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PREFACE

This study was conducted to learn more about ring
resonators and problems associated with actually building
one in the laboratory. The single-beam model constructed
revealed many sources of error, some of which became evident
only after observing the behavior of the ring. A study of
the erratic output indicated that certain precautions were
necessary in order to build a sensitive resonator. The
major application of ring resonators is in the field of ring
laser gyroscopes which can be made into very sensitive
rotation measuring devices.

My interest in this field was initiated by my committee
chairman, Dr. Bilger, who has always been more than ready to
provide valuable assistance, and has done the majority of
the work in proofreading this manuscript. I would like to
individually thank each of my committee members; Dr. Basore,
Dr. Cummins, Dr. Ramakumar, and Dr. Swamy, for their time
and effort in reading the rough draft of this thesis and
providing me with valuable suggestions for further improve-
ment. In addition, I would like to thank Dr. Cummins for
the loan of his personal computer which made much of my data

acquisition and analysis possible.
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The department chairman, Dr Baker, has been extremely
kind in providing me with some of the equipment I needed for
the construction of the ring, and has always been more than
willing to help.

Much knowledge has been gleaned from my working on a
project like this; there are many possibilities in this kind
of undertaking, and I would like to welcome any future

student willing to explore more in this field.
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CHAPTER I
INTRODUCTION
Background

Optical ring cavities have been in use since Oliver
Lodge constructed one in 1897 (Heer, 1984) to measure the
"drag of ether". Since then, the main use of these cavities
has been to study rotational effects or to measure the drag
of light in the presence of a medium (Stowell, 1974).
According to current literature, the first resonant ring
cavity was proposed by Rosenthal (1962) in which two
counter-propagating laser beams were generated by use of an
active medium contained in the resonator. Since then the
active ring laser gyroscope has matured into a sophisticated
device used nowadays by aircraft for navigation.

The first passive ring laser resonator was proposed by
Ezekiel (1977) in which an external laser was used to inject
the th beams. The passive ring laser resonator has some
advantages as well as disadvantages over the active iype of
device, and has been a constant source of study sincg its
invention. Of particular interest are the errors inﬁroduced
by misinjection of the source (Sayeh, 1985), and by internal

mirror tilts and shifts (Stedman, 1986).



Ezekiel (1978) observed the existence of higher-order
modes due to misalignment (both internal & external).

A passive ring resonator can support a large number of
different modes unlike an active resonator which only
resonates in modes having sufficient loop—gain. Alignment
is therefore an important factor in the construction of
passive resonant cavities. It is possible to predict
alignment errors of a passive ring laser gyroscope (PRLG) by
studying errors associated with a cavity which has only one
resonant beam instead of two counter-propagating beams,

since errors would affect both beams in the same way.
Objectives and Order of Presentation

The main purpose behind this study is to quantitatively
assess certain parameters related to the building of a
successful passive ring resonator. Figure 1 shows the asso-
ciated errors in block diagram form.

A complete study of the source laser needs to be done,
.and chapter two is devoted to this. Length, position, and
tilt of the optical axis must be measured, and eigenmodes of
the ring need to be calculated. Resonator finesse
(definition, see Appendix A) needs to be calculated after a
study of mirror reflectivities.

The source must be aligned and matched with the ring to
achieve proper resonance. The effect of residual errors may
then be investigated. Misalignment has been observed to

produce Hermite-Gaussian modes in the output of the



resonator, and these are the most commonly observed higher-
order modes in a laser resonator.

Due to a lack of a formal theory at present, computer
simulation will be used to determine the effect of mirror

movements .

The final setup to be achieved is shown in Figure 2.
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The final setup used in this study



CHAPTER T1I
PARAMETERS OF THE INJECTION LASER
Introduction

The source used was a frequency-stabilized single
frequency HeNe laser. The laser head has connected to it a
power supply cord and a cable for feedback/control which
keeps the output of the laser to a single longitudinal mode
of constant frequency (see specifications, next page) by
thermally controliing the laser cavity length. The error
signal for the heater control is provided by the intensity
difference between two different internal longitudinal modes
on the gain curve (see Figure 3). The §oltage supply to the
heater in the laser-head is controlled so as to keep this
difference as small as possible and this has the effect of
fixing the two modes in the frequency domain since their
spacing is constant and equal to the free spectral range,
¢/2L (L is the length of the laser cavity).

Only one of the modes is allowed to escape and forms
the output of the laser.

The parameters of the Coherent Model 200 laser as

described in the operators manual are given on the next

page.



Power Output, Po : g.86mW < Po < @.96mW

oo

Mode extinction for 2nd and 3rd order modes : < .1
Short-term frequency stability < ¥ 1 MHz drift in 15 min
Long~term frequency stability ~ 25 MHz

Free Spectral Range : 565 MHz

Beam 'contour' diameter (l/e2 point) : @.6 mm ?

Full-angle beam divergence : 1.3 mrad

Amplitude noise (19 Hz - 167 Hz) ¢ < @.2 % RMS
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Figure 3. How error signals are produced by
change in mode position; as the modes
drift form A and B to A' and B', an
error signal is produced, and is used
to provide feedback for the laser.
(Reproduced from the Coherent laser
operator's manual).



Output Power Variation

A check on power fluctuations of the laser-beam was
performed by placing a detector directly in the path of the
beam, hooked up to a voltmeter and digitizer.

The detector output was monitored for over an hour and
the results are displayed in the graph below. After

stabilization, the RMS of the variation was estimated to be

< g.5 %

Laser power output
Coherent model 200

1.5
1.4
1.3
1.2
1.1
1.0
0.9
0.8
0.7
0.6
0.5
0.4 -
0.3 -
0.2 <
0.1

0.0 T T T T T
0.0 20.0 40.0 60.0

output intensity (mWw)

minutes

Figure 4. Power output of source vs time after power
is switched on (@ min). Note that the
feedback-control system starts operating
20 min after power-on.



Beam Intensity Profile

Photographs of the laser output indicate a roughly
Gaussian shape with a lot of extraneous radiation, some of
which may be due to the frequency-stabilization optics
inside thé laser head. The photographs are displayed in
Figure 6. Two tests were done to verify the Gaussian
profile along a cross-section of the beam, and to determine
if the beam was astigmatic.

For reference and consistency, a right-handed xyz
coordinate system will be employed with the z-axis
representing the forward direction of travel of the laser

beam.

S >-Z

7
DIRECTION OF TRAVEL
OF LASER BEAM

Figure 5. The reference coordinate system.



Figure 6.

Photographs of the source laser; note the
stray radiation around the main beam.
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Gaussian Intensity Profile

The spot size and the Gaussian profile of a spatially
filtered version of the beam were‘determined using knife-
edge scanning techniques developed earlier in the laboratory
[Bilger & Habib, 13].

The variation.of power density along, say the x-axis on

a cross-section of a Gaussian beam is given by:

5
S{x,y) = = Fo exp|-2(x-x )2 / ng expl|-2(y-y 1% 7 w?
now v o x] o v
Xy (1)
2 Fo
where Po is the total power in the beam; g wqu is the

power density in the center, and X is the x-coordinate of
the center of the beam.

The power spilling over a straight-edge intersecting
the beam can be found by integrating S(x,y) over dx and dy,
to give us the complementary error function. A plot of this
function vs blade position is given by the solid curve in
Figure 7.

A least-squares program on the ECEN VAX computer (a
Bilger-Habib effort) can be used to fit the measured power
ratios vs blade position using an approximation for the
complementary error function to determine the spot size w .
Measurements of power spilling over the edge vs blade
position performed along a cross-section of the beam at a
distance of 45 cm from the front end of the laser-head are

represented by points on the curve in Figure 7 . Note that
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the data fit very closely on a theoretical curve signifying

a very nearly Gaussian beam.
The least-squares program gave the spot size as 444 ¥
4 um, at a distance 47.5 cm from the laser waist.
Plot of Q—function Through Data Points
1 e
O
o
N
O
Do
a
0.1 | '
. | € Sppt Size >
! 1
0 T T T T I T T T : T T T T IF T T T T 1 1 I
8.5 8.7 8.9 9.1 9.3 9.5 9.7 9.9 10.1 10.3 10.5
x(s) (mm)

Result of a knife-edge scan of the source
the

Figure 7.
beam at an arbitrary angle, 45 cm fro
The spot size obtained is 444-4 um.

laser.
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Verification of astigmatism

Gaussian beams can be astigmatic i.e. have different
spot sizes along the x and the y axes. Reverting again to
the knife-edge scanning process, we determined a way to find
the characteristics of an astigmatic Gaussian beam. This
can be done by scanning along various angles in the xy-plane
to find the spot size as a function of scanning angle.

A least-squares fit provides us with the valges of the
major axis W the eccentricity e and the angle of tilt a
of the major axis with the x-axis. A plot of measured
values on an circle of radius 452 um shows a close fit.

The calculated values of the parameters are:

w_ = 452 — 2 um
a
e = 9.17 ¥ g.1
+ o

The output beam was found to be almost circular.



1500

1800

300

400

800 600
SPOT SIZE (um)

SCANNING ANGLE

Figure 8. Ellipticity of source beam; note how closely the
measured points fit on a drawn circle of 452 um
radius.
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Waist size and location

The laser waist size and location can be determined by
measuring the spot sizes at various distances from the laser

and fitting spot size vs distance into the relationship:

] (z-z_)?
wiz) = w 1+ il (2)

(nw?® /7 2 )
[}

where W the waist size~(the minimum spot size, and where
the phase-front is almost planar) and z, the waist location,
are the parameters to be determined. w(z) is the spot size
at location =z.

Measurements were made along the x-axis only, as the
beam was considered to be roughly circular in shape. Spot
sizes were measured at five different locations, and the
resulting least-squares fit gave the size of the waist as

+

330 - 2 um and the location as 26 t 5 mm behind the front

end of the housing and inside the laser cavity.
Frequency characteristics

The output frequency spectrum of the laser was analyzed
‘using a Coherent 24@-2-B laser frequency analyzer. The
analyzer consists of two mirrors contained at the ends of a
cavity in a confocal arrangement. One of the mirrors is
connected to a piezo-electric transducer to which a sawtooth
waveform voltage from an oscilloscope time-base is applied.
Application of this voltage causes the mirror to move and

the length of the cavity consequently changes. Since, to
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resonate, the cavity length has to be an integer number of
wavelengths of the input frequency of the light, this causes
the resonance frequency of the cavity to change.

If light enters the scanner at a resonance frequency,
maximum transmission through the cavity will occur, and the
output can be measured by a detector placed at the other end
of the frequency analyzer. The detector can be connected to
an oscilloscope to visually show the frequency spectrum. A
frequency scan through a range of frequencies can be made
continuously by application of the sawtooth voltage.

From the specifications, the resolution of the scanner
(ratio of optical frequency to instrument bandwidth) is

6, and the free spectral range is 150¢ MHz; the

given as 8x14¢
finesse (see appendix A) is given as 204.

A frequency scan of the laser beam (Figure 9) shows it
indeed to be a single frequency TEMpo mode. This can be
inferred from the fact that there is a single peak within
the free-spectral range, and that the output of the laser is
a single dot. The finesse, (free spectral range) / (full-
width at half maximum), of the laser is determined from the
curve to be 120 (see Appendix A), which is most probably
imposed by the scanner .

The laser is suitable for use as a source for
injection. Any excitation of Hermite-Gaussians in the ring
resonator would have to be caused by a single—frequehcy

fundamental Gaussian, since the source apparently has no

visible Hermite-Gaussians in its spectrum.



TEM 0.0qg+

TEM

Intensity

< Free Spectral Range

Frequency

Figure 9. Measured frequency scan of source beam using an optical
spectrum analyzer; results indicate the presence of a

single mode only.
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CHAPTER III
SETUP OF THE RING RESONATOR
Construction of the Ring

The ring resonator was constructed from four mirrors of
5 m radius of curvature mounted on mirror holders having
and angle adjustments as shown in Figure 1@. The
assembly was done on a 3 ton granite block measuring 9 feet
by 6 feet by 8 in. and having a smooth top, with an RMS
height variation of less than 1 mm.

First a square of the required length was marked out on
the block, then mirrors mounted on the mirror holders were
placed with centers approximately on the corners of the
square so that the normals to the mirror surfaces would
subtend an angle of 45° to a side. Adhesive was then
applied to fix the holders to the table surface. One side
of the square was drawn out and extended to provide a
reference for source injection. This arrangement proved to
be satisfactory to get the ring aligned.

Output from the ring was taken from the mirror
diagonally opposite the injection mirror; The heigh£ of the
ring was about 6.3 cm above the table surface, and an
arrangement of mirrors had to be used to feed the resonator

output to the frequency scanner.

18



19

Basically, two rings were constructed, one which was
1 m on a side and another 15.4 cm on a side, using the same
mirrors. The larger ring appeared to be more unstable so
most observations were made on the smaller ring.

