

[pgeg(l - ep)dep]2 [pgeg(l - ¢)VF]2
60kg (1 - ®) + ha
PC2 + Pgeg(l - @)

?
where D, =

If and k are defined as

k
s(ha) ha

- [pscg(l = ¢)CVde]g
s(ha) 60kg (1 - @)

¥pa = ha

then Def becomes
' Kyn? + K® + Ky + ks(ha)
P Cu® + P (1 - @)

De

;;ere Dy, = Al
Lo e +p.c (1 -0)
W W S S

has been used.

Equation A-30 may be further reduced to the form used in
Chapter III.

u(l,r) = % erfec <.2 /(1 =T ) > A-31
De' /VFL T

where X has been evaluated at z = L.



APPENDIX B

In the following tables all conductivities are in Btu/hr-ft-°F,
Vdp is in fte/hr, and temperature is in °F.

Raw Data

Glass-Water d_ = 0.0193' (6 mm) ® = 0.362

D
k: = 0.51
Run # Ygg_ Re k, ke(v) EQ/VFL ;55&1
D-BB-24C 0.29 13.18 3.32 2.81 0.010 121.6
25C 0.42 19.09 5.96 5.45 0.013 119.5
26C 0.80 36.36 15.83 15.32 0.018 125.5
27C 0.47 21.36 6.96 6.45 0.013 117.3
28C 1.12 50.90 24,34 23.83 0.019 115.5
29C 0.19 8.64 1.94 1.43 0.009 119.3
30¢ 0.61 27.73 10.12 9.61 0.015 116.4
31C 0.38 1T.27 4,68 4,17 0.011 116.4
32C Run Thrown Out¥*
33¢C 0.52 23.62 8.08 T7.56 0.014 117.5
34c  0.25 11.36 2.70 2.19 0.010 121.8
35C 0.34 15.45 4,72 4,21 0.011 122.1
36C 0.40 18.18 5.60 5.09 0.013 119.5
37C 0.49 22.27 7.78 7.27 0.014 115.4
38C 0.14 6.36 1.65 1.14 0.011 120.5
39C 0.56 25.45 8.86 8.35 0.014 117.1
Joc o©.25 11.36 3.26 2.75 0.012 118.5
hic Run Thrown Out

42¢  0.30 13.64 4,00 3.49 0.012 118.1

118C Run Thrown Out -
119C 0.62 28.18 9.54 9.03 0.014 116.3
120C 0.62 28.18 9.41 8.90 0.014 116.0
121¢ 0.82 37.27 14.12 13.61 0.015 114.9
122¢ 0.80 36.36 14,00 13.49 0.015 114.4
123¢ 0.81 36.81 14.39 13.88 0.015 114.2

*Run thrown out denotes a run that is in disagreement with
one or more other runs at the same Vd,. Run discarded de-
notes a run that is known to be defecgive.
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Run # Vdp Re k. ke(v) De/VFL Tavg
124C 0.94 4a2,.72 20.46 19.95 0.020 114.0
125C 0.99 45,00 20.72 20.21 0.019 111.7
126C 0.99 45,00 22.89 22.38 0.021 110.2
127C 1.78 80.90 56.64 56.13 0.028 108.6
128C 1.78 80.90 53.18 52.67 0.027 112.8
129C 1.72 78.1 50.86 50.35 0.026 113.1
130C 0.68 30.91 12.09 11.58 0.016 113.5
131C 0.86 39.09 17.58 17.07 0.018 113.6
132C 1.11 50.45 24.95 24,44 0.020 113.4
133C 2.27 103.17 84.83 84,32 0.033 110.1
134¢C 2.24 101.81 80.27 79.76 0.032 115.3
135C 2.17 98.63 73.36 72.85 0.030 112.7
Glass-Soltrol dy = 0.0193' (6 mm) ® = 0.370

)
ke = 0.25

D-BB-46C 0.71 14,41 9.4% 9.21 0.031 113.8
47cC 0.73 14,82 10.22 9.97 0.032 115.3
48c 0.85 17.25 13.01 12.76 0.035 114.7
4oc 0.46 9.34 5.23 4,98 0.026 116.0
50C Run Discarded (Poor erfc curve fit)
51C 0.5 10.15 5.52 5.27 0.026 115.5
52C 1.04 21,11 17.11 16.86 0.038 115.6
53C Run Discarded (Poor erfec curve fit)
54C 1.16 23.55 20.00 19.75 0.040 116.5
55C 0.54 10.96 5.97 5.72 0.025 120.8
56C 0.59 11.98 6.74 6.49 0.026 118.5
57C 0.70 14.21 8.46 8.21 0.028 - 118.8
58¢C 0.76 15.43 10.69 10.44 0.032 116.0
59C Run Discarded (Poor erfe curve fit)
60C 0.47 9.54 5.23 4,98 0.026 122.0
61C 0.83 16.85 11.57 11.32 0.032 120.9
62C 1.86 37.76 43.16 42,91 0.054 120.4
63C 1.48 30.05 30.08 29.83 0.047 119.8
64¢C 1.66 33.70 .34.H1 34,16 0.048 121.8
Glass-Scltrol* d, = 0.00983' (3 mm) ® = 0.363

kg = 0.25

D-BB-136C 0.35 T7.10 4,53 4,28 0.015 114.8

137C 0.36 7.40 4,25 4,00 0.014 120.5

*The 3 mm glass-Soltrol data was not used in the correlation
of Y, for glass since it gives a value of Y, approximately
100% higher than would be expected from the other glass data.
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Run # Vdp Re k. ke(v) De/VFL Tavg
138C 0.36 7.40 4,69 4, 4y 0.015 123.4
139¢ 0.58 11.78 9.15 8.90 0.019 116.0
140c¢ 0.58 11.78 7.88 7.63 0.016 115.5
141¢ 0.57 11.57 7.36 7.11 0.015 114.1

