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PREFACE

In this study | have tried to present the Quantum Theory of Free
Electron Lasers in connection with the classical theories. .A model for
wiggler wavelength-tapering is proposed as a gain enhancement mechanism
and Quantum Mechanical calculations of frequencies and gain have been
carried out. |In Chapter |, | have tried to give an overall account of
Free Electron Lasers especially the experimental aspects before | dis-
cussed the theory in later chapters. Chapter || summarizes the Classical
theories and can be skipped if one is interested in Quantum Theory only.
Chapter Il discusses the proposed model for tapering. Quantum Theory
is presented in Chapters |V and V.
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CHAPTER |
FREE ELECTRON LASERS
1. Description of Free Electron Lasers

Free Electron lLasers (FEL) are generators of coherent radiation. FEL
does not refer to a physical device or experiment but to various physical
mechanisms in which coherent radiation is produced from the energy of rela-
tivistic electrons. The essential part of a FEL is a magnet structure into
which the relativistic, high energy electrons are injected. There are
basically two types of magnet structures, undulators and wigglers. Undula-
tors originally proposed by Motz [1] long time ago are simply arrays of
magnets with alternating polarity. Figure 1 shows the undulator. The mag-
netic field of the undulator near the axis is approximately sinusoidal.

The wiggler structure originally proposed by Madey [2] is really in-
genious. Magnets with alternating polarity are set in a helical arrange-
ment. Figure 2 makes this structure more vivid. The best way to describe
a wiggler magnetic field analytically is by means of its vector potential

which can be written as

>y

= (a cos sz)x + (a sin sz)y (1.1)

Here k is the wavenumber (I/XW) of the wiggler.
High energy (relativistic) electrons injected into this magnetic field
radiate due to their helical accelerated motion in this field. According

to classical electrodynamics the process involved here is synchrotron
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radiation, but it can equivalently be described as Magnetic Bremsstrah-
lung.

In classical picture, the radiation due to helical motion of elec-
trons self consistently interacts with the electrons and forces them to
oscillate at the same frequency. A resonance follows. The result of this
resonance between the electron frequency and the radiation frequency is
that an observer riding on the electron sees the wiggler wavelength and
the optical wavelength as the same. Due to this resonance the repeatedly
reflected spontaneous radiation will intensify and become coherent as it
stimulates the electrons to radiate at the same resonant wavelength.

Laser action results.

Summaries of classical theories of FEL will be given in Chapter Il
but to facilitate the understanding of this lasing process, let us go into
a little more detail, again in the framework of classical electrodynamics.
Quantum mechanical discussion will be presented in Chapters IV and V. At
_the injection point electrons oscillate (wiggle) with random phases. Con-
sequently radiation is incoherent. The ? X E force on the electrons com-
bined with the radiation field causes a longitudinal density wave which
bunches the electrons by decelerating some and accelerating the others. In
the literature this longitudinal density wave is called ''ponderomotive' or
"trapping'' wave and acts like the slow traveling electromagnetic wave
traveling in a waveguide.

If the axial velocity of electrons is slightly greater than the
velocity of the trapping wave, then the average energy of electrons de-
creases and this means energy is extracted from slowing electrons in the
form of radiation. Bunching and extraction of energy from electrons are

intimately related. |If an electron enters the magnetic field, just at



the moment when it is accelerated by the trapping wave it will still be
accelerated at the end of the wiggler and also most of the time in between.
Similarly if an electron is decelerated at the moment it enters the wig-
gler, it will still be decelerated when it leaves the wiggler. We can say
that whether an electron is accelerated or decelerated by the trapping
wave depends on its entrance phase. In order to have a 'gain" in radia-
tion the number of decelerated electrons should be greater than the number
of accelerated electrons. |If there is no spread in the velocity of elec-
trons, then the number of decelerated electrons equals the number of
accelerated electrons and hence no gain. That is why a slight spread
in the velocity of electrons is necessarv. But an excessive
spread reduces bunching,obviously,because electrons too fast or too slow
can not be trapped by the trapping wave. Long bunches result in incoher-
ence. Untrapped electron means losing another electron to extract radia-
tion . Ln short, we can say that gain increases as we increase the
number of trapped electrons and coherence gets better as we shorten the
electron bunches.

To summarize, in the classical picture of FEL, the basic idea is to
create electron bunches in the wiggler so that they oscillate in
phase to produce coherent light at a certain fundamental frequency. A
slight spread in the velocity of electron beam will trigger a gain in
radiation. |In this way very powerful and intense coherent radiation would
be obtained. Furthermore, it could be designed to produce any continuous
wavelength. Above all, there would not be any breakdown of the lasing

medium.

2. \Use and Applications of FEL

Since this work relates to a particular model of a FEL it may not be



out of place to review the applications of a FEL to show its importance.

FEL are distinguished from conventional lasers by two important char-
acteristics, wide range continuous tunability and high power. Wide range
tunability is desparately needed in spectroscopy. FEL operating in
extreme-ultra-violet (xuv) and far-infra-red (fir) bands will especially
benefit spectroscopic investigations. The fir range is of particular
interest to solid-state experimenters, because almost all the collective
excitations of solids, phonons, magnons, occur at these wavelengths. Re-
cently successful FEL experiments have been demonstrated in this range
[3]. With kilowatts of tunable fir power it is anticipated that one will
be able to excite collective modes in a non-linear fashion. At low power,
solid state experimenters have been restricted to exciting phonons and
magnons with wavenumbers near zero. Now they will be able to explore the
entire Brillouin zone. Also, with high power laser sources operating in
fir one can study lattice instabilities which are thought to be important
in ferro-electric transitions and excited DNA modes that may play a role
in replication.

Conventional sources of coherent radiation have limited optical power
output and efficiency at short wavelengths. That is why FEL at xuv are
very much sought after. Currently FEL oscillators at this frequency range
are plagued by the mirror reflectivity problems but FEL amplifier at xuv
is a certain possibility. Explanation of FEL oscillators and amplifiers
will be given in Section 4 of this chapter.

The high power lasers promised by FEL sources can be used in a
variety of places. One of the most important applications is to use them
as heating sources in inertial fusion reactors [4]. Another promising
application is in accelerator technology. Accelerator physicists are

particularly interested in using high power FEL output in the 1 cm



wavelength regime to drive miniature versions of conventional RF-lineacs
[5]. cCurrently large RF-lineacs for High Energy Physics are driven by 10
cm radio-frequency input from powerful klystron tubes. By reducing the
driving wavelength by an order of magnitude we could have a miniature SLAC
type lineac with an accelerating gradient of several hundred Mev per
meter. A two mile lineac of such design could then accelerate electrons
to perhaps Tev.

Another much sought after application is that a high peak power FEL
operating at submicron wavelengths with an efficiency exceeding 10% would
be of considerable interest for military applications. Microwave communi-
cations, especially radars require high power sources. FEL are expected

to be heavily used in communications.

3. Short History of Experimental and

Theoretical Efforts

Madey [1] resurrected the basic idea of Motz [2] after twenty years.
As we stated before, Madey proposed wiggler structure and carried out a
QED calculation to prove that gain is indeed possible. He treated the
problem as the scattering of wiggler-magnetic-photons (Weisacker-Williams
method) from the incoming electrons. In 1976 the first FEL amplifier was
demonstrated by Elias, Madey et al. [6] at Stanford University. A year
later Deacon and Madey et al. [7] reported the first operation of FEL
oscillator. In the beginning everyone thought that gain mechanism was
due to purely quantum mechanical causes. |t was not long before quite a
few theoretical papers appeared describing the physics of FEL according
to Classical Electrodynamics. Colson [8] derived the now famous gain

expression classically. Later Louisell, Colson et al. [9] gave single-

particle classical theory of FEL. They showed that equations of motion



are considerably simplified if motion with energy in the neighborhood of
resonance is discussed. Meanwhile FEL amplifiers and oscillators have
been demonstrated in several laboratories. An article in Physics Today
[10] summarizes all the experimental set-ups up to that time.

It was soon realized that the central problems in FEL is efficiency
enhancement. This led to the formulation of Classical Theory of Variable
FELs. Kroll, Morton and Rosenbluth [11] showed in an elegant exposition
that by decreasing resonant energy adiabatically more electrons could be
trapped and hence one could have increased gain. There are many sugges-
tions on how to increase gain and overall efficiency. Those who are con-
cerned with overall efficiency are concentrating on storage-ring acceler-
ators. The most successful group in this context is the one in France
[12] who first demonstrated FEL oscillation in the visible range of the
optical spectrum.

One should not neglect the efforts of two ltalian physicists Bambini
and Renieri [13] in the development of classical theories of FEL. They
analyzed the motion of electrons in a moving frame so that the basically
relativistic problem could be reduced to a nonrelativistic one.

Thé current theoretical and experimental research is developing in
two directions, efficiency enhancement and higher frequency generation
through FEL mechanisms.

After Madey's initial QED effort Quantum Mechanical theories of FEL
have been neglected for awhile. It was later developed to some extent by
Becker et al. in a series of papers [15]. Quantum Theory of variable
wiggler FELs is still missing. It is our intention to fill this gap par-

tially in this thesis.
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L., Brief Review of Some Experimental

Aspects of FEL

Relativistic electron beams used in FEL are produced by different
types of accelerators. Original Stanford experiment used RF-Lineac. Later,
storage-ring accelerators have been used. Most recently there is an effort
to utilize Van de Graaff accelerators for microwave generation. With the
development of Pulsed-RF-Lineacs now there is a new trend towards using
Pulsed RF-Lineacs. Depending on the type of accelerator used and beam
characteristics there are two modes of FEL mechanisms, FEL amplifiers and
FEL oscillators. In FEL amplifiers, output of an external laser is beamed
into the wiggler alongside the electron beam from the accelerator. There
are no mirrors. Radiation emitted by the wiggling electrons intensify the
laser beam, that in turn stimulates the electrons to radiate more intensely.
Amplification of the laser beam follows. FEL oscillator does not need an
external laser. Radiation emitted by the electrons will be reflected off
the mirrors and intensifies inside the wiggler cavity.

There are two regimes of FEL operation, Compton and Raman regimes.
Compton regime can be described as high energy but low current electron
beam operation. Compton regime FEL use RF-lineacs, microtrons, storage-
ring accelerators. These accelerators are characterized by their high
energy, low current output. Low current makes the single particle approach
plausible. Since they produce very high energy electrons these accelera-
tors are generally used to produce optical and ultra-violet wavelengths.
The disadvantage of Compton regime FEL is their low gain and efficiency.
That is why only FEL oscillators are designed to operate in Compton

regime.
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In Raman regime space-charge effects cannot be ignored and single
particle approach is not valid. Raman regime FEL use induction lineacs or
pulsed transmission-line accelerators which are characterized by their
high current but low energy electron beam output. High current dramati-
cally increases the gain, but the low energy electrons can only produce
microwave frequencies. In Raman regime amplifier mode is more practical.

