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Abstract

The goal of this dissertation is to find the irreducible, admissible representation
7 of GL(2, F') attached to an elliptic curve E over a p-adic field F. Associated
to E is a 2-dimensional complex representation ¢’ of the Weil-Deligne group
W!'(F/F) via the action of the absolute Galois group on the Tate module. On
the other hand, the local Langlands correspondence states that the 2-dimensional
representations of W/(F/F) are in bijection with equivalence classes of irreducible,
admissible representations of GL(2, F'). We consider a Weierstrass equation for
E of the form

Y2+ azy + asy = o3 + asx? + agr + ag. (W)

We will determine the representation 7 in terms of the coefficients ay, as, as, as, ae.
We also investigate a particular class of 7 called “triply imprimitive” representa-

tions.
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Chapter 1

Introduction

Let I’ be a non-archimedean local field of characteristic zero. Let o, p, @ denotes
the ring of integers of F', the maximal ideal in this ring, and a uniformizer for F
respectively. Let E//F be an elliptic curve defined over F', written in a general

Weierstrass equation of the form

Y2+ azy + asy = 23 + asr? + auz + ag, (1.1)

with a; € F for all i. We let A be the discriminant of this equation and j(E)
the j-invariant of F. A Weierstrass equation is called minimal if the valuation
of the discriminant is minimized provided that a; € o for all . We then reduce
a minimal equation modulo the maximal ideal p to get a possibly singular curve
E. We say E has good, multiplicative, or additive reduction if £ is nonsingular,
has a node, or a cusp, respectively. A further classification can be made as
follows. We say that E/F has potential good (multiplicative) reduction if there
exists a finite extension K/F so that F/K has good (multiplicative) reduction.
It is a well known fact that E/F has potential good reduction if and only
if j(F) € 0. Assuming that E/F has potential multiplicative reduction, the
y-invariant, v(E/F) € F*/F*? is defined as in Tate’s uniformization theorem.

Letting G = GL(2, F') be a general linear group over F, there are three
types of irreducible, admissible representations 7 of G. These are the principal

series, the twists of the Steinberg, and the supercuspidal representations. This



classification is outlined in Section 2.5.

The local Langlands correspondence (LLC) says that irreducible, admissible
representations m of GL(2, F') are in bijection with admissible 2-dimensional
representations of the Weil-Deligne group W'(F/F). Thus, we can associate a
representation 7 to every elliptic curve E defined over F' as follows. We first
choose a prime /¢ different from the residual characteristic of F. The Galois
group Gal(F'/F) acts on the Tate module T;(E), yielding a two-dimensional
(-adic representation p, : Gal(F/F) — GL(2,Q,). Then via the procedure
outlined in Section 4 of [9], p, can be converted to a complex representation
o« W(F/F) — GL(2,C) which corresponds to an irreducible, admissible
representation 7/ of GL(2, F) by the LLC. After a twist by w'/?, we have a
representation m with trivial central character. Here w is the one-dimensional
representation of the Weil group W(F/F) with the property w(®) = ¢! for any
inverse Frobenius element and trivial on the inertia subgroup of W(F/F).

An important feature of this construction is that the conductors of both F

and 7 coincide,

The association £/ +— 7 can be considered a local version of the famous modularity
theorem, which associates with every elliptic curve E over Q of conductor N a
modular form f € Sy(Fp(N)).

A natural question then is this: Given an elliptic curve £//F by a Weierstrass

equation as above, determine 7. More precisely,
e When is 7 a principal series representation? When so, which one is it?
e When is 7 a twist of a Steinberg representation?” When so, which twist?

e When is 7 supercuspidal? When so, which supercuspidal representation is



it?

We want to find 7 in terms of the coefficients of the Weierstrass equation (1.1)
and without going through the Tate module T;(FE) and its ¢-adic representations.
Also, we want to bypass the procedure of converting those representations into
complex representations of the Weil-Deligne group.

As explained in Section 2.4, a complex representation ¢’ of the Weil-Deligne
group W/(F/F) is a pair (0, N). Here o is a representation of the Weil group
W(F/F) and N is the nilpotent part.

Our goal in this dissertation is to answer the above questions. To do so we

consider two fundamentally disjoint cases:
1. E/F has potential good reduction.
2. E/F has potential multiplicative reduction.

If E has potential multiplicative reduction, then Theorem 3.4.3 answers the
question above. It says that for such a curve E, the representation m is a
Steinberg representation twisted by the quadratic character (y(E/F),.) where
(.,.) is the Hilbert symbol. Note that we must have a non-zero nilpotent part
for the Weil-Deligne representation associated to E/F, since E/F has potential
multiplicative reduction. Thus, 7 is a twist of the Steinberg representation, as
explained in Table 2.5.2.