The mirror radii as measured in the lab were:

e
!

+ + +
5.01-.901 m, Rb = 4.95-.03 m, RC = 5.12-.92 m,

= 4.95t.@3 m ; all values were reasonably close to 5 m ,

o)
|

so for ease of calculation, all four mirror radii were
assumed to bel5 me.

Various analyses were performed before construction,
among which were the focusing stability, the eigenmodes and

waist size and location, and the finesse of the cavity.
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® Angle Adjustment

{ 6 Angle
Adjustment

Figure 10. Mirror holder used at one of
the four corners of the ring;
knobs providing angular
adjustments are indicated.
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Mirror reflectivity

In order to be able to predict the finesse of the ring,
mirror reflectivities had to be measured for all four
mirrors. This was done in a separate experiment by'feeding
a beam from a laser onto a mirror surface and measuring the

amount of power P, that passes through the mirror. Since

t
the laser power output PO is known and is constant over
time, the transmittivity T of the mirrgrs is given by T =
Pt/Po .

Since the mirrors are of a multilayer dielectric
configuration, it is assumed that the power absorbed is very
small. It is also assumed tﬁat light scattered from the
mirrors is negligible. Reflectivity R 1is then given by
R=1-T17 .

The mirrors were designed for maximum reflectance at g°
incidence (the angle which the normal of the mirror subtends
with the input beam), so the reflectivity had to be measured
in a range of incidence angles around 450, which is the
angle at which the beams would actually hit the mirrors
inside the resonator. Reflectance at 2° was found to be .
99.9% .

Unfortunately, it was found that the reflectivity
decreased as the incident angle increased; at 45° incidence
the reflectivity was between 99.8 and 99.7 % for all four
mirrors. Mirror reflectivities for all calculations were

then taken from the curves in Figures 11 and 12.



Transmittance

Transmittance for mirror A Transmittance for mirror B

Transmittance

T T T T
30 35 0 0 55 60 30 40 45 0
?e (deg? Incident angle (deg?

Incident ang

Figure 11. Transmittance vs incident angle for mirrors A and B.
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Transmittance

Transmittance for mirror C

30 35 0 55 60
Inc1dent ang?e (deg?

Transmittance

Transmittance for mirror D

Y

30 35 0 55 60
Incident ang?e (deg?

Figure 12. Transmittance vs incident angle for mirrors C and D.
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Geometry of the Optical Axis

The actual length of the resonator, which is the length
of the round trip optical axis, had to be determined after
injecting a source beam and getting the ring to resonate.
Once resonance was achieved, the length of a side could be
measured by laying a scale inside the ring and parallel to a
side and moving a vertical straight edge on the scale till
it intersected a beam. Assuming the ring is an approximate
square, the difference on the scale between the two points
when a beam is encountered gives the length of a side.

Obviously, the ring will not resonate once a beam in
one of its legs is blocked, but it is assumed that in a well
alignéd system, the non-resonating and the resonating beam-
path are the same. Measurements with an error of about a
quarter millimeter could be made by using this method.

To calculate angles, the diagonals were measured
directly by placing a scale on top of the mirror holders and
reading off the distances between marks on top of the
holders indicating the surface of the mirrors. It was
assumed that there was an error of measurement in diagonal
AC by e and in diagonal BD by e, (see Figure 13). A set of
the smallest values for these errors were then calculated to
make the sum of the angles at the corners equal 360°. The

values chosen for the errors were el = e, = @.028 cm, well

2 >
within the errors expected in the measurement of the

diagonals.



The tilt of the optical axis to the table surface was

determined by measuring the beam height at various points.

The difference in height between the highest and lowest

points was found to be less than 1 mm .

Strictly speaking,

it cannot be assumed that the optical axes lie in a single

plane.

The following data were determined for the ring:

Length
Length
Length

Length

Length

Length

Angle at A
Angle at B
Angle at C

Angle at D

of
of
of

of

of

of

side AB = 15.50 cm
side BC = 15.70 cm
side CD = 15.35 cm
side DA = 15.20 cm

diagonal AC

diagonal BD

I
[09)
09)
—

0]

I
©
~
[09]

o)

Sum of angles = 360.0°

(22.1 + 9.028)

(21.5 + ©.028)

22.13 cm

21.53 cm

25
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Figure 13. Measured lengths of sides of
the ring; the points Xi
and Yi indicate when the
straight edge encountered
a beam.
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fOPTICAL PLANE

D C
’\\ { 1
6.35 A B
cm .35 | { R
cm 6.30 6.35 6.25 6.30 6.30 6.25
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{ b4 S
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TABLE SURFACE

Figure 14. Tilt of the optical axis with reference to the
table surface; errors were less than 1/4 mm.
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Calculation of finesse

A transmission analysis for the quadrilateral resonator
is presented based on a similar analysis in (Haus, 1984) for
a linear Fabry-Perot etalon (interferometer).

In the analysis, 6 is the incident angle, S is the
distance between mirrors, W is the frequency of the wave, r
represents the reflectivity of mirror A; ta is the transmit=-
tivity of mirror A; dAB represents the phase delay of the
wave passing through the length AB.

A beam injected with amplitude a; is transmitted
through mirror A with amplitude jtaai. The wave then
arrives at mirror B phase-shifted by an amount Wn(cos 6S)/c
= dAB’ The portion of the wave reflected from mirror B is
given by -rB(th)(e-jda ai). This reflected portion
arrives at mirror C phase-shifted by an amount

wn(cos 8S)/c = 4d and a part of this is transmitted

BC'

tﬁrough C. The expression for the amplitude of the wave
transmitted through C for the first pass through the loop is

given by :

o—J(da+db) _ o—J(da+db)

—rp(3t,) (3t ) ro(ty)(t)

The reflected wave from C goes round the loop and
returns at C, and the same process 1s repeated over. The
final expression for the total amplitude output ar from C is

given by an infinite geometric series :

- -3jd
af rBtAtce +

-j(da+p)

30t ) [(=rg) (=r ) (mrp) (=r,) (- ) (it e o
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- -Jjd
£ = rBtAtCe .

[1 + {(rB)(rc)(rD)(rA)} + {(rB)(rc)(rD)(rA)}2 + ... 1 a;

a

P = perimeter of the ring.

Using the relation for an infinite geometric series :

e—j(dA+dB)

ag = t rBt (3)

A C

1 - rBrCrDrAe

-]d

where d represents the phase delay around the entire
perimeter of the ring (one round trip).

The total power transmitted (in watts) is given by:

_ 2 _ *
I, = lagl™ = agag
_ 2 2, 2 2
I, = t Tty | (4)
2 ., 2
(1 - rBrCrDrA) + 4rBrCrDrAs1n (a/2)
For this particular ring,
rA = ,998, rB = ,998, rC = ,.998, rD = ,9975
tA = l—rA = g.002, tC = l-rC = g.002
I = 1.594x10"/ I
o ) in
7.179x10° + 3.976sin°%(d/2)
where 1I. = ]a.|2
in 1

.2 .
At resonance, the sin” term equals zero and the maximum

output power is given by:

I = 1.594x10""/ I. = 2.22x10 ' 1I.

7.179x18"° + 3.976
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The finesse can be calculated from (Appendix A):

F 4Rl/2/(l—R) = 479

where R = LaTpTelp
The Free Spectral Range (FSR) is given by <¢/P where P

is the perimeter of the ring.

= 486 MHz

FSR = 3x18° / .6175 =
Since the FSR of the available spectrum analyzer is given as

1508 MHz, it should be possible to measure the finesse

if resonance can be established.

guantitatively,
Transmission through resonator
£
< ~J
o
1 i I I FJLI i 1 i l 1 LR T 1 l‘JLI 1
frequency
Figure 15. Result expected from a frequency scan of
the resonator; the scan was generated

using calculated power ratios.
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Eigenmodes of the ring

To obtain the fields everywhere inside an open optical
resonator, we use Huygens Principle with certain
approximations to give the following integral (Siegman,
1971) We use an xyz coordinate system with wave propagation

along the z-axis.

- . —Jjkz - iy cx 124 0u—y 32
uly,y,z? = je u (x_,y de JR/72230(xn xo) +{y yo} 1
T o o'o
=3
o dxodyD (5)
uin,y,2) = complex wave amplitude anywhere inside
resonator
;(x ,v_) = complex wave amplitude at input plane
o’'‘o
s = coordinate on surface of input plane
X, v = input plane
o o

where z replaces L , the length of the resonator , assuming
z, = g at the input plane.

In resonators which exhibit higher-order modes,
Hermite-Gaussians are most commonly found to be present. One

of many different solutions, the Hermite-Gaussian solution

to this integral is given by: (Haus, 1984)

U (%,¥,2) = ¢m{ J2x } wn{ J2y . (6)

7 ¥
X

Y 4

expl Ji{min+l) g
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where

2 172
Co = 2 m+n

mrn w S 2 mint
[m]
2
-£</2
(F) = H (&e

¢8 'y 0 Ay

all other parameters are as defined before.

Assuming the Hermite-Gaussian solution above, we can
define a g parameter which can completely represent a mode
of any order . The g of a Gaussian beam is a complex
parameter which describes the variation in intensity on a
plane normal to the optical axis, as well as the curvature

of the wavefront, and is given by :
@ = z+3dz,: 1/a = 1/(z+ jz)) = 1/R - jAnw®  (7)

where R is the radius of curvature of the wavefront, and w
is the spot size. Lambda is the wavelength.

The g parameter can be used to describe transformations
of Hermite-Gaussian modes through free-space, lenses and
mirrors. The result of these optical components are
completely described in (Haus, 1984, page 129). Each of the
above mentioned optical components can be represented by
ABCD matrices (Haus, 1984, page 131). The matrices des-

cribed below are used in the ring analysis which follows.
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Free space of distance S

1 [}
—2/RO 1
Mirror of radius Ro

A good check on g-transformations by matrices is that

det. A B =1 where A B
D C C D
represents the cascade matrix for a series of elements.

The g parameter is transformed into gq' where ‘

Propagation of the g

A complete analysis of the ring is presented; ABCD
matrices are used throughout. To clear up nomenclature, the
radius of curvature of a beam or mirror is called positive

if it is concave in the direction of the beam.

R>0 R<®

Since beams are obliquely incident on mirrors, the

resonator is astigmatic (i.e. the g will propagate
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differently in the x-plane (that of the ring) and the y-
plane (normal to that of the ring). Call these g's dq, and

qy . For a g to resonate in the cavity, it must repeat

after one round trip.

The effective focal length of a mirror for a sheath of
rays in the x-plane is (R/2)cos® , and in the y-plane is
(R/2)/cos® where R is the radius of curvature of the mirror

(Bilger, 1985Db)

fa, = (Ry/2){cos(8,/2)] fpy = (Ra/2)/(cos(8y/2))  (8)

where the subscript A stands for mirror A.
We form a matrix for one leg of the resonator consis-

ting of a length S, and then a mirror. This matrix is given

by :
1 S 1 14} 1 S
@ 1 -1/£ 1 =1/f 1-S/f
Length Mirror Leg

The ABCD matrix for the ring is then obtained by multiplying
these four matrices starting from mirror A and travelling
anticlockwise. All four mirror radii were taken to be 5 m
as mentioned before.

Assuming GA = 1/2(angle at A); for the plane of the

ring (x-plane):



A B _
C D
A+
1 .155 1 .157 1
-.561 .913 -.567 .911 -.555
~ .5195 .4809
-1.794 .2300

As a check, the determinant should be 1

The g is then given by :

g = Ag + B or g = AD +

Cqg + D 2C

substituting the values of A B C D from the cascade matrix,

we get:

a.(A) = -0.0807 + jO.5167

For a plane normal to that of the ring:

A B .5195

-1.794

Ay

a,(a,) -2.9773 + 30.7344

.48099

. 2300

.154 1
.915| |-.580
(a+D)2 1
4C2 C2

.152

.912

35

(9)
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Since the ring has 4 equally curved mirrors and is
approximately symmetric, there will be 4 x-waists and
4 y-waists. A waist can be obtained by adding a straight
section to the g at any mirror so the the real part

41

disappears.

i0.5167 ; w

323 um

i

a (a,) + 0.0807 ox

q (A,) + 8.9773 i@.7344 w

v By oy 385 um

~e

where Yox and wOy are the waist sizes in the x and y planes.
Details of the ring along with the waists are shown in
Figure 16 on the next page.

The stability of the ring is given by l—(A+D)2/4 and

should be between @ and 1 for a unique g.

