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STRUCTURES AM) TOPOLOGY 

CHAPTER I  

INTRODUCTION

Prom th e  v e r y  b e g i n n i n g ,  t o p o l o g i e s  have b e e n  d e 

f i n e d  i n  t e rm s  o f  n e ig h b o rh o o d  s y s t e m s .  Y e t ,  ev en  a f t e r  

th e  p u b l i c a t i o n  o f  W e i l ' s  Sur  l e s  E s p a c e s  a S t r u c t u r e  Uni

forme [ 1 0 ] ,  no one seems to  have  n o t i c e d  t h a t  " in d e x e d "  

n e ig h b o r h o o d  sy s tem s  may be u se d  i n  th e  most g e n e r a l  s p a c e  

a s  w e l l  a s  i n  th e  r e l a t i v e l y  s p e c i a l  u n i f o r m  s p a c e .  T h is  

i s  s t r a n g e  f o r  a t  l e a s t  two r e a s o n s .

F i r s t ,  a s  w i l l  be s e e n ,  u n i f o r m l y  in d e x e d  sy s te m s  

o f  n e ig h b o r h o o d s  -  what  we s h a l l  c a l l  " s t r u c t u r e s "  i n  t h i s  

d i s s e r t a t i o n  -  p r o v i d e  a n a t u r a l  b r i d g e  from t o p o l o g i c a l  

s p a c e s  i n  g e n e r a l  to  u n i fo rm  s p a c e s  and m e t r i c  s p a c e s  i n  

p a r t i c u l a r .  I n d e e d ,  s t a r t i n g  i n  a m e t r i c  s p a c e ,  p o i n t - s e t  

t o p o l o g y  i s  r e a c h e d  by t r a v e r s i n g  t h i s  b r i d g e  i n  th e  r e v e r s e  

d i r e c t i o n ;  when the  m e t r i c  i s  l a s t  s e e n ,  i n  i s  s e e n  i n  t h e  

fo rm  o f  a n  in d e x e d  sy s te m  o f  n e i g h b o r h o o d s ,  v i z . ,  t h e  s y s 

tem o f  open  s p h e r e s  V^(x)  o f  r a d i u s  e c e n t e r e d  a t  x  which  

p r o v i d e  t h e  d e f i n i t i o n  o f  open s e t .  I t  was t h i s  o b s e r v a 

t i o n ,  no d o u b t  , t h a t  l e d  Weil t o  f o r m u l a t e  th e  n o t i o n  o f  

u n i f o r m i t y .

S e c o n d l y ,  much o f  the  work i n  p o i n t - s e t  t o p o lo g y  

h a s  b e e n  c o n c e r n e d  w i t h  g e n e r a l i z i n g  r e s u l t s  from a n a l y s i s  -
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r e s u l t s  which  more o f t e n  t h a n  n o t  r e q u i r e  c o n c e p t s  l i k e  u n i 

form  c o n t i n u i t y ,  Oaucny s e q u e n c e s ,  t o t a l l y  bounded s e t s ,  

c o n t r a c t i o n  maps, e t c . ,  and t h e s e  c o n c e p t s  i n  t u r n  r e q u i r e  

t h a t  one be a b l e  to  compare t n e  " s i z e s "  o f  n e ig h b o rh o o d s  a t  

d i f f e r e n t  p o i n t s  i n  t h e  s . ' a c e s  c o n c e r n e d .  But  one does n o t  

need  u n i fo rm  s p a c e s  -  much l e s s  m e t r i c  s p a c e s  -  t o  meet 

t h i s  r e q u i r e m e n t .  ^,.11 o f  t h e  c o n c e p t s  named and many more 

c a n  be d e f i n e d  i n  the  most  g e n e r a l  t o p o l o g i c a l  s p a c e  i n  

t e rm s  o f  n e ig h b o rh oo d  " s t r u c t u r e s " ,  a s  we s h a l l  s e e .

Of c o u r s e  tne  mere a b i l i t y  to  d e f i n e  a c o n c e p t  i n  

a n  e x t r e m e l y  g e n e r a l  s e t t i n g  does no t  c a r r y  w i th  i t  the 

p o s s i b i l i t y  o f  o b t a i n i n g  s i g n i f i c a n t  r e s u l t s  w i t n  t h a t  c o n 

c e p t  i n  t h a t  s e t t i n g .  I c  i s  one o f  th e  t h e s e s  i m p l i c i t  i n  

t h i s  d i s s e r t a t i o n  t h a t  n o t  o n ly  do m e t r i c  c o n c e p t s  g e n e r a l 

i z e  q u i t e  n a t u r a l l y  to  the  most  a b s t r a c t  o f  s p a c e s ,  b u t  

many o f  the  f a m i l i a r  th eo re m s  couched  i n  te rm s o f  tho se  

c o n c e p t s  c a n  be e x te n d e d  to  s u c h  s p a c e s  a s  w e l l .

I n  C h a p t e r  I I  t n e  fu n d a m e n ta l  i d e a s  i n  t h i s  work 

a r e  f o r m u l a t e d  and i n  te rm s  o f  tnem we i n v e s t i g a t e  the  r e 

l a t i o n s h i p  b e tw e e n  c e r t a i n  f a m i l i e s  o f  d y a d ic  r e l a t i o n s  o v e r  

a s e t  and tn e  r e s u l t i n g  t o p o l o g i e s  f o r  th e  s e t .  T h is  c h a p 

t e r  i s  so m e th in g  o f  a f o o t n o t e  to W e i l ' s  t r e a t i s e ,  f o r  h e r e  

we a r e  s im p ly  p u s h in g  h i s  i d e a s  t o  t h e i r  n a t u r a l  c o n c l u s i o n .

What we a r e  d e a l i n g  w i t h  a r e  v a r i o u s  g e n e r a l i z a t i o n s  

o f  W e i l 'S  c o n c e p t  o f  u n i f o r m  s t r u c t u r e ,  w hich  i n  t u r n  may be
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t h o u g h t  o f  a s  a k in d  o f  g e n e r a l i z e d  e q u i v a l e n c e  r e l a t i o n  

( t h o u g h  W eil  d i d  n o t  p r e s e n t  i t  i n  t h i s  way) .  G iv en  a s e t  

X, a n  e q u i v a l e n c e  r e l a t i o n  o v e r  X i s  a  d y a d ic  r e l a t i o n  

VCXXX s a t i s f y i n g

i )  ( x , x )  e V ;

i i )  ( y , x )  e V i m p l i e s  ( x , y ) E V ;  

and i i i )  ( x , y ) e V  and ( y , z ) r V  im ply  ( x , z ) e V ;

f o r  a l l  x , y , z e X .  No.v s u b s t i t u t e  f o r  V a f a m i l y  o f  r e l a 

t i o n s  V j  = c l o s e d  u n a e r  i n t e r s e c t i o n  and s a t i s f y i n g

i ' )  f o r  e a c h  a s I ,  ( x , x )  e V ;

i i ' )  f o r  e a c h  a  e I ,  t h e r e  i s  a  b e  I  su c h  c h a t

( y , x ) s V ^  i m p l i e s  ( x , y ) ^ V g , ;  

and i i i ' )  f o r  e a c h  a e I ,  t h e r e  i s  a  b e l  such  t h a t

( x , y ) e V %  and ( y , z ) e V ^  im ply  ( x , y ) E V a i  

f o r  a l l  x , y , z e X .  Vj  t h e n  i s  a u n i f o r m  s t r u c t u r e  f o r  X.

What were e q u i v a l e n c e  c l a s s e s  b e f o r e  now b e c o m e ' th e  " u n i 

f o r m ly  in d e x e d  n e ig h b o r h o o d s "  r e f e r r e d  to  a b o v e ,  v i z . ,  t n e  

s u b s e t s  V ^ (x )  = [y  E X: ( x , y ) E V g ^ ,  w i t h  x e X, a e I .  A u n i 

f o r m i t y  i s  a  u n i f o r m  s t r u c t u r e  to  w hich  b e l o n g s  e v e r y  r e l a 

t i o n  w hich  c o n t a i n s  a  member o f  t h a t  s t r u c t u r e .

One o f  W e i l ' s  p r i n c i p a l  r e s u l t s  i s  t h a t  t o p o l o g i c a l  

s p a c e s  w h ic h  a d m i t  u n i f o r m i t i e s  a r e  p r e c i s e l y  t h o s e  which  

a r e  c o m p l e t e l y  r e g u l a r , w h ich  means t h a t  f o r  e v e r y  p o i n t  x  

and  e v e r y  c l o s e d  s e t  F d i s j o i n t  f rom  x i n  such  a s p a c e  t h e r e  

i s  a  c o n t i n u o u s  r e a l - v a l u e d  f u n c t i o n  w h ic h  v a n i s h e s  a t  x  and  

i s  i d e n t i c a l l y  1 on  P. I n  C h a p t e r  I I  we c h a r a c t e r i z e  more
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g e n e r a l  k i n d s  o f  t o p o l o g i c a l  s p a c e s  i n  t e rm s  o f  t h e  k i n d s  

o f  " s t r u c t u r e s "  t h e y  a d m i t .  (Much o f  C h a p t e r  I I  i s  t a k e n  

f rom  th e  a u t h o r ' s In d e x e d  Sy s tem s  o f  E e ig h b o rh o o d s  f o r  Gen

e r a l  T o p o l o g i c a l  S p a c e s  [ 3 3 . )

A n o t h e r  i m p o r t a n t  r e s u l t  p r o v e d  by  Weil  i s  t h a t  

e v e r y  u n i f o r m  s p a c e  h a s  a c o m p l e t i o n .  I n  C h a p te r  I I I  we 

s h a l l  show t h a t ,  i n  one s e n s e ,  the  t h e o r y  o f  u n i f o r m i t i e s  

i s  " m in im a l"  i f  one w i s h e s  to  d e a l  o n ly  w i t h  s p a c e s  which  

do have  c o m p l e t i o n s  w i t h o u t  e x c e p t i o n .  Somewhat more p r e 

c i s e l y ,  what  we p ro v e  i s  t n a t  r e g u l a r  s p a c e s  which  have 

r e g u l a r  c o m p l e t i o n s  w i t h o u t  e x c e p t i o n  a r e  a l r e a d y  c o m p l e t e 

l y  r e g u l a r .  T h is  r e s u l t  d epends  h e a v i l y  on  t h e  p a r t i c u l a r  

d e f i n i t i o n  o f  "Cauchy f i l t e r "  w hich  we ch o ose  to  u s e .  I t  

i s  p o s s i b l e  t h a t  a  d i f f e r e n t  d e f i n i t i o n  would y i e l d  a more 

e l e g a n t  t h e o r y .

A lso  i n  C h a p t e r  I I I  we c o n s i d e r  v a r i o u s  k i n d s  o f  

weak " co m m u ta t ive  law s"  f o r  a  f a m i l y  o f  r e l a t i o n s  V j  u n d e r  

c o m p o s i t i o n .  F o r  ex am p le ,  m igh t  s a t i s f y  t n e  c o n d i t i o n ;  

f o r  e a c h  a e I  and e a c h  b e l ,  t h e r e  i s  a  c e l  s u c h  t h a t  

V^V^Sv^Vg^. I t  t u r n s  o u t  t h a t  c o n d i t i o n s  l i k e  t h i s  c o r r e s 

pond i n  a  n a t u r a l  way t o  v a r i o u s  k i n d s  o f  " c o n t i n u i t y "  o f  

t h e  members o f  V j .  I n  t e rm s  o f  one o f  t h e s e  d e f i n i t i o n s  

o f  " r e l a t i o n a l  c o n t i n u i t y "  we g iv e  y e t  a n o t h e r  s u f f i c i e n t  

c o n d i t i o n  f o r  a s p a c e  to  be c o m p l e t e l y  r e g u l a r  and c o n j e c 

t u r e  t h a t  th e  c o n d i t i o n  i s  a l s o  n e c e s s a r y .
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F i n a l l y ,  i n  C h a p t e r  IV, we e x t e n d  t h e  m e t r i c  i d e a  

o f  " c o n t r a c t i o n  map" t o  a p p l y  t o  t r a n s f o r m a t i o n s  o f  q u i t e  

g e n e r a l  t o p o l o g i c a l  s p a c e s  w h ich  a r e  e q u ip p e d  w i t h  " s t r u c 

t u r e s "  and we p ro v e  a  f i x p o i n t  th e o r e m  a n a lo g o u s  t o  t h e  

one d i s c u s s e d  hy Kolmogorov and Fomin i n  t h e i r  F u n c t i o n a l  

A n a l y s i s  [ 6 ] ,  The a u t h o r  owes h i s  i n t e r e s t  i n  t h e  s u b j e c t  

t r e a t e d  i n  C h a p t e r  IV t o  c o n v e r s a t i o n s  w i t h  Dr. J ,  Mathews 

who h a s  g e n e r a l i z e d  the  Kolmogorov-Fomin f i x p o i n t  th e o re m  

i n  a  somewhat d i f f e r e n t  d i r e c t i o n .  [ C f . ,  7 . ]



CHAPTEB I I  

STRUCTURES AMD TOPOLOGY

I n  t h i s  c h a p t e r  t h e  main c o n c e p t s  o f  t h i s  d i s s e r 

t a t i o n  a r e  d e f i n e d .  I n  te rm s  o f  t h e s e  c o n c e p t s  we t h e n  

i n v e s t i g a t e  t h e  r e l a t i o n s h i p  be tw een  c e r t a i n  f a m i l i e s  o f  

d y a d ic  r e l a t i o n s  o v e r  a  s e t  and th e  r e s u l t i n g  t o p o l o g i e s  

f o r  th e  s e t .