Some suggest a third operating regime, High-gain Compton regime.
Wiggler field is very strong so that the ponderomotive force on electrons
is dominant over the space-charge effects. Strong wiggler makes it possi-
ble to use high current accelerators and yet the theoretical calculations
can be carried out using the single particle approach which makes the
analysis easier.

Wiggler magnet structure is used in most of the FEL experiments
mainly because transverse momentumlof the electrons is minimal compared to
that of undulators. Elias and Madey gave a technical description of the
superconducting wiggler they used in the original FEL experiments in
Reviews of Scientific Instruments article [16]. Typical values of.experi-
mental parameters used in the various FEL experiments are shown in Table I.

If a pulsed accelerator is used, electron pulse and external laser
pulses are synchronized so that they interact with each other. Long opti-
cal pulse duration is very much desired in applications because the fourier
transform of a much longer optical pulse produced by long electron pulse,
has a far narrower frequency spectrum, permitting spectroscopic studies
with very high energy resolution. Furthermore, long optical pulse implies
greater time-averaged power delivered to the experimental sample. Long
pulses of electron beam are not only desirable but are necessary as well

for FEL oscillators and amplifiers to operate. A reasonable gain is
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TYPICAL EXPERIMENTAL PARAMETERS OF FEL USED IN VARIOUS EXPERIMENTS

Experiment

Parameter

Typical Value

Stanford Univ. (Amplifier
uses rf lineac

Stanford Univ. (oscillator)
uses rf lineac

Bell Labs (amplifier) uses
microtron

MIT
(pulse-line-generated beams)

NRL
(uses induction lineac)

ORSAY
(uses storage-ring)

wavelength
beam energy
peak current

wavelength
beam energy
peak current

wavelength
beam energy
peak current

peak power
wavelength
beam energy
beam current

wavelength
beam energy
peak current

wavelength
beam energy
beam current

10.6 microns
24 Mev
0.1 A

3.3 microns
43 Mev
1.3 A

100-400 microns
10-20 MeV
5A

1.5 MW
3 mm
1 MeV
5 kA

8 mm

0.5 microns

240 MeV
2 A
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possible oq]y when the radiation bounces back and forth many times before
the electron beam disappears. Induction lineac pulses last only on the
order of 10 nsec, too short for FEL oscillator requirement. That is why
high power FEL are amplifiers and not oscillators.

Most of the FELs are operating in the amplifier mode. Microwave FEL
amplifiers have special significance. Optical output of FEL operating at
microwave frequencies has a broad bandwidth (Fourier components of an
optical pulse) and this makes it possible to amplify, without turning a
knob, milimeter wave signals containing a wide spectrum of frequencies
(broad-band high-power amplifier). This would be particularly useful for
mi crowave communications. One could shape a desired signal waveform on a
low power device and then amplify it to very high power with a FEL.

Lastly there is the possibility of producing optical wavelengths
without using high energy beams. (Optical wavelength is proportional to
the wiggler wavelength and since the wiggler wavelengths cannot practi-
cally be made smaller than a few centimeters, high enérgy, relativistic
electrons are needed to produce optical wavelengths.) One possibility is
to use intense laser beam or tﬁe output by another FEL as a pump field to
stimulate the electrons of not so high energy. This idea is based on the
physical principle that electrons behave exactly the same in the field of
an electromagnetic plane wave as they do in a static wiggler field
(Weizacker-Williams). |In the field of an external laser beam, slow elec-
trons will wiggle (oscillate) at higher frequencies and amplification at
higher optical wavelengths will follow. The requirement here for the ex-
ternal laser beam is to be intense. Since we now know that only FEL
mechanisms can gene}ate great {ntensities, this set-up is sometimes called

""two-stage FEL'. The output of another FEL is used as the external laser.
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The resonance frequency in the second stage will be much higher than the
frequency in first stage because in the frame of moving electro-magnetic
plane waves an incoming electron appears to be much faster even though it
is slow in the lab frame. As can be seen, a two-stage FEL mechanism is an
ingenious frequency multiplication scheme. The price of this frequency
multiplication however is the low efficiency. A two-stage FEL is far less

efficient than a one-stage FEL.
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CHAPTER 11
SUMMARY OF THE CLASSICAL THEORIES OF FEL
1. Synchrotron Radiation

In Chpater | we described the undulator and the wiggier fields. We
also discussed the physics of electrons in a wiggler, qualitatively. In
this chapter we shall give a more detailed description of the FEL physics
in the framework of Cilassical Electrodynamics.

In order to understand the radiation due to electrons moving in heli-
cal (sinusoidal in undulators) orbits we need to look at the energy spec-
trum. The average energy emitted into frequency range between w and

w+ dw is

2

&> > 2
k ik-r!

J, (F)e! o' | dw (2.1)
2nr-c kw

) de =

Pkw(

-
J; (r') is the Fourier amplitude of the component of the current den-

kw
. 3 —) —) .
sity vector perpendicular to k, and k is a vector of absolute value

> . > >
|k] = %-which points from the current element at r' to the observer at r.

The expression for J, is derived from the equations of motion. In his
kw

pioneering work in which the suggestion of a FEL was first made, Motz (1]
demonstrated the radiation characteristics of an electron in an undulating
magnetic field.

The relevant equations of motion are

17



where the undulator magnetic field Bis

B =asinkZ, B =0, B_=0
y w X z

and m is the moving mass, then the equations of motion become

mc o . .
— x = za sin k Z
e w

mcoo . .
— 2z = -xa sin k Z
e w

We also know that x << 1 (motion in x-direction is negligible).

can write the equations of motion as

_jL — eaB sin k z
Tt (mvx) = P W
d -
E (mvz) = 0
X dt’ z dt
m
o]
"o 2 2
]
\/] "C—z' (VX + VZ)

The current densities turn out to be

I/ 2

J. = ev_ sly) s(z-cat) o(x + E_gin 4 ¢)
X X o
cho Wy

(2.4)

Then we

(2.5)



eaVI-BZ

J, = eBc §(y) 8(z-cBt) 6(x + sin w_t) (2.6)
Bcm w °
0o
B is the longitudinal velocity
w_ = 2mBck
o} w
k = -Lg A = wavelength of the undulator
w Aw w

The Fourijer components will be

ifwz
evx eaVI-BZ “Bec
2

J = —= §(y) &(x + sinwz) e
Xw Bc gem o
o
(2.7)
[ 2 iwz
J,, = e §(y) s(x + Eé—llg— sin w z) e °¢
z chowo °

Let the direction of observation k have polar angles ¢,6 with respect
to z-axis, then

+ J sind ﬁ

2 .
J = wa(l - cos ¢ sin . 76 2

kw
where U] and 02 are unit vectors in the directions of the components per-
pendicular to kK. When we substitute (2.7) into (2.1) and evaluate the

integral, it is found [1] that the energy radiated per unit area into nth

harmonic is

2 eszGz
] w n . 2 2 1 . 2 2
m ('u:) i rzc {sin“® Jn(Z) + -[I- sin X[Jn+1(2) + Jn_l(Z)]
2 22 2
e a" 2" (1-87)
2 2.2 } (2.8)

4r=g Eo
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where
7 = o ea(l-Bz)]/2 2 sin® cos¢
Wy 2m8 E (1-B cos®)
o
2m8 ck
W, = T?E'ES§§ (fundamental frequency)
E = m c2
o
am
Xw "
G, = J exp[l(zr-- n) £]dg
A 1
A
w
2 sin(% - n) An
w A
- 1 w
(= - n)
“)
sin X = */l - cosz¢ sinze

2
Note that Gn has a large maximum in a narrow frequency range

A
‘lawl < (E%le

Also if the observer is on the z-axis, fundamental frequency becomes

2mR ck
W

®r T T (2.9)

This expression is found to be valid for nonrelativistic and relativistic
electrons alike. But in a practical FEL, electrons are highly relativis-

tic, that is
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8= 1, 1- = —
2y

In the relativistic limit the fundamental frequency will be

v, = 2Y" ck (2.10)

In Chapter IV we shall see that (2.10) needs to be corrected for quantum
mechanical effects like radiation reaction. Equation (2.10) is derived on
the basic assumption that radiation field does not change the path of the
electrons in the undulator. In general this assumption is not valid in a
FEL cavity. We will discuss the effect of radiation on the electrons in
the next section. The relativistic expression for fundamental frequency
deserves some attention. wy is proportional to YZ not to Y, because of

the Relativistic Doppler shift.

An observer riding on the relativistic electron takes a time

) ]
t! =-%— to cover the distance 2'. He sees n = 5&-= %T magnet poles (waves)
w W
as he passes them. Therefore, the frequency he sees Is
L'v v
vt o= 3! = XT
w w
Y
but Aw = v1-8 Aw’ hence he sees a frequency
M B 44 (2.11)

v ——,—— = LD
A V]'BZ Aw
w

The observer in the laboratory frame sees the same frequency (2.11) multi-

plied by a factor Y. That is how the YZ dependence can be understood

[2].
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So far we discussed the synchrotron radiation of electrons moving in
an undulator. Same approach can be adopted for the radiation of electrons
in awiggler [3]. Kincaid has calculated the power spectrum using the
notations and formulas of Jackson which is equivalent to the Fourier ex-

pansion formalism.

The brightness per electron is given by [4]

2 2 ®  [iw(t-n. r(ct))]

~

dI (w) ; n x (AxB) e dt (2.12)

e
da b

This equation is equivalent to (2.1). Hence n is a unit vector point-
>
ing from the origin to the observer. r(t) is the vector describing the

path of the electron, B(t) is . .

The orbit of a relativistic electron in a wiggler (helical) magnetic
field is also a helix, with the same wavelength Aw. The pitch angle of

the helix is given by

L 2mr o Tw
epitch ~ . = (2.13)

is the cyclotron radius. We can also express the pitch

A eR
W (2.14)

I
< |x

e .
pitch ZTerc2

If the vector to the observer is n = z cosf + y sind and if the radius of

the helical orbit is denoted by a, the equations of motion will be
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r(t) = B*ct z + a sin w t y + a cos w t X
(2.15)
(o AW . aug A
t) = Bz + — cos - — si X
B(t) Bz < wot y o Sin w t

2.1/2
here B™ = g[1 - (g) ] which is the longitudinal velocity of the elec-

tron in wiggler magnetic field. % is small for all practical FEL since
the strength of the magnetic field K is always negligible compared to the
energy (numerically) of the relativistic electrons.

If we look at the motion of an electron from an inertial frame moving
in the +z direction at the average speed of an electron, v = 8*c. In this
frame an electron travels in a nonrelativistic circular orbit if the mag-
netic field is weak (k<1). Radiation will be a dipole pattern as shown in
Figure 4. In the lab frame the radiation pattern will be as shown in
Figure 4 due to Doppler effect. |If the field is strong (k>1) the circu-
lar motion in moving frame is also relativistic, hence a cyclotron radia-
tion pattern will be seen in moving frame and the radiation in lab frame
will contain harmonics. Figure 5 shows the details of these two cases.

