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ABSTRACT

Rocket Thrust Stand Simulation of Space Vehicle Flight

Dynamics (May 1964)

Richard A. Kroeger, B. S., Oklahoma State University
M. Aerospace Engr., Oklahoma University

Directed by: Doctor Heinrich W. Bergmann

The concept of rocket thrust stand simulation of
space vehicle flight dynamics is developed.

An electro-mechanical system is described wherein
the space vehicle rocket motor attach point motion may be
simulated. The physical dimensions of the system are small
such that it may be used in conjunction with current envi-
ronmental test cells.

The degree of space vehicle simulation is a con-
sequence of the limitations on the excursions of the active
strut thrust stand. The resulting motion is shown to be vi-
bratory with respect to the center of mass of fhe space ve-—
hicle systen.

The main emphasis of this work is placed on the
development of the analog simulator differential equations
which ultimately serve as inputs to the mechanical system.
These equations produce the vehicle motion as a function of
the physically measurable thrust stand quantities, indicated
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thrust and motor acceleration. The development of these equa-
tions consists of elimination of the steady-state component of
vehicle motion and obtaining analog stability without inter-
fering with the motor simulation. The resulting equations
are presented in a general form so that simulation may be
accomplished for any space vehicle whose dynamic modes may
be described by time dependent, analog-solvable differential
equations.

An analog computer verification of the vehicle
simulator concept and the related equations are presented.
A representative space vehicle configuration was chosen so
that all of the ramifications of simulator development may

be seen.
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piston area (L2); boundary value coefficient.
function of K/M; éonstant; Routh array coefficient.
boundary value coefficient. |
function of K/M; comnstant; Routh array coefficient.
damping coefficient (¥T/L).
critical damping coefficient (FT/L).
critical damping function defined as 2Mvw§ (FT/L) .
Cess/C:
constant; Routh array coefficient.
dashpot coefficient (FT/L).
constant; Routh array coefficient.
elastic modulus (F/L2); energy (FL).

/

reference frame tuning parameter defined as X
- A analog
Xrtheoretical’ Routh array coefficient; voltage"

force (¥).

time-dependent force'(F).
boundary value of F (F).
mass ratio parameter; frequency in cps.
function of B.

tfansfer function.
gravitational constant (L/T2).
transfer function.

transfer function.

specific impulse (FT/M).

/=1 ; current.
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J(s) transfer function.
K spring constant (F/L).

K* Keff/K'

L length (L).

M mass (FT2/L).

my Routh array coefficient.

n, coeff;c;ent of characteristic equation; Routh array
coefficient.

P(t) time~dependent force (F).

p real number; pressure (F/L2).

q real coefficient of an imaginary unit vector.
r root of characteristic equation.

Sc dashpot stability coefficient.

Sk spring stability coefficient.
T natural period (T); time (T).
T(t) thrust (F).

TSTI Thrust Spectral Transient Intensity.

t time (T).

u real number.

\' volume (L3).

v vector quantity.

X5 boundary value of X (L).
X displacement (L).

p'q velocity (L/T).

X acceleration (L/T2).

y displacement (L).
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yA impedance.
a force reference angle.
B frequency ratio defined as w/wn.
€ error.
€a acceleration measurement error.
€m propellant mass measurement error.
¢ constant defined as C/C,.
£* constant defined as C/Cg.
W mass ratio.
£ error function.
2 summation symbol.
T thrust rise time (T).
pitch angle.
9} function of K/M (design natural frequency).
w circular frequency (1/T).
W, natural frequency (1/T).
wk natural frequency defined as K/MV (/1) .
Subscripts
abs absolute.
b burnout.
c related to a dashpot; refers to critical damping;
refers to complementary function.
eff effective.
fb feedback.
g center of mass reference; refers to grid (electrical).
i summation index.
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ij
imag

in

om

out

vib

vm

double summation index.
imaginary.

input.

summation index.

refers to a spring.
lower value.

motor.

maxXimum.

summation index; refers to natural frequency.

point between motor and vehicle.
point o - motor property.
output.

refers to particular solution.
reference; resisting force.
stabilizer; étatic.
steady-state.

axial internal force.

upper value.

vehicle.

vibratory.

vehicle - motor property.
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CHAPTER I

INTRODUCTION

Space flight, its promises and problems, has done
more to stimulate the minds and activities of our society
than any peacetime endeavor in history. Never before has a
country undertaken such a boundless effort for the sake of
freedom as has the United States in the past twenty years in
the field of space exploration and research. With this comes
the responsibilities placed on scientists and engineers to
provide the means required to meet these ends.

Rocket motor and space vehicle testing and evalu-
ation facilities are no small portion of the space objectives.
It is here that designs are verified and the last decimal
place affixed to the performance - the difference between
success and failure in such a precision endeavor.

Rocket motor testing in the beginning wés comprised
of rather simple firings in a test stand with the purpose of
evaluating component reliability and determining thrust pa-
rameters. If high altitude data was required, it was extrap-
olated by approximate formulas. Today, consideratioﬁs are
made of altitude performance, radiation environment, heat
transfer, bésé heating, chuffing, and stage separation (to
mention only a few); all of which are accommodated within a
test cell.

During the last few'years, the precision require-
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ments piaced on thrust and specific impulse data has develop-
ed a weakness in thrust stand capabilities. This is in the
form of the problem of thrust stand dynamics. As motors a-
chieve higher performance capabilities, such as pulsed fluid
injection vector control and small short burst vernier rock-
ets, the dynamics problem becomes increasingly severe.

This dissertation presents an objective analysis
of the thrust stand problem by concerning itself with the
space mission requirements. This results in applying the
same approach to dynamics as has been applied to other motor
performance variables - simulation.

The ignition and burning of a rocket motor induces
steady-state and transient dynamic loads into the space vehi-
cle with which it is associated. These loads may have a sig-
nificant effect on the performance of the motor itself. E-
qually important, the thrust stand dynamic environment may
have a different effect on the motor performance. From the
viewpoint of thrust measurement precision, vehicle simulation
resolves the thrust stand dynamics problem by eliﬁinating the
necessity of extracting thrust stand dynamics. Thus the
thrust data is obtained in a more eloquent form of vehicle
forcing.

To accomplish the vehicle simulation, an active
strut thrust stand was defined. This was operated by the
output of a real time vehicle simulator analog. The analog

was driven by the force in the strut and motor excursioas,




thus forming a closed loop simulator system.

The heart of the simulation problem and the major
topic of this dissertation is defining the degree of simula-
tion to be accomplished, the conditions of vehicle analog
stability, the accelerating reference frame and the analog
vehicle stabilizer system. Simulator design equations are
developed and presented in a very uséble format.

Finally, an analog computer verification of the
simulation concept is conducted. It is shown that simulation
is a very realistic method of rocket motor testing and that
the equations presented herein are adequate for space vehicle

simulation.




CHAPTER II

STATE OF THE ART

The field of static testing of rocket motors has
undergone considerable evolution since the early days of rock-
et motor development in Germany during World War II. Even at
that time the thrust stand devices were similar in many ways
to current ones. In general, full scale V-2 rockets were
tested in vertical stands to simulate flight conditions as
closely as possible. Quite accurate measurements of thrust
and systems functioning were possible under the conditions of
the testing. The restrictions on the testing were, as they
are today, based on mission requirements. At that time, the
target was a few miies in diameter at a range of approximately
two hundred miles. Today, the targets may be a few hundred
yards in diameter at ranges of well beyond many thousands of
miles. Needless to say, when the payload includes human pas—
sengers, assurance of mission success must be increased at
least a thousand-fold above that of the V-2. Thus, the evo-
lution in testing is concerned primarily with increased pre~
cision.

The high performance requirement in rocket motor
design has imposed additional precision requirements on test-
ing. Most motors currently being designed and tested have
high altitude mission requirements; therefore precision calls
for accurate environmental simulation.
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Altitude simulation in rocket motor testing has
provided a great advance in rocket motor design and evalua-
tion. For example, a particular fiberglass rocket motor noz-—
zle which was designed for high altitude flight was tested
and evaluated in a near standard atmospheric environment. The
nozzle performed adequately and was subsequently tested in a
high altitude simulation test cell. Figure 2-1 depicts the
result of this latter test. The conclusions were that the
rarified atmospheric environment reduced the heat transfer
rate from the npzzle to the surrounding air mass and thus in-
duced failure.

Reference 23 defines some of the problems encount-
ered in high altitude flight and space flight, which in many
instances pose ‘unique problems. These are:

1. Structural integrity and durability,

2. Ignition and thrust termination of rocket propulsion

systems,

3 High altitude performance of rockets,

4. Base heating,

S Thrust vector control, and

6 Complete rocket system operation.
To cope with these problems, facilities have been developed
throughout the country to provide varying degrees of environ—
mental simulation. These facilities provide the following
types of simulation:

1. Radiation,




Figure 2-1: High Altitude Simulation Test of a Fiber-

glass Nozzle.




T
2. Temperature, humidity, climatic, etc.,
3. Vibration,
4. Altitude,
5. Free flight,

6. Aerodynamic, and

7. Varying degrees of mechanical functioning.

Due to the wide range of mission requirements, many facilities
with varying degrees of these capabilities have been estab-
lished throughout the country. In general, the first three

of the above environments are prefire conditioning or merely
system check—outs. Thus they may or may not appear within

the confines of a particular test cell which also performs

the hot firing.

Some of the rocket motor test cells of significant
capabilities which are located at the Arnold Engineering De-—
velopment Center are:

1. Rocket Altitude Cell J-2: The thrust stand compart—
ment of this cell is shown in Figure 2-2 being read-
jed for an altitude check-out test of a third stage
Minuteman motor. This cell is capable of sustaining
thrust loads of up to 60,000 pounds. Altitude
simulation can be brought up to an equivalent alti-
tude of 140,000 feet with no motor load and between
105,000 and 135,000 feet with motor operation,
dependent upon the particular motor exhaust load.

2. Ultrahigh Altitude Rocket Cell J-2A: This cell is




Arnold Engineering Development Center Rocket Altitude

" Cell J-2.

Figure 2-2




similar in size to the J-2 cell. The distinguishing
feature of this test cell is that it has altitude
capabilities of 350,000 feet (with the aid of ni—
trogen cooled cryogenic walls) for pre-test cold
soaking of motors. Ejector diffusers are able to
sustain an equivalent of 105,000 feet (minimum)
during motor operation.

Vertical Rocket Cell J-4: This is an altitude cell
(100,000 feet prefire) for the testing of large
rocket motors. It contains a 100 foot diameter
chamber which extends 250 feet below the surface
of the ground. It has an ultimate thrust capacity
of 1.5 million pounds. Figure 2-3 is a schematic
of the current 500,000 pound axial, 5,000 pound
side, and 150,000 inch-pound roll force thrust
stand which is capable of measuring five-component
vector forces. The thrust measurement system is
mounted to the thrust butt independent of the motor
geometry.

Rocket Altitude Cell J-5: The J-5 test cell was de-—
signed for altitude simulation to 120,000 feet and
thrust resolution of vector control motors. The ul-—-
timate thrust rating is 200,000 pounds axial,
75,000 pounds vertical, and 22,000 pounds side
force. Figure 2-4 is a schematic of the three-com—

ponent thrust stand configuration. Since the thrust

’
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stand is mounted horizontally only. side vector meas—

urements are made. This indicates the present un-

certainty of motor weight and center of gravity lo-—
cation during burning.

Regardless of the degree of simulation sustained
during a rocket motor test, the dependability of the perform—
ance data can never exceed the validity of the reduced data.
.Consequently, a great effort has been expended toward increas-
ing data measurement, recording, reduction and interpretation
accuracy. Current measurement accuracies seem to be in the
vicinity of *0.1 percent error in the limit. . Of course,
the facilities which expect to obtain this level have extreme-
ly precise calibration systems. The thrust stands must be
linear (or at least accurately defined) and retain the cali-
bration throughout the test within prescribed limits.

. After the data has been monitored, it must be re-—
corded, reduced and interpreted. Each phase introduces error.
Probably the largest single component of the total error en-
countered in thrust measurement may be attributed to inter-
pretation. For example, the thrust curve in Figure 3-1 may
have been measured, recorded and reduced with extreme accu-
racy, but what does the curve mean? What is the true thrust
force at any instant of time? How much of tﬁis indicated
férce level is a function of the first order dynamic effects;
and worse, to the higher order dynamic effects?

Some effort has been expended toward removal of
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the first order dynamic effects by introduction of various
electronic components into the data reduction process. Nev-
ertheless, very little information is available on the pre~
cision expected by this process. However, it is felt that
this will not be satisfactory since it entails mathematical
definition and/or electronic simulation of the thrust stand
and motor assembly.

Hence,the future effort concerning development
of thrust stands™® must be concerned with resolution of the
dynamics problem internally. This dissertation proposes three
methods for dealing with this problem. These are:

1. Accurate description of thrust stand dynamics (see
references 2 and 22).

2. Development of high precision mass measurement and
accelerometer systems so that the inertial load may
be measured and applied to the motor as a free body.
This load in conjunction with force transducer read-
out will yield the true thrust.

3. Develop an adequate simulation scheme so that the

indicated thrust may be interpreted as the true

thrust; that is, the net force of the motor (includ-
ing its dynamics) on the vehicle.
The third of these methods states a more advanced concept of

thrust measurement since it internally includes the higher

* Chapter III goes more deeply into the effect of mission

requirements on thrust stand design.

™
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order dynamic effects on the motor itself.

Thus, it is the objective of this dissertation to
advance the state of the art by providing a step toward the
development of accurate simulation in rocket motor thrust

stands.




CHAPTER I I1I

THRUST STAND DESIGN CRITERIA

Due to the rapid advances in rocket motor technol-
ogy and as well the increasingly complex space mission re-
quirements, it becomes more difficult to provide adequate
design criteria for test standé. .Some of the more recent
problems introduced in thrust stand design include a high
degree of versatility in order to keep pace with rocket motor
design evolution; broad range, precise thrust measurements;
and various forms of environmental simulation. Simultaneocusly
rocket motors are compounding the difficulty of the problem
by their peculiar geometries, attachment restrictions, pigh
thrust levels, geometry changes during firing, vector control
capabilities and sensitivity to environment.

Early thrust stands developed in this country were
designed for testing propeller, gas turbine and other aero—
dynamic propulsion devices. In general, the major objective
of these stands was to restrain the motor while steady-state
thrust measurements were being made.- The only restriction
placed on the system frequency response was due to throttle
burst which would account for rise times in excess of several
seconds. Of course, designers &ere confronted with various
types of environmental simulation schemes, motor attachment,
multi—-degree—~of-freedom and versatility problems which bre—
pared them for rocket métor testing as it is conducted today.

lj
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Needless to say, the change-over was not as simple as this,
but the transition was made quite successfully.

Other problems have been introduced by the tran-—
sition which are significant. Some of these are hazardous
testing conditions and extremism with respect to thrust lev-
els and environmental simulation. However, none of the above
problems has been so vividly introduced by rocket motor test-—
ing as the problem of thrust stand dynamics.

Thrust stand dynamics result primarily from the
rapid thrust build-up and/or decay rates. For small vernier
and attitude control motors which expend within a few hun-—
dredths of a second, these times may be only a few microsec-
onds. DPulsed fluid injection motors used for vector coantrol
also introduce unique dynamics problems. Figure 3-1 is some
representative data recorded from a small rocket motor test
at the Arnold Engineering Development Center (reference 21)
wherein the rapid rise time induces considerable dynamic
overshoot and ensuing oscillations. The dashed line is in-
cluded to suggest the possible true thrust level attained by
the motor. Thus, the problem of providing adequate thrust
stand design criteria must be slanted quite heavily toward
system dynamics.

By inspection of past thrust stand designs, it be-
comes‘Quite apparent that the design criteria used was in-—
fluenced by the following:

1. Mission requirements (including accuracy),
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0 0

2 Strength (safety),
3 Stiffness,
4. Versatility, and
) Simplicity.
The consideration of dynamics is implicit in the stiffness

requirement. This results from the response equation
— = 1 + [ —?-sin T } {reference 4, page 180)

for a single-degree—of-freedom system acted upon by a con-

stant slope ramp function similar to a thrust curve. In the.




18

above equation,
xm/xs = ratio of maximum dynamic response to static
deflection under peak load,

T

natural period of stand, and

T force rise time of thrust.

As long as T << T, the thrust stand will follow the thrust
curve with no transient overshoot. Chapter X shows the upper
limit required to define "stiff'" stands as a function of the
thrust curve.

More recently,; data reduction and thrust stand
design criteria publications (for example, references 2 and
22) have been somewhat concerned with the desire to accurately
define the thrust stand dynamically. This concern indicates
a desire to be able to accurately extract the thrust stand
dynamic effects from the recorded data. The thrust stand
design criteria then would become somewhat different. The
prime concern would then be a design around system linearity.
Actually, some linearity requirements have been in existence
since the beginning of testing so that thrust stands could
be calibrated and yet retain the calibration during the test
period. However, the linearity discussed here would impose
a considerably more rigid restriction on motion and on the
degrees of freedom such that the thrust stand motion could
be described quite accurately by a mathematical model. By
this reasoning, the ideal thrust stand then might be one

which could be described by a single, second order, linear
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differeptial equation.

Before concurring with the linearity goal of thrust
stand design, consider the objectives of rocket motor test-
ing. For the present space effort, a particular test should
fall into one of the following categoriés.

1. Basic motor research (burning, stabilitf, etc.),

2. Motor evaluation and rating (repeatability and lev-—

. els of thrust and impulse), '

3. Systems checkouts, and

4. Environmental simulation.
Items 1 and 2 indicate a need for a testing platform that
gives accurate data under known testing conditions. The
thrust stand must provide an unbiased reference for the meas—
urements made to be meaningful. On the other hand items 3 and
4 indicate an entirely different concept from the previoﬁs
thrust stands for such uses would fall into the category of
simulatofs. In the past, simulator test devices were usually
."one shot" harnesses or vehicle components used to examine
mechanical functions and possibly not thrust levels at all.
Here, simulator thrust stands will be understood to be some-
- what versatile thrust stands capable of measuring rocket motor
thrust under the environmental conditions of attachment to
the vehicle with which it is to be associated. |

Even with the vast differences in missicn require-
ments, most testing facilities are attempting to utilize the

evaluation type thrust stand to cover the entire spectrum of
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testing. However, the increasing precision requirements are
continually widening the gap between desirable and available
test data.

Consider the cycle that experimental thrust data
must traverse in order to appear within a final vehicle/motor
utilization program. The thrust must be produced by the motor
under various degrees of envirommental simulation, be reacted
by a thrust stand of peculiar dynamic environment, monitored
by a transducer and recorded on some type of magnetic tape.
Next, the thrust data must be played back and an attempt made
at removing the thrust stand dynamics. The data is then cor-
rected for various experimental errors and published. The
final data is used for design and performance input to ana-
lytical models. Practically every step introduces a finite
amount of error.

Next, consider the reduction in data handling (and

subsequent errors) if the above dynamical model could be sim--

ulated by the thrust stand. Neither would extraneous thrust
stand dynamics be introduced nor would it be necessary to re-
move any type of dynamics. The thrust transducer output would
then be recorded, played back, corrected for experimental
error and published. The true static thrust would never ap-
pear; only the force developed at the attach point to the
vehicle would appear. The motor vibratory dynamics would be
implicit in this data. Truly, this is the effect of the motor

that the vehicle senses.
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With this, the design criteria for rocket motor
thrust measurement stands is split into two distinct areas:
simulation and evaluation. A generalized design criteria for
the evaluation phase is covered quite adequately in reference
22. The purpose of this dissertation is to advance the capa-

bilities of the simulation concept.
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CHAPTER IV

STATEMENT OF THE PHYSICAL PROBLEM

The present day rocket thrust stand consists of
three major components. These are the rocket metor cradle
support, tke force transducer, and the tkrust butt. The
multi-axis thrust stand, depicted in Figure 4.1, contains an
additional component, 2 zero moment transfer pivot. 1In gen-
eral, a pivot is located at botk ends of each strut. Figure
4.2 shows an actual thrust stand design schematic with all of
the pertinent components included. Each comporent contributes
to the overall test system flexibility. For example, an Ar-

nold Engineering Development Center 60,000 pound thrust stand

N
/,
7

P Force Transducer
Thrust \Q$S
Butt Cradle &

7

Wi

I g/
Figure 4-1: Six-Component y 22
Thrust Stand. A
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axial strut flexure pivots
axial strut torsional flexure
axial strut load cell

three strut terminal block
vertical strut

horizontal strut

vertical strut flexure pivot
horizontal strut flexure pivot
horizontal strut load cell
thrust butt

calibration rod

motor cradle

rocket motor

Figure 4-2: Components of a Rocket Motor Thrust Stand.
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is housed in a 20 foot diameter, one inch thick cylindrical
chamber. Large steel beams forming a four-legged pyramidal
truss form the vehicle thrust butt attach point. Heavy webs
are used to take the fore and aft shear loads. Considerable
internal and external bracing is used to transfer the thrust
butt loads to the large cylindrical chamber. Firally, 18-inch
"H" beams carry the loads 70 feet into the ground to bed-
rock. The resulting static spring stiffness is 10 pounds
per inch. Next, assuming a 20,000 pound thrust rocket motor
is to be tested, the flexure pivot would be chosen with the
maximum rotational flexibility. Such a pivot would have a
stiffness of approximately 4 x 10° 1lbs/in. Finally, a
"“thrust transducer with a high stiffness would be chosen. Most
transducers have a full scale deflection of approximately
0.010 inches. Thus, for a 20,000 pound peak thrust level,
the stiffness would be 2 x 10° pounds per inch. Summarizing,

~ 1 x 106 -
Kinhrust butt 1 x 10 ibs/inch,

Kflexure pivot

~ & s
Kihrust transducer 2 x 10° 1bs/inch.

® 4 x 10° lbs/inch, and

Since the three stiffness coefficienis represent series
springs restraining the rocket motor, their resultant value
becomes
\ .
Kresultant = 0.5714”91bs/1nch.
This shows that the thrust butt comprises over one half of

the total system flexibility.

Improvements are continually being made to increase
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the thrust stand rigidity by moving to stiffen the three
major contributors to flexibility mentioned above. TFrom the
viewpoint of thrust butt stiffness, there is a practical
limit based upon cost. The prospect of doubling the current
stiffness level is certainly not out of the question, but
little is gained by this since the natural frequency (which
is usually more important than stiffness) of the motor in
combination with the stand is a function of the square root
of the stiffness coefficient. Flexure pivots and thrust
transducers also have reached design levels where little can
be done to improve their performance without significant
technological advancements. Therefore, attempting to increase
the current thrust stand natural frequencies (which are around
30 cps for large motors) by a significant amount does not
appear to be the most gratifying approach to the rocket motor
testing problems.

This dissertation is concerned with advancing the
state of the art in rocket motor thrust stand simulation of
in-flight dynamics. Implicit in the accompanying discussions
is an approach to the solution of the thrust stand problem
just discussed. The flexibilities inherent in the thrust
butt, flexures, and force transducer are not removed. 1In
fact, they may be shown to benefit the simulation process.

An energy source is included in the sitrut of the thrust stand
which may be said tc compensate for the differences between

the thrust stand dynamics and space vehicle dynamics.




CHAPTER V

PRESENTATION OF THE SIMULATION APPROACH

Large thrust stands have been and are being con-
structed at various test facilities (for example NASA Houston
and the Marshall Space Flight Center) for the purpose of test-
ing full-scale space vehicles. One of the primary objectives
is to provide a closely simulated flight environment for the
rocket motor and associated systems. The requirement for sim-
ulation of this environment is unquestionably justified. Pre-
cise though the theory may be, it is not and for some time to
come will not be able to hold the tolerances imposed by space
mission requirements. The chemical processes of exotic fﬁels
and even the often tested fuels undergo nonlinear variation
of characteristics within environments of acoustics, vibra-
tion, temperature, and pressure to mention only a few. Equal-
ly, if not moré important in affecting theoretical estimation
of performance, reliability, and repeatability is the mechan-
ical design (valving,ipiping, plumbing, etc.). Therefore, sim-
ulation must bridge the widening gap between theoretical mo-
tor performance precision and mission requirements.

Having established the need for precise simulation,
the advantages and disadvantages of the full-scale vehicle
simulation tests will be considered.

The advantage gained by full scale vehicle and mo-
tor flight simulation lies primarily in the observation of

26
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all vehicle systems functioning during motor operation. This
serves to uncover unsuspected system coupling and failures
due to miscalculated dynamic effects. A unique advantage of
this type of testing is that count-down procedures and timing
may be obtained for well coordinated actual firings. However,
this li=s outside of the field of motor evaluation and should
not be considered in this comparison.

The disadvantages of these facilities in motor
evaluation is that they are large, expensive, and make addi-
tional simulation, such as aerospace environmental simulation,
quite difficult. Other problems facing these facilities are
techniques of vehicle constraint that allow small motion yet
have high flexibility; versatility with respect to vehicle
size; and utilization during the development stage when the
motor is available for testing yet the vehicle proper is noct
complete.

It may therefore be concluded that a requirement
exists somewhere between the present high rigidity thrust
stand testing and full scale vehicle and motor assembly flight
simulation. The development of vector control motors utiliz-
ing high frequency, pulsed-fluid injection is also causing

re~evaluation of thrust stand testing.

The Active Thrust Stand Concept

Simulation is a facet of rocket motor and space

flight systems evaluation which is not new to testing. For
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example, very exotic test schemes have been used at the Arn-
old Engineering Development Center to simulate stage separa-
tion characteristics of terminated rocket motors under tem—
perature, radiation, and vacuum environments. Also, full
scale captive vehicle testing falls into the simulation cat-
egory.

The space vehicle simulation by a rocket motor ‘
thrust stand which is to be introduced here presents an orig-
inal development. There is no new equipment introduced nor
is the scheme by which the motor is attached to the thrust
stand unique. However, the utilization of the properties of
a particular type of thrust stand in conjunction with a real
time analog computer yields the desired simulation.

The use of the terminclogy "active thrust stand"
will be construed to mean the classical thrust stand with an
additional component in one (or more) of the strut members
which is capable of introducing or extracting energy from the
system. Figure 5-1 shows such a thrust stand. This particular
stand shows only one degree of potential activity. Now, the
utilization of the energy source may be argued to constitute
some form of simulation. For example, if it was desired to
hold the nose of the motor fixed in inertial space, the ac-
tive strut must compensate for several component flexibili-
ties. Such activity might be termed simulation of infinite
stand rigidity. Exactly how thisAis accomplished is immate-

rial at this point. Another possible use might be to request

R %
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Figure 5-1: Active Thrust Stand.

the active strut to extract energy from the system at a rate
proportional to some characteristic velocity. This would be
termed damping simulation. Both of the above schemes have
been employed with some degree of success (references 8 and
11), although no generalizations were made concerning the

simulator concept.

Space Vehicle Flight Simulation

Next, consider the possibility of the simulation
of the motion of the attach point of a rocket motor to a
space vehicle by the active strut(s). The advantages of such
a system are considerable in that the bulk of the space ve-

hicle is removed from the test area. Also, systems which are
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sensitive to particular vibration environments and which must
be tested on a thrust stand may receive a more desirable e-
valuation. This simulation is seen to quite adequately fill
the gap between full scale flight vehicle testing and high

stiffness thrust stand testing.

Degree of Simulation

The term simulation implies that certain trade-offs
must be made between the advantages gained by captive testing
and the disadvantages of not performing duplication of the
environmental and physical conditions of flight. The simula-
tion of space vehicle dynamics is limited for obvious reasons.
Neither can the test cell contain full scale launchings, nor
can the recovery from the resulting high speeds be expected
to be satisfactory. There are two types of simulation tests
which have been used to evaluate motor performance in which
various amounts of motion were allowed. These are rocket
sled motor evaluation (reference 18) and space vehicle (Gemi-
ni) abort system tests (reference 19).

The simulation to be applied here concerns only
the vibratory portion of the dynamic ﬁotion. That is, only
the motion of the various components, including the motor,
about the center of gravity of the entire system. Since an
actuator system with a small travel of the moving element
will be used, the integral of the motion of the point of at-

tachment of the thrust stand must vanish. Since this is com-
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patible with the definition of vibration, the degree of dy-
namic simulation will be restricted to vibration environment

simulation.

