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CHAPTER I
INTRODUCTION
Robots in Industry

When observed in operation on a production line, it 18 nearly
impossible not to compare the industrial robot's motion with that of a
human operator. The mystique that has been created about the indust=-
rial robot comes from the robot's ability to move an object from one
point to another in any number of complex paths, while at the same time
reorienting the direction of-the object as it moves. The "manipulative”
capability allows the robot to perform many complex operative tasgks
which otherwigse could be only performed by humans. Because.robots are
typically installed as replacements for human operators rather than as
replacement for other forms of automation, the tendency to view robots
as automated human workers becomes even stronger.

There is some confusion over the exact definition of an industrial
robot. In order to understand what a robot is, it is best to first re~
view the various categories of manufacturing automation. Automation
ranges in degrees from simply the use of powered or nonpowered tools to
the complete control of a task by a computer aided manufacturing system
involving mass storage memories, sensory devices, and periodic changes
in programming. Between these extremes fall the categories of "hard

automation™ and "flexible automation.”



In_hard automation, a task 1s performed by a tool which has been
set up using mechanical limits and adjustments so that no human control
is required during operations [22]. Hard automation is typically dedi-
cated to one application throughout the life of the tool. The primary
disadvantage of hard automation 18 the difficulty of justifying the po-
tentially high investment in dedicated equipment for use in a batch
manufacturing operation in which changeovers may be required. An addi-
tional drawback 1s that human assistance is generally required in load-
ing and unloading the tool.

Until recently, the alternative to hard automation was to increase
the direct labor content of a manufactpring task., Flexible automation
was developed as a means of increasing the range of tasks that can be
performed and also to improve the changeover capability of manufacturing
tools. In flexible automation, as in hard automation, a tool is prepro-
grammed by a human to perform a specific task [22]. In this case,
however, the workpiece can be manipulafed so that a greater number of
different tasks can be performed in each cycle, such as machine loading
and unloading as well as parts transfer. In addition, a changeover to
another job can be typically accomplished by reprogramming rather than
by reworking or replacing the equipment.

_ Industrial robots can be classified as a type of flexible auto-
mation. The Robot Institution of America (RIA) defines a robot as
a “"reprogrammable multifunctional manipulator designed to move mater-
ials, parts, tools or specialized devices through programmed motion
for the performance of a variety of tasks” [20]. Joseph Engelberger of

Unimation, the pioneering firm in the U.S. robotics field, defines an



The Japanese Industrial Robot Association, on the other hand, has
defined four levels of industrial robot [22]:
. Manual manipulators that perform sequences of tasks which are
fixed or preset.
» Playback robots that repeat fixed instructions.
. Numerically controlled robots that carry out tasks through
numerically loaded information.
+ Intelligent robots that perform through their own recognition
capabilities.
The RIA definition of industrial robots is the best one to be presented
to date. The first three words in the definition are essential to
understand the basic concept of a robot:

Reprogrammable: An industrial robot is comntrolled by a programma-

ble control device with memory, such as a microprocessor. The controller
18 programmed to command the robot arm and gripper to automatically re-
peat a specified series of movements, ﬁuch as moving a workplece through
a drilling operation. If the robot is to be used in different operatioms,
an entirely new sequence of movements can be created by reprogramming the
controller. The requirement that a robot be programmable so that it can
operate automatically prevents such devices as remote manipulators (e.g.,
those used to handle radioactive materials) or some types of locomotive
devices from being classified as robots, since direct human control is
required for them to operate.

Multifunctional: An industrial robot is much more flexible than
hard automation in that it can perform a wide variety of tasks. During a
single cycle of movement, for example, a robot can load a machine, un-

load the workplece, transport it to another machining operation, deburr



the part, and place it on a conveyor belt. It is therefore a general
purpose device rather than a dedicated machine.

Manipulator: An industrial robot differs from other forms of
automation in i{ts ability to move an object through space while at the
same time reorienting its position. It is this ability to manipulate
objects that lead to the inevitable comparisons between robots and human
arms and hands.

Robots can thusAbe thought of as machines that £ill the gap between
the specialized capabilities normally associated with hard automation
and the extreme flexibility of human labor. Basically, a robot is an
automatic device with a single arm for manipulating tools or parts
through a programmed sequence of motions through space. What differen—
tiates a robot from other types of automation is its ability to perform
a3 sequence of operations quite different in nature, repetitive motions
without the need for human involvement. Because of this unique capabili-
ty to perform several different tasks,.robots are used in a variety of
industrial applications where the task can be performed in a more safe

and effective manner than by human workers.
History of Robots

Robot development started about fifty years ago because of the spe-
need of handling radiocactive materials. Argonne National Laboratory (ANL)
(ANL) first initiated a project to develop a device which could duplicate
the hand motions of a person at a remote control station. This work led
to the development of a series of mechanically coupled "master—slave”
systeas. In the master-slave system the motion of the master was duplica-

ted by the slave system, and forces on the slave system were to provide



feed-back to the master system. The disadvantage with the master-slave
system is that the master and the slave units have to be located fairly
close to each other [17]. In order to overcome this disadvantage, ANL
came up with an electronically controlled master-slave system, and Oak
Ridge National lLaboratory developed a hydraulic master-slave system.
Several companies produced such robot systems as General Electric's
“"Man-Mate” and La Calhene's "MA-2 France.”

But all these master—slave systems needed human operators to moni-
tor, make decisions, and control the robot all the time. For these rea-
sons, this kind of system is not good for tedious and repetitive tasks
or remote control at a very long distance, which may cause time delay.
Sheridan described "Supervisory Controlled Manipulators,” which operated
partially under human control, and Ernst described "Automatic Manipula-
tor Systems,” which carried out the tasks completely under computer con-=
trol, involving sensory information about the enviromment in 1961, The
first generation of automatic industriai robots was built by Illinois
Institute of Research in 1971. Now there are thousands of first genera-
tion industrial robots in this country. “Unimate” and "Puma” by Unima-
tion, Inc., and "T-3" by Cincinnati Milacron are the well known moderm
industrial robots. They are in use in the auto industry and other mass
production industries for operations like welding, painting, and assemb-
ling.

First generation robots are comntrolled by minicomputers or micro-
computers. One can either input the coordinates of working positions and
some other data to the computer and let the computer calculate the work-
ing path, or teach the robot by leading it to do the work once while the

computer memorizes the sequence of steps. Under computer control, the



robot can then be made to repeat the operation [10]. These kinds of ro-
bots are good for tedious and repetitive tasks, but such robots cannot
satisfy all situations on the production lines. For example, the robot
cannot see, so it does not know where the machine part 18, nmor cam it
distinguigh one part from another. Because it has no force feeling, the
robot may crush the delicate workpieces which it may be wanting to tran-
sfer from one place to another. Problems such as these led the Robot
Research and Design Group to incorporate several kinds of sensors on ro-
bots. The second generation of robots are equipped with vision sensors
to see, proximate sensors to feel the distance from the object, and for-
ce and torque sensors to know the amount of for§§ or torque applied on
the object. Some of thegse second generation robots are already in use,
though much needs to be accomplished in the vision sensor technology.
Now the industrial robots are designed to do more than human beings
can do. Robots work three shifts a day without a break in noisy, hot,
fumy, radiocactive places, without any iind of problem. Also, their pro-
ductivity and quality are quite stable. These are the very reasons an
industry prefers to have robots installed on their productiop 1lines.
Robots are not the ultimate solution to all the economic pressure that
an industry 18 called upon to bear, but they do provide a partial answer

to some of the productivity problems in U.S. industry.
Pregent Study

The objectives of the present study are to develop a computer pro-
gram package for mixed-loop robots (Figure 1) and to make a comparative

study with the conventional open=-loop robot. In the present case a



Figure 1. Mixed-LooP Robot



closed=loop is a planar-loop, but it can also be a spatial-loop. Any
type of joint can be used: revolute, prismatic, or cylindrical.

The analysis problem is broken up into two sections: the analysis
of closed-loop is performed first and then the results of this analysis
are integrated with the open=loop part of the robot to complete the an-
alysis of the entire robot. KXinematic analysis 1s done first, followed
by dynamic analysis.

In kinematic analysis, the closed=loop is solved to get the values
for the unknown variables of the mechanism from the known input values.
Now all the joint variables are known including joint velocities and
accelerations. With these variables and fixed parameters of the robot
already known, the coordinate frame relationships between the links of
the robot can be established. Once this 1s done the position, velocity,
and acceleration of any point lying anywhere on the robot can be found
by simple matrix multiplications. Points that are to be analyzed are
defined with respect to the link coordinate frame of the link they
belong to. After the point analysis is completed, link analysis is done
to find out the link angular velocitie and angular acceleration. This
also involves multiplication of already known matrices. Details of the
procedure are described in the following chapter.

For the dynamic analysis, the open-loop part of the robot is analy-
zed to find the joint torques and forces using the Newton~Euler method.
This is followed by the analysis of the closed-loop using the standard
available method for dynamic analysis of planar mechanism. With this,

the analysis of the mixed~loop robot is complete.



CHAPTER II
KINEMATIC ANALYSIS

The purpose of this chapter is to review the matrix method of
kinematic analysis as applied to mechanisms and robots, to define the
physical system to be analyzed, and to set down the notations and
asgsumptions to be made subsequently.