2 . 1 .  B a s i c  D e f i n i t i o n s .  A f a m i l y  ^ o f —' ' '■ 1 d d£J.
d y a d ic  r e l a t i o n s  o v e r  a  s e t  X w i l l  be c a l l e d  r e f l e x i v e  i f  

e a c h  c o n t a i n s  th e  d i a g o n a l  o f  X*X, sym m etr ic  i f  f o r  

e a c h  a  G I  t h e r e  i s  a  b e l  su c h  t h a t  ( t h e  t r a n s p o s e )  

and  t r a n s i t i v e  i f  f o r  e a c h  a  e I  t h e r e  i s  a  b e l  and a  

c e l  s u c h  t h a t  V^V-^SV^. (C o m p o s i t io n  i s  d e n o te d  by j u x t a 

p o s i t i o n  a n d ,  f o r  p o w e r s ,  by s u p e r s c r i p t s . )  i s  l o c a l l y

t r a n s i t i v e  i f  f o r  e a c h  x e X ,  each  a e  I ,  V ^V ^(x )C  v ^ ( x ) , 

where  b and c may depend  upon x a s  w e l l  a s  upon  a .

I f  Vj  i s  r e f l e x i v e  and c l o s e d  u n d e r  t h e  o p e r a t i o n  

o f  i n t e r s e c t i o n ,  i t  w i l l  be c a l l e d  a s t r u c t u r e  f o r  X. Thus 

a  r e f l e x i v e  sy m m etr ic  t r a n s i t i v e  f a m i l y  o f  d y a d ic  r e l a t i o n s ,  

c l o s e d  u n d e r  i n t e r s e c t i o n ,  i s  a  u n i f o r m  s t r u c t u r e  f o r  th e  

s e t  c o n c e r n e d .  So i t  i s  t h a t  u n i f o r m i t i e s  a r e  g e n e r a l i z e d

e q u i v a l e n c e  r e l a t i o n s .  H e re ,  how ever ,  we a r e  c o n c e rn e d

6
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w i t h  s t r u c t u r e s  w h ic h  may he much w eake r  t h a n  t h o s e  w h ich  

a r e  u n i f o r m .

I f  and  Uj a r e  s t r u c t u r e s  f o r  X, t h e  s e c o n d  w i l l  

be s a i d  t o  be a ^  f i n e  a s  t h e  f i r s t  i f  f o r  e a c h  e e l  t h e r e  

i s  a  d e J  s u c h  t h a t  Two s t r u c t u r e s  a r e  e q u i v a l e n t

i f  e ach  i s  a s  f i n e  a s  t h e  o t h e r .

By a sp a c e  we s h a l l  mean a s e t  t o g e t h e r  w i t h  a n

e q u i v a l e n c e  c l a s s  o f  s t r u c t u r e s  f o r  t h a t  s e t .  N o t a t i o n :

(X, Vj ) , where  V j  i s  a r e p r e s e n t a t i v e  s t r u c t u r e  f o r  X. I f  

YÇX a n d ,  f o r  e a c h  a  s 1, Jĝ  = Vg^nY<Y, t h e n  (Y, U j)  i s  a 

su b s p a c e  o f  (X, V j ) .

G iv en  a map f : X  —> Y: x  f ( x )  f ro m  a  s e t  X i n t o  a  

sp a c e  (Y, V j ) ,  t h e  s t r u c t u r e  i n d u c e d  b^  f  on X i s  t h e  f a m i ly  

f ^ ^ V- p f  = [ f " ^  V_ f  ] or-T" ( C l e a r l y  f ' ^ V ^ - f  i s  a  s t r u c t u r e  f o rX 3- 3 £  X X

X, i s  sym m etr ic  i f  V j  i s  s y m m e t r i c ,  e t c , ) I f  X h a p p en s  to

be a l r e a d y  e q u ip p e d  w i t h  a s t r u c t u r e  TJj, and  i f  Uj i s  a s  f i n e

a s  f ” ^ V j f ,  t h e n  f  i s  s a i d  to  be u n i f o r m l y  c o n t i n u o u s . Two 

s p a c e s  a r e  i s o m o r p h ic  i f  t h e r e  e x i s t s  a o n e -o n e  u n i f o r m l y  

c o n t i n u o u s  mapping o f  th e  one o n to  th e  o t h e r  whose i n v e r s e  

i s  a l s o  u n i f o r m l y  c o n t i n u o u s .

E ach  t im e  a c o n c e p t  i s  d e f i n e d  i n  te rm s  o f  th e  n o t i o n  

o f  s t r u c t u r e ,  one may a s k .  I s  i t  i n v a r i a n t  w i t h  r e s p e c t  to  

e q u i v a l e n c e  o f  s t r u c t u r e s  and w i t h  r e s p e c t  t o  i so m o rp h is m  

o f  s p a c e s ?  U n le s s  s p e c i f i c a l l y  n o t e d  to  th e  c o n t r a r y ,  i t  

may be t a k e n  f o r  g r a n t e d  t h a t  a l l  s u c h  c o n c e p t s  d e f i n e d  i n
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t h i s  d i s s e r t a t i o n  a r e  i n d e e d  w e l l - d e f i n e d  r e l a t i v e  to  

e q u i v a l e n c e  and i som orph ism .  The p r o o f  o f  t h i s  i n  each  

c a s e  i s  e a s y  a n d  w i l l  be o m i t t e d .

By a n d  l a r g e ,  c o n c e p t s  w h ich  c a n  be d e f i n e d  w i t h o u t  

m e n t i o n in g  p a r t i c u l a r  p o i n t s  i n  t h e  s p a c e  a r e  "u n i fo rm "  ( o r  

" g l o b a l " ) , an d  f o r  e a c h  o f  t h e s e  t h e r e  i s  u s u a l l y  a  c o r r e s 

p o n d in g  " l o c a l "  c o n c e p t .  For  e x am p le ,  a  s t r u c t u r e  Uj i s  

( l o c a l l y )  a ^  f i n e  a s  a  s t r u c t u r e  a t  some p o i n t  x  o f  t h e

sp a c e  i f  f o r  e a c h  e e l  t h e r e  i s  a  d e J  su c h  t h a t  U ^ ( x ) 5

Vg ( x ) ,  where  d  d e p en d s  p e rh a p s  on x  a s  w e l l  a s  on e .  Two 

s t r u c t u r e s  a r e  l o c a l l y  e q u i v a l e n t  i f  e a c h  i s  everyw here  l o 

c a l l y  a s  f i n e  a s  t h e  o t h e r .  A map f :X  Y o f  (X, U ,)  i n t oU
(Y, Vj ) i s  c o n t i n u o u s  i f  Uj i s  l o c a l l y  a s  f i n e  as  f ” ^ V j  f .  

Homeomorphisms b e tw e e n  s p a c e s ,  b e i n g  one -one  b i c o n t i n u o u s  

maps,  a r e  w h a t  one m igh t  t e rm  " l o c a l  i s o m o r p h is m s " .

The t h i n g  t h a t  l o c a l l y  e q u i v a l e n t  s t r u c t u r e s  have i n  

common, o f  c o u r s e ,  i s  a  t o p o lo g y .  G iv e n  a  s p a c e  (X, V j ) ,  

i t s  t o p o l o g y  i s  t h e  c l a s s  ^ o f  s u b s e t s  gQX  w h ic h  a r e  open

w i t h  r e s p e c t  t o  V j .  T h a t  i s ,  f o r  e a c h  x e  G t h e r e  i s  a n  a s  I

s u c h  t h a t  V ^ ( x ) 5 :G .  C l e a r l y  s a t i s f i e s  t h e  more u s u a l  

d e f i n i t i o n :  i t  i s  c l o s e d  u n d e r  f i n i t e  i n t e r s e c t i o n  and un

r e s t r i c t e d  u n i o n .  ^  i s  the  t o p o l o g y  f o r  X d e f i n e d  by V j .

S i n c e  l o c a l l y  e q u i v a l e n t  s t r u c t u r e s  a r e  n o t  n e c e s s a r 

i l y  e q u i v a l e n t  ( a n d  homeomorphisms n e e d  n o t  be i so m o rp h is m s )  , 

t h e  c o n c e p t  o f  t o p o l o g i c a l  s p a c e ,  v i z . ,  a s e t  p l u s  a  t o p o l o g y .
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i s  l e s s  d e f i n i t e  t h a n  t h e  n o t i o n  o f  " s p a c e "  d e f i n e d  above 

i n  t e r m s  o f  s t r u c t u r e .  N e v e r t h e l e s s ,  e v e r y  t o p o l o g i c a l  

s p a c e  a d m i t s  a  d e f i n i n g  s t r u c t u r e ,  a s  we s h a l l  s e e .

An o p e n  n e ig h b o r h o o d  s t r u c t u r e  f o r  a s e t  X i s  a 

s t r u c t u r e  Uj w i t h  t h e  p r o p e r t y  t h a t  e a c h  s u b s e t  o f  t h e  form 

U a(x)  ( a  e l ,  x  e X) i s  open  i n  th e  t o p o lo g y  o f  t h e  s p a c e ,

t h e  a d j e c t i v e  "open" b e i n g  o m i t t e d  i f  t h i s  p r o p e r t y  i s  r e 

p l a c e d  by

n . s .  ) g i v e n  a e I ,  t h e r e  i s  a b e I
s u c h  t h a t  f o r  e a c h  x  e X and e ac h  y e U ^ ( x ) ,
t h e r e  i s  a  c e l  s u c h  t h a t  U ^ ( y ) C U a ( x ) .

( n . s . )  may be t h o u g h t  o f  a s  a  v e r y  r u d i m e n t a r y  and  p r o v i n 

c i a l  " t r i a n g l e  i n e q u a l i t y " .

G iv e n  a s t r u c t u r e  Y j  f o r  a s e t ,  i t  i s  n o t  d i f f i c u l t  

t o  s e e  t h a t  i t  may be r e p l a c e d  by a n  open n e ig h b o r h o o d  s t r u c 

t u r e  Uj w h ich  i s  a s  f i n e  a s  V j  and which  d e f i n e s  t h e  same 

t o p o l o g y ,  i f  V j  i s  sy m m e t r ic  o r  l o c a l l y  t r a n s i t i v e ,  t h e n  

Uj  c a n  be made sym m etr ic  o r  l o c a l l y  t r a n s i t i v e .  I f  V j  s a t 

i s f i e s  ( n . s . ) ,  t h e n  Uj may be c h o se n  e q u i v a l e n t  to  V j .  

H e n c e f o r t h ,  u n l e s s  o t h e r w i s e  n o t e d ,  we s h a l l  assume t h a t  a l l  

s t r u c t u r e s  t r e a t e d  a r e  n e i g h b o r h o o d  s t r u c t u r e s .

2 . 2 . G e n e r a l  T o p o l o g i c a l  S p a c e s . F i r s t  we show 

t h a t  e v e r y  t o p o l o g i c a l  s p a c e  a d m i t s  a " u n i f o r m l y  in d e x e d "  

s y s te m  o f  o p e n  n e i g h b o r h o o d s .  The p o s t u l a t e s  f o r  o p e n  n e i g h 

b o rh o o d  s t r u c t u r e s  a r e  r e c a p i t u l a t e d  i n

Theorem 2 . 2 . 1 .  The p a i r  (X, ) ,  where  X i s  a  s e t

am
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and C f i s  a f a m i l y  o f  s u b s e t s ,  i s  a t o p o l o g i c a l  s p a c e  i f  and  

o n ly  i f  t h e r e  e x i s t s  a f a m i l y  Y j  o f  d y a d ic  r e l a t i o n s  o v e r  X 

s a t i s f y i n g

i )  f o r  e a c h  x e X ,  ^  ̂ Q j  V^Cx) ;

i i )  t o  e a c h  p a i r  a e I ,  b e l ,  t h e r e  
c o r r e s p o n d s  some c e l  s u c h  t h a t  f o r  a l l  x e X ,
VgCx) = 7 g ^ ( x ) n v ^ ( x )  ;

i i i )  g i v e n  y e Vg^(x), t h e r e  i s  a  b e l  
s u c h  t h a t  V%(y) C V^(x)  ;

and i v )  G e CT i f  and o n ly  i f  f o r  each  x e G
t h e r e  i s  a n  a e  I  s u c h  t h a t  V ^(x )  C G.