(Focusing) StabilityX 7.88

(Focusing) Stabilityy 2.56
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Di? ‘%
8.07 cm —

| —7.73 cm —=
SOURCE—» %l —
——T B
A Woy / \Wox

~ 15.50 cm -

Figure 16. Location of waists in the resonator;
there are 4 x-waists and 4 y-waists
in each of the legs, but only the
two waists in leg AB are indicated.

w = 323um; w = 385um.
ox oy
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Mode matching with input laser

To assure proper resonance , the spot-size and the
radius of curvature of the source beam (qL) have to be
matched with the same of the resonators eigenmode. This can
usually be accomplished by a lens placed between the laser
and the input mirror, and is known as 'mode-matching',
although it should more appropriately be termed 'g-matching'

Due to astigmatism, the q, and qy of the resonator's
eigenmode are different while the source beam is usually
non-astigmatic, so cylindrical lenses should in principle be
used for precise mode-matching (Bilger, 1985b). However, it
was calculated that Yok and woy were close in value, and it
has been determined that an error of 19% in mode-matching
would result in a loss of power of only 1% into the
resonators fundamental mode (Bilger, 1985b, page 197). Thus
the same size (350 um) was assumed for both waists and an
easily available spherical lens was used to mode-match in
both the x and the y coordinates of the ring with less than
11 % error in matching.

The setup is indicated in Figure 17. The distance L
between the laser waist and the matching lens is given by

the solution to the quadratic equation; (Bilger, 1985b)

2 2,.2 2 2 2 2 2 2
(WOL “YWor )L™ - 2zwW L+ [x YoL +(n/A)(woLWoR) (woR VoL )]

(19)
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where Yor, the laser waist size is 330 um (see Chapter 2).

YoR the ring waist size is taken to be 350 um .

X 1s the distance between the two waists
The waist site is taken to be @.077 m inside the resonator
from mirror A. The solution for the equation for x =
9.5 m gives us L = @.281 m (see Figure 17)

The focal length f of the lens is given by :

_ 2 _ 2
f = (x-L)woL LwoR (11)

w 2 _ w 2
oL OR

f = 0.78 m for the above values.
A computer program for mode-matching was used to select
practical L-f combinations; the above was found to be most

suitable.
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W
OD o —~—— Wox: Woy
LASER T~ —— T T —
» L -
ot X >

Figure 17. Mode matching of the source with the resonator's q; for this
particular construction, L = 28.lcm, X = 5@cm.

g%



CHAPTER IV
INJECTION OF SOURCE LASER INTO RING
Injection Through the Beam Aligner

The laser used for injection was mounted inside two
optics-holders fixed onto the table surface. A precision
beam aligner was then attached at the front end of the
laser; this aligner allows for translations and angular
tilts of the beam in the horizontal and vertical planes (see
Figure 18). The instrument has four adjustment knobs, one
for each of the above types of operations, and had to be
calibrated for the amount of translation per knob rotation;
the anéular adjustments were found to be too coarse to use
for any kind of fine adjustment.

Calibration of translation was done by use of a
straight edge mounted on a vernier and a detector. The edge
was fixed to allow about half the beam power to spill over,
then one of the translation knobs were rotated a few times
to offset the beam. The difference between the 0ld edge
position and the new position to again let the same amount
of power spill over gave directly the amount of beam
translation; this was done in both the x and y directions.

The setup is shown in Figure 18; the results are:

41
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Beam translation per 1 rotation of
horizontal adjustment knob g.59%.01 mm
Beam translation per 1 rotation of

vertical adjustment knob g.58%.91 mm

A vernier on the adjustment knob would allow translations as
small as 19 um.

Use of the aligner is necessary to precisely inject the
source beam along the optical axis of the resonator. It can
also be used to investigate the resonator output due to
deliberate introduction of offsets and tilts.

To cut off any extraneous radiation around the source's
Gaussian (see photographs, Figure 6), an adjustable iris wgé
mounted in the beam path in between the aligner and the
mode-matching lens. The iris was adjusted so that power
loss was less than 1% .

The complete setup is shown in Figure 19.

N s S
:1,_;@_“_\_\;/
LASER BEAM STRAIGHT
ALIGNER EDGE DETECTOR

Figure 18. Calibration of the aligner; the stréight edge
was used to split the beam approximately 1n
half.



LASER

Figure 19.

Final setup;

ADJUSTABLE
IRIS /\ <\N7
d (o)
] RV, A
ALIGNER MATCHING RING RESONATOR
LENS
é::;3=20cm T 8cm’<

L

note extra distance introduced due to internal
reflections off aligner's mirrors.

19874
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Adjustment of the Ring

All four adjustments on the beam aligner were used to
set the beam path so that it was injected into the optical
axis of the resonator. The center of the input mirror was
used as reference, and the aligner was adjusted so that
after the beam passed through the input mirror (mirror A) it
would also hit the approximate center of the next mirror
(mirror B). Refer to Figure 19.

Mirrors B, C, and D were then adjusted in turn to keep
the beam in the center of the next mirror. Adjustments to
the mirrors were strictly in terms of tilts, and were
accomplished by using the theta and phi angle adjustment
knobs on the mirror holders (see Figure 14).

After the beam would go through one complete round trip
and returns to the approximate center of mirror A, two
separate spots were visible on mirror B; Mirror A was then
adjusted to overlay the two spots on one another. Due to low
scattering of the mirrors, the spots are not usually
visible, but could be observed by breathing on the mirrors;
the condensed vapor which would reveal the beam would
evaporate in a few seconds.

After about three rounds of adjustments to overlay the
multiple-spots and keep them in the approximate mirror
centers, the output intensity of the ring would increase and
resonance would begin. Fine-tuning for maximum resonance
could be accomplished by delicate adjustments to each of the

four mirror holders.
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The resonance however, was not found to be very stable;
there was an observed fluctuation in power and output
pattern. Adjustments to the mirror-holders or to the beam-

aligner could not remedy this problem.

Investigation of the Resonator Output

It was not possible to get the output from the ring to
stabilize to a single resonance pattern. Two main effects

were visible.

1) Variation in power intensity of resonance pattern:
It was observed that the ring would sometimes resonate in a

single pattern (for example a visually apparent TEM mode)

21
with increasing intensity till it reached a peak, and then
it would decay till perhaps no output at all was visible.
This whole event sometimes occurred in the course of a
second; the description could possibly be explained by a
change in optical path length through the resonance

frequency of that particular mode as in a linear Fabry-Perot

resocnator (Born, 1983).

2) Variation in output pattern:
At times the output pattern would change from, say a 9,0
mode to a 9,1 mode to a 2,2 mode, these modes defined by
visually observing the output and comparing it to known
Hermite-Gaussian lateral intensity distributions. Photo-
graphs taken in the lab of these patterns are displayed in

Figure 20.
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Over the course of a few seconds, a number of different
patterns could be observed, some of which were apparently a
mixture of different modes as shown in Figure 2@0c. An
explanation proposed for this phenomena is outlined in
'Chapter 6, and it is suggested that it may be possible for a
fundamental Gaussian to excite mainly a higher-order
Hermite-Gaussian due to optical path-length changes caused
by mirror perturbations. Excitation of higher-order modes by
misadjustment of source has also been investigated.

Two sources of error have been proposed:

1) Misadjustment of source with the resonators eigen-
mode due to spatial movements of the injection laser.

2) Internal changes of the optical axis due to mirror
perturbations caused by thermal changes and vibrations

carried through to the setup on the granite block.

A frequency scan of the output could not be
satisfactorily accomplished due to output fluctuations; the
theoretically calculated finesse of the ring thus could not
be verified.

It had been proposed that if the output had been more
stable, the frequency content could be studied to reveal the
presence of higher-order modes, and changes in their
amplitude due to source misadjustment; in other words, an
experimental verification of the theoretically proposed

scheme (Sayeh, 1985) .
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To get an idea of the causes for resonator instability,
an extensive literature search was done; it was noted that
'mirror noise' was attributed to be the major factor for
instability of optical ring~resonators (Fredricks, 1978),
(vyamauchi, 1974), (Al'tshuler, 1977).

Studies were then done on the effects of external
(source) and internal (mirror) instabilities and their

effects on the resonator output.



Figure 24.

Photographs of resonator output; a) 1,0 mode

b) 1,2 mode c¢) mixture of a 2,1 mode,
higher-order mode.

and a

48



CHAPTER V
EXTERNAL STABILITY
Theory

Fluctuations in the ring resonator output prompted a
study into possible causes. Previous investigations (Sayeh,
1985) indicate that it may be possible to excite higher-
order modes in a passive resonator by injecting with a
misadjusted source beam. Some theory from the above-
mentioned paper is presented here.

We refer to the Hermite-Gaussian solution for the
Fresnel diffraction integral with approximations

(Equation 7).

e
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Umn(x,y,z) = Y]
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This function can be separated into a product of two

functions each of m and n.
Upn(x:y) = U_(x,y)U_(x,y) (12)

where

49
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2 172 " v2x
u = ¥ m w
m W /1 2™ mt X (13a)
exp[ ~Jk x2 + j(m+l/2)¢x }
2qx
2 172, | vy (13b)
_ n
Un - w& JI 2 nt v, .

1
exp| 9% ¢? 4 jiatl/ips
2q b4
y
The electric field of a wave of order mn with
polarization only along the x-axis is given in (Haus, 1984,
page 126) after simplifications and normalization for power
-jkz _jot A

v/
Emnq(x,y,z,t) - ZWPmn Umne B X (14)

where Pmn is the total power in a longitudinal mode passing
through a plane perpendicular to the direction of wave
travel.

The functions Umn form an Qrthogonal and complete set,
and therefore so do the functions Emnq' Thus we can expand
the x-component of the electric field of the ‘source beam in

terms of this set:

(15)
EL = 2 2 AmnEmnq
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where the expansion coefficients Amn represent the relative
amplitudes of different m,n,q modes.

The expansion coefficients are normalized so that

DAL A L B

A“ is given by:

2
= 1

A = I_m U (0)U, (v) dv (16)
7 o M L
( where M= m or n ; V= x or y )

In the analysis it is assumed that a zero-order
stigmatic Gaussian beam is used for injection into the
resonator.

We define three types of misadjustment:

1) Lateral displacement of the incoming beam with the

resonator eigenmodes by €y and €, in the x and y directions.

y

2) Angular displacement of the injected beam by a,
and ay against the resonator z-axis which is also the
optical axis.

3) Different waist sizes as well as locations.

€, and Sy are measured in units of spot size; a, and ay in
units of beam divefgence. Figure 22 shows pictorially the
types of error.

The following figure shows how misadjustment can be

segmented:



Misadjustment

Misalignment

Mismatch

Offset

Tilt

Figure 21.

Types of misadjustment.

s
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RING
MISALIGNED
LASER —» L
(!j { ————
'T"'__‘—’T; e | |
RING '

Figure 22. Pictorial representation of mismatch and mis-
alignment along a single axis. W, represents
laser waist size, v, represents ring waist size.

€S
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For ease of analysis we define two parameters; a
misalignment parameter which indicates the amount of lateral
as well as angular displacement, and a mismatch parameter
which gives the waist size and site errors.

These parameters are given by:

Misalignment parameter:

= Tule 4
Y = U/"rv + v!wrv a, (17)

Mismatch parameter:

q* +q

o = v L (18)
9, T 9L

where

¥ = waist size in ring

rv

a, = q of ring at (ring's) waist

a, = g of laser at (laser's) waist

The coordinate system of the resonator is used as a
reference and it is assumed that the coordinate system of
the laser is tilted and offset. The resonator's coordinate
system, xyz, comprises of:

The x-coordinate, which is in the plane of the ring; the y-
coordinate, which is perpendicular to the plane of the ring,
and the z-axis which is identical to the optical axis or

beam center.
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The coordinate system of the laser is given by x'y'z'
with similar definitions.

After lengthy calculations using coordinate
transformations with certain approximations, we can express
the electric field of the laser in terms of the unprimed

coordinates as:

E (n,v,z2,t} =  2pP

. . A
-Jjkz _jat 19
mng L ULe e X ( )
where EL is given by Equation 15,
PL is the total power in the laser,
UL(x,y) is expressed in terms of the misadjustment para-
meters

Using these definitions, we can express the amplitudes

in the form:

— 02
QR = J+m Uy(D)UL(U) dv = WU =, Hpv (29)
where 1 u
W = [1 - Eﬂ] .
v v
2 3
= _ -q._ £ a2 - 2y52
=, = exp U/qLu < v!uu (1+uv)£v/2 ) }
moo= @Y7 o u [s cien?y/zcvzn )
Tavo T Lem? v oul|tv v’ v
also
an = wayfxzyunxmmy
where M =1
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As a check, we see that A@ = 1 and AH = @ for perfect
match and alignment.

Power Transfer into the Resonator's
Eigenmodes

To find the power transferred into a certain mode, we
can use the ratio of the amplitude for that mode to the
amplitude of a zero-order mode. The square of the absolute
value of this ratio then gives the relative power trans-
ferred into that mode, and can be confirmed by measuring the
ratio of the peaks directly from the frequency spectrum.