Now, assume that F/F has potential good reduction, then E has either
good or additive reduction. If E has good reduction, then the Weil-Deligne
representation ¢’ associated to E' is of the form (o,0). Moreover, it was proved
in Section 14 of [Rohrlich, [9]] that o is unramified and semisimple, i.e., 0 =
w2(x @ x~'). Then by Table 2.5.2, we have an unramified principal series

representation 7 of GL(2, F'). Namely, 7 = y x x~! where y is an unramified



character of F* with x(w) = a such that |a| = 1 where |.| is the normalized
absolute value on F'*.

Next we assume that £/F has additive reduction, but good reduction over
some field extension F'/F. Let o' = (0, N) be the associated Weil-Deligne
representation. By the Proposition in Section 14 of [9], we have N = 0 and o is
ramified and semisimple. There are two cases: either ¢ is a sum of two characters
or it is irreducible. Let p > 5 and F' = Q,, then Rohrlich in Proposition 2 of

[10] gives an easy criterion to differentiate the two cases. Explicitly, we have

ois reducible <= (p — 1)v,(A) =0 mod 12.

In Theorem 4.2.2 we generalize this criterion to an arbitrary p-adic field F'. Thus
we have

o is reducible <= (¢ — 1)vp(A) =0 mod 12.

Here, vp is the normalized valuation on F. Thus, by Table 2.5.2 the repres-
entation 7 is a principal series representation if (¢ — 1)vp(A) =0 mod 12 and
supercuspidal otherwise.

In Theorem 4.3.1, we prove that m = x x Y~ ! such that Y is trivial on the

12

group of principal units 1 4+ p and on the subgroup of index e = Zed(12,0r (A

Moreover, we show that the induced character on Z /e Z has order e.

If 7 is supercuspidal, then in Theorem 4.4.1 we prove that m is a dihedral
representation induced from a tamely ramified character £ of H*, where H is the
unique unramified quadratic extension of F'. Also, we prove that the restriction
of £ to the units has order e and (w) = —1. Thus, the character £ is completely
determined.

In chapter 5 we consider 7 to be an irreducible, admissible, supercuspidal



representation of GL(2, F') with trivial central character and conductor 2. We
then investigate when the base change BCy,p(7) is a principal series repres-
entation for all quadratic extensions L of F. Assume that F' has odd residual
characteristic and 7 is triply imprimitive, which means that the base change
BCp/p(m) is a principal series representation for every quadratic field extension
L of F. Assume further that 7 has conductor 2 and trivial central character;
these are the supercuspidal representations relevant to elliptic curves. We then
prove in Theorem 5.3.2 that there is no such 7 if g =1 mod 4 and a unique
one if ¢ =3 mod 4.

This result is applicable to elliptic curves with additive reduction. We thus

get the following results. Assume that
e ¢ =3 mod 4
e ur(A)is odd.
e (¢—1)vp(A) =0 mod 3.

Then 7 is a triply imprimitive supercuspidal representation.

Many of the results of this thesis are well-known to experts or in one way
or another contained in the literature. For example, Rohrlich in [9] provides a
criterion to distinguish between reducible and irreducible representations of the
Weil-Deligne group. However, the local Langlands correspondence is not usually
invoked, and explicit results are difficult to come by. We stress again that the
main point is to have an explicit procedure to determine the representation 7
directly from the Weierstrass coefficients. The material in Chapter 5 about triply
imprimitive representations is completely new.

We dedicate Chapter 2 to give an overview on elliptic curves, the Weil-Deligne

group and the representation theory of GL(2, F'). We start in Section 2.1 with



some general background on elliptic curves. Then we move on to define their Tate
modules. We devote Section 2.3 to talk about elliptic curves over a local field F'.
We define the minimality concept of a Weierstrass equation and introduce the
reduction types modulo the maximal ideal p. In Section 2.4 we define the Weil
and the Weil-Deligne groups. Also, we outline a procedure to convert the ¢-adic
representation of the Galois group Gal(F/F) into a complex representation of
the Weil-Deligne group W'(F/F). Finally, Section 2.5 summarizes the basic
representation theory of GL(2, F') and classifies the irreducible admissible ones.