A robot is made up of a number of physical links and all these
links are considered to be rigid links. Also, these links are intercon-
nected by joints or pairs. A pair between the links can be either revo-
lute, prismatic, cylindrical, or spherical. In the present work only
three kinds of joints are used: revolute, prismatic, and cylindric. A
revolute pair is a coamnection allowinglrotation about an axis between
adjacent links as in jourmal bgaring, while a prismatic pair allows
rectilinear translation between comnected links. Other connections such
as a cylindrical pair are represented by the combination of revolute and
prismatic pairs. All these pairs are considered to be geometrically per-
fect so that there is no "play” or "backlash.”

There is a definite relationship between the various links of the
robot (Figure 2). In order to describe this relationship between links, a
coordinate frame is assigned to each link [2]. If the connection between

the links is a revolute pair, then 6, is the joint variable. The ori-

i
gin of the coordinate frame of link 1 is set to be at the intersection of

the common normal between the axes of the joints i and joint i+l. In the
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case of intersecting joint axes, the origin is at the point of intersec~
tion of joint axes. If the axes are parallel, the origin is chosen to
make the joint distance zero for the next link whose coordinate origin
13 defined. The z axis for link i will be aligned with the axis of joint
i+l. The x axis is aligned with any common normal which exists and is
directed along the normal from joint {1 and to joint i+l. In the case of
interaegting joints, the direction of the x axis is parallel or aati-
parallel to the vector cross product z, , x z, [12].

In the case of a prismatic joint, the distance 8, is the joint
variable [12, 2]. The direction of the joint axis is the direction in
which the joint moves. The direction of the axis ig defined but, unlike
a revolute joint, the position in space is not defined. The origin of
the coordinate frame for a prismatic joint 1is coincident with the next
defined link origin. The z axis of the prismatic joint is aligned with
axi{s joint i+l. The x, axis is parallel or antiparallel to the vector
cross product of the direction of the prismatic joint and z,. For a
prismatic joint the zero position is defined when sy = Q,

With the manipulator in zero position, the positive sense of rota-
éion for revolute joints or displacement for prismatic joints can be
decided and the sense of the .direction of z axes determined. The refer—
ence coordinate frame 1s usually the base link coordinate frame, but if
it 13 desired to define a different reference coordinate frame, then the
relationship between the reference and the base coordinate systems can
be described by a fixed homogeneous transformation. Normally, the origin
of the last link to which the end-effector is attached is chosen to be

coincident with the previous link coordinate frame [12]. If a tool
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(or end effector) is used whose origin and axes do not coincide with the
coordinate system of the last link, then the tool can be related to this
last link coordinate system by a fixed homogeneous transformatiom.

Now, having assigned the coordinate frame to each link according to
the preceding scheme, we can establish the relationship between succes-
sive frames. The geometry and the relative pogition of link i relative
to link i-1 is completely specified by four parameters, ag, a4, ei, and
8, [18]. These four parameters are measured for each joint or pair of the

robot according to the following set of conventions:

i = pumber of a particular joint or pair.

= Characteristic axis of motion of the pair involved.

x, ® Axis formed by common perpendicular directed from Zi_1 and Zi'
If these axes intersect, then orientation of x, is arbitrary.

Yy = Axis implicitly defined to form a right handed coordinate

systenm.

()
[
[ ]

Length of common perpendicular from 2z, to 2010 always

positive.

Angle from positive z; to positive 2000 measured counter

%

clockwise about T

91 = Angle from positive T, to positive X0 measured counter
clockwise about Zy.

8 = Distancg along zy from T, to X1 takes 3sign from orientation

of zi.

Once these four parameters are defined, the geometry of the mechan-

ical assemblage is completely specified.
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Figure 3. Link Coordinate Frame

13



14

The axes X410 Vi41? and Zi define a right-handed cartesian coor-
dinate system associated with link i (Figure 3). The four parameters a;,
a5 ei, and 8y fix the position of the coordinate system of link i
relative to link i-1. The relative positions of these coordinate frames
can be gtated analytically in terms of a (4 x 4) homogeneous transforma-

tion matrix involving the four parameters a, 355 845 and ei fi8].

/ N
COSGi SINBiCOSci SINGiSINai aiCOSGi
SIN9i COSGiCOSai -COSOiSINai aiSINei
A=
0 SINci COSai si
0 0 0 1 (1)
“~

The above A matrix becomes a fumction of 8y if the joint is revo-

lute: if the joint is prismatic, then it becomes a function of s This

i.

tran;forma:ion A, sets up the relationship between the links of the

1
robot [12].

Now, after having established interrelationships between the mani-
pulator links, kinematic analysis can be performed. As sald earlier, the
analysis is done in two stages (Figure 4). Pirst, the unknown variables
of the closed-loop or linkage are determined from the known input vari-
ables. Unknown joint variables are joint displacements, velocities, and

accelerations. Determination of these variables makes further kinematic

analysis on the robot as straight forward as open-loop robot analysis.
Kinematic Analysis of a Closed-Loop

In the closed-loop of the mixed—-loop robot a five bar mechanism is

considered (Figure 1). One can have any mechanism instead of the oune
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incorporated in the present case; however, the analysis procedure re-
maing the same.

The kinematic analysis of a constrained system like in the present
case involves determination of position, veloecity, and acceleration
of the part of the system when certain "input” positions, velocities,
and accelerations are known [18]. A constrained mechanical system is
esgentially an assemblage of coupled links whose degrees of freedom is
restricted after one of the links has been grounded. In the present
case, however, the grounded link itself is a moviang link. But still
analysis methodology doeé not change. In a constrained system the number
of independent motion variables i3 equal to the degrees of freedom of

the mechanical system [18].

Displacement Analysis

The formulation for maintaining a closed-loop assembly in the con—
strained system for a given value of independent variables result in
nonlinear simultaneous equations. Generally, such equations are solved
with the aid of numerical techniques on computers. There are a variety
of iterative schemes to solve such nonlinear equations numerically, but
the most well known and often used is the Newton-~Raphson method [18].
The technique used here, developed by Uicker, Denavit, and Hartenburg,
is also iterative in nature and is similar to the N-R technique [18].

Simultaneous nonlinear equations are the result of the matrix-loop

equation, which is of the form

Al . A2 . A3

A .--—Ah =1 2

i
where [I] on the right hand side of the equation is an identity matrix

indicating that it i1s a closed-loop. N is a number of links in a loop.
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The number of transformations will be equal to the number of links in
the loop since a coordinate frame is assoclated with each link and be-
tween two successive coordinate frames we have a transformation. This
transformation is a relationship between the two coordinate frames.

In the case under consideration, a five bar mechanism is considered
as a part of the manipulator and equations are developed for it (N = 5).
In any mechanism in general one of the links is held stationary by fix-
ing it to the ground and all the relationships are developed relative to
this link. In here, since the ground link is attached to one of the mov~
ing links of the robot, all the relationships are developed relative to
this moving link of the robot.

The present method is intended for computer use, so all the contin—-
uous variables like time are reduced to a series of tabulated values.
For the same reason mechanism is analyzed at a series of instantaneous
positions [3]. At any of these positions, input variables 91 or Si’ and
a,, a, are known for all the links. To determine the values of the re-
maining variables, an iterative scheme 1s used.

For the development of an iteration process, initial estimates of

unknown variables of the mechanism are made. These are expressed as

§ = 6 +d8 1=2,3,4 (3

if the joint is prismatic 9i is replaced by an Si' 9i here is a joint
variable, ei is an initial estimate of the variable, and dﬁi is the
correction added to it to reduce the error. The loop equation can now be

expressed as

Al(el) . A2(92 + dez) e A5 = ] (4)
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Transformations are written in terms of initial estimates.

/7 ~

cos<ei + dei) -SIN(ei + dei)cosei sm(ei + dei)SINei aicos(ei + dei)

SI.N(Si + dei) COS(Si + dei)COSS -COS(ei + dei)SINe aiSIN(ei + dei)

1 1
0 SINq cosa, s,
0 0 0 1 )

(5)
Assuming that initial estimates are fairly accurate to make use of small
angle approximations on dei and using Trignometric 1den;ities for the
sum of angles, the foregoing matrix can be expressed as the sum of two

matrices [18].

A, (8)

/ - ~
cose,  -SING,COSa,  SING SINa,  a,COS6,
SINg,  C0S9,COSs,  -COSO,SIN ,  a,SING,

0 SINa, Ccosa, S,

L o 0 0 1)

+

( SINGi -COSGiCOSc1 -COSeiCOSQi -aiSINei
C089i -SINGiCOSd1 | -SINeiCOSGi aiCOSSi
0 0 0 0

0 0 0 g (6)
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The first of these two matrices is the original transformation matrix

i
of the transformation matrix with respect to ei, also evaluated for 91.

evaluated for 9, and the second matrix 1s the first partial derivative

The first matrix is denoted by A

i.
A, (8,)
- 171
A, (9,) = A, + = - dé
149 17 dey 0y =8y 1

o))

Since the problem is to be adapted to the computer operation, a linear
operator Qg 1s introduced to perform the differentiation

3a(e,) -

— - = Q A

3 - 1 |
1 8y (8)

Under this definition there are two operator matrices Qg for the

revolute pair and Qs for the sliding pair.