The Simulator System

Figure 5-2 depicts a simplified system for space
vehicle simulation. A force transducer, an accelerometer,
and an inertial reference will bé the linkage between the
physical motor-thrust stand system and the space vehicle an-

alog simulator. Additional vehicle loads may be imposed on

Inertial reference

—__—_———rj‘——’,////// Force transducer

Y N ] '?——{gii:;otor ::]
Thrust’ butt
Motor
Active member accelerometer
4

Active Vehicle Other

Member Simulator Vehicle
Energizer Analog Loads

Figure 5-~2: Simulator Diagram.
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the vehicle simulator analog if the situation warrants.

Accelerating Reference

Next, consider a typical
input thrust force to the case of a
rocket motor. Figure 5-3 is such a

thrust-time curve for a solid pro~

pellant motor, where c |
> i
>~ !
"a" is the thrust build-up & :
|
with the erosive burning :
peak, ;
"b" is the design thrust area t
and Figure 5-3:
. . Typical Solid
"e" is the tail-off . Propellant Thrust—

Time Curve.

Depending on the thrust
build—uﬁ time, the tail-off time, the design burning time,
and the fundamental natural frequency of the system to which
the motor is attached, the thrust curve could appear to the
system as a step function, a pulse function, or varying de-
grees of ramp functions. Thus, different levels of transieats
could be excited by its application. 1In addition, unstable
burning may result in oscillatory forces superimposed on the
thrust curve of Figure 5-3 (reference 20).

Now, consider the motion of a space vehicle in

free flight under the action of a thrust curve as just de-
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scribed. Since the area under the thrust-time curve (the
total impulse) is a finite quantity, the vehicle will undergo
translation accordingly. The resulting motion is a vibration
(about the center of mass)plus a steady-—state acceleration
proportional to the thrust per unit of total vehicle mass at
all instances of time. At first glance then, it appears that
by extracting the thrust per unit of total vehicle mass (or
accelerating reference) from each equation of motion govern—
ing the acceleration of the particle concerned, the remaining
motion would be vibratory.

If the accelerating reference is next observed
from the viewpoint of setting up D'Alembert forces throughout
the vehicle, an interesting point may be made. By the D'Alem—
bert reasoning, the extraction of the accelerating reference
from the acceleration equations is identical to extracting
body forces equal to the individual masses times the refer-—
ence acceleration from the force equations of motion. This
operation is very easily performed within the vehicle analog
computer depicted in Figure 5-2.

The rocket motor is an integral portion of the
space vehicle as described above. However in the simulator
it is a physical quantity as opposed to the motorless vehicle
representéa in the electrical analog. Thus, application of
the body forces to the motor is impossible without the bene-~
fit of an absolute acceleration. For this reason, the accel-

erating references must be modified to accommodate this def-
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icit of the motor.

Simulator Stability

A third equivalent concept will now be introduced
to visualize the stability of the system just described.

The vehicle-motor system is assumed to be moving
through space and vibrating due to the thrust function. The
same accelerating reference as described for the vehicle in
space will be assumed to be moving along side of the vehicle.
This is shown in Figure 5-4.

If the reference mass M, is equal to the sum of
the individual vehicle-motor system masses, ZMj, both sys-
tems should have the same net acceleration since they are
acted upon by the same thrust, T(t). The vibration modes

of the vehicle-motor system are then the excursions of the

vehicle components relative to the reference axes.

Vehicle-Motor

System Axes
M Sets
r
a4
T(t) ( Reference Axes

Figure 5-4: Vehicle Coordinate Systems.
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Suppose that within the analog, some minute vari-
ation existed between the reference acceleration and the net
vehicle-motor system acceleration. Thié might be due simply
to a stray voltage in a circuit. This would allow the vehi-
cle-motor system to drift away from the reference and the re-
sulting modal amplitudes would increase accordingly. Neutral
stability may then be seen to exist between the two systems.

To provide stability between the vehicle-motor
system and the accelerating reference, the following steps
will be taken. The accelerating reference.will be defined
as ground. Then a stabilizer system will be used to attach
the vehicle-motor system to the accelerating reference. This
may be done in many ways. However, the method chosen must
provide small spring stiffness so that the vehicle-motor vi-
bratory modes will not be disturbed. Also damping must be
provided that will be ineffective to vehicle modes yet will
damp out the stabilizer induced modes quickly. In this man-

ner, stability will be attained.

Experimental Program

The preceeding discussion presents the major areas
requiring theoretical developments. These deveiopments will
not only be presented as a proof of the simulation concept
but will also contain generalizations for extension to any
thrust stand vehicle simulator.

To complement the theoretical developments, analog
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computer studies will be made. Each major portion of the
development will contain a computer proof. The computer
studies will also be useful in examining parameters which
affect the performance of the stabilizer. For example, the
ratio of the accelerating reference motion to the motion of
the vehicle center of mass may be varied to investigate the
ease of "tuning" and thus of balancing the simulator.

Finally, a complete experimental study will be
made with the aid of an EAI Pace 231R Analog Computer. A
particular space vehicle and rocket motor will be assumed
for the study. All of the significant thrust stand components

will be considered and a complete simulator program developed.

Additional Studies

The definition, proof, and development of the
thrust stand space vehicle simulator concept completes the
scope of this study. However, its usefulness depends upon
the equipment and instrumentation that comprises it. For the
simulator to be successful, the energy source in the active
strut must be highly accurate with a flat frequency response
in the operating range. The accelerometers and the position
and force transducers must be accurate and present small time
constants. Finally, the analog simulator must quickly and
accurately compute the vehicle modes. All of these problems
have been and are being studied for other engineering appli-

cations. For the most part, high quality instruments are
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available. Chapter VIII contains a discussion of readily
obtainable instrumentation and the resulting expectatiomns.
Another study was conducted in an attempt to yield
thrust curves more meaningful from the standpoint of their
effect on vehicles and thrust stands. This study results from
the dynamics induced in the thrust transducer feadout due to

thrust stand dynamics. This discussion is presented in Chap-

ter X.




CHAPTER VI

THEORETICAL DERIVATIONS

This chapter contains the derivations of the equa-

tions and conditions discussed in Chapter V.

Motor Simulation

To properly analyze a space vehicle being simulated
by an active type thrust stand, an analog computer approach
was chosen. The equations of motion governing each component
were put in a transfer function type format. For example,
the rocket motor equations were uncoupled from other equations
with input and output variables being left open—-ended to be
expressed by other equations. This has a necessary function
in the operational problem since the motor will be a physical
system while the vehicle will be represented electrically.

A spring will be assumed to be existent between

Active Piston

AAWAY

Thrust

Butt 4 Motor ::::]
7

AN

Figure 6-1: Motor and Thrust Butt.
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the motor and active portion of the thrust butt as shown in
Figure 6-1. Also, related springs will be assumed to com—
prise the linkage between the vehicle and the motor as shown

below in Figure 6-2. Notice that the motor attachment is

K

o om
Vehicle | AAAAA—©O Motor j..__
T(t)
X, \ Xm ‘ '

Figure 6-2: Motor and Vehicle.

broken at point O in Figure 6-2. The active piston will
represent the dynamic characteristics of the vehicle from
this point forward. Thus, the open-ended equations of motion

representing the analog of the motor are:
Mx +K (x -x) = T(t) , (6.1)
m m om m o

and

Kom(xm - xo) = F(t) , (6.2)

where F(t) is the force exerted on the point O as a con-

sequence of the motor and vehicle dynamics.
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With these equations, the motion of x, may be

used as the input and the resulting F(t) will be the output.

Accelerating Reference

To perform a simulation of any type, various con-
cessions are implicit. If this were not the case, simulation
would be termed duplication. In the case of test cell dynamic
space flight simulation, only the vibratory portion of the

motion, wherein

t
J xyat = 0,

is considered for obvious reasons. The remaining steady-state
accelerations as well as gravitational force variation are
simulation problems for which no near future solutions appear
available.

At this point dynamic motion will be divided into
two distinct categories for purposes of simulation. These
are steady-state and vibratory (or transient). Steady-state
acceleration will be that which is proportional to the thrust
force. That is to say, if the accelerating mass was a non-
resonant (or solid) mass, it would undergo steady-state
motion. It is clear'that the center of mass of a group of
oscillating particles, by this definition describes steady-
state acceleration under any external excitation source. Any

departure from steady-state motion, then, is vibratory. This
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may be put into vector form as

i emalin. -

Vabsolute - VSteady-state +v

vibratory (6.3)

Thus, this definition of vibratory dynamics con-
stitutes the test cell simulation of space vehicle flight
dynamics. The theory of transition from free flight to test
cell is developed as follows.

The equations of motion will first be written in
terms of absolute values of the time-dependent variables.
For example, in equation (6.1), im, xm and x, are ab-

solute quantities.

If a lumped parameter system is considered, the

system masses may be given by
Ml, Mz, Ma, ) M., v o M

Let the motor be defined as the lattermost mass,
Mm’ and the vehicle by the remaining masses. The development
of a steady—state acceleration reference for these masses
constitutes the problem of this section. With this value,
the absolute accelerations may be reduced to vibratory ac-
celerations for the purpose of simulation.

There remains one more consideration to be discussed
before evaluating the steady-state acceleration. During simu-—

lation, no steady-state D'Alembert forces act on the motor.
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Such forces may be electrically removed frocm vehicle analog
members only. Thus the motor will attempt to advance in the
simulator an excessive amount under thrust if a direct trans-
formation is made from space to the thrust stand.

Consider the following set of free body diagrams.

M, [F() F@)— My [~ T(%)

] e

Figure 6-3: Vehicle and Motor in Space.

T(t)— M, ~——F(t) F(t)— My ——T(t)

] ] e

"Figure 6-4: Vehicle and Motor in Thrust Stand.

In these diagrams, Mv constitutes the vehicle mass given

by

m-1
S M
i=1

(6.42)

£
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also,
M = M . (6.4b)

F(t) is the reaction force of MV on Mm'
Figure 6-3 shows the lumped components of the ve-
hicle in flight. The motion of the center of mass is indi-

cated by X Figure 6—-4 shows the vehicle in the thrust

ss’
stand configuration. The thrust force shown counteracting
the motor thrust vector is actually distributed among the ve-
hicle masses, proportional to their magnitude, within the an-
alog. It appears at first that an unbalance exists on the
mass Mv in Figure 6—-4. However, since iss must be set

to zero in the thrust stand,

t t
[P oct)at + [ P F(t)at = O

where tb represents the time to burn-out of the rocket
motor. Let the vibratory acceleration of the center of mass

of Mv in Figure 6—4 be given by

x = X, -x_ (6.5)
vib. abs.
where ir is the reference acceleration which must be ex-—
tracted from the absolute quantity to allow the value of iss

in the thrust stand to vanish. This constitutes duplication




of X .
vibratory
Summing forces on Mv in Figure 6—4 results in

F(t) - T(t) = M (%, . - %) . (6.62)
abs.

Solving the above for §r produces

* = X T(t) - F(t) .
X xvabs. + . (6.6b)

From Figure 6-3,

X, = F)/M, . (6.7)
From Figure 6-4,

T(t) - F(t) = XpMy - (6.8)

Substituting equations (6.7) and (6.8) into equation (6.6b)

produces
o F t Mm »
X = n(av) =3 " (6.9)
m—1
where Mv = 2 My, which is the desired result. Now, if
i=1

the quantity

X, = X, + Xp (6¢10)
vib.
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is substituted wherever x occurs in the equations of

absolute
motion concerning the vehicle analog, the desired simulation

is obtained.
At first this work may appear to be trivial since

by merely extracting

Xp = T('t)/MV (6.11)

from each iv the same effect is gained. However, T(t) is an
unknown quantity and F(t) and im are physically measured
thrust stand quantities.

To provide a check on the accelerating reference
concept, a simple vehicle-motor problem was solved with the
aid of the analog computer. This problem and its discussion

both are contained in Appendix B.

System Stability

Simulation of rocket dynamic flight presents the
problem of system stability. This may be seen by referring
to Figure 6-5.

If it is assumed that the vehicle is internally
stable, that is that K and C are positive, then the system
stability is a function of the external properties. This is

to say that Sy, as well as S must have values such that

c’
the characteristic equatibn is satisfied for stability.

The stabilizer system in Figure 6-5 is attached
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Ref .
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PlandQ (Sk—l)K l K
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Figure 6-5: Motor-Vehicle Stability Model.
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to an inertial rgference plane as shown. In the simulator
concept, the reference frame is, of course, accelerating with
the vehicle. On the other hand, the accelerating reference
may be construed as the inertial reference and the ensuing
D'Alembert forces acting to constrain the vehicle motion.
With the last concept, the stabilizer system may be easily
adapted.

The equations of motion for the complete assem-

blage of Figure 6-5 may be written as:

Mix; + (Sp -— 1)Ex; + (x; — X2)K + (5o - 1)Cx3

+ (?.{1 - 5;2)0 = 0 ’
and

MoX> — K(X3 - X2) — C{X; — x2) = P(t) .
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Dividing through by Mi and simplifying,

%, + h%(skxl - X2) + M_f<sci:1 -%2) = 0 ; (6.12)
X Kix, — x2) — Sk, - %) = X8 | (6.13)
2 = E 1 - 2 - M2 1 2 M2 .

Now, if an accelerating reference is defined by

) — P(t)

xg = W+ (6.14)
then %X, and X» may be reduced to vibratory motion. Sub-
tracting equation (6.14) from the right hand sides of equa-

tions (6.12) and (6.13) produces

X1 + Ml-f-(skxl - X2) + M—S(Scfil -Xp) = - ETP% ; (6.15)
“ C,. . P(t
Xo - ]é(xl - Xp) - E(Xl - Xp) = Péz) *E _i(_ 342 , (6.16)

where x; and Xy are now vibratory modes.
The stability of these equations may be checked by
removing the source of excitation and assuming a complemen-—

tary solution of the form
x = X' e - (6.17)

Next, assuming Mi’ C and K are all real and positive,
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define

a = ‘/ K/MJ_ ’ b = /K/Mz P

£, = C/2M;a , and ' L2 = C/2Mzb

Substituting the aboye into equations (6.15) and (6.16) yield
r2xX, + aa(Sle - X2) + 2{;ar(ScX,; — X2) = O , and
r2Xs; — b3(X; - X2) — 2¢2br(X; - X2) = 0 .

By eliminating the displacements from these equations, the
following quartic equation in the roots of the complementary

function of the fourth order system is obtained:

r* + 2(Sgl1a + {2b)r® + [Spa® + 4L:182ab(S, - 1) + b2]r2
+ 2ab[§2a(sk - 1) + £1b(S; = V)]r + a2b2(5, - 1) = O.
(6.18)
For equation (6.18) to be stable, all four roots must be neg-
ative or complex. The real portion of the complex conjugate
pairs must also be negative. These conditions are assured
upon satisfying the stability criteria as per references (5)
and (7).
Routh's Stability Criteria is stated as follows.

Given the quartic
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r* + n1r® + nar® + ngr +ng = 0 ,

stability exists when the first column of the following array

contains the same numerical sign. Consider the array

1 n2 n;
n; Ng 0
m; mz 0
mg 0 0o
my 0 0o ;
where my = nz — hz/n; ,
mz2 = Dg ,
mg = DNz — Djhng/m; , and
mg = DNag

Since the first coefficient in the first column is positive,

the stability criteria reduces to the requirements that

n > 0 , (6.19)

Ng - na/n; > 0, (6.20)
ng — nieg/m > 0 , and (6.21)
ng > 0 ; (6.22)
where m, = np = ns/n; . (6.23)

As previously stated, the coefficients a, b, {;, and {> are

positive. Also, for all problems pertinent to this analysis,
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Sk and S, will be equal to or greater than unity. The

system stability will be analyzed using these values.

By relating equations (6.19) through (6.22) to the
coefficients in equation (6.18) the following conclusions may
be drawn.

Equation (6.22) states that azb?-(sk - 1) > 0.
Thus Sk > 1.0 for stability.

Equation (6.20) states that np - nz/n; > 0. By
substituting in the related coefficients, expanding and col-

lecting terms, there results

L2 4+ 21 ScSk
4¢8(S, + 1) 4LE(S, + W)

(5, — 1) +

where K = b2/a2 = M; /M-. Since the two fractions in this
inequality are real positive numbers, S, > 1.0 satisfies
this stability criterionm.

Next, by rearranging equation {6.21), the following

stability criterion exists:
2 2
n;npnz = 03 — nfne > O

Substituting the appropriate coefficients into the above from

equation (6.18) produces

42(S, + BI(S + Sp = 2) + u® + 201 - §) + 2

+8,(5, = 1)%/(5, = 1) +5, > 0
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This relationship may be seen to remain a stability criterion
if ¢z 1is allowed to vanish. This merely increases the ri-
gidity of the condition set for satisfying stability. Thus,
the remaining terms may be rearranged to form the new stabil-

ity criterion:

1 1
CE=T 2vE -2 > 0 (6.24)

By inspection of the first bracketed quantity in equation
(6.24), the stability criterion is met under all circum-
stances. This is because the minimum value of this quantity
is two, which allows the remaining quantities to produce the
greater—than-zero effect desired.

Finally, equationv(6.19) is investigated. The re-—

sulting relationship is merely
Sc> - K ’

which is satisfied since S, 1is defined equal to or greater
than unity.

Thus the stability check is completed for the areas
under consideration. However, it is interesting to observe
that even though Sy must always be greater than unity for

stability, under certain circumstances, conceivably S, could




52

go below this value.

The stability concept discussed here has been in-
vestigated for a simple vehicle-motor configuration. The
values of Sc and Sk were varied over a considerable range.
This investigation was made in conjunction with the accelerat-
ing reference concept and is included in Appendix B.

The results of Appendix B are interesting in that
an accelerating reference tuning requirement is brought out.
Figures B-5 and B-6 show that the reference frame tuning

parameter given by

iiranalog/irtheoretical (6.25)
must be utilized since perfect system balance will not exist
due to slight variations in simulator component output. If
this tuning is not accomplished, the analog model will drift
toward the equilibrium position and excite stabilizer-vehicle
oscillations. This is undesirable since such motion utilizes
thrust stand actuator travel.

Finally, the wide variation in intersection of the
e axis with Sk may be attributed to stabilizer static de-
flection-induced bias. This effect is of small consequence
since this bias force will be quite small in the simulator
model. In fact, if the stabilizer spring is attached to a
mass which is coincident with the center of mass, this force

will vanish. It is therefore desirable to attempt such a
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design.

Low Frequency Energy Dissipation

The previous two sections discuss means of obtain-
ing stability of a simulated vehicle being accelerated by a
thrust force. This stability is obtained by affixing a spring
and dash-pot between one of the vehicle masses and the accel-
erating reference frame. However, the damping used to reduce
the oscillatory motion at low frequencies also had an effect
on the high frequency dynamics. It is the objective of this
section to devise a scheme for damping at low frequencies only
and still provide a low frequency restoring force. Figure 6-6
shows a scheme to be used for this objective. Note that at
low frequencies, that is, for Sk near unity, the vehicle
proper may be assumed to be a non-resonant mass. By letting

subscripts wvm indicate vehicle plus motor properties,

Mg + K(Spxg — Xyp)
+Cxg = 0 ,(6.26)

LLLLLL L L L
K (S, ~1) |.J.| c X,

M, __1__ and

X

vm Mvm.;Evm - K(xg = Xyn)

K
F1 l - F . (6.27)

Figure 6-6: Energy Dissipation
' Model.

However, an adequate
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definition of the usefulness of this system may be made by
observing only the first equation, sinusoidally varying Xyp,
at a constant amplitude throughout the frequency range and
calculating the effective spring and damping coefficient of
the point xy, as if My, were not present. Thus,

¥s % and (6.28)

va = skxs + % }'{s + K Xs )

F = K®Xyp - Xg) - (6.29)

If the dynamics of equations (6.28) and (6.29) were defined
by a set of effective coefficients, such as by those of a
system which is used to discuss system stability, the re-

sulting forces will yield frequency dependent coefficients.

Thus

F = Keff¥ym * CeffXym (6.30)
Now assume that
Xym = vaeiwt s Xg = Xseiat , and F =‘ E?iwt, (6.31)

where ZXyn, X5 and F may be complex constants reflecting
the amplitude and the phase shift necessary. Considering a
unit displacement for Xyp, and substituting the values of

Xym» Xs, and F from equation (6.31) into equation (6.29),
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there results

F = KQ -X35) . (6.32)
But from equation (6.28), _

1 = [(s¢ - EEZE) + 1 %Q]Xs , or

X = 1/[(Sg - w2/wpg?) + i C /K] (6.33)
where Mg/K = wZ/wpg®. Substituting this into (6.32) yields

F = KQ - 1/[(Sg - @®/wpg®) + i C w/K]) . (6.34)

If equation (6.29) was evaluated at the same sinusoidal
frequency as F in equation (6.34), the values of effective

spring stiffness and damping are given by

Kogg = real part of equation (6.34) ; (6.35)

Ceff = %(imaginary part of equation (6.34) . .(6.36)

Plots of the above coefficients may be made in a dimension-
less form by substituting CCC = {(2Mpnp for the damping

coefficient and rearranging equation (6.34) as follows:

Keff . O - [(Sk — w2/wps2 =1) + i 2Lw/wns
+ 1 ceff [(Sk - wa/a)nsz) + i 2Cw/wns ] . (6.37)
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Next,
LLLLL LSS

a vibration dis~

{ x
sipation system (S,-1)K LTJ o | S
will be investi- Mg

Mom

gated as shown in

Figure 6-7. The

equations of mo-— F 1

tion for this Figure 6-7:
Energy Dissipation Model.

system are

MsXs + Kxg — KXym + C&g = O , and (6.38)
MypXvym — KXs + (Sk — 1)Kxyp + Kxym = F . (6.39)

By removing My, and applying a unit sinusoidal displacement

to Xvp, equation (6.39) gives the resistance to motion as

F = K(SkXypy — Xs) . (6.40)
Solving equation (6.38) as before for xyym = 1,
Ms Cx .
= = ==Xg + + X ;
va 1 K S K S (S

which has a sinusoidal solution

1 = [1 - (/wp)? + i(2tw/wp)]Xs . (6.41)

Py
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Solving for Xg and substituting into equatica {5.40) pro-

duces

F = K[sk - 1/[1 - (@/wp)® + i(zca)/wn)]] ;

"or, as per equations (6.35) and (6.36),

Keff .0 _ [Sk 1l - (w/wn)2 + i(2¢w/wp)] - 1]
T Higlett = [T = (o/on)? + 1C2a/an - (6.42)

The next system to be investigated is a variation
of the previosly discussed configuration of Figure 6-7 with
Mg being set to zero. It is shown in Figure 6-8. The equa-—

tions of motion governing the system shown in this figure are

Cxs+ Kxg — Kxym = O , and (6.43)
MypXym—KXs
LLLLLIL LS
+ K(Sg - L)xyp + _L c I X
KXVm = F . (Sk—l)K
(6.44)
K

unit sinusoidal

[xvm
Application of a
F 1 Mvm

displacement to

Xym Yields Figure 6-8: Energy Dissipation Model.




which has the solution

1+ iw/X)Xg = 1 . : {(6.45)
Since equation {6.44) may be written

F = EK(SXym - Xg)
in the absence of Myp, equation (6.45) combines to yield

F =K[{Sg - 1/{1 + iCx/K)] ({per umit Xvm). (6.46)
Now, if ¢  is %o be defined by

C* = C/Cz , Wwhere CZ = vamw: , and &; = jﬁ;ﬁ&;ﬁ ;
then c = ot = tT(Mggen)

This substituted into equation (6.46) yields
F = K[Sk - 1/01 + 2t s/eg)]] (6.47)

or, as per equations {6.35) and {6.36),
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. s (9F ¥ /XY —
1S - [Slimieplon e
It can be seen that the substitutions made for the pseudo-

critical damping coefficient and natural frequency, ¢* and
wj respectively, render equation (6.48) analogous to (6.42)
with (w/wp)2 extracted. By this same reasoning, equation
(6.49) may be deduced from equation (6.37) for the case of

Figure 6-6 wherein Mg was equated to zero:

Beff + 1@ Cess = {@{s; 2 ii('zcicgii{wn)] ° (6.49)
Equations (6.37), (6.42), (6.48), and (6.49) were solved by
the use of an IBM 7074 digital computer for values of the
dimensionless springs and dampers over a wide frequency range.
The computer output is presented in Tables C-1 through C-4..
where B = w/wp as the independent variable with Sy and ¢
as parameters.

The choice of a system to be used was made after
comparing the plots and cross-plots of the tabulated results.
These plots are shown in Figures 6-9 through 6-17. It is
fairly obvious by inspection of Figures 6-12 and 6-13 that
Figure 6-7 represents the more desirable damping character-
istics throughout the frequency range. Also, the restoring
spring stiffness denoted by (Sx — 1)K for Sk in the vi-
cinity of 1.5 or greater are satisfactory. Thus, an accept-

able stabilizer spring system stiffness may be chosen which
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K* = Kerf/K @ N
eff O T_T N

* = >~
c Cops/C &
Note: the values of th - N
ordinates are ratioed ] N

to the true value at
w/o, = 1.0 <:>' — O—

/|

Figure 6-9: Relative Effective Stiffness and Damping
Coefficients.
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will not disturb the vehicle sysiem dynamics at high frequen-—
cies yet will provide adequate stability and emergy dissipa-—
tion at low frequencies.

The system chosex from the various data plots to
adapt to the vehicle for refererce stabilization is given by
Sy = 1.5 and { = 1.0 for the system described by equation
(6.42).

Needless to say, equations (6.37), (6.42), {6.48),
and (6.49) do not represent all possible energy dissipation-
stabilizer systems nor even the best for all uses. However,
as will be shown, the chosen system presents a very adequate
solution.

Even with the values of Sy, ( and My, known,
the stabilizer system is not completely described. Two ad-
ditional relationships are necessary to define it.

In the developmernt of equations {(6.37), (6.42),
(6.48), and (6.49) it was tacitly assumed that Xy, was sin-
usoidally disturbed with an amplitude of urity since the pres-
ence of Myp cornsiderably complicates the motion. Thus, the
plots of these equations do no:t completely describe the en-
ergy dissipation and stabiiization rates of a multi degree-
of-freedom system. The analvsis must then continue for such
a system.

First the frequency ratio, PB= /oy, must be
found which allows the maximum damping for the system of Fige

ure 6-7 with S, = 1.5 and { = 1.0. This frequency ratio
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is of importance because if the system fundamental resonance
occured at this point, stabilization would occur with the
minimum number of oscillations. By substituting the known
values of S, and { into equation (6.42), the following
equation in B exists:

1.5(1 + ig)2 - 1
£@) = (I +iB8) 2 .

Multiplying the numerator and denominator by (1 ~ ip)2 clears

the imaginary portion out of the denominator and yields

1.5(1 ig)2(1 - iR)2 - (1 - ip)2
£y = 22E ) G o1 = (- 3p)

which reduces to

1.5(1 2 -1 2 21
£f@B) = ¢ +B(:)|.2+ Ba);s + 21

Since the objective is to find the maximum value of the energy
dissipation coefficient, only the imaginary portion of this

equation will be considered, which is

f@)imag = 28/(1 +B23)2

If the first derivative is set equal to zero, a maximum then

exists which is BZ® = £, Thus, for maximum energy dissi-

pation,
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B = 1//3, (6.50)
where B = w/wp, Sy = 1.5, { = 1.0. The value of
g = 1//3 = 0.5774 may be verified by inspection of Fig-

ures 6-12 and 6-13.

Next, the fundamental natural frequency of the
system will be found. Since it would be of great advantage
to have this frequency occur at B = l/vf§; its value wiil
be set and the resulting design relationships found. This is
accomplished as follows.

If equations (6.38) and (6.39) are divided by the
coefficients of their respective accelerations the following

equations result:

0 K Cc .

Xs + ¥ (Xs - Xym) + ¥z ¥s - 0 , and
. 1.5K

Xym + —ﬁ;;(me -§x) = 0 .

The force F is deleted since only the complementary function
will be analyzed for the natural frequencies. By making the

substitutions

Cc = 2Mga, a2 = K/Mg , and b® = 1.5K/Myp, (6.51)

the equations of motion reduce to
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Xg + a2(Xg - Xyp) + 2ax;, = ©® , and (6.52)
Xym + b2 (Xypy - 2 Xg) = 0 . (6.53)

Next, let the solution be assumed of the general form

Making this substitution into equations (6.52) and (6.53)

produces the following two equations:

rt rt rt

r®X,e” -~ + a2(Xg - Xym)e = + 2arXge = 0 , and
rzxvm_ert + b% (Xyp — %Xs)ert = 0.