1l42C 1.30 26.39 23.19 22,94 0.021 113.3
143cC 1.28 25.99 22.5N0 22.25 0.021 112.2
14kc  1.31 26.60 24,10 23.85 0.021 112.5
145C 0.13 2.64 1.06 0.81 0.010 116.2
146C 0.13 2.64 1.12 0.87 0.010 115.9
147C Run Discarded (Heat Losses Due to Low Veloecity)

Lucite-Water d, = 0.0193' (6 mm) ¥ = 0,368
K = 0.20
D-BB-88C 1.26 57.26 T4.72 T4.52 0.051 120.0
89¢ 0.86 39.09 37.07 36.87 0.037 123.1
90C 1.35 61.36 92.26 92.06 0.059 126.5
91C 1.07 48.63 47,07 46.87 0.042 126.5
92C 1.26 57.27 62.25 62.05 0.042 123.0
93¢ 1.05 47 72 44,52 44,32 0.038 120.1
Q4c 1.46 6.36 92.92 92.72 0.055 120.8
95C¢ 1.42 64 54 82,64 82.44 0.050 120.8
96C 0.93 42.27 38.13 37.93 0.035 122.5
g7C 1.21 54.99 61.17 60.97 0.043 120.6
98¢C 2.01 91.36 162.84 162.64 0.069 117.1
99C 0.60 27.27 19.89 19.69 0.028 1i8.0
100C 0.47 21.50 12.49 12.29 0.023 117.9
101¢C 0.57 26.04 18,10 17.90 0.027 117.1
102¢ 0.37 16.73 7.91 7.71 0.018 116.8
103¢ 0.51 23.37 12.97 12.77 0.022 118.8
104c 0.43 19.36 12.97 12.77 0.021 119.0
105C 0.57 25 72 17.23 17.03 0.026 117.8
106C 0.69 31,54 22,74 22.54 0.026 119.5
107C 0.65 29 68 20.83 20.63 0.027 119.8
108C 0.71 32.27 23.90 23.70 0.029 119.5
109C 0.79 35.91 27.55 27.35 0.030 121.8
110 0.82 37.31 34,41 34,21 0.036 121.0
111¢ 0.87 39.31 33.21 33.01 0.033 121.0
112C 0.70 32,00 22,41 22.21 0.027 120.2
113C Run Discarded (Poor erfe fit)
114c 2.09 94.99 187.35 187.15 0.077 118.5
115¢ 1.87 84,99 168.40 168.20 0.077 118.5
116C 1.69 T76.81 129.70 129.50 0.066 118.4
117C 2.11 95.90 195.94 195.T74 0.079 118.5
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CRun # V4, Re ke  kg(v) DVl T .o
Luclte-Water dp = 0.00983' (3 mm) ® = 0.350
kg = .20
PM-157C 0.21 9.73 3.16 2.96 0.006 116.5
158 0.16 7.34 2.64 2.44 0.007 117.8
159C 0.14 6.24 2.25 2.05 - 0.007 112.8
160C 0.12 5.29 1.60 1.40 0.006 118.0
161C 0.20 9.04 3.78 3.58 0.008 116.5
162C 0.33 15.04 8.71 8.51 0.012 113.0
163¢ 0.36 16.32 9.03 8.83 0.011 114.8
l64C 0.31 13.91 8.33 8.13 0.012 115.5
165C 0.48 21.59 14.56 14.39 0.013 115.1
166C 0.28 12.54 5.86 5.66 0.009 118.5
168C 0.36 16.54 9.86 9.66 0.012 112.0
. 169C 0.48 22.00 13.08 12.88 0.012 113, 5
170C Q.5 26.00 20.00 19.80 0.015 113.8
Lucite-Soltrol dp = 0.0193' (6 mm) ® = 0.370
kQ = 0.38
D-BB-68C 1.41 28.63 47.86 47.48 0.076 115.8
69C 1.59 32.28 59,09 58.71 0.083 118.5
70c 1.31 26.60 37.78 37.40 0.064 119.0
71c 1.75 35.53 62.08 61.70 0.079 125.0
72C 2.28 46.29 103.19 102.81 0.100 123.2
73C 1.39 28,22 43,33 42,95 0.070 123.1
T4C 0.84 17.05 17.86 17.48 0.048 122.1
75C 1.18 23.96 34.94 34,56 0.066 120.4
76C 0.62 12.59 10.47 10.09 0.038 122.8
77C 1.85 37.56 T70.11 69.73 0.085 120.8
79C 2.10 42,63 91.85 91.47 0.098 123.7
80C 1.58 32,08 54,94 54,56 0.078 123.6
81C 0.59 11.98 10.14 9.86 0.038 129.0
82C 0.94 19.08 20.64 20.26 0.049 119.0
83C Run Discarded (Heat Losses Due to Low Velocity)
84c 0.36 7.31 5.45 5.07 0.033 121.8
Lead-Water d, = 0.0208' (6 mm) ® = 0.375
kS = 3.50
D-BB-148C 0.61 27.68 12.41 8.91 0.017 114.8
149¢ 0.61 27.54 12.99 9.49 0.018 114.7
150¢C 0.75 34.18 17.38 13.88 0.019 114.5
151C 0.96 43.68 24,49 20.99 0.021 113.9



Run # V4, Re ke  ke(v) De/VEL Tayg

152C

1.05 47.50 28.36 24.86 0.022 113.5
153¢ 1.54 69.99 45.20 41.70 - 0.02% 113.3
154 2,09 94.85 68.39 64.89 0.027 116.4
155¢ 2.13 96.63 T0.07 66.57 0.027 116.4
156C 2.16 98.22 T0.07 66.57 0.027 116.5
157C oO0.44 19.8 10.42 6.92 0.020 117.1
158¢ 0.33 15.18 8.32 4,82 0.021 119,2
159C 0.27 12,45 7.21 3.71 0.022 119.7
160C 0.20 9.23 5.54 2.04 0,023  119.0
161C-165C Runs Discarded (Heat Losses Due to Low
Velocity)
Lead-Soltrol dp = 0.0208' (6 mm) ® = 0,346
kQ = 1.50
D-BB-166 0.68 13.74  T.u4 2.94 0.027 115.1
167 0.54 10.92 5.70 . 4,20 0.026 115.5
168. 0.39 T.96 4,14 2.64 0.026 118.8
169 0.31 6.23 3.39 1.89 0.027 119.8
170 0.22 4,53 1.55 0.033 119.5

