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CHAPTER I
INTRODUCTION N
Background

In order to give a person a better environrent, the acoustic envir-
onment needs to be controlled. A frequently encountered situation is
acoustic propagation in ducts. Thus, duct acoustic problems are often
encountered to control noise, for example, in ventilation ducts, muf-
flers of passenger cars, and nuclear reactors. Most duct acoustic pro-
blems involve fluid flow inside a duct. Many parameters, however, such
as fluid flow in a duct, complex geometry of a duct and sound radiation
from the open end of a duct make duct acoustic problems complicated.
Consequently it is hard to obtain the analytic solutions for such com-
plicated problems so that many different solution techniques such as
approximate methods, finite difference method, and finite element method
have been developed.

The approximate method usually involves Very 1imiting assumptions
which restrict its usefulness. The finite difference method gives good
numerical results but it is difficult to be applied to complex geometry
of ducts. Thus, the finite element analysis will be adopted in this

paper.



Literature Survey

During past decades many researchers have worked on‘duct acoustic
problems. They used analytic methods, numerical methods or both of them
to solve the problems. First of all, the analytic results will be re-
viewed and later the numerical results will be reviewed.

The acoustic problem not iné]uding fluid flow was solved by Morse
[1]. He developed the theory about sound attenuation in a duct with no
flow. After that, Lansing and Zorumski [2] also dealt with the duct of
uniform area with Tining variations but no flow, and Cho and Ingard [3]
studied higher order mode prbpagation in a nonuniform circular duct
without mean flow. They derived an approximate wave equation on the
assumptions that the duct has very slow change of cross-section and
given mode continues through the duct without mode change. They used
“Circular Cosh Duct" to develope their theory.

The acoustic problem including fluid flow was worked on by Eversman
and Astley [4,5]. They studied the acoustic problem inba non-uniform
duct with flow, and they considered a high speed subsonic compressible
flow inside a duct. They also used two methods to attack this problem;
the method of weighted residuals and the finite element method. The
comparison between the results obtained using two methods was also given
in those papers and two results were in good agreement. The plane wave
in ducts with one dimensional flow was also dealt by King and Karamcheti
[e].

Nayfeh [7] studied sound propagation through non-uniform ducts with
and without flow. He reviewed the state of art concerning methods deal-

ing with non-uniform duct acoustic problems, and the reviewed methods



were purely numerical methods, quasi-one-dimensional approximations,
solutions for slowly varying cross section, solutions for weak wall un-
dulations, approximation of the duct by a series of stepped uniform cross
sections, variational methods and solutions for the mode envelops.

Callegari and Myers [8] studied the propagation of sound inside a
converging-diverging duct containing a quasi-one-dimensional steady flow
with a high subsonic throat Mach number, and they concluded that the
linearized acoustic theory at the throat of the duct was invalid. Nay-
feh, Shaker and Kaiser [9] developed an acoustic theory to determine the
sound transmission and attenuation in a lined and non-uniform duct in-
cluding compressible, sheared, mean flow. They used the wave envelope
technique to solve for the envelopes of the quasi-parallel acoustic
modes that exist in the duct instead of solving for the actual wave.
However, this technique was proved to be not suitable near cut-off fre-
quency.

The analytical approaches mentioned above have many limitations in
solving the acoustic problem. Hence, lots of numerical techniques have
been developed. Among the numerical methods, the finite element method
has become most popular because of its general and diverse applicability.
The first attack to the acoustic problems using finite element technique
was initiated by Gladwell [10] who used a one-dimensional element.
Craggs [11] predicted the sound transmission loss from the engine com-
partment and the passenger space of a passenger car using three-dimen-
sional box elements. Abrahamson [12] determined the mathematical model
used for obtaining optimum acoustic liners in aeroengine ducts using
finite elements. He also developed an accurate mathematical model for

sound propagation in axisymmetric aircraft engine ducts with compressible



mean flow and the model is based on the perturbation theory of fluid
dynamics [13].

Baumeister et al. [14] used both finite element method and finite
difference method for the study of sound propagation without flow in a
rectangular duct with a converging-diverging area variation. They also
performed experimental study for this problem. The results obtained
using three different methods were in good agreement. Young [15] used
finite element method to compute the sound attenuation performance of
mufflers for internal combustion engine, and he stressed the finite
element method over other numerical approaches because the former could
be applied to the muffler with completely general geometry and complex
boundary conditions which included not only displacement but also pres-
ure boundary conditions. Baumeister [16] reviewed both finite element
and finite difference methods for the sound propagation in straight and
variable area ducts including flow. Sigman et al. [17] studied the
acoustic properties of turbofan inlets containing high subsonic Mach
number flow using finite element method and Galerkin's method. Ling
[18] also exploited two-dimensional isoparametric elements to solve

several duct acoustic problems.
Acoustic Domain Equations

In order to solve the duct acoustic problem, the finite element
analysis can be based on several different domain equations. The type
of shape functions and required conformability depend on the domain
equation to be used.