By dividing out 'Y, solving the second equation for Xyp,

substituting this into the first and dividing out Xg, the
following characteristic equation representing the roots of

the fourth order dynamic system is obtained:

rt + 2ar3 + (a2 + b3)r2 4+ 2ab2r + a2b2/3 = 0 ..(6.54)

A Routh stability check performed on equation (6.54) showed
that there were no positive roots (see ref. 5. page 134).
Since the possible roots of a quartic are real pairs and/or

complex conjugate pairs, the roots may be assumed to be
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ry - p + iq , r =-~p-iq,

rs =-u+ ia/ /3, and r, ~-u - ia//3 .

Note that the imaginary or oscillatory parts of rz; and rg
are assumed to be w, = a/¢r§_. This in effect is forcing the
natural frequency to occur at the frequency of maximum energy
dissipation. Thus, b becomes the dependent variable whose
solution will yield the final defining equation for the design
of the stabilizer systemn.

If rs and r, are roots of equation (6.54), then
rzrs should divide into it with zero remainder. Forming the

product rsr, yields

rasrys = r2 4+ 2ur + (a2/3 + u2) , (6.55)

and dividing equation (6.55) into equation (6.54) yields the

quotient

r2 + 2(a - wr + (222/3 + b2 - 4au + 3u2) , (6.56)

along with the remainder

(2[ab2 -~ (a=u) (a2/3 + u2)] - [2u(2a2/3 + b2 - 4au + 3u2)])r
+ a®b2/3 - (222/3 + b2 - 4au + 3u2)(a2/3 + u2) .

If the remainder must vanish for all values of r, then
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ab2 - (a-u)(a2/3 + u3®) = u(2a2/3 + b2 — 4au + 3u2) , and
(6.57)
a2b2 = (222/3 + b2 - 4au + 3u®) (a2 + 3u3®) , (6.58)

where u, a and b are real and positive. Expanding equa-

tion (6.57) and collecting terms results in

6u° — 9au® + a2u + a2 + 3b2(u-a) = 0 . (6.59)

Similarly, expansion of equation (6.58) produces

27u* - 36au® + 15a2u2 -~ 12a3u + 224 + 9b2u® = 0 . (6.60)

Solving the above for 3b2? yields

3b2 = (-27u* + 36au® - 15a2u® % 12a3u - 2a%)/3u2 (6.61)

which, when substituted into equation (6.59) produces

6u® -~ 9au2 + a2u + a®

+ (u - 2) (-27u* + 36au® -~ 15a2u2 + 12a%u - 2a%)/3u2 ‘= 0

This expression may be multiplied through by 3u2 , expanded,

and the terms collected to yield

9w - 36aut + 48a22u3 — 30a3u2 + 14a%u ~ 2a5 = 0 . (6.62)
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From reference 6, it can be seen that a quintic must contain
at least one real root, and since there are five changes in
sign, all of the roots may be real. Several roots of u were
found by plotting. However, a restriction placed on the ac-
ceptable root by equation (6.61) necessarily being positive

eliminated all but
u = 0.21074 a . (6.63)

Finally, u is eliminated by substituting equation (6.63)
into equation (6.61) to express b in terms of a as fol-

lows :
b2 = 0.36625 a2 , or b = 0.6052 a . (6.64)

This result appears reasonable for the following reason.

Equation (6.64) states that

JL.5K/M,; = 0.6052 /K/Mg . (6.65)

Had Mg been fixed to ground, then

[1.5k/Myy = (//3) [K/Mg = 0.5774 [RK/Mg

by definition. Since Mg is not fixed rigidly to ground,

Mym must experience a slightly stiffer spring system.
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The next step is to check for the existence of the
remaining natural frequency. This is important since the
uppermost natural frequency is the prime criteria for the de-—
sign of the system from the viewpoint of performance.

Since two of the roots have been established as

rs - ﬁ + ia/Jrg_ and r4 = -1u - ia/j??',
indicating the natural frequencies to be = a/l_§: ra times
r. must divide the characteristic equation with no remainder.
Thus, the quotient given by equation (6.56) must contain the
remaining roots, r; and rz. It has been shown, that to
make the remainder vanish, that u = 0.21074a and b2 =
0.36625 a2. 1If these values are substituted into equation

(6.56), this equation simplifies to

r2 + 1.57852 ar + 0.32319 a2 = 0 . (6.66)
The roots of this equation are

r, = =0.24177 a , and r = - 1.33675 a .
This result is quite enlightening since it shows that only

one natural frequency need be dealt with throughout the fre-

quency spectrum.

The utility of the foregoing analysis may be de-
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scribed by referring to the

adjacent sketch. Thus, if

a vehicle requires stabi- Xin Stabilizer— |Fout

EEE—— Damper —

lization, equations (6.40),

(6.52), and (6.65) may be

combined to define a de- Stabilizer-Damper
Transfer Function

sirable transfer function.

Let it be assumed that the operating natural fre-
quency, £, of the stabilizer damper is the prerequisite for

the design and is known. Then, by definition,

Q = a/f3 . (6.67)

By substituting equation (6.67) into (6.52), there results
Xg + 302(xg - X4p) + 2/3 Qx5 = 0 . (6.68)

where Xiﬁ has replaced Xym for obvious reasons. Next,

from equation (6.40),
Fout = 1.-5K(xjp — £ xg) (6.69)

for S = 1.5. Also, Fyyt has replaced F. By definition

b2 = 1. 5K/Mvm ;

and solving for K produces
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K = b2M,,/1.5 (6.70)

Substitution of equation (6.67) into equation (6.64) yields
b® = 3(0.36625)Q2

Finally, equation (6.70) becomes
K = 0.732500%M,p,

and equation (6.69) expands to

Fout 1.0987402Myp (X4, — 2 Xs) (6.71)

Summarizing:

K = 0.73250Q2Mymp, Mg = 0.24417 M, and C = ZJ 3Q
which form the transfer function relationships

ﬁs + 302 (xg - Xjp) + 2/3 0 is = 0 , and (6.72)

Fout + 1.098740%°Myp (8 x5 — x5,) = 0 ; (6.73)

where Xjn = input displacement,

Fout = output force,
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= design natural frequency,
Mvm = vehicle plus motor mass, and

X, = stabilizer-damper mass displacement.

Figure 6-18 presents an analog computer summary
plot of equations (6.72) and (6.73) for various values of
the coefficient of a2 in equation (6.64). It can be seen
that an optimum configuration does exist somewhere between
0.30 and 0.40 in this figure. This verifies the value of
0.36625 predicted by equation (6.64).

Figure 6-19 shows the effect of various inputs on
the response of the stabilizer system described in equations
(6.72) and (6.73). No appreciable change can be seen between

the thrust curve and the step function response.

Flight Forces

In addition to motor-induced dynamic forces, space
vehicles experience body forces, external forces, and inertial
forces. So far, only those inertial forces due to accelera-
tion under motor thrust have been considered. In addition to
these, forces may exist from sourcés §;ch as aerodynaﬁic
loads, gravitational loads, internallsystems dynamics, and
stage separation.

Vehicle dynamics may be generalized into two major
categories as discussed in the section concerning the accel-

erating reference. These are steady-state and vibratory. The

steady-state modes may not be simulated; however, the tran-
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Figure 6-18: Analog Response

Plots of Equations (6.72)

and (6.73) to the Thrust Curve of Figure
6-19 for Various Values of the Coefficient
of a2 in Equation (6.64).
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sients induced by a steady-state force may be simulated. 1In
the case of steady-state forces, the accelerating reference
must be manipulated to yield the integral of the net travel
null. Vibratory loads may be applied at the location of their
origin directly since they satisfy the null integral concept.

The final source of vehicle loading to be discussed
is the body force loading due to gravitation. Figure 6-20
shows a space vehicle component under the various flight

loads. 1In this figure,

Mijg = weight force,
Ft = axial internal forces, and
Fr =  other resisting forces.

Figure 6-20: Space Vehicle Flight Loads.
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In Figure 6-20, Ft and Fr may represent steady-state or

vibratory loadings. By summing the forces on Mi in the

axial direction,

M.X.
i%i

F - Fr cosg - Mig sing (6.74)

t

The gravitational force, for small oscillations, can be seen
to introduce no variation of internal stresses. Also, due to
the linear nature of equation (6.74), the presence of Migsin¢
may be seen to contribute nothing to the oscillatory charac-
teristics of X - This may be argued (see reference 17) by
presentation of the fact that for small oscillations, the
change in potential with respect to X is infinitesimal.

The previous discussion of neglecting the gravi-
tational loading assumes the presence of no constraints. How-
ever, if the desired simulation consists of a vehicle sitting
in a launch platform with the thrust being applied, the grav-
itational forces would be a necessary part of the program and
should be considered.

The remaining forces, Ft and Fr005q from equa-
tion (6.74), should be included by separating the steady-
state and forced vibratory components and applying them ac-
cordingly. The steady-state component should modify the ac-
celerating reference equation, equation (6.9), by an amount
given by

o Fy -~ Fpcosa

Axr = ‘Mv . (6.75)
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Finally, the forces Ft and Frcosa should be
applied to the vehicle equations with which they are connect-

ed.




CHAPTER VII
ANALOG COMPUTER VERIFICATION OF THE SIMULATOR CONCEPT

An analog computer study was conducted as a means
of verifying the concept of space vehicle simulation within
an active member rocket thrust stand. The test was conducted
using- a particular vehicle and motor system.

The analog method of proof was chosen since the
theoretical developments made in this dissertation are con-
cerned only with the activity of the analog simulator com-
ponent of the thrust stand. Other components of the simulator
thrust stand were adequately considered for their effect on
the performance of the simulator.

No attempt was made at evaluating any particular
equipment or instrumentation since this is outside of the
scope of this work. However, the results of the theoretical
investigation imply regions of varying sensitivity to instru-

mentation precision that will be discussed in Chapter VIII.

Analog Computer

An EAI Pace 231R Electronic Analog Computer was
used to study the simulation concept being applied to an as-
sumed space vehicle and motor configuration in an active
strut, single degree-of-freedom thrust stand.

Figure 7-1 shows the Pace Electronic Computer.

This machine consists of the following components pertinent

81
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to the problems investigated.

Amplifiers: There are one hundred 100-volt linear opera-—
tional amplifiers. These contain less than 0.17 de-
grees phase shift to 100 cycles per second (cps), the
drift is less than 4 millivolts per minute (mv/min),
and the noise is less than 3 mv peak-to-peak at O-
20 kilocycles (kc). Thirty of the amplifiers may be
used as integrators.

Coefficient Potentiometers: There are sixty ten~turn, 30,000
ohm linear (within 0.5 percent) coefficient potenti-
ometers. Each has a 1000-division vernier dial with
a locking device and each has a three-position switch
associated with it to provide read-out capabilities.

Diode Function Generators: There are five function genera-—
tors, each of which contains twenty segment potentials.
The maximum slope permissible is ten (volts per volts).
The frequency response is flat to 5 kc and the phase
shift is 1.5 degrees maximum at 100 cps. The noise
level is 25 mv peak-to-peak maximum.

Electronic Multipliers: There are nine solid state quarter-—
square type multipliers. The static error is 120 mv
maximum and 30 wv maximum zero error. The phase shift
is 0.07 degrees maximum at 100 cps. The dynamic ac-
curacy is 140 mv at 100 cps and 2300 mv at 1000
cps. The frequency response is flat to 20 kc and the

noise is 20 mv peak-to-peak maximum.
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Electronic Digital Voltmeter: The computer contains a con-

tinuous readout electronic digital voltmeter. The res—
olution is 0.01 volts DC over a 120 volt DC range
and will respond to the new reading within 0.01 sec-
onds. It contains a five-digit display and indicates

polarity.

Reference Power Supply: The reference voltage is controlled

by a mercury cell battery. The reference is maintained
within 5 mv of the desired value to all computer com-
ponents. The stability is 10 mv per eight-hour period.
The output is *100 volts at 1.0 amps. The regula-
tion is zero to full load within 0.01 percent; for ten
percent line voltage variation it is within 0.005 per-—

cent. The noise level is 0.001 volt RMS maximum.

Print Out Device: A print out device is available which is

capable of printing a five-digit number and polarity
corresponding to the digital voltmeter. Also, the three-
digit address indicating the component being read is

printed.

Prepatch Panel: Quick-removal prepatch panels are available

with 3,300 holes for signal and power leads.

Function Switches: Twelve function switches of the single-

pole, triple—throw variety are available through the

patch bay.

Recorder: An eight channel analog recorder is available,

housed in a comnsole apart from the main computer. The
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channel width and trace width are 40 millimeters and

0.01 inches respectively. The presentation is true rec-

tilinear and the rise time is 4 milliseconds to 90
percent. The linearity is 0.5 percent full scale. The
‘frequency response is flat to 50 cps for 50 divi-
sions amplitude. The chart drive speed accuracy is 0.25
percent. The chart range speed is from 0.05 to 200
mm per second.

Display Unit: A 17-inch oscilloscope is available for dis-—

play. Provisions are made for an eight channel input.

Experimental Model

Figure 7-2 depicts the space vehicle-motor system
for which the simulation is to be accomplished. Only the
axial dynamics will be.considered since this will be suffi-
cient to verify the concept. -

The space vehicle and motor analyzed here are

Space Vehicle Motor

Figure 7-2: Space Vehicle-Motor System for
Simulator Checkout.

i it




- Vehicle ~L Motor —e

Ko Kzsa Kaa Kss Ksm

T(t)

12 Czaa Caa 45 Csm

c .

X, -——~l Xz - X3 ep—— X4 .___' Xs .4_._.«l Xm ...,..---.,.-|
W, = 600 lbg, (My = 1.554 1b sec2/in) and W, = 200 - /Tdt 1p
W, = 500 lby (M, = 1.295 1b sec2/in) 250
Wa = 400 lbm (M = 1.036 1b sec?2/in) , (Mm = 0.518 - 1.036 x 10°°
Wa = 300 1bm Mg = 0.777 1b sec?/in) , . 2
Ws = 200 1bm (Ms = 0.518 1b sec23/in) , J Tdt 1b sec” /in) ,
where JT(t)dt/250 = [T(t)dt/Ig, is the propellent burned at a specific
impulse of 250 1b sec/lb.
Kiz = 2 x 10° 1bs/in Ci2 = 15 1lbs/sec
Kaz = 3 x 105 1lbs/in Czz = 15 lbs/sec
Kasa = 4 x 10° 1bs/in Cza = 15 1lbs/sec
K4s = 85 x 105 1bs/in Css = 15 lbs/sec
Ks,, = 5 x 10° 1bs/in Csp = 15 1lbs/sec

Figure 7-3: Lumped-Parameter Space Vehicle-Motor Model.
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strictly hypothetical models. However, the physical char-
acteristics of the assumed configuration are not unreason-
able. They were conceived without regard to simplifying the
study other than the assumption of coefficient linearities.

The lumped-parameter model of Figure 7-2 is shown
in Figure 7-3. The M's represent masses, the K's springs,
and the C's dashpots. T(t) and Mp(t) are time-dependent
thrust and mass respectively.

The motor mass My is seen to present a simple

nonlinearity in the system. The integral is added to promote

mass variation; however, this is a quite simplified approach.

Appendix E presents a more adequate discussion of thrust
curves and mass rates.

Several thrust curves were used in this study.

These were a pulse, a step, and varying degrees of ramp func-

tions. Figure 7-4 is a

generalization of these l
. . total burn time
thrust-time functions.
The rise time for. the ~
EE) .
V -
step and pulse functioms B rise 1
time
are very nearly zero. — M oe
o w
. R tail £ 3
The ramp function rise of f 2'2
x
times were 0.001, 0.010,
and 0.100 seconds. The _ - l
full duration thrust Figure 7—4: t
Typical Thrust Curve.
curves (composed of pos-—
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itive ramp, constant thrust, and negative ramp functions)

were all set at a total impulse of 2800 pound-seconds.

Thrust Stand Properties

The properties of the thrust stand by which the
vehicle space flight simulation is to be accomplished will
now be presented. Figure 7-5 is a simplified sketch of the
simulator thrust stand.

Chapter VIII discusses some particular instruments
that are used in rocket motor testing. Similar characteris—
tics will be assumed for the components of the stand showzn
in Figure 7-5.

The thrust transducer will be assumed to have a
capavity of 6000 pounds with a rated load deflection of

0.006 inches. This instrument is a standard strain gage

Inertial
ref. Linear Live Actuator
ifferential
Transformer; Force Transducer
Accelerometer
2 \T{E)
i Motor }:}—'
\— Strut
77
Thrust
Butt
Figure 7-5: Simulator Thrust Stand.
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balanced bridge load cell. The resulting effective spring
stiffness for this unit may be seen to be 10% pounds per
inch. The differential transformer is used to continuously
monitor the position of the thrust butt with respect to iner-
tial space. Since there will always be flexibility in any
thrust butt, the live actuator must extend to compensate for
any induced deflection. The output of the differential trans-
former and the vehicle simulator analog will then be summed
and be the input to the live actuator to position it. How-
ever, this step is practically trivial and it is thus felt
that including thrust butt flexibility in the analysis would
add nothing to the proof of the simulator theory. Therefore,
it will be deleted by assuming infinite rigidity of the thrust
butt.

The active member of the thrust stand will be an
electrohydraulic exciter. The choice of an exciter is an MB
Model 30-15-1*. This model appears somewhat small in light
of the 2800 pound thrust generated by the motor. However,
it represents a lower limit to the flexibility that would be
encountered for such a motor. This will more vividly bring

out its effect on the overall simulation problem.

* MB Model 30-15-% Electrohydraulic Shaker derives its power
from hydraulic pumps but the motion is signaled by an elec-
tric voice coil-armature arrangement which acts as the pilot
stage of a three stage servo system. It has a vector force
output of 3000 pounds, a velocity limit of 15 inches per
second, and a peak-to-peak amplitude of % inch (see refer-
ence 14).
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A reasonable working fluid pressure for the exciter
is 2500 psi. Line losses and back pressures may account
for approximately 500 psi (see reference 12). Hence, the

area of the actuator stage piston is given by

3000 lbs — i 2
s/in2 1.5 in

From reference 13, page 316, the fluid compressi-

bility may be given by

dp _

E
AR (7.1)

’

where p is the fluid pressure, V is the volume, and E

is the compressive elastic modulus. By definition,
dp = dF/A , (7.2)

where dF/A is the differential force per unit area. For a

constant area cyclinder,
dv = Ady , (7.3)

where y 1is the piston stroke. Substitution of equations

(7.2) and (7.3) into equation (7.1) yields

dr
A2dy

= %‘ s Or
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dF _ EA2

&y - vV -
But dF/dy is the resistance per unit deflection or the
stiffness. Since the MB 30-15-3 contains a double acting
piston, the stiffness is given by

2EAZ
= V . (7'4)

If the volume of the working fluid ir the lines is neglected,
vV = AL/2 , (7.5)

where L is the total (or double amplitude) piston stroke.
Thus, upon combination of equations (7.4) and (7.5),

_ 4EA
K - L 3 (7°6)

A good value for the elasticity of the working fluid is
200,000 psif By substituting the known quantities into equa-
tion (7.6), the actuator spring constant becomes

K = 4 x 208,(;00 x 1.5 = 924 x 105 1b/in .

All of the sources of major flexibilities have now

* See, for example, page 7 of reference 15.
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been discussed. Figure 7-6 summarizes the system and intro-
duces the remote analog. The value of Ma will be assumed
negligible since its value is small; say twenty pounds since
the exciter head is approximately ten pounds. With this, an
additional degree of freedom is averted.

The effective spring constant, Keff’ will now be

N\
T(t)
\——]
L ~l
_____ -7
M = 0.518

3.33x107¢ V/1b.

- 1.036 x 1075/Tdt

J M, represents the
—/\ K actuator and strut
eff mass and Keff is
A Ms the spring coanstant
N Kss which must be supplied
i Ms so that
o Kss Ksp, = 5x10° 1lbs/in.
G M
K=s3
M2
K;2
M,

Figure 7-6: Simulator Schematic.
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calculated. Since series spring constants add reciprocally
to yield the reciprocal of the resultant spring constant

(see, for example, reference 16),

1/5x105 = 1/10x105 + 1/24x10% + 1/K ¢
Solving for Kq¢f yields

Kepg = 17.142 x 10° 1b/in .

The concept of separation of the motor at the particular
point "O" was discussed in Chapter VI. This point occurs
at the hydraulic actuator within the actuating fluid. There-
fore, the physical thrust stand strut has an effective stiff-
ness of

10 x 24 x 10° _ s A
Kom = 10+ 25) = 7.06 x 10 1b/in .

Thus, the equivalent spring system has been defined
for adaptation of the motor to the thrust stand. However,
the same equivalent coefficient must be computed for the
damping term. This will be accomplished by developing a
damping coefficient which produces the same energy dissipa-—
tion over the span from the analog M§ to the point "O" as
from the vehicle Ms; to My (see Figures 7-3 and 7-6).

Force is generated by viscous damping between two
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bodies by the relative motion between them. This force is

given by
Fij = Cij (Xi - XJ)

Energy is dissipated between these same two bodies at the

rate
: 2 .\2
Eij = Cij (X5 — %X3) .

Now, if the vehicle and simulator energy dissipation rates

are equated, there results
Cso(is - x5)% = Csm(is - xp)?

Solving for the desired coefficient Cso:

(X5 — Xp)?2

C = C s e
50 S (x5 - Xo)2
However,
Xs = Xm _ Kso
X5 = Xo Ksm

for any loading. It may also be shown by the time differen-

tiation of the x's that
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Xs —%m _ Kso
X5 - Xo Ksm
Thus,
Ksol®
Cso0 = Csm Kem . (7.7)

Substitution of the known values yields

17.142x105]2

Cso = 15 { 5 x 105

176.3 1b/in/sec.

Equations of Motion

The differential equations of motion governing
the dynamics of the simulated space flight may now be devel-
oped.

First, the vehicle equations are written and nor-
malized by dividing through by the coefficient of the accel-

eration term, M;. This results in

Xp + X1 + 1.287x10%(x; — x2) + 9.6525(X; — X2)

+ 0.6435 Fout = O ; (7.8)

Xy + Xz + 3.861x10°x, — 1.5444x10°x, — 2.3166x10%x,

+ 23.166x5 — 11.583(%X; + Xx3) = 0 ; (7.9)

Xy + Xg + 6.7568x10°x; — 2.8958x10°x, — 3.861x10%x,

+ 28.958%5 — 14.479(%X2 + X4) = O ; (7.10)
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Xy + X4 + 11.583x10%x, ~ 5.148x10°x3 — 6.435x10%x5
+ 38.61x, — 19.305(%x3 + X5) = 0 ; (7.11)

ir + X5 + 42.745%x10°%s - 9.653x10°x, - 33.093x10%x,

+ 369.3%s — 28.958%4 — 340.35%x9 = 0 ; and (7.12)

17 .142x10° (%o - Xs) + 176.3(Xo — Xs5)

F(t) . (7.13)

The accelerating reference equation will now be

calculated. From equation (6.9):

Xp = Fé:) + %% Xm ; Where
Mp = 0.518 — 1.036 x 10™°f T(t)dt

Again, this is not the best method of estimating the mass
variation from the viewpoint of the physical system; however
it will suffice here. Substituting the above mass variation
relationship into the accelerating reference equation, the

simulator reference becomes

Xy, = 0.193044F(t) + 0.193044[0.5180 — 1.036x10™°[T(t)dt]%y.
(7.14)
Next, the differential equation governing the mo-—

tion of the motor and the equilibrium equation of the point

of attachment will be written. Thus,
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[0.5180 - 1.036x10 °[T(t)dt]%, + F(t) = T(t) , and
(7.15)
7.06 x 10°(xy, - X0) = F(t) . (7.16)

Finally, the stabilizer equations will be written
directly from their development in Chapter VI . The value of
the design natural frequency, ), will be set at 20 radians
per second. The remaining requirement, the vehicle-motor as—

sembly mass is given by

Mypm = 5.180 + [0.518 — 1.036x10 S/T(t)dt] .
However, it is easily shown that a small variation in Myp
will not appreciably affect the performance of the stabilizer
damper; for example, see Figure B-1l. Thus, Myp Wwill be
set at the initial value of

Mym = 5.698 lbs secZ/in.

Substituting this value and the design natural frequency into

equations (6.72) and (6.73) produces

kg = 1200(x; - xg) - 69.282 x5 and (7.17)
Fout = 2276.7 x; — 1571.8 x5 . (7.18)

Equations (7.8) and (7.18) state that the attachment of the
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vehicle to the stabilizer-damper is through vehicle mass M,.
This attachment is quite simply changed by annexing Fout to
any vehicle mass and replacing x; in equatioms (7.17) and
(7.18) by the corresponding displacement.

Figure 7-7 shows the simplified schematic of the
systen. |

Table 7-1 presents the summary chart of the com-

plete system equations of motion.

Analog Computer Solutions

By inspection of Table 7-1 it is easily seen that .
several equations may be combined to eliminate variables with-

out increasing the order of the equations involved. However,

Vehicle |
X3 Xs , X5 X9
Stabi- Vehicle Point  ————
lizer Proper o Hotor T(t)
Fout xO ::.{C F(t)
§r
' - F(t)
Accelerating
Reference “
m
Figure 7-7: Schematic of Simulator Scheme.
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%p + %1 + 1.287x10F (%, — x2) + 9.6525(k; — %2)

+ 0.6435Fguy = O

Xp + X2 + 3.861x105x> — 1.5444x10°x; - 2.3166x10°x,

+ 23.166 Xz — 11.583(%; + X3) = O

%p + Xs + 6.7568x10°xs — 2.8958x10°xz ~ 3.861x10 x4

+ 28.958 X3 - 14.479(x2> + X4) = O

%p + Xe + 11.583x10°xs - 5.148x10°xs — 6.435x10°xs

+ 38.61 X4 — 19.305(%s — xs) = O

Xp + X5 + 42.745x10°x, - 9.653x10%x, - 33.093x10%x,

+ 369.3 X, — 28.958 x, ~ 340.35 %, = O

17.142x10° (xo — X5) + 176.3(%o - %X5) = F(t)

Vehicle Equations

%, = 0.193044F(t) + 0.193044(0.5180 — 1.0360x10°x
JT(t)at) x,

Accelerating Reference Equation.

T(t) = F(t) + (0.5180 — 1.0360x107°[T(t)dt) Xp
F(t) = 7.06x10° (xp - Xo)
Motor Equations
% = 1200(x; — Xxg) — 69.282 Xg
Fout = 2276.7 x; — 1571.8 xg

Stabilizer Equations

Table 7-1: Simulator Equations of Motion .
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it must be remembered that in the physical simulation these
variables are measured quantities and, in fact, drive the
simulator analog. For example, F(t) and im are physically
measured quantities and therefore must appear in the equa-
tions. Thus, Table 7-1 represents four separate and inter-
dependent subsystems. The analog computer program will hence
be composed of four separate dependent programs. These pro-
grams represent the vehicle, motor, accelerating reference,
and stabilizer system.

Due to the wide range of coefficients in all of
the simulator equations, time was scaled down by T = 100t
but the amplitudes were scaled individually. Using the co-

efficients given in Table 7-2, the stabilizer equations be-

come
o 20“ o

[2x10°%5] = Zppos [10%x1] — oype [10%xs]
a = 1,287x10° m = 14.479 w' = 340.35
b = 9.6525 n = 11.583x105 X = 0.193044
c = 0.6435 © = 5.148x105 a = 0.97231x10*
d = 3.861x10° P = 6.435x10° B = 7.06x10°
e = 1.5444x10° q = 38.61 r = 0.5180
f = 2.3166x105 r = 19.305 © = 1.0360x10"°
g = 23.166 s = 42.745x10° e = 7.06x10°
h = 11.583 t = 9.653x10° £t = 2276.7
i = 6.7568x10° u = 33.093x10° p = 1517.8
j = 2.8958x105 v = 369.3 o = 1200
k = 3.861x10° w = 28.958 v = 69.282
1 = 28.958
Table 7-2: Simulator Equation Coefficients.