- 3.05
171  Run Discarded (Heat Losses Due to Low Velocity)
172 Run Thrown Out

173 0.30 6.09 3.31 1.81 0.027 119.0

174 0.28 5.70 3.39 1.89 0.029 119.1
175 0.29 5.79 3.56° 2,06 0.030 118.3
178 0.40 8.06 4,74 3.24 0.029 117.6
179 0.52 10.60 6.08 4,58 0.028 115.2
180 0.89 17.99 11.14 9.64 0.030 114.2
181 1.12 22.8 16.81 15.31 0.036 114.0
182 1.62 32.87 26.10 24,60 0.039 113.1
183 2.07 42,02 36.90 35.40 0.043 113.7
184 2.8 57.05 = 55.70 54,20 - 0,04 111.9
185 2.73 55.42 §1.10 49,60 0.085 112.1
186 2.7 56.44 56.90 55.40 0.050 111.6

2,67 54.21 54,10 52.60 0.049 111.8
18 0. 39 T.90 4,97 3.47 0.017 115.7
189 0.51 10.31 6.81 5.31 0.017 116.4
190 O0.71 14.39 10.24 8.74 0.019 115.8

191 Run Discarded (Poor erfc rit)

192 1.25 25.32 22,05 20.55 0.022 113.1
193 1.24 25.18 21.80 - 20.30 0.023 113.5
194 0.33 6.68 4.16 2.66 0.016 112.4
195 0.24 4.86 3.16 1.66 0.017 114.6
196 0.17 3.44 2.42 . .92 0.019 115.8
197 0.14 2.84 2.07 ST 0.019 120.2

198 Run Discarded sProduced Negative P
199 Run Discarded (Heat Losses Due to Low Velocity)
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Reduced Data

Glass-Water

Run #  Xpg Kg(ha) ¥ B/D  Pe Y  Y/y, Vdy/D
D-BB-24C .92 43 1,46 10.90 4,04 .50 .99 48.3
25C 1.71 .91 2.83 21.20 3.14 .64 1.27 T0.0
26C 4.84 3.28 7.20 53.89 2.42 ,83 1.65 113.
27C 2.03 1.13 3.29 24,63 3,04 .66 1.32 T8.3
28c 8.3% 6.43 9.06 67.78 2.70 .74 1.48 186.7
29C .47 .19 7 5.78 4.65 .43 .86 31.7
30 3.19 1.91 4,51 33.76 2.91 .69 1.37 101.
31C 1.46 T4 1,97 14,74 4,00 .50 1.00 63.3
33¢ 2.30 1.39 3.88 29.02 2.87 .70 1.39 86.7
34 .72 .32 1.15 8.63 4.30 .4 .93  41.7
35C 1.20 .59 2,42 18,08 2.95 .68 1.36 67.0
36C 1.60 .82 2.67 19.95 3.17 .63 1.26 66.7
37C 2.20 1.23 3.84 28.71 2.73 .73 1.47 81.7
38c .28 .10 .76 5.69 3.47 .58 1.15 23.3
39¢ 2.75 1.61 4,00 29.91 3.00 .67 1.33 93.3
koc .75 .32 1.68 "~ 12.61 3.05 .66 11.31 41.7
hoe .99 46 2,04 15.24 3,06 .65 1.31 50.0
119¢ 3.00 1.97 4.06 30.39 3.28 .61 1.39 103.3
l20¢c 3.00 1.97 3.93 29.42 3,37 .59 1.35 103.3
121¢ 4,90 3.45 5,26 39.37 3.36 .60 1.36 136.7
122¢ 4.90 3.28 5.31 39.75 3.25 .62 1.40 133.3
123C 4.90 3.37 5.61 41,99 3.13 .64 1.46 135.0
l24C 6.44 4,53 8.98 67.22 2.28 .88 1.75 156.7
125C 7.04 5,03 8.14 60.93 2.65 .76 1.51 165.0
126C 7.06 5.03 10.29 77.02 2.10 °.95 1.90 165.0
127C 17.51 16.25 22.37 167.44 1.75 1.14 2.29 296.6
128C 17.44 16.25 18.98 142.07 2.06 .97 1.94 296.6
129C 16.59 15.18 18.58 139.07 2.04 .98 1.96 286.6
130 3.82 2.37 5.39 40.34 2.73 .73 1l.47 113.3
131C 5.66 3.79 T7.62 5T7.04 2.46 .81 1.63 143.3
132¢ 8.23 6.32 9.89 T4.03 2.46 .81 1.63 185.0
133C 25.47 26.43 32,42 242,66 1.54 1.30 2.60 378.3
134C 24.83 25.74 29,19 218.49 1.69 1.18 2.37 373.3
135C 23.36 24,16 25.33 189.60 1.89 1.60 2.12 361.6
Glass-Soltrol
D-BB-46C 5.17 .86 3.17 107.33 1.92 1.04 2.08 208.8
47C 5.46 .91 3,60 121.62 1.74 1.15 2.30 214.7
48¢ T7.00 1.24 4,52 152.70 1.62 1.23 2.46 250.0
4oc 2.52 .36 2.10 70.95 1.87 1.07 2.14 135.3
51C 2.90 43 1,94 65.61 2.20 .91 1.82 147.1
52 9.75 1.85 5.51 186.14 1.64 1.22 2.44 305.9
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Run # Kpo ks(ha) k. ® E/D. Pe Y Y/Y Vdp/D