Abrahamson [13] derived four governing equations for the 1inearized

acoustic motion in a nonuniform axisymmetric duct using basic fluid



dynamic equations such as conservation of momentum, mass and energy

equations and equation of state. The derived equations are
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To apply the finite element method to Equations (1.1) through (1.4),
four types ofAshape functions are needed for the variables u,v,w, and
P. In addition, according to the conformability condition the equation
whose order is equal to 2m requires m-1 conformability. The notation
Cm-1 is used to indicate m-1 conformability. Thus, Equations (1.1)
through (1.4) require Co conformability because they are first order
equations. Astley and Eversman [ 5] used the same equation as above but
they neglected the velocity in Z-direction.

Pridmore-Brown [19] combined all basic fluid dynamic equations into
single equation with the assumption of tranversly one-dimensional

sheared flow. The derived eguation is

2 2 2 2
1_a°P 2y 3°P . 3°P 2 3°p M
=(1-M + -t v o_
¢® st ( )»axz 2 C axat t2cgyax -0 (1.5)

Savkar [20] deduced the same equation as Equation (1.5) but he adopted



the momentum equation for the last term of right hand side of Equation
(1.5). The resultant equation is

2
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which requires C] conformability. If velocity U is assumed to be con-
stant with respect to y, that is d/dy = 0, then Equation (1.6) is trans-

formed into the convected wave equation

2
DP o 292p = g (1.7)

Dt2
Here the substantial derivative D/Dt is

d

., 0
Tt Usx

oo
=

(1.8)

with one-dimensional flow. Moreover, with an assumption that the pres-

sure is a time harmonic function such as
P(t,x) = P'(x) '@t (1.9)

Equation (1.7) is transformed into

2 2 .U 9P U™ §"P _
VP"'kP-Z'Iw—C—Z-éY-C—Za—X?-—O (].]0)

This equation was used by Ling [18]. 1In this equation only one shape
function for the unknown parameter, P, is needed and Co conformability
is required to make the finite element solution converge as the element
mesh becomes smaller and smaller.

If two-dimensional flow is considered, the substantial derivative

becomes



D 3 L
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Therefore, using Equation (1.7) and (1.11), the conveted wave equation

can be expressed as

2 et e 2
2 2 m .2l P 2V 3P 2UV 5
VP (KT - )P - e _?'ay 72 Xy y
y c c
2 o !E-§E§-= 0 (1.12)
T Py

The above equation also requires one shape function for P and Co con-
formability and this equation will be used throughout this paper. The
significant assumption in deriving Equation (1.12) is that the mean
velocity remains constant; however, when used in a finite element for-
mulation the velocity will vary from element to element. If a smaller
element mesh is used in finite element analysis, the assumption will

approximate a velocity varying throughout the system domain.
Objective

The objective of this thesis is to analyze the acoustic field in
an axisymmetric duct with or without flow using the finite element me-
thod. This method will be applied to several example problems. First
of all, the finite element method combined with the convected wave equa-
tion is applied to simple problems and each finite element solution is
compared with the analytic solution or the experimental result to veri-
fy the accuracy of the finite element solution.

Next, the finite element method combined with the convected wave

equation is applied to the duct acoustic problem containing shear flow



in a duct to check if this method can be used to solve the problem in-
volving shear flow. As more complex example, the finite element method
is applied to find the sound propagation in a converging-diverging duct
with two-dimensional flow.

Through this research an axisymmetric circular duct with hard wall

is used, and the domain equation to be used can be rewritten as

2oy Moy p . 2UoP 20 0P 2u %
2 VAT 73y 2 3xay
Y c o o
2. 2 .2
-ﬁap-%a—;ﬁo (1.13)
® & ¢t ooy

The boundary conditions, which are derived in Appendix A, are

3P 9P

. P, pUoP V - 4

Tow > ¥ 28—><—+77——5—n on Sw (1.14)
5P _ on Si 5
5 f(x,y) 1 (1.15)

where f(x,y) is a given input boundary condition, and Sw and Si are

shown in Figure 1.