The amplitude ratios are given by:

- - uop/2 2
p/By = M = Ca 2™ ") Hﬂ[tv(1+uv)/(4§nu)} (21)
We have two special cases:

1) Perfect match (u; = @)

Q#/9Q = €ﬁ/Jﬁ? (22)

2) Perfect alignment (§ = @)

ﬁzp/a0 = {(—1/,)” S2ut/ut ui”
(23)

92‘{11-1/90 = @

where approximations have been used to obtain the results.
Notice that mismatch only will produce purely even-indexed

H-G (Hermite-Gaussian) modes.
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Location of Hermite-Gaussian Modes
in the Frequency Spectrum

The frequency of a TEMm n,q mode is given by (Bilger,

4 1

1985b) : £ =
mng

c/Lig + %(m+1/3)cos—‘<1—§§§§> + %(n+1/g)cos—‘<1—aéiﬁ> (24)
where L is the resonator round-trip length, and R is the
mirror radius of curvature (assumed the same for all four
mirrors).

To identify the order of a particular mode, we can use
- f

the difference = ¢/L to give us the

t9,8,9+1 ~ %0,0,q
frequency difference between two successive longitudinal

modes. The ratio (f - f - £

m,n,q @,@,q) / (fG,Q,q+l Q,ﬁ,q)
then gives the location of the m,n,-order mode in terms of
this unit.

Thus,to identify a mode from the frequency spectrum, we
measure its distance from the 7,9,q9 mode and divide this
distance by the distance between the 0,9,g+1 and the @,0,9

modes. The result should be equal to the frequency ratio

for a certain m and n.

We proceed to locate some of the more prominent high-
order modes for the ring resonator:

The total length of the ring, L = 15.35 + 15.20 + 15.7
+ 15.58 = 61.75 cm; there are four mirrors with diagonals

approximately 45° to side of ring. The radius of curvature,
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R is taken to be 5 m for all mirrors (see Chapter 3). The

free spectral range (FSR) is given by:

FSR = ¢c/L =

The frequency difference between a

486 MHz

mode is given from Equation 24 by: £

(3.189m + @.

133n)

m,n,q

TABLE I

m,n,q mode and a @,9,q

0,0,q = c/L

LOCATION IN FREQUENCY OF SOME OF THE
HIGHER-ORDER MODES

Mode Freq. diff. (MHz) Freq. ratio
a9 00.9 J.000
21 64.6 2.133
19 91.8 7.189
11 156 g.322
20 184 g.378
a2 129 g.266
21 248 g.511
12 221 @.455
22 313 g.644

All higher-order modes until and including m=3, n=3 are

contained within ¢,8,q and 9,9,q9+1

Source Spatial Variation

Matching of the source beam with the resonator's

eigenmode was satisfactorily done for a compromise ring

waist size between the x and the y waists.

The error in
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matching was calculated to be < 11% implying a loss of only
1% of power into modes other than the fundamental Gaussian.

Since misalignment is a much more serious matter, and
is prone to cause greater losses, a study was done to
determine if there was excessive merment of the source beam
both in tilt and offset due to say, changes in mirror
positions inside the laser cavity. A large amount of
movement could excite the ring resonator to oscillate in
higher-order modes.

The lab setup for measurement of tilt and for
measurement of offset were much the same (see Figure 18).
Offset was determined by measuring the power spilling over
a straight edge held close to the laser (3.5 cm from the
front end). The edge was adjusted to block about 1/2 the
power emitted by the laser. Any offset of the source beam
would cause less or more power to spill over the edge.
'Since the spot size of the beam at the edge is known, the
power measured can be expressed in terms of offset using
formulae explained in the knife-edge sqanning paper
(Bilger and Habib, 1984). Any tilt of the beam would also
result in a movement of the spot at the edge, but to a
smaller degree than a pure offset of the same order since
the edge is held close to the laser.

Spot size at detector (6 cm from laser waist) = 332 um

The spilled-over power is determined by the

complementary error function (Q-function, Abramowitz, 1965),

for which we use the following approximation:
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3

Q(x) = 1/(1 + exp[f(x)]) ; £(x) = 1.5957x + .@7295x (25)
The power detected is given by :

P(x) = Py Q[2(x-xo)/322 um] = Py o[2x/322 um]

assuming Xy = @ for P(x) = 1/2 Po as our reference point.

A movement of the beam relative to the straight edge
can be considered as the edge moving relative to a statio-
nary beam.

The beam offset which would cause changes in power

around P(x) 1/2 Po is calculated for two cases:

P(x) = @.49Po x = =4.2 um
P(x) = @.50P0 x = @g.0 um
P(x) = @.51Po x = +4.2 um

Since the curve for the Q-function is linear around
P(x) = 1/2 Po it is safe to extrapolate on a linear scale
from P(x) = @.55Po to P(x) = @.45Po .

As can be seen from Figure 23, the beam offset is much
less than 5 um; it is of the order of 1/2 um. This apparent
offset fluctuation could easily be caused by variation of
laser beam power which is of the same order:

Laser power variation = g.7 uW RMS
Power variation at straight edge = 1 uW RMS
It is interesting to calculate a tilt that would cause

the same effect:

2 6

a = tan—l(@.5x16_6/6xlﬁ- ) = 8.33x1@0 ~ rad (~1.7 arcsec)
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Variation in tilt was measured by placing the straight
edge 116 cm away from the waist of the laser, and performing

the same set of measurements. Calculations are as follows:

Spot size 116 cm from waist = 786 um

P(x) = Po Q[2x/786um]

P(x) = @.49Po x = -9.8 um
P(x) = @.50Po x = @.0 um
P(x) = @.51Po x = +9.8 um

A 9.8 um spot movement would indicate an angular wobble of :

6 rad (~1.7 arcsec)

a = tan"1(9.8x187%/1.16) = 8.5x1”

Angular wobbles to a maximum of 1.5 arcsec were
measured as is shown in Figure 24.

Both horizontal and vertical tilts were measured:;
horizontal offset was found to be quite the same as for
vertical offset variations.

Since offsets or power variations would not account for
more than @.5 um of spot movement, and spot movements of
about 8 um were observed during tilt measurement, it is
assumed that there is an angular beam wobble from the source
laser. It is observed in (Fredricks, 1978, page 58) that
typical HeNe lasers have a beam wobble (tilt) of 3Xl@—5 rad

(~6.2 arcsec).
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Generation of Higher-Order Modes
in the Resonator

To get an idea of how the beam wobble would affect
excitation of the ring, a comparison was made of the maximum
angular tilt vs beam divergence, which are the units of
measurement for the misalignment parameter. Beam divergence

is given by:

w(z) < Az : w(z) = tan®d ~@
nw z
o
= A = 633x10_95 = 5.8x10"% raa ~12@ arcsec
nwo 350x19

This angle is of a much higher value than the beam
wobble, which means that a beam tilt < 2 arcsec could be
considered as a Qery minor error and would not cause any
appreciable loss of power intb the fundamental Gaussian.

A calculation is presented for the amplitude of a 1,9
mode caused by an angular movement of 8.5x10_6 rad in the

xz-plane (we assume no offset error and no mismatch error).

The mismatch parameter is given by:

_ ) : _2
g = (Ex qrxax) = @ + "y 8.5x10 = 0.014
X w Aw

rH TX

For alignment, and proper match, the power
ratio is given by:

2

£ = 0.000196

El 2-
" //11! =
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Therefore the most prominent Hermite~Gaussian mode i.e. the
1,9 mode will have only 2.92% of the amount of power present
in the fundamental Gaussian, for this kind of beam tilt into
the ring resonator.

The conclusion is therefore that the source is
spatially stable enough to be used for excitation of the

ring resonator.



CHAPTER VI
INTERNAL STABILITY

Analysis of Changes to the Optical Axis
due to Mirror Rearrangements

A study of the jnternal geometric stability of the
resonator was done to determine the new location of the
optical axis due to mirror perturbations.

By definition, the eigenmodes of the ring resonator
follow the path of the optical axis (eigenpath). However,
the eigenmodes, which are a manifestation of the
distribution of electric and magnetic fields inside the
resonator, need not be considered to determine the change in
the optical axis due to changes in mirror positions and
tilts. Simple ray-tracing (Siegmann, 1971) provides a much
simpler way to locate the new optical axis, and the
eigenmodes will then be centered around the eigenpath.

,That a new optical axis (relative to the old one, and
consequently relative to the injecting source) can cause

changes in the ring's output may be viewed in two cases.

1) Changes in tilt and offset of the injecting beam.
With reference to the new optical axis, the injecting

source, which we assume was formerly perfectly aligned, may
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now be injecting with a finite offset and tilt (see Figures
27 and 28); this may excite higher-order modes as explained

in Chapter 5.

2) Changes in internal path length.

It is assumed that the ring was formerly 'tuned' with
the injecting source i.e. the length of the optical axis is
an integer times the wavelength of the injecting source
(this may be done in ways outlined in Chapter 7). A change
in the optical axis would cause a change in its total path
length, relative to the old one. The source laser may now
not be injecting into the frequency of the ring's funda-
mental Gaussian, but at the frequency of a higher-order mode
(i.e. new length = integer x wavelength of higher-order
mode). Along with the error in offset and tilt, that this
could generate a purely higher-order mode is not very clear,
howéver it would cause the ring's fundamental to be detuned
with respect to the source. Note that it was observed when
studying the ring output, that sometimes a fundamental mode

would appear, and it intensity would slowly decrease.

It is assumed, of course in the above two cases that the
beam is still contained within the confines of the
resonator, and does not stray off the mirrors.

We undertake a brief study to examine how much power
can be transferred into the higher-order modes in cases of

extreme misalignment:
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The power transfer into the resonator's Gaussian is given by

(sayeh, 1985)

B o S T L IS

for perfect match ([ﬂ,= @) , where

Pggo/P

POo is the power present in the 0,9 mode,

PL is the power in the source beam.
We examine misalignment along the x-axis only, so we

can assume fy <« 33

2z
Then, Poo/P, = exp{ -'exl 1 (27)

Note that for large values of {x(the misalignment parameter)
very little power is transferred in the fundamental mode.
The rest of the power injected into the resonator has to
distribute itself amongst the higher-order modes.

To find the power present in any of the higher-order
modes, we use the results from chapter five where the
amplitude ratio of a higher-order mode to the fundamental

Gaussian is given by:

Qﬂ/ﬁo = €Uﬂ / JSu? for a perfect match.

The power ratio of any higher-order to the zero order mode

2
isiﬁﬂ/ggl. For the 1,0 mode or the @,1 mode,

2 2 e g = or )
lgﬂfﬁo‘ L (v = x y
- 2 2 3 w Y
fv @ 'L avi _ v 32 Loa® (28)
Pi10/Fao = lw Iv @ I w A o
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The power ratio can be made as large as possible by
increasing £ (offset) or a, (tilt).
To get an idea of the power transferred for this ring,

we do a brief calculation in the x-plane for no offset

(£,=90), and a finite tilt.
E 2 n2 WL“ a 2 & 7
PID/POD = l X‘ = i-g ;—2 X = 2.72x10 fIx
’ K

If the power in the 1,0 mode is to be .9 times as large as

4 rad

the power present in the 9,0 mode,ax = 5.76x10"
(~120 arcsec). With this same type of error, the power

ratio of the 2,9 mode to the 0,9 mode is:

8
2 2 - WL a 4 2 _
Pao/Poo = |ix 2l = e ooe 0.92/2 = @.4050

The total power transferred into the fundamental mode

by the source is from Equation 27:

2
Poo/P, = exp[ |5k ] } = e ° - 0.4066

A table on the next page shows the percent power from
the source injected into each of the orthogonal Hermite-
Gaussian modes for the above example.

Since there is no mismatch and no misalignment in the
y-plane, the m,d modes are the only ones present, and the
first 5 higher-order modes plus the fundamental mode contain

almost all the power injected into the system.
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TABLE II

PERCENT POWER PRESENT IN HIGHER-ORDER
MODES DUE TO MISALIGNMENT
IN THE X-PLANE

Mode % Power Present
a,9 40.66
1,9 36.59
2,9 16.47
3,9 4.94
4,0 1.11
5,0 g.20
Sum 99.97%

For our ring mirror-error analysis, five types of

mirror movements are possible.

X = translation in the plane of the ring, perpendicular
to the optical axis.

y = translation in a plane perpendicular to that of the
ring and perpendicular to the optical
axis.

z - translation in the plane of the ring and parallel to
the optical axis.

theta - tilt in a plane perpendicular to that of the

optical axis.
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phi - tilt in a plane parallel to that of the

optical axis.

To simplify matters, only one translation and one tilt, both
in the plane of the ring will be investigated. It is
assumed that all other mirror perturbations will have
similar effects.