The p r o o l  o f  s u f f i c i e n c y  i s  s t a n d a r d  a n d  i s  o m i t 

t e d .  Assume, t h e n ,  t h a t  a  t o p o l o g i c a l  sp a ce  (X, S’ ) i s  

g i v e n  and d e f i n e  f o r  eac h  GeCr*, t h e  s u b s e t  '̂ q = [X^G]w 

C( X- G) *X]  o f  XxX. L e t  I  be th e  c l a s s  o f  a l l  f i n i t e  su b 

f a m i l i e s  o f  ST'and d e f i n e ,  f o r  e a c h  a e I ,  Vg, Then

Vj  i s  e a s i l y  s e e n  to  meet a l l  t h e  r e q u i r e m e n t s  o f  t h e  t h e o r 

em.

The u s e f u l n e s s  o f  t h i s  

t h e o r e m  i s  l i m i t e d  by t h e  f a c t  

t h a t  t h e  s t r u c t u r e  V j  c a n n o t  

i n  g e n e r a l  be made sy m m etr ic .

The r e a s o n  f o r  t h i s  c a n  be 

found  i n  t h e  f a c t  t h a t  t h e  

o f  Theorem 2 . 2 . 1  a r e  n o t  n e c e s -  ]_

s a r i l y  n e ig h b o r h o o d s  o f  t h e  d i a g o n a l  i n  t h e  p r o d u c t  t o p o lo g y .  

(See  Theorem 2 . 3 . 1 . )
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2 . 3 . R ^ -s p a c e s . The n e x t  q u e s t i o n  t h e n  i s ,  F o r  

w h ich  t o p o l o g i c a l  s p a c e s  c a n  th e  V_ be c h o se n  a s  n e i g h b o r -cL
h oods  o f  t h e  d i a g o n a l ?  I t  t u r n s  o u t  t h a t  o n ly  a  v e r y  m i ld  

" r e g u l a r i t y "  c o n d i t i o n  i s  n eed e d .  S in c e  i t  seems t h a t  t h e  

s p a c e s  w h ich  s a t i s f y  t h i s  c o n d i t i o n  have  n o t  a p p e a r e d  e x 

p l i c i t l y  i n  t h e  l i t e r a t u r e  b e f o r e ,  s e v e r a l  c h a r a c t e r i z a t i o n s  

w i l l  be g i v e n  i n  t h e  n e x t  theo rem .

I n  a  t o p o l o g i c a l  sp a ce  (X,t$*) l e t  A and B be s u b s e t s  

o f  X. A i s  s a i d  t o  be s e p a r a t e d  f ro m  B by an open  s e t  G i f  

A Ç  G and  GHB = . T h i s  i s  t h e  c a s e  i f  and  on ly  i f  AD B = . 

A and  B a r e  e n t i r e l y  s e p a r a t e d  i f  t h e y  a r e  s e p a r a t e d  by d i s 

j o i n t  o p e n  s e t s .  We s h a l l  r e f e r  to  s i n g l e t o n s  a s  " p o i n t s " .  

Thus a T ^ - s p a c e  i s  a  t o p o l o g i c a l  s p a c e  i n  which d i s t i n c t  

p o i n t s  a r e  s e p a r a t e d  f rom  one a n o t h e r .

Theorem 2 . 3 . 1 . The f o l l o w i n g  s t a t e m e n t s  a b o u t  a 

t o p o l o g i c a l  s p a c e  ( X , 5^) a r e  e q u i v a l e n t ;

a )  c l o s e d  s e t s  a r e  s e p a r a t e d  from th e  
p o i n t s  t h a t  t h e y  e x c l u d e ;

b)  e v e r y  o pen  s e t  c o n t a i n s  the  c l o s u r e  
o f  e a c h  o f  i t s  p o i n t s ;

c )  CS^is d e f i n e d  by a  s t r u c t u r e  f o r  
X, s u c h  t h a t  e a c h  Vĝ  i s  a n  open  n e ig h b o rh o o d  
o f  t h e  d i a g o n a l ;

d ) 3 ^ i s  d e f i n e d  by a  sym m etr ic  open  
n e ig h b o r h o o d  s t r u c t u r e ;

e )  f o r  a l l  x e X ,  y  e X ,  e i t h e r  C x i n t ÿ l  
= ^ o r  [ ÿ ]  = [ x ] ;
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f ) t T i s  i s o m o r p h ic  ( l a t t i c e - t h e o r e t i c a l l y )  
to  t h e  t o p o l o g y  o f  a T ^ - s p a c e .

An E ^ - s p a c e , by d e f i n i t i o n ,  i s  one which s a t i s f i e s  a r y ,

h e n ce  a l l ,  o f  t h e s e  c o n d i t i o n s .

P r o o f ;  ( a )  i m p l i e s  ( b ) :  I f  G i s  a n  o p e n  s e t  co n 

t a i n i n g  X ,  t h e n  X - G  i s  a  c l o s e d  s e t  e x c l u d i n g  i t .  Hence

(X -  G ) n  [x ]  = i . e . ,  [ x ] C G .

( b)  i m p l i e s  ( c ) :  L e t  be t h e  f a m i ly  o f  a l l

o p e n  n e ig h b o r h o o d s  ( i n  the  p r o d u c t  t o p o lo g y )  o f  t h e  d i a g 

o n a l .  P r o p e r t y  ( i )  o f  Theorem 2 . 2 . 1  i s  e q u i v a l e n t  t o

( i i )  i s  s a t i s f i e d  w i t h  V^. Now l e t

G sS 'a n d  x e G be g i v e n .  D e f in e  U= CX><G] U C(X -  Cx] )xX ] .

S i n c e  [x]  C  G, U i s  a n  open  n e ig h b o r h o o d  o f  A . Hence U = V ,
■" SL

f o r  some a e  I ,  an d  V^^x) = G. Thus ( i v )  h o l d s .  Then so does  

( i i i ) ,  s i n c e  V^(x)  i s  open  i n  X whenever  i s  open i n  X^X.81 3.

( c )  i m p l i e s  ( d ) :  Symmetry o f  Uj i s  i m p l i e d  by t h e

s t a t e m e n t  t h a t  =» f o r  a l l  a  e J .  Now i f  i s  a n  open  

n e ig h b o r h o o d  o f  ^  , t h e n  so  a r e  and V^U . S i n c e

V - O v r ^  C  V„ C .V -M V ” ^ ,  t h e  f a m i l y  V-. o f  open n e ig h b o r h o o d sS . S L " “ 3 ““ 8 L &  X

o f  i s  e q u i v a l e n t  t o  th e  f a m i l y  U j  c o n s i s t i n g  o f  a l l  sym

m e t r i c  open  n e ig h b o r h o o d s  formed i n  t h i s  manner.

(d) im plies  ( e ) :  I f  z e Cx] 0  Cÿ] , then Cs] Q  LxIOCy] 

A lso , fo r  a l l  a e I ,  x e U g ( z ) ,  whence z e U g ( x ) .  T h e n x e C z ] ,  

and so [x] C  Gz] Ç. Gy1. S im ila r ly ,  [ÿ] C. Cx]. In summary.
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i f  [ x i n  [y ]  /   ̂ \  t h e n  [ÿ]  = Cx].

( e )  i m p l i e s  ( f ) :  F o r  e a c h  d e f i n e  G* = Cx* Ç

X: X*  = [ x ] , f o r  some x e G ] . L e t  3 ^  be the  f a m i l y  o f  a l l  s u c h

s e t s .  Then (X* ) i s  a  T ^ - s p a c e  and G ->"G* i s  a one -one

mapping o f  3^onto 3T* w hich  p r e s e r v e s  u n io n s  and i n t e r s e c t i o n s .  

The p r o o f  o f  t h e  l a t t e r  d e p end s  o n ly  on  the  p r o p e r t i e s  o f  

o p e n  s e t s  and  t h e  f a c t  t h a t  i f  x e X - G ,  w i t h  G s S u  t h e n  

Cx] Ç X - G ,  w hich  i s  t r u e  i n  any s p a c e .  F o r  t h e  p r o o f  t h a t  

or* i s  a  T ^ - t o p o l o g y ,  n o te  t h a t  i f  Cx] /  [ ÿ ] , t h e n  [x]  C.

X -  [ÿ ]  , whence Cx] e (X -  Cy] ) * .  S i m i l a r l y ,  Cy] e (X -  Cx] )* ,  

so  t h i . t  Cx] and Cy] a r e  s e p a r a t e d  from eac h  o t h e r  i n  (X* ,3*).

( f )  i m p l i e s  ( a ) ;  Suppose  t h a t  3 ^  i s  t h e  T^^-topology

to  w h ic h S ^ i s  i s o m o r p h ic .  C l e a r l y ,  t h e  c o r r e s p o n d i n g  l a t 

t i c e s  Z and  Z* o f  c l o s e d  s e t s  a r e  a l s o  i s o m o r p h ic .  Now th e  

l a t t i c e  o f  c l o s e d  s e t s  f o r  a T ^ -sp ac e  i s  c h a r a c t e r i z e d  by 

t h e  f a c t  t h a t  e a c h  o f  i t s  members i s  a  j o i n  o f  a tom s ,  i . e . ,  

o f  members w h ich  c o v e r  th e  n u l l - e l e m e n t .  L e t  be

t h e  a tom s o f  Z. Then f o r  e a c h  x e X, Cx] = f o r  some

Ç  J .  Then x e A^, f o r  some x e  J ^ ,  and  s i n c e  A^ i s  c l o s e d ,  

Cx] Ç  A^. B u t ,  s i n c e  A^ i s  a n  atom (a n d  Cx] /  , Cx] = A^.

(On t h e  o t h e r  h a n d ,  e a c h  a tom , b e in g  a m in im al  nonvo id  

c l o s e d  s e t ,  must  be th e  c l o s u r e  o f  some p o i n t  i n x . )  Thus 

f o r  e a c h  y e X  and e a c h  F = Cx] i n  Z,  e i t h e r  y e  F o r  

F n C y ] = j ^ ,  and so  c l o s e d  s e t s  a r e  s e p a r a t e d  f rom  th e  p o i n t s  

t h a t  t h e y  e x c l u d e .
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T h is  c l o s e s  a  c y c l e  o f  i m p l i c a t i o n  t h r o u g h  th e  s t a t e 

ments  to  he shown e q u i v a l e n t ;  t h e  p r o o f  i s  c o m p l e t e .

C o r o l l a r y . T ^ - s p a c e s  a r e  p r e c i s e l y  t h o s e  w h ich  a r e  

Doth R and T_. (A T _ - s p a c e  i s  one i n  w hich  a t  l e a s t  one o f
O 0  0

e a c h  p a i r  o f  d i s t i n c t  p o i n t s  i s  s e p a r a t e d  f rom  th e  o t h e r . )

P r o o f :  S t a t e m e n t  ( f )  a s s e r t s  t h a t  e v e r y  T ^ - s p a c e  i s

a n  R ^ - s p a c e .  On the  o t h e r  h a n d ,  ( e )  a s s e r t s  t h a t  x e  Cy] 

i m p l i e s  y e  Cx j , and i n  a T g - sp a c e  t h i s  c a n  hap p en  o n ly  when 

y  = X.  Thus i n  a n  R ^ -sp a c e  w hich  i s  a l s o  T^,  d i s t i n c t  p o i n t s  

a r e  s e p a r a t e d  f rom  eac h  o t h e r .