Y
/T R CENTER LINE
H 1
!
| s s
! Si SW
! :
s Sw ?
W//////////f///////////////)”//f////////////////////////I' \X
HARD WALL

Fiaure 1. Idealization of Acoustic System



CHAPTER II

DEVELOPMENT OF GALERKIN FINITE ELEMENT METHOD

Galerkin Finite Element Formulation For Acoustic

Field Inside Circular Ducts

As mentioned in the previous chapter, the domain equation

. 2
2 2 m 2 §P 2V 3P 2UV 37P
VP + (k"-—5) P - LA T -
S;? ;7'ax ;?'av 2 9xdy
w2 a% et 2.1)
S22 T2 :
C~ 9X c oy

will be used to formulate the acoustic-flow problem in an axisymmetric
“duct. In addition, the Galerkin method will be adopted to formulate
the finite element equation corresponding to Equation (2.1).

Galerkin method is one of the weighted residual methods which in-
clude collocation, least squares, least square collocation, and moment
methods. According to Cook [21] the methods differ in how the weight
function Wi is defined, and the general procedure is to establish a ten-
tative group of solutions and decide the best solution of the group
.based on a given criterion. The criterion for weighted residual methods

can be written as

L Wi RdV =0 (2.2)

where R is residual of the governing equation.
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In Galerkin's method, the shape function Ni can be used as the

weight function Wi and then Equation (2.2) may be written as

J/% Ni RdV =0 (2.3)

Next, consider the finitely subdivided domain as shown in Figure

2. On the finite subdomain the acoustic pressure P can be expressed as
K

P =) Wi Pi (2.4)

i=]

where K is the number of nodal points on the subdomain, Ve, Using a

matrix notation, Equation (2.4) may be rewritten as
= LNJ {P%} (2.5)

To obtain the residual R® on each subdomain Equation (2.5) 1is inserted

into Equation (2.1). Then

R = (L] + (k2 iy - 2 oMy 2 ol
9X 2 "3X
2 2 R
y
2 U2 2 .2
2UV 1 9°P 9 N \ 5N e
-7 bmy szl - 2 ) 08 (2.6)
c 9Xoy C '(':‘2‘ g;z‘

Equation (2.6) is a trial solution, so the best solution can be selected
using the criterion Equation (2.3). Inserting Equation (2.6) into Equa-

tion (2.3) yields

1% - /E{N}LVZNJ dv{p®) +[ek2{N}LNJ dv{P®)
v v

2 1 e .
" fve Ly (00 auee®) - 21f - (A Vo)
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. oN UV e
i 21[\/‘3 3y avee®s - 2[ % {J}Laxayj ias!

2 2 2 2

U 3“N ) V- a°N e
- = (NLS—=] dViP®} -f S (NS dviP®}  (2.7)
“/;e c 5X ve ¢ 3y2 ‘

v L ey

Figure 2. System Domain

The Green's theorem is applied to the first, sixth, seventh and
eighth terms to reduce the order of Equation (2.7). The first term is

transformed using the Green's theorem into the following form

no
o
~

fse {N} Lg—r'\]'J ds{p®} -fve {VN}LVNJ dv{P®} (2.

Here, to perform a surface integral of the first term in Equation
(2.8) the boundary conditions must be introduced. PRewriting the boun-

dary conditions here yields

PLUR L V2P _ 2P
fow - + = == 7 3y - on S, (2.9)
%= £(x,y) on S, (2.10)

where Swand Si are shown in Figure 1 and f(x,y) is a given input boundary

condition, and the subscript o for o is omitted. Applying Equations
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(2.9) and (2.10) to Equation (2.8) vields

/S o O o) as -t [ o B ase®)

i w

f o (NN J ds{p®} - f {N}LBNJ ds{p®}
SW SW

-/e {VNILUN] dV{P®} (2.11)
v

In a similar way, the sixth, seventh, and eighth terms of Equation

(2.7) are transformed into the forms, respectively,

f 2V 1y Lg—yJ (7, « T) dstp®) f 2Uv 3“’ Jd\’{P }

(2.12)
2 2
U U™ 10N =
fsie L f(x.y) ds +jswe O BHERL (7, ) estP®)

c

f\-g{é—-} N avep®) (2.13)

2
V aN K . e '
fswe?-{N}La—jJ G, - 7 a0 - [ e 7{ 3y (3N avgeey
(2.14)

Substituting Equations (2.11), (2.12), (2.13) and (2.14) for the
first, sixth, seventh and eighth terms of Equation (2.7) and rearranging

the result, we obtain the resultant equation
(w*[M®] - qw([CI®] + 2[DI®] + 2[Dd®]) - [IU®] - [1VE]