It is not evident how the new optical path could be
determined analytically, although some recent research shows
this is possible (Stedman, 1986). Computer simulation of
the ring was done using ray matrices; help was gained from a
previously done report (Habib, 1984). A short description
of ray-matrices follows:

If a beam is injected with an input vector: offset a
and tilt § , the new offset &'and tilt &' can be found both
for traversal through a distance S, and a mirror with effec-

tive focal length £;

3
5 _ 1 =] &
, =
a ] 1 a
output vector distance S input vector
?
5 i 1 2 {5]
a -1/8 1 |« |
output vector mirror £ input vector

The system matrices are similar to those for

transformation of g (Chapter 2).
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The mirror perturbations cannot be expressed in matrix
form in the same way, but have to be effected by an
operation on the offset or tilt directly; following is the
way they were implemented; both these perturbations were
done on the mirror diagonally opposite the input mirror.

1) z - translation

+AZ

v

}

- iy \é ~
S

1
T
Y

Figure 25. Effect on incoming ray if mirror translates
by an amount A; . Note that we are not
assuming a closed-path here.
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A translation of the mirror by an amount A, directly
offsets the beam by the same amount; this is of course a
paraxial approximation assuming the beam still strikes the

center of the mirror. The change in the ray vector is thus:
; ?
B
?
23

This change takes place after the ray hits the mirror.

{ 8+Az

a

2) phi - tilt

Figure 26. Effect on incoming ray if mirror tilts by an
amount Aq: . Note that we are not assuming
a closed-path here.
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A tilt of the mirror by an amount Ag¢ changes the output
angle by twice that amount; Offset is not changed. The

change in the ray vector is given by:

&
a+24d

This change is again effected after the beam strikes
the mirror.
The computer algorithm to find the new optical axis

worked in the following way:

1) Inject a ray vector into the system (four mirroré,
a distance S apart, with a mirror perturbation) along the
old optical axis; 0= @, =@ , and find the new output ray
vector.

2) Inject a ray into the system with a offset halfway
between the old and the new offset, and a tilt halfway
between the 0ld and the new tilt; find the neQ output ray
vector and repeat the procedure till the injected and output
ray vectors are the same. This would imply that the ray

always followed the same (closed) eigenpath.

For the above types of mirror perturbations, it was found
that convergence could be reached by using this method in
all cases except when the mirrors were flat.

For mirrors with a large radius of curvature, the number of
iterations for convergence was found to be very large; about

199 iterations were required for a result good to 3 digits
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for 5 m mirrors. Results are presented below for a square

ring .16 m in length, with four 5 m mirrors.

6

z-translation; = 1x19 " m (1 um). After cénvergence,
delta = 1.34x10"° m
alpha = -1.67x18"° rad

New path length = old path length + 3.9x1125-'6 m

(see Figure 27)

phi-tilt; = lxl(Zi-6 rad (©.2 arcsec). After convergence

delta = 9.43xlf5—6 m

alpha = -2.68x10"° raa

New path length = old path length + 9.5x10"° m

(see Figure 28)

where delta and alpha represent the offsets and tilts that
would repeat in one round trip i.e. define a closed path.

Figures 27 and 28 show the effecfs of the two types of
mirror perturbations on the optical axis; the movements are
grossly exaggerated for clarity.

It was noted that changes in path length, and tilts and
offsets were of the same order as the perturbations
themselves. The way these changes would affect the rings

output is presented next.
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5
_L___J‘__. __________
voob

Q

Figure 27 New closed-path resulting from a shift of A,
on mirror C; the tilt and offset of the
new path relative to the old one is of
the same order as the mirror perturbation.
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Figure 28 New closed-path resulting from a tilt of Ay
on mirror C; the tilt and offset of the
new path relative to the o0ld one is of
the same order as the mirror perturbation.
Note however that the path-length change
is appreciable compared to the wavelength
of the source.
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Excitation of Higher-Order Modes due to
new Tilt and Offset
A change in the tilt and offset of the ring's optical
axis relative to the source can be viewed as the ring's axis
being stationary and the source now injecting with a new
tilt and offset.
The value of the mismatch parameter from the new input

vector due to the z-translation is derived below:

£, = 6 = 1.34x10™°
a, = &= -1.67x10"°

_ -3, . -2
EH = 4.909x10 + j2.72x19
|¢x|* = o.0076

Assuming no mismatch, this is also the power ratio of the
1,9 mode to that of the fundamental Gaussian.
For phi-tilt of the mirror;

2 3

-y
I

% 2.88x10"

[#x]"

+ j4.36x19°

0.00085

Both of the above values for the misalignment parameter are
too small to cause by themselves the output to change as

drastically as was experimentally observed.
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Change in Eigenfrequencies due to
Path Length Variation

Resonance frequencies for the various modes for this

particular ring is given in Chapter 5, Equation 24:

fmnq = ¢/0.6175 ( g + 9.189m + ©.133n + @.161 )

where g is an integer representing the longitudinal mode.
We have:

freq. of the 1,0 mode = freq. of 9,0 mode + 91.8 MHz

A frequency shift of 91.8 MHz could be caused by a ring

length change calculated below:
Frequency of a fundamental mode is given by:

f@,@,q' = (g+0.161)c/L

frequency of a 1,0 mode after a length change is given by:

fl'g’q = (gq+9.133+@.16)c/(L+dL)

Since the injecting frequency remains the same, the increase
in length of dL shifts the eigenfrequencies of the ring
relative to the source so that f ''= f

g'g,q llglq

(g+@.161)c/L = (g+@.133+@.161)c/(L+dL)
After substituting g = L/\ we get:
dL = @.133L/(L/A+9.161) ~ ©.133 = @.08 um

Which means that a length change of .1 um in the eigenpath

would cause a shift in the resonance frequency of ~92 MHz.
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If the source laser was injecting at a fixed frequency of
the fundamental Gaussian of the ring, this increase in
optical path length would mean it was now injecting at a
frequency of one of the 1,0 modes. The previous results show
that a eigenpath length change of @.1 um is well within the
changes resulting for mirror perturbations of A, = 1 um or
Ay= 3.2 arcsec.

Path length changes of this order may also be caused by
changes in refractive index of the medium enclosing the beam
path. An expression for variation in refractive index of

air vs temperature change is given by (Kaye, 1973, page 86):

(29)

n -1 = (n_-1) p[1+p(61.3-t)18" 7]
96095.4 (1+0.003661t)

b3
o
0
H
0}
[a}
I

refractive index at temperature t and pressure p

refractive index at lSOC and 191325 Pa

o]
I

t is given in °c, and p in Pa (N/mz)

The difference between the refractive index at 15°C and that
at 15.1°C is of the order of lxl@-7, and this would directly
correspond to a path length change of the same order (.1 um)

It therefore stands to reason that the beam-path should
be contained in vacuum, or in a medium with a lesser

refractive index than that of air (helium for example).
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Comparison with Practical Effects

The question now is if mirror rearrangements of the
order investigated are likely to take place in the ring
resonator constructed.

The coefficient of thermal exﬁansion of granite is
given as .8x18~°% k71 (Creswell, 1966) which means that a
change in the temperature of the table surface by 1/18 °c
could cause a mirror to shift (translate) by-l um. A change
of 1/129 °C would then be able to cause a frequency shift
into one of the higher modes, for this particular ring
constructed on a granite base.

A mirror tilt of ©.2 arcsec sounds like a very possible
effect. The holders or mirrors themselves might tilt due to
thermal changes or vibrations. In fact, it was found that
the output of the ring could be greatly disturbed by
thumping on the floor some distance from the setup;
vibration frequencies caused by the thumping could be
detected in the output of the ring.

Changes in refractive index of the surrounding medium
could also cause appreciable path length changes although
this would be a relatively slow effect compared to the
previously mentioned factors, if it had to occur over the

entire path length.



CHAPTER VII
CONCLUSIONS AND RECOMMENDATIONS
Summary and Conclusions

A reasonably square ring resonator with length @.154 m
on a side was constructed in the laboratory from 5 m radii
mirrors. A source was matched and aligned with the optical
axis of the resonator, and after adjustments, a continuous
series of short-lived resonances was observed. A visual
study of the output showed the apparent presence of higher-
order modes as well as the fundamental Gaussian; these modes
were found to be unstable and would decay in intensity or
change into other modes.

Analysis from the last two chapters suggest that the
source is not responsible for the instability of the ring
output. The relatively slow decay in the intensity of the
modes may be due to thermally-induced length changes in the
ring; the rapid change from one mode to another could be
caused by 'mirror noise' - the holders or mirrors tilting
due to low-frequency vibrations carried through to the table
and causing abrupt length changes.

Tilt of offset of the source beam against the
resonator's optical axis is a relatively minor source of

error compared to effects caused by changes in internal
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geometry of the ring, or changes in refractive index of the

medium surrounding the beam-path.

Recommendations

The following suggestions are given to anyone intending

to build a passive ring-resonator in the laboratory.

1) The ring should be mounted on a surface with a
very low coefficient of thermal-expansion, for example,
Zeroduer, or even invar; then temperature fluctuations of

the environment in tenths of degrees can be tolerated.

2) Mirror-holders should be rigid and have locks on
the adjustments (i.e. screws which would rigidly fix the

mirrors once positioning was obtained).

3) Mirrors should be used which have a high reflec-
tivity at incident angles that would be encountered in the

resonator.

4) Mounting for the ring should be vibrationally

isolated from the rest of the lab environment.

5) Fine-tuning of the resonator for maximum
transmission of a mode could be accomplished by slightly
tilting the mirrors (Bilger, 1986); as previously shown, the
misadjustment caused by this would be far less than the

change in path-length which accomplishes the fine-tuning.
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Once maximum transmission is obtained, the mirrors should be

locked into position.

6) It would be wise to enclose the béam path with a
set of quartz tubes, or to evacuate the path entirely. This
would eliminate drag-effects caused by moving masses of air,
or variation in path length caused by changes in refractive

index of the surrounding medium.

7) A stabilized source (in frequency, space and

intensity) is very necessary.

The practical application to this study is of course,
not just to build a ring resonator, but to construct a
Passive Ring Laser Gyro (PRLG), which has two counter-
propagating beams following the same eigenpath. The gyro
has several applications including the measurement of very

small rotational rates.
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APPENDIX A

EXPRESSIONS FOR THE FINESSE OF A RESONATCR

AND ITS RELATION TO THE

QUALITY FACTOR
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The finesse of a resonator is defined from its
resonance curve (Born, 1984, page 328) as the full width at
half-maximum divided by the free spectral range, i.e. the
ratio of the "width between the points in either side of a
maximum where the intensity has fallen to half its maximum
value" to the "separation of adjacent fringes". This may be
directly measured from a resonance curve obtained by a
frequency analyzer.

The finesse can also be calculated from the trans-
mission intensity relationship for a four-mirror resonator.

Equation 4 in Chapter three gives us the following:

k I,
in

Io = 2 2

(1 - R) + 4Rsin“(d/2)

_ 2.2, 2 L
where k = tA ry tC | and R = raTgTctp
k! Iin 2

I, = 5 for Y = 4R/(1 - R)

1 + Ysin“(da/2)
The maximum output power is given by: Tax = k' Iin-

At a point where the intensity is half its maximum value,

1 1

1+ Ysinz(d/2) 2

at d =2m T €2 for small values of ¢ , sing€ =
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and we have. € = 4/(Y)1/2

In terms of frequency spacing from the resonance curve, the

finesse is given by:

2n n(y)l/2

2(%/2) 2

finesse =

substituting back the value for Y, we finally have:

n(r)/2
finesse = e————
(1 - R)
The quality factor, Q of a cavity is given by the absolute
frequency of resonance divided by the full-width at half
maximums Q = fo/Af .

The finesse can be written as :

(f0 + ¢/L) - (fo) c
Ar L Afs

A
= — 0
L

Therefore, the quality factor is given by: Q=1L/ F
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Knife-edge scanning of an astigmatic Gaussian beam

Hans R. Bilger and Taufiq Habib

The relations for position, spot size, and inclination of the major axis of an elliptical Gaussian beam to knife-
edge scanning data are derived. A knife-edge whose scanning direction is adjustable to any angle has been
employed to scan across a beam in at least three directions. Nonlinear least-squares fit programs have been
developed to check whether a beam is Gaussian, and to evaluate the parameters, with errors, of such an ellip-
tic spot. The evolution of an astigmatic beam in the tangential and sagittal plane is measured

I. Introduction

Scanning of a Gaussian beam with circular cross
section has been dealt with in several papers.! How-
ever, beams with different cross sections or power
density distributions appear often in laser systems ei-
ther as aberrations, e.g., through admixture of Her-
mite-Gaussian beams, or as an essential feature, as is the
case in ring lasers. The extension reported here has
several benefits in the laboratory:

(1) Quantitative determination of "the degree to
which a given spot deviates from a circular cross sec-
tion.