J u s t  a s  t h e r e  a r e  many exam ples  o f  T ^ - s p a c e s  w h ich  

a r e  n o t  T^,  t h e r e  a r e  many exam ples  o f  R ^ - s p a c e s  w hich  a r e  

n o t  e v e n  T^. ( C o n s i d e r ,  f o r  i n s t a n c e ,  t h e  p o i n t s  o f  the  

p l a n e  w i t h  t o p o l o g y  g i v e n  by t h e  p s e u d o - m e t r i c  d :  d ( ( x , y ) ,  

( x ' , y ' ) )  = l x - x ' |  . )

I n  a  m e t r i c  s p a c e  t h e  c l o s u r e  o f  a  s e t  i s  th e  s e t  o f  

a l l  p o i n t s  z e r o - d i s t a n t  f rom  i t .  I t  i s  p e r h a p s  s u r p r i s i n g  

t h a t  a  u s e f u l  a n a lo g u e  o f  t h i s  s t a t e m e n t  c a n  be f o r m u l a t e d ,  

n o t  o n ly  f o r  u n i fo rm  s p a c e s ,  b u t  f o r  s p a c e s  w h ic h ,  i n  a 

s e n s e ,  a r e  no s t r o n g e r  t h a n  a  T g - s p a c e :

Theorem 2 . 3 . 2 . ( X , ^ )  i s  a n  R g - sp a c e  i f  and  o n l y  i f  

i s  d e f i n e d  by a s t r u c t u r e  s u c h  t h a t ,  f o r  e a c h  A C X ,

^ = a Q  ?a(A)
(where  Tg(A) = ^  V^Cx) ) .

P r o o f :  Using a  s t r u c t u r e  Vj f o r  X w h ich  d e f i n e s  ^
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i n  a c c o r d a n c e  with. Theorem 2 , 3 . 1  (d)  » th e  p r o o f  o f  Â =

V^(A) p r o c e e d s  e x a c t l y  a s  i t  does i n  t h e  t h e o r y  o f  u n i 

f o r m i t i e s .  C o n v e r s e l y ,  i f  f o r  each x e X ,  Cx] = Vg^(x), 

t h e n  e v e r y  open  s e t  c o n t a i n s  t h e  c l o s u r e  o f  e a c h  o f  i t s  

p o i n t s  and s o ,  b y  Theorem 2 . 3 . 1  ( b ) ,  (X,t$) i s  a n  R ^ - s p a c e .

2 . 4 . I n t e r l u d e  ; Trennungsaxiome and r e g u l a r i t y . 

S t a t e m e n t  ( f )  o f  Theorem 2 . 3 . 1  s u g g e s t s  t h e  q u e s t i o n ,  What 

t o p o l o g i e s  a r e  i s o m o r p h ic  to  th e  t o p o l o g i e s  o f  T ^ - s p a c e s ?  

The a n sw e r  i s .  E v e r y  t o p o l o g y  i s  i so m o rp h ic  to  a  T ^ - t o p o l -

ogy J The T ^ - s e p a r a t i o n  ax iom , w h i le  r e s t r i c t i n g  t h e  s p a c e .

im p o s e s  no c o n d i t i o n  a t  a l l  on  the  l a t t i c e  o f  open  s e t s .

( T h i s  may be shown by u s i n g  th e  i som orphism  i n d u c e d  by th e  

m apping x ->• [x ]  w h ich  o c c u r s  i n  the  p r o o f  o f  Theorem 2 . 3 . 1 . )  

C o n t i n u a t i o n  o f  t h i s  l i n e  o f  q u e s t i o n i n g  l e a d s  t o  a  s im p le  

c l a s s i f i c a t i o n  scheme f o r  ax iom s 

o f  s e p a r a t i o n  a n d  r e g u l a r i t y .  I t  

i s  o f f e r e d  h e r e  a s  a  n a t u r a l  e x 

t e n s i o n  o f  a  r e m a rk  made by K e l 

l e y  C3, p . 130]  o n  p s e u d o - m e t r i c s .

The scheme i s  d iagrammed 

i n  F i g .  2. E a c h  Tĵ . i s  a s e p a r a 

t i o n  a x io m  ( t h i s  i s  t h e  s t a n d a r d

n o t a t i o n )  and  e a c h  Rj  ̂ i s  w ha t  we 

a r e  c a l l i n g ,  somewhat a r b i t r a r i -

pseudo  
^ ^ (  m e t r i c  )

, m e tr ic ; ]^ ? / *P*ces
^ s p a c e s '

F ig . 2

l y ,  a n  "ax iom  o f  r e g u l a r i t y ” . The R ^ - s p a c e s  w ere  c h a r a c t e r 

i z e d  i n  Theorem 2 . 3 . 1 .  E ^ - s p a c e s  a r e  t h o s e  i n  w h ic h  th e

ma
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c lo su r e s  o f  p o in ts  are e n t ir e ly  separated wherever they do 

not co in c id e , and Rg-spaces are those which are properly  

c a l le d  regu lar -  those in  which p o in ts  and c lo sed  s e ts  are 

e n t ir e ly  separated  wherever the former are not contained in  

the l a t t e r .  Each s o l id  arrow represen ts an im p lica tio n  (ab

sence rep resen ts ab sen ce), and each fractu red  arrow repre

se n ts  the ex is te n c e  o f isomorphisms between to p o lo g ie s . F i

n a l ly ,  each sep ara tion  axiom i s  defined  as the conjunction  

of two weaker axioms: -jj; = -l*^ ^k-1  ̂ \ - l ^  ^o* the
usual d e f in i t io n  of "normality" must be m odified s l ig h t ly  i f  

Rj i s  to be the axiom fo r  normal sp aces.

2 .5 . R^-sp a ces . These seem to have appeared fo r  

the f i r s t  time in  F ig . 2 . Now and then one fin d s theorems 

in  the l i t e r a tu r e  which begin  w ith  the prem ise, " If (X,\J) 

i s  e i th e r  Hausdorff or regu lar,"  and which could be both  

s im p lif ie d  and strengthened by rep lacin g  the phrase " e ith er  

Hausdorff or regular" by "R^-space". As an example, the 

fo llo w in g  i s  the strengthened v e r s io n  o f a theorem quoted 

by K elley  C5, p .146, quo v id e  fo r  d e f in i t io n s ] .

Theorem 2 .5 .1 . Every lo c a l ly  compact R^-space has 

a compact lo c a l  base a t  each o f i t s  p o in ts .

Proof: Let Vj d e fin e  the topology of the lo c a l ly

compact R^-space (X,3^ ) .  Given Vg^(x), l e t  W be a compact 

neighborhood o f x . S ince W -  Vg(x) i s  c lo sed  in  W, i t  i s  

compact. Now, fo r  each y c W - V  ( x ) ,  we have [ÿ] Q [x] = jrf.
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T h is  i s  t r u e  and th e  f o l l o w i n g  i s  p o s s i b l e  s i n c e  t h e  s p a c e

i s  Choose b and  c so  t h a t  V ^ (x )O V ^ (y )  = Choose

fro m  th e  c o v e r in g  ^  f i n i t e  s u b c o v e r in g

HV ( y . ) ] f _ , .  Then [ A  ( x ) ]  DG = where G = L J  V ( y .  ) .
®i ^ i = l  ° i  i = l  ®i ^

Hence X - G  i s  a  c l o s e d  n e ig h b o rh o o d  o f  x ,  and U = W O C X -G ] 

i s  a  com pact n e ig h b o rh o o d  o f  x .  S in c e  W -V ^ (x )  Ç  G, X - G  C  

X - C W - V ^ ( x ) ] ,  whence U Ç  W f | ( 2  “ tW -  Vg^(x)] ) = wnVg^(x) Ç  

V ^ ( x ) .  Thus we have  found  a  com pact n e ig h b o rh o o d  o f  x  c o n 

t a i n e d  i n  th e  g i v e n  n e ig h b o rh o o d  V ^ (x ) .

We have n o t  y e t  c h a r a c t e r i z e d  E ^ - s p a c e s  i n  te rm s  o f  

th e  s t r u c t u r e s  t h e y  a d m i t .  T h is  i s  done i n

Theorem 2 . 5 . 2 . An R ^ -sp a ce  ( X , ^ )  i s  R^ i f  an d  o n ly  

i f  i t s  to p o lo g y  i s  d e f i n e d  by a  sym m etric  s t r u c t u r e  V j  su c h  

t h a t ,  f o r  e v e ry  x e X ,

O  = aQ
P r o o f ;  F i r s t  su p p o se  t h a t  (X,CT) i s  E]_* S in c e  th e n  

i t  i s  a l s o  E q jC J Is  d e f i n e d  by  a  sym m etric  s t r u c t u r e  Y j .  I n  

f a c t ,  we may ta k e  e a c h  Vg^(a s I )  t o  be  sy m m etr ic .  I f  y  e X -  

V _ ( x ) ,  t h e n  Cx] 0  Cy] = whence t h e r e  i s  a  b e  I  s u c h  t h a tS-£x Q.
7 ^ (x )D V ^ (y )  = Then y e X - V ^ ( V ^ ( x ) ) .  That i s ,  y ^ j Q |  Vg^(x) 

implies 7 E ̂  C Ï - = X - Qv^C x )  • Thus Q  ?%(%) Ç.
V ( x ) .  The r e v e r s e  i n c l u s i o n  i s  im m ed ia te .  C o n v e r s e ly ,  

i f  t h e  V„ a r e  sym m etric  ( a s I )  and  7 ,  s a t i s f i e s  th e  above 

c o n d i t i o n ,  t h e n  th e  sp a c e  i s  R^ » F o r  i f  7 ^ ( x ) 0 7 ^ ( y )  /  ^ 

f o r  e v e r y  b e l ,  t h e n  x e 7 ^ ( y )  f o r  e v e r y  b e l .  Thus x  e

...
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= [ ÿ ] '  T h a t  i s ,  [x ]  = [ y l .

O o r o l l a r y . I n  a n  R ^ -sp a c e  w i t h  to p o lo g y  d e f i n e d  by  

a  s t r u c t u r e  s a t i s f y i n g  th e  c o n d i t i o n s  o f  th e  th e o re m .

C l  ” Q

2 . 6 . R e g u la r  s p a c e s . T o p o lo g ic a l  s p a c e s  w ere  c r e a 

t e d  by  b a n i s h in g  t h e  m e t r i c  from  m e t r ic  s p a c e s .  The p ro b 

lem  o f  m e t r i z a t i o n  o f  t o p o l o g i c a l  s p a c e s  i s  e s s e n t i a l l y  th e  

p ro b lem  o f  d e s c r i b i n g  i n  n o n - m e t r i c a l  te rm s  -  i n  f a c t ,  i n  

te rm s  o f  t o p o l o g i c a l  i n v a r i a n t s  -  th e  amount o f  " s t r u c t u r e "  

a  sp a ce  m ust have  i n  o r d e r  t o  r e - a d m i t  a  m e t r i c .  B u t  th e  

q u e s t i o n  may be t u r n e d  a ro u n d :  What m e t r i c - l i k e  p r o p e r t i e s

d o es  a  s p a c e  w i t h  a  g i v e n  "am ount" o f  t o p o l o g i c a l  s t r u c t u r e  

have?

One v i r t u e  o f  n e ig h b o rh o o d  s t r u c t u r e s  i s  t h a t  th e y  

o f t e n  show v e r y  c l e a r l y  w h ic h  m e t r i c  o r  p s e u d o - m e t r i c  p r o p 

e r t i e s  a r e  r e s t o r e d  w i t h  e a c h  s t e p  to w ard  m e t r i z a b i l i t y .  

R e g u la r  s p a c e s  p r o v i d e  a  good exam ple o f  t h i s .  S in c e  th e y  

a r e  b u t  a  h a l f - s t e p  away from  c o m p le te ly  r e g u l a r  s p a c e s ,  

th e  f o l lo w in g  r e s u l t  s h o u ld  n o t  be too  u n e x p e c te d :

Theorem 2 . 6 . 1 . A t o p o l o g i c a l  sp a c e  ( X , ^ )  i s  r e g u 

l a r  i f  and  o n ly  i f  i s  d e f i n e d  by  a  sy m m etr ic  s t r u c t u r e  

w h ich  s a t i s f i e s  t h e  " l o c a l  t r i a n g l e  i n e q u a l i t y " :

v )  g i v e n  x e X  an d  a e  I ,  t h e r e  i s  a  

b e l ,  s u c h  t h a t  i f  z e V ^(x ) a n d y e V ^ ( z ) ,  

t h e n  y  e V _ ( x ) .oL
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T h a t  i s ,  r e g u l a r  s p a c e s  a r e  th o s e  whose t o p o l o g i e s  a r e  d e 

f i n e d  by sy m m etr ic  s t r u c t u r e s  w h ich  a r e  l o c a l l y  t r a n s i t i v e .

P r o o f :  We u se  t h e  f a c t  t h a t  a  sp a c e  i s  r e g u l a r  i f

and  o n ly  i f  e a c h  n e ig h b o rh o o d  o f  a  p o i n t  c o n t a i n s  a  c l o s e d  

n e ig h b o rh o o d  o f  t h a t  p o i n t .