101

_'5_6 [2x10°%5] and

[Fout] = —QZ [10%x,] - =85 [10%xs] ;
10 10

the reference equation becones

- 2x10* ¥
- [2x10%%,.] = -'—Z;iﬁz—'[F(t)/lo]

- g'[4x103M*§m] ;
the motor equations become:

[F(t)/10] = 'i%a [ 105xp] -i%g [10°x0] ,

* 16x10% 4x104
- [4x10°M"kp] = - “2x10% [T(t)/40] +'Z§iaz'[F(t)/10],
| t
and [2004%] = 200r - 200%3200x0 [ el T(t)/40]dT

and the vehicle equations become:

[2x10%%,] = - [2x10%kp] — [2x10%%,] — lga [10%x,]

200

2x103¢c
2105 [10°%e] - “5ge [Fourl

- [2x10°%,] = [2x10%%y] + 3oy [2x10%%,]

2d 1 s a
+Zﬁ65—[10 Xg] —2—00[2}{10 Xl] -4 10 [10 Xl]
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- —%— [2x10%%s] - ——— [2x10%*xs]
200 4x105 ’
e - -i- [}
[2x10%x,] = - [2x10%x,] - 550 [ 2x10%x;]

- 10; [2x10%x,] + EUG [2x10%x,] + Z—iag [104x.]

+ '—(-)!EC)- [2x10°x,] + T——= [2x10%*x,] ,

4x 10

- [2x10%%,] = [2x10%%;] + 585 [2x10%x,]

+ e [12x10%x,] = =L [2x10%x5] ° [2x10%x5]
4x105 +1 = 5pp X107 %] = 4x105 4%V %s

. 2
- = [2x10%%;] - ———E§ [10°x5]

200 4x10
[2x10%%s] = - [2x10°%,] - 200 [2x10%%_]
2s

- 5 7 W sa t 4
22105 [10°x5] + 3pp [2x10%%.] + 2105 [2x10%x,]

w' . 2u
+ 5000 [2x10%x,] + Z=10° [10°%x0] , and

5 L]
[2x10%%0] = - gﬁ%§%337§ [F(t)/10] - 10 [2x10%x ]

[

+

22, 5 29 5
2000 [10°x0] -~ 3000 [10°x.]

These equations may now be programmed directly for the analog
computer by letting the bracketed terms appear. Figures 7-8,
7-9, and 7-10 show the resulting wiring diagrams. Table 7-3
is the corresponding amplifier operation and potentiometer

setting chart.
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Pot. Vaiue Use Value Use
No, No.

01 . 0©.5000 1/2 49 0.1654 u/2x10"
02 ; 0.0322 | ¢/20 50 | 0.0724 | m/200
03 | 0.6435 | 2a/4x10° 51 0.1689 1/4x10°
04 E 0.5180 I 52 0.1287 ©5/4x106
05 : 0.0483 b/200 53 0.2896 n/4x106
06 0.4000 0.400 54 0.0965 r/200
07 0.0483 %/200 55 0.1930 q/200
08 | varianle |"f" mass bal.|| 56 0.1654 u/2x107
09 0.1000 time 57 - step

10 0.0250 time -

11 | 0.0332 3200 o Amp. Awplifier Use
12 0.0125 0.0125 B s f(ir)

13 0.0965 x/2 C s f(xyp)

14 0.7060 | B/10° E S Fout

15 | 0.5000 | 1/2 G [ s

16 0.2277 £/10* H [ %s

17 0.3464 r /200 J S F(%)

18 0.5672 F{t)/.01763 L high gain amplifier
i9 | 0.5000 | 1/2 N [ %

20 0.1847 v/2000 0 Xpm

21 0.2413 t/4x10° P 3 MF Em

22 0.1448 w/200 _ R gain of - 10

23 0.2137 s/2x10' S s M

24 | 0.3218 | p/2x10° U [ £l Te)]dt

25 0.9723 c./10% W [ at

26 0.6435 a/2x10° X T %

27 | 0.1702 | w'/2000 z T %2

28 | 0.5791 | f£/4x10° AA T %o

29 0.5000 1/2 BB J Xo

30 | 0.1518 | p/10* EE T %=

31 0.7060 5/10° FF | %2

32 - My mult. HH | x5

33 variable "e' retr.bal.| II | X5

34 | 0.0965 | %/2 KK T k.

35 | 0.0060 | c/2x10% LL T %

36 | 0.0060 | o/2x10° MM T %,

37 0.0965 r /200 00 | x.

38 0.5000 1/2 A, D, F, I, K, M, Q, T, V,
39 0.1158 g/200 _ Y, CC, DD, GG, JJ, and NN
40 0.7722 e/2x10~ are all sign changers
41 | 0.0579 | h/200 —

42 | 0.1931 | d/2x10° Fso | function generator

. SM multiplier

43 | 0.1448 | 3/2x106 Q P

44 0.5000 1/2

45 0.9723 «/10% Switches

46 0.0724 m/200 No. Switch Use

47 0.9652 k/4x10° FS 00 accel. reference
48 0.0579 h/200 FS 01 stabilizer
Table 7=3: Pot. and Amplifier Assignments.
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Discussion of Results

The simulation of the space vehicle of Figure 7-2
was seen to be quite successful. Several variables were con—
sidered and their effects are shown in Figures 7-11 through
7-17. These variables are:

1. Position of the stabilizer damper,

2. Mass ratio parameter "f",

3. Accelerating reference tuning parameter '"e" and
4. Thrust curve build-—up time.

In each run, all or part of the vehicle mode is
shown. However, the most significant fact to be observed
throughout these tests is the excursion of Xxg5. This is the
motion which must be netted by the actuation of the active
member of the simulator thrust stand to produce simulation.
It is interesting to note that the excursion of x, was nev-
er greater than 0.04 inches peak to peak.

A pulse was used to compare the effect of moving
the stabilizer from position x; to x,. This comparison
is made in Eigures 7-11 and 7-12. No apparent change is made
in the mode of vehicle oscillation by moving the reference.
The pulse serves to bring out the worst vehicle transient
conditions since it is the sum of an instantaneous step—up
and step—down.

The effect of varying the mass ratio coefficient
f is shown in Figure 7-13. The indicated thrust, T(t);

vividly displays the result. Hence, if the indicated thrust
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is desired within a certain precision, f may be used as the
variable for setting the accuracy requirements on the system
components.

It is also interesting to note the effect of £

on the positioning variable x,. The fifty percent change in
f caused only approximately a five percent change in the X,
amplitude.

The usual method of measuring thrust is by a force
transducer output only. Figure 7-13 shows the comparison of
thrust transducer output [F(t)] and the method which utilized
not only a thrust transducer but also an accelerometer [T(t)
indicated].

Figure 7-14 presents the analog data concerning
the effect of the accelerating reference balance parameter
e on the analog simulator performance. The time scale was
contracted so that the low frequency mode could be observed.
A step inbut (with no step—-down) was used as a limiting con—
dition of a thrust curve build-up time. The values of F(t)
and T(t)ind were not affected noticeably by this parameter.
However, the vehicle is seen to "drift up" or "drift down"
dependent upon the value of e. The maximum excursion is an
important quantity since it determines the active strut ac-
tuator travel. The optimum setting of e 1is seen to be in
the vicinity of 0.998 to 1.000 to minimize this maximum
excursion and hence the actuator travel. The only reason for

e to be other than unity is that the large number of compo—
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nents required to produce the vehicle simulation result in a
composite drift error. The high sensitivity to tunihg is due
to the low order stability of the stabilizer system.

Finally, the response of the simulator to several
thrust curves was observed. These thrust curves were as shown
in Figure 7-4. The rise times were 0.001, 0.010, and 0.100
seconds respectively. The stability of the system remained
consistent for all thrust curves. The maximum excursion of
Xo Wwas seen to be 0.035 inches from Figure 7-15.

This completes the analog computer analysis and
verification of a particular space vehicle simulated within

an active rocket test stand.
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CHAPTER VIII

INSTRUMENTATION, PRECISION, AND SIMULATOR STABILITY

Regardless of the care taken in attempting to sim-
ulate the theoretical dynamics of a space vehicle, the final
success depends upon the quality and proper utility of the
electrical components used in the simulator. Although the
general solution of the electrical problem is beyond the
scope of this investigation, a simplified analysis will be
presented as a means of indicating the potential problem

areas.

Servo Loop Stability

Assume that the active strut of a rocket motor
thrust stand contains a closed loop servo actuator, loop 1,

as shown in Figure 8-1. The objective of this servo loop is

servo actuator

N\ T xé__l force transducer7 Xn ‘__‘
\ ,
N = (T
N N—
N
1 X4 2 F
[ Xo - SPACE
2 CD VEHICLE
ANALOG
amplifiesr

Figure 8-1: Simulator Schematic Diagram.
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to drive the error function, denoted by ¢, to zero such that
Xo = xé. Thus, the loop may be denoted by a transfer function
G(s) which will be interpreted as the ratio of the output

X3 to the input Xxg,.

Next, consider the rocket motor which is driven
by x4 and T. Since the thrust need not be included for
the stability check, the response may be denoted by the trans-
fer function H(s) which is the ratio of xy to Xg5.

Finally, the analog computer may be represented
by the transfer function I(s) which is the ratio of x4, to
F. This closes the loop. One problem still remains in com—
életely defining the servo loop. This is that F is not com—

patible with the output of H(s). However the known relation
F = K(zxp - x43)

(where K is the strut spring stiffness) will satisfy the

objective. Figure 8-2 depicts the resulting servo loop. By

G(s) i H(s) xm%?
X0 K[I(s)] Xm - X0

Figure 8-2: Simulator Servo Loop.
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(> K[I(s)][G(s)] H(s)

Figure 8-3: Reduced Simulator Servo Loop.

elimination of X, from Figure 8-2 by the definition of the
transfer function, there results Figure 8-3. The transfer
function for the feedback system may now be calculated.

Let J(s) be the desired transfer function de-

fined by
J(s) = x§/Xp
Since
g;f%égg = K[I(s)][G(s)] = 1/[@zm/x48) - 1] ,

there results

K[I(s)][G(s)]
J(s) = m(@][G(s7] ¥ 1 . (8.1)

The remaining rocket motor component H(s) may now be com-

bined with equation (8.1) to yield the stability equation



128

such that now the excursions of Xx; may be monitored. Thus,

= K[H(s)][I(s)][G(s)
[)a)] - KEeHpe)ieisl (8.2)

Equation (8.2) is the transfer function associated with the
stability of the simulator. Since the input and output are
both Xx;, the stability criteria for the system as discussed
in this chapter [since I(s) and G(s) are stable] is satis-
fied when equation (8.2) sustains a value of less than unity.
Since the quantity will be complex, other limiting stability
criteria may be needed (see reference 5). From reference 5,
the transfer function of a spring mass system under excita-—
tion, such as that produced by the action of the exciter on

the motor, is given by

woj =

H(s) = Mg ,Dg, 3
K

where K, M, and D are the spring, mass, and dashpot coef-
ficients associated with the strut. The symbol S is defined
as the frequency times a unit vector in the complex plane.
Thus, the simulator stability is seen to exist at low fre-
quencies, regardless of K, I(s), and G(s); although at
higher frequencies these quantities are all of importance.

Therefore, depending on the transfer functions
within a particular closed loop simulator, the spectral sta-

bility may be obtained as discussed here. This stability can
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be calculated by the solution of the roots of the resulting
equation (derived as per equation (8.2)) by computer tech-
niques or by other methods (for example, see the stability

criteria methods in references 5, 7, and 29).

Instrumentation and Precision

The previous discussion concerning the servo loop
stability of the thrust stand vehicle simulator was simpli-
fied to some degree. Nevertheless it shows the importance of
the individual components by means of equation (8.2). 1In
terms of instrumentation this means precision, stability, and
_small phase lags in the desired operating range. Appendix D
presents a discussion of the major components of the system
and includes specific manufacturers' products and their prop—
erties. Included are discussions of force transducers, flex-
ure pivots, accelerometers, amplifiers, and potentiometers.

Chapter II was concerned with the accuracy levels
of current thrust measurements. This status has been attained
by continual improvement in thrust stands, force transducers,
recorders, and related instrumentation. However, to improve
the accuracy at a rate demanded by the space effort, the dy-
namics problem introduced by rapid thrust build-up rates,
sharp tail-offs, and unsteady burning in general, must be
solved. This means either removing the emphasis placed on
acceleration data or increasing the measurement precision

thereof. For example, Figure 3-1 shows the peak indicated
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thrust to be nearly two hundred percent of the true thrust.
Hence, to keep the desired accuracy level, inertial force
components must be measured (and in some instances decoupled
from other force measurements) within the same precision
range that the force transducer is capable of. However, in-
stantaneous measurement of inertial data is not near this
precision level at the present time.

Under the most desirable circumstances, that is,

a rigid motor system, the inertial loading may be defined by

Fi = Mp Xp (B.26)
where the subscript m refers to'fhe properties of the mov-
ing mass on the motor side of the force transducer. If it.is
assumed that a small percentage measurement error, €p, is
known to exist in the estimation of the propellant mass (see
Appendix E) and an error, €5, is also known to exist in the
acceleration measurement then the largest possible error in

inertial force measurement is giveﬁ in the equation
Fi(l + €) = Mp(1l + pep)xn(l + €3) (8.3)

where ¢ 1is the ratio of propellant mass to moving mass and
Fj€ is the net error in inertial load measurement. Now, by
expanding equation (8.3) and dropping small quantities, the

error may be given by
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€ = €5 + p€p (8.4)

for small errors (for example, around 0.05 or 1less).

Appendix E gives the best estimation of instan-
taneous mass measurements to be near two percent. The most
optimistic estimation in acceleration measurement precision
is in the vicinity of one percent (see Appendix D). Thus,
inertial force levels for high | systems can not be meas-
ured closer than approximately three percent (this is not in-
cluding recording, data reduction and other existent errors).

The foregoing argument has shown that if thrust
data is to be measured within a small part of one percent, one
of the four subsequent procedures must be followed:

1. Improve bounds of mass and acceleration measurement
errors such that € in equation (8.4)comes within
the accuracy limitations of the thrust transducer;

2. Reduce excursions to zero thereby eliminating the
dynamic loads;

3. Utilize the best obtainable combinations of 1 and
2 (including optimization of | in equation (8.4));
and

4. Redefine the objective in thrust measurement and by
proper dynamic simulation eliminate the need for
the removal of the dynamic loads.

Needless to say, items 1 and 2 are beyond com-

prehension for the present. Item 3 has some significant

By




132

possibilities. Suppose the thrust stand was designed at a
particular value of TSTI (reference Chapter X). The maximum

error could then be given by

Cpax ~ S¢ * (TSTI - 1)(6a + uem) (8.5)

where €f is the maximum thrust transducer error. Equation
(8.5) is the general statement of the thrust measurement re-
quirement. It shows that minimizing TSTI has a pronounced
effect on the maximum error. However the mass ratio | has
coupling effects on TSTI and should be investigated for the
particular problem.

Finally, the simulation concept requires a com-
pletely different type of error analysis. Under conditiomns
of perfect simulation, the accuracy of the thrust force meas-
urement would not be limited by test stand motor dynamics.
AAlso, the value of forcing function data (instead of thrust
data) in terms of overall space mission requirements is hard
to place a value on.

Appendix B shows the relatively small effect of
varying the ratio of the motor mass to the vehicle mass on
the value of the position X in the simulator. This is to
say that the effect of small errors in inertial force meas-
urements concerning the motion of the vehicle is relatively
insignificant in the simulation. For example, the system in

Figure B-11 shows that a one hundred percent error in motor
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mass estimation causes around a seven percent error in Xg
position. Hence a five percent error in mass measurement
would decrease the resulting error in X, to within the
force transducer range. Therefore, an analog computer func-
tion generator may be used to generate the motor mass. This
may be accomplished within approximately five percent by an
assumed straight line mass expenditure rate.

The problem that remains to be solved in the sim-
ulator error analysis concerns the degree to which errors in
simulation affect the actual space vehicle performance. This
will entail rather lengthy analyses and will not be consid-

ered here.




CHAPTER IX

COMPARISON OF RESULTS

It has been shown that space vehicle simulation
is a logical approach to the thrust stand dynamics problemn.
This type of simulation not only produces the desired vibra-
tion enviropment but also diminishes the data reduction proc-
esses necessary to transform the results into a usable for-
mat. This is possible since thrust stand dynamics is no long-
er considered extraneous information but now assumes the posi-
tion as an important component of the vehicle forcing.

Appendix E presents typical rocket motor thrust
data as obtained from one of the most accurate large motor
test cells in existence. Within the precision ranges desir-
able, the instantaneous thrust level is, admittedly, an un-
known quantity (primarily due to the effects of the stand
dynamics). However, to remove the resulting superimposed
stand dynamics from the transducer readings presupposes the
knowledge of the motor propellant mass and the effective mo-
tor acceleration. The accuracy of the measurements associated
with these quantities leads to doubts concderning not only the
present accuracy levels possible, but also any adequate future
solutions which might be formulated.

Since this dissertation is primarily concerned
with the analog component of the simulator, any comparison
of the results between present motor testing and simulation

13k
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testing must be a qualitative comparison. Additional studies
will be necessary to establish the ranges of utility of either
method. The success of simulation depends upon the proper
vehicle synthesis as welllas upon the simulator accuracy.
Thus, the precision to be expected will be mainly a function
of the particular system tested.

With reference to Figure 7-13, it is apparent that
the performance of the simulated vehicle of Chapter VII is
somewhat dependent upon the value of the mass ratio parameter
"fr, This parameter may be interpreted as the precision of
the measurement of the inertial component of force, Mmﬁm.
For example, at £ = 0.95, a maximum error of five percent
may be seen to exist between the values of T(t) and T(t)ind.
This data is analogous to present thrust stand corrected
data, whereas the data obtained by simulation which is suffi-
cient for vehicle analysis is the quantity F(t). It can be
seen that the variations in F(t) peaks are of smaller mag-
nitude than the T(t)ind variations.

It has been shown that forcing function data is
of higher order utility and accuracy under the conditions of
simulation than by that obtained froﬁ present testing methods.
Nevertheless, the ultimate proof of the superiority of the
simulation method depends upon the evaluation of the follow-
ing possible sources of errors. With respect to the present
testing methods, these are:

1. The possible errors resulting from a lack of know-
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ledge concerning thrust stand dynamics;

The possible (and probable) errors caused by inac-

curacies inherent in the data reduction system em-

ployed;

The possible errors resulting due to the additional
degree(s) of freedom required when using T(t) data
instead of F(t) data; and

The possible errors induced by subjecting the motor
to an erroneous vibration environment.

with respect to the simulator technique,

The possible error introduced by a known amount of

error in simulation.

The above comparisons can be seen to be a function

of the mission requirements of the motor. A careful analysis

of the error build-up must be made, throughout the data hand-

ling process, from the thrust stand to the final performance

or design utilization. It is believed that only by such an

analysis can the simulation concept prove to be advantageous.

T



CHAPTER X

THRUST CURVE DEFINITION

The design of thrust measurement systems is con~
tinually plagued with the problem of rapid rise times of mo-
tors. Needless to say, the same problems arise in space ve-—
hicle system design. Sudden thrust build-ups produce '"over-
shoot" of the structural components beyond the statically. de-
flected position and then, dependent on the damping present,
oscillate about some steady-state deflection position. This
transient excursion also produces the maximum stresses, and
thus determines the design stress levels of the system under
the particular thrust condition.

Thrust stand design presents an additional and
unique problem. This is the problem of the selection of the
force transducers to monitor motor thrust levels. It may be
summed up as follows: transducer resolution is inversely
proportional to transducer stiffness. That is to say a trade-
off must be made, when a transducer is chosen for a particular
test, between the resolution and the desigh force rating.
Hence, a knowledge of the maximum force levels a transducer
will experience under the influence of a given rocket motor
thrust curve is required for system optimization. In general,
design manuals call for a factor of two for the ratio of peak
stresses under sudden loading to the stresses under static

loading. .However, a sudden loading (step input) is a hypo-
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thetical one and the actual éxternal loading may produce in-—
ternal loading much less than this... Therefore, the purpose
of the following study is to define the thrust curve spec-
trally as a source of transient excitation. Then, with a
minimal knowledge of the thrust stand and the expected thrust
function, an optimal transducer selection may be made.

Various methods exist for mathematical represen—
tation or definition of a particular function. For example,
a thrust—-time curve may be defined by a Fourier or an expo-
nential series. Such representations are useful in describing
the function yet they lend no physical significance to the
transients which might be excited by the function. This is
primarily due to the fact that 2 thrust curve is neither har-
monic nor periodic. Also the period, or burning time, is of-
ten quite difficult to define.

The method described herein removes the thrust
curve from the time domain and piaces it into the frequency
~domain. This considerably increases its:usefulness since fre-
quencies may be more simply

defined by known physical ~
x«a———{
K

quantities.

L/

Assume the thrust

1Ll
=

is to act on the single de-

gree of freedom thrust stand 7§;7$;g

shown in Figure 10-1. For Figure 10-1: Simplified
Thrust Stand Model.

this configuration, the dy-
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namic equation of motion may be written as
MX + Cx + Kx =T
In terms of thrust per unit mass thi§ equation becomes
X + %-i + w3x = ﬁ- , (10.1)

where w2 = K/M. By substitution of the relationships

c = tc, and c, = 2Ma, ,

equation (10.1) becomes
X + 2L % + 02x = T/M . (10.2)

Thus far, the amplitudes discussed have been ab-
solute quantities. The scope of equation (10.2) would be more
extensive if a dimensionless amplitude were employed. By
utilizing the static deflection of M under the rated thrust

level of T, defined by

Xstatic - Trated/K > (10.3)

this may be accomplished. First, with the relationship w2

= K/M, equation (10.3) may be written as
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T /M wg . (10.4)

Xstatic rated

Next, if equation (10.4) is divided into equation (10.2) and

the substitution

y o= xdynamic/xstatic

is made, there results
y o+ 2w,y + w8y = wiT/Tpateg - (10.5)

The solution of this equation for the maximum value of y
will yield the desired design deflections and thus the struc-
tural loads. Equation (10.5) is thus completely generalized
from the viewpoint of thrust stand properties.

The first question which might arise will concern
the utility of equation (10.5) wﬁen the thrust stand contains
more than a single degree of freedom and thus, additional
natural frequencies. It can be shown that any additional
natural frequency could feasibly give rise to unsuspected
amplitudes. However, experience has shown that the fundamen-
tal natural frequency, which is usually low due to the trans-
ducer flexibility, is the only significant frequency in the
stand system. Also, the higher natural frequencies may not
be excited to any extent by the thrust function. This can

be checked by the use of equation (10.5). If the higher nat-
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ural frequencies are excited, then the technique fails and a
higher order dynamics approach should be employed for the
particular system.

Equation (10.5) is not yet in a very useful form.
Its integration is not particularly simple (with reference to
the complex thrust function). A designer employing many
trials to determine the best transducer could feasibly spend
most of his time integrating this equation. Hence a more
simplified formulation will be sought.

Since only dimensionless quantities occur on the
left hand side of equation (10.5) it would be quite simple
to computerize the solution, substitute various values for
wp, and { and solve it throughout the appropriate frequency
range. Since only the peak amplitudes would be of signifi-
cance, only these values éhould be retained. If a plot of
these peaks was made for a particular motor, its performance
could be predicted on any thrust stand of known Wp and (.
Such a plot might be termed the "Thrust Spectral Traﬁsient
Intensity" (TSTI) and would be a -property of the thrust curve
only.

Considerable work has been done in the field of
transient analysis of simple oscillators. For example, ref-
erence 4 has closed form integrals available which satisfy
equation (10.5) for simple forcing functions. Some of these
are portrayed by the following equations and sketches of the

forcing functions:




1h2
1. Step function: T
y = 2.0 ; (10.6)
T
*Prr—
2. Ramp function: T
y = 1+[_g_sin°_3nl]; (10.7)
WnT 2 t
-+ T **
3 Versed-sine front: T
: 2 W T
y = 1+[ —-—W—"—cos'—g—]. (10.8)
wZTt3- 72 t

However,_thrust curves are much more complex func-
tions than these and fequire a much more rigorous analysis.
For example, a thrust curve similar to the one shown in Fig—-
ure 10-2 produces a superimposed oscillation which occurs
during the amplitude build—-up at particular values of Wy, -
Such an amplitude-time plot is shown in Figure 10-3. Equa-
tions (10.6) through (10.8) yield solutions for first maxi-
mums only. However, Figure 10-3 shows that there are many
relative maximums occuring. Such will be the general case
for thrust curves where high first, second, and higher rates
of change of force with respect to time occur within the same
functions.

Many methods exist for constructing TSTI curves

for thrust functions. For the present, due to the generally
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Figure 10-2:

Thrust Curve.
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10-2 at w, = 76 cps.
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small magnitude of damping within thrust stands ({ = 0.03),
the velocity term will be dropped from equation (10.5). This
induces only a small amount of conservatism in the solution.
The thrust function will then be assumed to be a continuous
function defined by a series of segmented cubics. No limit
will be set on the number of intervals required to define it.
Thus, the solution at any instant of time becomes (reference

3):

yi(t) = £;T(t) = £;(a;t® + byt? + c;t + d;)

(t; <t < ti.7) (10.9)

However, this presents only a particular solution to equation
(10.5) and will not completely represent the transient phe-

nomena. The well known complementary function (reference 3)

Yo = Aj sin opt + Bj cos oyt (10.10)

which covers the same interval should complete the general
solution.

Therefore, equations (10.9) and (10.10) will yield
the time—dependent solution of equation (10.5) if care is
taken in carrying the boundary conditions from the (i - 1)'st
solution into the i'th solution.

Next, an iterative scheme will be used to find the

maximum peaks which occur in the motion at a particular fre-
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quency wp. All of the relative maximums will be compared
over the largest interval wherein they may possibly occur.
This need not be the entire thrust curve. For example, if it
is known that the thrust curve of Figure 10-2 reached a
steady-state value at 2800 pounds and leveled off, then the

longest time required to insure the occurence of a maximum

would be

tYmax togop + 1/f ; or, in general,

t tpk + 1/f , where (10.11)

Ymax

tpx = the time beyond which there is no doubt of addi-
tional increase of excursion due to thrust (this
corresponds to 1 in equation (10.8)); and

£ = wp/2m

Of course, evaluation of <tp* 1is not very scientific. How-
ever, this value is usually quite obvious on a given thrust
curve. If any doubt should exist, the entire thrust curve
should be examined.

Having the largest relative maximum at a particular
frequency, additional frequencies should be investigated un-
til y increases from a monotonous value of 1.0 to a mo-
tonous value of 2.0. The TSTI curve will then be completed.

Figure 10—4 shows several TSTI curves for thrust
curves used throughout this dissertation. An additional

spiked thrust curve has been included. Appendix C contains
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the development equations, flow charts, and FORTRAN compiler
statements used in computing these curves. The input contains
time increments, frequency range and increment, and the thrust
curve. The output contains frequency, maximum amplitude, and
time to maximum amplitude.

It may be seen by inspection of Figure 10-4 that
for simple curves (such as the upper two curves) that the
frequency range wherein TSTI values vary from very near unity

to very near the value of 2.0 may be approximated by:

lower limit: op; x Tpax/10(§) ., 20d (10.12)
upper limit: ®n, & Tmax/(g_%.)max , Wwhere (10.13)
T aT =

max’ (GE) nax T

for the ramp function in equation (10.7). The frequency range
equations are conservative on the upper limit since equation
(10.13) assumes the most rapid rise rate is sustained up to
the maximum thrust level. However the lower limit could re-
quire modification for unusual functions.

Finally, the time increment used to examine the
function must be sufficiently small so that no peaks will be

overlooked. In general,

At = W/&wn ’ (10.14)

that is, one tenth of the natural period, will define the
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response very well.

In conclusion, the TSTI curves will yield an accu-
rate value of the ratio of peak dynamic overshoot to static
deflection, dependent upon the thrust curve representation
and the knowledge of the thrust stand properties. By entry
into the pertinent TSTI curve at the stand fundamental fre-
quency, significant design values and suggestive trends may
be established. Thus, if such plots were provided for all
motors, force transducer selection and/or thrust stand design

could become much more exact.




CHAPTER X1
CONCLUSIONS

It has been shown that space vehicle simulation
is a practical approach to the thrust stand dynamics problem.
This approach also allows the rocket motor to be tested in a
simulated vibration environment without the presence of mas-
‘sive vehicle components, thus allowing the use of standard,
readily available test cells. These properties, coupled with
the advantages of reduced data manipulation, yield a poten-
tially useful rocket motor test and evaluation system.