Figure 3 is the result of the evaluation of (2.12). Using (2.15) it

is seen that

a~ A > K . 2 . K 2 . 2
— 4+ —
nx(nxB) [Y sin"6 sin w t + 3 cos™0 sin mot] X

+

* . 2 ~
[8"sin6 cos6 - %-cos 9 cos wot] %

+

[-B* sinze + K cosf sind cos w_t] 2z (2.16)
Y o

and
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3>

. (t) = B*t cosf + 2sinwt (2.17)
. c c o
(2.16) and (2.17) are to be substituted in (2.12) and then the somewhat

length integral needs to be evaluated. This has been done by Kincaid [3]

in the Appendix of his paper. The result is,

2 22 2
di(w) _ e’k o 2 Y8 _ ny2q.2 sin W
- - 723 2y W0+ (- 710 (%) x ———— [NI(= - n) ]
T cw_ Y w 2 1
o (— - n)
W
1
(2.18)
k 6
Here x =L
YU’O
W 2mB*ck
w, = *o = o W fundamental frequency (2.19)
(1-8 cosb) (1-B8 cos9)

Note that the expression for fundamental frequency is identical in form to
the expression we obtained for the undulator.

As far as the fundamental frequency is concerned, wigglers and undula-
tors are not different. Here B of the undulator is replaced by the B* of
the wiggler. When we were discussing the undulator we set B ~ 1 assuming

the magnetic field to be weak. When the magnetic field is strong

2
g >pg* = /1 - (5) . This expression for 8" is identical in form for

undulators and wigglers. The only difference is in K the strength of the
magnetic field. K might be different for wigglers and undulators.
In the ultra-relativistic limit (2.19) becomes
2Y2w
o

] (1 + K2 + YZGZ)
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For 6 = 0 (on axis) all the higher harmonics vanish and only fundamental

frequency remains

2Y2w
w = W = — 209 (2.20)
1 2
(1 + K%)
In terms of wavelength
A
A o= 2 (1K)
2y
The brightness on the axis will be
d1 (w) - 2aNev?K® (2.21)
@ Juemer o (14?)
8=0

N is the number of electrons.
2. Single Particle Electron Dynamics in a FEL

A free electron in vacuum cannot radiate energy since such a process
would not conserve both energy and momentum, which is required in all the
physical processes. In the case of FEL radiation, necessary momentum is
provided by the periodic static magnetic field. As we mentioned in Chap-
ter |, radiation process can be seen either as synchrotron radiation or
as Magnetic Bremsstrahlung. In either case one has to consider the effect
of the radiation field on the motion of electrons.

The electron motion is obtained from the single particle Hamiltonian

H = mczY

B_ - ek 2 P 2
T T
1+ (_mc )+ (= (2.22)

<2
n
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where the transverse vector potential is

- -
A = A +R, (2.23)
with
A. = a e_'(kZ-Wt)é (2.24)
S S -
being the circularly polarized radiation field. Here e_ = X I iy,
+
W o~ aas Bas
k = <2 and a_ is a slowly varying function of z. T << kas, Y << wa_.
The other term in (2.23) is the wiggler vector potential
> - Ika A -isz A
ALr) = ae e_+tae €, (2.25)

Note that (2.25) is identical to (1.1). This way of writing the wiggler
vector potential makes it possible to consider the periodic magnetic field
as a traveling wave in tﬁe moving reference frame which we discussed in
Section 1 of this chapter.

The Hamilton's equations

——api = qi, E— = - pi (2.26)
will lead us to
. 1/2
Z = 8 = c(1-13Y (2.27)
Y
>
m¥p = PT - e AT
2
P = - _r_nc__?i
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where

=y

(,2), z-a(r) =0

Generally, a >> a,» that is, the magnitude of the wiggler field is always
much greater than the magnitude of the radiation field. Then (2.27) can

be written as

me)2 + (B - ek )2
g = /]_ " T~ " (2.28)

(ch)2

. ->
mYp = PT - eAW

Now substituting (2.25) in (2.28) we obtain

e2w a ik z + k -wt) -i(k z + k_-wt)
. . S w z w z
vy = =i ——=[a e -ae ] (2.29)
2 2 s s
2m c Y
Let us define U = -wa_ and ¢ = sz + kz-wt. Using the above definitions

and a%-= v, j%-we obtain the equations of motion for an electron inside

the wiggler cavity

2 .
rFy = -2 Ui, t)e?] (2.30)

.dj_(?) = k + k —% (2.31)
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As we discussed in Chapter i, the phase ¢ of the electron is constant as
long as the electron is trapped. In reality, however, as the electron loses
energy to the radiation its phase slipg. But this means low efficiency.

In practice ¢ is always kept constant by either changing kW with respect

to z or the wiggler magnitude a. We shall discuss this concept in more
detail in the next section and also in Chapter IIl. For the time being

let us assume that phase ¢ is kept constant somehow. Then (2.31) can be

integrated

e2A

Y@ = 40 - 2o

m C

u(0)

sin(¢ + ¢p) (2.32)

B is approximated by unity since the electrons are highly relativistic.
id
And U(?,t) = |U(0)]| e P is the ponderomotive (trapping) potential.
3 . —+ . .
The trapping potential U(r,t) is not easy to determine [4]. As a mat-

ter of fact numerical methods need to be applied to calculate |U(0)]| and

¢p-

3. Free Electron Lasers With Variable Wigglers

After the first successful operations of FEL amplifiers and oscilla-
tors, it was realized that uniform wigglers with constant wavelength and
constant magnitude were not capable of trapping most of the electrons. The
physical reason is simple. Energy is extracted from the electron in the
form of radiation and this means e]ectron is slowing down. |If the wave-
length of the wiggler is constant, then the observer riding on the elec-
tron will see the wavelength of the wiggler increasing as he rides through
it. The way out of this difficulty is to either increase the wiggler

magnitude slowly in the z-direction so that the electron gains the lost
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energy from the wiggler or to decrease the wiggler wavelength so that the
observer on the electron sees a constant wavelength. Same physical pro-
cesses can be explained in terms of the equations of motion given in last
section. In general %%—(?) £ 0. |If the coupled equations of motion (2.30),
(2.31) could be solved we could have seen that ¢ was not constant. In
other words same physical processes can be described as the slipping of

the phase of an electron with respect to the trapping potential. Electron
phase slips and goes out of the trap as it radiates.

Kroll, Morton and Rosenbluth proposed a theory taking the above ideas
into account [5]. Keeping the electron in resonance, or keeping the elec-
tron phase constant is called, '"The adiabatic decrease of the resonant
energy' in their theory. They discuss the motion about this synchronous
energy. They also introduced the concept of ''Bucket'' which corresponds to
the trapping potential well. Figure 6 shows clearly what a bucket is.

It is a closed curve and its interior in phase-space. An electron in-
side a closed curve of phase-space is called '""trapped electron'.

The motion of eiectrons about the synchronous energy can be discussed

as follows:

Y= Yresonance + &Y (2.33)

where synchronous energy and phase are defined as

2
2 _ ku
v.(2) = e (2.34)
d kaas
= @1 = - - sin ¢ (2.35)

Here uz =1 + a2 + ai.
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. Stable phase plane trajectories

Figure 6
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Note that it is possible to look at Equations (2.34) and (2.35) as either
definitions of Yr and ¢r assuming that kw, a, a are known functions of z,
or it is possible to consider these equations as design equations where
the wiggler functions kW and a are to be determined to achieve the desired
functions Y , ¢ and a .
r’'r s
To continue the discussion of the motion about synchronous energy,

a
if |6Y] << Yr we can neglect Tf-terms, and then we have

k
o' = 2 X (s7) (2.36)
Yr
kaa
(8v)r = - (sing - sin¢r) (2.37)
r

Here prime denotes the derivative with respect to longitudinal posi-
tion z, along the wiggler.
These equations of motion (2.36), (2.37) could be obtained from a

Hami 1tonian

k 2
H = 2 (67)° + F(9) (2.38)
r
where
k aa
F(¢) = - —=—3 (coso + $sing )
r

The closed orbits in phase-space correspond to electrons trapped in
buckets which perform stable oscillations about the synchronous value.
If the parameters change adiabatically, then the maximum value of &Y for
which a particle may be trapped in a bucket is calculated from the re-

quirement that the area of the closed phase curve remains constant, i.e.,
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J =‘};(6Y)d¢ = constant
Kroll, Morton and Rosenbluth have calculated this. The resuilts are

2Y Vaa
= ———r—p—ir(cpr) (2.39)

Y .
maximum

with

— - _Tr - H
P(¢r) = //CoS¢r (2 sgné _ ¢r)sm¢>r
The area of the bucket is

J = —= a(¢) (2.50)

alp ) = 72 [cos¢_ + cos¢ - (m=¢ _-¢)sind ]'/2d¢
r 8 6 r r r

The electron will oscillate in the clockwise direction about the

synchronous point at §y = 0, ¢ = ¢r with frequency Q

ZkW Vcos¢r GYm
Q = T a_a COS(f)r = W(T)kw (2.41)

L, Phase Area Displacement

Phase area displacement method refers to an operational mode wherein
the phase area occupied by the electrons is degraded downward in energy.
This method can be best explained by graphics. Figure 7 shows graphi-
cally what happens to a bucket, full of electrons, as they traverse a

wiggler of variable parameters.
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The method illustrated in Figure 7 is called '"Deceleration of buc-
ket', end result being the decrease of resonant energy. In this method a
certain amount of energy-spread is allowed whereas in the method of
""Acceleration of empty bucket' which is illustrated by Figure 8 there is
no restriction on the energy-spread of the electron beam. Figure 8
shows how the resonant energy decreases as the empty bucket is acceler-
ated.

The graphical method of FEL physics proved to be very useful in
understanding the physics and also in the design of FEL. Almost all the

simulations of FEL work with the bucket concept.
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CHAPTER 11
DISCUSSION OF THE TAPERING

Currently free e]ectron lasers operate at very low efficiencies.
Typical values are between 2% - 5% for the overall efficiency. Overall
efficiency is calculated by multiplying the efficiencies of each compon-
ent of the FEL (accelerator, wiggler, etc.).

Experimenters first attempted to increase the overall efficiency be-
cause at that time single-pass gain enhancement mechanisms were not con-

ceived. Main idea was to circulate the electrons. While a storage-ring
accelerator would serve the purpose, the problem in this is that the elec-
tron beam is very sensitive to any velocity spread (emittance) in the
beam. The ponderomotive potential inside the wiggler would certainly in-
crease the emittance dangerously since it accelerates some of the elec-
trons and decelerates the others. It was also found impossible to insert
straight wigglers longer than 1.5 m into a storage-ring assembly. The
LURE Laboratory in France developed a FEL based on storage-ring accelera-
tor anyway. Their emphasis was on producing optical wavelengths of radia-
tion not on efficiency enhancement. They found very surprisingly that the
spread introduced by wiggler did not cause any instabilities.