Now i f  (X,C5^) i s  r e g u l a r ,  

t h e n  a  f o r t e r i o r i  i t  i s  a n  

R ^ -sp a c e  and  so  we may c h o o se

Yj  t o  be th e  f a m i ly  o f  a l l  

op en  n e ig h b o rh o o d s  o f  A  i n  

th e  p r o d u c t  to p o lo g y .  G iv 

e n  V _ (x )  from  t h i s  sy s te m ,
SL

c h o o se  a  c l o s e d  n e ig h b o r 

hood  U o f  X c o n t a i n e d  i n

V ( x ) .  Choose a  secon d  c l o s e d  n e ig h b o rh o o d  V s a t i s f y i n g  

x e V C U ®  ( t h e  i n t e r i o r ) .  D e f in e  W = C(X -  U)>‘ X IU  C(X-V),«Vg^(x)] 

L) [X»^U°]. (S e e  P i g .  3 . )  Then W c o n t a i n s  A  and  i s  o p e n , 

whence W = 7 ^ ,  f o r  some b e l .  M oreover, V ^ ( 7 ^ ( x ) )  = 7 ^ ( )  = 

7 _ ( x ) ,  a s  d e s i r e d .

C o n v e r s e l y ,  su p p o se  7 j  sy m m etr ic  and  l o c a l l y  t r a n s i 

t i v e .  Then g i v e n  any n e ig h b o rh o o d  U o f  x ,  t h e r e  e x i s t s  a n  

a  e I  and  a  b e I ,  su c h  t h a t  x  e 7 ^ ( x )  c 7 ^ ( x )  = V^CVbCx))

Ç  7 ^ ( 7 ^ ( x ) ) C  7g^(x) Ç  U, and  so th e  s p a c e  i s  r e g u l a r .

The f a c t  t h a t  t h e  b i n  P r o p e r t y  ( v i )  d e p e n d s  i n  g e n 

e r a l  n o t  o n ly  on  a ,  b u t  on  x ,  makes ( v i )  a  l o c a l  p r o p e r t y .

I f ,  f o r  e a c h  a ,  t h e  b  c o u ld  be c h o s e n  " u n i f o r m l y , " i . e . .
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i n d e p e n d e n t l y  o f  x ,  t h e n  o f  c o u r s e  we would he i n  a  u n i fo rm  

s p a c e .

L o c a l l y  t r a n s i t i v e  s t r u c t u r e s  whose members a r e  sym

m e t r i c  w i l l  be c a l l e d  r e g u l a r . (By th e  method i n d i c a t e d  i n  

t h e  p r o o f  o f  " ( c )  i m p l i e s  ( d ) "  o f  Theorem 2 . 3 . 1 ,  any  symmet

r i c  s t r u c t u r e  f o r  a s e t  may be r e p l a c e d  by a n  e q u i v a l e n t  

s t r u c t u r e  e a c h  o f  whose members i s  s y m m e tr ic . )

  _       . .   . • .



CHAPTER I I I  

COMPLETENESS; RELATIONAL CONTIMJITT

What we a r e  a im in g  a t  i n  th e  f i r s t  s e c t i o n  o f  t h i s  

c h a p t e r  i s  t h e  r e s u l t  t h a t ,  ro u g h ly  s p e a k in g ,  r e g u l a r  s p a 

c e s  w hich  have r e g u l a r  c o m p le t io n s  w i t h o u t  e x c e p t i o n  a r e  

a l r e a d y  c o m p le te ly  r e g u l a r .  I n  th e  r e m a in d e r  o f  the  c h ap 

t e r  some q u e s t i o n s  on " r e l a t i o n a l  c o n t i n u i t y "  w i l l  he t r e a 

t e d .

3 . 1 . C o m p le te n e s s . By a  Cauchy f i l t e r  i n  a sp a ce  

(X ,V j)  we s h a l l  mean a f i l t e r  *tP w h ich  c o n t a i n s  " s m a l l  

s e t s " .  T hat i s ,  f o r  each  a e  1 t h e r e  i s  a  Pg^e X s u c h  t h a t  

V (p  ) 6 ‘tP . T h is  i s  one o f  th e  more u s u a l  f o r m u la t i o n s  o f  

th e  Cauchy p r o p e r t y .

To g e t  th e  same r e s u l t s  w i t h  n e t s  a s  a r e  o b t a i n a b l e  

w i t h  f i l t e r s ,  one m ust work w i th  n e t s  x^ = w hich

s a t i s f y  : F o r  e a c h  a e  1, t h e r e  i s  a p^^e X and  a n  n (a )  e D

su c h  t h a t  f o r  a l l  n > n ( a ) ,  x ^ e  Vg^(Pg^). These m igh t be 

te rm ed  s e m i r e g u l a r  i n  d e f e r e n c e  t o  t h e  f a c t  t h a t  Cauchy 

n e t s  a r e  som etim es c a l l e d  " r e g u l a r " .  The l a t t e r  a r e  d e 

f i n e d  by  th e  c o n d i t i o n  t h a t  f o r  e a c h  a  e 1 t h e r e  be a n  

n ( a )  £ D su c h  t h a t  m > n ( a )  and  n > n ( a )  im p ly  x^£ Vg^(x^).

21
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( I f  V j  i s  u n i f o r m ,  th e  two c o n c e p ts  c o i n c i d e . )

S e m i r e g u la r  n e t s  a r e  n o t  n e c e s s a r i l y  Cauchy. I n  

f a c t ,  e v en  c o n v e r g e n t  n e t s  (w h ich  a r e  a lw a y s  s e m i r e g u la r )  

may n o t  be Cauchy i f  th e  s t r u c t u r e  i s  n o t  sy m m etr ic .  On 

th e  o t h e r  h a n d , s e m i r e g u l a r  n e t s  and  Cauchy f i l t e r s  a r e  

i n t i m a t e l y  r e l a t e d  th ro u g h  th e  p o i n t s  Cp^]„ ^ w h ich , i f  I5L cL£ J.
i s  d i r e c t e d  by d e f i n i n g  a  > b to  mean C. V^, a l s o  form  a 

n e t .  (D r a g n e t  m ig h t  be a n  a p p r o p r i a t e  name, s i n c e  i t  

" d r a g s "  t h e  g i v e n  n e t  o r  f i l t e r  a lo n g  w i t h  i t . )  By means 

o f  t h i s  r e l a t i o n s h i p  i t  i s  e a s i l y  shown t h a t  s p a c e s  i n  

w h ich  s e m i r e g u l a r  n e t s  a lw ay s  c o n v e rg e  a r e  p r e c i s e l y  th o s e  

s p a c e s  i n  w h ich  Cauchy f i l t e r s  a lw ay s  c o n v e rg e .  Such  s p a 

c e s  a r e  c o m p l e t e .

Thus c o m p le te n e s s  may be s t u d i e d  i n  any sp ace  w ha t

s o e v e r .  One fu n d a m e n ta l  r e s u l t ,  w e l l-k n o w n  from  th e  s tu d y  

o f  u n i f o r m  s p a c e s ,  i s

Theorem 3 . 1 . 1 . Any c lo s e d  s u b s p a c e  o f  a co m p le te  

s p a c e  i s  c o m p le te  ( r e  th e  r e l a t i v i z a t i o n  o f  th e  g iv e n  s t r u c 

t u r e ) .  C o n v e r s e ly ,  i n  a H a u s d o r f f  (Tg) s p a c e ,  co m p le te  su b 

s p a c e s  a r e  a lw a y s  c lo s e d .

P r o o f ;  S t a n d a r d .

We s h a l l  sa y  t h a t  a  s t r u c t u r e  V j f o r  X i s  f i n i t e  i f  

f o r  e a c h  a  e 1 t h e r e  i s  a  f i n i t e  s u b s e t  C X s u c h  t h a t  

XCVg^(Fg^). The sp a c e  ( X ,V j ) ,  when V j  i s  f i n i t e ,  i s  s a i d  

to  be  t o t a l l y  b o u n d e d . I t  h ap p en s  t h a t  e v e r y  t o p o l o g i c a l  

s p a c e  a d m i t s  a  f i n i t e  s t r u c t u r e :
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Theorem 3 . 1 . 2 . T h e re  i s  a f i n i t e  s t r u c t u r e  d e f i n i n g  

th e  to p o lo g y  o f  any  g i v e n  s p a c e .  I f  th e  sp a ce  i s  ( o r  Eg, 

o r  c o m p le t e ly  r e g u l a r ) ,  t h e n  t h a t  s t r u c t u r e  may be c h o s e n  

a l s o  t o  be  sym m etric  (a n d  l o c a l l y  t r a n s i t i v e ,  and t r a n s i 

t i v e  ) .

P r o o f :  F o r  s p a c e s  i n  g e n e r a l ,  th e  c o n s t r u c t i o n  used

i n  t h e  p r o o f  o f  Theorem 2 . 2 . 1  i s  e a s i l y  s e e n  to  y i e l d  f i n 

i t e  s t r u c t u r e s .  G iv e n  a n  R ^ -sp a c e  ( X , ^ ) ,  t h e n ,  l e t  I  be 

th e  f a m i ly  o f  a l l  f i n i t e  open  c o v e r i n g s .  F o r  e a c h  a e  I ,  

d e f i n e  G*G. C l e a r l y  Yj. i s  r e f l e x i v e  and sy m m etr ic .

M oreover, H'H] = ( [ G 'G I D  [HxH]) =

( CGDHDx [G OH] ) = V^, where c i s  th e  f i n i t e  open  c o v e r 

in g  whose members a r e  o f  th e  fo rm  GOH w i th  G e a  and H e b .  

Thus V j  i s  c lo s e d  u n d e r  i n t e r s e c t i o n .  Nov; g iv e n  G e O ^ a n d  

X e G, l e t  a  = [G, X -  [x ]  ] .  Then a e I  and V ^(x) = G. So V^ 

d e f i n e s  QT'. F i n a l l y ,  (X ,V j)  i s  t o t a l l y  bounded: G iven

a E I ,  l e t  Fĝ  be a s e l e c t i o n  o." p o i n t s ,  one from  e a c h  member 

o f  a .  Then X = Vg^(Fg^) and F̂  ̂ i s  f i n i t e .  Now i f  (X,Ç5*) h ap 

p en s  t o  be r e g u l a r ,  a n  a rg u m e n t  s i m i l a r  to  th e  one u se d  i n  

the  p r o o f  o f  Theorem 2 . 5 . 1  w i l l  show t h a t  V j  i s  l o c a l l y  

t r a n s i t i v e .  P r o o f s  o f  e x i s t e n c e  o f  f i n i t e  u n i fo rm  s t r u c 

t u r e s  f o r  c o m p le te ly  r e g u l a r  s p a c e s  a r e  w e ll-k n o w n .

As i n  th e  t h e o r y  o f  u n i f o r m i t i e s ,  t o t a l  b o u n d e d n ess  

may be c h a r a c t e r i z e d  i n  t e rm s  o f  th e  e x i s t e n c e  o f  s e m ire g u 

l a r  n e t s :

Theorem 3 . 1 . 3 .  A s p a c e  i s  t o t a l l y  bounded  i f  and
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o n ly  i f  e a c h  n e t  ( f i l t e r )  has  a  s e m i r e g u la r  s u b n e t  (C auchy 

s u p e r f i l t e r ) o

P r o o f :  S t a n d a r d ,  u s in g  u n i v e r s a l  s u b n e t s  ( o r  u l t r a 

f i l t e r s ) .

As u s u a l ,  a  t o p o l o g i c a l  sp a c e  i s  s a i d  to  be com pact 

i f  e a c h  o f  i t s  open  c o v e r in g s  h as  a f i n i t e  s u b c o v e r in g .  

T o t a l l y  bounded s p a c e s  a r e  "p rec o m p ac t"  i n  th e  f o l lo w in g  

s e n s e :

Theorem 3 . 1 . 4 . A sp a c e  h a s  a  com pact to p o lo g y  i f  

and o n ly  i f  i t  i s  t o t a l l y  bounded and c o m p le te .

P r o o f :  Compact sp a c e s  (X ,V j)  a r e  t o t a l l y  bounded

s i n c e  e a c h  c o v e r in g  o f  th e  fo rm  [V ( x ) ]  ^  h a s  a f i n i t e3. 3CGJL
s u b c o v e r in g .  ( I f  V j i s  no t a n  open  n e ig h b o rh o o d  s t r u c t u r e ,  

cho o se  a n  e q u i v a l e n t  s t r u c t u r e  w hich  i s . )  S in c e  e v e ry  f i l 

t e r  h a s  a l i m i t  p o i n t ,  com pact s p a c e s  a r e  a l s o  c o m p le te .

Now, c o n v e r s e l y ,  su p p o se  (X ,V j)  i s  t o t a l l y  bounded  and com

p l e t e .  By Theorem 3 .1 .3 »  e v e ry  n e t  i n  X h as  a  s e m i r e g u l a r  

s u b n e t  w h ic h ,  by c o m p le te n e s s ,  c o n v e r g e s .  I t  i s  w e ll-k n o w n  

t h a t  th e  e x i s t e n c e  o f  c o n v e rg e n t  s u b n e t s  w i th o u t  e x c e p t i o n  

i s  e q u i v a l e n t  to  c o m p a c tn e s s .