In Chapter 3 we consider elliptic curves with potential multiplicative reduc-
tion, beginning by defining the 7-invariant, y(F/F'). We introduce the quadratic
twist of an elliptic curve in Section 3.2 and find the behavior of v(E/F) in
Section 3.3. Also, we provide a criterion to distinguish the split and non-split
multiplicative reduction involving v(E/F'). We address the representation theory
of GL(2, F') in Section 3.4. In particular, we prove that the irreducible, admissible
representation of GL(2, F') attached to E/F is m = (y(E/F),.)Stcw2)-

We turn our attention to study elliptic curves with potential good reduction
in Chapter 4. We dedicate the first section to find the complex representation
o' = (0, N) of the Weil-Deligne group associated to an elliptic curve E/F. In
Section 4.2 we prove a reducibility criterion of ¢ that only requires one to
calculate the valuation of the discriminant A of the Weierstrass equation of E.
This criterion gives two possibilities for the irreducible, admissible representations
of GL(2, F'); namely, principal series and supercuspidals. We devote Section 4.3
to explicitly find the principal series representation 7w of GL(2, F') associated to
an elliptic curve E/F. In Section 4.4 we consider the supercuspidal case and
determine the dihedral representation m completely.

In Chapter 5 we address a special case of supercuspidal representations,



namely, the triply imprimitive representations. We start in Section 5.1 by setting
up the problem to be solved. We develop representation theoretic knowledge for
index-2 subgroups in Section 5.2 and apply it to the Weil group, our group of
interest in this dissertation. Section 5.3 is dedicated to the case of conductor 2,
since elliptic curves with additive but potential good reduction have conductor 2.
In Section 5.4 we impose certain conditions to completely determine the triply

imprimitive supercuspidal representation m of GL(2, F') attached to E.



Chapter 2

Background Material

In this chapter we give a quick introduction to elliptic curves, their Tate modules,

elliptic curves defined over local fields, the Weil group, the Weil-Deligne group

and its representations, and the local Langlands correspondence for GL(2, F').
Through out the next section, we will let ' be any field and F be its algebraic

closure.

2.1 Elliptic curves

In this this section we will define elliptic curves and their discriminants. Also,
we will introduce the group law on elliptic curves and define their non-singular
parts. More details on the subject can be found in [13].

Elliptic curves are non-singular curves of genus one having a specified base
point. It is known that each elliptic curve can be written as the locus in P? of
a cubic equation with only one point, the base point, on the line at co. This
equation is called the Weierstrass equation for the elliptic curve and is generally

written by using non-homogeneous coordinates x and y,

E:y’ + aiwy + asy = 2° + axa® + auw + a, (2.1.1)

with an extra point O at infinity and aq, as, as, a4, ag € F.
Note that if a; € F for all 7, then E is said to be defined over F.

Assuming that char(F') # 2, we can simplify equation (2.1.1) by completing



the square, more precisely, the substitution
1
Y= §(y — T — az)
gives an equation of the form
E :y? = 423 + byx® + 2byx + bg

where

by = a% + 4das, by = 2a4 + aras, bg= a§ + 4ag,

and

2 2 2
bg = a0G¢ + 4CL26L6 — a1a3a4 + 203 — Ay.

We also define the quantities
Cqy = bg - 24[)4, Cg = —bg + 36b2b4 - 216b6,

and

l>|49w

A = —b3bs — 8b] — 27b§ 4 bsbsbs,  j =

By substituting the b;’s in A, we can show that

1728A = ¢ — c}.

(2.1.2)

The quantities A and j are very important in the theory of elliptic curves.

Thus we give them names where A is called the discriminant of the Weierstrass

equation and j is called the j-invariant of the elliptic curve.

Note that a Weierstrass equation can be either an equation of a singular



curve or of an elliptic curve depending on whether the discriminant A is zero or
not. The following proposition describes these cases and the condition when two

elliptic curves are isomorphic.

Proposition 2.1.1. (a) For any curve given by a Weierstrass equation, we

have the following possibilities:

e [t is nonsingular, i.e., an elliptic curve if and only if A # 0.
e [t is singular and has a node if and only if A =0 and cq4 # 0.

e [t is singular and has a cusp if and only if A = c4 = 0.

(b) Two elliptic curves E, and Ey are isomorphic over F if and only if the

j-invariants j(E1) and j(F) are equal.

One of the most important aspects of elliptic curves is that each elliptic curve
E defines an abelian group. The group structure on E is defined geometrically as
follows. Given two points P, () € E and a line L that passes through them, then
it is known, due to Bézout, that L intersects E in a third point R. Consider now
the line L' through the points R and O. Then by the same result L’ intersects
FE in a third point which we call P 4 (). For an explicit arithmetic formulas for
the group operations on E one can check Section 3.2 of [13].

Let F be a (possibly singular) curve which is given by a Weierstrass equation.
The set of nonsingular points of E is denoted by E,. If E is defined over F|,
then we write E,¢(F') for its nonsingular part.