The recent efforts of physicists at Santa Barbara have been to improve
overall efficiency by designing a FEL based on an electro-static accelera-
tor and a circulation mechanism. Although it is successful the electron
beam produced by Van de Graaff accelerators is of modest energy and can be

run only for short pulse durations. We discussed in Section |V of Chapter
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| that FEL oscillators or amplifiers require long electron pulse durations
to achieve any reasonable gain.

Meanwhile other ideas came forth on how to increase the single-pass
gain and efficiency. There are two factors that could be improved, the
first one being the number of electrons trapped in ponderomotive poten-
tial. Gain is increased simply because there are more electrons trapped
and trapping ensures energy extraction.

The second factor is the slipping of electrons out of resonance as
they lose energy to the radiation field. Kroll, Morton and Rosenbluth
[1] came up with an idea that could increase the number of trapped elec-
trons and keep them trapped (in resonance) all the way through the wiggler.
This idea is to vary parameters like wiggler wavelength and amplitude
adiabatically. We discussed this theory in Chapter Il. In this chapter
we shall concentrate on the experimental features of this theory. Most
of the experimenters taper (decrease adiabatically) the wiggler wavelength
and others decrease the amplitude of the wiggler and a few taper both [2].
Some experiments use linear taperings, that is, the wiggler. wavelength
or the amplitude is decreased in a linear fashion. Typical value for the
gradient is 9-10%. Almost all the laboratories reported more than 90%
efficiency enhancement even with small gradients.

Many physicists so far have attempted to study the physics of FEL by
simulation methods. Most notable of those are Mani [3] and Coffey, Lax
and Eliot [4] Mani proposed a wiggler-wavelength-tapering which has a func-

tional form

A = 2 e ©° (3.1)

For n = 2 and n = 4 simulation showed that almost 100% of the elec-

trons would be trapped. Mani physically argued that initially wiggler
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wavelength should change slowly and towards the end of the wiggler it
should decrease faster because electrons start feeling the effect of radi-
ation field only towards the end.

Coffey et al., reported the results of their simulation which is
based on Los Alamos Laser using linear tapering. Results are comparable
to Mani's results. Coffey et al., also showed classical mechanically what
the functional form of the wavenumber kw(z) should be to keep the electrons

always in resonance. Their conclusion is

1
W@ = Kigear (G- ) (3.2)
where
1+M2 2 2
B = 1 - 2 ’ Y = Y (0) -mZ (303)
z
Y
m is a constant
ea . . .
M = TERE amplitude of the wiggler field.
o}

These classical mechanical calculations motivated us to consider a

wiggler-wavelength-tapering of the form

where Z , >>b

k (z) = k -
w min

w

N|o

We are not allowed to start the z-dependence from zero or other small z
value because that would be too steep a change in the wiggler wavelength
which is against the basic requirement and assumption that wavelength
(wavenumber) of the wiggler changes adiabatically. We show the different

taperings graphically in Figure 9. In the figure this curve is concave
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to the z-axis as against the exponentié] tapering of Mani but the rise
is similar.

We argue that our tapering increases the gain more than the other
proposed taperings do. The final gain expression is proportional to the
average wavenumber of the wiggler and also to the third power of effec-
tive interaction length. It is very easy to see that effective interac-
tion length of a wiggler with a wavenumber increasing concavely to the
z-axis, is greater than the one with same geometrical length and a wave-
number increasing linearly or convexly to the z-axis. To illustrate this
we calculate the number of magnet elements in a wiggler of 16 m long. We
recall that the effective interaction length is really determined by the
number of magnet elements and not by the geometrical length.

The number of magnet elements in a wiggler tapered according to

k (z) = k - Ey z . = 800, 2z = 2400 would be
w w 2z’ “min max
2400 b
J (k- 24z = 186.5
800
k =0.37 cm | (3.4)
w
b = 96, >‘initial =4 cm, Afina] =3cm

whereas the number of magnet elements for a linearly tapered wiggler and

a uniform wiggler would be respectively

1600
I (k + mz)dz = 464
0 w
m = 0.00005
_] _ a
k,=0.25cem ", A, iy = L em, Aeina] = 3 °m
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and 400. The effective interaction length with our suggested tapering
would thus be larger by a factor of 1.216 over uniform wiggler and by
1.048 over a linearly tapered wiggler. It turns out that this would re-
sult in a gain-increase by a factor of (1.216)Ll over the gain obtained
by uniform wiggler.

If we did not use the same geometrical length but the same number of
magnet elements, the gain woluld then increase by a factor of 1.216 since

| b

the average wavelength of the tapered wiggler (kw(z) =k, - EJ is 1.216

times greater than the wavelength of uniform wiggler.
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CHAPTER 1V

QUANTUM THEORY OF AN ELECTRON

IN A TAPERED WIGGLER
1. Introduction

Becker and Mitter [1] gave solutions of Dirac equation for the one-
dimensional motion of a relativistic electron in a uniform wiggler field.
Those solutions wefe not derived in detail in any of their papers. Our
objective is to derive the solutions for motion in a tapered wiggler
field for the most general case and then to show that these solutions
reduce to Becker-Mitter solutions for a uniform wiggler. We also derive
solutions of the Dirac equation for the motion of an electron in 3-dimen-
sions. We would like to point out that our solutions are more explicit
and easy to work with.

Classical mechanical calculations have already proved that tapering
the wiggler wavelength or amplitude increases gain. We shall calculate
this gain enhancement Quantum Mechanically. We propose a model for the
tapering. The merit of this particular functional model is that the rela-
tivistic motion of the electron in this tapered wiggler and associated
harmonics, gain etc., can be studied elegantly from a quantum mechanical
viewpoint.

Question of whether Quantum Mechanics is necessary at all to analyze
FEL can be answered simply by the fact that it is made imperative by

quantizing the electromagnetic field as a photon field. Another important

L6
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point is that classical theories of FEL do not take into account the spin
of the electron. Especially for those FEL using strong wigglers spin-
wiggler field interaction is significant. High gain requires strong wig-
gler field. |In future FEL experiments, effects of electron spin will play
a much more significant role.

We use Dirac equation instead of the Klein-Gordon equation since only
Dirac equation incorporates spin. Using Klein-Gordon equation one obtains
the erroneous result that emitted radiation is unpolarized. But as far as
calculation of gain is concerned Klein-Gordon equation can be used effec-
tively and this has indeed been done in the past.

As it is discussed in an earlier chapter we propose a tapering of the

wiggler wavelength of the form

- - b
k, = k, "3 (4.1)

The numerical values given below pertain to Los Alamos FEL.

Kk = 0.37cm ', b=9
W
Z. = 800cm, Z = 2400 cm
max

so that

= — = L4cm, A = = 3 cm.

A 1
w initial % w final K
w w
The choice of limits does not affect the geometrical length but it
determines the effective interaction length %' and therefore the region
of integration over z of the relevant matrix element which happens to be

a function of k;Z.
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2. Derivation of Solutions in a Tapered Wiggler

The vector potential of the tapered wiggler is

R = a cos k;Z X + a sin k;Z y + 0Z (4.2)

k; is the modulated wavenumber which characterizes the tapering

K=k -2
z

y y Here a measures the strength of the field and b (a dimension-

less number) the degree of tapering.
In the direct product notation the time independent Dirac equation

will be

(caP + 8 mocz—E) p = (H-E) =0 (4.3)

where the kinetic momentum

P o= (p, - %; cos kzz)ﬁ + (Ey - %f—sin kﬁz)? + 822 (4.4)
or
P o= g-gz (4.5)
Here o is a Lxh and p is a 2x2 Dirac matrix. | It is sufficient to solve

the time independent equation because the vector potential is static. Our
technique of solving the equation (4.3) is first to multiply it on the

left with H+E and obtain

moc2 +E)d (4.6)
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where ¢ satisfies

(@GP + micl’ - %6 = 0 (4.7)

To arrive at this equation we used the well known anti-commutation rela-

tions of Dirac operators

= 4.8
[01,03]4_ 0 (4.8)
We have the identity
(5-P) (G-B) = BB + ig- (PxP)
Defining the modulated wavenumber Ko =k -5
w w oz
3 ea; . /% ea R
= - — - 4+ —
PxP {Esz - (sin sz)BZ Ezey —p, sin sz}x
ea * ea * N
+ {BzEx — P, cos k z-pp += (cos sz)Bz}y
ea . * ea * eay2 . * *
- —— - —— + —
+ {gxgy —p, sink z - = (cos sz)Ey ( c) sin k z cos k2

ea * ea . *
- + =— + —
PP < Ey cos sz < (sin ka)EZ

ea % * ~
(=) sin k z cos k z}z
c W W

Using the commutation relations [pi,p.] = 0 and
J

[p,.f(2)] = - i f(2)

we obtain



PxP = - ihk &R
~Ts W C
> ea * ea *
PP = (Ex — cos sz)(Ex — cos sz)
+ (p - = sin k*z)(p - 228 5in k*z) + p2
~Y c W ~y (o} w ~Z
> 2 2e * 2e e
P-P = (E — P, cos k z Ey sin sz +
- 2 2
P.P = P - —g-K'; + (%?
Finally we have
> > > +>2 2e -+ > ea 2 e > >
GP)(GB) = p--2RP + (&) +4k £5.A
e c c W C

The experiments have in the past been such that

0.3a2
(

(4.10)

(4.11)

the electron propo-

gates in the z-direction with negligible transverse momentum. Later we

will comment on what is involved in removing this restriction. We there-

fore assume that P,=0F py and then obtain

cz(g.ﬁ)(g.ﬁ) = Czpi + (‘hkw ec) GA + e2a2

~

The iterated Dirac equation in 2x2 form will be

L.

c292+n2 ‘ eaﬁkwc e-ik‘;Z X,

eaﬁkwc eik;Z c292+n2 x2
where we set for brevity

e?a? + mgch - g% - nz which means (ea)2 - n2

(4.12)

=0 (4.13)

is equal to (z-component
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We can now express x

or

Eliminating x

Therefore, we shall have an operator equation for x
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X
Also we used ¢ = (X]). Now we have the coupled equations
2
-ik*z
2 2 2 w _
(c p, + 1 )x] + eaﬁkwc e xz—O
(4.14)
k2
w 2 2 2 _
eaﬁkwc e X + (c P, + 7 )x2 =0
2 in terms of x]
ik'z
e w (C2p2+n2)x
x. = - =2 ‘ (4.15)
2 eahk ¢ :
w
ikﬁz
22 2
e Y (c p,*n )
X eaﬁkwc o) (4.16)

leads us to

0

w 22 W% 22 2 2 "y 2.2,

x; - ¢cp,e (c P, *n )x1 ne (c"p #n )x]—O
(4.17)

relation
ik z k2
woo 2 22

e = e (Ez + Zﬁkw P, +h kw) (4.18)