F o r  com pact H a u s d o r f f  s p a c e s ,  n o t  o n ly  a r e  a l l  u n i 

f o r m i t i e s  e q u i v a l e n t  -  a  s t a n d a r d  r e s u l t  -  b u t  in d e e d  

a l l  r e g u l a r  s t r u c t u r e s  a r e  e q u i v a l e n t ;

Theorem 3 . 1 . 3 » A l l  r e g u l a r  s t r u c t u r e s  d e f i n i n g  a 

com pact E ^ - to p o lo g y  a r e  e q u i v a l e n t ;  a l l  a r e  u n i fo rm .

t e ; - ' .
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P r o o f :  F i r s t  we show t h a t  i f  i s  a  r e g u l a r  s t r u c 

t u r e  d e f i n i n g  a  co m p ac t R ^ - to p o lo g y  f o r  X, t h e n  T j  =

( c l o s u r e  t a k e n  i n  th e  p r o d u c t  to p o lo g y )  g e n e r a t e s  a n  e q u iv 

a l e n t  s t r u c t u r e .  We need  two a u x i l i a r y  r e s u l t s :

Lemma A. L e t  (X,Q$^) be d e f i n e d  by  a  sy m m etr ic  s t r u c 

t u r e  V j ,  F o r e a c h  R O X ^ X ,  R = R V,a

a s l  ^ a ‘

Lemma B. I f  V j  i s  a  r e g u l a r  s t r u c t u r e ,  t h e n  =

The f i r s t  may be p ro v e n  j u s t  a s  i t  i s  i n  th e  th e o r y  

o f  u n i f o r m i t i e s ;  th e  se co n d  may be shown u s in g  a  m o d i f i c a 

t i o n  o f  th e  p r o o f  o f  Theorem 2 . 5 . 2 .

How, g i v e n  a  G I ,  we =

^  Ç  Vg. T h a t  i s ,  Ï  -  Ç. ^ j U X - T ^ ] , so  t h a t  t o g e t h -

e r  w i th  [X ^orm a n  open  c o v e r in g  o f  th e  com pact s e t

X^X. The e x i s t e n c e  o f  a f i n i t e  s u b c o v e r in g  g i v e s  us 
n  _

.O, V, c  V„, f o r  some c h o ic e  o f  b . , . . . , b ^ .  Thus th e  s t r u c -  i= j. Dĵ  — a X n

t u r e  g e n e r a t e d  by V j (by  t a k i n g  f i n i t e  i n t e r s e c t i o n s )  i s  a s

f i n e  a s  th e  s t r u c t u r e  Yj ,  B ut t h e n  i t  i s  c l e a r  t h a t  the

two a r e  i n  f a c t  e q u i v a l e n t ,  a s  was to  be shown.

To f i n i s h  t h e  p r o o f  o f  Theorem 3 .1 .5 »  one may now

p ro c e e d  a s  i n  th e  p r o o f  o f  th e  c o r r e s p o n d in g  th e o re m  f o r

u n i f o r m i t i e s ,  show ing  t h a t  a l l  r e g u l a r  s t r u c t u r e s  a r e  e q u iv 

a l e n t  t o  th e  s t r u c t u r e  c o n s i s t i n g  o f  t h e  f a m i ly  o f  a l l  n e ig h 

b o rh o o d s  o f  Z i  i n  X»̂ X and t h a t  t h i s  f a m i ly  i s  i n  f a c t  a  u n i 

f o r m i t y .  The c r u c i a l  i n g r e d i e n t  i n  t h e  s t a n d a r d  p r o o f  i s
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th e  e x i s t e n c e  o f  a s t r u c t u r e  d e f i n i n g  0 ^ a l l  o f  whose mem

b e r s  a r e  c l o s e d ,  and t h i s  i s  p ro v id e d  by V j .

Theorem  3 . 1 . 6 . (G a l)  L e t  X have  a  r e g u l a r  to p o lo g y  

and  l e t  X be d e n se  i n  X. I f  e v e ry  n e t  i n  X h a s  a c l u s t e r  

p o i n t  i n  X, t h e n  X i s  com pact.

P r o o f :  By Theorem 3 .1 .3 »  X i s  t o t a l l y  bounded  r e

any  s t r u c t u r e  d e f i n i n g  i t s  to p o lo g y ,  s i n c e  e v e ry  n e t  i n

X» h a v in g  a s  i t  d o e s  a  s u b n e t  c o n v e r g e n t  i n  X, h a s  a s e m i-

r e g u l a r  s u b n e t .  L e t  be a  r e g u l a r  s t r u c t u r e .  We s h a l l

show t h a t  e a c h  n e t  i n  X h as  a c l u s t e r  p o i n t .  F o r  e a c h

( a , n )  E c h o o se  e V ^ ( x ^ ) 0  X. I f  I^D i s  d i r e c t e d  by

l e t t i n g  ( a , n )  > (b ,m )  mean t h a t  n >  m and  c  V^» t h e n  x ^ ^^

i s  a n e t  i n  X and  so h a s  a c l u s t e r  p o i n t  p i n  X. Now g iv e n

a e I ,  l e t  b e l  be s u c h  t h a t  V^(p) C Y ^ ( p ) .  G iv en  n e D ,  l e t

m> n  and  c > b be s u c h  t h a t  x_ „ e V v ( p ) .  Then s i n c e  a l s o  — —» C ^ J H D

" ^ G » m ^ ^ c ( V  9   ̂ x ^ e V ^ ( p )  C V g ^ (p ) .  Thus p i s

a  c l u s t e r  p o i n t  f o r  x ^ .  We c o n c lu d e  ( u s i n g  th e  c l u s t e r -  

p o i n t s - f o r - n e t s  c h a r a c t e r i z a t i o n  o f  c o m p a c tn e s s )  t h a t  X 

m ust be c o m p a c t ,  q . e . d .

Rem ark: The u s e  o f  s t r u c t u r e s  s i m p l i f i e s  and i l l u 

m in a te s  t h e  p r o o f  o f  G a l ' s  th eo re m  c o n s i d e r a b l y .  ( C f . ,  4-. )

Now we a r e  r e a d y  to  c o n s i d e r  th e  q u e s t i o n  o f  com ple

t i o n s  f o r  r e g u l a r  s p a c e s .  By a c o m p le t io n  o f  a  sp a ce  (X,V^) 

we mean a  c o m p le te  s p a c e  w hich  c o n t a i n s  a n  i s o m o rp h ic  r e p 

l i c a  o f  (X ,V j)  a s  a  d e n s e  s u b s p a c e .  Our r e s u l t  i s  a  n e g a t i v e



27

one : I t  s a y s  t h a t  t h e r e  c a n  be  no g e n e r a l  p r o c e d u re  f o r

c o n s t r u c t i n g  r e g u l a r  c o m p le t io n s  o f  s p a c e s  w h ich  do n o t  have 

u n i f o rm  s t r u c t u r e s .

Theorem $ . 1 . 7 . L e t  (X ,Q ^) be a  r e g u l a r  t o p o l o g i c a l  

s p a c e .  I f  f o r  e a c h  r e g u l a r  s t r u c t u r e  V j  d e f i n i n g  Q T "there  

i s  a  r e g u l a r  c o m p le t io n  o f  ( X ,V j ) ,  t h e n  (X,Q5^) i s  c o m p le te 

l y  r e g u l a r .

P r o o f :  G iv en  a r e g u l a r  sp a ce  (X,Ç5^) t h e r e  i s ,  by

Theorem 3 . 1 . 2 ,  a f i n i t e  r e g u l a r  s t r u c t u r e  Uj d e f i n i n g  .

L e t  (X ,V j)  be a  c o m p l e t i o n  o f  (X ,U j)  whose to p o lo g y  i s  r e g 

u l a r .  S in c e  (X ,U j)  i s  t o t a l l y  bounded , e ach  o f  i t s  n e t s  

h a s  a  s e m i r e g u l a r  s u b n e t  (Theorem  3 .1 . 3 )  and e a c h  su c h  su b 

n e t  c o n v e rg e s  to  a  p o i n t  i n  X. T h a t  i s ,  e ac h  n e t  i n  X h a s  

a  c l u s t e r  p o i n t  i n  X. Then by  Theorem 3 . 1 . 6 ,  (X ,V j)  h a s  a 

co m p ac t to p o lo g y .  I t  i s  w e l l  known t h a t  su b s p a c e s  o f  com

p a c t  H a u s d o r f f  s p a c e s  a r e  c o m p le te ly  r e g u l a r .  S in c e  we 

have shown t h a t  ( X , ^ )  i s  s u c h  a s p a c e ,  o u r  p r o o f  i s  d o n e .

Rem ark: Cohen [2 ]  h a s  found  a  way o f  c o m p le t in g  s p a 

c e s  whose s t r u c t u r e s  seem to  be  i n t e r m e d i a t e  b e tw e e n  th o s e  

w h ic h  a r e  r e g u l a r  and  t h o s e  w h ich  a r e  u n i fo rm .  He h a s  n o t  

shown, how ever ( n o r  h a s  t h e  p r e s e n t  a u t h o r ) ,  t h a t  t h e  t o p o l 

o g i e s  o f  t h e s e  s p a c e s  a r e  n o t  n e c e s s a r i l y  c o m p le te ly  r e g u l a r .  

C o u n te re x a m p le s  a b o u n d ,  o f  c o u r s e ,  to  show t h a t  s p a c e s  w h ich  

a d m i t  r e g u l a r  s t r u c t u r e s  n e ed  n o t  a d m it  u n i f o r m i t i e s ,  so  

Theorem  3 . 1 . 7  i s  n o t  w i t h o u t  some s i g n i f i c a n c e .
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3 . 2 , R e l a t i o n a l  C o n t i n u i t y . I f  f :X  ->• Ï  i s  a  

t r a n s f o r m a t i o n  o f  a  sp a ce  (X ,V j)  i n t o  i t s e l f ,  i t  i s  n o t  

d i f f i c u l t  t o  s e e  t h a t  f  i s  c o n t in u o u s  ( i . e . ,  Vj  i s  l o c a l l y  

a s  f i n e  a s  f ^ V j f )  i f  and o n ly  i f  a t  e a c h  x e X  i t  i s  p o s s i 

b l e  to  f i n d  a  c e I  f o r  e a c h  b e l  so t h a t  f ( V ^ ( x ) )  C V - j^ ( f ( x ) ) .  

E x te n d in g  t h i s  p r o p e r t y  to  d y a d ic  r e l a t i o n s ,  we s h a l l  say  

t h a t  a  r e l a t i o n  R C:X*X i s  r i g h t - c o n t i n u o u s  ( r e  V^) i f  f o r  

e a c h  X G X, e a c h  b e l ,  t h e r e  i s  a  c e  I  s u c h  t h a t  RV^(x) C  

V ^R (x ) .  R i s  l e f t - c o n t in u o u s  i f ,  g i v e n  x e X ,  b e l ,  t h e r e  

i s  a  c e l  s u c h  t h a t  V^R(x) Ç  EV-^(x). (A f u n c t i o n  f :X  X 

i s  l e f t - c o n t i n u o u s  a s  a r e l a t i o n  i f  and  o n ly  i f  i t  i s  a n  

"open  m ap", i . e . ,  t r a n s f o r m s  open s e t s  i n t o  o p e n  s e t s . )  

U niform  l e f t -  and  r i g h t - c o n t i n u i t y  a r e  d e f i n e d  by  making 

th e  u s u a l  m o d i f i c a t i o n s  i n  th e  above d e f i n i t i o n s .  F o r  

sym m etr ic  r e l a t i o n s  i n  a  sp a c e  w i th  a sym m etr ic  s t r u c t u r e  

i t  t u r n s  o u t  t h a t  u n i fo rm  l e f t -  and u n i fo rm  r i g h t - c o n t i n u i t y  

a r e  e q u i v a l e n t  c o n c e p t s .  (To s e e  t h i s ,  u se  th e  f a c t  t h a t  i f  

R, S ,  and  T a r e  sym m etric  r e l a t i o n s ,  t h e n  RT C SR and  TR C  RS 

a r e  e q u i v a l e n t  s t a t e m e n t s . )

I f  e v e r y  member o f  a s t r u c t u r e  i s  b o t h  [u n ifo rm ly ] ,  

l e f t -  and  r i g h t - c o n t i n u o u s  r e l a t i v e  to  t h a t  s t r u c t u r e ,  th e n  

th e  s t r u c t u r e  i s  s a i d  to  be [ u n i f o r m l y ] sm o o th . The p r o b 

lem  o f  c o n s t r u c t i n g  sm ooth  s t r u c t u r e s  f o r  a  s p a c e  i s  a  d i s 

t a n t  c o u s i n  o f  th e  p ro b le m , p ro p o s e d  b y  Menger [8 ]  and  

s o l v e d  by  B ing  [ 1 ] ,  o f  c o n s t r u c t i n g  c o n v ex  m e t r i c s  f o r  c e r 

t a i n  m e t r i c  s p a c e s .  ( C f . ,  1 o r  8 f o r  d e f i n i t i o n s . )  F o r  i f
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a  sp a c e  h as  a conv ex  m e t r i c ,  t h e n  i t  h a s  a  u n ifo rm  s t r u c t u r e

Vj  ( d e f i n e d  by t h a t  m e t r i c )  w hich  i s  u n i fo rm ly  sm oo th . I n

f a c t ,  s u c h  s t r u c t u r e s  a r e  e v e n  c o m m u ta t iv e :  V-.V„ = V„Vv» — -----  D a  a  u
f o r  a l l  a ,  b e I .  The p ro b le m  o f  d e te r m i n i n g  i n  g e n e r a l  

w h ich  s p a c e s  a d m i t  sm o o th , u n i fo r m ly  sm oo th , o r  c o m m u ta tiv e  

s t r u c t u r e s  i s  s t i l l  o p e n .  We c an  show, however, t h a t  s p a 

c e s  w i th  r e g u l a r  s t r u c t u r e s  w hich  a r e  sm ooth  and c l o s e d  un

d e r  c o m p o s i t io n  m ust be c o m p le te ly  r e g u l a r .