(2) Determination of the parameters of an elliptical
spot.

(3) Analytical (least-squares) evaluation of the spot,
including an estimate of the errors of the evaluated
parameters.

Il. Scanning of a Gaussian Beam with Elliptical
Cross Section

The spot size w shall be defined by the following
distribution of the electric field amplitude E:

E(x,y) = Eqexp[=(x2 + y2)/w?) (1)

for a circular beam spot centered at x = y = 0; the beam
propagates in the direction of the positive z axis.

Extending this to an elliptical cross section with ar-
bitrary orientation (see Fig. 1) and using power density
S (proportional to intensity I), we have

2 P,
S(x'y) = =2
T wewy

exp(—2x’2/w?) exp(—2y’?/w}), 2)

The authors are with Oklahoma State University, School of Elec-
trical & Computer Engineering, Stillwater, Oklahoma 74078,

Received 24 September 1984.

0003-6935/85/050686-05302.00/0.

© 1985 Optical Society of America.

686 APPLIED OPTICS / Vol. 24,No. 5 / 1March 1985

where w,,wp are the spot sizes along the major and
minor axes, respectively, Py is the total power in the
beam, 2(Py/mw,wy) is the power density in the heam
center, and

x = xo = x’ cosap — ¥’ sinayp,

y = yo = x’ sinag + ¥’ cosay. (3)
Equations (3) include rotation by a tilt angle g (mea-
sured from the positive x axis in the direction of the
positive y axis) and translation of the beam center to
x0,yo- A centered circular Gaussian beam [Eq. (1)] is
included as a special case with xo = yo =0 and w, = wy
=uw,

When a straightedge is placed at x = x, parallel to the

y axis, obscuring the half-plane x < x,, the power
transmitted past the edge? is given by

Pe)= 7 [ [

This double integral can be expressed as a comple-
mentary error function of x,,% namely,

P(x,) = (Po/2) erfc(u),  u = (y/2)(x, = %,)/w(ag),  (5)
with erfc(u) = (2/v/7) f 3 exp(—t2)dt, or as*

P(x,)/Po = Q(v),
with

S(I,_v)d_v] dx (4)

v = [2/w(ag)](x, = %) = (L Du,  (B)

Q) = [1/v/(2m)] f ~ exp(= t2/2)dt,
and

w2(ag) = w? cos2ag + wi sinay,
T,(ao) = 20 cORg + Yo SN + x40 (7)

(x40 is the offset of the translator micrometer).

The function P(x,)/Py is drawn in Fig. 2 vs scanner
position x, for two widths, w; and wy; the center of the
beam is assumed to be at x, = 0. Equation (7) contains
the three parameters of interest w,, wp, and «g. The
apparent width w(cwy) is plotted in a polar plot in Fig
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Fig. 1. Elliptical beam spot centered at x,yo with axes w, and wp,

tilted against the positive x axis (horizontal) by ay. The beam goes

into the paper plane (positive z axis). The scanning edge is placed
at x,.
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Fig. 2. Relative power P(x,)/Py vs scanner position x, for two spot
sizes wy (= 1.5 units on the abscissa) and ws (= 3 units on the abscissa).
The shapes of these curves are identical, except for a difference in w,
for scanning of an arbitrarily placed elliptical beam. The beam
centers are assumed to be at x, = 0.

3 for three different ratios ws/wy, together with the
actual spot shape (ellipse, dashed line) for w,/wp = 2.
The measured widths w(co) agree with the widths of the
ellipse at « = g and a = g + 180° where w () = wq,
and at & = o9 £ 90° where w(cg) = wp.

If the scanner is now rotated around the z axis by an
angle « against the positive x axis, the equation for the
resulting width is slightly generalized to

w(q) = w? cosX(ao — a) + wi sin?(axp ~ @), ®
T,(a) = x9 cos{cg ~ a) + yp sin(ap — a) + x,0.
For a circular beam with w, = wp = w, the result is again
w(a) = const = w, as it should be.

80° 90° 120°

Fig. 3. Polar plot of widths vs scanning angle « for three different
elliptical beam spots (solid curves). The spot for w,/ws = 21s drawn
as a dashed ellipse.

Three methods have been devised to evaluate

w(a):
(a) Fractional power method: Noting that Q(vs =
1) = 0.841 = P(x})/Py, and Q(v- = —1) = 0.159 =

P(x;)/Pg (see Fig. 2), we set the edge such that the
relative power equals these fractions. The positions x?
and x; yield the width w(«) through

v = U= =2 = [2/w(a))(x} - %) = [2/w(c))(x] - %,),
or
wla) =x} —x7 )]

In principle, any pair v +v— can be chosen to evaluate w,
but with a given absolute error in P(v), it can be shown
that the pair vy = +1 produces the width with mini-
mum relative error. The center of the beam, X, can be
obtained by setting the scanner such that the trans-
mitted power is halved, see Fig. 2.

(b) Graphical method: This method consists of
plotting the relative power P(x,)/Py vs x, on error
function paper.5 A straight line on this paper indicates
an error function, i.e., that the beam is indeed Gaussian.
The points x} and x; can then be used as above to find
w. The center of the beam is again given by P(%;)/Py
=1/2. This method has the advantage over method (a)
in that it makes use of all the measured scanning posi-
tions, that the latter do not have to be specifically cho-
sen, and that the graph allows a check whether the beam
is Gaussian. It also provides some estimate of mea-
surement errors.

(c) Least-squares method: This third method con-
sists of fitting the @-function into the measured power
vs x, (see Fig. 2), by adjusting the three parameters Py,
w,and X,. This method does not require the data to be
normalized with the power Py before analysis. It can
furthermore accommodate a fluctuating total power and
it reduces errors introduced by fluctuating power. The
accuracy of the computer program is not limited to the
usual ~1% of graphical methods. Any observer bias is
eliminated. Finally the program also provides analytic
estimates of the errors of the parameters hy calculating
the variance-covariance matrix.’
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Fig. 4. Testof aspot at z = 90 cm off the laser without intervening

optics at 5 angles, 0°, 45°, 90°, 135°, and 180°. The fit w(c) = const

results inw = (653 & 4) um. The sensitivity of the method to detect

ellipticity 18 demonstrated by the dashed curve where tentatively
wp/wa = 0.9 has been set.

Given the measured points P(x;), usually between
five and twenty points covering the range from 0.9 P,
to 0.1 Py, the program fits the function

P(x) = a1Q[2(x = a3)/a7] (6a)
into the points where a; = Py, ap = w(a),a3 =%,. An

approximation for Q is chosen* which has a maximum
error of £1 X 105 over all arguments v:

Q) = Y + sgn(v)l[1/y/(27)]
X (a + bt + ct2)t exp(—v?/2) - 1/2],

t=1/(1+ pju)),

sgn(v <0) =~1, sgn(v=0)=0, sgn(v>0) =+1,
p =0.33267, a = 0.4361836,
b = —0.1201676, ¢ = 0.9372980.

The program is iterative. It makes use of initial esti-
mates for ay, a g, a3 and refines these estimates until the
sum of the residuals squared is satisfactorily close to the
minimum. For a set of twenty points, the program
takes ~800-msec CPU time on the VAX 11/750 for four
iterations, which usually leads to convergence.”

Ill.  Parameters of a Gausslan Beam with Elliptical
Cross Section

One scan at an angle a gives w(a) = a;. We need at
least three scans to calculate w,, wp, and ag. In prac-
tice, scans at more than three angles are made. A sep-
arate least-squares fit program then determines the
three parameters above through Eq. (8) or through

(@) = we/[1 = ¢28in(ag — )], (8a)
with ¢ = numerical eccentricity = /(1 — wi/w?).
IV. Establishment of an astigmatic Gaussian beam

A He-Ne laser (Oriel model 6697) was used to pro-
duce a well-behaved circular Gaussian beam. Its cir-
cularity was checked by scanning at several angles, see
Fig. 4. A silicon detector (Optics Technology model
610) with a narrowband optical interference filter was
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reference position is given by retroreflection which originally aligns
the principal axis of the Jens with the beam axis = optical axis

used for detection with background light. The beam
evolution was measured within the first 1.5 m off the
laser front end. The spot size vs z was fitted by the
equation

w(z) = wo/[1 + (z — 2,)%/23], (11

with wo = waist size, located at z = z,,, and zo = Ray-
leigh length = 7w3/\. The waist location z,, was found
near the output mirror of the laser. The waist size was
wo = (316 + 5) um. ,

A plano-convex lens with focal length fo = 20 cm was
then placed on a rudimentary goniometer (Fig. 5), which
enabled us to rotate the lens around a vertical axis by
an.angle Ay and also around a horizontal axis by an
angle A\,. The angle of obliquity® ¢ between the beam
and the principal axis of the lens then becomes

¢ = arccos(cosy, cosy,). (12)

This angle lies in the tangential plane whose tilt against
the horizontal plane (x-z plane) is given by

ao = arcsin(siny,/sing). (13)

The tangential plane therefore contains one of the axes
of the ellipse.

The lens was placed at 2fo = 40 cm from the beam
waist, with the two angles v, = v, = 30°, which results
in the two focal lengths® fiangentiat = 9.4 cm and
faagittal = 16.8 cm.  The beam, after traversing the lens,
is expected to have a shape as given in Fig. 6, with the
circle of least confusion®® at z =~ 15.5 cm; before and
after this point, the ellipse rotates by —90° (¢ = 136.5°
to ap = 46.5°). Since the input to the lens is a circular
Gaussian beam, there will be a tangential waist and a
sagittal waist placed approximately symmetrical to z; .
There are no focal lines in this case.

The propagation of the beam in the tangential plane
is independent of that in the sagittal plane. Both are
governed by Eq. (11), with two different sets of pa-
rameters: Wo, Zue, Zoe, AN Wos, Zwss Z0s-

V. Experimental Evaluation of the Astigmatic Beam
The beam was probed at distances 12-60 cm after the

lens. This range contains the interesting features (see

Fig.6): primary focus = waist in the tangential plane,
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Fig 6. Evolution of beam along the z axis. The circular Gaussian

beam enters the lens at z = 0. The spots are shown as they appear

in the x-y plane enlarged by X100 relative to the z scale. Immediately

to the left and night of the circle of least confusion, the tangential and
sagittal waists are shown, respectively.
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Fig 7. Scan of astigmatic beam at z = 60 cm from the lens at a = 45°,

The least-squares fitted parameters are: total power Py = (1.498 +

0 005) mW, center at ¥, = (6 309 & 0.002) mm, spot size w(45°) = (783
%+ 6) um.

circle of least confusion, and secondary focus = waist
in the sagittal plane.

Figure 7 shows a typical measurement of P(x) at a
distance z = 60 cm from the lens, at a scanning angle
= 45° with respect to the positive x axis. The least-
squares fit of Eq. (6a) to the fourteen measured points
gives Py = (1.498 % 0.005) mW, w(45°) = (783 + 6) um,
I, = (6.309 £ 0.002) mm. None of the individual re-
siduals exceeded 8 uW; a translator with 10-um reso-
lution (smallest division) was used.

After at least four widths are evaluated for each spot,
Eq. (8a) is fitted into the data w(a). Figure 8 showsa
typical fit at z = 35 cm with the result w, = (801 + 3)
pm, e = 0.920 + 0.003, g = (46.4 £ 0.4)°, which estab-
lishes the tilt and size of the ellipse at 35 cm together
with the errors. The maximum deviation is 7.5 um; the
average deviation is 4 um.

Finally. the evolution of the tangential spot sizes
w,(z) and the <agittal spot sizes w,(z) is obtained (see

1500

30°]
-9

120°

Fig. 8. Polar plot of spot sizes w(a), taken at z = 35 cm. The fit gives

we = (801 £ 3) um, ¢ = 0.920 + 0.003, o = (46.4 £ 0 4)°. The rms

deviation of the widths in this plot from the best-fitted solid curve

is 4.5 um. The resulting elliptical spot size is drawn as a dashed
curve.
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Fig.9. Evolution of astigmatic beam vs z (see also Fig. 6). The waist

sizes are woe = (58.0 £ 0.2) um and wqe = (102.0 £ 1.2) um. They can

be located with an accuracy of about £2 mm.

Fig. 9) by least-square fitting Eq. (11) into the previ-
ously obtained results. The best-fitted parameters
are

tangential waist wo, = (58.0 + 0.2) pm at z,, = (118.5
+ 0.9) mm,

sagittal waist wo, = (102.0 & 1.2) um at 2z, = (201.3
+ 2.5) mm.

The maximum deviation of any point was 8.5 um for
the tangential spot sizes and 14.6 um for the sagittal
spot sizes.