This dissertation has been concerned primarily
with the development of the space vehicle analog portion of
the dynamics simulator. It was shown that the desired simu-
lation could be accomplished under the conditions set by the
particular definition of "simulation'". Here, the definition
would imply only the vibratory component of the dynamics.

The concept of an accelerating reference was used
to remove the D. C. component of the vehicle motion leaving
only that portion defined as vibratory. The results of an
analog computer verification yielded the sensitivity of the
simulator to the reference. In conjunction with the ability
to bias the analog with an error in reference motion, the
concept of a tuning parameter was introduced. In the physical
thrust cell utilization of the analog simulator, this will

allow the operator to perform a prefiring balance such that
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the servo actuator may be placed in an optimum initial posi-
tion.

Even though the accelerating reference provided a
means of positioning the vehicle (setting the balanced D. C.
level) within the analog, neutral stability existed and any
resulting stray voltages would activate the integrators and
establish drift. In the test cell, this would cause the servo
actuator to extend to the stops. This problem called for a
stabilizer system and a quite efficient stabilizer damper was
developed. In effect, it stabilized the vehicle to the ac-
celerating reference such that any displacements from the
zero point would be quickly damped. One of the important
properties of the stabilizer damper is that it will neither
damp nor add spring stiffness to distort free-free vehicle
modes if the desired design format is followed.

A11'of the theoretical developments and design re-
lations are presented in such a form that the design of any
vehicle analog simulation may be accomplished if the differ-
ential equations can be solved on an analog computer. Of
course, the servo loop stability of the simulator should al-
ways be checked as this defines the frequency limitations of
the system.

The development of the technique of space vehicle
simulation in a rocket motor thrust stand is thus concluded.
This presents only the first of many efforts which must be

expended in order to make test cell flight dynamics simula-
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tion a reality. Therefore, it is recommended that a program
be initiated, such as the following, to meet this end.

First, a study should be conducted to determine
where the need for the type of data obtainable by this meth-
od lies. This will establish the rocket motor thrust levels.

Next, the frequency range of the simulator should
be studied to see if it can be extended to the range required
for adequate utilization. This may be done by employing an
analog computer. The primary variables should include:

1. Vehicle model transfer function;

2. Thrust butt fundamental frequency; and

3. Rocket motor and strut system fundamental frequency.
These studies should be made in conjunction with the highest
performance, commercially available dynamic exciter.

A space vehicle will usually require a complex
formulation to describe its motion. In many instances, syn-
thesis may be used to reduce the complexity required for sim-
ulation; hence a study should be made to determine the limi-
tations of synthesizing.

Finally, a system should be designed, based on the
above analyses, and this system tested with a live rocket
motor. The data should be compared with in-flight data of
the simulated vehicle. A final comparison of the performance
attained by this method with the performance attained in the
classical fashion should establish the value of the method.

However,'care must be taken since it is possible that a poor
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selection of a test specimen could result in erroneous con-
clusions.

This dissertation has presented a method for test-
ing rocket motors in a simulated dynamic environment. The
method requires no bulky test equipment, thus allowing the
use of current facilities without major modifications. It is
believed that an approach such as this is the only economi-
cally feasible means of solving the thrust stand dynamics
problem simultaneously keefiﬁg step with the rapid technolog-

ical advances of the space industry.

Sas
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APPENDIX A

GENERAL EQUATIONS

Differential Equations

There are various methods available for defining

the motion of an el-
ement of a dynamic
system. Several such
methods are the Ham—
iltonian, Lagrangian
and the Newtonian
formulations. For the
systems concerned
herein, the Newton-
ian approach is the
most straightforward.
This is partly due to
the continual refer-
ence of the D'Alem—
bert concept to vis-
ualize a particular
dynamic principle.

In general, for the
systems concerned,
forces are signifi-

cantly more easily

O
% Kp,i o éKn,o
Kn,n—1
Xn
ANl

Figure A-1l: General Dynamic
System.
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conceived than, for instance, momenta or energy.

Newton's Second Law of Motion states that

Force = Mass x Acceleration. (A.1)

Thus, if a dynamic system such as that shown in Figure A-1
is set in motion, the Newtonian relationship may yield the
differential equations of motion. The K's in this figure
are generalized force coefficients. Here they will be con-—
strued to represent spring constants (as they are used in the
text™).

By assuming a displacement of each mass and apply-
ing equation (A.1l) to the i'th mass in Figure A-1, its e-—
quation of motion becomes

Migi = Kjol= x3) + Kj (%, — %3) + ... + Kip(xp - x3)

+ Fy

By expanding this relation and removing the displacement terms

to the left side of the equation, there results

Mixj + (Kjo + Kj1 + ... + Kjp)x; — Kj1%; — KjoX%o

- ... = K. F.

in*n = Fi (A.2)

or, in general,

* Only the spring forces are considered here although damp-
ing may be treated in the same manner with identical conclu-
sions and format.
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(A.3)

Hence, the choice of subscripts in Figure A-1 has led to an
extremely simplifying conclusion. It may be summarized as
follows: to write the matrix differential equations of motion
for a lumped-mass parameter system,
1. Write the mass matrix as a diagonal matrix.
2. Multiply by the corresponding acceleratioﬁ vector.
3. Write the stiffness (damping) matrix by
a. Summing all stiffness (damping) coefficients
which have the subscript corresponding to the
row wherein the related mass occurs and place
. this value on the main diagonal, and by
b. Placing the negative of the stiffness (damping)
coefficient in the off-diagonal locations cor-
responding to the subscripts, remembering that
K.. =K

ij
4, Multiply the stiffness (damping) matrix by the dis-

3i’

placement (velocity) vector; and

5. Finally the above, when summed are equal to the ex-
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ternal force vector. This is to say

[MI[x] + [CI[%] + [K][x] = [F]

The above procedure was used throughout this dis-—
sertation since it provided a simple bookkeeping method of
writing (and checking) some of the rather lengthy sets of

differential equations of motion.

Routh's Stability Criteria

The Routh Stability Criteria is a technique which
affords not only the necessary conditions but the sufficient
conditions for proof of the stability of a systenm.

Consider a system which has a characteristic equa-

tion given by

aor™ + a,rPl 4 a,rf2 4 ., 4+ oa . r 4+ a, = 0
where the a's represent constant coefficients, the r's
roots of the characteristic equation and n the order of the

systemn.

First, the coefficients in the above equation are

arrayed in the following order:

o az ag ag

a, as as etc.
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From this the following array is calculated for a 6'th order

system:
a, as as 0
b, bs b 0
(A.4)
cy Ca 0 0
d, dg 0 0
e, 0 0 o ,
a0 az
where b, = a]><a3 = (a,ap - agaz)/a, ,
a;
bs = (a,a, - apas)/a; ,
c, = (byaz — a;bz)/b; ,
d; = (eibg = byez)/e;
e, = (dicsz — cydgz)/d;, |, etc.

Stability is said to exist if the entire first
column (a5, 2, by, ¢;, d;, and e;) have the same algebraic
sign.

The Routh Stability Criteria was used in conjunc-
tion with the development of the stabilizer—-damper used in

the space vehicle simulator.




APPENDIX B
ANALOG COMPUTER ANALYSES

Stability and Accelerating Reference

The corcept of stability of a space vehicle-motor
system with respect to a simulated vehicle reference was de-
rived in Chapter VI. Also, the development of the acceler-
ating reference frame was made in the same chapter.

The variables to be analyzed in this section which
affect the vibratory motion of the motor are S,, Si, and
Er. To keep this investigation from being too lengthy, an
analog computer solution was used wherein the variation of
the magnitudes of the above parameters was kept simple. For
the analog analysis, the particular configuration assumed was
a simp{ified version of the vehicle-motor system of Chapter
VII. The following physical properties represent a system
such as that shown in Figure 6-5 (and reproduced in Figure

B-1 for convenience). For this case, assume the following

" properties:

S
I

1800/386 1b-sec2/in ;
M- = 200/386 1b-secZ/in ;
K = 5x10° 1b/in ;

c = 15 1b/(in-sec) ;

and the following dimensionless quantities (initial values):

158
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- C xl..._.| . X2 ~‘——|

Figure B-1l: Motor-Vehicle Stability Model.

Sg = 1.0 and S, =1.0,

First, the combined stabilizer and accelerating reference
concepts will be analyzed in conjunction with this system.
For simplicity, let the acceleration of the center

of mass be defined by

X, = e——— . (B.1)

This equation will be used to describe the motion of the ac-
celerating reference frame. The coefficient "e'" 1is included
to indicate the potential variation of this equation about

the theoretical value of e of unity. For example, if e

is set at a value of less than unity, the reference frame will
initially move from some inertial reference point at a lesser
rate than the system to which it is connected through a sta-
bilizer. This motion will induce oscillation about the steady

state (static) deflection position.
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The equations of motion may be written with refer-

ence to Figure B-1l as follows:

S
v 5x386x10 15x386 . v
Xy + — 1800 (SkX1 — X2) + ~71g00 (ScX1 — X2) =
- -%g—g g(t) , and
2 5x386x10 (X, — Xz) - 15x386 . . _
2 - =350, 1 —*2) —T3pp (1 - %2) =
386 386

200 P(t) - 3p00 P(D)

Simplifying,
X, + 1.072x10°(Skx; — X2) + 3.216(SgX; — X2) = - 0.193P(t);
X> — 9.65x105 (x; = X») — 28.95(X; — Xz2) = 1.93P(t)

~ 0.193P(t)

To apply these equations to the analog computer, the ampli-
tudes were scaled by letting 10%x appear. Time was reduced
by a factor of 1/100 and the thrust was scaled by P(t) =
2800/40, allowing 70 volts to appear. The resulting equa-

tions are:

0.1x;, = - 0.772[P(t)/40] - 1.072(Skx; — X2)

- 0.003217(SgX; - X2) ;

0.1X = 9.65(x; — x2) + .02895(x; - Xx2)
+ 7.72[ P(t)/40] - 0.772[ P(t) /40]
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Figure B-2 shows the analog wiring diagram for these equa-

tions. The program was designed around ease of manipulation
of the three potentiometers governing the values of S, Sa»
and e. An experimental study of the variation of these co-

efficients was made. Table B-1 shows the potentiometer set-

tings and amplifier definitions for the study.

Pot. | Setting |Definition| Amp.|Amplifier function
nr.

01 0.0500 constant A sign changer

02 0.1000 constant B time analog integrator
03 0.7720 constant C high gain amplifier
04 | 0.1000 0.le D X; integrator

05 | 0.3217 | constant E X, integrator

06 0.1000 0.1Sc F summer

07 0.2895 constant G sign changer

08 | 0.1000 0.18k H %> integrator

09 | 0.1072 | constant I Xz integrator

10 0.0322 constant J summer

11 0.2895 constant K multiplier

12 0.9650 constant L sign changer

F60 function generator

Table B-1l: Pot. and Amp. Values for Figure B-2.

The effect of variation of S, on the decay of
the low frequency oscillation is merely the exponential decay

given by

for the non-resonant vehicle stabilizer system, where { is

given by
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_ (Se = 1C _ (S¢ = 1C [ (M, + M)
¢ = G 200 | & - Dr 2

M, + M2

_ /Kgsk - 1)
WOn =

Figure B-3 is the analog computer output showing the
effect of various types of excitation: the five millisecond
rise time similar to thrust build-up of a solid rocket motor,
a square wave, and a pulse. The step function excites the’
higher vehicle mode which is undesirable for analysis of the
low frequency stabilizer mode. Thus, only the thrust curve
is used throughout the remaining data.

Figure B—4 shows the variation in system dynamics
with Se. In both this figure and in Figure B-3, e and Sk
were held constant at values of 1.0026 and 1.012 respec-—
tively. This value of e was chosen to intentionally unbal-
ance the system. In Figures B—4 through B-6, the thrust curve
terminations are not step downs but computer resets.

Figure B-5 shows the effect of varying the refer-
ence control parameter e with S, and S, held constant.
Also, Figure B-6 shows how changing Sy to 1.030 effects
the variation of performance with e. It may be seen that
for e 1less than unity, the vehicle "overshoots” and gives
rise to a low frequency oscillation. As e is increased,
the oscillation amplitudes decrease to zero (at the tuned
reference condition) and finally reverses sense. Figure B-7

shows the reduced performance data from plots concerning var-—
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Response of Fourth Order System to Various Input.
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Figure B-7: Effect of Stabilizer and Accelerating
Reference on Simulator Induced Dynamics.

iation of e.

Five additional sets of data were taken similar
to those shown in Figures B—~5 and B-6. They were made to
cover the expected range of S values. Figure B-7 shows
the results of combined variation of e and Sg.

It is interesting to note that the lines for var-
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ious §; values intersect at a particular point which is not
at the zero amplitude ordinate. This may be attributed to
the stabilizer induced bias which occurs when the mass to
which it is attached deflects under the thrust loading. Note
also in Figure B-~4 that this mass (M;) moves aft (toward the

center of mass) upon thrust onset.

Thrust Stand Stabilizer and Accelerating Reference Check

The early sections of this appendix dealt with the
development of concepts of system stability and accelerating
reference frames in general. HoWever, to adapt a motor to a
rocket thrust stand, a more sophisticated set of parameters is
necessary. Thus equation (B.1l) must be replaced by equation

(6.9). This equation may be written as

F(t) Mm |,
X = Tuy ¢t f ¥ *m (B.2)

where f 1is the variation parameter devised to investigate
the effect of Mm§m/Mv on the accelerating reference.

Also, the stabilizer damper designed for low fre-—
quency energy dissipation will be used here.

Figure B-8 shows the configuration to be analyzed.

With reference to Figure B-S8,

200/386 1b-sec®/in ,
1800/386 1lb-~sec2/in ,

=
B
i

=
’_l
]
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m
F(t)
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Figure B-8: Stabilizer-Damper Model.

Mo = 200/386 1b-sec®/in |,
K,2 = 5x10° 1b/in ,
Kzo = 17.15x10° 1b/in ,
Kmo = 7.06x10° 1b/in ,
C,z2 = 15 1b/in/sec ,
Cz0 = 15 1b/in/sec , and
My = M; + Mo (see equation B.2).

F(t) is the force exerted by the force transducer
on both systems. It is shown positive (in compression) react-—
ing at the attach rings.

Since there are five unknown quantities in the
above equations, namely X;, X2, X0, Xpm and F(t), five
equations of motion may be written. They are:

200 ..
386 Xm + 7.06X10°(xpy — X0) = T(t) , (B.3)
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7.06x10°(xy — x ) = F(t) , (B.4)
1800 .. . . S s _
—3ge ¥1 + 15x; - 15x2 + 5x10°x, - 5x10°x, = O (B.5)
%%% X» — 15%, + 30%2 — 15%, — 5x10°x,

+ 22.15x10°x2 - 17.15x10°%, = 0 |, (B.6)
- 15xp + 15x, — 17.15x10° (x> - x,) = F(t) . (B.7)

The motion of the vehicle relative to an acceler-
ating reference frame is obtained by annexing equation (B.2)

to equatiohs (B.5) and (B.6). Thus:

%%% Xy + 7.06x10° (xp — X0) = T(t) , for motor; (B.8)
7.06x10° (xp — Xo) = F(t) , for motor; (B.9)
1800 &, + [E()x386 . ¢ 200 o 1A% + 155,

- 15%, + 5x10°%; -~ 5x10°x, = 0 ; (B.10)
%%% Xo + [ESE%§§§§ + £ f%g% im](%%%) - 15 x; + 30x»

~ 15%x105x, + 22.15x10°x, — 17.15x10°xo = 0; (B.11)
- 15%2 + 15%¢ ~ 17.15%x105 (x> — %o) = F(t) ; (B.12)

where all displacements now appear in the vibratory (tran-
sient) modes. Solving for the desired unknown in each equa-
tion yields

2y

Xpm = = 13.61x10°(xp - x0) + 1.93T(t) ;

F(t) 7.06x10° (xy — Xo)  ;
%, = -[0.193F(t) + 0.1fx ] - 3.215(x; - X2)

- 1.072(x; - x2) + Fout
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Xz = - [0.193F(t) + 0.1f%Xp] — 28.95(2x2 — x, — Xo)
+ 9.65x10° (x, — 4.43x%2 + 3.43x0) ;
¥o = % — 1.43x10° (X0 — x2) + 0.0667F(t) ;
where F,.i 1s the stabilizer output force.

The above equations are adapted to an analog com-

puter by making the following mathematical substitutions:

Let 103x, 0.1x, T(t)/40, and F(t)/40 appear;

and let 1 = 100t; this slows down the solution.(B.18)

Substitution of the assumptions expressed by equation (B.18)

into the five equations of motion produces the analog equa-

tions
0.1x, = - 13.61(xy — xo) + 0.772[T(t)/40] ; (B.19)
0.1[F(t)/40] = 1.765(xp - X0) ; (B.20)
0.1Xx; = =(.0772[F(t)/40] + .0OlfXp) — 0.003215(%; — X2)
- 1.072(x; - X2) + 0.01Fout (B.21)
0.1%, = =(.0772[F(t)/40] + .01lf% ) — 0.2895(2x2 — X,
- 'X0) + 9.65(x; — 4.43x> + 3.43%0) ; (B.22)

0.1Xxg = 0.1x, = 114.3(xo - x2) + 2.667[F(t)/40].(B.23)

The value of the stabilizer force, Fgyt, has been inserted
in equation (B.21) so that it will receive scaling with the

other equations.
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Next, the equations of motion governihg the sta-
bilizer system for che thrust stand space vehicle simulator
will be formed by referring to the theory of Chapter VI. From
equations (6.72) and (6.73) with the design natural frequency set

at 20 radians per second, there is obtained

%, = 1200(xjn - xg) - 69.308xg , and

Fout = 2504.3x; - 1669.5xg .

Scaling by the use of equation (B.18)as before,

xg = 0.12(x3y, — xg) ~ 0.69308%g , and (B.24)

Fout = 2.5043x;, — 1.6695xs . (B.25)

Table B-2 is a summary of the analog computer e-—
quations. Table B-3 contains the potentiometer settings and
amplifier definitions for the analog diagrams (representing
the equations of Table B-2) shown in Figures B-9 and B-10.
The stabilizer is shown separate from the vehicle-motor analog
diagram for clarity. The input and output junctions are
clearly shown.

An EAI Pace 231R Electronic Analog Computer was
used to solve the set of equations shown in Table B-2. Sever-
al options were made possible by the versitility of this ma-
chine. The excitation source was governed by the three posif

tion switch COl, shown in Figure B-9. Either the thrust
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0.1%¥y = - 13.61(xp — Xo) + 0.772[T(t)/40]

0.1[F(t)/40] = 17.65(xp - Xo0)

Motor equations

0.1%, = -(0.0772[F(t)/40] + 0.01xy) — 0.003215(%; — X2)

- 1.072(}{1 - Xa) + 0.0IFou't

0.1k = —(0.0772[F(t)/40] + 0.01%x;) — 0.02895(2x2 — X3
- Xo5) + 9.65(x,; — 4.43x2 + 3.43x0)
0.1%kg = 0.1%» - 114.3(xo — Xz) + 2.667[F(t)/40]

Vehicle equations

0.1xg = 0.012(xjp - xg) — 0.69308%g
Fout = 2.5043xjp - 1.6695xg
Xin = X,

Stabilizer equations

Amplitude scale: x = 10%x ; Time scale: T = 100t.

Table B-2: Summary Chart of Analog Equations.
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Pot. No. Setting Anmp. Amplifier Use
01 0.0500 A sign changer
02 0.1000 B F(t) + Mm¥p
03 0.5790 C time reference
04 0.7720 D [ %2
05 0.1000 E sign changer
06 0.3000 F sign changer
07 0.1261 G sign changer
08 0.1765 H S Xnm
oe 0.7720 I [ %m
10 0.7720 J Xm
11 0.0322 K S Em — Xo)
12 0.4430 L sign changer
13 0.1072 M X2
14 0.17635 N S (X2 - X3)
15 0.1000 o) sign changer
16 0.2667 P Z Xo
17 0.2895 Q [ %o
18 0.3430 R S (Xo - X2)
19 0.5715 S sign changer
20 0.2895 T | %5
21 0.0322 U J %i
22 0.1000 v S f(X0,X1,X2)
23 0.1200 W Z Fout
24 0.2504 X sign changer
25 0.9650 Y [ xs
26 0.1760 A sign changer
27 0.6931 ZZ Xs
28 0.1200
29 0.1000 Feo function generator
Table B-3: Pot. Settings and Amplifier Definitions for
Analog Programs Shown in Figures B-9 and B-10.
26

10:E Fout out in
_X4

Figure B-10:

Stabilizer-Damper Analog Circuit.
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curve from the function generator, a pulse, or a step up or
down was possible. Switch C02 made the cut-in and cut-out
of the stabilizer system of Figure B-10 quite simple. Vari-
ation of the parameter f in equation (B.2) was accomplished
by manipulation of potentiometer O05. The accelerating ref-
erence frame was tuned by the proper setting of potentiometer
08. The theoretical setting was 0.1765 (e = 1.0000) but bal-
ance was attained at 0.1769 (e = 1.0023).

Figures B-1i and B-12 are the result of this study.
A step input was used to excite the system.

The effect of the variation of the motor mass ratio
parameter f was quite apparent. The vehicle motion was not
affected to a high degree. However, the motor motion and the

indicated thrust, given by
T(t);q. ~ F@) + MpXp (B.26)

was considerably modified (see Figure B-=1l). This series of
runs indicates the desirability of the use of equation (B.26)
for monitoring thrust; namely with an accelerometer and a
thrust transducer combination.

Figure B-12 shows the effect of the accelerating
reference frame. The vehicle drifts away from the initial
condition with the reference unbalanced. Phase two shows the
effect of switching the stabilizer in after the vehicle was

allowed to drift away from the neutral position for apprcxi-
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mately twe time markers. Phase four shows the vehicle and
motor mode with both the accelerating r»«:erence tuned and the
stabilizer in at all times. It may be seen by comparing
phases three and four that the stabilizer does not affect the

high frequency mode.




APPENDIX C

DIGITAL COMPUTER PROGRAMS

Energy Dissipation Stabilizer Systems

As a means of evaluating the damping and stabiliz-—
ing characteristics of several energy dissipation, stabilizer
systems discussed in Chapter VI, an IBM 7074 Digital Computer
Analysis was employed. This allowed a rapid check on each
system as a function of a wide range of variables.

The equations analyzed were:

Sk — w2/wns2 — 1) + i 2¢w/wns
(Sy - w2/wns2) + i 2¢w/wns

°ff 4 1D Cope - [ ] ;(6.37)

Sk[1 - (w/wn)2 + i 2tw/wn] — 1 } ;(6.42)

+ 1L C gpp-="
K Kk eff [ [1 - (w/wn)2 + i 2fw/wn]

Ketf . . Sk[1 + i 2t%w/wn] - 1
£ 4+ 19 Cogs = [ . ] ; and  (6.48)
(1 + i 2¢*w/0f]
Ketf + 19D Copp = [ (Sk - 1) + i 2tw/wn (6.49)
K K eff Sk + i 2fw/wn ] ' T