Lemma ; L e t  V j  be a  sm ooth r e g u l a r  s t r u c t u r e  f o r  X 

and  assume t h a t  V j i s  c l o s e d  u n d e r  c o m p o s i t io n .  Then f o r  

e a c h  x e X ,  a e  I ,  and b e l ,  t h e r e  i s  a  c c I  such  t h a t

G

P ro o f :  G iv e n  a ,  b e l  and x e X, choose  k , l , m ,  n  e I  so

t h a t  a t  X: Ç  G  ( V p V i -  a t d

V a G V l -  L e t  Then, a t  x ,  Ï J  Ç  Ç.

' " o V l G V „ , ( V a V i )  a s  d e s i r e d .

Theorem 3 . 2 . 1 . I f  V j i s  a  sm ooth  r e g u l a r  s t r u c t u r e  

f o r  a s e t  X and  i s  c l o s e d  u n d e r  c o m p o s i t i o n ,  t h e n  t h e  t o p 

o lo g y  o f  th e  s p a c e  (X ,V j)  i s  c o m p le t e ly  r e g u l a r .

P r o o f :  We w is h  to  show t h a t  f o r  each  open G O x  and

e a c h  X G G t h e r e  i s  a c o n t in u o u s  r e a l  v a lu e d  f u n c t i o n  

f :X  - >  [R e a ls ]  s u c h  t h a t  f ( x )  = 0  and f(X  -  G) = 1. F i r s t  

cho o se  a  £ I  so t h a t  Vg^(x) Ç G  and  d e f i n e  i n d u c t i v e l y  th e  

s e q u e n c e  a ^ ,  a j ,  a g ,  . . i n  I  a s  f o l l o w s :  P u t  = a .  As

sum ing t h a t  a^  ̂ h a s  b e e n  d e f i n e d  f o r  a l l  m< n, l e t  be
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th e  s e t  o f  a l l  c o m p o s i t io n s  o f  th e  fo rm  V V_ . . .  V_ V_ ,
^ t  “ t - 1  “ l  %

where 0 < < n^ < . . .  < < n. F o r  e a c h  h e J ,  l e t  a ^ ( h )  be

s u c h  t h a t  ( b ) ^ a  ( b ) ^ b ^ ^ ( ^ )  u s i n g  th e

above lemma. Then d e f i n e  V_ = V_ ( b ) ,  w hich  i s  p o s s i b l e ,
^ n  *n

s i n c e  J  i s  f i n i t e .  The d e s i r e d  f u n c t i o n  f  may now be d e 

f i n e d  i n  te rm s  o f  t h e s e  V ( n =  0 , 1 , 2 , . , . ) ,  The r e a d e r  i s
n

r e f e r r e d  t o  W eil [ 1 0 ,  p . 13] o r  to  NObling [ 9 ,  p . 193] f o r  

d e t a i l s .

Comment; By r e p l a c i n g  th e  p h ra s e  "sm ooth  r e g u l a r  

s t r u c t u r e "  i n  th e  p re m is e  o f  th e  lemma and o f  th e  th e o re m  

w i t h  " u n i f o r m i t y " , and  m o d ify in g  th e  p ro o f  o f  th e  lemma 

a c c o r d i n g l y ,  one o b t a i n s  W e i l ' s  c l a s s i c a l  r e s u l t  ( a n d  i t s  

p r o o f )  t h a t  s p a c e s  w h ich  a d m i t  u n i f o r m i t i e s  a r e  c o m p le t e ly  

r e g u l a r .  The c o n v e r s e  o f  t h a t  r e s u l t  i s  a l s o  t r u e .  B ut 

w h e th e r  o r  n o t  c o m p le t e ly  r e g u l a r  s p a c e s  a lw ay s  a d m i t  sm ooth  

r e g u l a r  s t r u c t u r e s  -  o r  f o r  t h a t  m a t t e r ,  sm ooth  u n i f o r m i 

t i e s  -  s t i l l  r e m a in s  t o  be d e c i d e d .  Our c o n j e c t u r e  i s  t h a t  

t h e y  do .



CHAPTER IV

FIXPOINT THEOREM FOR CONTRACTIONS 

OF A WELL-CHAINED SPACE

I f  a  map A:X ->■ X: x  ->■ Ax i n  a  c o m p le te  m e t r i c  

sp a c e  (X ,d )  i s  su c h  t h a t ,  f o r  some c < 1 ,  d (A x ,A y )< c d ( x , y )  

h o ld s  f o r  a l l  x ,  y  e X ,  t h e n  th e  e q u a t i o n  Ax = x  h as  i n  X a 

u n iq u e  s o l u t i o n .  The u s e f u l n e s s  o f  t h i s  " p r i n c i p l e  o f  

c o n t r a c t i o n  m app ings"  i n  a n a l y s i s  h a s  b e e n  w e l l  i l l u s t r a 

t e d  by  Kolm ogorov and  Fom in i n  C5» p p ,4 3 ~ 5 1 ] .

P r e s e n t e d  w i th  a n  e l e g a n t  l i t t l e  th e o re m  o f  g r e a t  

a p p l i c a b i l i t y  su c h  a s  t h i s ,  one i s  moved to  w onder, How 

f a r  c a n  i t  be  p u sh e d ?  Can th e  c o n c e p t  o f  " c o n t r a c t i o n "  

be  made m e a n in g fu l  i n  more g e n e r a l  s p a c e s  a n d ,  i f  s o ,  d o e s  

th e  q u o te d  f i x p o i n t  th eo rem  have a  s i g n i f i c a n t  g e n e r a l i z a 

t i o n ?  F o r  r e g u l a r  d e v e lo p a b le  s p a c e s  a n  a f f i r m a t i v e  a n sw e r  

h a s  b e e n  p r o v id e d  by  D r. J .  Mathews [ ? ] .  T h is  f i n a l  c h a p 

t e r  o f f e r s  a  f i x p o i n t  th e o re m  f o r  w e l l - c h a i n e d  s p a c e s  w i t h  

t r a n s i t i v e  s t r u c t u r e .  The d e f i n i t i o n s  p ro p o s e d  i n  th e  f i r s t  

s e c t i o n  a n d  th e  lem m ata  l e a d i n g  to  Theorem  4 , 2 . 2  a r e  form u

l a t e d  i n  a s  g e n e r a l  a  m anner a s  seem ed c o m p a t ib le  w i t h  n a t 

u r a l n e s s .  I t  may be t h a t  t h e y  a r e  o f  i n t e r e s t  i n d e p e n d e n t l y  

o f  t h e  p a r t i c u l a r  f i x p o i n t  th e o re m  p r e s e n t e d  h e r e .

31
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4 . 1 . D e f i n i t i o n s . A s p a c e  (X ,V j)  i s  s a i d  to  be 

w e l l - c h a in e d  fro m  x e X ^ y e X i f  f o r  e a c h  a  e I  t h e r e  i s  

a  n a t u r a l  number k  s u c h  t h a t  y e V ^ ( x ) .  A w e l l - c h a in e d  

s p a c e  i s  one w h ich  i s  w e l l - c h a i n e d  b e tw e e n  e a c h  p a i r  o f  i t s  

p o i n t s .  T h is  i s  s im p ly  a g e n e r a l i z a t i o n  o f  th e  c o r r e s p o n d 

i n g  c o n c e p t  f o r  m e t r i c  s p a c e s .

F o r  a  m e t r i c  s p a c e  ( X , d ) ,  th e  s t r u e t u r e  d e f i n e d  by 

d i s  th e  f a m i ly  o f  r e l a t i o n s  o f  t h e  fo rm  = [ ( x , y )  s X*X; 

d ( x , y ) < a ] ,  f o r  a > 0 r e a l .  Such  a  s t r u c t u r e  i s  o f  c o u r s e  

u n i fo r m .

Now a  map A:X X: x  Ax i s  c a l l e d  an  r / s - map 

r e l a t i v e  to .,a  s t r u c t u r e  f o r  X, r  and  s b e in g  n a t u r a l  

n u m b ers ,  i f  f o r  e v e r y  a e  I ,

o r  e q u i v a l e n t l y ,

A V ^ Ç V ^ A ,

w h ic h  i s  to  s a y :  i f  two p o i n t s  o f  X a r e  no more th a n  a n

a - c h a i n  o f  l e n g t h  s a p a r t ,  t h e n  t h e i r  im ages u n d e r  A w i l l  

be no more t h a n  a n  a - c h a i n  o f  l e n g t h  r  a p a r t .  I f  r  < s , 

t h e  s p a c e  " c o n t r a c t s ” more o r  l e s s  u n i f o r m ly  u n d e r  su c h  a 

map. N o t ic e  t h a t  t h e s e  p r o p e r t i e s  a r e  n o t  i n v a r i a n t  w i t h  

r e s p e c t  t o  e q u iv a l e n c e  o f  s t r u c t u r e s .

An e v e n t u a l  c o n t r a c t i o n  o f  a sp a c e  (X ,V j)  i s  a  map 

A:X ->• X some i t e r a t i o n  o f  w h ic h ,  s a y  A^, i s  an  r / s - m a p  

w i t h  r  < s , r e l a t i v e  t o  some V j - e q u i v a l e n t  s t r u c t u r e  f o r  X.
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These d e f i n i t i o n s  were s u g g e s t e d  by  th e  f a m i l i a r  

n o t i o n  o f  a  c o n t r a c t i o n  map i n  a m e t r ic  s p a c e  ( X , d ) .  A 

map A:X - >  X i s  a n  e v e n tu a l  me t r i e  c o n t r a c t i o n  o f  (X ,d )  

i f ,  f o r  some m e t r i c  d* e q u i v a l e n t  t o  d ,  some number m, and 

some r e a l  c < 1 ,  d*(A^x,A™y) < c d * ( x , y ) ,  f o r  a l l  x ,  y e X.

(d  and  d* a r e  e q u i v a l e n t  i f  t h e r e  e x i s t  c o n s t a n t s  a /  0 and  

b  s u c h  t h a t  ad  < d* < bd; e q u i v a l e n t  m e t r i c s  d e f i n e  e q u iv 

a l e n t  s t r u c t u r e s . )

4 . 2 . R e s u l t s . F i r s t  we n o te  t h a t  e v e n t u a l  c o n t r a c 

t i o n s  do in d e e d  g e n e r a l i z e  th e  c o n c e p t  o f  an  e v e n t u a l  m et

r i c  c o n t r a c t i o n :

Theorem 4 . 2 . 1 . E v ery  e v e n t u a l  m e t r i c  c o n t r a c t i o n  i s  

a n  e v e n t u a l  c o n t r a c t i o n  o f  th e  sp ace  whose s t r u c t u r e  i s  d e 

f i n e d  by t h e  g iv e n  m e t r ic .