(0 -1 0 0)

1 0 0 0

T T 0 0 0 0
Lo 0 0 0 (9

(0 0 0 0)

0 0 0 0

%" 0 0 0 0
0 0 0 0 (10)
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With these definitions the above equation can be rewrittem as [18]:
A,(8, =4, +[Ql A d,
(I +0Qqds,) A, (1)

Substituting in equation (4) yields

AL(I +Q de,) A2(I +Q d6_3) A3—AS5 = I (12)
In thié multiplication all higher order terms of the form.(deidej) are
neglected. The expanded form of the equation becomes
(Al . Q . A2 . A3 . A4 . AS) de,
+ (Al . A2 . Q . A3 . A4 . AS) d8,
+ (Al . A2 .-A3 « Q. A4 . AS) ds,
= I - (Al. A2 . A3 . A4 . AS) (13)

Transformations [Al] and [A5] are known since input variables are
known. To write the above equation in the compact form, the following

notation 1s used:

Bl = Al . A2 . A3 . A4 . A5 (14)

Bi = (Al . A2 QAi AS5)d 1 (15a)
With these notations, equation (12) becomes

B2 +B3 + B4 =71 - Bl (15b)

Single matrix can represent the entire left hand side.
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E=1I-~Bl (16)

In the closed~loop only the revolute and prismatic pairs are considered.
0f the total of 16 equations generated by equation (12), only nine are
required to solve the system completely. The left hand side of equation

(16) can be written in the form

(] (D} = (V) (17)
Where
[ 32(1,4)  B3(1,4)  B4(L,4) |
B2(2,4)  B3(2,4)  B4(2,4)
2(3,4)  B3(3,4)  B4(3,4)
82(1,1)  B3(l,1)  B4(1,1)
82(2,1) - B3(2,1)  B4(2,1)
T 32(3,1)  B3(3,1)  B4(3,1)
B2(2,2) B3(2,2) B4(2,2)
32(3,2)  B3(3,2)  B4(3,2)
(32(3,3)  B3(3,3)  B4(3,3)) (18)
d, (B1(1,4))
D= |d, ve |B1(2,4)
d, B1(3,4)
B1(1,1)
B1(2,1)
B1(3,1)
B1(2,2)
B1(3,2)

(31(3,3)) (19
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In general this system of nine equations, MD = V, in six or less un-

knowns has no exact solution. However, since the entire method revolves
around an iterative approach, no significant error 1s introduced if the
system 1s solved for the closest approximation of a solution to all nine

equations in the root-mean square sense [18].
p = (MB)” Mty (20)

where Mt is a transpose of matrix M. This [D] vector gives explicitly
the unknown error terms. When the error terns dei have been evaluated

they are added to the initial estimates 61 to give an improved approxi-
mation of the exact values of pair variables. If further accuracy 1s re-
quired, new approximations are used and the entire process is repeated.
This iteration process may be continued until the required accuracy is
achieved. At that point, the mechanism is said to be completely solved
for the specified inputs [18].

To solve the mech#nism for a new position, inputs are incremented
by small amounts de or dg, and previously calculated values of °1 or s,
are used as initial estimates. After a few iterations by the same me-
thod, these values couverge to the proper values of ei for the new posi-
tion. Increments in the input values should be sufficiently small.

Usually, the process converges if the estimates are within 15 to 20

degrees. 1If (MtM) matrix is singular, then it cannot be inverted and the

mechanism 13 said to be in the locking position or in the dead point [18].

Velocity Analysis

Here the method of evaluating the relative velocities between

adjacent links in a two degrees of freedom, five link mechanism. The
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relative velocities are the rates of change of the proper variable 5
and will be denoted by 9y

!
4 " T3t

Since this method is intended to follow the iterative method of displace-
ment analysis using matrices, the velocities are found numerically at a
Specified point in the cycle of operation rather than as an analytical
function of the parameters [3]. Link 1 is considered a fixed or ground
link, 4 and qg the input variables.

At any given point of the cyele, the matrix-loop equation (2) may
be differentiated by means of derivative operator matrices Qe and Qs to

give

+

Bach of the Ai- matrices is available from the displacement analysis as
a numerical 4 x 4 matrix. In consequence, the matrix products denoted by

Bi can be formed:

Bi = Al ., A2, --—--Ai_1 QiAi---AS , (22)
By reason of loop equation (2), it follows that

Bl = QlAl ., A2--——Ai---A5 = QlI = Ql

Using these definitions and rearranging terms, equationm (21) is reduced
to

BZq2 + 83q3 + B4q4 = 1Q1l - B5 (23
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This 1is the matrix form of the velocity equation giving the relative

velocities q,—"q, as functions of the input velocities q and qge
Owing to the antisymmetric properties of the derivative operator

matrices Qi’ and the orthogonality of the 3 x 3 submatrix of rotatiom in

the transformation matrix A,, it can be shown that the 16 linear equa-

i
tions implied in equation (23) and the equalities of the six elements
below the major diagonal are sufficient to satisfy the entire matrix

equation. Again, the above equation can be written in terms of

W =c (24)
wheteA
(B114 B214 8314 |
B124 8224 B324
B134  B234 B334
e B121 B221 8321
B131 8231 B331
3132 8232 3332 | (25)
(c1,4))
c(2,4
q c(3,4)
D, = 4y c= |c(2,l)
qq c(3,
s, (26)

C, matrix here is = [Ql]q1 - [QSj . A5 . 45 27)
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In the present geometric configuration (five link mechanism) where a
mechanism is movable with links n < 7, the system of equations (24) re-
mains compatible because of the particular geometry, but some of the
equations are redundant. Since the. inverse of the rectangular matrix [M]
does not exist in this case, the equation (24) cannot be directly solved
for Dv’ a vector of unknown velocities. However, the method of least
squares may be used and, in this case, glves an exact solution since the

system of equations is compatible.
- -1 .t
D, = (MW M, (28)

The product (HtM) forms a square matrix that caan be inverted assuming
that it 13 nonsingular. If the determinant is zero, the matrix cannot be
invertad and the velocities are undefined. By definition, this occurs if
and only if the mechanism is at a dead point for the position considered.
Since the matrix M° and the matrixz [MtM]-l have already been calcu~-
lated in the displacement analysis, less computational effort i3 requir-
ed. Velocity analysis, theresfors, requires only two matrix multiplica=-

tions of equation (28) and multiplication by the scaler input velocities.

Acceleration Analysis

The relative accelerations between adjacent links, that i3, second
time derivatives of the pair variable will be denoted by the symbol Qs

that is

PP - a— (29)
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Again, a similar procedure is followed as done in the velocity analysis
and again after the equation (2) has been differentiated. The second
time we get expression on the left hand side the same as the one we get

in the velocity analysis [3].
B2q, + B3q, + B4q, = C, (30a)

Detailed derivation is given in the Appendix. Again, this equation can

be written in the form

-1t
D, = MMt M c, (30b)

Note that the solution is defined except when the matrix [MtM] is singu~-
lar; i.e., except at dead points of the cycle. With the analysis of
closed-loop done, all the joint displacements, velocities, and accelera-
tions are knowmn. These matrices can now be ugsed to find the positiom,
velocity, and acceleration of any point on the robot. The same matrices
are later used for evaluating link angular velocities as well as angular

accelerations
Kinematics of Points of Interest

In the development of the matrix method of analysis, a right handed
cartesian coordinate 0y 1151417 1+1%4+1 hgs been defined to be associated
with each link i. Any point on link i can therefore be described by its
coordinates X410 Ti4p? Zi with respect to that system.

The figure on the next page gives the details as to how the inter-
relationships between the link coordinate frames are derived and the
path chosen from the base frame to form the products of matrices. To

find the position of a point relative to the base frame, numerical



Figure 5,

Formation of Matrix Products
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matrices available from the displacement analysis are used. Let a vec—-

tor x, be the vector of a point position with respect to the link's lo-

cal coordinate frame and Xi be the vector representing point in the base

frame.
, 3\ 1 )
X141 X141
I " Vi X = LTS
141 | 2141
[ 1] (31a) 1 (31b)
N

Note that the coordinate frame o 1s associated with link

14151417 1413141

i and hence point coordinates Xy p10 Ti41® Zi41°

The relationship between these two vectors is
(xi) -1, (xi) (32)

where Ti is a numerical matrix available from the displacement analysis.

The instantaneous position of any point on the moving links may be found
from these matrix products. Tﬁey are the displacement matrices for the

The absolute velocity components of a point

x a 4x

141 141728

Vipp = gy /dt

2" dzi+1/dt (34)
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on moving link 1 may be found by differentiating equation (32).

Ty = ; AL . A2 QA A,a (35)
T g T

ar,
x, = =D x, (36)

Similarly, acceleration components can also be found by differenting [Ti]

matrix twice with respect to time.

i - AL . A2 (37)
i= 3 z . QA Q —A,q
k=l 3=l SE I 115
t
x, - (dzri) x, (38)
-3
dt

Kinematics of Links

In this section a procedure is developed to evaluate an angular
velocity and an angular acceleration of a link i with respect to a ref-
erence frame. The figure on the following page 13 used to develop the
relationships of angular velocity and acceleratiom.

A link 1 is considered with X0 yi+l’ and Z, 1 coordinate frame
attached to it. This coordinate frame has a pure rotation in the refer-

ence frame. In Figure 6 vector d locates the origin o of the frame

i+l
attached to link 1. Vector R and r locate the point p with respect to
the reference and the rotating frame respectively. These three vectors

are related by a relationship



Figure 6.

Closed=Loop of M{xed=Loop Robot
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R=d+v (39a)
where
R = (X)) uy *+ () v + (2w
amd v (myy) Yyt Ge) Vet Gy Mg

u, v, and w are all unit vectors along three directions of mutually per—-
pendicular axes of the frames under consideration. To get the angular

quantities, equation (38) is differentiated with respect to time
R"=2d” + 2 (39b)
v- =wzxr since pure rotation is conaidered.