54C 11.74 2.30 5.71 192.91 1.75 1.14 2.28 341.2
55¢ 3.38 .50 1.84 62.16 2.50 .80 1.60 158.8
56C 3.83 .60 2.07 69.78 2.43 .82 1.64 173.5
57C 5.07 .84 2.30 TT7.77T 2.60 .77 1.54 205.8
58¢ 5.91 .99 3.54 119.66 1.84 1.09 2.18 223.5
60C 2.63 .38 1.97 66.62 2.04 .98 1.96 138.2
61C 6.54 1.12 3.60 121.69 1.98 1.01 2.02 244,31
62C 24,67 5.92 12.32 416.35 1.30 1.54 3.08 547.1
63C 17.25 3.75 8.83 298.45 1.45 1,38 2.76 435.3
64Cc 20.70 4.71 8.75 295.54 1.64 1.22 2.44 488,2
136C 1.62 .21 2.45 82.77 1.22 1.64 3.28 102.9
137C 1.70 .23 2.07 69.93 1.48 1.35 2.70 105.9
138¢ 1.70 .22 2.52 85.14 1.22 1.64 3.28 105.9
139C 3.70 .57 4,63 156.42 1.08 1.8 3.70 170.6
140C 3.65 .57 3.41 115.20 1.45 1.38 2.76 170.6
141¢ 3.56 .56 2.99 101.01 1.63 1.23 2.46 167.6
142¢ 14,00 2,90 6.04 204.05 1.86 1.08 2.16 382.4
143C 13.20 2.79 6.26 211.49 1.76 1.14 2.28 1376.5
144C 14,10 2.94 6.81 230.07 1.66 1.20 2.40 382.4
145¢ .32 .03 46  15.54 2,30 .87 1.74 38.2
46Cc .33 .03 51 17.23 2.16 .93 1.86 38.2
Lucite-Water
D-BB-88C 8.41 31.64 34.47 253.83 .82 2.44 3,05 210.0
89Cc 4,61 14.74 17.52 129,01 1.10 1.83 2.28 143.3
90C 9.43 36.32 46.31 341.02 .65 3,06 3.82 225,0
91C 6.54 22,82 17.51 128.92 1.37 1.47 1.83 178.3
92C 8.35 31.64 22.06 162.44 1.28 1.57 1.96 210.0
93C 6.41 21.97 15.94 117.38 1.47 1.36 1.70 175.0
QUC 10.42 42,48 39.82 293.22 .82 2,43 3,04 243.3
95C 10.07 40.19 32.38 238.44 ,98 2,04 2.54 236.7
96C 5.26 17.24 15.43 113.62 1.35 1.49 1.86 155.0
g7C T7.92 29.18 23.87 175.77 1.13 1.76 2.21 201.7
g8C 17.22 80.52 64.90 47T.91 .70 2.87 3.59 335.0
g9C 2.43 T.17T 10.09 74,30 1.32 1.51 1.89 100.0
100C 1.72 4,46 6.11 44,99 1,71 1.17 1.47 1T78.8
101C 2.16 6.54 9.20 67.75 1.38 1.45 1.81 95.5
102C¢ 1.15 2.70 3.86 28.42 2,07 .97 1.21 60.3
103¢C 1.75 5.23 5.79 42.64 1.95 1.03 1.29 85.3
104C 1.81 3.62 7.34 54,05 1.28 1.56 1.95 T1.0
105C 2.34 6.38 8.31 61.19 1.51 1.33 1.66 94, 3
106C 3.26 9.60 9.68 T71.28 1.59 1.26 1.66 115.6
107C 2.96 8.50 9.16 67.45 1.58 1.27 1.58 -108.8
108C 3.39 10.05 10.26 75.55 1.54 1.30 1.63 118.3
109C 3.98 12.44 10.93 80.49 1,61 1.25 1.56 131.7
110C 4.29 13.43 16.49 121.43 1.11 1.80 2.25 136.8



103

Run # Kpo ks(ha) Koen® E/D Pe Y Y/Yn Vdp/D
111C 4.66 14.91 13.44 98.97 1.11 1.80 2.25 144.2
112¢ 3.32 9.8 9,01 66.35 1,17 1.91 2.39 117.3
114c 18,53 87.06 81.56 600.59 .58 3.47 4,34 348.3
115C 15.48 69.69 83.03 611.41 .51 3.95 4.94 311.7
116C 13.23 56.92 59.35 437.04 .64 3,13 3.91 281.7
117¢ 18.79 88.73 88.22 649.63 .54 3.72 4.65 351.7

PM-157C RIL .91 1.60 11.76 2.78 .72 .90 35.7
158¢C .29 .52 1.63 12,03 2.06 .97 1.21 26.9
159¢C .22 .38 1.45 10.71 1.5 1.03 1.29 22.9
160C 17 27 .95 7.03 2.42 .83 1.03 19.4
161C 5 79 2.39 17.56 1.77 1.13 1l.41 33.2
162C .96 2,18 5.37 39.55 1.38 1.45 1.81 55,2
163¢ 1.11 2.57 5.16 38,00 1.53 1.31 1.64 59.8
164¢C .85 1.87 5,41 39,87 1.24 1.61 2.01 51l.0
165C 1,73 4,50 8,16 60,00 1.29 1,55 1.94 9.2
166C 72 1.52 3.4 25,20 1.8 1.10 1.38 6.0
168¢ 1.10 2.64 5,92 43 59 1.35 1.48 1.8 60.7
169C 1.80 4,67 6.41 47,21 1.66 1.20 1.50 80.7
170¢ 2,30 '6.52 10.97 80.85 1.16 1.93 2.41 95.3