VI. Discussion of Resuits

The methods used here to scan an elliptical Gaussian
beam with a straightedge (razor blade) are based on the
result that the power spilling over the blade has the
same dependence on the position of the blade as is the
case in a circular Gaussian beam, except that the eval-
uated width is a simple function of position and size of
the ellipse. At least three scans need to be done on each
spot, with different angles a. If the position of the
tangential plane (ap) is known, two measurements
would suffice, preferably taken at @ = anand x = 00 £
90°.
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Two methods were mainly used to obtain a width,
namely, the fractional power method and the least-
squares method. The latter established that the beam
is indeed Gaussian, within the errors. However, sub-
sequent measurements were usually done with the
fractional power method, which is faster. Both meth-
ods yield typical errors of the order of one small division
on the scanner (= 10 um) or less. The data suggest
indeed that translators with a resolution of 1 um would
produce yet smaller random errors.

To test the sensitivity of the methods to detect de-
viations from Gaussian profiles, a Hermite-Gaussian
1-0 mode of the same spot size!® was evaluated. The
calculated result of scanning along the x axis is

|P(x4)/Po)TEMM0 = (1/2) erfe(u) + (u/y/7) exp(~u?),
u =(y/2)(x = %,)/w.

The major deviation from the error function occurs at
up = £1/4/2 with an amount of 1/(27e) =~ 24%. This
suggests that the detection of admixtures of such ei-
genmodes with a power of less than, say, 10% of the
fundamental Gaussian has to make use of other meth-
ods, e.g., of Fabry-Perot scanning in the frequency do-
main.

It may be noted that by using the least-squares pro-
gram above, an iteration of the type given in Ref. 11 can
be avoided: The program finds directly one waist to
satisfy both the asymptotic slope 1/z¢ = A\/7rw3 as well
as the minimum wy of the function w(z) = we/[1 + (2
— 2,,)%/z8] with the criterion of minimizing random er-
rors.

14)

This paper is an outcome of research done under

AFOSR grant 84-0058.
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Optical resonator with an external source: excitation

of the Hermite-Gaussian modes

M. R. Sayeh, H. R. Bllger, and T. Habib

The amplitudes of excited Hermite-Gaussian modes in an astigmatic resonator due to an injected astigmatic

Gaussian mode are calculated. Various types of misadjustment are considered:

offset ¢; tilt a; mismatch o.

For small misadjustments the amplitudes are fast-converging series in the mismatch parameter o and in the

b 2o d

misalignment parameter . For

applied to an experimental result involving a 3.15-m sq
matching are derived, and control loops to eliminate all but the G

I.  Introduction

The ideal situation of a perfectly coupled system ot &
source with a pasaxve resonator via a matching and
aligning circuit is given in Fig. 1. The adjustment box
has two purposes:

(a) It aligns the optical axis of the injecting laser
beam with the optical axis of the resonator modes.

(b) It matches the spatial distribution of the injected
beam mode with the distribution of the corresponding
resonator mode. (Frequency matching [tuning] is not
discussed in this paper.)

Figure 1 depicts a ring resonator as a case of an
astigmatic resonator. However, we will limit the dis-
cussion to resonators where two orthogonal symmetry
axes exist, one in the plane of the ring (x axis) and
another perpendicular to this plane (y axis).

Unlike a self-aligning optical oscillator (laser), such
aresonator has its own eigenmodes independent of the
injected beam so that imperfect spatial coupling neces-
sarily excites unwanted modes for any degree of misad-
justment, be it misalignment or mismatch: unlike the
self-excited laser, there is no threshold either for high-
er-order modes. )

The purpose of adjustment is thus to effect a perfect
spatial overlay mode by mode of a laser beam with the
corresponding resonator modes.

This analysis attempts to quantify the effects of
misadjustment. Of the many types of mode realiz-
able, only Hermite-Gaussians are used because they
are the most commonly occurring; they can be natural-
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appear. The theory is

. Formulas for power
q

only e

ly extended to systems with two orthogonal planes of
symmetry, as is the case in ring resonators; misadjust-
ment can be separately discussed in each plane; con-
versely, the simpler case of a linear resonator can be
obtained in a straightforward manper.!

The formalism of astigmatic Hermite-Gaussian
modes (HGs) is developed in Sec. II. The expansion of
a beam in the resonator’s eigenmodes is formalized in
Sec.ITI. We inject a misadjusted Gaussian beam (Sec.
IV) and expand it in the resonator’s modes (Sec. V).
The resulting general equation is then used to predict
power matching, i.e., the degree to which power is
tradferred from the besm to the Gaussian of the reso-
nator (Sec. VI). Formulas for the HGs are then devel-

- oped and specialized to misalignment and mismatch in

Sec. VII. Finally, the analysis is applied to empirical
data obtained on a square ring where misadjustment
parameters are quantitatively assessed from a mea-
sured spectrum of HGs (ascan) (Sec. VIII). Asumma-
ry of the results and consequences is drawn in Sec. IX.

1. Astigmatic Hermite-Gaussian Modes

HGs solve the Fresnel-Kirchhoff diffraction integral
as well as the paraxial wave equation.2 For purposes
of this analyam we will discuss the electric field of a HG
polarized in the z direction (x is a dimensionless unit
vector), propagating in the positive z direction (the
optical axis), in vacuum:

Erng(25,2.0) = +/ (20P, VU o (2) exp(—jkz + jwt)z, (1)
where 7 = vacuum impedance = (u0/¢9)!’2, P, = beam
power, k = wave number, w = angular frequency, with

Upn(z3) = U (D) U, (0 = V(2 2"mw )2 H (/22 A )
X exp{—jlk/2q,)x* + j(m + 1/2)e ]}
X {[v2/(/*2"nlw )] ?H (\/2vhAe )

X exp[~;(k/2q,)y* + j(n + 1/2)9,]}. (2)
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Fig. 1. Laser source coupled into a resonator via an adjustment
circuit. The function of the latter is to align and match the source to
the (astigmatic) resonator.

This is the astigmatic formulation of the lateral field
distribution, where w,, w, are the spot sizes in the x and
y directions, respectively (the spota are generally ellip-
tical), Hn and H, are Hermite polynomials of degree m
and n, respectively, q. and g, are the complex curva-
ture parameters, and ¢, and ¢, are phases.

The Hermite-Gaussian function Upa(x,y) is thus
completely separated into a product of two functions,
each depending only on one lateral variable. Since all
operations below preserve this independence, we will
treat one variableonly: u=morn, r=xory. We
have then H,(v), with Ho(v) = 1, H;(») = 2», Hy(») = 452
- 2, etc, and

g,V = R,™! = j2/kw,? (R, = curvature radius). (3
The fields Epnq are normalized so that
12 f - J  EonEg/mdzdy = P, @

i.e., Pmn is the power of the mng mode. The HG

functions are normalized so that
r- U, (N 2y = 1.

Useful approximations for phase ¢,, spot size w,, and
curvature radius R,:

All modes have the same dependence of z. For the
phase,

,(2) = tan~'[(z = 25,)/2p,), (6

where the argument of tan~! is the distance from the
waist site 2o, in terms of the Rayleigh range 2g,. Ina
system which is not far from adjustment, we can as-
sume that all waists are well within the Rayleigh ranges
of each other, and we may approximate ¢, &~ 0. For
the curvature radii, we have

R,(2) = (2 = 2o)[1 + 20, /(2 = 2,,)%). ()

Again we may occasionally put R, — « close to the
waist sites, in v:/hich case q,(z) becomes purely imagi-
nary, q, — jkwqo./2. Finally the spot sizes are

w,2(z) = wo, 1 + (z = 25,)/2,%] ()

and may be approximated by their respective waist
8izes wo,-
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Fig.2 Misaligned system: The laser’s optical axis 2’ is offset by ¢
and tilted by a against the resonator’s optical axis z. In this figure
the waists of laser and resonator are at the same z and equal in size.

M. Expansion of an Injected Beam Into the Resonator’s
Eigenmodes

The functions Up,, form an orthogonal and complete
set.3 We, therefore, expand the x component of the
field E; of an injected beam in terms of this set, i.e.,

E = Z Z AppEnq (Ey, = x component of injected field) (8)
m=0 a=0
with dimensionless but generally complex expansion
coefficients Ann. The fields Epng are given by Eq. (1),
where Pn, = P (power of the injecting beam). We
have

iiu,,:’- im,yiw’- 1, (®)

me) =0 n=0

‘o
A= ] U, ) U (»)dv, (10)

where U,*(») is the conjugate-complex of the uth ei-
genmode, and Uy (») is the HG function of the injected
E field.

IV. Injection with Misadjusted Gaussian Beam

In the following we use an injected astigmatic Gauss-
ian beam (m = n = 0) with spot sizes wy, and wy,. Its
optical axis shall be parallel-shifted against the reson-
ator’s z axis by ¢, and ¢, in the x and y directions,
respectively. It shall also be tilted by angles a, and a,
off the resonator’s z axis (see Fig. 2). Finally we allow
the waist sites of injected beam and resonator modes to
be different as well as the waist sizes (see Fig. 3).

The integrals [Eq. (10)] are evaluated in the coordi-
nate system of the resonator: x = in-plane coordinate
of resonator; y = perpendicular to plane; z = optical
axis of ring, forming a right-handed coordinate system,
origin at waist location. _

In the tilted and offset coordinate system x’y’z’ of
the injected beam, the field distribution is

E ('Y 2 t) = /(20P N2/ rww, )17
X exp[=j(k/2)(z/qy, + y*/q1,))
X exp{—jkz’ + jwt)z’. (11)
This results from Eqgs. (1) and (2) withu = 0, 6, = 0.

Expressing the primed coordinates in the unprimed
coordinates of the resonator system, we have
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1’ = (2 = ¢,) cona, - -2 sina,

y = (2 = ¢,) sina, sina, + (y = ¢,) cosa, =z coaa, sina, > y=az=¢,

xT=az=¢,

2’ = (2 = ¢,) sina, cosa, + (y = ¢,) sina, + 2 cosa, cosa, x 2 + a,x + ayy,

retaining only terms of firat order in the misalignment
parameters ¢,, ¢, a;, ay.

The pivot point is assumed to be at z = 0. For small
deviations from z = 0, the errors are of second order in
the parameters. . . .

Furthermore, x’ = x cosa, — z sina, = x isset. Thez
component is eliminated because it is orthogonal to x.

The field of the injected beam is, therefore, approxi-
mately Ep(x.y,z,t) = (20P1)V2UL(x,y) exp(—jkz +
jwt)z, with

Up(v) = [V 2/ 7w, 2

X expi=j(k/29.,)[7 = 2(¢, — qr.a, W+ 7)) (13)

V. Expansion of injected Fleld in the Resonator
Eigenmodes

Equations (2), (10), and (13) are used in a physical
situation where the waist sites in the two planes are
well within the respective Rayleigh ranges of each oth-
er, 80 that we can put ¢, = ¢, o 0 and also jkw,%/2 ~ q,
av-q;. Equation (13) yields

A= r " U U, (.

It is convenient to introduce a misalignment parame-
ter ¢ and a mismatch parameter o, namely,

£, = (e, ~ qb"?‘”w

where the offset is measured in units of the spot size,
the tilt in units of beam divergence, and the mismatch
in terms of the ratio of the complex curvatures. Note
that for perfect adjustment, §, = 0, = 0. For coinciding
waist sites, the mismatch parameter o can be written as
0, = [(w,%wy,? = 1)/(w,%/wy,? + 1)]172, i.e., in terms of
the waist sizes directly. The amplitudes are then
evaluated from the integral (10)%. The result can be
written in the form

0, = [(q,* +qL)/(q,* = q)3 (14)

A, =W, XZ, XM,

with
W, = ((w,/w,)2q./(qp, +q,)]V? = (1 = 0,9,
E, = exp(~q,¢,aw,? + £Me/aL)e/(q, + q1.)]
= expl=(g,/qL){e,)/w,} = (1 + 0,DE,/2]),
M, = (22" Vo *H [£,(1 + 0,)/v/D,).

(15)

This rather cumbersome equation gives the response
of the resonator to a misadjusted Gaussian input beam.
It is not easily exploited. The factor M,,, which gov-
erns the convergence of the series, does not generally
converge monotonically (see Sec. VIII). Itis, however,
normalized in the sense that My, = 1. Also the re-

quirement that Ay = 1, A, = 0 for perfect adjustment is
satisfied,
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Fig. 3. Mismatched system: Laser and resonator have different
waist sizes located at different z values. The system ia aligned,
however, i.e.,z = 2’
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Fig. 4. Power transfer from the Gaussian laser beam to the Gauss-

ian of the resonator in a misadjusted system: a, power transfer ratio

in a misaligned system, where ¢ = (£42 +|£,]?)!2 is set. For{ —0,

Poo/Pr, ~ 1, asymptotically; b, power tranafer in a mismatched

system, where 0 = o, = 0, is set. Again there is asymptotic conver-
gence foro — 0.