R"=d” +wxr - (39¢e)

This equation can be written in the matrix form to extract the an~

gular velocity components. The equation written in matrix.form appears

below:
- y Y
(; 4 (6 -» w_ ) (r T e, 1 fz..)
1 x Zy yl 111 112 113 1+1
y = d + w 0 =u T T T y
i y z, 3 121 122 123 1+1
z -w " 0 T T T z
L 1) [ %) 11 133 133 | i,
\ p N /
(394)
( ) (1 T T, ]
o] - 1)
2 7 in 112 i3
[TM] = w ) - T T T
i 2 " i 122 123
- ® o T T T (39%)
TR J 13 13y 133
\ ~ P




32

Recollecting that only pure rotation is considered to develop the re-
quired relationships.
Matrices [Ti] and [Ti] are both available in the numerical form from

the previous analysis. Now we can write

f - )
Q mzl (Ilyl
e tp 17l e 1% ot
R Y A AR R A A
- + 0 (40)
\ myl mxl 4

where ['ri]t is a transpose of a matrix [Ti] and since odly 3 x 3 part of
[Ti] is considered which is orthogonal, the inverse of it is given by its
transpose.

For angular acceleratiaﬁ, equation (39a) can be differentiated once

more with reapect to time.
R"=d" +yx (wxv)+a+v . (4la)

The above equation can again be written in the matrix form to separate

the components of angular acceleration

N\

[ T1+1

Y141

(41b)

z
[ i+
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rx1.+1 \
x (wxz) = [w] [w] [T,] . Y141
\zi+1) (41e)
(%41)
ox r = [a] [T,] . V141
‘ zi+1J (41d)

Prom all these, expression (x )t can be eliminated, which

141° Y141 %141

leads to
[T;] = [w] [w] [T,] + [a] [T,] (41e)

Note that the d" translation part 1s ignored as ouly rotation need be

considerd. From equation (4le) accelertion components can be extracted.
- " - t
[a] [[Ti] [w] [w] [Ti]] [Ti]

Recalling that all the matrices involved are (3 x 3) matrices with ortho-

gonal properties.



CHAPTER III
DYNAMIC ANALYSIS
Open-Loop Dynamic Analysis

Calculations for the open-loop dynamic analysis are initiated from
the farthest link from the ground, which is the end-effector. The quan-
tities required for the dynamic analysis are already available from the
kinematic analysis. The mass of the link, mass moment of inertia for
each link, location of mass center of each link, linear velocity and
linear acceleration, and angular veiocity and angular acceleration are
either known or calculated quantities. From all these quantities,
weights of the links, inertia forces, and moment about the mass center
are determined.

D'Alemberf's principle is applied to each link of the open~loop of

the robot [19]. To develop dynamic equations, let

the total mass of link i, a scalar

)
e
]

»
[}

the position of the center of mass of link i with
reference to base coordinates
= dr/dt the linear velocity of the center of mass of link i

with reference to base coordinates

o
[}

1 the total external vector force exerted on link i

N, = the total external vector moment exerted on like i

()
[ ]

1 the inertia matrix of link i1 about its center of mass

34
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To derive dynamic relationships for the opemn-loop part of the manipula-
tor, a link 1 i3 considered. All the equations are developed for this
link and these same equations are applied to the other, comstituting an
open-loop in successive manner. As opposed to the kinematic analysis,
in dynamic analysis the analysis is started from the end-effector of a
manipulator.

In Figure 7, showing link i, there are three kinds of forces that

act upon the link., These three forces are:

l. Inertia force.
2. Weight of the link itself.
3. The reaction forces due to attached links at the two ends of the

link.

The direction of the inertia force is along the acceleration direction
of the mass center of the link. ?he weight of the link always acts ver—
tically down. The directions of the reaction forces depends upon what
kind of connection exists between the link under consideration and the
links attached to it at its two ends.

The following vector definitions are needed to calculate the magni-
tude of the forces acting on link 1.

Let

(rG]1 r

1 (42)



/

Rox,i ¥4

Link i-1

N

Figure 7. Forces Acting on the Link

Rix,i
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be the vector representing the location of mass center of the link i in

its local coordinate frame. The local coordinate frame associated with

the link { {s  JURD AR IRE This frame moves with link 1.
&
(83 = 8y
2 (43)

This vector represents the components of the acceleration due to gravity
in the base frame of the manipulator. Only one of the three will have a
non=-zero value aé one of the axis of the base frame is normally aligmed
with the direction of gravity [19]. With these two vectors defined, the
inertia force and the weight of the link can be calculated.

Let [W]B be the vectorniepresenting the weight vector for the link

in the bagse frame. Its magnitude i3 given by

N
(wxi rsx\
[Wi]B = Wyi - m, g
W g (44)
" s [ 2 )

Subscript B means that the quantities are expressed in the base coordin-
ate frame. Inertia force is given by the product of mass of the link and
the linear acceleration of mass center of the link.

Let (IF} be the vector representing the imertia force.
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r ~ ’ N\
IF_ r;
i Gi
- = . L]
{IFi]i IFy m, T
i G
i
IPz r:
i G1
\ 71 \ J (45)
S S Sl 3y
where the ( xs yG 2G ) represents an acceleration (linear) vector
SRS § i

for the link i expressed in the link's own coordinate frame. Absolute
acceleration is calculated first and then this acceleration is resolved
in the link's own coordinate frame. The steps involved are outlined be-

low. {rG }B is an absolute acceleration vector for the link 1.

1
¢ N
er
1
{’6133' s
7y
Ts
Zy
| 1 ] (46)
’ ) L\
rcx
1
2
d
= ?'[Til g
7y
er
1
1 B (47)
\ /

wh‘re [Ti] - Al L] AZ . A3 secee Aio

The second derivative of this transformation product gives the lin-

ear and angular acceleration of the frame attached to link i with
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respect to the base frame of the manipulator. When this transformation
derivatizs is muliplied by a vector representing a point om the link, it
gives linear acceleration.

F, =my (rai]i (48)
where Fi represents the resultant of all the external forces acting on
link 1. To develop analytical relationships, it 1s necessary to write
the above equation in the expanded form. Let the vectors Rli and R21
represent two reactions acting on the link to counter the external for—-
ces and thus keep the link in equilibrium.

[Rzi}i + [Rli}i + [W&} = o, (rsi}i (49)
As the calculations are beguq from the end-effector, i.e., 1 » ¥ last
link, where the vector {Rliii is nothing but weight or the load carried
by the manipulator [ ]. More often this is a known quantity and from
this known quantity, reaction at the other end of the end-effector CRzi]i
can be calculated. It should be noted that the subscript i represents
the linear acceleration or total acceleration of that point. The vector
multiplied in (7) represents a mass centar so it gives the linear
acceleration of the mass center. Now this linear acceleration has to be
resolved along the three axes of the link's own coordinate frame.

(rg ) =1, () (50
11 3x3 i8

Recollecting that 3 x 3 part of a transformation represents an orienta-
tion of the coordinate frame of link i in the base.frame.

Since the inertia force and the weight vectors are now knowm,

D'Alembert’'s principle can be applied to determine the unknown reaction
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forces. The principle, when stated mathematically, has the form

F, = m,(a. ]
i 1 Gi 1

Subscript 1 means that the vector 13 expressed or calculated in the link

i coordinate frame. To calculate the reaction of the link attached to

the end-effector on the end-effector i, the direction of the vector [Rz }
i

i3 reversed.

[Rz } = Reaction force acting on the link i (end-effector i = n)
11

due to link i-1 in o 4

1+1 Y141 “141

- [Rz ]} = Reaction force acting on the link i-l due to link i, which
11

happens to be the end-effector

Now apply the equation(s) to the succeeding link i-1l, The vector
('[Rz } ) has to be transformed to the link i-l, the coordinate frame.
i1
The new vector now becomes the vector [Rl ) for the link i-1.
i-1 1-1

(r ) = [A, ] (-R, } (51)
1wl 11 : Rzi 1

where [Ai] represents a transformation between the coordinate frame at-
tached to link i, i.e., 0541 i+l 2141 and the coordinate frame attached
to link i-1, i.e., o, X, v, z,. With application equation (49),
{R'i-lli-l is evaluated and the same procedure as outlined above is
adapted to transform to this force to the frame of the succeeding link.
Succesaive application of the above procedure yilelds all the reac-
tion forces ﬁcting on the open-loop part of the manipulator. Now, since
the forces on the links are known, the equations can be developed for

the unknown moments or torques. The procedure to calculate these torques

is explained below. The quantities required for the torque calculation
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are mass moment of inertia of the link {, angular acceleration, and angu-
lar velocity. As done in the case of linear acceleration, the absolute
angular velocity and the absolute angular acceleration are resolved
along the link's own coordinate frame axes.

Both the absolute velocity and the absolute angular acceleration
are available from the kinematic analysis already done. These quantities

are transformed to the link i frame by

o), = [T, 05 5 00y (52)

(agdy = 7,15 . 5 0 4y (53)

where
[mi)i = angular velocity of link i along the local

coordinate frame

[aili = angular acceleration of link i along the local

coordinate frame
[“1]3 = angular velocity of link i along the base frame
{QI)B f angular acceleration link i along the base frame
[Ti]-l = the same transformation as defined above.