Lucite-Soltrol
D-BB-68C 14.64 13.12 19.72 666.22 .62

3.24 4.62 44,7
69C 18.34 16.69 23 .58 ZS6 49 .58 3,46 4.9 h67 T
T70C 13.20 11,33 T 34,80 .88 2,28 3.26 2 .3
T1C 21.04 20.21 20 45 690.88 T4 2,70 3.86 51
72C 32,51 34,31 35.99 1215.88 .55 3.65 5,21 670.
73C 14.30 12.75 15. Z 538.39 75 2.65 3.79 408.8
T4C 6.35 4,66 4T 218,67 1.11 1.80 2.57 247.1
75C 11,11 9.19 14.26 481.75 .78 2.58 3.69 347.1
T6C 3.92 2.54 3,63 122,64 1,47 1.36 1.94 182.4
T7C 22.86 22.59 24,28 820.27 .66 3,03 4,33 544,11
9C 28.55 29,11 33.81 1142.20 54 3,72 2.31 617.6
OC 17.67 16.48 20.45 689.69 .67 2.9 27 464.7
81C 3.55 2.30 3.91 132.09 1.30 1.5 2.20 173.5
82C T7.69 5.83 6.74 227.70 1.20 1.66 2.31 276.5
84¢ 1.58 .86 2.63 88.85 1.17 1.71 2.4 105.9
Lead-Water
D-BB-148C 2.23 .04 6.68 50.00 2.09 .96 1.91 101.5
149C 2.20 O T7.29 54,57 1.91 1.05 2.09 101.0
150C 3.15 .06 10. 67 79.87 1.63 1.23 2.45 125.3
151C 4,66 .09 16.24 121.56 1.37 1.46 2.91 160.2
152C 5.41 .11 19.34 144,76 1.26 1.59 3.16 174.2
153C 9.87 .23 ﬁ1°60 236.53 1.14 1.75 50 256.7
154C 15.64 U3 8.82 365.42 1.00 2.00 347.8
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Run # Kpa ks(ha) Ko E/D Pe Y Y/Yn Vdp/D
155C 16.17 44 49.36 373.95 .99 2.02 4,04 354.3
156C 16.68 .46 49,43 369.99 1.02 1.96 3.91 360.2
157¢ 1.30 .02 5.60 41.92 1.78 1.12 2.23 T2.8
158¢C .85 .01 3.96 29.64 1.91 1.05 2.09 55.7

9C .61 .01 3,09 23.13 1.99 1.01 2.02 45,7
160C .37 ---- 1.67 12.50 2.67 .75 1.5 33.8
<\\ Lead-Soltrol
D-BB-166C 3.60 02 2.32 7T6.32 2. .76 1.52 199.1
167C 2.48 01 1.71 56.25 2. Tl 1l.42 158.2
168 1.4 ---- 1,18 38.82 2. .68 1.36 115.3
169C .96 ----  0.93 30.59 2. .68 1.36 90.3
170¢C 57 ---- 0.98 32.24 1. 1.01 2.02 65.6
173C 94 --——- 0,87 28.62 3. .66 1.32 88.2
174C .83 ---- 1,06 34.87 2. .85 1.70 82.3
175C .86 ---- 1,20 39.47 2, .93 1.86 83.8
178¢ 1.51 ---- 1.73 56.91 2. .96 1.92 116.8
179¢ 2.35 .01 2.22 T3.03 2. .95 1.90 153.5
180¢c 5.65 .03 3.96 130.26 2. .99 1.98 260.6

181c B8.28 .05 6.98 229.61 1.37 2.74 330.6

FEOMNMORPHPHEHEREPHERERFREFREFEPDDODODPDWHENDD DD
ONHOHHEFOOMNNVMOONNEONITOH QHWOWWO\O O
OO WVWOFWUIIVMIaFOWUIOWWHKH IV 00 &FW &

182¢ 15.01 .09 9.50 312.50 1.29 2.58 476.2
183¢ 23.68 .15 11.57 380.60 1.23 2.46 608.8
184c 35.69 .28 18.23 599.68 1.43 2.86 826.5
185C 34.17 .27 15.16 468.69 1.22 2.44 803.9
186C 35.05 .28 20.07 660.20 1.59 3.18 817.6
187¢ 32.95 .26 19.39 637.83. 1.60 3.20 785.3
188¢ 1.8 ---- 1.89 62.17 1.08 2.16 114.7
189¢ 2.49 --—- 2,82 92.76 1.23 2.46 150.0
190C 4,26 .02 4,46 146.71 1.39 2.78 208.8
192C 10.84 ,06 9.65 31T7.44 1.69 3.83 367.7
193¢ 10.76 .06 9.48 311.84 1.68 3.36 364.7
194Cc 1,19 ---- 1,47 48.36 1.00 2,00 97.
195C .68 ——-- .98 32.23 .93 1.86 TO.
1960 039 - 053 17043 073 10}46 50'
197C 29 - .29 9.54 .50 1.00 41,
Steel-Water

D-BB-200C 5.63 0.13 3.30 23.57 4.17 0.48 1.17 102.17
202¢ 2.20 0.04 1.38 9.86 5.27 0.38 0.95 57.00
203C 1.44 0.03 1.24 8.86 4.49 0,45 1,12 44,17
204C 0.95 0.02 1.09 7.79 3.9% 0.51 1.27 34,50
207C 0.96- 0.02 0.T71 5.07 5.80 0.34% 0.85 34,83
208 1.36 0.02 0.93 6.64 5.63 0.36 0.90 43,17
209¢ 2.12 0.04 1.00 .7.14 6.84 0.29 0.73 55.83
210 3.18 0.07 4,03 28.79 2.42 0.83 2,07 T71.67
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Y

Run # Kna Ks(ha) ¥ E/D. Pe Y Y/Yq Vdp/D
211¢ 6.71 0.17 5.81 41,50 2.68 0.75 1.87 113.34
212C 9.69 0.26 . T7.44 53,14 2.63 0.76 1.90 142.17
213C 18.03 0.57 14.60 104,29 2.00 1.00 2.50 210.34
214C 30.12 1.09 16.89 120.65 2.41 0.83 2.07 291.67
215C 36.52 1.41 18.17 129.79 2.54 0.79 1.98 331.67
217C 60.47 2.72 50.00 357.00 1.29 1.55 3.88 460,00
218C¢ 36.71 1.43 19.86 141.86 2.34 0.85 2.12 333.34
219C 29.67 1.08 14,45 103.22 2.79 0.72 1.80 290.00
220C 17.70 0.57 11.33 80.93 2.57 0.78 1.95 209.83