S[K®T - [L®] - [E®] + [F®] - [G1%] +[HI®] - [6J®1 + [H®1){P®}



where

- [R®1 - [0°1 = (1%

€] =f o L (NFLND v
V- ¢

[c1¢] =fs o = N} LNJ dS
W

1% [e—Z{I\}LBNJdV

[d€] = ‘Z (N} L——Jdv

e z

[1ue] =fs oY Ny La”J ds

e z

[1ve] =fs o oy 2N J ds
w

[K®] = f v (TNILUNJ dv

2
eq _ m
[L®] = ve y—z{N}LNJ dv

[£8] f 2V N3N A,
w

7UV BN BN

2
eq _ U oN - -
61~ -jswe z N Ll (0

=1

(2.
Acoustic Inertia (2.
Boundary Impedance
Damping : (2.
Horizontal Flow
Damping (2
Vertical Flow
Damping (2.

Horizontal Flow Effect on

Boundary Impedance (2.

Vertical Flow Effect on

Boundary Impedance (2.

Acoustic Stiffness (2.

Higher Mode Stiffness (2.

ds
Coupled Flow Effect on

Boundary Stiffness (2.

Coupled Flow Convection
Stiffness (2

ds
Horizontal Flow Effect on

Boundary Stiffness (2.

13

16)

17)

.18)

19)

20)

21)

22)

23)

24)

.25)

26)
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2
[HI®] —J/V U2 {gB}LBNJ dy Horizontal Flow
Convection Stiffness

(2.27)

2
(637 = [ e L tnH2N) (5 -R) dS  Vertical Flow Effect on
S 2
W C Y Y Boundary Stiffness (2.28)

N

2
[HI®] =J[§ L J dv Vertical Flow Convection
Stiffness (2.29)
[R®] =J/; e {N} f(x,y) dS Particle Velocity
i Boundary Input (2.30)
2
[Q%] =,/; e l—J-Z-{N} f(x,y) dS Convection Effect on
i ¢ Input (2.31)

Neglecting the terms which contain the vertical velocity V, we will ob-
tain the same equation as was obtained by Ling [18].

If there is no flow in a duct, only five terms, [M®], [CI®], [K®],
[L®], and [R®] of sixteen terms will be left in Equation (2.15). If
we also assume one-dimensional flow inside a duct, there will be ten
terms Tleft.

As mentioned before, there has been an assumption in deriving
Equation (2.15) that the velocity of an airflow in a finite element mesh
is constant in each direction. Thus, the average value of the velocities
in a mesh can be used in each direction.

Equation (2.15) may be rewritten as
[T°1¢P®} - (%) = (1%} (2.32)

where [T®] and {S%} are the sums of all square matrices and column vec-
tors, respectively, in Equation (2.15). Assembling Equation (2.32)

over whole elements yields
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(1] {P} = {s} =~ (2.33)

where [T] and {S} mean the sums of all element square matrices and
element co]umn vectors, respectively.

Equation (3.33) is the final equation to be solved in order to com-
pute the acoustic pressure {P} in a duct. This is a linear algebraic
matrix equation, and several numerical solution methods can be utilized

to obtain the acoustic pressure {P}.
Isoparametric Element and Numerical Integration

" Isoparametric Element

Many different kinds of finite elements can be used in deriving
the Galerkin finite element equation. However, the isoparametric ele-
ment is particulary suitable for the curved boundary element. There-
fore, we will adopt the isoparametric element for the formulation of
finite element equation.

The development of isoparametric elements is given in many Refer-
ences [21,22]. Baumeister [16] presented a summary of finite element
configurations used in acoustic applications. In this thesis, two-
dimensional quadratic isoparametric elements will be used as shown in
Figure 3.

The Serendipity shape functions for a two-dimensional quadratic

isoparametric element are expressed as

NT = =(1-r)(1-s)(r+s+1)/4 (2.34)
N2 = (1-r)(1+r)(1-s)/2 (2.35)
N3 = (1+r)(1-s)(r-s-1)/4 (2.36)
Nd = (14r)(1+s)(1+r)/2 (2.37)



s y
e 1 =& 1 91
70— GT 5 )
1
8e 4 —r C:{>
1
® 2 W
1 2 3

Figure 3. Two-dimensional Quadratic Isopa-
rametic Element and Its Mapping



N5 = (1+r)(1-s)(r+s-1)/4 (2.38)
Ne.=  (1-r)(1+r)(14s)/2 (2.39)
N7 = -(1-r)(1+s)(r-s+1)/4 (2.40)
N8 = (1-r)(1+r)(1-s)/2 (2.41)

The shape function Ni has unit value on the ith nodal point and zero

value on any other nodal points.