P r o o f :  L e t  A:X - V  X be an  e v e n t u a l  m e t r i c  c o n t r a c 

t i o n  o f  ( X, d )  and l e t  d* be  t h e  m e t r i c  r e q u i r e d  by th e  

a b ove  d e f i n i t i o n .  I t  i s  n o t  d i f f i c u l t  to  se e  t h a t  i f  n  i s  

c h o s e n  l a r g e  enough  ( v i z . ,  > - l o g  2^^/log c ) ,  t h e n  d * ( A ^ , A ^ )
*1 p

< 2 d * ( x , y ) ,  f o r  a l l  x ,  y e X. G iven  a  < 0 ,  su p pose  y e Vg ^ ( x ) .

I . e . ,  d * ( x , z )  < a  and d * ( z , y )  < a ,  f o r  some z e X. Then

d * (A ^ x ,A ^ z )  < I  and  d*(A ^z ,A °y) < |  , whence A ^  e V^(A°x) Ç
2

V ( A ^ ) . Thus A^ i s  a  1 /2-m ap r e l a t i v e  t o  a  s t r u c t u r e  f o r  
8.

i

X e q u i v a l e n t  to  t h a t  d e f in e d  by d ,  an d  so A i s  a n  e v e n t u a l  

c o n t r a c t i o n  o f  th e  sp a c e .

The c o n v e r s e  o f  Theorem 4 . 2 . 1  i t  f a l s e ,  a s  c a n  be
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s e e n  by  t h i s

Exam ple ; L e t  be a  m e t r i c  sp a c e  w i th  d ^ <  1 ,

f o r  i  = 1 , 2 ,  and  su p p o se  %2 " ^ ' D e f in e  ( X, d )  by t a k i n g

X = Xj_UX2  and d = d ^  on X^xXj_(i = 1 ,2 )  , d  = 1 on  X i 'X g U X g iZ i .

Choose x ^ e X j ^ ,  Xg s Xg, and d e f i n e  A:X ->• X by

( x p ,  i f  X e X-,.
Ax = <  ^

I x ^ ,  i f  XEXg.

Then A i s  a n  r / s - m a p  f o r  e v e ry  p a i r  r , s  ( r e l a t i v e  to  th e  

s t r u c t u r e  d e f i n e d  by  d ) ,  y e t  f o r  e v e ry  n and e v e ry  m e t r i c  

d* f o r  X we have  d * ( A ° X ^ ,A ^ 2 ) = d * ( x ^ , X 2 ) /  0 ,  so  t h a t  A 

i s  n o t  a n  e v e n t u a l  m e t r i c  c o n t r a c t i o n .

The f o l lo w in g  lemmas l e a d  to  a f i x p o i n t  theo rem .

Lemma A. W ith  r e s p e c t  to  l o c a l l y  t r a n s i t i v e  s t r u c 

t u r e s ,  r / s - m a p s  a r e  c o n t i n u o u s .  I f  e i t h e r  r = 1 o r  th e  

s t r u c t u r e  i s  t r a n s i t i v e ,  a n  r / s - m a p  i s  u n i f o r m ly  c o n t in u o u s .

P r o o f :  S t r a i g h t f o r w a r d ,  u s in g  A (V ^(x ))  AV^(x) Ç.

V^(Ax) C  Vg^(Ax) , f o r  b p r o p e r l y  c h o s e n .

L e m m a  B. An r / s - m a p  ( r e l a t i v e  to  some s t r u c t u r e )  i s  

a l s o  a n  mr/m s-m ap r e l a t i v e  to  th e  same s t r u c t u r e ,  f o r  e v e r y  

m = 1 , 2 ,  . . .  . L ik e w is e ,  f o r  s ' <  s and  r ' > r ,  r / s - m a p s  a r e  

a l s o  r ' / s ' - m a p s .

P r o o f :  I f  V® C  A'^V^A, t h e n  c :  A " ^ jA A " H g A . . .A” V ^A
c . oL cL ■" ix  <X

(m t im e s )  =A“ ^ ^ A ,  s i n c e  AA~^ = . Thus r / s - m a p s  a r e

m r/m s-m aps. The s e c o n d  a s s e r t i o n  i s  a l s o  im m ed ia te .

Remark; The " c a n c e l l a t i o n  law " c o n v e r s e  of Lemma B

am



35

i s  n o t  v a l i d  i n  g e n e r a l .

Lemma 0 .  The i t e r a t i o n  o f  a n  r / s - m a p  i s  a n  

r ^ / s ^ - m a p  ( r e  th e  same s t r u c t u r e ) .

P r o o f :  By i n d u c t i o n  on n . L e t  A:X ->• X be a n

r / s - m a p  r e l a t i v e  to  V^. B a s i s :  F o r  n = l  th e  a s s e r t i o n

h o ld s  by h y p o t h e s i s .  I n d u c t i o n  S t e p :  Suppose  t h a t  i s

a n  r ^ / s ^ - m a p .  Then A^ i s  a l s o  a n  s r ^ / s ^ ^ ^ - m a p ,  by Lemma 

B, and  A i s  a l s o  a n  r^ '^ ^ / r^ s -m a p :

f o r  e a c h  a  e I ,  whence Â '*’^ i s  a n  r^"^Vs^'^^-m ap.

Lemma D. I f  r  < s and A i s  an  r / s - m a p  r e l a t i v e  to  a 

[ l o c a l l y ]  t r a n s i t i v e  s t r u c t u r e  t h e n  t h e r e  e x i s t s  a

s t r u c t u r e  e q u i v a l e n t  to  [ d e f i n i n g  th e  same to p o lo g y  a s ]  V j 

r e l a t i v e  t o  w h ich  some i t e r a t i o n  o f  A i s  a 1 /2 -m ap .

P r o o f ;  Choose n so t h a t  s ^ > 2 r ^  and d e f i n e  U j by 

p u t t i n g  Uĝ  = , f o r  e a c h  a e I .  I t  i s  e a s i l y  s e e n  t h a t  Uj

and Vj  a r e  e q u i v a l e n t  i f  th e  l a t t e r  i s  t r a n s i t i v e  ( a n d  t h a t  

t h e y  d e f i n e  t h e  same to p o lo g y  i f  th e  l a t t e r  i s  l o c a l l y  

t r a n s i t i v e ) .  B ut f o r  e a c h  a e l ,  u5 C. v f  C .A “ % f  A^ = A "% _A ^,oL cL ol o.
by  Lemma C, whence A^ i s  a  1 /2 -m ap  r e l a t i v e  to  Uj.

Lemma E . L e t  A be a n  r / s - m a p  o f  X r e l a t i v e  t o  V j.

Suppose  t h a t ,  f o r  some x e X ,  th e  sp a ce  i s  w e l l - c h a i n e d  from

X t o  Ax. I f  r  < 8 ,  t h e n  f o r  e a c h  a e l  t h e r e  i s  a n  n  s u c h
m n

t h a t ,  f o r  a l l  m= 1 , 2 ,  . . . ,  A x e V _ ( x ) .
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P r o o f :  By i n d u c t i o n  on m. L e t  k  be s u c h . t h a t

Ax e V ^(x) and  p u t  n  = k s .  B a s i s ;  m = 1: Ax e V ^(x ) C V ^ ( x ) .  

I n d u c t i o n  s t e p :  S up p o se  A ^ e V ^ ( x ) ,  Then by Lemma B,

A*+^x G AV®^(x) C A A " 4 ^ ^  A(x) = V^^(Ax) , 

and by d e f i n i t i o n  o f  k  and th e  f a c t  t h a t  r < s ,

V^^(Ax) C  V ^ % ( x )  C v S \ x ) .

Thus A °^ ^ -x e V ^ (x ) .

Lemma F . I n  a  w e l l - c h a i n e d  s p a c e ,  th e  s u c c e s s i v e  

im ages o f  a g i v e n  p o i n t  u n d e r  i t e r a t i o n s  o f  a 1 /2 -m ap  form  

a Cauchy s e q u e n c e .

P r o o f :  L e t  ( X, Vj )  be w e l l - c h a i n e d  and su pp ose  t h a t

A i s  a  1 /2 -m ap  r e l a t i v e  to  V j .  We w ish  to  show t h a t ,  f o r  

e v e ry  a e I ,  t h e r e  i s  a n  n  such  t h a t  i f  m> n t h e n  A^'x e Vg^(A^x) , 

x e X b e in g  g iv e n .  L e t  N b e ,  by Lemma E , l a r g e  enough so 

t h a t  a l l  im ages o f  x  u n d e r  i t e r a t i o n s  o f  A b e lo n g  to  ? ^ ( x ) , 

and c h o o se  n ^ l o g g N .  Then, i f  m> n , we have

a“ '"S c e V ^(x )  Ç  V a^(x )  C  A " ^ ^ A ^ ( x )  , 

by Lemma C ( s i n c e  1 ^ = 1 ) .  T h a t  i s ,  A^x e A^A^^^^A^Cx) = 

V g^(A ^), a s  d e s i r e d .

Theorem  4 . 2 . 2 . E v ery  e v e n tu a l  c o n t r a c t i o n  o f  a s e 

q u e n t i a l l y  c o m p le te  w e l l - c h a i n e d  T ^ -sp a c e  w i th  t r a n s i t i v e  

s t r u c t u r e  h as  a  u n iq u e  f i x p o i n t .

P r o o f :  I f  A i s  a n  e v e n t u a l  c o n t r a c t i o n  o f  ( X , V j ) ,

t h e n  some i t e r a t i o n  o f  A i s  a n  r / s - m a p ,  w i th  r  < s ,  r e l a t i v e  

t o  a  s t r u c t u r e  e q u i v a l e n t  to  V j .  S in c e  V j  and a l l  e q u i v a l e n t
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s t r u c t u r e s  a r e  t r a n s i t i v e ,  Lemma L t e l l s  u s  t h a t  a  f u r t h e r

i t e r a t i o n  o f  A, s a y  A ^ = B ,  i s  a  1 /2 -m ap  r e l a t i v e  to  a  V j-

e q u i v a l e n t  s t r u c t u r e ,  s a y  U j. S in c e  th e  sp a c e  i s  w e l l -
2c h a in e d .  Lemma F g iv e s  us a Cauchy s e q u e n c e  x ,  Bx, B x ,  . . .  

( x e X ) .  B u t by  c o m p le te n e s s ,  t h i s  s e q u e n c e  co n v erg es , to  some 

p o i n t  p e  X. Then, B b e in g  c o n t in u o u s  (Lemma A ) ,  we have 

Bp = B B ^  = = p , so p i s  a  f i x p o i n t  f o r  B.

I t  i s  B 's  o n ly  f i x p o i n t .  F o r  su p p o se  t h a t  Bq = q . S in c e  

th e  s p a c e  i s  w e l l - c h a i n e d ,  f o r  e a c h  a  e J  t h e r e  i s  a  k l a r g e  

enough so  t h a t  ( p , q )  e Ç  B~^U^B^ ( u s i n g  Lemma C and  r e 

membering t h a t  B i s  a  1 /2 -m ap  r e  U j ) , B ut t h e n  ( p , q ) = 

( B ^ , B ^ q )  e Uĝ . Thus^ f o r  e v e ry  a e J ,  q e Ug(p) a n d ,  i n  a 

l i k e  m anner, p e U g ( q ) .  S in c e  th e  s p a c e  i s  T ^ , t h i s  im p l i e s  

q = p .  Now we c a n  show t h a t  p i s  a  f i x p o i n t  f o r  A: S in c e

BAp = A^"^^p = ABp = Ap and s i n c e  B h as  b u t  one f i x p o i n t ,  Ap = p . 

F i n a l l y ,  p i s  th e  only, f i x p o i n t  f o r  A b e c a u s e  i t  i s  th e  o n ly  

one f o r  B = A^.

Comment; The exam ple f o l lo w in g  Theorem  4 - ,2 .1  shows 

t h a t  th e  a s s u m p t io n  t h a t  th e  s p a c e  be w e l l - c h a i n e d  i s  e s s e n 

t i a l  i n  Theorem 4 - .2 .2 .  I t  i s  c r u c i a l  n o t  o n ly  i n  th e  p r o o f  

o f  e x i s t e n c e  o f  a  f i x p o i n t  b u t  a l s o  i n  th e  p r o o f  o f  u n iq u e 

n e s s  ( a s  c a n  be  s e e n  by i n t e r c h a n g i n g  x ^  and  X2  i n  th e  d e f 

i n i t i o n  o f  A i n  th e  e x a m p le ) .  So Theorem  4 - .2 .2  i s  n o t  q u i t e  

a  t r u e  g e n e r a l i z a t i o n  o f  t h e  f i x p o i n t  th e o re m  f o r  m e t r ic  

c o n t r a c t i o n s  q u o te d  i n  th e  o p e n in g  p a r a g r a p h  o f  t h i s  c h a p t e r .  

F i n a l l y ,  n o te  t h a t  A:X X n eed  n o t  be  assum ed  c o n t i n u o u s ,  

a s  was done i n  [ 6 ,  p . 3 0 ] .
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