Moment about the mass center is calculated from the angular velocity,

angular acceleration, and mass moment inertia matrix. [ul] is a mass

moment of inertia matrix ag defined below:
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Using the above definition the resultant moment about the mass cen-
ter can be calculated. Let [RMi]i be the vector representing the resul-
tant moment.

(Re,), = 03] . (ay), + o)y 2(DET . Capd)p) (54)

131
Moments due to weight of the link and also moment due to inertla force
vanish since the moment arm in both cases is zero. Let a be a vector
between the mass center and the origin of the coordinate frame 9441

Xy 1714151410 And let b be a vegtor connecting the point Gi with the
origin of the coordinate frame X, 7245 i.e., 0. ¢ vector connects oy

with o These three vectors are related by the relationship (Figure 8)

1+1°

c®a+h - (55)

{a) is a defined vector since it is a location of mass center with
respect to the link i coordinate frame. {ec] 13 a vector describing the
location of 0441° the origin of the link i coordinate frame in the coor-
dinate frame associated with link i-1, i.e., 0,X,7,2¢ To make it compa~-
tible with {a} it also should be expressed in the link 1 coordinate

frame.

(4,18
ey = A, (2,4)
4,03,4)

X J1-1 (56)

To convert it to a vector in the link i1 coordinate frame, this vector

has to be premultiplied by [Ai]-l.



Figure 8.
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(), = 1a,;™ (o) (57)

i-1

Moments due to reaction forces at joint i and joint i+l can be calcula-

ted. Reaction at joint i+l {Rl } and that at joint i is cRZi]i’ Moment arm
i1
for the {Rl } 1is (a) and one for the {Rz } is (b)}. Moment due to reaction
i1 ii
force at joint 1+l (MRI )
i1
(MR, } = (a], x (RF, } (58)
1% 1 1%

where for vector cross product vector (a]i is expressed in the 3 x 3 ma-

trix form.
r 3 \
0 s, ay ( RFli(l)
(MR, ) =]a 0 - =-a . RF, (2)
1i 1 2 b 4 1i
-ay a 0 eri(3)
L Jy ‘ 1 (59)

Similarly, moment due to reaction at joint i can be found. Moment arm

for it is found from equation (55)
b=c=-a (60)

Moment due to {Rin]i at joint i [HRzi

(M, ) = (b], x (RF, ) ’ (61)
mzii i 2%y

Again vector [b]i is expressed in the form of (3 x 3) matrix for multi-

plication.
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( - ( -~
0 -, b, 3321(1)
(R, 3, =b, 0 b . RF, (2)
i i
[-by b 0 2ry ()
Jy N /4 (62)

Again D'Alembert's principle is applied to the link i1 to determine un-

koown joint torques. Mathematically the principle 1s expressed as

N1 = Ii . a3y + w, x (Ii . wi) (63)

where N, 1s a vector sum of all the external moments acting on the link.

1
The right hand expression is moment about mass center of the link, Here
also, like in unknown force calculations, computations are started from
the end-effector. At the free end of the end-effector there is no reac-
tion moment acting, so for it [MRi] is set to zero. From the known resul-

tant moment about mass center and moment due to reaction force [RFZ ]i at

i
the other end of the end-effector, reaction moment components {MR2 } are
11
calculated. It i3 to be noted again that the vector [MR2 } 1is expressed
: 11

1link i coordinate frame. Now the reaction moment on the link i-1 due to
link 1 is
MR, 1} =1{ ] (64)
1i-l i szi i
This vector should be expressed in link i-1 coordinate frame before re-
action moment at the other end of the link can be evaluated. It is domne
by premultiplying the vector [RMI } by a transformation [Ail-l. Only the

i1
orientation part of the [Ai] 1 is considered.
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{rM. ) = [A,] {RM ) (65)
LT Yazs L1y

(R, )+ (R4 + 0B ) o+ OB, ) = (0), (66)
This equation (65) is now applied repeatedly to calculate all the un-
known torques at each of the joints of the open-loop.

Since the loop considered herein is a planar loop, it cannot resist
any forces perpendicular to its plane and also cannot resist moments
about the axes lying in the plane.

At point A there are three force components and three moment com—
ponents, but for the evaluation of forces and moments in the planar
mechanism, not all of them are considered. Forces lying in the plane of
the mechanism and moments about the axis perpendicular to the plane are
only to be considered. The remaining components are transferred to the
bage joint. Moments MAx’ MAy, and FAz are_all transferred to the base.
This is a single matrix multiplication operation. The required transfor—
mation to transfer vector quantities at point A to the base joint is.

already knowm.

Dynamic Analysis of a Closed-Loop

From the open-loop part dynamic analysis by the Newton~Euler meth~-
od, we have forces and torques acting at point A, The point is actually
a joint connecting this closed-loop with the open-loop part of the ro-
bot. Forces and torques acting at point A are regarded as external for-—
ces for the analysis of the closed-loop. For the closed=loop joint 1 and

joint 5 are the inputs. Input information for the procedure consists of
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all the parameters which are either known or determined on the posi-
tion solution (ei, si). The parameters which are either known or deter-
mined in the velocity solution (9i and si'), the parameters which

are either known or determined in the acceleration analysis (9; and si),
the location of each mass center, tﬁe value of mass and mass moment of
inertia about the mass center of each part, and known parameters of the
known reaction force/torque problem are indicated in Figure 9. The sym—
bol has been used to indicate the mass center of each moving part of
the mechanism. These mass centers are located in the local coordinate
frame of the link. These coordinates are termed local since they move
with the part to which they are attached. To determine unknown reaction
forces, D'Alembert's principle is applied. Mathematically, the principle

can be stated as [11, 16]
F-m=090 (67)
T=-1I =90 (68)

In other words, if the linear and angular acceleration of each part of
the mechanism are known, the products ma and "Ia can be treated as a
force and torque respectively. This reduces the dynamics problem to an
equivalent statics problem. The symbols "m" and "I" used are mass and
mass moment of inertia of a part. The symbol a is linear acceleration
of the mass center of the'part and "a” is an angular acceleration of
the part. F and T represent the resultaat of all applied and reaction
forces acting on the part and vector sum of all applied and reaétion
torques respectively. In order to use this principle, it is necessary
to have all inertial forces and torques associated with each mass

center. The information necessary to determine the inertial forces is
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available from already developed position velocity and acceleration
analysis and the knowledge of mass, center of mass locationm, and the
mass moment of inertia of each of the parts. The unknown reactions are
indicated in Figure 9. The notation Fi,j means the force exerted on part

i by part j. Thus ¥ nmeans force exerted on part 2 by part 1, and T3 2

2’1 ?
18 a torque exerted on part 3 by part 2.

Procedure

A8 an intermediate step in the determination of reaction forces,
inertial forces assoclated with mass center of each part must be evalu-
ated. The information necessary for doing this 13 available frém the
position, velocity, and acceleration analysis results. In order to de-
velop the -ma term for each of.;he parts, acceleration with respect to
the reference frame must be calculated. For this closed-loop mechanism,
the reference frame at joint 1 is chosen. It can be chosen anywhere, but
choosing at joint 1 greatly facilitates the analysis. Normally one of
the parts in the mechanism is ground, but in the present case, as has
been pointed out earlier, fhe ground link itself is a moving link. How-
ever, all the kinematic quantities involved like angular velocities,
angular accelerations, and linear velocities and linear accelerations
are referenced to a coordinate frame attached to it. Similarly, terms
-ma and -Ia can bé developed._

The complete set of equations that result when D'Alembert's princi-

ple is applied to each of the five link mechanisms are listed below:



Py gt Py gt Ty * Wy =0
TZ,l + T2,3 + r2 x F2,3
+1, X (IF2 + Wz)
+1, 0 -0
Lok 3
3,20 T Faax ¥ By * Woy
Py gy * P4y * TPy + Wy

49

=0

In each of the equations above there are more than two unknowns: there-

fore, it will not be possible to solve any single equation. The aumber

of unknowns can be reduced from the system of equations above by intro-

ducing the following simplifications:

Fi,2"

Fi3 ™

Fs 4"

T32°

T4,3°

Ts,4 ™

Even after these simplifications, there are fifteen unknowns with only

twelve equations [16]. Three additiocunal equations need to be generated to
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solve the system of equations. These equations are generated by imposing

appropriate conditions of nonactive joints like joint 2, 3, and 4.

T3’2 + T3’4 + Iy X E'3’4

+r, X (IF3 + W3)

3

Liok 4

F4,3: + F4’5x + (IF4,1 + IF4,2)x
+ (W4,1 + W4’2)y = Q

F4,37 + F4,57 + Fy + (IF4’1 + IF4’2)y

+ (Wh’l + W4’2)y = 0
T4’3 + T4’5 + M+ r4’1 x F4’5 + r4’2 xF
g, T IF, W, )
+ T4, TP, 5+ W, )
tI,1%,1 % 54,29, =0
Link §
Foax ¥ F5 12 + IFgy + Wsy =0
Py ay * B 1y + Ts + Vs =0
Tg,1 * Ts,4 ¥ Tg X F5



S1

+rgx (;FS + WS)

*I5 as
Three equations are writtem for each part. The first represents the sum
of all applied inertial and reaction forces along the x-direction of the
reference frame; the second repre#ents the sum of all applied inertial
and reaction forces along the y=direction of the reference frame, and
the thifd equation represents a torque equation where all applied iner—

tial and reaction torques are summed up. Quantity like r, represents

i
lengths of the part identified by its subscripts i. For instance, T, is
a length of part 2 and r, represents the mags center locations of the
part.