Numerical Integration

It is difficult to obtain a closed form of the integration of
Equations (2.16) through (2.31). Therefore, numerical integration me-
thods must be used to compute each terms. Gerald [23] introduced many
numerical integration techniques. The Gauss Legendre quadrature inte-
gration has been proved most advantageous in finite element work because
a polynomial of degree 2n-1 1is integrated exactly using n-point Gauss
legendre quadrature. In one-dimensional problems, the quadrature for-

mula for g(x) is expressed as

n
/[jg(x) dx = ;g; Wi g(xi) (2.42)

where n is the number of sampling points, and wiand g(xi) are the
weights and values of the function at the sampling points. The example
of sampling points is given in References [21,22, 23].

Because we are dealing with a circular axisymmetric duct, the vol-
ume and surface integrations in Equations (2.16) through (2.31) can be
replaced by area and line integrations, respectively, by the following

relations:

<

dv = 2my dA (2.43)
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*and

dS = 2my dL (2.44)

When Equations (2.43) and (2.44) are used for the integration of an

isoparametric element, the results are

fv F d'\T=fA F 2my dA ffF(r,s) 2rLNJ{Y}|J] dr ds  (2.45)
jSGdS=fLGZﬂydL

where N {Y} is equal to y and |J| is the determinant of the Jacobian

jG(r‘) 2rLNJ{Y} |J] dr (2.46)

matrix. For two-dimensional problems, the Jacobian matrix, [J], is

expressed as

3] {X"” y"“} (2.47)

X
’s y’s

where x;r indicates the partial derivative of x with respect to r. Thus,
the Gauss legendre quadrature can be directly applied to Equations (2.45)

and (2.46).



CHAPTER III
APPLICATION OF ACOUSTIC-FLOW FINITE ELEMENT

Several example problems are solved using the finite element for-
mulation which was derived in the previous chapter. The finite element
app]icationlis made to simple problems to verify the accuracy of the
finite element solution and after that more complicated problems.

Sound propagation in a duct including no fluid flow is considered.
The propagation of a p]ane'wave and a higher mode wave in a straight
duct is solved using the finite element formulation. Here the cut-off
frequency is considered for the case of a higher mode wave. Next, the
sound propagation of a plane wave in a bottle-like duct with closed end
is treated, and the finite element solution is compared with the experi-
mental result.

Later, sound propagation in a duct including a fluid flow is con-
sidered as example problems. The propagation of plane wave in a duct
with uniform fluid flow is solved, and these results are compared with
the analytical solutions. After that, the sound propagation in a duct
including a constant gradient fluid flow is treated. In this example
the pressure distribution across a duct is investigated.

Fina]]y, as a more complicated example problem, the sound propaga-
tion in a converging-diverging duct including two-dimensional fluid flow
is studied. In this case, the velocity distribution of fluid inside a

converging-diverging duct is obtained using the finite element analysis.
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Acoustic Field In Circular Straight Ducts

With No Flow

When no flow is present in a duct, Equation (2.1) is reduced to

2
vp + (K2 -M)p=o (3.1)

<

Moreover, considering a plane wave along a straight duct also reduces

Equation (3.1) to

P=20 (3.2)

where x is the axial direction of a circular straight duct. For this
simple problem, the percentage error of the finite element solution to
the exact solution versus the number of elements per wavelength is shown
in Figure 4, which is called the convergence curve for the no flow case
using two-dimensional quadratic isoparametric elements. According to
this curve, we can decide how many elements per wavelength are needed to
obtain the finite element solution within a certain percentage error
when compared with the exact solution. As an example, the finite ele-
ment solution obtained using eight elements per wavelength is shown in
Figure 5 and compared with the analytic solution. Both results are in
very good agreement.

The convergence curve for the no flow case using two-dimensional
cubic isoparametric elements was given in Reference [18]. When the
quadratic and cubic isoparametric elements are compared for this case,
three and a half quadratic elements and three cubic elements are needed

respectively to obtain the solutions with one percentage error. Even
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though the ;ubic isoparametric elements give slightly more accurate
solutions, they need much larger bandwidth for the computation of the
resultant Tinear algebraic system of equations. Thus, the quadratic
isoparametric element is better for this problem.