Steel-Soltrol
D-BB-221C 8.50 0.06 3.84 125 1.76 1.14 2.87 225,

222C 6.85 0.05 2.85 93 2.09 0.96 2.40 199.
223¢ 3.91 0.02 1.78 58 2.37 0.84 2,10 142.0
224c 2.89 0.02 1.72 56 2.03 0.99 2.47 118.0
228c 1.53 0.01 0.61 20 3.81 0.53 1.33 81.0
229¢ 2.45 0.01 1.33 43 2.38 0.84 2,10 107.1
231C 9.38 0.07 4.67 152 1.54 1.30 3.25 240.0
232C 13.84 0.11 5.35 174 1.71 1.17 2.93 304.2
233C 24.30 0.21 9.59 312 1.35 1.48 3.70 428.8
234C 24.12 0.21 10.27 334 1.25 1.60 4,00 426.1
235C 37.39 0.36 17.85 580 0.94 2.13 5.34 562.0
236C 85.97 1.02 26.31 855 1.09 1.83 4.58 950.0
237C 85.46 1.02 3T7.43 1216 0.76 2.63 6.57 943.9
238C 38.25 0.36 21.25 692 0.81 2.4 6.15 567.7
239C 24,30 0.21 11.89 386 1.09 1.83 4.58 429,0
240Cc 13.78 0.11 5.71 186 1.60 1.25 3.13 303.2



APPENDIX C

GRAPHICAL PRESENTATION OF DATA
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APPENDIX D

APPLICATION OF MATHEMATICAL TREATMENT
TO CHROMATOGRAPHIC WORK

"Longitudinal dispersion of an adsorbate in a fixed
bed system may be described using the same mechanisms as
with longitudinal energy dispersion. That 1s, the adsorbate
may be dispersed by 1) longitudinal molecular and eddy dif-
fusion within the fluid phase, 2) fluid film resistance to
transfer between phases, 3) solid resisténée to transfer be-
tween phases due to time required for the adsorbate to dif-
fuse into the porous solid phase, and 4) bulk movement of
the fluid. Several authors have discussed this problem.
Rosen (72) has developed ;n exact and an approximate math-
ematical solution for a model which neglects the effect.of
moiecular and eddy diffusion in the fluid phase. Lapidus
and Agmundson (56) have treated the case in which solid
resistance is ignored. Deisler (19) treated all of the
above mentioned mechanisms, but conducted a frequency re;
'Sponse analysis utlillizing a cosine wave input instead of the
step function input utilized by Rosen and Lapidus and
Aymundson. The value of the step function input is that
its response may be differentiated to yleld the response to

119
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a pulse input. The pulse input 1s extensively used in
chromatographic work (54). Van Deemter et al. (80) have
studied the case for a pulse input in which the system 1is
assumed to consist of a series of theoretical plates each of
which accomplishes complete mixing. The result is:
Cn

-C_"

A
I V' /ormn

, 2
exp {_ (S/Vén- n) }

where

V' = 9H'/B, the effective plate volume

H' = distance between theoretical plates
| 1
B
K(1 -9)
14+ %

K = equilibrium constant between phases: It i1s analogous
to pscs/pwcw in heat transfer variables

A = tho, feed volume of adsorbate per unit area of bed

n = number of plates

S = Wt, fluld injection volume per unit area of bed

th

Cn = concentration exiting from n”" plate

Cy = concentration of feed

Notice that the degree of spreading accomplished by the in-
Jected pulse is a strong function of n, the number of theo-
retical plates.

Van Deemter et al. compared equation D-1 to thé |
Lapidus and Ajmundson solution for a fixed bed system, and
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obtained the following expression for H(Height Equivalent to
a Theoretical Plate). '

H = 2(E + D) +

v 2?/[1+-}{(—1Q)jy:]2 D-2

where @ is the mass transfer coefficient per unit veolume of
_packing. It 1s analogous to the heat transfer term 33%;-°
Note that the K used here is the reciprocal of the one used
by Van Deemter et al.

Equation D-2 has been further simplified by Van
Deemter by representing the eddy diffusion coefficilent, E,
by 2AVdp as given by the mixing cell theory, and also by
representing the mass transfer coefficient, &, by means of a
correlation given by Ergun (25). Giddings (34) has suggested
a more reasonable approximation for E. Perkins and Johnson
(64) have also discussed a similar treatment of.eddy
diffusion. .

The mathematical treatment of this work may be used
to extend and modify the work of Van Peemter et al. If the
approximate solution given in Appendix A is differentiated
with respect to time the response to a pulse input is

obtained. (39) -

C Bto

'C—]':'= <exp[-

D-3
ono?d

(Z/V - Bt)? ]
202

where t s é%-has been introduced into the denominator of the
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exponential term. In terms of mass transfer varilables a2

may be expressed as:

21 _ 022, 28%4.%k(1 - 9)Z
2 2(E+D)Z+2Kil )8°z p K( ) Dk

=T Voo 60 DgV®

If equation D-3 is compared to the theoretical plate
solution (D-1) a more advanced expression for H is obtained
that includes the effect of solid resistance to transfer be-

tween phases.

H= 2—(E—vﬂl+ (2V°Pa),_/<l "'ﬁ%p'ﬁc'f

2
2(1 - 9)dp K

-+
60 Dg? (3 +.(__L.1;°PK>2 | D-5

It should be noted that equation D-5 is only valid
when the diffusion in the solld phase occurs in spherical
particles. Aris (2) discusses how internal diffusion may

be predicted for irregular shaped particles.