1
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s

k2
w 2 22,22 2 2,22 2
e {(eaﬁkwc) c Ez(c p,*n ) Zﬁkwc (c p_*+n )Ez
2,22 2 222 b
(hk )" (c p,*n ) - n'c p, " n}x =0 (4.19)
Completing this to a perfect square we have
iK'z 2
W 2 2 2 2 2 2.5,
e [{(eaﬁkwc) (ﬁkwcn) } - {c p, * ﬁkwc p, *+ 1 } ]x]-O (4.20)

Since the operator operating on X is a function of P, only X should

be the eigenfunction of P, and we can take

where Py is a continuous number. X, can now be determined from Equation
(4.14), as a function of another continuous number Py by eliminating x]
and using the commutation relation

-ik'z -ik'2
pﬁ e W o= o ¥ (pi - 26k b, +ﬁ2kj) (4.21)

The operator eguation for X, is

ats

ik 2

.
W [{czei - thCZEZ + nz} - {(ear"nkwc)2 - Cﬁkwcn)z}]x2=0 (4.22)

i
A/ P2
It is easy to determine Py by insisting that Xy = éﬁ l satisfies the
Equation (4.20). With the substitution n2 = eza2 - picz, we obtain
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2 e%a? 2 2 292 2 2
(p] + =P, +4’1kwp]) = (ﬁkw) [e"a™-n = éﬁkwpz) (4.23)
[od
ﬁkw V// ﬁkw 2 ea 2
Tt Ve - (h-24)
Using Equation (L4.22) we obtain
0y / hsz oa?
Pp = 7tV -7 - (4.25)

P> kw’ a are design parameters, so P and Py are determined in terms of

the design parameters. More meaningfully we could write

fick fhk 2 2

2 = g2+ [- 5 w3 /éz(p] + —Eﬂ) + (ea)2 ] (4.26)
MAck hk 2

2 - Ef) s [+ M3 »/cz(pz - s (ea)? 72 (4.27)

2 R .
where Eo = moc . Note that these expressions for energy are equivalent. To
complete the solution of the Dirac equation we have (for positive square-

root of Equation (4.7))

where
¢] is a spinor.

Equation (4.20) justifies the following choice of ¢y
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() [ )
x] d éﬁ i
¢, = = i (4.28)
1 § eﬁ(p] + ﬁkw)z
2 g
C ) J

Substituting this into Equation (4.7) we obtain

i i '
- p.z . P,z
(c2p§+n2)d éh 1 + eacﬁkW eIb ;ﬁ 1 g = 0
i i
. —(p,+hk )z —(p,+k )z
eacﬁkwe iby éﬁ Towi [cz(p]-hﬁkw)2 + nz]g ST W 0 (4.29)

in order to have a unique solution determinant must be equal to zero

2
(c p$+n2)[cz(p]*ﬁkw)2 + nz] - (eac'ﬁkw)2 =0 (4.30)

also from each equation we have

(Czp%+n2)e-'b eac"r’wkW B
g = - d = - d (4.31)
eachkw Cz(p]'l‘hkw) 2+n2

where d is arbitrary. d and g are constants or functions independent of z.
Py is related to the effective momentum of the electron in the z-direction
P,- Note that P is just a (physical) number. We are not interested in
the negative energy solutions with negative square root because they refer
to positrons. The complete solution in the bi-spinor will be

"

b= N (4.32)
(b = LO;P___¢
2 7]

2 E+mc
o



Let us work it out

)
polling CBZ
cCo'p 1
E+E, E+E, i (k z-b)
-ea e
\

E+E
o

[-eade-Ib

where

[cp]d - eag e'b] e

- c(p]mkw)g]e‘K

Y (
-i(k z-b) L p.z
-ea e w d eﬁ !
. ;g(p]+hk )z
e, |9
i, )
P

i
(p]*ﬁkw) z

J

The complete unnormalized solution will be

B

i
F(p]Z'Et)
e

eachik ik z
_ w e W
2 2 2
c (p]+ﬁkw) +n
4 1 [ ezazoﬁkW ]
v =d |=—= |cp, +
P E+E, ] c2(p]-hﬁkw)2+n2

-ea +

c(p]tﬁkw)eaqﬁkw ik;z

E+E
(o]

cz(p!bﬁkw)zm2

le
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(4.33)

(4.34)

Note that this solution reduces to the solutions of Dirac equation for
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motion of electrons in free space when the wiggler field is switched off,

that is when

a >0 Py > P

z (4.35)
k -0 b »0
w
E+E -
d is arbitrary, we let d = 5 Eo to normalize u uu = 1.

o

The second positive energy solution is derived by taking

( i )

&;(Pz'ﬁkw)z
de

4 .36

‘= (4.36)

Zi’{pzz
ge J

This choice of ¢] is justified by the operator Equation (4.22).
Again, d,g are independent of z. P, is interpreted as the effective mo-
mentum in the z-direction when the electron enters the wiggler field with
spin-down (spin is anti-parallel to z-direction).

Substituting ¢] in the iterated Dirac equation we obtain

i i
—(p,-Hk )z . z(p,Hk )z
[cz(pz-ﬁkw)2 + nz]d éﬁ 2wy eacﬁkw elP g 2wy
' (4.37)
i i
- 7 Py2 pP,Z
eacﬁkwe by éalﬁ 2, g(czpi + nz)gﬁ 2 -
det = 0 leads to
2
[cz(pz-,ﬁkw)2 + n2] [c2p§+n ] - (eac,hkw)2 =0 (4.38)

We also have
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c2p2+n2)elb eachk e'P
d = -—2 g = - W (5.39)
eachk 9 2 2 29 :
w c (pz-hkw) +n

where g is arbitrary.

The complete solution in bi-spinor form will be

"
V= > > (4. 40)
C ge*p o
E+E 1
o
. i
-|(sz-b) E{pz ﬁkw)z
cp -ea e de
> > ~Z
C g°p o - 1 ) ;
E+E "l E+E l(sz-b) | R PyZ
-ea e -cp, ge
. i | \
. (p _/ﬁk V4
[c(pzwﬁk )d - eag e'b] QF 27w
w
_ 1
B E+Eo -i-p , (4.547)
[-ea e-'b d - cng] e 2 )

The complete unnormalized second solution will be
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( -i(k z-b)
-eacﬁkw e W

2 2 2
c (p2 ﬁkw) +n

_ c(p,-hk )eachk -i(k z=-b)| i, __
W= g E+é 3 2 7 teale " eh(pzz ° (.42)
p o ¢ (pz-hkw) +n
ezazchk
E+é [ 7 " cp,]
o ¢ (pzwhkw) +n

As is well known [3] when the Dirac particle is moviag in a field the up
or down spin of the particle can be known with precision only when the
particle is momentarily at rest. We associate solution (4.42) with down-
spin since it reduces to Ui when the wiggler field is switched off and

E+E

arbitrary g is taken to be g =, EEJE
3
1" o

There is one delicate calculation of limit that is not so obvious

lim = each 510 (4.43)
kw+o ¢ (p1+ﬁkw) n

as quoted in the litarature on untapered wiggler [1]. But

eachk
" 5 =0 (4. Lk)
) “4n

lim

aro 2
kw+o ¢ (p!tﬁkw

similarly,



59

eaqﬁk
lim = 0 (4.45)

a>o 2
kw'>° (p /ﬁk)+n

These limits are not obvious because P and nz are rather complicated ex-
pressions which should be written explicitly before the limits are evalu-

-

ated.

3>. Comparison of the Solutions to Those

of a Uniform Wiggler

Becker [1] gives the solutions of Dirac equation with uniform Wiggler

field (px =0 = py).

-ik z 2 -ik A z

e 7§ eisz - éia; e lkwl+z]u(p)e—4p z-Et) (5.146)
where

c=2, v, =.§? s iv?), T=ga (4.47)
also,

(Y% - ep, ¥,~E_)U(p) = 0, g2 - czpi - Ei (4.48)

Ak £k 2 2.1/2
kA - P, - [, 5 - )] (4.49)

N_, N_are normalization constants.



Let us write the Becker solutions explicitly

P * (t-:a)2 )
k A+ E+E0

lsz cp,

E+E
o

€a e

-ik z
- ga e

In our solutions we chose

eacitik
W

-l(kWA_ -

g = -

Becker and Mitter chose

cz(p]+ﬁkw)2+n

2

Z
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(4.50)

(4.51)
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eachik
w

T2 7 9
(o] p?+n

which are equivalent.
Equivalence of Becker's and our solutions is established when we

identify the effective momentum terms

P, = P, " ﬁkwx+ (4.52)
P, = P, -/ﬁkwl_ A (4.53)
then d, g relation leads us to
eaqhkw
d = - <5 59 9 is arbitrary let g = 1
[of p]+n
A
i eaanW _ eac,hkW
2 2 2 2,2 222 22 2 2
c (pz,ﬁkwx+) +n c (pz - Zpiﬁkwl+ + A kwk+) +ea c<p)
eachk
d= - S5 —7777 7
ea” +ch k Ay - 2c/ﬁpzkwx+
ﬁkw // hkW 2 ea 2
since hk 1, = p_ +—— - (pZ + —E—J - 7;9

above express for d reduces to

eak ca
d = +—5"— = +r (4.5L4)
chk ™A w o+

w +

then w; follows. Note that Becker and Mitter multiply all the rows in

the bi-spinor by ea in other words they let g = €a since g is arbitrary.
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To examine whether Becher and Mitter solutions reduce to free-parti-

cle solutions we need to know

. ea
]lma_>0 Y 0 (4.55)
w +
but
eza2
im0 oo = 1 £ 0 (4.56)
w +

We notice that defining effective momentum in the wiggler as pzwhkwx+
and pzwﬁkwk_ is an unnecessary complication. A+ and A_ unnecessarily

complicate the solutions. Another point we would like to make is that
Becker solutions are two particular solutions whereas our solutions are
more general : We also derived the determining equations for Py and
Py which correspond to the determining equation for«ﬁkwk;. Becker and
Mitter introduced Equation (4.49) as a defining equation fOﬁ ﬁkwkl some-
what abruptly. It is to be noticed however when the tapering is switched
off, i.e., in the limit b > o , Our solutions go over into Becker and

Mitter solutions.

5. 3-Dimensional Solutions of Dirac Equation in

a Uniform Wiggler

Three-dimensional solutions of Dirac equation need to be considered
when p_ #0, Py # 0. Following the same techniques used in Section (3) of

this chapter we obtain

> >

2 2 - > .
a'p +-nkwec cg+a

o+P) (oep) = CZEZ +e"a - 2e



Iterated Dirac equation in 2x2 form is

~

we substitute

-
—
]

( 2-2 . 2
cp 2eac(gxcossz + pySInkW2)+n

-ik z
eahck e
W

22 . 2
c’p -2eac(Excossz+Eyslnsz)+n

i >
7P
e

>
‘r

P> -
j@fr+ﬁ%ﬂ

After some straightforward algebra we obtain

22

c<py - 2eac(p1xcossz + p]ysinsz) + nZ

g =-

eachk
W

d is arbitrary.