When a plane wave is used as a input wave, the wave propagates

along a straight duct in the shape of a plane wave as shown in Figure 6.

In order to consider the propagation of a higher mode input wave

the concept of cut-off frequency should be introduced. The cut-off fre-

quency is found from the equation
v2p + k% = 0 (3.3)

Using the separation of variable method to Equation (3.3), we obtain

P(r.6,2) = P J (k) 1Mo o Tkyx (3.4)

where P is the amplitude of pressure and

k, =k - kmn (3.5)
Applying the following boundary condition to Equation (3.4)

%%.: 0 at r = a (3.6)
yields

I '(kmna) =0 (3.7)

Thus, the cut-off frequency is obtained form Equation (3.7). For

instance, the cut-off frequency for a mode (1.0) inside a circular duct

with a radius of 0.2m is 502.55 cycles/sec.

The higher mode (1.0) is treated here so that higher and lower
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frequencies than the cut-off frequency are used as input to the duct.
For higher mode (m,n) the anechoic termination impedence is pc/amn, and

amn is computed from

(3.8)

which was given in Reference [24].

As expected the input wave with higher frequency than the cut-off fre-
quency propagates without the acoustic pressure drop, but the input wave
at lower frequency than the cut-off frequency propagates with the con-
stant decaying rate in logarithmic scale of absolute pressure. The de-
caying rate is computed as below.

From Equations (3.5) and (3.8), we obtain

kX = kamn (3.9)

and substituting Equation (3.9) into Equation (3.4) yields
p=p' olKimn X (3.10)
where

Pr=Fa (k) o 1M8 (3.11)

Thus, when the input frequency is less than the cut-off frequency at

higher order mode, we get from Equation (3.8)

o =1 /()2 -1 =g (3.12)

p=p' o KBmn X (3.13)
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Consequently, the decaying rate in logarithmic scale is -kan, and the
input wave with Tower frequency has the larger decaying rate. Figure

7 shows the phenomena mentioned above.

Sound Field In Varying Cross-section Ducts

Because the accuracy of the finite element solution was proved for
the sound field in a constant area duct with no flow in last section,
the accuracy of the finite element solution for the sound in a varying
cross-section duct with ﬁo flow will be verified. As that example prob-
lem, a bottle-like duct with a closed end is studied using the finite
element formulation. The piston-type sound source is used at the bottle
mouth and the hard walls exist in the other sides.

When Ka is larger than 1.3, the higher modes become significant so
that it is hard to get the exact solution using the analytical approach.
Therefore, the finite element formulation is used to solve the bottle-
1ike duct with a closed end when Ka is equal to 1.95 which is larger
than 1.3. The finite element solution and the experimental result are
shown in Figure 8. The experimental result was given in Reference [18].
The reason there is a slight difference between both results is that
the duct shape obtained by curve fitting using two-dimensional quadratic
isoparametric elements is not the actual duct shape used in experimental
analysis. The finite element mesh used for this problem is shown in
Figure 9, and this mésh was chosen based on the convergence curve given
in the Tast section.

In last and this sections, the accuracy of the finite element solu-
tion was proved for the duct acoustic problem not including flow in a

duct.
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Sound Field In Circular Straight Ducts

With Uniform Flow

When we consider the uniform airflow in a duct, the terms contain-
ing a velocity V in radial direction and a derivatives with respect to
y can be droped from Equation (2.1). Also, if the plane wave is treated,

the equation is simplified to the form

.
(1-% 28 1885 -0 (3.14)

w0
The analytic solution to Equation (3.14) with proper boundary conditions
is disscussed in Appendix B.

The convergence curves for the constant area duct problem including
uniform flow are given in Figures 10 and 11. Figure 10 is for the case
of flow along the sound propagation, and Figure 11 is for the case of
flow against the sound propagation. The number of elements per wave-
length can be selected based on these convergence curves for the constant
area duct with uniform flow.

The comparisons between the convergence curves for the quadratic
isoparametric elements shown in Figures 10 and 11 and those for the cu-
bic isoparametric elements given in Reference [18] indicate that the
quadratic isoparametric elements are better even though the cubic iso-
parametric elements give slightly more accurate results because of the
same reason as mentioned for the convergence curve of the no flow case.