We recall from Proposition 2.1.1 that if F is singular, then there are two
possibilities for the singularity, namely a node or a cusp, and which one it is
determined by the quantity ¢;. We quote Proposition 3.2.5 from [13] to describe
E,s.

10



Proposition 2.1.2. Let E be a curve given by a Weierstrass equation that has

singular points. Then E,s is an abelian group.

(a) Suppose that E has a node, so ¢y # 0, and let
y=ax+ 0 and y= asx+ P

be the distinct tangent lines to E at a singular point S. Then the map

By — B, (n.y) y—ax—
?J—O@T—/Bz

15 an isomorphism of abelian groups.

(b) Suppose that E has a cusp, so c4 =0, and let
y=ax+p
be the tangent line to E at S. Then the map
E,s — FT, (x,y) —

s an isomorphism of abelian groups.

Thus E,, is a multiplicative group if £ has a node and it is an additive group
when F has a cusp.

The fact that elliptic curves are smooth algebraic ones implies that there
exist rational morphisms between them. For two elliptic curves E; and Es, an

1sogeny is a morphism

¢ Fy — E, satisfying ¢(O) = O.

11



Further, if ¢ is defined such that ¢(E;) # {O}, then the two elliptic curves
E, and FE, are called isogenous. Let m € Z, an example of an isogeny is the

morphism [m] : E — E such that

m)(P)=P+P+---+P,

m terms

for all positive integers m. Moreover, we define [m](P) = [—m](—P), for all
m < 0 and [0](P) = O. This isogeny is called the multiplication-by-m map. If
m # 0, then it is easy to prove that [m] is a nonconstant morphism. Using this

fact one can show

e For two elliptic curves E; and Es, the group of isogenies Hom(F1, E») is a

torsion-free Z-module.

e The endomorphism ring End(F) is a ring of characteristic 0 with no zero

divisors.

Moreover, assuming that m > 1, the set of points of E of order m is called the

m-torsion subgroup of E and denoted by E[m], i.e., it is the set

Elm|={P € E: [m]P = O}.

Then the union of all the m-torsion subgroups, namely | J,°_, E[m], is called the
torsion subgroup of E and denoted by Ej..s. More precisely, Eyps = o, E[m]
is the set of points of finite order. Note that we write Ej,.s(F") for the points of
finite order in E(F), if E is defined over F.

From the definition of an isogeny and the theory of algebraic curves, we
notice that every isogeny ¢ : £y — FEjs, except the zero (trivial) isogeny which is

defined by [0](P) = O for all P € Ej, is surjective, i.e., a finite map. Then for any

12



function f € F(E,) where F(E,) is a field of functions, we know that ¢ induces
an injective map ¢* : F(Ey) — F(F}) such that ¢*f = f o ¢. Hence we define
the degree of ¢ to be deg(¢) = [F(E}) : ¢*F(FE,)] which is the degree of the field
extension F(E;)/¢*F(FEs). It is a well known fact that the multiplication-by-m
map, [m], has degree m? provided that m # 0. Moreover, if either char(F) =0
or p = char(F) > 0 and p { m, then E[m| = (Z /mZ) x (Z /mZ) as groups. For

the case char(F') = p > 0, one of the following is true
o E[pf] ={0} foralle=1,2,3,....
e E[pf| =2 /p°Z foralle=1,2,3,....

Let ¢ : E; — E5 be a non-zero isogeny. Let m = deg¢, we define the dual
1sogeny to ¢ to be the isogeny ¢ : By — Ey satisfying b o ¢ = [m]. One can
show that for every isogeny ¢ there exists a unique such gE This fact implies
that each isogeny defines an equivalence relation. The most important fact to

keep in mind is that every isogeny is a group homomorphism.

2.2 The Tate module

In this section we give an overview of the Tate module and we refer the reader
to Section 3.7 of [13] for more details and proofs. We let E/F be an elliptic
curve and ¢ € Z be a prime. Let m > 2 be an integer which is prime to char(F’)
if char(F') > 0. From Section 2.1 we then have E[m]| = (Z /mZ) x (Z /mZ).
The Galois group of F, Gal(F/F), acts on the group of points of order m,
E[m)]. To see that let o € Gal(F/F) and P € E[m], i.e., [m]P = O. Then

mI(P7) = (m]P)" = 07 = 0.

13



This action defines a representation
Gal(F/F) — Aut(E[m]) =2 GL(2,Z /mZ).

Note that the last isomorphism requires a choice for a basis for E[m].
The natural maps

¢ Bl — B[]

give rise to a Z,-module, namely, the Tate module. The Tate module of E is the
group
Ty(E) = @ E[M].

The fact that the group 7;(F) defines a Z,-module is because each E[("] is a
Z /0" Z-module. The following is then immediate from the fact that E[m| =
Z|mZxZ/mL.