IFi and Wi represent théﬂinertia force and weight of part i. IF2

and Wé represent the inertia force and weight of part 2. Similarly, Ii
represents a mass moment of inertia of part i. Link 4 has two sets of
quantities because of the way the ternary link is represented in the

kinematic analysis.

IF4 1 = Inertia force of part 1 of link 4
9’
Wz 1 " Weight of part 1 of link 4
9 .
IF4 2 = Inertia force of part 2 of link 4
’

WZ 2 Weight of part 2 of link 4

b}

T, 15 T = Lengths of part 1 and part 2 of link 4
4,1° ~4,2

T, 15 T = Mass centers for two parts of link 4
4,1° 74,2
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If the joint i3 an ideal revolute joint, it can transmit a force from
one part to another but it cannot transmit a torque. Thus at any nonac-
tive revolute joint reaction force will occur, but no torque is trans-
mitted.

Mathematically

Ti = 0.0

where 1 can take any value from 2 to 4 depending on the type of joints
in the five-link mechanism. If a prismatic pair comnects two links, in
general, there will be a reaction force normal to the axis of sliding
and a reactioﬁ torque. The reaction torque must exist because of the
nature of the prismatic pair connection which permits no relative rota—-
tion of two parts. A torque is required to enforce this condition of no
relative rotation. |

Mathematically

Fi .8=0

With these additional conditions there are 15 equations for 15 unknownms.
the system of scalar equations can be represented succinctly in matrix

form as
(a] (x} = (B) (69)

The coefficient matrix [A] contains the coefficient of the unknown tor-
ques and unknown reaction force components which are countained in {x].
Column vector (B} contains the known inertial terms.

As seen from the resulting matrix, it is found that the coefficient

matrix is in upper triangular form. Using elementary row operations, the
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coefficient matrix may be transformed into upper triangular and with
standard methods available, the system of equation can be solved for
unknown quantities [16].

All the forces and :ofques evaluated are with respect to the refer—
~ ence frame chosen. These have to be transformed to the link's local co-
ordinate frame. It is to be noted that in the analysis of a closed-loop
an assumption has been made that all the forces normal to the plame of
the mechanism are transferred to the base. There is a component of F
perpendicular to the plane of the mechanism. Determining the reactions
resulting due to this component becomes an indeterminate problem in the
case of planar linkage. Similarly, the moment M components about the
axes in the plane of the mechanism becomes an indeterminate problem. so
the force F component perpendigular to the plane of the mechanism and
the moment M components about axes in the plane of the paper are assumed

to be resisted only by the base joint.



CHAPTER IV
SUMMARY AND CONCLUSIONS

The main objective of the present work was to develop a tool to do
the analysis of the mixed-loop robot.. These robots are relatively new
but bound to receive attention in the near future. Since closed~loop is
incorporated into the conventional open-loop structure, the analysis
procedure differs to some extent from the open—loop robot.

Both kinematic and dynamic analysis are performed on the robot,
kinematic analysis followed by dynamic analysis. In the kinematic analy-
sls, the closed=loop part 13 analyzed first. Unknown joint displace-
ments, velocities, and accelerations are determined using iterative
tecimiques. If the mechanism 1s in locking position, the analysis is
aborted. This situation i3 corrected by changing the link length ratios.
This is followed by the kinematic analysis of the entire robot. Kinema-
tic analysis for the entire robot consists of determining the links'
angular velocities, angular acceleration, and point distance, veloecity,
and acceleration, all either in the reference frame or any other desired
frame. Once all the kinematic parameters for the robot are available,
dynamic analysis can be performed.

In the dynamic analysis the open-loop part of the robot 1s analyzed
first and then the closed-loop. For the opgn-loop part the Newton-Euler

approach i3 used. Analysis is begun from the end-effector. Forces and

54
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just before the closed=loop begins. From this point on a different
approach is used for the closed-loop. It is very much like the Newton-
Euler method used for the open-loop. The computer program has been coded
to automate the analysis ﬁrocedure. After the user has defined all the
required parameters of the robot, both numerical and graphical results
are presented. The program is interactive in nature.

In the present work a planar loop has been used, but a spatial loop
also can be used. There will not be any change in the analysis procedure
as far as the kinematic analysis is concerned. However, a different
approach needs to be used for the dynamic analysis. Revolute and prisma-—
tic joints are allowed to be used. This restriction also can be removed
to allow more generality as an exteunsion to the present work. As a fur—-
ther addition to the generality, a unified approach for the amalysis can
be developed which will avoid the combination of two approaches, as it

is in the present case.
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Symbols used in the following relationships are defined below:

Bl =
B2 =
B3 =

B4 =

Al
Al
Al

Al

A2 . A3 . A4 . A5

[Q] . A2 . A3 . A4 . AS

A2 . [Q] . A3 . A4 . A5

A2 . A3 . [Q] . A4 . A5

Since Al and A5 are defined by input variables, they are exact

matrices. But A2, A3, and A4 are approximate matrices defined by initial

guesses of the unknown variables.

[Q] is an operator matrix. All the

relationships are developed from the basic loop aquation:

Al L] A2 L] A3 L] A4 L] u = I

Displacement Relationships

Al . [Q] . A2 . A3 .

Al . A2 . [Q] . A3 .

AloAZoA.B-[Q]'

'I-AI.AZ.A3.

Ab
A4
A4

A4

In developing the above relationship, all

are assumed to be revolute joints only.

& & &

.AS.I-BI

the joints in the closed-loop

The relationship can be written in compact form using the defini-

tions:

BZ(de) + B3(d93) + B4(d94) =I1-31



Velocity Relationships
Differenting the loop equation w . r. t . time

Al . [Q] . A2 . A3 . A4 ., AS (;2)

Al . A2 . [Q] . A3 . A4 . A5 (;3)

Al . A2 . A3 . [Q] . A4 . a5 (;4)

=~ [Q] . Al . A2 . A3, A4 . AS (;1)
- Al . A2 . A3 . A4 . [Q] . A5 (;5)

=-{Q] () -a1.42.43.4.(Q].as5 (8
All the matrices are exact matrices here.
Acceleration Relationship

A = First differentiation of matrix A w.r.t. time

A = Second differentiation of matrix A w.r.t. time

The loop equation is differentiated twice w.r.t. time to develop accel-

eration relationships.

Al . A2 . A3 . A4 , AS

+ Al . A2 . A3 . A4 . &S

+ Al . A2 . A3 . A4 . AS

+ Al . A2 . A3 . A4 . AS

+ Al . A2 . A3 . A4 . AS

=<2 (Al . A2 .A3 .A6.AS+Al . A2 . A3 . A4 , AS
+ Al . A2 . A3 . A4 . A5+ Al . A2 . A3 . Ak . AS
+ Al . A2 . A3 .Ab . A5+ AL .A2.A3 . Ak . AS
+ Al . A2 . A3 . A4 . A5+ Al . A2 . A3 . A4 , AS)



Al and A5 are known and all the velocity matrices Ai 1 =1, 2,....5)

and digplacement matrices A, (1 =1, 2,.0..5) are known.

Al . A2 . A3 . A4 ., AS

+ Al [ ] Az L ] A3 L ] A4 . As

+ Al L] Az » M L] A4 L] As

K-Al0A20A3.A4.A5-A1¢A2-A30A40A5
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Number of joints

Number of links

Link

wn

@ N O

10
11

10
8

DATA FOR THE ROBOT

3.00
2.00
4.00
4.00
2.75
3.45
2.00
2.50
4.00
2.00

0.0

0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
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KINEMATIC AND OYNAMIC ANALYSIS OF A MIXEO-LOOP ROBOT
R Y Y

STEP NO. = 1

RESULTS FOR THE CLOSEO LOOP

CONVERGENCE AFTER 6 ITERATIONS
DISPLACEMENT ANALVSIS RESULTS ( DEG/IN )
JUNT. 3 = -5.547709

JUNT. 4 = 132.7041

JNT. 10 = 64.843689

VELOCITY ANALYSIS RESULTS ( RAD/S / IN/S)
UNT. 3 = -8.843070

JUNT. 4 = 3.203922

JNT.10 = -0.2608112

ACCLERATION ANALYSIS RESULTS ( RAD/S*S / IN/S*S)
JUNT. 3 = -23.30211

UNT. 4 = -12.98520

JNT. 10 = 36.28499

¥9



POINT ANALYSIS

TOTAL NO. OF POINTS = 1]

POINT I.D. LINK I.D. POSITION

1 8 -0.

0.

o

© © © ©

-0.

-0.

( IN)

J19E+00

114E+01

.O00E+00
.254E+01
.343E+00
.O00E+00

. 18BE+O1

169E+01

.O00E+00

.439E+00

J24E+01

.000E +00

.JOTE+O1

0.593E+00

0.000E+00

VELOCITY
( IN/S )

-0.289E+02
-0.656E+01
0.000E+00
-0.2105065
.367€+02
.000E +00
. 983E+01
.250E+02
.O00E +00
.288E+02
-0.444E+01
0.000E+00
~0.377E+01
~0.319E+02

0.000E+00

ACCLERATION

( IN/S*S )

0.

284E+03

.594E+03
.O0OE+00
.406E+03
.624E+03
. O00OE +00
.284E+03
.236E4+03
.O00E +00
.BI1E+O02
. 192€E+03
. OO0E +00
.338E+03
.618E+01
.O00E+00

€9



LINK ANALYSIS

TOTAL NO. OF LINK =

LINK 1.D.