The variables considered were Sk, B = wﬂwn, and (. Tables

C-1 through C-4 show the computer output where

real values = Keff/K and

imaginary values = %‘Ceff

The FORTRAN compiler statements are not included since they
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Sk = 1.0 L= 0.6 L= 0.8 = 1.0 = 1.2 L= 1.4
B real imag real imag real imag real imag real imag
.2 01961 .2451C  .C&250 .31250  .11243  .36982 14667 61667 .222h0 45337
o4 .16256 .51282 L2477  .57389 37574 .55452 L4375 .SESST  .5T143 ,57143
.t L3103% TLITEBE .51923  L121157 T .55298 .64ETS  .74227 .G759C  .£Q298 51980
.8 .65753 91324 .7Se3B .72368  .BEELS .59488  .SC566  L.503i4 93006 433519
1.C 1.59C00 ~.£3333°71.0C000 .62500 1.0CCCU .5C0CC 1.C2CCO  .41667 1.00007 35714
1.2 1.154C7 63514 1.11360 .49485 1.07290 .40312 1.C:ld6_ .3263C 1.C3832 .23260
1.4 1725641 244872 1.16164 37716 1.10957 .3195€ 1.078562 .27516 1.C5¢9% .24067
1.6 1.25490 .31373 1.17258  .28485 1.12309 .2524S 1.CCHL_ .22353  1.C6532 .1590%
1.8 1.23133 233367 1.16827 21635 1.12460 .20025 1.0%449 .18243 1.07364 .1656%
2.C 1.20325 .1626C 1.15593 .16632 1.12€00 .16CCC 1.C5363 .14G81 1.07433 .13875
4.C 1.06C047 .01935 Ti.05640 .C2406 1.05190 .C276E 1.04729 ~.02C27 1.04280 .0319¢
6.0 1.02741 .00564 1.02657 .C0729 1.02557 .C0877 1.C2444 .01CC5 1.02322 .01115
T T8.C 1.61551  .0C23¢ 1.01L2% .0ND310 1.01451 .00376 1.01452 1.01409 .CC501
10.C 1.CCS95 .00121 1.0C%cé .CC1l59 1.00670 .0C19€ 1.CCS%6  .CC231  1.CCY35 .CC255
'20.C 1?th236“‘TUEEIS“TTEEI4@"’Tﬁﬁb1ﬁf"Tidozda‘ 00025 1.CC247T LLCC3C 1.C0246 .CCC34
40.0 1.€C062 .CCCCZ 1.0CGC62 .00C02 1.0CC62 .COCO3 1.CCC82 .CCCCe 1.CC062 .CLOOD4
6C.0 1.ccc2eoteceT “1700625 " 60001 1.06C28 .0COC1 1.CCC28  .GCCO! 1.Cr025 .CCOO0L
ec.c 1.C6C16 .CCCCC 1.CCCl6  .CCO08  1.0CClé  .CCCCC 1.CCCi6_ .CCLCC 1.CEOl6 .CGeol
1€0.0 "1.C0CIC .CCCCO 1.0C610 .00000 1.8CC19 .0CCCC 1.CRO1E PRCCA  1.0C01C .CGO0D
1 500.0 1.CCCCO0 .CCOC1 1.0C000 .00000 1.0CCOO  .CCCCC  1.CCCR0  .CTCLL  1.CCU0O  .OLOOD
“1c00.0 1.C0CCC .CCCOC 1.0CC00 .06000  1.00CC0 " .CCCCC '1.€CEAG  .CCTCR 1.Caro0  .Cucou
2¢C0.C 1.CCCCC_ .CCCCC  1.CCLOS  .CCODO__1.0CCY0  .CCCCC 1.CCCA0 _,.£CCCC  1.CCCUN  .CLCod
6CC0.C 1.0CCC0 006001 1.0CC00 .c0901  1.060C0 .CRCOLl  1.TCCOC  .CCCCC™ 1.CCOR0  .COCOD
Sk = 1.5 L= 0.6 L= 0.8 ;= 1.0 L= 1.2 L=1.4
8 real imag real imag real imag real imag real " imag
.2 232309 L105&3 - .34n46 .14324  .36289 .17455  .221#8 .2C322 L4026l .22902
oh +33860  .235852  .35235 .29022  .445R3  .2284€  .5CE»5 _ ,3E33C  .560c6 .3C72]
o6 «37294  .396C% LGECT6  .43220 .58388 .438C2 JEE204 T LW2EES T . 72344 40757
o8 +48230 JS77SC .62835 .53827  .73636 .48451  LBI5LG  ,423e7 85062 3450k
1.0 70414 LITCTCETT T82706 T.56940 .R6235  L.47055 .Sl6El 36523 ,$2820 .34611
1.2 «9T111 69324  .982374 .52033  .98$59 .41£41 ,.q:_2‘7]_4_._3.47_c7_w 269469 .25752
l.4 1.15182 .55372 1.08797 .42336  1.05713 .34776 1.C4CL0 26214 1,02953 .251%64
1.6 1.22C37  .26517 1.13507  .33345 1.09328 .281&C 1.c¢é~o 2419p _.l.c5001 .21135
1.8 1.22617 -28C77 1.15%68 .25437 1.10883 .22517 20227 J15517 T1.06120 LL17T28
2.C 1.20816 .15983 1.15161 .1%4C6 1.11235 .17678 1 ce'=5 216288 1.0064T L14890
4.0 1.C6216 202058 1.05772 .C2548 1.052&87 .02917 1.04795 .C2l74 1.04319 .0533¢
6.C 1.C2778  .0058C 1.02690 .COT49 _1.02586 .CCESS 1.07428 ,01C2C  1.C2343 .01l4l
8.C 1.01563 .CC24C 1.01536 .0C314 1.01562 .00384 1.01442 7 .0C44§ '1,01418 .00592
10.C 1.C1600 .00122 1.0C%89 .CO161 1.0C$75 .001SE€ 1.0CS955 _.CC234  1.CCS37 .0 Ze?
20.C 1.C0250  .CCRL5 1.CC45  -C0C20° 1.00Z48 .CCC2S 1.CC247 ~.CCC3ZT 1.0CZ46 .CLO3S
4C.0 1.00C63 .C0OCC2_ 1,0CC62 00003 1.0CC€2 .CCCC2 1.CCCE2  .CCCC4 1.0€062 .CCNO4
60.0 1.CCC28 .0000I "1.C0C28 7.00001 1i.£CC28 .0CCO1 1.CCC2® .CCCOL  1,.CCO2P .CCOOL
80.0 1.CCC16 _ .CCCCC 1.0CC16  .00000 1.0CC16 .CCCOC 1.CCCI6 .rCCOh 1,00516 ,0000L
1€0.C 1.CCC10 .CCCCC  L.CCCL0  .C0000 1.0CCLlO  LCCCCC 1.0CCIC  .CCCCS  1.CCOlC .0CCAO
£00.0 1.C0CCG0 .COCO1  1.0CC00 .CON0O 1.0CCOC .CCCCC 1.CCCCC  .CLCCC 1.GCCO0 .CCOOC
1€cc.C 1.C0C00 .00CCGC "1.0CG00  .CCO00 1.0CCO0 .COOCC 1.CC560  ,CCCLT  1.0CS0C .0GN0D
2CC0.C 1.CCCCO0 LCGCCO 1.0C00C .COOCO 1.70620 .CCCCC 1.6CC45 LCCCLT 1.£CCO7  .CUNOO
6CCO.C 1.CCCCC  .CCCTY ~1.6CCO0  .30001 1.0CCCO  .CCCCY1  1.CCCLQ  .0CLCE 1.2C3500 306
S = 2.0 L= 0.6 = 0.8 = 1.0 L= 1.2 L= 1.4
8 real imag real imag real imag real imag real imag
.2 .49733  LC6155  .5C204 .CEll4  .51C2C .CS55¢€ S12667 L11708  .S2430 .13477.
.4 «49115 .13274  .51513 .15863  .54293 .19e72  .57281 L2228 _ .60345 .2413¢
] C4BRT8  L2244% J8GS5E6 26584 T U60287 .2905S  L£55487 [3C232  LT0247 L3049
.8 .5CS24 3442 L1009 .36637 .6915& L3684  LTE4324 34682 .3C196 32419
1.¢ .59C16 " .4518C 71610 T .44944  .3CCCO  L4C0CC .£5207 J356C3  .BE4B8 L31A474
1.2 .76542 .60322 .AELGO .43CCO  .90780 .36515  .92496 23457  .§517&4 .28952
1.4 58584 UEG4GCT  .95203 .44629 7 .99490 .25707  .SGE45 [PGTSE .59740 .2558¢
1.6 1.14CC0 _.48CCT  1.98155 .37279  1.052C6 .30321 1.02719  .254S5  1.02747 .21373
1.8 1.1999C'”IEEEQT“iTXzETi"T29?bz"1.oessa 424822 1.CL139  .212t€ 1.04503 .1&70v
2.C 1.20492 .2659C 1.14C45 .22472 1.1CC00 .2CCCC 1.07266 .17751 1.65656 .1S237
4.0 1.C6392 .02151 1.03%08 .C2701 1.052B5 .C3077 1.04E58 .C3331 1.04353 .03426
6.0 1.€2815 .0059¢  1.02724 .0CT69 1.22615 .CCS23 1.C24%4 .C1C56 1.82364 .J11&6
8.C 1.C1675° 7. CC24%4 101547 700319 1.01512 .0039C 1.61472 "JCC4S& 1.01427 .CC315
10.0 1.€1005 .00123 1.06594 .00162 1.00680 .CC2CC 1.CC9t3  .CLE36 1.£C943 .CO27D
20.0 1.C0250 ~.CCCL5 '1.CC:90  .COC20 1.70249 .C0C25 1.CC24R° LCOE3E  1.CC246 .20735
4C.0 1.€CC63  .CCCC2 1.0CC62 .0CCO3 1.0CC€2 .CCCO2 1.0CC2 .CCC4  1.CCO62 .CCR06
&C.C 1.CCC228  .CCTC1 T1i0CC28 08001 1.00C28 LCCLGL  1.50C23 .CCCCL  1.6892% .crael
80.C 1.CCol6 _.C02CC 1 CCGIb .gqcoo 1.0C016 .CCCCC  1.CCCL5  .CCCCC 1.CO0i6 .COACL
1€0.0 1.€CC10° . eChTC  1.CCT10™ LC6u0C™ " 1.9¢C10  .90CCC 1.CCCl0 .CCCCCT 1.00010 .ICACT
SCO.C 1.cecce .CCGClL 1 g;aac .cccoo 1.0CCCO  .CCCCC  1.€C8CHO  .CCCEC 1.CCOLE  .CCTon
1€C0.0 1.CCCO0 ".fCCCC 1.0CLGO™ 00000 1.0CCO0  LCCCCC 1.6CCN0 T .CCCER  1.002300 30300
2€C0.0 1.C0C00 .0CSCC 1.6CCUD  .CCNOO  1.0CCCY  LCCOCC  1.06C00 £ 1.CCAN0 L00N0)
6CC0.0 1.6CCC0 " LCCTCY T1.CCCED™7.C2C01 T 1.0C000  .CCUNY  1.0CCLH 1.r0050 00002
TABLE C-I: DIGITAL COMPUTER OUTPUT FOR EQUATION (6.37).
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8 = 2.5 { = 0.6 L =0.8 L =1.0 { =1.2 _t=1.4
8 real imag real imag real imag real imag real imag
.2 .59733 .(3625  .6CC26 .C5200 60287  .0644C LN IS 61332 L0734
4 .58651  .Casl:Z S HCL39  L1LxTS W£1737  .13Cel SIS S A LAD230 0 LiLne?
€ 58023 7.161237 UB1TYS 17451 66400 119938 LETR35 L2164 LTI0EY 22097
.8 57546 21912 .H3015  L25108 L5101 L2638C .7157 L2500 STHEDA L2467
1.C .59250 L2252 .6%el5  .33264 LT6000  L325CC SRI2TL L2503 eI 027752
1.2 JEEE4E  L450136 L7763 L 39617 24601 J34zueS JEET65 JATD 5lanl L2176
1.4 .82659 TUE36SCT L8649 Lw2191 .33259 24434 .5L3327 L2507 PUTAS S S HERY
1.6 1.01626 52933 1.CC6H15 36941 1.7C386 31236 1.C04C7  ,e4C3S  1.C0279 2231y
1.8 1.14195 414227 71.08209 .32572  1.054738 28652 10252 .Z&4u® 1.C2532 L1473
2.C 1.16727 29562 1.1201i0 25620 1.03219 21618 1.65631 L1500 1.C4463 L1648
4.C 1.C6576 JC23238 1.06046 .028&7 1.05482 .C2265 1.06522 .0%64  1.C43:68 04443
6.C 1.02853 .CC&12 1.02759 .CC791 1.02646 .OCI4F 1.Ce5%¥0  .FLlins 1.22535 .Tilis
8.c 1.01587 7LCC24E7 1.01559 .€C324 1.71523 .C033& 1.01472 L0663 l.Cie3h L5L523
1c.C 1.C1CIC .C0124 1.CC5%%9 .COl6& 1.00%26 .CC2ZCZ 1.CR95T  LCCZ383  1.CC0047 .0CPT?
20.C 1.€C251 LCCC15 ™ 1.CCx50  .80G20 1.00247 (CCC2SE  1.0024x  FOLA0 1.CN247  L20035
4C.C 1.0CC63 .CCCC2 1.6CC%2 .£2003 1.9CCE2 LLTCO?T  1.0iCH?  .770na l.Guta® . 50lne
60.C 1.€0C28 .CCGS1 1.CCL28 LCNA0L  1.0CC28  .CCCCL  l.CoC2e  .rCCel 2.Cnuet
gc.cC 1.6CCl6 .CCCCC 1.3€L16 .O0CGS0 1.0CC16 LCZCCC 1.C0318  .CnCer l.Coals
100.C 1.C8C10 LCCCCU  1.CCP1C .G2C00  1.DCC1C  .GCCCC  1.CCCLY  .occen L.Celio
£00.0C 1.CCC00 .CCCOL 1.0C750G  .006C0  1.0CCCO LCCOCC  1.00CH0, .NCI6T  1.C00R3
1¢C0.C 1.0CCCC  LCCCCC 1.CGCLul  .0O0ROD  1.0CCCO  LCCCCC  1.GCCHT  .7CLCT  1.CLCO0
2¢C0.C 1.6CC00 .0CCCC 1.0C7 08 .C2080  1.0CC00  SCCCC  l.CE€o) .rCTCT 1.060370
6CC0.C 1.00C60 .0C0C1 1.C6L0G  .5C6O1  1.0CCLO  .CTCRL  l.0fCCy  .7SCeT 1.004099
Sy = 3.0 { = 0.6 §=0.8 £ =1.0 = 1.4
8 real imag real imag real imag real imag
.2 L66437  L02771 TL56706  JC3L1C JAK6EZ2 LG4k NAS TN ¥ 5
o4 65767 LCHTEE C£€43G LDT551 L&737T  .361eS L8552 L2
<& 64744 LCIEVT T LE LS L17155  (AEL0T  L14E4S L7253 L1TLsT
.t 63643 L1475 $57:9% J17153  J7CS70 Ll%sel L5 L2152
1.C .£323% TT,22059 1 .55112  .2438C 750D .ZsCRC LEAL G J2%na0
1.2 65389 ,21645 L7410 21373 .305%61 L2561 LHtndl L Zesns
1.4 S7236177U63CIY TTLII54G 0 L 26T260 .R:5243 . 312a6 LG34TT 29,73
1.6 BBELD  L4S4AD e93479 (37962 L98Te% L2CLTC LGP L2205
1.8 1.05C81° 45730 1.0 76 346453 1,01dewe 27453 1 1.006586% 10790
2.0 1.14793  L,25%02  1.08-97 (28470 1.05382  .23%26 1 1.£2698  .1230%
4,C 1.C676% .C245% 1.0€172 .C3%68 1.255879 L0632 1 1.0651% N300
6.C 1.02893 00K 1.072/96 L29813  1.%2676  .OC313 1 1.0824087 05273
8.cC 1.01600 .CC?82 1.M1570 .£03129 1.01%36 20407 1 lofihas  Luis3C
10.C 1.01C15 .CC0126 1.0iLG46 LCCLled 1.7058F 40206 L .
2¢.C 1.CC251  .CCCLY 71,8050 ~.CaN%G  1.5836y .70l 1
40.C 1.0CC63 .CCACZ 1.0CGo3  L0LOCs  1.7C0e?  .neCe? @
€0.C 1.€0C2¢ .C0C01  T.26(2%5 .CON01  1.720245 oLelr o
8C.C 1.€CCl6  .CCCoC  1.CCLi6 .CAusn  i.DCCia co1
1€0.C 1.CCCLC  .COCICLT 1.3CC10 7.ACEI6  1.17CCL0 c o1
5C0.C 1.CCC00  .CS001  1.CCAN0  LC3000  1.0I¢nn 1
1€C0.C 1.C0C00  .0OCRC TITOCTU0 .20030 1.0CChy 1
2¢c0.C 1.CCCAD  LC3CEC  1.00000 30600 1.7CC0u 1
6CC0.C 1.CCCLC  LCLCII™ TICC. 00 .aznal 1,.00000 2600l 1
TABLE C-I* CONCLUDED.
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Sy = 1.5 { =0.2 L =0.4 £ =0.6 { = 0.8 ¢ =1.0
B real imag real imag real imag real imag real imag
2 246552 .CH62L  .48649 .16892 .51961 .2451C  .56250 .31250  .61243 .36080
.4 +35120 .21882  .4&C40 439604  .60256 .51282 .T467T7 .S73ES 57574  .55453
T .13 A . TT5CC0 <8104 J77586 7 1.0162F L T2115 1015393 .6437G
.8 -.05172 1.37931 .83236 1.18694 1.15753 .91324 1.25€38 .72392 1.36615 .53492
1.0 1.5CC00°Z7 . S25CT0  T1T5CCCO0  .A2223  1.5C000T LEF5CH  1.50009  L.S0ACA
1.2 2.53776 1.132C8 1.89455 .86083 1.69407 .63514 1.61240 .65485 1.57390 .4C312
DR T P’ . . TTITT5641 44872 1.64T4& 37716 '1.£0957 .31958
1.6 2.04868 .2251C 1.88310 .31436 1.75490 .31373 1.67358 .2F485 1.62309 .25249
TTTTYLE T 1.0 . . . TOTIO73133 022307 1.66827 < 21635 71.62460  .20625
2.0 1.81120 .C8299 1.75952 .13841 1.7C225 .1€26C 1.65593 .1€632 1.62000 .16530
4,0 1.56%92 .Ut LE . 0 1.56C47 ,0193S 1.5%€40 .C24C%H 1.55190 02708
6.0 1.52844 .C016%5 1.52004 .00385 J.52741 .0C564 1.50657 .CC72% 1.52557 .G0377
""" 8.0 .51 . . . JB15517 .CC23& 1.5157% “.FCALN 1,.514S1  .CL37)
10.C 1.51C08 .CCO41 1.51004 .0ODBL 1.50595 00121 1.5CSa% .CC156 1.56970 .CG196
TTZ0.0 1 . T5C2 SOUDT0 1.50250 .CCCLS 1.5C26977.C6C20  1,50248
4C.C 1.5CC63 .0C001 1.50063 .00001 1.S5CC62 .CCCC2 1.53C62 LCCLOY  1.50042 o
60.0 1.5CCZ8 -5 LCTO00™ 1.5CC28 <CCCOL  1.5CC2F  .FCCED  1.5002% o
80.0 1.5CC16 .CCCOl 1.5CC16 .CCO00 1.5CC16 oCCCCC 1.5CLL4  LCCCCC 1.5C51A  LCLSOY
~7100.¢ T . S5CCI0 -C000T " 1.5CC10 .CCCCC 1.36C10 7 TCHCCN  1.5F01a  .GRAC
500.C 1.5CC00 .CCCCO L1.5CC00 .00001 1.5CC00 .CCCOl 1.5C0A0  .CCCCE 1,500  .CPIN)
1€00.0 1.5C . -t T0000T 1.5CC00 .CCCCC '1.5CCCO “.GCLCL  1.5LIL0 020w
2¢¢0.0 1.5CC00 .CCCOI 1.5CC00 .00000 1.56CC0 .3CCCC 1.5CC0C .FCCCH  1.50C6H  .GLTUD
6CC0.0 1.5CC00 OTCCO  T.5CT00 ".60600 1.5C000 .CCCC1 1.5CC20 .6CCOGL  1.53C00 .£8IN1
Sk = 1.75 g =0.2 L =0.4 { =0.6 g =0.8 ¢ =1.0
g real imag real imag A real imag real imag real imag
.2 L71552 .08621  .73e49 .16892  .7E9E1 .2451C  .B1250 .3125C LAL241 L3047
_ . s4 «6C120 .21882  .71040 .39604 _ .85256 .5128z  .SS677 .57385 1.1%514 .5%6:3
o6 "7 38C1&  .5137C 75000 75000 1.06C34 .7758€& 1.26623 .72117 1.4529:%  .64ul3
o 28 .15828 1.37931 1.08234 1.18694 1.40753 .S1324 1.54632 .7236% 1.61613 .56&%c
1.C 1.75C00 2.50CC0 1.75000 1.25C00 1.75CC0 .823223 1.75CH0 .£25€C 1.75300 .5C000
1IN 2.78774 1.132C8  2.14455 .86083 1.94407 .63514 1.36345  .45485 1.82397 .&23i>
1.4 252720 45337 219118 51471 2.0C641 .44872 1.61164 37716 1.85957 .319S4
1.6 2.25868  .2251C 2.13310 .31434 2.00490 312723 1,923%3 .28428% 1.873C9 .2526%
1.8 2.15462 .13C06 7.06558 .20307 1.98133 .22307 1.91827 ~.2163S5 1.67663 .2°123
2.0 2.06120 .08259 ©2.0C552 .13841 1.95225 .1626C 1.9C593 .16630 1.27000 .lucud
4.0 1.81532 7 .TOTCS L[.81276 01360 1.81C47 .CLG35 1.8C&40 .C24CE 1.BC1SC .CR7hu
... 6.C 1.77844 .00165 1.7760%4 .00385 1.77741 .0CS€4 1.77657 .0C725 1.77557 0277
8.0 1776583 .0008C 1.76571  .00160 1.76551 .C023¢ 1.76504 ~.CR21C 1.75391 .or3vs
10.6 1.76008 .0C041 1.76004 .CO081 1.75$95 .GO0l21 1.759&4 .CCl53 1.75970 .0%t7s
20.C 1.75251 LCO0CCS 1.75250 .000107 1.75250 .0CGLlE 1.75246 .CCC2C 1.7534& L(ao0l5
40.0 1.75063  .CUO01 1.75C63  .CO001 1.75C62 .CCCC2 1.75662 .CCCC2 1.75062 .Cronl
60.C 1.75C28 .CCOCC ~1.75C28  '.CCOCO 1.75C28 .CCCO1 1.73C2d .0CCCY1  1.75027 .n6QAL
ec.c 1.75€16_ .CCCOL 1.75C16 .CCOO0 J.7S5CL6 .CCOCE 1.75Cl6  .FCRLS  1,7301€  LCOERD
1€0.C 1.75CIT .CCCCC 1.75C10 LCCCO1 1.75C10 .COCCC 1.73CIC LRCCLEC  1.73010 .CT200
5C0.0 1.75CC0  .COCCC  1.75C00 .00001 1.75€00 .CCCOl 1.75C28 LCCCCS 1.730C0 .L0000
1cco.C 1.75C00 " .00CCC 1.75C00 -0CO01 1.75C00 .CCCCC 1.75CG0  .ACCCC  1.75600  .0000)
2¢00.0 1.75CC0 _ .CORO1 1.75C0N _ .00CO0 3.75C00 .CCCCC 1.75CCC  .CCCCC  1.72C00 .CL0QS
6CCC.C 1.75€60 .CO0CC 1.75C60 ~ .COCO0 1.75C00 .CCCO1 1.75CCC  LCCCC1  1.738n8  .C2201
S, = 2.0 L =0.2 L =0.4 £ =0.6 { =0.8 { = 1.0
B real imag real imag real imag real imag real imag
.2 «G€E52 .CHE21l  .98G49 .1E892 1.019€61 .2451C 1.0€250 .2123% 1.11243 .365¢2
o4 .85120 .21882  .96C40 .39604 1.10256 431282 1.24€77 .57345 1.27576 .35693
T .6 «63014 .5137C 1.CCCO0 75600 1.31C364 .7758& 1.51623 .721i5 1.5533R (w379
.8 +44828 1.37921 1.22234 1.18694 1.65753 .S1324 1.75638 .7225k 1.£4615 .S%4€%
1.C 2.CCCTC Z.50CC0 2.CCC00 1.25000 2.0CC00 82223 2,0CCHLD  J4236F  2.00000 L2000
1.2 3.03774 1.132C8  2.35455 86083 _2.19407 .63514 2.11340 ,65483 2.06739C
1.4 2.7772C TU45337 2.44118 514717 7.25641 L44572 2.1L166 37716 2.10.95317
1.6 2.54868  ,2251C 2.38310 21434 .25490 .31272 Z.17354 .28425 2.1233%
1.8 2440462 J13CCE 203165 7.20307 7.23133 .223C7 2.16227 21435 2,12400
2.0 2.31120 _ .08259  2.25952 .13841 7.20325 .1626C 2.155%93 .1£432 2.12006
4.0 2.C65927 7. COTCY™ 2TCE3T6 77 013607 7.06C67 01935 2.C5640 C2406 2.0.190
6.C 2.02844 LCO155 2.02804 .00385 ¢.02741 JCCS€4 2.C2657 LCC72S  2.02557
8.0 2.015837 OCCHC 2.0L571 <00160 " 2.01551 .C023€ 2.0152% FC21C  2.01491 .C3379
10.0 2.01C08 .C0041 2.01C04 .00081 7.00555 .C0121 2.C06"4 .CCL56 2.C0%TN  .0A194
20.0 2.CC251 TTTCOS 2.0CZ50 .CO00160 " Z2.n0250 .CCOL5 2.CC24% .rCC2h  2.00LZ4s  .COA2S
4C.C 2.CCC&3 ,0CCCL 2.CCCE3  .CCOQ1l 2.0CC62 .CCCCZ 2.CCCH2  .CCCC2  2.CC002 LCIo03
60.0 2.CC028 7, CCCOC " 2.CCTIw™ <6000 Z.0CCR28 .OCCOl 2.CCC2E  .CCCC1  2.€0R22  .CUCOL
80.0 2.CC016  .CCOOl  2.CCOL6  .CCROO 7.0CC15 .ICCCC 2.CGCLS  JCCCCO  2.CC0ia  .CNIDO
1€0.C 2,CC010 .000CT  2.0CT10~ .C0001 "' 2.0CCL0 LLCCCC 2.CCCLE  .RCCET  2.C0010  LGLAWG
5C0.0 2.CCCCC  .CCCCC _2.0CCO0 .CCOOL 2.0CCO0 .CCCCL 2.0CCEC  .CECCC  2.C5000  .CCOOO
1€C0.C 2.CC000 '.COCCC T"2.CCC00 .00001 2.0CC00 .CCCCC 2.8CCCO0  .OCRCC  2.CAC30  .GoUDO
2€00.0 2.CCCO0 .COCOL 2.CCCO0 .0COO0 2.NCCO0 .CCCCC 2.CCCON  .OCLOC 2.C0030 LGB0
6C00.0 2.00C00 .CELEE TZTCECOD ".COC00 Z.0CCO0 .CCCCLl 2.06026  .PCCCl  2.CCO00  .CSD0L
TABLE C-2: DIGITAL COMPUTER OUTPUT FOR EQUATION (642).
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Sg = 2.5 f = 0.2 L =0.4 { = 0.6 { =0.8 {=1.0
8 real imag real imag real imag real imag real imag
.2 1.46552 .CEE2L 1.22049 16892 1.51%61 .2651C 1.54230 .2128C 1.k1263 .35G32
.4 1.35120 .21682 1.4€C40 35604 1.40256 51287 1.74£77 .573d5 1.27574  .5545%
o€ 1.13C14 .S137C 1.50000 .730C0 1.21C26 .775&£ 2.€1523 .72il3 2.15373 .64%719
.8 - 94828 1.37921 1.33:34 1.186%94 ».15753 .51324 2.2563% 72391 2.36A13  .9545E
1.C 2.5CC00 2.5CCCC 2.5CLuB 1.25000 ..5CCCU  .22223 2.3C0CH 42500 ¢.28U00  .50390
1.2 3.53774 1.132Cc  2.36455 L.36023  [,49407 L43614 2061340 45435 D.ST7370 0 L4CHL0
l.4 3.27720 .45337772.94118  U51671 2.75641  L44LT2 2466163 L7714 2.AM95T L3103
1.6 3.064868 ,2251C 2.S@310 .314%4 J.7545C 21373 2.6735%  .2r4u3 7.62309  L252649
1.8 2.9C462 L13CCE T 2.819%46 20307 £.731233  ,22307 2.6(827 21635 2.52449 .20325
2.C 2.8112C .08269 2.75952 13441 .70225 L1E€24AC 2.6%5573 L1402 2.€2000  .18000
4.0 2.56592 .NOTO3 2.2C37& .012A0 2.36C47 .01935 2.534405 .CcaCh  2.55167 G274«
6.0 2.52R44  .£0165 2.327:06 .GO0345 .52741  .0CHL& 205265/ 0129 2032557 .0:77
8.C 2.51563 .CCCBC 2.31571 .U0EG 2.51351 .CC23& 2.5152v  LCC2I0 2.31491  .OU37)
1C.0 2.51€08 .GCC&l 2.51%0& .CO0B1 ..50975 .7C121 2.5CSme  .701%6 2
20.0 2.50251 .GCCO5 2.5C:»C  .00010 2.5025¢ .CoCLS 2.3C2e3  .noC2n ¢
4C.C 2.5CC63 .COCCl 2.3Cf63 .0O001 :.5CC62 .CCLCZ 2.5CFs, .rfotn2 2
60.C 2.50C28 .CCCCC 2.5CC2& LGEEOO 7.5CC2¢ LGCCCl 2.30C2s  oPhCLY 2
80.C 2.5C016 LCCOC1 2.5C016 .COEON0 7.5CC1le  LCCCCC 2.5601+  .rrcee
100.0 2.5C010 .000CC 2.56010 .CCOOLl 2.SCCLC  .CCCCC  2.5C0Lln  .cocen
£C0.C 2.5CC60  .FCCCE 2.5%80CG  .CGNOL  ».50CCH  .CRLECY1  2.5CCCa .otoee
1cco.c 2.5CCCC  .GCCCC "2.5CI0C .COCOL 7.5CC0C .CCCCC 2.:5CCCu  LCLo6r
2€00.C 2.5C000 .0CGOL 2.5C00 .0CG6A0 2.3CCLC  .LECSE  2.5CCen  .ofuen
6C00.0 2.5C0C0 .COCCH 2.5C3500 .CO%I0 :2.5CCN0 .{CLTL1 2.5C059  .cnong AL
S, = 3.0 { =0.2 L= 0.4 { =0.6 { =0.8 {=1.0
B8 real imag real imag real imag real real imag
.2 1.56552 .0B621 1.98L49 .1AR72 (.C16L1  .264%1C 2.062TH 31230 2011263 26357
o4 1.85120 .21887 _ 1.96040 .39604 J.1C256 .51282 2.26L71 97583 2.37374  .55e33
.& 1.63C14 LS137C 2.5CCO0 75600 7.31C3%  .77%c€ 2,615« 17117 2.4539%  .%4079
-8 1.44828 1.37931 2.32234 1.13696 ».65753 51324 2,T9L23n 70337 2.£49%15 .54zl
1.C 3.CC00C 2.500CC 3.0CC0G 1.25C00 =.C LE33%2 0 3LCCCLL LE2808 3,C00L. 0 JSnele
1.2 6.C3774 1,132C8_ 3.39455 .&6083 L63514 3.11340 L4548%  3.07200 (60312
l.4 3.77720 [65337 3.44l18 .51671 L4668 72 3.1€Ym J3TTLS 3.109%7  L31983
l.¢ .S4868 .2251C 3.38:10 .3le34 21272 31735k 28863 1012309 L29240
1.8 3.4C462 L133C6 3.31585 .20397 L22307  3.16RDT LZL43T 0 3.12400 0 .2302%
2.C 3.31120 .C82SS 3.25952 L1384l LJ1426C 3.13397 18827 3,120
4.0 3.C€592 .n07C3 3.06376 .O1360 LCLY3E  2,.05880  .F404L  3,.05170
6.C 3.02844 .CD165 3.02:04 .0N38S LCLoE4  3.Ce€eT  JOCT2G 3. 00557
8.C 3.01563 .0248C 3.01L71 .00160 L0023 3.01%14 000 :.0la0d
1C.C 3.C1C08 .CCC41 3.01Tu4  .27971 L90121  LACGEL L6TLS5 1.CIsIR
20.C 3.CC251 LCCNECS 3.CC250 .50 LLCULS  2.0024%  JCCLET  3.0004%,
4C.C 3.CCC63 .Co2R01 3.CCC63  .CnCOL LCECC2  2.6CCAT  LCRL02  3.06.52
60.C 3.0CC2k .COCCC 3.0CC2& CACOL  3,.0CL28  LCOCLL  5.CCCAY  LCTull  2.0002-
gc.C 3.CCCl% .CCCCY 3.00016 .06GN0  :.0CCle  LCCCEC 2.0M005  LCCCLE  2.CC715
1€0.C 3.CC010 .CC3CH 3.6C110  .CCNOL1  2,.40Cl0  LCCLTC  3.C0C10  .CCCLS  s.Cunln
sco.C 3.CCCCO  .COZCC 3.3CCL0  .oCuol 3 S R A o) ST o oL 1O B ot T of of S W o TS 10
lcee.c 3.CCCC0  .CCCCC 2.0C20G .CGOOL ¢ LECCTC 2.06%0LH LFECCT 3.CCL00
2cce.c 3.CC006 .CCA01 3.0CUCO0  C0000 .7CCR0 .CCCCE  2.00T.C  .o7CCs  2.cun0)
6CCo.C 3.00C00 .L.C2CGC 2.9CLEO  .0CCO0 3.GCCO0  .CCCCL  3.Cecun  .ATCTt 3.¢00n)

TABLE C-2: CONCLUDED.