Proposition 2.2.1. As a Z,-module, the Tate module has the following structure:
(a) Ty(E) = Zy X Zy if £ # char(F).
(b) T,(E) = {0} or Z, if p = char(F) > 0.

It is easy to see that the action of Gal(F'/F) on each E[¢"] commutes with
the multiplication-by-¢ map. Thus we obtain an action of Gal(F'/F) on the Tate
module Ty(E). Then the (-adic representation of Gal(F/F) associated to F is

the homomorphism

pe: Gal(F/F) — Aut(Ty(E)) (2.2.1)

induced by the action of Gal(F/F) on the {"-torsion points of E.

Remark 2.2.2. From now on, we fizx the number { to be a prime which is

different from the characteristic of F.

14



2.3 Elliptic curves over local fields

In this section, we give an overview of elliptic curves defined over local fields.
We start by introducing the minimality concept of a Weierstrass equation which
is necessary to define the notion of “reduction modulo p”.

First, we fix the following notation. Let F' be a local field with char(F) =0
that is complete with respect to a discrete valuation v. Let 0 = {z € F : v(x) >
0} be the ring of integers of F' and 0* = {z € F : v(z) = 0} be its unit group.
We denote the maximal ideal of o by p = {x € F : v(z) > 0}. Let w be a
uniformizer for o, i.e., p = wo. Let Kk = 0 /p be the residue class field of o.

Let E/F be an elliptic curve defined over F. A minimal equation for E at
v is a Weierstrass equation for E if ay, as, as, a4, as € 0 and v(A) is minimized.
The minimal value of v(A) is called the valuation of the minimal discriminant
of E. By definition the discriminant A is in o since the coefficients a; € o for
all 2. A minimal equation can be achieved since any coordinate change gives a
new discriminant A’ such that A’ = v 12A € 0. Therefore, the valuation of the

discriminant, v(A), is changed by multiples of 12. We then have

a; € 0 and v(A) < 12 = the equation is minimal. (2.3.1)

Conversely, if the equation is minimal, then v(A) < 12 if the characteristic of F’

is not equal to 2 or 3. The following proposition states these facts.

Proposition 2.3.1. (a) Every elliptic curve E/F has a minimal Weierstrass

equation.

(b) A minimal Weierstrass equation is unique up to a change of coordinates

r=u’r +r, y = udy + ulsa’ +t,

15



where u € 0* and r,s,t € o.

(c) Conversely, starting by any Weierstrass equation with integral coefficients,
a minimal Weierstrass equation is produced by any coordinates change of

the form x = uz’ +r, y = udy' +u?sx’ +t satisfying u,r,s,t € 0.

Proposition 2.3.1 implies that we can choose the model of a minimal equation
that we need. Thus when fixing a minimal Weierstrass equation for F/F, the

reduced curve of E is

By’ + awy + gy = 2° + a22” + sz + G, (2.3.2)

where a; = a; mod p for all i. Hence the curve E is defined over the residue
class field x and it is a possibly singular curve. Thus we obtain the following

reduction types of F.
(a) F has good reduction if F is nonsingular, i.e., an elliptic curve over .
(b) E has multiplicative reduction if E is singular and has a node.
(¢) E has additive reduction if E is singular and has a cusp.

The reduction type in (b) is called split if the slopes of the tangent lines at the
node are in k and nonsplit otherwise. We say that E has bad reduction if E has
either multiplicative or additive reduction.

The reduction type of an elliptic curve can be determined from the coefficients
of a minimal Weierstrass equation. Let E/F be an elliptic curve given by a

minimal Weierstrass equation

E vy +axy + asy = 2% + a2 + aur + as.

16



Let A be the discriminant of this equation and ¢4 be the usual expression

involving ay, as, ..., as. We quote Proposition 7.5.1 from [13]. Then we have

Proposition 2.3.2. (a) E has good reduction if and only if v(A) =0, i.e.,

A € o*.

(b) E has multiplicative reduction if and only if v(A) > 0 and v(cy) = 0. In

this case B, is the multiplicative group,

(¢) E has additive reduction if and only if v(A) > 0 and v(cy) > 0. In this

case E,, is the additive group,

Proposition 2.3.2 explains the choice for the names of the reduction types.