APPENDIX E

Sample Calculations
Run Number D-BB-99C
Lucite-Water System
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Data Chart
Run No. D-BB-99C Date 9-3-63
Barometric Pressure 73.3 Room Temp. 80°F
Solid Lucite (6 mm) Fluid Hp0
Heat Transfer Tube B-1 Insulation Press. < 1 mm
2224 —n

Porosity 0.368 Rotameter 1.0
Initial Temp. 153.9°F Inlet Temp. 82°F
Measured Flow Rate

CcC SEC CC/SEC

243 36.8 396.18

250 38.0 394,80

N
235 : 35.4 398.40
252 38.0 397.80

Avg. CC/SEC. 396.80 V = 31.27 ft/hr Vdp =‘0.60 ftg/hr
Entrance Flush-out time 1 min.

kK, 19,89 Btu/hr-ft-°F

Remarks
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ke Calculation Sheet*

Run # D-BB-99C To = 153.9 F=z/Vt -Vp/t
V = 31.27 ft/hr Ty = 82 TRF 1 & 5
z = 0.958 ft To - T4 = T1.9 F 0 = 1.30
2
(F.lo) = 1,69
ke = 19,89
T £ Jt z//t, VF /tg P,
°F ‘min min® u ft/hr ft/hr £t/nr¥
139.2 2.45 1.565 .205 4, T2 3.678 1.064
i22.7 2.83 1.682 434 4,412 3.953 4590
114.3 3.04 1,744 551 4,255 4,098 .1570
101.0 3.43 1.852 .736 4,007 4,352 .3450
92.6 3.83 1.957 .853 3.792 4,599 .8070
PC® + Pglg(l - )
Ke = 3,2848 (F.lo)
-~ .6)(. .368 .0(. .
. (61.6)(.99)(.368) +73.0(.35)(.632) (, ¢

= 19.89 Btu/hr-ft-"F

3.2848

*Some of the k, calculations were calculated using an IBM

1620 digital computer.

listed F vs. u.

In this case the computer output



128
Data Reduction

Sample Calculation (Run D-BB-99C)

k, = 18.89

V = 31.27 -
k0 = 0.20 (Extrapolated Value)

Va, = 31.27 (0.0193) = 0.60 £t°/hr

Vd.p 7
Re = —P_ _ _0.60(61.6)
H (0.560) (2.42) 27.27

j9 (From Dryden's Correlation) = 0.225
= Cw Mw \ 2/3
CP( kw > dp

= (0.225)(61.6)(.999)(.368)(6)(.632)(31.27) _
(368) (3.569)2/3 (o 0193) 35,540
Vg legeg(1 - 9)12
ha — ha
_ [(31.27)(61.6)(.999) (.368)12[ (73.0)(.35) (.632)1?
[(61.6)(.999)(.368) + (73.0)(.35)(.632)12(35,540)

= 2,43

ha

(rwcw?)Loges (1 - 9)1%(vay)?

[oycu® + Pgegll - @)]260k5(1 -9)

_ [(61.6)(.999)(.369)12[ (154) (.202)(.632)12(.60)°
[(61.6)(.999)(.368) + 73.0(.35)(.632)1260(.117)(.632)

= 7.17

ks(ha) =

(o]
ko (V) = ke - kg = 19.89 - 0.20 = 19.69

kqu = ke(v) - ks(ha) - k(ha) = 19.69 - 7.17 ~ 2,43 = 10.09

—_
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k_©®

E _ S’ _ 10.09
D ke - (-369)(.368) = 30
vd
p _0.060 _
D = 0.006 - 19°
Kym® 10,09
Vay,  0.60

Pe = o +D " 0.451 = 1.32

Y = 2/Pe = 1.51
Y/¥y = 1.50/0.80 = 1.89

Calculation of Porosity
Volume of tube 2257 cc¢
Weight of beads 1669.74 grms
Volume of beads = (1669.74)/(1.17) = 1427.12 cc
1 -9 = (1427.12)/(2257) = 0.632
® = 0.368



APPENDIX F
EXPERIMENTAL MATERIALS

Source and Physical Properties

Liquids®
1.) Distilled Water

Source: University of Oklahoma Power Plant, Norman,

Oklahoma
Tl 0.560 cp
p 61.6 1b/rt3
c 0.999 Btu/lby-"F
X 0.369 Btu/hr-£t-°F

D (Thermal) 0.006 £tZ/hr
2.) Soltrel ;

Source: Phillips Petroleum Company, Bartlesville,

Oklahoma
M 0.92 cp
b 46.8 1b /£t3
c 0.50 Btu/lbp-"F
k** 0.08 Btu/hr-ft-°F

D (Thermal) 0.0034 £t2/hr

*Physical properties were taken at 120°F
**Measured by R. Prabhudesai at 80°F

130
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Solids
1.) Glass 3 mm (0.118") and 6 mm (0.232")
Source: W. H. Curtin & Co., Houston, Texas
Composition: Calculated from semi-quantitative spec-
trographic analysis made by Shilstone
Testihg Laboratorg, 1714 West Capitol,

Houston, Texas

Compound Approximate %
$10, 69
Ca0 8
Na20 16
K,0 1
PbO 3
(Misc) 3
p 154 1b,/rt3
c 0.202 Btu/lby,-"F
X 0.588 Btu/hr-ft-°F

D (Thermal) 0.019 £t2/hr
2.) Lucite 3 mm (0.118") and 6 mm (0.231") -
” Source: Ace Plastic Co., 91-30 Van Wyck Expresswzay,
Jamalca 35, New York

Composition: Assumed 100% methyl-methacrylate

p 73.0 1lby/ft3
¢ 0.35 Btu/lbp-°F
k 0.117 Btu/hr-ft-°F

D (Thermal) 0.005 £t2/hr
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3.) Iead 3 mm (0.118") and 6 mm (0.250")
Source: National Tead Company, Box 7109, St. Louis 77,

Missouri
Composition: Compound Approximate %
Silver . ' 0.002 Max.
Copper 0.0025 Max.