VI. Power Transfer into the Resonator's Gaussian

This problem is of obvious interest for the design of
such a system.

For the resonator Gaussian, A = W.W,=,Z,. For
perfect adjustment, £, = 0, g, = qr, (for bothv = x and »
= y),0,= 0, Ao = 1, and the power transfer is Py/PL =
|Aod? = 1.

In the special case of proper alignment (but mis-
match), Eq. (16) produces with =, = 1 the simple result

Pu/Py =W, 1|, [?=(]1 = 0,111 = 0,*)" (¢, = a, = 0,0  O).
(16)
The upper curve in Fig. 4 shows the power transfer vs o,
where 0; = 0, = 0. As Eq. (16) suggests the transfer is
not very sensitive to small mismatch. For example, if
the spot sizes of resonator and laser are 10% different,
we obtain Pyo/P = 0.991, i.e., <1% of the power is put
into HGs. In the special case of proper match (bnt
misalignment), we have, with q, = q1,, W, = 1:
Poo/Pp = |Z,12|Z, |? = exp[~(e,/w,? + kw,a,?/2)]
X exp|—(¢,/w,? + kw20 }/2%)],
=exp[=(&)2+18ID] (o= 0.5 %O
displayed as the lower curve in Fig. 4, where £2 =|£,7 +

(17
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|¢,q is set. Equation (17) shows again that offset and
tilt are in quadrature. In asystem with 10% misalign-
ment (£2 = 0.12 = 0.01), ~1% of the power is lost.

V. Size of the Haermite-Gaussians in a Misadjusted
System

To find the amplitudes of HGs (m » 0, n = 0), it is
convenient to avoid factors which do not depend on m
orn. We form

AJAg= M, = (0,127 /uDH,[£,(1 + 0,5/+/20),  (18)
with the two special cases
AJAy = £2/\/ul~ (2ru) Vet /u)*(match, 0, — 0), (19)
Ay /Aq = [(=1/2)7/(2u)ullo, ™ ~ (~0,2)*/(xu)'4, (20
Agsr/Ag = 0 (alignment, £, — 0).

Equations (19) are obtained using H,(» — @) ~ (2)*
and Stirling’s approximation for the factorial Eqs. (20)
by using H,(v — 0) o (—=1)*2u!/(11/2)! for even u and
H,(v — 0) = 0 for odd a.

The asymptotic forms are given to demonstrate the
fast convergence of the mode amplitudes, once near
adjustment with |£,| « 1, and |o,| « 1 is achieved.
They are, by the way, within 4% of the explicit forms
for p = 2. Equations (20) also show that pure mis-
match produces even-indexed HGs only, as opposed to
pure misalignment. That odd-indexed HGs vanish in
an aligned system follows directly from a consideration
of the symmetry of an aligned beam with respect to
both the x and y direction. Figure 5 show the iso-
photes of an offset beam which is also mismatched in
the y direction but matched in the x direction. If the
offset is removed, the lower part of the figure has the
odd-indexed modes absent. Figure 6 gives a plot of
the field vs x of an injected beam with the sizable offset
£ =1,ie, ¢ = w,. Note that the amplitude As has
already drastically decayed (As/Ag ¢ 0.09); the power
in the 5-0 mode is <1% of the power of the Gaussian
mode.

As far as the phases are concerned, we note that, o,
being either real or purely imaginary for a nearly
matched system, the HGs for the aligned system [Eq.
(20)] have either the same phase (w; > w) or alternat-
ing signatures (w;, < w); for a misaligned system [Eq.
(19)], the phases depend on the relative contribution of
tilt and offset.

Vill.  Appiication to Misadjusted Resonator System

In a ring interferometer the beam path encloses a
finite area, and the modes are astigmatic. The inject-
ing laser, therefore, needs to be matched in the x and y
planes besides having to be aligned in both coordi-
nates.

The identification of the modes in such an astigmat-
ic cavity is done by evaluating the eigenfrequencies of
the resonator. From Ref. 5 it follows that

fang = (€/L)(m + 1/2)8,/2x + (n + 1/2B,/2x] + (¢/L)q, (21)

where the angles 8, and 8, depend on geometry and
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Fig. 5. Isophotes of laser beam and resonator modes with proper
adjustment in the x direction (a) Offset ¢, and mismatch o, pro-
duce all E, , , modes in the resonator. (b) Mismatch alone produces
only even-indexed Hermite-Gaussian modes. Since the system is
perfectly adjusted in the x direction, all excited Hermite-Gatasiana
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Fig.6. Field distribution vs normalized x axis due to an offset beam

with misalignment parameter {, = 1 + ;O (pure offset, ¢, = wy,).

Shown is the incoming beam and the first five excited eigenmodes.
All vertical scales are equal.

mirror curvature radii R. We analyzed a square ring$
of perimeter L = 3.15 m, with two diagonally placed
spherical mirrors of equal curvature radius R = 6.00 m.
The other two mirrors are flat. The beam is injected at
one of the flat mirrors. The frequency differences are

fng = foog = (c/TL)[m cos™'(1 = L//2R) + n con™'(1 = L/2y 2R)]
(22)
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Fig.7. Fabry-Perot scanof a misadjusted system. The two Gauss-
ian modes 0,0,¢ and 0,0,g + 1 are pr t b the injected
Gaussian beam is not far from adjustment. The identification of the
peaks in the free apectral range of the resonator is

1011,9-2 7 084g-1 overlapping are 12341 (7
2 0.6,9-1 8 034 the following 4 24,9-1

3 0lqg 9 09.-1 modes: 7 2049

4 0,12,4-2 10 0449 9 214 ()
5 0,7.9-1 11 0,10,¢-1 11 224.

6 0.2.9 12 0,5,q;

The system has the two mismatch parameters o, = 0.53-0.68, 0, =

0.40-j0.76, and the two misalignment parameters , = = 0 + j0and §,

= 0.255-70.153; the latter corresponds to an offset of 180 um and a

tilt angle of 49 sec of arc. The lower sequence are least-squares

fittad amplitudes. The fit of the 0-n sequence has residuals of 2.4%
average.

as shown in Fig. 7. In the free spectral range between
the Gaussian 0,0,q and 0,0, + 1 modes (g is unknown),
seventeen modes are identified including 0,n,q, modes
(n = 0-12) and 2,n,q modes (n = 0—4).

The analysis proceeds as follows: The absence of
the 1,n,g modes suggests alignment in the plane of
the ring [Eq. (20)], ¢ = a; = 0. The relatively large
ratio of the 0,0, modes to others suggests a near-
adjusted situation, i.e., ¢, and a, are small. The
mismatch is known from the optical circuit: o, =
0.53-j0.66 0y = 0.40-j0.76. Thus we expect
even-indexed modes to appear in both planes, i.e.,m =
2,4,6,...,aswellasn = 246....

The general Eq. (18) has to be applied for the y
direction, whereas Eq..(20) is applicable to the HGs in
the x direction. The unknown parameter is §,.

In a least-squares fit, the nine largest measured ra-
tios of the 0—n peaks to the 0-0 peak were fitted with
the squared absolute value|A,/Ad 2 from Eq. (18) using

the adjustable parameter £,. The fit produced rms -

residuals of 2.4% (with respect to the 0-0 peak) with
|¢,] =0.30,and ¢, = 180 um, a, = 49 arc-sec. These are
plausible values, considering that even nuances of the
spectrum were verified as, for example, the rank of
almost every 0-n peak. although the series was not
monotonic.

Of the five 2-n peaks, only the 2-0 peak is promi-
nent. Nevertheless, Eq. (20) predicts these five peaks
to within a factor of 2 assuming that the nearly coincid-
ing 0-n lines have negligible powers. Figure 8 depicts
the same system but with an improvement in the
matching circuitry: A spherical lens had been putina
compromise position to effect a better match with

the result o, = 0 + j0.328, o0, =0.303 + j0, (foy]
=~ |o, .
3760  APPLIED OPTICS / Vol 24,No.22 / 15 Novembsr 1985
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These values for mismatch are already quite low,
although an effort has not yet been made in this experi-
ment to inject an astigmatic beam. The calculated
power transfer into the 0-0 mode is [Eq. (16)] Poo/PL =
0.990; i.e., only 1% of the power is lost.

Concurrently, a much better alignment has been
achieved. The emergence of the 1-0 mode as well as
the 0-1 mode signifies, however, that there is now
misalignment in both planes. The estimates from
these two small peaks are |£] ~ 0.16 and |£,] ~ 0.19.
The paucity of the data does not allow determination
of areal and imaginary part of £, i.e., of e and a in Fig. 8.
Further experiments to relate the Hermite-Gaussian
mode structure to misadjustment are quite welcome.

IX. Discussion and Conclusion

The calculations presented in this paper allow a
quantitative estimate of power matching as well as the
prediction of the HG structure in a resonator excited
by a misadjustment beam. The two complex parame-
ters ¢ (misalignment) and o (mismatch) have been
introduced to account for offset, tilt, and mismatch.
In an astigmatic system, a separate set of parameters is
necessary for each of the two orthogonal planes.

The analysis of data obtained on the example, a
square ring with a perimeter of 3.15 m available in the
literature, demonstrates that quite detailed informa-
tion can be obtained about the degree of adjustment of
a system through this theory.

Such knowledge may be put to good use in the engi-
neering of a precision instrument as, e.g., a large ring
interferometer. The necessary precision of adjust-
ment can be calculated through a consideration of the
effects of misadjustment on the desired data.

The loss of power in the desired 0-0 mode is an
obvious effect. It is itself Gaussian in the two parame-
ters offset and tilt, whereby these parameters, which
are in quadrature, are naturally measured with respect
to spot size and beam divergence. For a mismatched
beam the loss is proportional to 0, meaning that power

00q-1

Fig.8. Fabry-Perot scan of a better adjustad system (corapare with
Fig.7). Bothmi h and misalig t are improved, the former
by inserting a (spherical) lens in a compromise position Identifica-
tion of peaks: 1, 0,1,¢; 2, 1,0,g; 3, 0,2,g; 4, 2,0.q. There is now

isali t and mi tch in both directions, although reduced.
The parameters are (compare with Fig. 7) o, =0+ 0 33,0, = 0 30 +
70;]84 = 0.16,]¢,] = 0.19. The near symmetry of o, and o, signufies
that q1/q, ~ q,/qL; i.e.. the mismatch has been properlv distributed

. to the two directions.




loss becomes relatively harmless once |8 « 1and}q «
1, near adjustment, is achieved.

Another effect to be considered is frequency pulling.
If we define it as the difference &f between the frequen-
cy fo of a Gaussian with amplitude A, and the frequen-
cy of the composite peak due to the presence of a HG
with frequency f; and amplitude A,, we get for this
kind of pulling §f/fo = (A/A)(1/2Q)*/(fi/fo — 1)3,
where @ = fo/Af is the quality factor of the resonator.
On the basis that 5f ought to be less than a given value,
Ay/Ao can be estimated and the degree of necessary
adjustment predicted.

The ambiguity of the ring’s output due to the pres-
ence of several modes is to be considered as a sort of
noise and again can be suppressed with proper adjust-
ment techniques.

Finally we propose a control scheme for adjustment
of the system injection resonator. It makes use of the
orthogonality and symmetry of the modes with respect
to specific misadjustments:

(1) Pick upthe 0~-1 mode from ascanner and control
with it vertical alignment. Since offset and tilt are in
quadrature, each type of misalignment can be adjusted
separately.

(2) Use the 1-0 mode to control the horizontal align-
ment in a similar way.

Note that in particular any mismatch does not affect
the amplitude of these two modes.

(3) Once these modes disappear, any residual 0-2
and 2-0 modes are then due to mismatch. Although
we do not believe that a once-matched system goes into
significant mismatch due to ambient effects, there is
nevertheless the possibility of using these latter modes
to control the match by using zoom systems with cylin-
drical lenses in the respective planes.

This work has been done under Air Force grant
AFOSR 84-0058.
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APPENDIX D

LIST OF EQUIPMENT USED IN EXPERIMENTS
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DESCRIPTION MANUFACTURER MODEL AND TYPE

Laser Coherent 200; Freqg.-Stabilized
Beam Aligner Oriel 6550; Angle & Trnsltns.
Spectrum Analyzer Coherent 249-2~B
Mirror-holders - - ; angle adjustments
Granite Block Collins MicroFlat; 9'x6'x8"

. Mirrors - 1 cm spot diameter
Matching lens - f =0.78 cm
Iris - 1 mm - 1 cm aperture
Laser mounts Oriel Adjustable lens mounts
Output detector uDT - 555-D (hybrid)
Voltmeter Keathly 619 Electrometer
Oscilloscope Tektronix 547
Computer Texas Instrmts. TIPC
A/D conv. I.C. National Semic. ADC @804
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