Next consider a field extension F’ of F. If E/F is an elliptic curve that has
bad reduction, then one can ask is it possible for E to attain good reduction
over F’ or not. For an elliptic curve E/F we then have the following definitions.
If there exists a finite extension F’/F such that E/F’ has good reduction,
then we say that F/F has potential good reduction. Similarly, if there exists a
finite extension F’/F such that E/F’ has multiplicative reduction, then we say
that E'/F has potential multiplicative reduction. The following facts about the

reduction type behavior under field extensions are known.

e If F'/F is an unramified extension, then E/F and E/F’ have the same

reduction type.
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e If E has either good or multiplicative reduction over F' and F’/F is a finite

extension, then E/F” has the same reduction type as E/F.

e There exists a finite extension F’/F such that E has either good or (split)

multiplicative reduction over F”.

The next theorem provides an easy characterization of when an elliptic curve
has potential good reduction. This characterization only involves the coefficients

of the Weierstrass equation of E. We quote Proposition VI1.5.5 of [13].

Theorem 2.3.3. Let E/F be an elliptic curve. Then E has potential good

reduction if and only if j(E) is integral, where j(E) is the j-invariant of E.

We now let " be the maximal unramified extension of F' and I be the
inertia subgroup of Gal(F/F), i.e, I = Gal(F/F""). We say that a set ¥ is
unramified if the inertia subgroup [ acts trivially on ». Consider an integer
m > 1 such that v(m) = 0 and let ¥ be the torsion subgroup E[m]. Then one
can show that E[m] is unramified if £/F has good reduction. Further, the Tate
module T;(E) is unramified, since it is the inverse limit of E[¢"]. The converse
is also true, namely, if E[m] is unramified, then £/F has good reduction. This

fact is known as the criterion of Néron-Ogg-Shafarevich. More precisely,

Theorem 2.3.4. (Criterion of Néron-Ogg-Shafarevich). Let E/F be an elliptic

curve. Then the following are equivalent:

(a) E has good reduction at F.

(b) The Tate module T;(E) is unramified for some (all) prime(s) ¢ satisfying
¢ # char(k).

(¢c) E[m| is unramified for infinitely many m > 1 that are relatively prime to

char(k).
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An immediate consequence of the Néron-Ogg-Shafarevich criterion is that E
has potential good reduction if and only if for some (all) prime(s) ¢ satisfying
¢ # char(k) the inertia subgroup acts through a finite quotient on the Tate
module T;(FE).

Recall that the condition v(m) = 0 implies that m is relatively prime to
char(x). For more details on this subject, we refer the reader to Section 7.7 of
[13].

Finally, we make an important definition that measures the bad reduction.

Namely, the (exponent of the) conductor of E/F is

0 if £ has good reduction

a(E) =141 if £ has multiplicative reduction (2.3.3)

2+ if E has additive reduction,

where 0 is a quantity that describes the “wild ramification” in the inertia

subgroup’s action on the Tate module T;(E).

Remark 2.3.5. It is a well known fact 6 = 0 if the residual characteristic
p = char(k) is not 2 or 3. Thus, for p > 5, the conductor a(E) = 2 if E has

additive reduction.

For further details about the conductor, we refer the reader to Appendices

C.15 and C.16 of [13].

2.4 The Weil-Deligne group

In this section we consider F' to be a non-archimedean local field. Let k =0 /p
be its residue class field with characteristic char(x) = p and cardinality q. Let &

denote an algebraic closure of . As above, let I = Gal(F/F*"") < Gal(F/F)
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be the inertia subgroup of Gal(F'/F) where F is a separable algebraic closure of
F and F“" is the maximal unramified extension of F' contained in F.

Let Frob : Kk — K be the Frobenius automorphism. Consider a positive
integer n and let k,, be the unique subfield of k of degree n over k. The inverse
of the Frobenius automorphism ¢ is defined such that ¢(z) = 7" for all z € k,,.

The following material can be found in [9].

Definition 2.4.1. (The Weil Group). The Weil group W(k/K) of k is the
infinite cyclic group generated by ¢. The group W(R/K) is a topological group

via the discrete topology.

It is known that for a local field F' the absolute Galois group decomposes as
1 — I — Gal(F/F) = Gal(k/k) — 1,

where 7 is the decomposition map. Using this exact sequence, one can define

the Weil group of F' as follows

Definition 2.4.2. The Weil group W(F' /F) of F is the inverse image of W(k/k)
under w, i.e., W(F/F) = 7 \(W(&/k).

By this definition, the following exact sequence is produced
1— 1 —W(F/F)— W(k/k) — 1.
Moreover, for any element ® € Gal(F/F) such that 7(®) = ¢ we have

W(F/F) = | |o"I.

ne”Z

Note that ® is called an inverse Frobenius element of Gal(F/F) and it is only
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unique up to multiplication by an element of I.

Representations of the Weil and Weil-Deligne group play an important rule
in the theory of elliptic curves. More precisely, for an ¢-adic representation of an
elliptic curve E/F we can associate a complex representation of the Weil-Deligne
group W/(F/F) defined below.