Arsenic, antimony, and tin 0.005 Max.

Zine 0.002 Max.
Iron 0.002 Max.
Bismuth 0.150 Max.
ILead (by difference) 99.85 Min,

p 693 1by/ft3

c 0.0316 Btu/lb,-°F

K 19.35 Btu/hr-£t-°F

D (Thermal) 0.884 fte/hr
4,} Stainless Steel 6 mm (0.250")
Source: Hoover Ball and Bearing Company, Box 381,
Middletown, Ohio

Composition: Compound Approximate %
Carbon 0.95-1.2
Molybdenum 0.75 Max.
Chromium 16-18
| Manganese 1.0 Max.
Silicon 1.0 Max.
Sulfur 0.030 Max.
Iron (Balance) 78 Min.

(AISI type 440C Stainless Steel)
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0 479 1b_/£t3

c 0.11 Btu/lby,-°F
k 14.0 Btw/hr-ft-°F
D (Thermal) 0.266 £t2/hr

The soltrol used with the lead beads was inadvert-
ently mixed with kerosene making the mixture approximately
15% kerosene. Soltrol is a light refinery cut of kerosene
and the viscosity is the only physical property that could
be affected by this mistake. The viscosity of the mixture
was measured using an Ostawald viscometer and the results
compared to pure soltroi. Two different samples of the mix-

ture were taken to insure complete mixing had occurred.

Ostawald Viscometer # Kinematic Viscosity Viscosity
c.8. cp
K527 (mixture) 1.345 1.07
K786 (mixture) 1.344 1.07
S254 (pure) 1.335 1.01

In light of the above data the mixture was assumed to be
sufficiently similar to pure soltrol to retain the lead-

soltrol data.



APPENDIX G
ADDITIONAL WORK

The qualitative arguments presenéed concerning the
convergence of the exact solution of the four parameter ﬁodel
to the simplified erfc form presents an interesting topic
for additional work. With the aid of modern high speed
* digital computer the exact conditions for convergence could
be obtained. This knowledge would be beneficial in both heat
transfer and mass transfer studies. This type of an investi-
-gation has been instigated by Jim Mehl at the University of
Oklahoma as a apecial problem under Professor O. X. Crosser.

Other additional studies would be of interest. It
would be of interest to conduct high velocity experiments in
an attempt-to validate the Perkins and Johnstoﬁ (64) discus-
sion in the turbulent velocity range of 100 < Vap/D < 108.
Also of interest would be the extension of the analysis pre-
sented here to unconsolidated cores. A very compiex topic
in which little progress has been made recently is the prob-
lem of non-piston flow. An attempt to treat viscous finger-
ing and channeling presenés‘a challenging topic.

Many other complications may be introduced such as:

1) moving heat source
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2) phase change
3) high temperature (radiation)
4) simultaneous chemical reactions.
All of the above topics would help create a better

understanding of rate prccesses occurring in packed beds.



APPENDIX H
QUALIFICATION OF MATHEMATICAL ASSUMPTIONS

Temperature Gradlient Across A Particle Diameter

In deriving an expression for the contribution of
the s0lid phase resistance to the over-all dispersion, it
was necessary to assume radial symretry within the individual
particles. This seems to contradict the presence of down-
stream conduction within the fluid phase, i.e., there must
be a longitudinal gradient across the particles in crder for
downstream conduction to occur. This section shows that
while this gradient exists it is small compared to the tem-
perature difference bciween phases, and should not gseriously
affect the temperature distribution within the particles.

If we take the one parameter solution (Equation

III-3) and differentiate it with respect to z we have

z-VFt 2.
'Ca,/"—ne'c_
ar _ (To -T1) e H-1
dz 2 /TDgt

The maximum gradient across a particle will occur
when the front arrives at the particle. If for a particular
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particle a distance z from the bed entrance t = %L., and
' F

equation H-1 becomes

aT o I
az = H-2

If this maximum gradient is present over the entire
length of the particle then equation H-2 may be re:rranged
to yield

__bT 5 i
<To-TI>““"‘x 2 /TD.z/Vg -3

Qhere AT is the temperature drop across a particle diameter.
Using run number D-BB-99C as a typical run where
dp = 0.01983 £t

Dy = 19.89 [(61.6)(.99)(.368) + (73.0)(.35)(.632)]
= 0.51 £t/hr

and
v - £61.6)(.99)(.368)(31.27)
F = [(61.6)(.99)(.368) + (73.0)(.35)(.632)]

= 18.3 ft/hr.

We have

( AT ) _ 0.01983 V18.3 _ 0.0355
max

H-4
To - Tg 2 /3.15(0.51)z /z

If z is taken as the bed exit, i.e., 2z = 1 ft., then

( 5‘92‘57'> = 3.55%. However, if we look at the first
. o © I “max

particle, i.e., z = 0,01983 ft., ( ___A;I'__> = 25%. The
. To max

-TI
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following table shows the temperature drop as a function of

bed length.
Table 6
AT
( T;—:—TE-Dmax z (£t)

0.25 0.01983 (one particle diameter)
0.11 .1
0.079 2
0.045 ’ .6
0.036 1.0 (Bed exit)

It is concluded that while the temperature distribu-
tion within the first seversl layers of particles will be
seriously affected, that approximately 80% of the particles
composiné the bed will not be affected by these intraparticle

gradients.

Conduction Through Point to Point Contact

Masamune and Smith (61) have measured the contribu-
tion of conduction downstream through contact regions of ad-
Jacent so0lid particles. The data were obtained using spheri-
cal glass and steel beads ranging in diameter from 29 microns
to 470 microns. Very low pressures were used (10'2 mm of Hg)
to assure free molecular conduction was negligible. The
results were 1hdependent of particle diameter and indicate a

value for the point to point contact conductivity of 0.01 -
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0.03 Btu/hr-ft-°F, which is truly insignificant for the work

presented here.