The flow in the same direction as the sound propagation convects
the sound propagation so that a higher acoustic pressure propagates
along a duct. The comparing curves between finite element and exact

solutions are given for M=0.5 and M=-0.5 respectively in Figures 12 and
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13. The finite element solutions are in very good agreement with the
analytic solutions developed in Appendix B. In Figures 12 and 13 X is
the wavelength of the convected sound when the flow exists inside a duct
and A is equal to (1+M)Xo, where Xo is the wavelength when no flow exists
in a duct.

From this study it can be concluded that the finite element analy-
sis gives the accurate solutions for the constant area duct acoustic

problems including uniform flow.

Sound Field In Circular Straight Ducts

With Constant Gradient Flow

The circular straight duct containing constant gradient flow as
shown in Figure 14 is analyzed using the finite element method. Even
if the plane wave is used as an input wave, the wave inside a duct is
not the plane wave any more because of the refraction and the convection
due to the shear flow. It is very difficult to predict the anechoic
termination impedence so that a long duct can be used to attenuate the
reflected wave due to the disharmony of impedence at the right-side boun-
dary. Three ducts with different lengths but same radii are used to
find a duct whose front portion is not affected by the reflected wave
due to the disharmony of the anechoic termination impedence. To do so
the pressure distributions along the radii of the front portions of three
different ducts with same input frequencies are investigated. They are
shown in Figure 15. As shown in that figure the pressure distributions
for two ducts with 20cm and 30cm lengths are almost same. This means
that 20cm of length is enough to decay the reflected wave coming from

the right-side boundary so that the front portion of the duct may not
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be influenced by the reflected wave. Thus, this Tength duct is used
for this study.

Using the finite element analysis, two kinds of mode shpaes are
obtained for the pressure distribution across a duct, which are shown
in Figure 16. In the first mode shape, the sound is directed into the
boundary walls due ‘to the velocity gradient in shear flow. This was
predicted using the analytic study in References [19,25]. Moreover,
the large value of velocity of shear flow makes a greater change of
pressure across a duct than the small value of velocity, which is shown
in Figure 17. This result was also predicted by Pridmore-Brown [19].

The above phenomena can be used in reducing undesired sound by
making it pass through an acoustically lined duct, and we can conclude
the finite element analysis combined with the convected wave equation

can be used to solve the duct acoustic problem including shear flow.

Sound Propagation Inside Circular Converging-

Diverging Duct With Two Dimensional Flow

The converging-diverging duct with two-dimensional flow is analyzed
using the finite element method. As the geometry of the duct becomes
complicated, the phenomenon of sound propagation in a duct also becomes
difficult to predict. Even though the plane wave enters the inlet of a
converging-diverging duct, the plane wave does not persist any more
along the duct. Particuarly, with the existence of flow inside a duct,
the acoustic pressure field comes to be more complex. Figure 18 shows
the finite element mesh to be solved.

First of all, the acoustic field is studied without considering air-

flow in a converging-diverging duct. As the plane wave propagates
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inside a duct, the wave is in the shpae of standing wave in pre-nozzle
and nozzle sections. However, in post-nozzle section there is almost

no variation in acoustic pressure as shown in Figures 19 and 20. The
wave almost remains a plane wave in pre-nozzle section, but the wave is
converted into higher mode in nozzle seciton. After the nozzle section
the higher mode decays due to the cut-off frequency characteristics.
Thus, in this section the shape of wave comes to resemble the plane wave
as the sound continues to propagate along a duct, which is shown in
Figure 21.

Next, we assume the uniform flow at the inlet of a converging-
diverging duct. Even if the inlet velocity is assumed to be uniflow,
the velocity distribution inside a converging-diverging duct does not
remain uniform throughout the duct. A host of papers have been published
about the ve]ocify field in a varying area duct [ 26-30]. In this paper,
the finite element method using the potential flow theory is used to
compute the velocities in axial and radial directions of a converging-
diverging duct. The obtained velocity distribution in a converging-
diverging duct is shown in Figure 22. Here, the length of arrow indicates
the relative magnitude of velocity. As clearly shown in the figure, the
radial velocity component cannot be neglected around the nozzle section.
Thus, the terms containing the radial velocity in the wave equation can-
not be also omitted. The sound propagation with such velocity component
is solved and also shown in Figures 19 and 20. The characteristics of
sound propagation is preserved with the flow, but the peak of acoustic
pressure is different and there is also phase shift between no flow and
flow cases. Moreover, in case of Ka=2.2 the acoustic pressure peak

carrying flow is higher than that not carrying flow, but in case of
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Ka=0.73 the above statement is reversed. These are different results
compared to the results obtained using only one-dimensional flow which
does not include the radial velocities. The finite element analysis

for these problem using one-dimensional flow were also shown in Figures
19 and 20. Thus, the radial velocity terms cannot be neglected in solv-
ing the converging-diverging duct acoustic problem containing flow in

the duct.