10

ANGULAR VELOCITY
( RAD/S )

0.000E+00
0.000E+00
0. 100E+02
0.000E+00
0.000E+00
0. 160E+02
0.000E+00
0.000E+00
0.606E+01
0.000E+00
0.000E+00 -
0.926E+01
0.000E+00
0.000E+00
0.926E+01
0.000E+00
0.000E+00
0. 163E+02
0.000E+00
0.0600E +00

0. 108E+02

ANGULAR* ACCLERATION

( RAD/S*S )

© ©0 © o ©

. O00E+00
.O00E+00
.O00E+00
.O00E+00
.O00E+00

. 183E-04

0.000E+00

0.000E+00

-0.

233E+02

0.000E+00

0.000E+00

-0.

363E+02

.O00E+00
.O00E+00

.363E+02

0.000E+00

0.000E+00

.363E+02

0.000E+00

0.000E +00

.363E+02



DYNARIC FORCE ANALYSIS RESULTS

JNT. 10 X - COMPONENT Y - COMPONENT Z - COMPONENT
1 0.943E+04 0.137E+05 0.000E+00
2 -0.428E+03 -0.285E+04 0.000E+00
3 0.243E+04 -0.953E+03 0.000E+00
4 0. 198E+04 -0. 124E+04 0.000E+00
S ~0.455E+04 ~ 0.147E+05 0.000E+00
6 0.108E+08 0.133E+05 0.000E*Ob
7 0. 141E+05 0.369E+04 0.000E+00
8 0.602E+04 -0.456E+04 0.000E+00
10 -0.188E+056 0.527E+04 0.000E+00

L9



DYNAMIC TDRQUE ANALYSIS RESULTS

JNT.

® N 06 ¢ & @ N

10

1D

X - COMPONENT

©C O 0 0 0 © 0 o ©

. O00E+00
.O00E+00
.O00E+00
.000E+00
.O00E+00
. O00E+00
.O00E+00
. O00E+00
.O00E+00

© 0 O ©0 06 06 © o ©°

COMPONENT

.O00E+00
.O00E+00
.O00E+00
.O00E+00
.O00E+00
.O00E+00
.O00E+00
. O00E+00
. O00E+00

-0.

-0.

COMPONENT

195E+0S

. 182E+03

107E+02

.646E+02
. 265€+02
.666E+03
. 12TE+05
.35TE+04
. 193E+05

89



STEP NO. = 2

RESULTS FOR THE CLOSEO LOOP

CONVERGENCE AFTER 3 ITERATIONS
DISPLACEMENT ANALYSIS RESULTS ( DEG/IN )
JUNT. 3 = -8.468669

UNT. 4 = 134.0745

JNT. 10 = .64.29425

VELOCITY ANALYSIS RESULTS ( RAD/S / IN/S)
JUNT. 3 = -9.083371

UNT. 4 = 3.132253

JUNT.10 ~ -0.4886782E-01

ACCLERATION ANALYSIS RESULTS ( RAD/S*S / IN/S*S)
JUNT. 3 = ~24.41098

JUNT. 4 = -13.80949

JUNT. 10 = 38.21830
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POINT ANALYSIS

TOTAL NO. OF POINTS = 8

POINT 1.D. LINK 1.D. POSITION

© © © 0 o ©

-0.

( IN)

.442E+00
. 104E+01
.O00E+00
.24BE+01
.419E+00
.O0CE+00

. 187E+01

163E+01

.O00E+00
.397E+00
. 325E+01
.O00E+00
.308E+01
.482Ef00
.OC0CE+00

VELOCITY

( IN/S )

~0.263E+02
-0.86SE+01
0.000E+0Q
~0.213E+02
.342E+02
.O00E+00
.54 1E+01
.237E+02

.0O00E+00

© © 0.0 © o

.2B9E+02
~0.444E+01

0.000E+00
-0.259E+01
~0.319E+02

0.000E+00

ACCLERATION

( IN/S*S )

0.

-0.

0.

-0.

-0.

0.

-0.

-0.

© © ©6 0 © © ©

J21E+03
542E+03
OOOCE+00
J48E+03
622E+03
OOOE+00
249E+03

241E+03

.O00E+00
.58TE+02
.191E+03
. O00E+00
.336E+03
.783E+01

.O00E+00

0L



LINK ANALYSIS

TOTAL NO. OF LINK =

LINK 1.D.

10

ANGULAR VELOCITY

© © © 0 ©0 ©0 © © 0 0 06 00 0O 00 0o 0 0 o ©

RAD/S )

.O00OE+00
.O00E+00
. 100E+02
.O00E+00
. O00E +00
. 180E+02
. OOOE +00
. O00OE+00
.592E+01
. O00E +00
. O00E +00
.B0BE+O1
.O00E+00
.O00E+00
.80BE+0 1
.O00E+00
.O00E+00
. 150E+02
.O00E+00
.O00E+00

. 108E+02

ANGULAR’ ACCLERATION

( RAD/S*S )

© © © ©0 ©°

.O0OE+00
.O00E+00
.3B1E-08
.O00E+00
.O00E+00

.172E-04

0.000E+00

0.000E+00

.244E+02

0.000E+00

0.000E+00

-0.

382E+02

0.000E+00

0.000E+00

-0.

382E+02

0.000E+00

0.000E+00

-0.

382E+02

. 000E +00
.000E+00

.382E+02

1L



DYNAMIC FORCE ANALYSIS RESULTS

JNT. 1D X - COMPDNENT Y - COMPONENT Z - COMPONENT
1 0.801E+04 0.121E+08 0.000E+00
2 ~0.781E+03 ~-0.368E+04 - 0.000E+00
3 0.321E+04 -0.137E+04 0.000E+00
4 0.260E+04 -0.188E+04 0.000E+00
5 -0.470E+04 0. 130E+086 0.000E+00
6 0.977E+04 0. 132E+086 0.0005*60
7 0. 134E+05 0.397E+04 0.000E+00
a 0.585E+04 -0.424E+04 0.000E+00
10 -0.175E+05 0.496E+04 0.000E+00
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DYNAMIC TORQUE ANALYSIS RESULTS

JuNT .

N o & W N

@ =~

10

X - COMPONENT

©Q © © 0 © © © © ©°

.0O00E+00
.O00E+00
. O0O0E+00
.O00E+00
.000E+00
.000E+00
.000E+00
.O00E+00
.009?*00

© 0 0 0 © 0 © o ©

COMPONENT

.O00E+00
.O00E+00
.O00E+00
.O00E+00
.O00E+00
.O00E+00
. O00E+00
.O00E+00

.O00E+00

COMPONENT

. 162E+05
. 760E+03
6226402
.463E+02
.297E+02
. 134E+04
. 119E+05
.J42E+04

. t44E+05

€L



STEP NO. = 3

RESULTS FOR THE CLOSED LOOP

CONVERGENCE AFTER 3 ITERATIONS

DISPLACEMENT ANALYSIS RESULTS ( DEG/IN )

UNT. 3 = ~-11.43967

UNT. 4 = 135.4245

UNT. 10 = 63.81519

VELOCITY ANALYSIS RESULTS ( RAD/S / IN/S)

UNT. 3 = -9.232052

UNT. 4 = J3.056 132

JUNT. 10 = 0. 1759808

ACCLERATION ANALYSIS RESULTS ( RAD/S*S / IN/S*S)

UNT., 3 = ~-25.53426

UNT, 4 = -14.69156

JUNT .10 = 40.22499

vL



POINT ANALYSIS

TOTAL NO. OF POINTS = 9

POINT 1.D. LINK 1.D.

1 8 -0
o

o

2 7 o
o

o

3 6 o
-0

o

4 5 -0
-0

o

5 2 -0
‘ (o]

o

POSITION
( IN)

.SS1E+00
.930E+00
. O00E +00
.236E+01
.486E+00
. 000E+00
. 186E+O1
.1S7E+0O1?
. 000E+00
.3S4E+00
.J26E+01
. O00E +00
.J09E+01
.37T0E+00

. O00E+00

VELOCITY
( IN/S )

-0.237E+02
~0. 105E+02
0.000E+00
-0.214E+02
.318E+02
. O00E+00
.S1SE+01
.224E+02
.O00E+00
.291E+02
-0.445E+01
0.000E+00
~0.142E+01
-0.319E+02

0.000E+00

ACCLERATION
{ IN/S*S )

0.352E+03
-0.489E+03
0.000E+00
-0.291E+03
-0.616E+03
0.000E+00
~0.214E+03
-0.245E+03
0.000E+00
0.645E+02
0.191E+03
0.000E+00
0.334E+03
0.201E+02

0.000E+00

SL



LINK ANALYSIS

TOTAL NO. OF LINK =

LINK I.D.

10

ANGULAR VELOCITY

( RAD/S )

0.000E+00
0.000E+00
0. 100E+02
0.000E+00
0.000E+00
0. {50E+02
0.000E+00
0.000E +00
0.577€+01
0.000E+00
0.000E+00
0.882E+01
0.000E+00
0.000E+00
0.882E+01
0.000E+00
0.000E+00
0. 148E+02
0.000E+00
0.000E+00

0. 103E+02

ANGULAR’

ACCLERATION

( RAD/S*S )

0.000E+00
0.000E +00
~0. 153E-04
0.000E+00
0.000E+00
~-0. 19tE-08
0.000E+00
0.000E+00
-0.255E+02
0.000E+00
0.000E+00
-0.402E+02
0.000E+00
0.000E+00
-0.402E+02
0.000E+00
0.000E+00
-0.4G2E+02

0.000E+00

0.000E+00 .