Let V' be a finite-dimensional complex vector space. Then

Definition 2.4.3. (Representations of the Weil group). Every continuous ho-

momorphism o : W(F/F) — GL(V) defines a representation of the Weil

group.

The representation o is called unramified if o|; is trivial and it is called
ramified otherwise. If V' is one-dimensional then we call o a character.

It is known that characters of both W(F/F) and F* are identified by
composing with the Artin isomorphism F* = W(F/F)® with W(F/F)® being
W(F/F) modulo the closure of its commutator subgroup. This identification
sends a uniformizer of F' to an inverse Frobenius element ® of W(F/F) and the
units 0* in F' to the inertia subgroup I.

Note that a homomorphism ¢ : W(F/F) — GL(V) is a representation if
and only if it is trivial on an open subgroup of I. This important fact is true
because of real or complex Lie groups’ property involving an open neighborhood
of the identity element in GL(V).

Next we give an easy example of a Weil group representation.

Example 2.4.4. The homomorphism

w:W(F/F) — C*

defined by w(I) = 1 and w(®) = ¢~ is an unramified representation of W(F /F).
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The Weil group W(F/F) is not large enough to correspond to all the /-
representations of elliptic curves. Namely, in the potential multiplicative reduc-
tion case, the Tate module of an elliptic curve E/F has an (-adic representation
of Gal(F/F) which is not trivial on an open subgroup of I; as a result it can-
not correspond to a complex representation of W(F/F) since being trivial on
open subgroup of [ is a necessary and sufficient condition to have a Weil group

representation. Thus we need to define the Weil-Deligne group W (F'/F).

Definition 2.4.5. (The Weil-Deligne group). The Weil-Deligne group W'(F ] F)

18 the semi-direct product

W/(F/F) = W(F/F) x C,

defined via the action

gzg~ " =w(g)z forallge W(F/F), z € C. (2.4.1)

In other words, (g1, z1) - (g2, 22) — (9192, 21 + w(g1)22) for all g1, go €
W(F/F) and z, 2o € C. Here w is being as in Example 2.4.4. As a set,
the Weil-Deligne group W/(F'/F) is a cartesian product so we make it into a

topological group via the product topology.

Definition 2.4.6. (Representations of the Weil-Deligne group). Let V be a
finite-dimensional complex vector space. A representation of W'(F/F) is a

continuous homomorphism

o :W(F/F) — GL(V)

such that the restriction o'|c is complex analytic, i.e., z — [fi;(2)]nxn with fi;(2)
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being holomorphic in the usual sense.

Let o be a representation of W(F/F) on V and N : V — V be a nilpotent
endomorphism, that is N” = 0 for some r € Z. Then the representation ¢’ can

be realized as the pair (o, N) provided that

o(9)No(g)™ = w(g)N for all g € W(F/F). (2.4.2)

This important fact is achieved using the following procedure. First, given the

pair (o, N) we define the representation ¢’ on the Weil-Deligne group by

o'(g9,w(g)z) = 0'(92) = o(g) exp(zN), (2.4.3)

for all g € W(F/F) and z € C where

exp(N) = Z ];[!T.

r>0

On the other hand, assume that a representation o’ of W/(F/F) is given. Then
the restriction o'|,yp/py defines a representation o of the Weil group and the
formula

v loa(@'()

) for an arbitrary z € C (2.4.4)
z

gives a nilpotent map. Thus we have a pair (o, V).

Any representation o of the Weil group can be thought of as a representation
of W/(F/F) by considering a zero nilpotent map; in other words we write
o' = (0,0).

Moreover, if ¢ is an unramified representation of W(F/F) and N is zero,
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then we call the representation o’ unramified. Otherwise, we call it ramified.
Let L be a finite extension of F. Let V and W be two complex vector
spaces. Let o/ = (0, N) be a representation of W/(F/F) on V and 7' = (7, P)
a representation on W. Let W/ (F'/L) be a finite index subgroup of W/(F/F).
Let p' = (p, M) be a representation of W/ (F/L) on a vector space U. Then the

following facts hold.

e The direct sum of the representations ¢’ and 7’ carries over their pairs.

More precisely, o’ @17/ = (e & 7, N ® P).

e Similarly, the tensor product carries over. In other words, o/ ® 7/ =
(c®@7, N®1+1® P) with 1 being the identity automorphism of V" or W

as needed.

e Let V* be the dual space of V' and ¢’* denote the contragredient repres-

entation on V*. Then ¢ corresponds to the pair (¢*, N*) and satisfies

(@ (9))(w) = fla(g™ ) and(N*f)(v) = —f(Nv)

forall g e W(F/F), feV* andv e V.

e Let res;/p and indy p be the restriction and induction representations
from either W/(F/L) into W/(F/F) or from W(F /L) into W(F/F) as
appropriate. Then

resp/po’ = (resp po, N)

and

indy/pp’ = (indy/pp, My r),
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where My is defined via

Mpyr(g®u) = w(g) (g ® Mu)

for all g € W(F/F) and u € U.