Complete solution will be

d
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2)

(4.57)

(4.58)

(4.59)

(4.60)
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-ik z LB
w h 71
cp, cp_-ea e de
> > ~1z
co*p - .
EvE ik 2 %(3] ¥4 +/ﬁsz) (4.61)
° cp -ea e -cpy, ge
where
Py = Pix * IEiy
(4.62)
P. = By T iRy
( 3g 3q isz )
[cdp,-eag] + [cgp_ + cifi(zF -i 3—-y—)]e
> > _L(E .?- Et)
Co*p 0. = 1 o 1
E+E 1 E+E ik
o o . ag] ik, z
[cdp+] [ead + c(p]Z +fﬁkw)g - cif s>le
) J
The first unnormalized positive energy solution is
( 3
d
ik z
ge "
i,~>~ -
ik z #(p. r-Et)
4 1 . 3g . 08gyq G
v, = gz tledpy, - eagl + [cgp_+crﬁ(§% -izDle Y1 e
pl o Y
1 dg isz
' d - i 09
E+Eo {[c P+] [ead + cg(p]Z + hkw) + cih 32] e }
y
(4.63)

The second positive energy solution

is obtained by substituting
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i, > >
=(p,+r - Ak z)
q eﬁ 2 w
¢] = (L.64)
i >~ -
A P2tr
g e
in Equation (4.57).
After some simple algebra we obtain
c 32 - 2eac(p., cosk z + p, sink z) + n2
4 = - 2 2x w 2y w g (4.65)
eacfik )
w
where g is arbitrary.
( 3
5d -ik z
[cd(pzzwﬁkw) + cih 52" eagle + [cap_] .
~(p. F-Et)
cZ?-E(b _ e/hpz
E+E 1 E+E ]
© 3d . . 3dyq Kw? :
[cdp+~+c1h(§;-+ |5;ﬂ]e - [ead + cgpzz]
/
The second unnormalized positive energy solution is
-ik z )
de “
i, > -
oo g 7(py r-Et)
> e
P2
1 . 3d mik,z :
EIE; {[cd(pzzwﬁsz) + cif 53 " eagle + [cgp_]}
-ik z
] o8d adyg
— {[cdp, + cih(=—+i==)]e - [ead + cgp.,_1}
E+Eo + X dy 2z (4.66)
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where

(4.67)

1]

This goes to show that the Dirac equation has analytical solutions for
the type of tapering proposed even if there happens to be a transverse

component to the motion of the electron.
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CHAPTER V
RADIATION AND GAIN
1. Radiation

Our objective isvto calculate the frequencies and gain quantum mechan-
ically. Since the radiation field inside the wiggler is weak compared to
the energy of relativistic electrons, perturbation theory can be used to
calculate the probability of emission of a single photon from the perturbed
electron. We can also calculate the probability of absorption of a photon.
Difference between the probabilities of emission and absorption of a photon
will lead us to the calculation of gain. Frequencies will be derived from
the conservation of energy and momentum principles.

Let us consider the interaction of a charged particle and an electro-
magnetic field. The nonrelativistic Hamiltonian for the quantum mechanical

system of charged particle and electromagnetic field is
Ho= == [3-SR%2+v+ B]?J 3x (#2487 (5.1)

Same Hami ltonian can be written as

H o= H +H_, +H (5.2)

where

>2 . 3,222
p- o+ V, Hrad = 3 I d”x(E“+B“)
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H, = - —=—7p.A+

| mc

HI is called the interaction Hamiltonian and this will be treated as
a perturbation. The passage to Quantum Mechanics is done by replacing the
measurable quantities in the classical Hamiltonian by the corresponding

operators (First quantization). The quantum mechanical Hamiltonian for

the electron will be

2
__] 2 e - > e > = e >12
o gmet vV i+ g peh v =7 [A]) (5.4

2mc¢

Our system consists of a charged particle and electromagnetic plane
waves (Radiation). One way to obtain the plane waves from the Maxwell

o . > 2>
equations is to set V.A = 0 (Coulomb Gauge).

Then the Interaction Hamiltonian will become

2
_ ide e + 2
Hy = =< A8 + — |A] (5.5)
2mc
. e +12
To Ist order perturbation theory we can neglect the term 5 [A]“.

2mc
Thus the interaction Hamiltonian in nonrelativistic Quantum Mechanics is

- lhe
H = —= A0, (5.6)

So far we discussed the interaction Hamiltonian semiclassically in§smuch
as the radiation field is not quantized. A complete Quantum Mechanical
discussion requires the quantization of electromagnetic fields also. This
is done by ‘''second quantization''. Classical electromagnetic waves are
quantized to yield photons, and the wavefunctions themselves are now

operators.
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. . ) + . .
The wavefunction of a photon with definite momentum k and a definite

polarization e, normalized to 1 photon per unit volume can be written as

N
Alr,t) = /%1 g g Kirmut (5.7)

After second quantization procedure this wavefunction becomes the radiation

field operator.

> > P
= . lk-r-wnt + -u(k-r-wnt)
Alr,t) = I — e [a_ e +a e ] (5.8)
n

n n-~n ~Nn
+ . . . .
where a and a are creation and annihilation operators respectively.
In order to treat the subject most generally we must consider the rel-
ativistic interaction Hamiltonian as well as the quantized electromagnetic

field. Dirac equation in the presence of electromagnetic field is

->
{ca- (3 - =B + n - (E-c) =0 (5.9)
terms can be arranged as
{(c&-g + Bmocz-E) - ea-A + ed }y=0 (5.10)

Here the interaction Hamiltonian will be
A+ e = eauAu ' (5.11)

We take HI as the perturbation and apply lIst order perturbation theory to

calculate the probability of emission of a photon. That is

transition probability _ 2m L2
( time ) = el >l oe)  (5.12)

emission
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Let us write the initial and final states more explicitly to illus-

trate that they are composite states of electron and the photons

<«f| = Ve electron]<n+]I (5.13)
i> = llpi e]ectron>|n>
Then the matrix elements will be
<f|HI|i> = J wf<n+1| ea A" . |n> dhx (5.14)
u i

u 4
e J PN <n+1|A%|n> d'x

In general we substitute (5.8) in (5.14) for AY. But since we are inter-

ested in emission only it is sufficient to write

L >
~i(k-r wnt)

B /2m o F = E.-
AT = 5 e a e , ﬁwn Ef Ei (5.15)

Now we have

<f|H |‘;> = o fE [ yay, <nri]at]ns 8 o1 (K- F-ot) (5.16)
I w fui n n :

since
<n+l]a:]n> = /n+l <n+l]n+l> = V/n+l
and
beap, = p XYy, = P
FOVEOE Ve TV Ve

we shall have
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<flH [i> = e\l%ﬂ— /nTl—{dl*x(mewi)én o1 (ker-ut) (5.17)

In our calcuations we shall assume circularly polarized photons. Cir-

cular polarization can be represented as

e = —L=(§ + iy) right-circularly polarization
n, V2
én_ = -%; (x - iy) left-circularly polarization
Now let us define ¥ = L (Yl rd in) then Ye = Y
rd V2 - ’ n_ I
+

Since we assumed P, = py = 0 in Chapter IV, our cavity is basically one-

dimensional. Then the matrix elements will be

- © 2/2 .
<leI|i> = M = \‘2_71 /n+l I dt I dz Y. Y b, o! (wt-k2) (5.18)
v - -9./2 +
where & is the interaction length, and interaction time is assumed infin-
ite to conserve energy. In the next section we will drop the numerical
constants for brevity. In Section (4) will reintroduce them when we cal-

culate the actual transition probabilities.
2. Matrix Elements

Before we proceed to calculate the matrix elements it is necessary
to write down the solutions of Dirac Equation in a tapered wiggler in a

concise form.
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( ] )
ik z .
voe W e'lb
1
4 E+Eo i [cp - ea ), ] %{p]z-Et)
]‘bp = N] \ E E+Eo 1 1 e
-1 k2 b
EE [ea + c(pl + ﬁkw)kl]e e
\ ° J
( s
" e k2 b
2 e
1
i
¥ E+E0 ) ,K(PZZ Et)
wp=N2 \——ZE 1 ) -zsz ible
| ) E:E; [c(p2 - /nkw))\2 - eale e
_] [
—— leaX, + cp ]
-eac'hkw -eao-ﬁkW
A, = A, = (5.20)
2 ’ 2 2
! cz(p] + hkw) + n2 2 cz(p2 - %kw) +n
2 E+Eo E+Eo
Eo =mc, Nl\\ff;_ , NZ\ EE;— are normalization constants. Matrix ele-

ments are
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o 21/2 _ .
who= 12 J dt J dz 9, Yy o (WEk2) (5.21)
' = -21/2 PP 3P
2': effective interaction length

L7: cross-sectional area of the electron beam
w: frequency of the emitted or absorbed radiation
+: right-circularly polarized radiation

left-circularly polarized radiation

First, we need to evaluate wp, Y; wp terms. (¢) means Parli ad-

joint.
- + 0
Y = YUY
wp Z wp Y : wp
_ _ =i(k z-b) --!-(p'-p )z L(E'-E)t
oyt - —-Z%N;N] Fle " A L (5.22)
P p R
- - - - 1 1
where Fl Ali[cp] eaxl] B[ea + A]c(p] + ﬁkw)]
E'+E0 E+EO 2
A = \-E-T B = E""EO , EO = moc
= -i(k z-b) -+(pi-p,) (E'-E)t
vy 2 ik, AP27P2 R
Ui VY = - 2E, NoN,F,y e (5.23)

- = - - - 1 1
where F, A[c(p2 ﬁkw)Az ea] Bkz[eaxz + cpz]



@;,y_vp
where F.
s -
where FZ}
v -
where F-;-
AR
where FZ
AR
where F;
i,
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ﬁ%(pé-pl) %%E'-E)t
e e

- - 5‘/-2;— NyN, (5.24)
o
= Afcpy - Ajeal - B[1 ea + cpé]
- -;%; NiNz FZ; e-Zi’(sz-b) e';i"(Pi'pz) e‘;;—(l-:l-E)t (5.25)
= A)\i[c(pzvﬁkw)xz - ea] - B[ea + AICFpi+ﬁkw)]
‘z‘/g_ NIN, FY ei(sz-b) e-’%(pi-p‘) e’%(E'-E)t (5.26)
o
= A[}\]c(p]-fvﬁkw) + ea] - BA][cpi - eaxi]
% NéNz FZ ei(sz-b) e';%(Pé'Pz) el%(EuE)t (5.27)
= A[Azea + cpzlké - B[c(pé - fﬁkw)ké - ea]
2[%0_ un, F; e2i(sz-b) e-;i;(pé-pl) e,,—‘,;(E'-E)t 2
= Alé[ea + A]c(p]-bhkw)] - BA][c(pé-ﬁkW)Aé-ea]
L= 2 NIN, Fy e-‘i‘(pi-pz) e’%(E'-‘E)t (5.29)



where

F

+
4

A[Azea + cpz] -

B[cpi - eaki]