CHAPTER IV
CONCLUSIONS AND RECOMMENDATIONS

Some important conclusions can be deduced through this study as
mentioned below:

1. The Galerkin finite element method in combination with two-
dimensional isoparametric element was proved to be powerful in solving
duct acoustic problems. In particular, this method was very useful to
the duct with complex geometry of boundaries and complex boundary con-
ditions. This kind of problems are very hard to solve by analytic and
other approximate methods.

2. The duct acoustic problems with shear flow in a duct were veri-
fied to be solved using the convected wave equation. The finite element
analysis using the convected wave equation gave reasonable results as
predicted by analytical method. Moreover, two different mode shapes
were obtained using the finite element analysis. The first mode of two
modes was predicted by some authors [19,25].

3. Two-dimensional quadratric isoparametric element was found to
have advantages compared to linear or cubic isoparametric elements. The
linear isoparametric element connot model the curved boundary, and there
is no big difference in convergence curve between quadratic and cubic
isoparametric elements. Thus, it can be concluded that the quadratic
isoparametric element is the best for the duct acoustic problems.

4. The result of sound propagation in a converging-diverging duct

48
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containing two-dimensional flow Qas quite different from that with one-
dimensional flow. Hence, the vertical velocity cannot be neglected in
predicting the sound propagation in a converging-diverging duct contain-
ing flow.

Next, some works can be recommended for the further research based
on this study.

1. As mentioned before, the basic domain equation used throughout
this research was derived based on the assumption that the velocity of
flow in an element was constant. This assumption is reasonable when the
smaller and smaller element mesh is used. However, if Equation (1.7) is
used as a domain equation, it need not be assumed that the velocity is
constant in an element. Instead, the larger finite element mesh can be
used and the finite element solution will be more accurate for the duct
acoustic problems including diverse flow. The disadvantage of Equation
(1.7) is that the higher order shape function is required because of CI
conformability.

2. Instead of an axisymmetric duct, any shape of duct can be ana-
lyzed using the finite element method. The different shape of duct re-
quires some change in numerical integration procedure. In this case,
Equations (2.43) and (2.44) cannot be used.

The further investigation as mentioned above will make the finite

element method be used to analyze more general duct acoustic problems.
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APPENDIX A
BOUNDARY CONDITION

The momentum equation in the x-direction is

ou ou ou _ 9P
p-aft-‘l'U—aj(—‘l"VW' ax (A.])

Here, the velocity can be expressed as

u = iw(A cos (wt-kx) + B cos (wt+kx)) (A.2)

where A and B are arbitrary constants.

Substituting Equation (A.2) into Equation (A.1) yields

1pwu+u%§‘?+v%=-% (A.3)
At the right-hand side bouncary of a duct, u can be expressed as

u ='; (A.4)
Substituting Equation (A.4) into (A.3) gives

i) + o0 g2 B) + oV 52 (B) - - 5 (A.5)

Using the assumption that the impedence is independent of space, we get

Usp, VP _ P 5P

T Z3 - T - Tan (A.6)

. p
L
10w 7

The boundary conditions for the other side walls can be deduced in a

similar way.
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APPENDIX B

ANALYTIC SOLUTION FOR A STRAIGHT DUCT ACCUSTIC
PROBLEM WITH UNIFORM FLOW

The domain equation for this case is

2
z)a__zp__zm 3P, 2
ax

(1-M ax kP = 0

o|=

The solution for Equation (B.1) is

. kx . kx

-1 Ts5—r

The corresponding boundary conditions are
= f(x.y) at x = 0

and

oP
oX : at x

Njc
QL

L -]
3n 39X pw

1]
—

where L is the length of a straight circular duct.

When only right-traveling wave exists, the impedence is
Z = pC
When only left-traveling wave exists, the impedence is

Z = - pC
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Thus, when only right-traveling wave exists, substituting Equation
(B.2), its derivative with respect to x and Equation (B.5) into Equa-

tion (B.4) yields B=0 so that we obtain

Next, from Equations (B.3) and (B.7) the final solution is

. KX
P=-1 l%—M—f(x,y) e MM (B.8)

Hence, the real and imaginary parts of pressure can be obtained from
Equation (B.8).
When only left-traveling wave exists, the similar procedure can

be applied to obtain the analytic solution.
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