186

Sk = 1.5 L = 0.2 = 0.4 { = 0.6 {=0.8 = 1.0
[) real imag real imag real imag real imag real imag
o2 «50636 .0794% «524630 15601 55446 .22493 «59267 29042 «63793  .34433
o4 «52496  .15601 «39089  .29023 «65726 .39012 « 79898 44403 S290G24  L4nlBT
N 55448 .22693 «63726 .39012 «54141 .aTale «GT9L0 45908 1.59916  J49lsV
.2 .59289 .2902¢ + 780250 <4H4u3 «97960 .%9958 1.12093 .4E514 1.21110 L4494
1.C «£3793  .34483 £28i 24 44730 1.09C16 .4918C 1.21910 .44944 1.5C000 .400C0
1.2 «68720  .33012 «97900 49958 1.17465 .46%51 1.28602 40970 1.35007  .35503
l.4 ST3ETI L425631 1.05642 4962l 1.23038 43551 1.33342 ,37224 1.34688 ,L31674
l.¢ LT9052  .45603 1.1298 48516 1.28552 .4097C 1.30760l .33391 1.41103 .24¥470
1.8 «8416L  L4T618  1.17665 46851 1.72350 .38125 1.39241 30685 1.62%37 .2574s
2.C J89C24  LL8TYC 1.21%10 44964 1.35207 4399503 1.6411C83 28470 L1.44l18 .23529
4.C 1.21G1C .44944 1.41:03 20470 1.45840 19967 1.47617 .15253 1.484A2 ,12308
&6.C 1.35207  .355C3 1.49540 .19967 1.48107 .13626 1.44927 .1C305 1.43310 .cAa276
8.C 1.41103 229670 1.67£L7 13253 1.68927 10305 1.49393 077Tu5 l.430ll 00226
10.C 1.4411% .23529 1.68402 12308 1.4931C .Cd27& 1.47%E11 .06&62e6 1.49751 0406l
20.C 1.45462 .123Ce 1.49u11 06226 1.49d27 .04156 1.49902 .031c2 1.49938 .J024495
%0.C 1.49611 .06220 1.49902 02122 1.459>7 .02082 1.49976 .01562 1.49984& .Ul250
60.0 1.45827 .04159 1.69957 92082 1.6499¢1 .013A4G 1.49953 .01042 1.49993 .07:233
ec.C 1.49902 03122 1.49506 .U1562 1.69989 .0L1062 1.499%% 00721 1.49996 .L0e25
1C0.C 1.45938 .02496 1.48904 01250 1.49933 .UCb32 1.4999% .OCEZ5 1.49992 .003C0
500.0 1.49998 .00500 1.69+39 00250 1.50000 .U0ls? 1.59030 .00125 1.%0000 .00100
1£C0.C 1.43996  .0C25C 1.50000 .0012% 1.30000 .,.29083 1.5G037 ,0uCo2 1.5000C0 L0GCu3sD
5 «£1473  .3LYTC «34.41 L47418 1.03060 .49852 1.174065 .6E85]1 1.26615 42453
1.1 .£6220 .36862 «93043  L69596¢ 1.13536  .4d133 1.25835 .42652 1.32¢77 .37:N
Sk = 1.5 g =1.2 {=1.5 { =2.0 {=4.0 { = 10.0
B real imag real imag real imag real imag real imag
.2 tol26 439012 JTELTl  .44118 «89C26 L4873C 1.21910 .44%4% l.s&ll? 223529
4 «87660  L4YSE  1.05u16 49130 1.21910 .449446 1.41107 22470 1.48652 .1¢500
ot 1.17465% 4065851 1.2615 42453 1.35207 .35503 1.432¢0 16967 1.4931D 05276
o5 1.26662 .6837¢  1.35:07 355803 1.41103  .2847C 1.47617 .15293 l.49011 06224
1.C 1.252C7 .355C3 1.4CL0C 30000 1.4411l8 .2352% 1.43442 .123C2 1.4G751 .04%b3
1.2 1.39241  .30986 1.62%37 25708 1.45040 19967 1.48927 .1C305 1.49527 .041%9
lea 1.41863  .27340 1.44¢35 42£532 1.46510 17305 *1.46209 .CaEd%  1.69e73 23567
1.6 1.6366%9  .243%& 1.65¢40 19967 1447617 .15253 1.49333 .07/55 1.49907 .i3122
1.5 1.64514 21911 1.4%4454 17505 1.481C7 .13824 1.45520 LCeCS11  1.49923 .0G2/77%
2.0 1.652640 19367 1.47737 14216 1.484¢2 .1230¢ 1.49€¢l1 .C&Y76  1.49332 .U2+90
4.C 1.46927 .13305 1.4%:10 049276 1.49611 .06226 1.4965202 0312 1.499234 .01252
6.5 1.49520  .36911 1.45L92 L5538 1.49227 464159 1.49957 .04iCr2  1.49993  .(usl3
c.C 1.49729 03164 1.4%54,27 06159 1.46902 .D03122 1.4597¢ .01%82 1.43996 .00a25
10.C 1.49827 04159 1.45:3% 03330 1.46933 02498 1.49536 .021:5C 1.49998  .0IL00
20.C 1.46337 02282 1.49972 01666 1.465P&6 .0125C 1.46G6%5 .CC62% 1.69939 Q023D
- 40.C 1.45939 01042 1.46:93 «6OE33 1.69%596 .UCL2E 1.45699 .CC3l2 1.50000 .00125
a0.C 1.49998 00696 1.4G%91 005536 14499935 L400417 1.50Cu0  .OCva 1.50000 00033
40.2 1.49997 00521 1.649998 00417 1.495%99 .I0312 1.5C000 .GCLo& 1.5%M000 .00J6¢
100.C 1.4$992 00417 1.643999 30333 1.45699  .00z5C 1.508c0 .0ULE5 1.u0500 L995e0
£00.C 1.50300  L.009E3  1.30000 400067 1.S0C30 LOCG5C 1.S5CELD LCLe%  1.30305  Lullid
1Cuc.C 1.5CCCC  .0O0C%2 1.5Cwu0 20033 1.50000 .00025 1.5CCu0 LCCCI2 1.50000 «.0000%
-9 1.32350  .3312% 1.37937 32569 1.42837 .257Te€ 1.43107 12525 1.69592 .0533%
1.1 137452 .33126 1.41%9C 27756 1.45085 .21611 1.43723 L11219 1.49794 ,06536
Sk = 2.0 g = 0.2 = 0.4 { = 0.6 = C.8 { = 1.0
g real imag real imag real imag real imag real imag
.2 1.0C636 07969 1.02696 .15601 1.05446 422693 1.C92a9 .29C¢n 1.13793 .344k3
b 1.02496 415601 1.09209 29028 1.18/206 39012 1.29058 ,45403 1.39026 48789
.S 1.056466 .22693 1.13726 439012 1.341l6l 47618 1.47960 .4$659 1.59016 .49180
.8 1.09289 .29028 1.29C5¢  .45403 1.47960 49958 1.62098 .48E514 1.71910 .643446
1.C 1.13793  .34483 1.36024 48730 1.59C1l6  +49)13C 1.71910 .46%64 1.8CL00  .600CY
1.2 1.18726 .39012 1.47960 .49958 1.A7465 ,46851 1.76662 .4C4TO 1.E5207 .35.,03
l.a 1423673 42631 1.5%642 .49661 1.73833 43951 1.83302 .37224 1.830H% " ,31674
1.6 1.2300% .456403 1.627956 44514 1.78662 .4097C 1.86701 .33¢3%1 1.913103 .2s4/0
les 1.34141 .474lc 1.6T465 46831 1.82350 436125 1.85241 .3096% 1.92337 .257¢e
2.0 1.39024 44378C 1.7)w1l0 .44964 1.85207 .35503 1.31103 .28470 1.94113 .235279
4.C 1.71910  .44944 1.91:03 .23470. 1.95840 .16967 1.97617 .15253 1.98462 123035
6.0 1.85207 .355C3 1.95:40 .19967 1.38l07 .13626 1.9:5977 .1C30% 1.99310 .yu276
8.C 1.61103  .2¢67C 1.97017 19253 1.78927 .1C0305 1.99393 .N776% 1.995%11 .C6226
10.0 1.94119  .23529 1.98%02 .12303 1.99310 .0827¢ 1.93611 .00622& 1.99751 .0649388
20.0 1.98462 12306 1.99C11 .06226 1.99827 .0615% 1.99902 .03122 1.99938 .0249t
«0.C 1.99611 .0622¢ 1.9902 .03122 11.99957 .02082 1.99976 .01562 :1.99%&4 .U1250
6C.0C 1.99227 .N4159 1.93757 02082 199921 .0138SF 1.99%:) .01042 1.99993 .00%33
20.0 1.69602 .03122 1.99576 .01562 1.99989 .01042 1.96994 .C07561 1.79996 .09225
100.0 1.65938 ,.0249E 1.99984 .01250 1.99993 .000633 1.99696 .00625 1.99998 .0u>0%)
500.C 1.99998  .N050C 1.99999 .00250 Z.00000 .C0167 2.CC060 .0C1I2S <2.00000 .00100
1C00.0 1.99999 .C0Z5C 2.00L00 .JU125 Z.00000 .00U83 2.02000 .0CC62 2.00000 L0GODS0 ™
.9 1.11473  .3187C 1.36141 47618 1.53560 .49652 1.67465 .40851 1.76415 .42453
lel 1.16220 .36863 1.43643  .49594 1.63536 .48133 1.75595 .42952 1.82377 "3Vl

TABLE C-3: DIGITAL COMPUTER OUTPUT FOR

EQUATION (6.4 8.




187

S = 2.0 {=1.2 {=1.5 {=2.0 = 4.0 { = 10.0
8 real imag real imag real imag real imag real imag
.2 118720 «39C1c  1.26471 .44118 139024 48TEC  1.71910  .44544 1.961l12 .23529
.4 1.47960 .49958 1.59.16 .49180 1.71810 .44944 1.91103 .25470 1.98462 .12302
.0 1.67465 046851 1476415 442453 1485207 435503 1.55840 19907 1.99310 .038276
-8 1.78€662 40970 1.3%:07 35503 1.91103 ".2247C 1.97617 .1525%3 1.695611 .06226
1.0 1.85207 .35503 1.70700 .30000 1.94113 .2332S 1.98462 .12308 1.99751 .0498s
1.2 1.89241 30984 1.72¢37  .25783 1.95840 .19967 1.98927 .10305 1.99827 .G4l59
l.4 1.91€c3 427340 1.94035 422532 1.96919 .173C5 1.9%5209 LO0B836 1.99673 03367
1.4 1.93645 24380 1.9%240 19967 1.97617 .15252 1.93393 .07705 1.99902 .03122
1.8 1.94916  .21971 1.96684 17995 1.95107 .1362¢ 1.99%520 .06911 1.99923 .02776
2.0 1.6584C .19967 1.97297 16216 1.9846C7 .12308 1.99611 .00225 1.99938 .02496
4.C 1.98627 .1C30% 1.993510 +C8276 1.99¢1l 06224 1.95902 .03122 1.99984 .01250
6.0 1.69520 L0691l 1.36¢92 .0%538 1.9922/ .0413% 1.96957 .02C8? 1.99993 .00333
8.C 1.99729 .05196 1.39.27 .04139 1.99902 .03122 1.99976 01562 1.99396 00525
ic.C 1.65427 .04159 1.99:89 03330 1.999353 ,.02492 1.99934 .0172L0 1.99993 .00500
20.C 1.69557 .020dC 1435772 01666 199904 .0125C 1.9599% 00825 1.99999 .0024%0
40.0 1.99939 .01042 1.99993 .00333 1.99990 00625 1.99997 00312 2.00000 .0OC172>
60.0 1.69995 .00L9%4 1.96997 L00556 1.99%9¢ 90617 2.00Cud  .0Q208 2.00300 .D0043
50.C 1.99997  .NC%21 1.9993k 00617 1.99593 ,00312 2.00GC0 .CClns 2.0CCOC  .00CH2
100.C 1.99998 .30417 1.96799 00333 1.55997% .0025C 2.0CC00 .0C125 2.u0300 .0005%0
<00n.0 2.00000 .00683 2.0C.00 .00007 Z.00000C .2005C 2.00000 .0CO«3% 2.00000 .00010
1€C0.0 2.00000 .00047 2.0CL00 .0C033 2z.C0C00 .QL025 2.CCC20 .0CCL2 2.00000 .90U0>
o9 1.,823,%  .38123 1.812:37 .325069 1.92e371 .257828 1.94137 .13€62% 1.99492 .u553¢
1.1 1.60452 233126 1.91%90 27754 1.95035 21611 1.93725 .11219 1.99794 .04536

S = 3.0 g =0.2 { = 0.4 {=0.6 { =0.8 { =1.0
B8 real imag real imag real imag real imag real imag
P 2.00636 07949 2.02496 .15601 2.05446 ,22692 2.09259 .29028 <¢.13763 .34443
.b 2.02496 15601 2.09289 .29028 2.18726 .39012 2.29058 .45403 2.39024 48740
N 2.05646 .22693 2.18126 39012 Z.34L41 L4T4LR  2.47760 49958 2.5%9016  .49lad
.8 2.C9269  .2902& 2.29058 .45403 Z.47360 4995k 2.62098 L40514 2.71910 .44764
1.0 2.13793  .34483 2.39024 45780 2.99016 .4918C 2.71910 .44944 2.50003 .40000
1.2 2.18726 439012 2.47700 .49658 2.67465 46851 2.73662 .409/0 2.55207 .3%5503
l.4 2.23873  .6263]1 2.55042 .49681 2.73d38 .43951 ., 2.83352 .37244 Z2.58%38 31474
l.6 2.29C5F .45403 2.62'95 L48514 Z2.78662 .4097C 2.86761 .33891 2.91103 .28470
1oy 2.34141 476l 2.67465 .46851 2.82350 L.38125 2.89261 .309b6 2.92837 .25788
2.0 2.39026 L4878C 2.71%10 444946 2.85227 .35502 2.91103 .28470 Z2.94118 .23529
4.C 2.71910  L46944  2.31.03 26470 2.95040 .19967 2.976171 .15253 2.68462 .1230¢
5.0 2445207 .35503 2.95460 L19967 Z.96107 .13626 2.98927 .1030% 2.99310 .08276
8.C 2.91103 .28670 2.97517 .15253 2.98927 10305 2.99393 .07765 2.99011 .C6224
10.C 2.96118  .23529 2.9E462 12308 Z2.99319 08276 2.99611 .0622h 2.$9751 .l&)Bz
2C.¢ 2.98462 J123CE Z2.93L11 .06226 Z2.99827 .0415% 2.95902 .03122 2.9993d8 .0249¢
40.C 2.99511 .06226 2.93902 .03122 2.79957 .u2082 2.99975 .01567 2.59984 .01250
60.0 72.99827 .04159 2.39957 .02062 Z.99981 .01339 2.G54989 .01042 Z.99993 .00433
A0.C 2.999C2 L03122 2.95176 01562 2.99989 .010&62 2.99994 00781 2.99996 .C0428
1C0.¢ 2.9963% .0N249& 2.959¢4 01250 <.99593 .00633 2.99995 LOUEZS Z2.9929A8 LGOS0V
£C0.90 2.499998 L.00500 2.99999 .00290 2.00000 .00167 3.00000 .001Z5 3.00000 .Q01u00
1€00.C 2.95699 .00250 3.00u00 .08125 2.00000 .u9%083 3.C0CN .0CCL2 3.07000 .600590
-9 2.11473  .31870C 2.34%41 .4T6lB Z.53B40 .49E52 2.674065 J4LBS]  2.76415 .42453
1.1 2.16220 .36863 2.430643 49594 2.63336 L48133 2.75595 L42G652 2.82377 L2707
S = 3.0 g =1.2 £ =1.5 §=2.0 { - 4.0 { = 10.0
B real imag real imag ~eal imag real imag real imag
.2 2.128720 39012 2.26411 +44118 2.39C24 .4B7BC 2.71910 .44946 2.96lla 223529
ol 2.47660  .6995n  2.56016 49130 Z.71910 44944 2.91103 .2847C 2.98462 .123Ce
o 2.67405 JLUHS1  2.75415 42433 2.85207 .35002 2.G%640 L19957 2.99310 .02276
3 PJ78L67 J4Q9TC  2.55407 35593 Z.91103  L2847C 2.97617  .12223 2.79011  .06226
1.8 2.85207 .35593 2.9CA2 +30000 Z.94ilb 423525 2.94402 L1230 2.99751 .0433s
1.2 2.65261  .3098C 2.72037 25788 <495040 (19967 2.93927 10305 2.99427  .Q4199
l.4 2.91563  J27340  2.94635  .22532 Z.96310 .17305  2.99209 .0Ed58  2.99873  .033567
l.6 2.93665 24338 2.55440 Ll9967 Z.97&L7 .15253 2.3%333  .N7765  2,.49402  .03122
lo# 2.94514 21971 2.96064 17905 Z.9&107 .1362& 2.99520 .C6%il 2.99923 .02776
2.C 2.95240 19967 2.97297 L15216 2.98462 412308 2.97411 .06226 [.9993% .02498
4.0 2.68%27 J19305 2.99310 .08276 Z.99311 .06226 2.99902 .0312? 2.999n6 .0125GC
6.0 2.69520 L06911 2.99L92 .05538 2.99227 .06153 2.99957 .02082 2.39993 .00433
p.C 2.99729 .NS519&  2.95327 L06159 2.99602 .,03122 2.96G76 .CL3562 2.99996 .00625
10.8 2.69827 L04159 2.99469 .03330 Z.99530 ,024%8 2.99934 .01250 2.99992 .(00500
2C.0 2.95957 02082 2.99912 .01666 Z.99984 .0125C 2.99996 LC0&25 2.59992 .00250
4C.C 2.95959  JClD4Z  2.99993 .0DB33 7Z.99990 .D0625 2.93999 .00C312 3.GCU0Q  .00125
60.C 2.699Y5 L0C594 2.95997 .00556 Z.99995 .00417 3.CCCUD LCTZUE 3.C00C0 .0ChA3
£0.0 2.99997 00521 2.99196 00417 Z.99999 .20312 3.06L000 .COLSé& 5.00000 .00062
1¢N.0 2.99995%  L00417 2.99999 .00333 2.65999 ,0D025C 3.00630 .0U1l25 3.00000 .0LOUSO
5C0.G 3,0C00C <00083 3.0040C LOC067 2.00000 .J0C»C 3.CUC00 .0G0z5 3.00000 00010
1CCCeu 3.0CC00 .0004Z 3.0Cu0U  .20033 2.00000 .0CL2S 3.CCQ00 .OCCl?  3.00000 .CQ0Q05
5 2.62350 .38125 2.87137 432569 2.92037 LJ578E 2.95107 .13626 2.99097 .05538
le1 287452 .3312¢ 2.91990 .27756 2.95CHs L2161l 2.987:25 11219 2.99794 .04536

TABLE C-3* CONCLUDED.




188

Sk = 1.5 { =0.6 { =0.8 {=1.0 £~ 2.2 [ =114
B8 real imag real imag real imag real imag real imag
2 «34997 .10400 36735 .13603 237759  .1659¢ +39526 .193%2 41489 21844
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4.0 «94C69 .189RC «36%29  .14E1L1 «07736 12075 .98411 .10i68 «98025 .0O8771
6.8 «97227 .1331L «98411 .10168 «98974 .08205 «93234  ,06870 +99473  L059C5
8.0 - G8411 .1016¢ «33L97 07707 «99413 .06196 .99596 L051177 «99702 04444
10.C -S5897¢ .0820% <9419 .0C196 «99627 04972 «59741 .04150 «99009 035061
20.C .99741 .C4150 .79e24  .D3118 99906  LUL24G¢ «95935  .02C¢l «99952 .0l784
4C.C «95935 .C20b61 «99963 .015062 «99977 L0125C «99984 .01041 239985 JOIBY3
60.0 «85971 .013R¢ «99984 .010«1 +99990 .00832 «99893  .0C694 +99995  .0059%
80.0 «999e4 .010641 .99991 .00781 «96594  .0062% +G6699% .0C521 «99997 00446
100.6 «99990 L,0C833 .99U36 .00625 99546 .505CC .59597  .0C417 «99994 L0L3ETT
$0C.C 1.C0C00 .CO167 1.0Cu00 .00125 1.00L0V .GO100 1.0C000 .0CC33 1.00000 .00071
1€C0.C 1.00000 .00083 1.00000 .0004%27771.00000" .0005C 1.0C0CO .0G042 1.00000° L0036~
S «56094 L31612 <6507 433306 « 72678 .32787 «73310 .31234 .82359 .29301
1.1 «62429 ,330C63 «7L950 .32912 «768843 +3103C +n3730 .28635 «37219 .26243
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.4 «€1l424 ,32918 «65207 33306 «h88lS .33264 +87990 .25620 .97736 .12075
X « 74732 .32343 «TESL0 .31234 «81273 .29963 +940069 .189060 «98974 .0823%
] 82962 .2907S .85774 ,27313 «37590 25620 965239 .14811 .99419 .UB1%o
1.0 +87990 .25620 «9C136 23669 «91781 .2191¢& «97736 .12C75 +93627 04972
l.2 «S91l1l74 .2259¢ «92:827 .20658 «94069 .1898C. «93411 .1Clo8 «99741 04150
1.4 93280 .20071 94575 .18227 «95537 106652 «9382% L08771 .99809 .023561
l.6 94730 .17987 95766 .16259 <96529 L1481l .99027 .07707 «99854 .03118
led «95766 .16259 «96609 .146647 91227 .13311 «8925% .06S7C «Y9384  .02773
2.0 «96529 L14811 «97.27 L13311 «97736 L12075 «996419 06195 +99906 02496
4.0 «99C97 .0Q7707 .997.84 .06870 «9941y  ,0613¢ +99654 ,03118 .99977 .012350
6.C «§9596 .CS5177 <380 L04607 «99741 .2415C «99935 .026G8l 299990 .GUH33
8.C «99772 .03893 «55520 .03463 «99854 .U3118 «99963 ,L01562 .99994 00625
10.0 +99854 .03118 «5%84 .02773 +99906 .0249%9¢ 299977 .0l250 +99996 .00500
20.0 +399563 .0156% «99971 .01388 «9$977 .012z5C «99994 .00625 «99999 ,00250
40.C «9%991 ,LCO0781 .99993 .00694 «9999% .0062¢ «99$99 .00312 1.C0000 .00125
60.C «99996 .0C521 «36997 .00453 «99997 .00417 «99999 ,00208 1.00000 .00083
§0.C «96995 00391 «99998 .00347 «99999 .u0312 1.00000 .001%6 1.00000 .00062
1C0.0 «99999 .00312 99999 _.00278 «99999 .u025C 1.CJ000 ,00125 1.00000 .00G>0
500.C 1.C0000 .NOC62 1.00°00 .00056 1.0CCOU .N005C 1.0C000. .00025 1.00000 .00010
1C0G.C 1.0CC00 .0C031 1.0CG00 .00028 1.00000 .COC?5 1.00C00 .0CCl2 1.00000 .0000%
.9 L5774 27312 .88233 .25417 «90133 .23656G «57227 .13311 «99540 05517
1.1 <89754 24043 «91635 .2204¢ «93059 .20361 +98118 .11043 099692 .D4524
Sk = 2.0 { = 0.6 { =-0.8 § =1.0 =-1.2 {=1.4
B real imag real imag real imag real imag real imag
2 «5071C  LC5915 «51é48 .07800 «51923 .09615 «52723 .1l346 «53635 .12982
o «52723 L1134 «54544 J14514 «56597 17241 .532363 .195u6 «51937 .213135
o5 «55737 .15935 593463 L19506 L3235 .22059 «67071  L23709 « 70585 .24625
8 +59363 .13506 «64529 .22701 +69512 .24390 « 73980 ,249179 o T7821 4241340
l1.C 63235  .22055 566512  +24390 +75C00  .2500C < 79508  .24390 «83108 230549
l.2 «67CT1 23709 « 73960 24979 «79508 .2459C «83732 ~.23425 « 85919 L21870
l.4 « 70685 .2462% « 77021 24840 «8310b6 423649 +H£919 ,21976 +56973 70241
l.¢ - 73980 .249179 «81li49 .24257 «85955 .22472 «69331 ,204b5 +91091 .1hGL2
l.8 «7692C .?2492¢ «B2732 .23425 +8B20s  L21226 «91175 ..9C62 «93198 17142
2.0 «79508 .2459C «85955 422472 «9C000 .20000 «72604  .17751 2943466 15437
4.0 «92604 17751 «95552  .14235 «97059 L11765 +97920 .09963 «98455 .0A653
6.C «G6419 .12894 «97920 .09983 +9B647  .UBLlOH +99054 .06813 «99301 .05%69
8.C «57%20 .09983 «928¢08 L075626 +99231 06154 «99463  .N5152 «39605 04429
10.0 «96649 .0d1Ce =99.31 .0615¢ «3950> .049%0 «99655 .04132 «997686 L U3H53
20.C «9965% .0413¢ «99305 .03113 «99375 .02494 «99913 ,020&C «99936 .011783
40.0 «93913 © .02080 «39951 01561 «99969 (1249 «99978 .01041 «99%84 00393
60.C +$99¢1 L0138t «39uls  L01041 «959806  .00d33 «999%0  .00CG94 «99993  .C0595
80.C «999738 .0l041 «99988 L00781 «99992 .00625 «99995 ,00521 «999906 .U0646
100.C «56966 - 00533 «99992 .00625 «99995 .005GC « 99997  .0G417 299397 .00357
500.C «99999 ,00167 1.000L00 .02125 1.00500 .0GLOC 1.0C000 .OUC63 1.00000 .0007:
1¢c0.C 1.00000 .00C83 1.0CC00 .00082 1.00000 .0005C 1.00080 .00C42 1.00900  .00036°
.9 «61206 +20%05 «6T071 .23709 o 72376 26652 « 76920  .24926 «806TT  J24347
l.1 «£5171 .22987 «T1821 24797 JTT3TE 24887 PLTBE L 24C07 +59170 .22335°

TABLE C-4: DIGITAL COMPUTER OUTPUT FOR EQUATION (6.49).
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40.C 59982 L0072 298490 .00694  .99992 .C062%5 .95893 L6312 l.OM00N
60.¢ 96595  ,08521 29590 200463 95597 LS00l .93%%99  .0u26°2  1.00CND
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6.0 .59206 .05084 99369 .24542  .99437 .06103 Y9870 L02075  .99979 .004833
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TABLE C-4: CONCLUDED.
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are merely concerned with algebraic manipulations for the
solutions of equations (6.37), (6.42), (6.48), and (6.49)

for the appropriate variables.