We are now ready to calculate the matrix elements.

where

+1

1
© i(__-
LZJ dte 1 7

in(sz-b)

2'/2

+ w)t <
2
f-JL'/2 dz 2E NNkF
n o= 0, +1, +2
k =1,2 = 1,2
_ = 2 E _‘_ .
= +|_5(ﬁ + NkN F G(w)
+
LW,
Gw’) = —l-sin( D) e inb
i w+ 2
i
W, inb
G(W;) = —%-sin 3 L e'"
v;

1 1
2]—--p-]-+k—k W, -I-D—]--p—l+k+k
£ A A 4 w
P, P P, P

2 _ P2 - 2 _ "2
?—-7+k-k w2 vy »ﬁ+k+kw
p. p P, P

2 "1 - 2 _ "1
FoF ki, Wy o= -tk

'op _ Py P
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FpLpye)

(5.30)

(5.31)

(5.32)
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F? have already been listed.

z
o= ek - ben 22 L (5.33)
min wu

To calculate transition rates we shall need |M?]2

L - -
IM?IZ = [Z%—J[N'N F?]ZIG(W?)IZ (5.34)
E

(e]

We shall evaluate (N'N)2 and (F.:)2 terms in the ultrarelativistic limit.

In the ultrarelativistic limit

2 2 [] ] ‘
A], Az, Alxz, A]AZ, A]AZ terms can be neglected because these terms are

2
of the order of (%g—) which is very small in the ultrarelativistic limit.
z

-2 . 22 ,
(F]) e a + thw eac x]

;)2 eza2 + thw eac Az (5.35)

(13

(F

[}

(F )

2 2
< (py=py)” - 2eac(p, - py) () + 25

(F;)2 = 0
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+)2 e2a2 - 28k eac)
w 1

I

(FZ)2 = eza2 - thw eacké (5.36)
+ ~
(F3) = 0
2 2 2
(FZ) = ¢ (pz-pi) + 2eac(p2'p])(ki+kz)

we also have

In nonrelativistic Quantum Mechanics a plane wave is either delta function
normalized or normalized to give unit probability of finding the particle

in a finite volume, that is, PR o= 1. Analogous normalization for the

relativistic plane wave is

Gu = 0Y% =1 (5.37)
E+E
The factor 7E © was introduced in the unnormalized solutions so that
o

UU = 1. When we normalize we would like to keep this factor and state

the normalization as

+
= ] .38

Wp wp (5.38)

In our case

E+E
2 2 2 2
N] 3% ° 1 + Ay + 5 ([cp] - eakl] + [ea + C(p] +-%kw)A]] ) = 1
o (E+Eo)
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2 ¥, 2 I 2 2
N, 57— [AZ tlt— ([c(p2 - ﬁkw)kz - ea]” + [eak2 + cpz] ) = 1
o (E+E )
o
Evaluating these expressions in the ultrarelativistic limit we obtain
2E 2E
o= 2 , N o= o (5.39)
' [2cp - c2hk ] 2 [2cp. + ck ]
z w z w
then,
2 Ei ] (pé+pz) 1 2 (pé+pz)

1 = - - ) - . —_— e .

(NIN)) o [1 - 5hk, e + ik ) 57 ¥ 1 (5.%0)
€ PP, zz Pz Ps
. i Ei | (pé+pz) \
(NZNZ) = ZE—T——'[i + E'ﬁk p;pz + ] (5.41)
P2P2
E2
2 2 o
] ~ 1 -~
(NZN]) S (N]NZ) * (5.42)
© PP,

3. Frequencies

The best method to calculate frequencies is to use the conservation
of momentum and energy. Let us write the four-vectors of effective momen-

tum

E E
u £ H = =

Squares of these four-vectors will be

y 2 E2 2 y 2 2
(Peff]) = ? = p] ’ (PEffz) = '—2' = pz (5-14[*)
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After the emission or absorption of a photon, we have

2 2

o2 _ E' 2 Hoy2 _ BT 2

o
-
—h

N

=

The recoil due to a photon is not enough to conserve the momentum.
The additional momentum is provided by the wiggler magnetic field. The
observer on the electron sees the wiggler field as an incoming electro-
magnetic wave even though from the laboratory frame it is just a static
magnetic field with ulternating polarity. This motivates us to write the

following equation for conservation of momentum

P:;f = szf-aﬁq“+nﬁkb n=0,t1,%2 (5.46)
where
kb = (o,o,o,niw)
" = (%’,o,o,k)

Here nﬁﬁw is the magnetic quantum of the wiggler field Ak is the quantum

of the radiation field. |In the case of a uniform wiggler kw = kw' I f

the wigglier is tapered, we take Ew as the average wavenumber. In the

tapering we proposed, this average wavenumber is

R R (5.47)
W ln .

We can also show that Equation (5.46) is indeed the correct conservation
of momentum equation by looking at the line shape of emission or absorp-
tion. We derived the line-shapes when we calculated the matrix elements.

We now modify Equations (5.31) and (5.32) by replacing kw(z) > Ew'
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- 1 v,
G(Ww,) = WT-Sln( 7 (5.48)
i
Wt RL_D K -
wi = FF + k * nkw, n=20,1,2 (5.49)
Since the line shape is very sharp and peaks at Wi = 0 we can obtain the
conservation of momentum equation by letting Qi = 0. We then transformed

(5.49) into four-vector notation. This shows that all the information
relating to frequencies and conservation laws are contained in the matrix

elements.

We now combine Equations (5.44), (5.45) and (5.46) and obtain

2 2 2

(B - #w)? - (p,-fk+ntk )2 = E'%-p) (5.50)
this leads to
2 2 2,2 2- 2 2 - 2
cpy = cp!® + 2npMck + E'T - E° + (nhck )
Ao = - 1 1 IA W _ W (55])
1 2(E - cp, - HKcnk )
i w
where n = +] -: emission

+: absorption

We used the dispersion relation w = ck which is valid for the emission in
forward direction. Above expression for ﬁw] is exact. Similarly other
frequencies can be calculated

czpi - czpé2 + 2np2hc2EW + E'2 - E2 + (rrﬁc-liw)2

A = - - , n=+l .52
“2 2(E - cp, - nﬁckw) " (5.52)

c2p§ - czpi2 + 2npfhc2E B2 - 2 + (nhick -
hw, = - = . L, n=+2  (5.53)
3 2(E - cp, - r»ﬁckw)
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czpf ) C2|Déz s g2 g2

'ﬁwh = = 2(E — Cp]) (5-54)

A typical FEL, especially the ones which operate in visible and far
infrared, uses highly relativistic electrons (for Los Alamos Laser
= 200) [2]. This makes it possible to evaluate the exact expressions

for frequencies in the ultra-relativistic limit.

m
1]
m
=2
2
2]
L
2
O
©
—
2

cp,

we shall ignore the terms of the order of (%ge . Also,

A
A
—

-

1l
T
A
A
—

In the ultrarelativistic limit determining equations for P and Py

ﬁiw 2 ea 2 ﬁkw €a 2 !
NG €@t e - B gy 6
z w
fk 2 2 Ak ea. 2 1
Pp sN\Pe w7 T Dt et 6 ey (5:56)
: z w
Applying these approximations and using
\/cp +E Esz+722"""
cp,

the frequencies can be written as
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-2nYZﬁEWc _
4 ﬁw] = A n = +1 (fundamental)
[1+ (%552 - 2nY EW ] -: emission
o o +: absorption (5.57)
-2nY%ﬁﬁ c _
v %wz = L yr n = +1 (fundamental) (5.58)
1+ (%i 2 _ 2nY EW ]
o )
-2nY%hE c _
4 ,ﬁw3 = L n = +2 (Ist harmonic) (5.59)
1+ (&2 2 - 2ny ﬁkWC]
E E
o )
ZYQHEWC
4 ﬁwh = — emission only (0'th harmonic) (5.60)
[1+ & ]
B

The fundamental optical wavelength (A = %5) will be

nAW ‘ ea 2 ‘ﬁEWc] _
Yy=-—%[1+ () - 2ny n=+]
2o s | (5.61)
A, ==
Ku

The reason n = -1, -2 gives emission is because negative frequency means
absorption. In other words positive energy of quanta necessarily implies

emission.

The terms in the expression for fundamental optical wavelength can be

explained physically.
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st term: This term is the same as the expression we obtain from
relativistic doppler shift argument in Chapter Il. In that argument it
was assumed that wiggler magnetic field does not affect the path of the
ultrarelativistic electron.

2nd term: Magnetic‘field actually modifies the motion of the elec-
tron, second term shows the effect of this interaction.

3rd term: Lowest order correction due to recoil. When the electron
emits photon in the forward direction it recoils. This is purely Quantum
Mechanical, that is, photon is a Quantum Mechanical concept. That is why
classical mechanical calculations cannot account for this term.

Most important of all is the‘fact that this term is the basis of gain
mechanism. Expressions for emission and absorption are identical except
this term. In other words the difference between the emitted and absorbed.
radiation frequency is due to this term and this makes the transition rates
for absorption adn emission different, hence the gain in radiation follows.
Details of gain mechanism will be elaborated in the next section.

Finally in this section we would like to examine the correspondence
between frequencies and matrix elements. We know that peak of the line-

shape occurs when W = 0 which determines the frequency.

- = ' = - -
If W =0 then py =p, -k -4k, (5.62)
W= = 1= - - AL
WZ = 0 then Py = Py fik »ﬁkw
. . ) .
W, =0 then p} =p, - fk - 2k

W; = 0 then pé =Py - Kk
W =0 then p! =p, - Kk + Kk
1 1 1 w
W =0 then p! =p, - Ak + Fk
2 2 2 w
+ Vo _ -
W3 = 0 then Py = P, Ak + Zﬁkw
WZ = 0 then pi = Py - Kk
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When we compare these expressions to

T T u
Peff = Peff fq~ + n-ﬁkw

we shall find out that W; =0, WE = 0 corresponds to n = -1 which indi-

cates emission. By similar arguments we conclude that matrix elements

associated with emission are M,, M M;, and MZ. But |M;]2 x 0 so

]! 2, M3’
- - - +
we choose M], M2, M. and Mh as the 4 matrix elements associated with 4

3

different emission frequencies.
L, Transition Rates, Gain

In general transition probability per second is given by
27 2 .
dr = ];-|M| o (E) (Fermi's golden rule) (5.63)

where

2 1 4 2
IM|© = 'i'i-—Z-IIMiI (5.64)

and p(E): density of final states.