-0.402E+02

9L



DYNAMIC FORCE

JNT .,

~w N A DN -

10

10

ANALYSIS RESULTS

X -~ COMPONENT

0.653E+04

-0. 119€+04°

0.381E+04
0.313E+04
-0.487E+04
0.870E+04
0.127€E+056
0.870E+04

~0. 164E+05

~-0.

-0.

COMPONENT

. 106E+0%5

443E+04

182E+04

.258E+04

0. 113E+05

0. 130E+05

0.425E+04

-0.

J92E+04

.449E+04

© © © 0 0 © © ©0 ©°

COMPONENT

.000E+00
.0O00E+00
.0O00E+00
.O00E+00
.O00E+00
.O00E+00
.O00E+00
.O00E +00

.000E+00

LL



DYNAMIC TORQUE ANALYSIS RESULTS

JNT.

~N 6O O A& QN -

fo

10

X - GCOMPONENT

©C © 0 0 0 0 0 0 ©

. O00E +00
.O00E+00
.O00E+00
.O00E+00
. O00E +00
.O00E+00
.O00E+00
.O00E+00

. O00E+00

Y - COMPONENT

0.000E+00
0.000E+00
0.000E+00

.O00E+00

.000E+00

. O00E +00

o
o
0.000E+00
o
0.000E+00
o

.O00E+00

Z - COMPONENT

-0. 110E+05
0.144E+04
0.109E+09
0.366E+02
-0.424E+02
0.330E+04
-0. t12E+05
~0.328E+04

0.959E+04

8L



STEP NO. = 4

RESULTS FOR THE CLOSED LOOP

CONVERGENCE AFTER

3 ITERATIONS

DISPLACEMENT ANALYSIS RESULTS ( DEG/IN )

UNT. 3 = ~14.46423
UNT. 4 = 136.7528

UNT. 10 = 63.4114S

VELOCITY ANALYSIS RESULTS ( RAD/S / IN/S)

UNT. 3 = -9.389841
UNT. 4 = 2.975307

UNT .10 = 0.4145532

ACCLERATION ANALYSIS

JUNT. 3 = -26.66052

UNT. 4 = -15.63498

UNT. 10 = 42.29482

RESULTS ( RAD/S*S / IN/S*S)

6L



POINT ANALYSIS

TOTAL NO. OF POINTS = 5

POINT 1.D. LINK 1.D. POSITION

N
~
© © 0 ©0 © ©

-0.

( IN)

.645E+00
.816E+00
.O00E+00
.227E+01
.543E+00
. O00E+00

. 188E+01

152E+01

.000E+00
.310E+00
.327E+01
. O00E +00

.309E+0t

0.259E+00

0.000E+00

VELDCITY
( IN/S )

-0.209E+02
-0.121E+02

0.000E+00
-0.212E+02
.295E+02
.O00E+00
.S503E+01
.212E+402

.O00E+00

© 06 0 0 o ©

.294E+02
-0.44T7E+01

0.000E+00
~-0.256E+00
-0.318E+02

0.000E+00

ACCLERATION

( IN/S*S )

0.

© 0 © © 0 © o

JI78E+0I

.435E+03
.OCOE+00
.235E+03
.606E+03
.OCOE+00
. 179E+03
.246E+03
.O00E+00
.TOSE+02
. 190E+03
. O00E+00
.JI1E+OI
.325E+02

. Q0OE+00

08



LINK ANALYSIS

TOTAL NO. OF LINK =

LINK 1.D.

10

ANGULAR VELOCITY

( RAD/S )

0.000E+00
0.000E+00
0. 100E+02
0.000E+00
0.000E+00
0. 160E+02
0.000£+00
0.000E+00
0.661E+01
0.000E+00
0.000E+00
0.859E+01
0.000E+00
0.000E+00
0.889E+01
0.000E+00
0.000E+00
0. 146E+02
0.000E+Q0
0.000E+00

0. 101E+02

ANGULAR’ ACCLERATION

{ RAD/S*S )

©C 0 0 O ©

.O00E +00
.OO00E+00
.000E+00
.000E+00
.O00E+00

.183E-04

0.000E+00

.O00E+00

.267E+02

0.000E+00

0.000E+00

-0.

423E+02

0.000E+00

0.000E+00

.423E+02

0.000E+00

0.000E+00

-0.

423E+02

0.000E+00

0.000E+00

.423E+02

18



DYNAMIC TORQUE ANALYSIS RESULTS

JUNT .

~ o «a »

10

ID

X - COMPONENT

0.

© © © 0 6 0 ©o ©

O0OE+00

. O0QE+00
.O00E+00
.O00E+00
.O00E +00
.000E+00
.O00E+00
.O00E+00

.O00E+00

© © 0 0 0 0 © ©o o

COMPONENY

.O00E+00
.O00E+00
.O00E+00
.O00E+00
. OO0E+00
. OO0E +00
. O00E+00
. OOQE +00

.O00E+00

COMPONENT

.T08E+04

0.234E+04

0.400E+02

0.537€+02

. 500E+02
.53|E+04
. 104E+05
.315E+04

.47T7E+04

£8



STEP NO., =~ 8

RESULTS FOR THE CLOSED LOOP

CONVERGENCE AFTER

3 ITERATIONS

DISPLACEMENT ANALYSIS RESULTS ( DEG/IN )

UNT, 3 = -17.64626
UNT. 4 = 138.0578

UNT. 10 = 63.08850

VELOCITY ANALYSIS RESULTS ( RAD/S / IN/S)

JUNT. 3 = ~9.556497
UNT. 4 = 2.889145

JNT. 10 = 0.6674049

ACCLERATION ANALYSIS

JUNT. 3 = -27.76442

UNT. 4 = ~16.64032

JUNT. 10 = 44.40331

RESULTS ( RAD/S*S / IN/S*S)

14°]



POINT ANALYSIS

TOTAL NO. OF POINTS = 5

POINT 1.0. LINK 1.D.

POSITION

(IN)

.T23E+00
.696E+00
. OOOE +00
.219E+01
.S89E+00
. OOOE+00
. 184E+0O1
. 148E+01
. O00E+00
. 264E+00
. 329E+01
. O00E+00

.309E+01

0. 148E+00

0.000E+00

VELOCITY

( IN/S )

-0.181E+02
-0. 134E+02
0.000E+00
-0.208E+02
.272E+02
. O00E+00
.60TE+O1
. 199E+02
.O00E+00

©c © © 06 © ©

.296E+02

-0.450E+01

©

.O00E+00
0.896E+00
-0.317€402

0.000E+00

ACCLERATION

( IN/S*S )

0.

-0.

401E+03

382E+03

.000E +00
. 180E+03
.8592E+03
. OO0E +00
. 144E+03
.244E+03
.O00E+00
. T766E+02
.191E+03
.O0OE +00
.328E+03
.446E+02
. COOE+00

T



LINK ANALYSIS

TOTAL NO. OF LINK =

LINK I.D.

10

ANGULAR VELOCITY

(

©c 0 0 © 06 0 0 0 0 0 0 0 0 0 0 06 06 ©0 © © o

RAD/S )

.O00E+00
.O00E+00
. 100E+02
. O00E+00
. 000E+00
. 1S0E+02
.O00E+00
.O00E+00
.B44E+01
. QO0E+00
.000E+00
.833E+01
.O00E+00
.O00E+00
.833E+01
.O00E+00
.QO0E+00
. 143E+02
.O00E+00
.O00E+00

.983E+01

ANGULAR’ ACCLERATION

( RAD/S*S )

0.000E+00

0.000E+00

-0.

153E-04

0.000E+00

0.000E+00

-0

.610E-04

0.000E+00

0.000E+00

.278E+02

0.000E+00

0.000E+00

.444E+02

0.000E+00

0.000E+00

-0.

444E+02

0.000E+00

0.000E+00

-0.

444E+02

0.000E+00

0.000E+00

-0.

444E+02

98



DYNAMIC FORCE ANALYSIS RESULTS

JNT. 1D X - COMPONENT Y - COMPONENT Z - CDMPONENT
1 0.364E+04 0.774E+04 0.000E+00
2 -0.210E+04 -0.572E+04 0.000E+00
3 O.516E+04 -0.270E+04 0.000E+00
4 0.378E+04 ) ~0.407E+04 0.000E+00 *
5 -0.560E+04 0.817E+04 0.000E+00
6 0.652E+04 0. 126E+06 0.0005*06
7 0. 112E+05 0.481E+04 0.000E +00
a 0.539E+04 -0.325E+04 0.000E+00
10 ~0. 142E+06 0.346E+04 " 0.000E+00

L8



DYNAMIC TORQUE ANALYSIS RESULTS

® «N 6 O & w N

10

10

X ~ COMPONENT

© 0 00 © 0 0 0 ©

.Q00E+00
.Q00E+00

.000E+00

OQ0E+00

.O0Q0E+00

OQ0E+00

.000E+00
.0O00E+00

.O00E+00

©C O O O © 0 © °o o

COMPONENT

. O00E+00
.O00E+00
.000E+00
.O00E+00
.O00E+00
.O00E+00
. O0OE+00
.O00E+00

.000E+00

COMPONENT

. 308E+04

0.312€+04

0.8513E+01

0. 121E4+03

-0.

-0.

338E+02

. T32E+04

956E+04

.302E+04

.4435E+02
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