Thrust Curve Definition

Chapter X discussed the integration of the equa-

tion
Y+ 2oy + 02y = o2T/Trated - (10.5)

This section is concerned with the appropriate computer so-—
lution. Since the velocity term was deleted from equation
(10.5) during its discussion in Chapter X, this equation may
be written as

¥+ 0y = wiTi/T where (C.1)

n rated °’

*
T; = 23t + byt2 + eyt + d;0 (B35 < £ < ty47). (C.2)
That is, the thrust curve is a continuous segmented group of
cubics. Thus, for the i'th interval, reference 3 gives the

particular solution as

Vo = at® +Dbt2 + (c - 6a/w)) + (d- 2b/wd)  (C.3)

*  The coefficients of equation (C.2) should not be associated

with the coefficients used in equation (10.9).
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(the dropping of the subscript i here should cause no con-—

fusion) and the complementary solution
Y. = Asinwit + B cos ot . (C.4)

- Thus the general solution is known. All that remains is to
evaluate the coefficients A and B. For this, the boundary
values will be used. First, the velocity expression is found

by differentiation of the general solution and is:

y = 3at® + 2bt + (c - 62/w3) + Awpcoswpt — BopSinw,t
(€c.5)
The corresponding boundary conditions are:
when t =t,, then y =y, and y = §l . (C.6)

With these equations, the coefficients A and B may be
computed at any time t = t,. By substituting the boundary
conditions into the equations of displacement and velocity

and solving simultaneously, A and B are found to be

A = £(y;,t))sinwgt, +wlf(&l,1':l)coswntl and (C.7a)
n

B = f£(yy,yi)cosp,t; - é}.f(il,il)sinwntl where (C.7b)
n
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f(&l’fl) =y, — 3at? - 2bt; ~ (c - 6a/w§)

An IBM 7074 Digital Computer was used to solve for the maxi-
mum value of the displacement by a zero velocity iteration
process. This was accomplished by first establishing the
vélocity equation, equation (C.5), by means of equations
(C.7a) and (C.7b). Then an incrementally increased time was
used to examine the velocity equation for sign changes. An
iteration on the time at zero velocity was then accomplished.
This time was then used to compute the maximum displacements.
These maximums were compared and the peak excursion chosen.

A plot of these then yields the desired TSTI diagram for a
particular motor.

In general, several intervals were required to
describe the thrust curve. The only complication that re-
sulted was that of retaining the appropriate boundary con-—
ditions- for calculation of the constants A and B.

The flow chart for the above operation is given in
Figure C-1. Figure C-2 gives the input data to the computer
program. Finally, Table C-5 shows the FORTRAN compiler state-

ments used in conjunction with the IBM- 7074 Digital Computer.
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INPUT NO.
CURVES

INPUT FOR
EACH CURVE &
SUBCURVE

SELECT
CALCULATE /
r AND B PARTICULAR

SUBCURVE

1

s

CALCULATE
t =t+ At

Y = F(t)

AY = F(£)

4

CALCUL_ATE ITERATE
= F(&) AY = O

FIND
MAXIMUM
PEAK

END OF CURVE

LAST LAST
OUTPU FREQUENCY CURVE
CHECK CHECK

T T END _

Figure C-1: Thrust Spectral Transient Intensity Computer
Flow Chart.




CARD  |ypUT INFORMATION, LOCATION, AND FORMAT:

NO:
//NK BLANK
' l als 80
I -4 FORTRAN FORMAT
//IC BLANK
CE al s -80
I-4 FORTRAN FORMAT
a TITLE OF THRUST CURVE |
3
| ——=80
72 - H FORTRAN FORMAT
/fNN BLANK
40 al s - 80
T- 4 FQRTRAN FORMAT

Figure C-2: Computer Input.
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COBPINPUT INFORMATION, LOCATION, AND FORMAT:
/THRUST SEG. 1 TIME | THRUST SEG. 2 TIME
5 |
| ~12l13 ~24| ETC.
6E 12.0 FORTRAN FORMAT
/ A, B, c, D, BLANK
6
| 1213 24|25 36|37 a8lag 80
6E 12.0 FORTRAN FORMAT
/ A, B, . Cy D, BLANK
N+ 5 '
| - 1213 24|25 36l37— - 4slao 80
6E 12.0 FORTRAN FORMAT
' ' ’ CONVERGENCH
/ Wy, | Wy, | AW, | RATED THRUST| At | CONVERGENCH .,
LAST Iw I Wz I DEL TT TDEL ECR TSTOP BLANK
|—4|5—8lo—2/13 24|25~36|37 48|49—~e60l61—-80
~T-4 FORMAT —— 6E 12.0 FORTRAN  FORMAT —

Figure C-2:

Concluded.
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#*
C
C
C
C
C
C
C
C
C
C
C

0533 1

314
310

320
399

313
500

1150

PHARES FORTsLISTHsDECKsCOMPILE NOGO
THRUST CURVE SPECTRAL DISTRIBUTICN
PROGRAMMED BY W. PHARES AERO SEC SCBsESF AEDC
T = INITIAL TIME VALUE FOR EACH CURVE
AsBsCsD = COEFFICIENTS OF CURVE EQUATIONS
NK TOTAL NUMBER OF CURVES
NN NUMBER OF SUB-CURVES
TT=RATE THRUST
W = FREQUENCY
IC=0 CONTROL TO. SELECT FIRST MAXIMUM X
IC=1 CONTROL TO SPAN THRUST CURVE AND SELECT HIGHEST MAX-X
SENSE SWITCH 1 ON SCANS CURVE FOR X VS T AND PRINTS SAME
FORMAT(072H1 X TIME SLOP1 SLOP2
N FREQ W /7))
FORMAT(1P9E1245)
FORMAT(36H FREQ X TIME 77)
FORMAT (4E12.0)
DIMENSION TX(10)sA{10)s8(10)5sC(10)sD(10)sAA(10)sBB(10)
IF(SENSE SWITCH 1)313+500
WRITE OUTPUT TAPE 10+314
READ 1s NK
FORMAT(3144+4E1240)
DO 30 N=1,sNK
READ 1,IC
READ 1150
FORMAT (72H

/7)

READ 1y NN
READ 2s(TX{(I)sI=1sNN)

SIG

Table C-5:

FORTRAN Compiler Digital Computer TSTI Program (Page 1 of 6).
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2 FORMAT (6E12,0)
READ399s (A(J)s Bl(J)s C(J)s D(J)s J = 19NN)
READ 1 IWlsIW2sIDELSTTH>TDELYECR>TSTOP
WRITE OUTPUT TAPE 24,1150
WRITE QUTPUT TAPE 244320

C BEGIN LOOP TO VARY FREQ
DO 300 IW = IW1l,IW2,IDEL
XW=1IW

TST=TSTOP+1.0/XW
W=2e0#3414159%XW
MN=0

X=04,0

DX=0.0

060

CXITIIARIZIAH
- <
T ysonununmn
[oN o) ol o
(] (@]
(@)

AIn2Zz

GO TO 301
16 T =T + TDEL
c SELECT PARTICULAL SUBCURVE

301 DO 400 M=1sNN
IF(T~TX(M))40154015400

400  CONTINUE

401  K=K+1
LL= M

Table C-5: Continued (Page 2 of 6).
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10C8
1001

10

1050
1009
1006

1030

1011

IF(L)1008,10,1008

TEST FOR CHANGE OF SUBCURVE

IF(MN=-M) 1CC1510,1001

XXT = T

M=M-1

T=TX (M)

SET UP CONSTe. FOR X AND DX CALCULATION
CON1= C(M) — 6.0#A(M)/(W*W)

CON2= DI(M) ~ 2,0%¥B(M)/(W*W)

X1 = A(M)®THT*T +3(M)#T#T + CON1¥*T +CON2
DX1=3¢4CH*A(M)#T%T+2,0%#B(M)*T+CON1
IF(MK)10075105G41007

IF(L) 1009,10305,1009

IF(MN-LL) 1006 100751006

DX =(DX1 +A1*¥W¥COSRF(W#T)- B1¥W*SINRF(W*T))/TT
X =(X1 + Al*SINRF(W*T)+B1*COSRF(W*T))/TT
CON1=C(LL)=640%A(LL)/(WHW)
CON2=D(LL)=2,0%B(LL)/(W¥W)
X1=A(LL)*T#T#T+B(LL)*T*T+CON1*T+CON2
DX1=3¢O0#A(LL)*T*#T4+2,0%3(LL)*T+CON1
FXT=X#TT-X1

FOXT=DX#TT -DX1

CALCULATE NEW A AND B

Bl= FXT#COSRF(W*T) — 1e0/W*FDXT*SINRF(W#T)
Al= FXT*#SINRF(W#T) 4+ 1¢0/WH*FDXT*COSRF(W¥*T)
IF(L) 1010,1011,1C10

AA(M)=A1

BB(M)=B1

L=L+1

Table C-5:

Continued (Page 3 of 6).
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1010

1007
11

309

12

1 0000

1300
15

SL1=0.0

T11=0.0

GO TO 16

M=LL

SL1=DX

T11=T

T=XXT

MN=M

AA(M)=Al

BB(M)=B1

CON1= C(M) = 6+40%¥A(M)/ (W*W)

CON2= D(M) = 2,0%¥B(M)/(W*W)

X1 = A(M)®T#T*T +B(M)*¥T#T + CON1*¥T +CON2
CALCULATE X=F(TIME) DX=F(TIME)
X=(X1+AA(M)*¥SINRF(W*T)+BR(M)*COSRF(W*#T))/TT
DX1=3¢0%A(M)*T#T+2.0%#B(M)*T+CON1
DX=(DX1+AA(M)*WHCOSRF(W*T)~BB(M)*¥W#SINRF(W#*T))/TT
IF(MK)315,3095315

T12=T '
SL2=DX

SIGN=SL1*%¥SL2

TEST FOR CHANGE OF SIGN IN SLOPE

IF(SENSE SWITCH 1115510000

IF(SIGN) 1451300515

IF(K=2)3155159315

T11=T12

SL1=SL2

IF(T12-TST)1100+14004514C0

SENSE SWITCH 1 ON PRINT X VS TIME AT PARTICULAR FREQ

Table C=5:

Continued (Page 4 of 6).
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11CO
311

14

305

402
403

24
25
202
105
1202

1203
1204

104

IF(SENSE SWITCH 11311516

WRITE OUTPUT TAPE 1053105XsTsSL1sSL2sSIGNsXW
GO TO 16

TS=T11

TH=T12

TN=TS

K=0

ITERATE FOR T AT WHICH X IS MAX = DX=0

DO 402 M=1,NN

IF (TN=TX(M))403+403,402

CONT INUE

K=K+1

T=TN

CON1 = C(M)=6+0%A(M)/ (WXW)
DX1=340%A (M) ¥T*T+2,0%B(M)*T+CON1

DX= (DX1+AA(M)*W%COSRF(W*T) —BB(M)*W*SINRF(W¥T))/TT
ERR=DX

IF (ABSF(TS=TH)~ECR)1045105,105

IF(ERR) 1202510451203

TH=TN

GO TO 1204

TS=TN

TN=Co5%(TS+TH)

GO TO 305

RESET TO CALCULATE X FROM T AT WHICH DX=0
MK=1

T=TN

MN=M

GO TO 401

Table C-5:

Continued (Page 5 of 6).

002



315 IF(1C)Y125141250,1251
1251 IF(T~TST)1252+1259+1259
C CHECK FOR HIGHEST AMPLITUDE
1252 IF(XH=-X)1253,1254,1254
1253 XH=X
THZ2=T
1254 T=T12
SL1=SL2
MK=0
GO TO 16
1400 IF(I1C)1125943004+1259
1259 X=XH
T=TH2
1250 MK=0
C OUTPUTS
WRITE OUTPUT TAPE 2453109 XWeXsT
C END LOOP ON FREQ W
300 CONTINUE
C END LOOP ON NUMBER OF THRUST CURVES
30 CONTINUE )
IF(SENSE SWITCH 2139C»s391
390 END FILE 21
REWIND 21
391 IF(SENSE SWITCH1)3219322
321 END FILE 10
REWIND 10
322 END FILE 24
STOP
END
Table C-5: Concluded (Page 6 of 6).
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APPENDIX D

INSTRUMENTATION

This appendix is a compilation of various compo-
nents of instrumentation and support equipment which comprise
the major elements of a rocket thrust stand. Also included
is a discussion of the main elements of the simulator analog.
Specific information is included on each instrument. The in~
strumentation chosen for this discussion does not necessarily
represent the best choice for all applications but does de-
pict the state of the art since it is used successfully in

current rocket motor testing.

Accelerometers

Several types of accelerometers are widely used
for various measurements. The principal ones include strain
gage, piezoelectric, piezoresistive {(reference 25) and the
servo—-accelerometer (reference 26). Due to the rapid rise
and long dwell time of rocket motors, an accelerometer must
not only be accurate but possess a rather high frequency re-~
sponse and as important, D. C. readibility. Thus, the charge
type accelerometers have a difficulty in meeting the stability
requirements of rocket motor test measurements.

A rather old concept in accelerometers, yet one
which sustains the highest resolution (into the D. C. range),

is the Donner servo-type linear accelerometer. One of the
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present disadvantages of this instrument is its low frequency
response; however there should be a solution to this problem
in the near future sufficient to satisfy thrust stand pre—
gision requirements. Table D-1 lists the characteristics of
one of these instruments from reference 26. Figure D-1 is a
block diagram showing the principle of operation of thic ac-—
celercmeter.

The operation of the Donner accelerometer is based
on the servo-loop feedback energizing a coil which nulls the

displacement that the seismic mass attempts to undergo during

acceleration. The output is proportional to the force requir-

ranges available + 0.05g to + 50 ¢g
maximum output +7.5V; £ 1.5 ma full scale

into load resistances to 5K ohms

resolution better than 0.0002 percent
full scale

linearity within 0.05 percent full scale

repeatability 0.01 percent full scale

hysteresis less than 0.02 percent full
scale

zero output less than * 0.05 percent full
scale

natural frequency 50 to 500 cps

damping ratio 0.4 critical

cross-axis sensitivity
temperature sensitivity

0.002 g per g at full scale
less than 0.01 %/°F rise

ambient temperature - 40°F to <+ 212°F
range

ambient pressure range 0 to 5 atmospheres
humidity hermetically sealed

magnetic shielding
accelercmeter input

yes

6ma at + 15 VDC and 6 m
at - 15 VDC # 15 percent
regulation

dimensions approximately 1.7 x 1.5 x 3.0
(0oil filied;
Table D-1: Donrer 4310 Accelerometer Specifications.
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\\\\>amplifier
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sensitive seismic
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O p coil
s AAA'A

resistor ‘

position “

Figure D-1: Schematic Donner Accelerometer.

ed to null the motion.

One of the greatest problems facing acceleration
measurements is the lack of high precision calibration tech-
niques. For example, the best precision expected from any
calibration technique is in the range of £ 1.0 percent.
This is accomplished by the use of optical direct viewing
(microscope) and interferometric methods. Table D-2 presents
the estimated range of errors encountered in calibration by

the use of current, widely known techniques (reference 24).

Force Transducers

The fundamental element in a rocket motor thrust
stand is the force (thrust) transducer or load cell. Load
cells may contain crystal (piezoelectric)sensing elements
or strain gages mounted on a stressed element. In general,

the strain gage transducers are more popular because of their




Rectilinear

Method Tilting Centrifuge |Electrodynamic Physical Ballistic
Support Calibrator Pendulum Pendulum
sinusoidal transient t ient
input constant constant displacement, |displacement, 1ra?i en
P acceleration [acceleration | velocity, or [velocity, or | V° Oil ytgr
acceleration acceleration acce.leration
0~ 25 ¢ 0 10 g
amplitude - to + 0 - 60,000 0 - 50 in/sec - 2500
P & € UONE 0— .5 {n 0-100 in/sec B
frequency 0 0 8 — 2000 cps .5 — 5 cps -
pulse _ _ _ _ 0.00035 to
duration 0.001 sec
maximum 100 1b. at
pick up 10 pounds |100 g  to 2 pounds 2 pounds 1 pound
weight 1.0 1b. at
60,000 g
estimated +1%(8-900cps)
errors of + 0.0003 g +1.0% + 2 % (900 — + 2% + 5%
input : 2000 cps)
Table D-2: Estimated Range of Errors in Accelerometer Calibration.

goe
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stable bridge circuit and temperature and bending compensa-
tion. Charge type instruments drain at low frequencies.
Figure D-2 shows calibration curves for two high
performance force transducers (reference 27) cbtained by dead
weight force calibration.
Table D-3 shows the axial deflection at rated ca;
pacity and weight data for the Ormond Series 25 Load Cells.
The electrical sensitivity of force transducers

usually falls near 0.003 MV per pound force.

Flexure Pivots

A significant component which appears at the ter-
minals of practically every thrust stand strut is the flexure
pivot. The objective of this member is to remove static in-

determinacy and hence coupling of forces betwéen the load

Rated Capacity Deflection Weight
From - To (inches) (pounds)
30 1bs 50 lbs .005 -~ ,007 1.5
100 1bs 5K .003 - .,005 1.5

6 K 11 K .004 - .005 3.5
12 X 25 K .005 - ,007 5
30 K 60 K .010 - .012 12
70 K 100 K .012 - ,014 20

125 K 300 K .014 - .017 50
500 K .023 160
1 M .034 425
1.5 M .038 800
3 M . 046 1250
4.5 M .050 1650
6 M .069 2800
10 M .090 8100
Table D-3: Ormond Force Transducer Characteristics.




Calibration curve for a Blue Line Series 25 Load Cell -~ 10,000# capacity
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carrying members. Thus, the ideal pivot has zero resisting
moment tc lateral motion about all axes yet sustains no com;
pliance in axial translation.

Flexure pivots are superior to knife edges, ball
and socket joints, and bearings for use in thrust stands
since they are free from friction and chatter. They also are
relatively quite rigid and highly reliable.

There are two types of flexure pivots which are
commonly used: the universal flexure and the modular pivot.
The first is a higher performance unit than the second since
it has a common center of universal rotation. The latter,
although not possessing the universal property, is less ex-
pensive and more easily installed. Also not all installations
require the universal property. Stacking may be used to allow
universal action of modular units. However, the center of
motion becomes a three-dimensionally varying position.

Figure D-3 depicts the two types of flexures and
some typical loading characteristics. The geometry of the
pivots shown in this figure, as well as the performance, is
not universal, although quite representative of high perform-

ance units.

Electrohydraulic Shakers and Associated Equipment

This discussion is concerned with the performance
data of a device which may be used as the active member in a

simulator thrust stand. The electrohydraulic shaker is not




ALLOWABLE LOAD Vs. ANGLE

SR

:*"

Aliowable Thrust Load (P)
In Thousands of Pounds

Angle of Rotation (6)
Degrees
NOTES:
1. Allowable Side Load (Py or Pz) In Pounds—10% of
Allowable Load.

2. Allowable Torque (Ty) In Inch-Pounds—1.1 of Allowable Load.
3. Approximate Deflection Under Thrust Load —1.0 x 10-7 In/Lb.
4. Flexure is completely Universal.

120 160 200 ‘ 40 280 300 .
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Figure D-3:

Aeroscience Flexure Pivot Capabilities.
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Niowable Thrust Load (P)
In Thousands of Pounds

Angle of Rotation (6)
Degrees

ROTATIONAL STIFFNESS Vs. LOAD
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Approximate
Stitfness Ratio
(In-Lbs/Degree)

Applied Load {F) In Thousands of Pounds

NOTES:

Allowable Side Load (Py or Pz) In Pounds—20% of

Allowable Load.

2. Allowable Torque (Ty) In Inch-Pounds—0.20-of Allowable Load.
8. Approximate Deflection Under Thrust Load—3.5 x 10-7 In/Lbs.

o

20 K-1b. Modular Flexure

Figure D-3: Concluded.
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the only unit which may be employed for this use. In fact,
active member experimentation conducted in the past primarily
considered the electrodynamic shaker device because of its
high frequency response. Adversely, the high level D.C. type
thrust produced by the rocket motor has consistently caused
failure of attempts to employ the electrodynamic shaker for
the use stated. The failure usually appeared in the form of
a power supply overload.

The main argument in the past concerning the use
of electrohydraulic exciters has been the low frequéncy re-
sponse. However, as will be shown, the fairly wide frequency
range attainable by these devices has apparently been over-
looked. In fact, very high force, low stroke exciters seem
to be approaching the frequency response charécteristics of
electrodynamic devices of equal force output. No doubt, for
highly specialized use, the characteristics of electrohy-
draulic exciters could attain even higher performance.

Figure D-4 shows an operational schematic of an
electrohydraulic exciter system from reference 28.

Figure D-5 shows the performance data for a par-
ticular electrohydraulic exciter.

Due to the somewhat nonlinear characteristics of
this type of exciter, some auxiliary equipment would be nec-—
essary for wide band frequency operation. Alsc, due to the
various transfer functions within the thrust stand servo loop,

there will be some extraneous amplification and attenuation.
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output acceleration (g's)

Frequency (cps)

HYDRAULIC EXCITER
PERFORMANCE: Model
HC-100-85-1/2

100

1000

SPECIFICATIONS

Maximum dynamic force: 10,000 Ibs.
Maximum valocity: 85 in./sec.
Maximum output power: 35 HP to 300 cps

Response to step-function inputs: 2.5 millisecond free table
velocity rise time :

Response to random inputs: O to 200 cps free table velocit,
bandwidth

Distortion: 5% displacement-free table
Actuator rod diameter: 3% in.

Attachment to actuator table: 7 alloy steel attachment points**®
Mounting provisions: vertical or horizontal position**
Supply pressure range: 500 to 3500 psi

Output transducers: Displacement—standard—(Linear Variable
Differential Transformer) Velocity & Acceleration—optional
—(MB Pickup)

Electrical connections: All cables provided, 25 ft. standaro
length. Special lengths up to 1000 ft.

Hydraulic connections: All hydraulic lines provided, 25 ft.
standard length. Special lengths up to 200 ft.

input power: 125 hp motor—70 gpm pump

Model
Number

Maximum
Stroke

Actuator Moving

Frequency Range

Element Weight

Weight

HC-100-85-%

%, in. DA

dc to approx 800 cps®

30 Ibs.

325 Ibs.

* HC-100-85-1

1in. DA

dc to approx 650 cps*

35 Ibs.

325 Ibs.

HC-100-85-2%

2% in, DA

dc to approx 500 cps*

45 Ibs.

400 Ibs,

Figure D-5:

Performance of MB Electronics
Vibration Exciter.

10,000 Pound

Electrohydraulic
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For this reason, spectrum equilization will be necessary.

Reference 28 describes a spectrum equilizer which may be used

in conjunction with an electrohydraulic vibration exciter.

The unit described is an MB Model ME 80/25 Manual Spectrum

Equilizer. Some of its characteristics are as follows:
Range: 15 cps - 2 KC

Number of frequency

band controls: 80
Unit band width: 25 cps
Calibration: -~ 20 db to + 20 db.

Amplifiers

The amplifier is the basic element of an analog
computer. Dependent on its mode of operation, it may be used
as a summer, integrator, inverter or constant multiplier.

Figure D-6 shows the basic components of a high gain opera-

. Zen
b
. | HIGH GAIN
e. 1 » 3 3 T
in in [T,,° 3, |D. C. AMPLIFIER Cont

Figure D-6: Operational D.C. Amplifier .
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tional D. C. amplifier. The amplifier grid current is given

by

. . . _ €eout — € €in -- e
ig = 1fp + 1ijn = Zfb T Zin (D.1)

and the amplifier gain is given by
A = - eout/e . (D.2)

The objectives in D. C. amplifier design are as
follows:
1. Keep grid current ig small (approximately 107+°
amps). This is done by increasing the input imped-
ance Zip to a very large value (around 10-6 ohms) .
2. Keep the amplifier gain quite high (approximately
10® at D. C.).
3. Retain linearity during the above processes.
Next, since Zjp and Zfp are quite large, then for a par-
ticular end result, equation (D.l) may be said to approach
zero. For the same result, e in equation (D.2) may also be
seen to approaci. zero. By substituting the second approxi-
mation into the first, it may be shown that
Cout _ Zsy

. D.3
eip Zin (D.3)

(This result is very accurate as long as the three objectives
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listed above are satisfied). Thus, equation (D.3) is the
fundamental equation of servo amplifier design. It states
simply that the accuracy and linearity of the system is not
a function of the amplifier proper, but a function of the
input and feedback impedance characteristics only (again,
upon satisfaction of the objectives given above).

One other consideration that must be given the
analog amplifier is that of drift compensation. Amplifiers
usually contain several stages of amplification and hence
are prone to'drift with skight ch;nges in any one stage (par-
ticularly the primary stage). If an integrator is present in
this circuit, this could lead to disasterous results. Thus,
a compensation must be made for drift. This is usually ac-—
complished by a particular arrangement of an A. C. amplifier
such that when the stray voltage appears at the grid, it is
sensed and a drift compensation applied. |

Some of the most accurate operational amplifiers
obtainable are housed in the EAI Pace 231R Electronic Analog
Computer (see Chapter VII). The characteristics of these
units are:

.Minimum open loop gain: 4 x 10° (chopper stabilized)
Output voltage into 4000

ohm load: + 100 volts
Maximum amplifier error: 0.01 percent

Band width with unit

gain: 28 KC
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Maximum phase shift: 0.1% to 100 cps
Drift: ' less than 4 mv/min.
Noise: less than 3 mv peak to peak

at 0 - 20 KC.
The amplifier is stable with any combination of feedback load
as follows:
Feedback resistance: 0 - 10 meg
Feedback capacitance: 0 — 10 nfd
Load resistance down to 4000 ohms

Load capacitance up to 0.02 mfd.

Coefficient Potentiometers

The coefficient potentiometers discussed in Chap-—
ter VII yield quite satisfactory results in analog circuitry.
These potentiometers are present on the EAI Pace 231R Elec-
tronic Analog Computer console. They have the following
characteristics:

10 turns to 30,000 ohms
Linearity: 0.5 percent
Dial: 1000 divisions with lock

Three-position calibration switch.



APPENDIX E
THRUST CURVES AND MASS RATES

Thrust Curves

Throughout the text of this dissertation reference

has been made to various thrust curve characteristics which

make rocket motor testing and evaluation quite difficult to

perform. Figures E-1 through E-3 show thke results of actual

rocket motor tests where various types of these problems in-

troduced by the thrust curve characteristics were encounter-

ed.

For example:

Figure E-1 depicts the effect of rapid rise time on the
thrust stand dynamics where the 28 cps ringing accounts
for a 600 pound peak-tc-peak (approximately) thrust
stand ringing.

Figure E-2 depicts the effect of thrust termination.

The motor thrust drops from an indicated + 13,500 pounds
to - 24,500 pounds in a fraction of a second. Of
course, since siand dynamics cannot be completely sepa-
rated from the thrust force at the present time, the ex-
tremes may not be exact.

Figure E-3 shows an expansion of the thrust after ter-
mination. Chuffing is shown (which was not present in
sea level tests of this motor). Alsc, a comparison is
shown of the high sensitivity and high force level read-

out devices.
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Rocket Motor Mass Measurement

Several references were made throughout the text
concerning the importance of mass measurement on simulation
accuracy. Present day rocket motor testing is placing an
accelerated emphasis on mass measurement. Not only is mass
data important to space mission requirements, but also the
results of test stand data may be jeopardized if a signifi-
cant {ard virtually unknown) gravitational load acts along an
axis of measurement. Also, the effect of center of gravity
movement is to change the thrust stand apparent calibration
as well as vary the distribution of the gravitational loads.

Several methods are available for estimating the
instantaneous propellant mass of a solid rocket motor. Some
of these are:

1. Direct weighing;

2. Internal ballistics (pressure method);

3. Cortinuous external excitation; and

"~ 4. Theoretical estimation based on propellent geometry.

It is very difficult to estimate the accuracy of these meth-
ods since they are so much a function of the particular mo-
tor. Direct weighing is severly hampered by thrust misalign-
ment. The internal ballistics method uses pressure measufe-
ments and by use of motor geometric properties predicts the
mass rate of change. Rough estimates have placed these meth-
ods in the accuracy range of approximately five percent. Con-

siderable effort has recently been spent on the investigation
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of the external excitation method. This method employs a
vibration shaker to excite a sprung rocket motor at its res-
onant frequency. By the use of the frequency variation re-
quired to sustain resonance, the mass may be calculated. Ref-
erence 30 estimates the accuracy of the external excitation
method to be at least within two percent and predicts accu-
racies within one percent. waever{ the basisjof the two
percent reading was a considerably simplified computer anal-
ysis. The resultis of the actual rocket motor test conducted
in conjunctisn with the computer analysis showed errors in

the vicinity of five percent before firing and in the vicinity
of fifteen percent (based on sharp drop-cffs followed by rises
which would indicate mass gain) during firing. Excellent ac-
curacy was attained toward the end of the test.

The above discussions indicate that the state of
the art in mass measurement still leaves something to be de-
sired.from the viewpoint of force measurements and dynamics
calculations. On the other hand, it is felt that present
precision is sufficient for adequate functioning of the space

vehicle simulator within the desired accuracy limits.
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