The reason we need to sum the mod-squares of matrix elements over
final states and average this sum over initial spin states is dictated
by the conditions of the experiment. In general the incoming beam of
electrons will be unpolarized and the spins of the outgoing electrons
are not observed.

We previously calculated the matrix elements M? without the proper

numerical factors. We now introduce them. Each coupling of an electron

to a real photon introduces a factor e/:ﬂ (V2w is in the denominator since
w
the photon wavefunction is normalized to 1 photon per unit volume), and
‘ 2
Lre

each coupling of an electron to a virtual photon introduces -i In

2w
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our case we neglected space charge effects mainly because we look at the

Compton regime where single particle approach is adopted. We replace

2 4y 21 2
IMI +-2_Ee -i'ZlMil
: a3k
Density of final states for the emitted photons is =3 in 3-dimen-
r’(2m)

sions. But in most practical experiments of FEL P = py = 0 which is
what we assumed in the beginning. Then our problem is basically 1-dimen-

sional. In 1-dim density of final states for photons is dk/2wV.
This factor is already incorporated in the numerical factor %% since
the photon wavefunctions are normalized to 1 photon per unit volume.

Density of final states for electron making free-free transition is
taken care of by integrating the transition rate with respect to p!,
z

since p; is continuously distributed around a fixed P, value.

2
2m bre” ]
= =T = dp! L
J dr I|per second A J ( Z!M l P, V3
2 dp'
- AIm | Tz
I|sing]e pass ¢ wh V3 ZIM l (5.65)

We shall evaluate the transition rates for emission only. Transition rate
of absorption is given by I'(w+§) where § is the difference between absorp-

tion and emission frequencies (fundamental frequency).

§ = w(absorption) - w(emission) = ck (2Y) ] (5.66)

<w> = average frequency = resonance frequency
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2ck Yz
= —————EL——E—-, then S8 can be expressed in terms of <w>.
[+ & ]
o

k Ac
S = l} VEJ Y<w> (5-67)

° 1+ (—ea)ZJ
E
(o]

Suppose there are N photons in the wiggler cavity, then

Tstimulate emission = N 1“spontaneous emission (5.68)

(w+s) (5.69)

Iqstimulated absorption = rstim. emis.

The average energy loss of an electron passing the wiggler field in

2'/c secinds is

AE = Ao E—(rstim. emiss. (w) - Pstim. emiss. (wts))
) BFs ont (w) '
= /ﬁw—c-Nc‘S—-——E—,()w— (5.70)

The gain is defined as the ratio of the energy loss/cm3 and the

energy density of the stimulating field.

- AE pev :
9 ficwN pe:

electron density

therefore,

2 81-‘sEont
g = - ‘C‘V50e ™ (5.80)
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Let us evaluate l-Z[MiIZ in the ultrarelativistic limit

2
1 M }2 = l-{ZEE (IN'N,FG(W7) 1% + [NIN.F.G (WD) T2
2 i T2 E2 111 1 222 72
o
=y 12 . +. ot 12
+ [NéN]FSG(WB)] + [NINFLG(W,) 1) (5.81)
We kept only the emission terms.
2
L E p'+p
Lom1? = B0 -tk P22, 10022 4 ok eacan)6l (i
7z[mil = = { 5 [ 5 Ak St J(e“a +2-ﬁkweac>\])G (w])
E cp'p z'z
o z°z
2
E pl+p
o) 1 2 "2 2 2 - 2 ==
t == [ 7 fik, St ---](e"a +2ﬁkweacA2)G (wz)
cp'p z'z
z"z
E2
o 2, \2 _ o . 2,--
+ = [ (p=py) " - 2eac(p=py) (1 +3)) 167 (W)
€ PP,
E2
o 2 - 2 o , 2,-+
+ czp'p [c (pZ pi) + 2eac(p2 p])(A]+A2)]G (Wh)} (5.82)
z'z

in the ultra-relativistic limit

ea ea
A, = - -, A, = (5.83)
1 3cp, 2 3cp,
then,
| = 1 ~ -p! x
NERS 0, A+ 0, P,7Pj 0



Also W, =

! WE since Py = Pys then we can denote W = W, = W
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Therefore,

] = Wy
] 2 2242 1 - PyP 22 (p?pz)z 2
M = S D gk, g i g 1E W)
pLP, 2Pz p:op)
where
1
200 = 1o i'w _hoh -
(W) = u sin( 5 ), W = =7+ k +k

For the transition rate per single pass we have

2

1
et 8l Pz
A c3 wp

r = :
P_P

] 1 -
3 Jp—,[]--z—fﬁkw

The first term will give us the rate for fundamental frequency.

p(F) _ EE“&L hrL” &2a? J
- 3

spontaneous

+pz

z ') z z'z

2
dp! & W) .(W)

+ o162 00) dp!  (5.85)

Therefore,

2 5 (5.86)

Fortunately we do not have to evaluate the integral explicitly because of

the sharp maximum of function Gz(w). Gz(w) behaves much like a Dirac

delita function. So we can replace all pé outside G(w) by the corresponding

values of the maximum. That is,

P(f) a e2 2! LHTLLl eza2

2
spont. emiss. A G"(w), cp

Before we take the derivative of this expression
need to look at the derivative of W with respect
In terms of the longitudinal velocity Ba of

gler field

femon)® - £

- E
o

with respect to w, we
to w.

the electron in the wig-



we have

ow
dw

we used the approximations Y >> 1, 1-8 = .

262 (w)
ow

2
Y

2
[1+ @ ]
o

w

w cB

2
[V & ]
o

2Y2

a0 e
C

a

2
2 2 ea
B. =8 - (=)
a Eoy
( Py Py k)
since — =~ — & —
A Ba
, also
2Y2

= —L-[l - cos 2'w - = 2w sin 2w
W3 2

finally gain expression can be written as

where

2
FE)k (32

- oe
Eo W Eo (Yw)
Z
R = Kk -0, _mx
w w 2 .
min
w b Zmax
(- -
eto=alp kN7 ]
wu wu min

k : wavenumber of the untapered wiggler.

wu

3 [1 - cos 2'w - %-Ew sin w]

90

(5.87)

%5.88)

(5.89)

(5.90)

It is easily seen that when b - 0 gain expression reduces to the standard

gain expression for uniform wiggler.
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With the numerical values pertaining to the Los Alamos FEL it can be
shown that the gain increases by a factor of 2.19 if the same geomet-

rical length 1is used and by a factor of 1.216 if the same number of
magnet elements are used.A better way of stating the amount of increase

would be as follows.

If the same geometrical length is used

4

Increase factor of single-pass gain=( kw / kw)‘
a

If the same number of magnet elements are used

I fact i - in= k /k
ncrease factor of single-pass gain W/ U
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CHAPTER VI
SUMMARY AND CONCLUSIONS

Free electron laser physics has attracted the attention of quite a
few theorists and experimenters in recent years, plasma physicists, laser
QED physicists, computer programmers and electrical engineers. We can at-
tribute this phenomenon to the fact that physicists in different fields
had found something interesting in FEL theory and experiment.

The different approaches to FEL are equally valid and practical as
far as the end results are concerned and hence there is no distinct advan-
tage in using classical theory over quantum mechanical theory. The most
crucial word in FEL physics is '"Gain'. Although classical and quantum
theories arrive at approximately the same gain expression which is given
in Equation (5.90), the conceptual physical mechanisms explaining the
"gain'' are somewhat different in the two theories. Gain in quantﬁm theory
of FEL is related to the concepts of ''photon'' and '‘recoil''. Gain is pos-
sible because the frequency of the emitted photon is less than the fre-
quency of the absorbed photon due to recoil. This frequency difference
causes a difference between the rates of emission and absorption and since
the rate for emission is greater than the rate for absorption, gain fol-
lows. In the classical theory gain is explained in terms of the number of
decelerated electrons being greater than the number of accelerated elec-
trons. The average energy loss of the electron beam is the gain in radia-

tion field.

93
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Energy extraction from the electrons in the form of radiation is a
consequence of energy and momentum conservation requirements. If an elec-
tron is to emit or absorb electromagnetic radiation, then the following
conditions must be satisfied.

a) Energy must be conserved between the initial and final states of
the electron and radiation.

b) Momentum must be conserved between the initial and final states
of the electron and radiation.

c) The dispersion relationships for the interacting particles must
be satisfied.

The emission or absorption of electromagnetic radiation by charged
particles in vacuum is an impossibility because there is nothing to con-
serve momentum. There are numerous mechanisms that satisfy the above
conditions. We would like to name a few of these mechanisms which have
been used in various FEL experiments.

a) Cerenkov effect

b) Compton scattering

c) Magnetic Bremsstrahlung

d) Static fields

e) Limited interaction length
The first four of the mechanisms are familiar and are to be found in stan-
dard texts. The last one is interesting and simple enough to clarify here.
If a free electron were to emit a photon in the forward direction, imposing

energy conservation leads to a momentum gap

where it has been assumed that photon energy is much less than the electron
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ehergy. If the interaction length is limited, then the uncertainity prin-

ciple requires.

N 3=

(5,)(5))

This means that an uncertainity exists in the momentum that could
allow single photon emission from a free electron. [f Y is sufficiently
large, then the interaction length can be many wavelengths long. This is
the mechanism on which quantum theories of FEL have been based. In Chapter
V when we calculated the matrix elements we used an infinite interaction
time but a finite interaction length. The finite interaction length makes
the line shape G(W) sharp enough to cause difference in the rates of emis-
sion and absorption.

In this thesis we derived the solutions of Dirac Equation for the
motion of an electron in a tapered wiggler field. We showed that these
solutions reduce to those of uniform wiggler when the tapering is removed
(b > o). Our proposed tapering is such that the wavenumber of the wiggler

increases in the z-direction as

800 cm 96

o
1]

b
kW(Z) = kw -7 Z .

2400 cm

N
il

for a 1600 cm wiggler, these parameters having a bearing on experiment.
Using the solutions for motion in a tapered wiggler we calculated the
matrix elements, radiation frequencies and the gain. Final expression for
gain shows that the tapering we proposed enhances the gain over the one
with linear tapering. With the numerical values pertaining to Los Alamos

FEL it can be shown that gain increases by a factor of 2.19 if the same
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geometrical length is used and bv a factor of 1.216 if the same number
of magnet elements are wused.

We conclude that the simplicity of quantum mechanical methods can
easily compete with the definiteness of the classical mechanical calcula-
tions.Furthermore the quantum theoryv of FEL has the advantage of including
the effects of quantized electromagnetic field and the electron spin.In
other words the quantum theorv of FEL provides a deeper and more detailed
understanding of the FEL physics.

The natural extension of this study would be the investigation of the
xuv and x-rav FEL.In these frequencv regions it is necessarv to use the
quantum theorv because as the photons become more energetic the proba _

bility of the pair creations and annihilations increase.
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