Let ¢ denote a prime different from p and V; be a finite-dimensional vector space

over Q;. We repeat the following definition.

Definition 2.4.7. ((-adic representation of Galois group). A continuous ho-
momorphism o : Gal(F/F) — GL(V},) is called an (-adic representation of

Gal(F/F).

An example of this representation is the one defined in Equation (2.2.1).
The proposition below describes a procedure that associates a complex
representation oy, of W/(F/F) to an (-adic representation o of Gal(F/F).

Let ¢ : Qs — C be a field embedding and ¢, : I — Q, be a homomorphism.

Proposition 2.4.8. (¢-adic representation of W'(F/F)). Leta), : Gal(F/F) —
GL(V,) be an (-adic representation of Gal(F/F).

(a) There is a unique nilpotent endomorphism N, of V, such that

oy (i) = exp(te(i) Ne)

where i 1s an element in some open subgroup of I. Furthermore, the

homomorphism t, and the representation o, satisfy the formulas

te(gig™) = w(g)te(i)
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and

o(9)Neoy(g) ™" = w(g)Ne

for all g e W(F/F) and i € I. Furthermore, N, is a zero nilpotent map

if and only if oy is trivial on an open subgroup of I.

(b) The function o : W(F/F) — GL(V;) defined by

oe(g) = oy(g)exp(—t(i)Ny)

for all g € W(F/F) is a continuous group homomorphism. Moreover, it

satisfies the equation o¢(g)Nyoe(g)™t = w(g) Ny for all g € W(F/F).

(¢) The isomorphism class of the representation

0'27L = (UZ,La NE,L)

is independent of the choice of t, and the inverse Frobenius element ®.
Proof. We refer the reader to Section 4 of [9]. O

Let n be a positive integer. We give an example of a Weil-Deligne represent-

ation.

Example 2.4.9. Let eg,eq,...,e,_1 be the standard basis of C". Let o be a
continuous homomorphism of W(F /F) and N a nilpotent map of V. Then the

formulas

a(g)e; = w(g)e; forallg e W(F/F); 0<j<n-—1,

Ne; = ejq for0 <7 <n—2
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and

Nen,l =0

define a representation o' of W' (F/F).

This representation is called the special representation of dimension n and
denoted by sp(n). It is not irreducible, but indecomposable.

An admissible representation of W/(F/F) is a representation o' = (o, N)
with semisimple o-part.

Let 1 be an irreducible representation of W(F/F) and n a positive integer. In
Section 3 of [2], it is shown that every admissible indecomposable representation
o’ of W/(F/F) is isomorphic to ¢ ® sp(n). Here, indecomposable means that o’

cannot be written as a direct sum of invariant proper subspaces.

2.5 The non-archimedean local Langlands correspondence for GL(2, F)

The content of this section is adapted from [1]. We are going to develop the
tools to discuss representations of the Weil-Deligne group in the context of the

local Langlands correspondence (LLC).

2.5.1 Basic representation theory

Let F be a finite field extension of the p-adic number field or a field of formal
power series in one variable over a finite field. Let o be the ring of integers of F,
p the unique maximal ideal of 0, and w a generator of p. Let g be the cardinality
of the residue field o /p and v be the valuation on F.

Let G be a totally disconnected locally compact group with a (possibly
infinite-dimensional) complex representation (m, V). Let v be any element of V.
If the stabilizer {g € G : 7(g)v = v} of v is open, then the representation 7 is

called smooth.
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Let U C G be an open subgroup of G. Let VV = {v € V : n(u)v =

vior all uw € U} be the space of vectors stabilized by U, then

Definition 2.5.1. A smooth representation 7 is called admissible if VU is finite-

dimensional.

Let (m, V') be a smooth representation of G. Let ¥ : V — C be a smooth
linear functional. We denote v(v) by (v,¥). Here smooth means that for all
v € V we have (m(g)v, V) = (v, V) where g is an element of an open neighborhood
U of the identity in G. Let V be the space of all smooth linear functionals on V.

We define the dual representation of V' as follows

Definition 2.5.2. Let (7,V') be a smooth representation of G. For any g € G

the action

on V defines the contragredient representation (7, V) of G.
Then the following facts are true.
e The representation (7, V) is a smooth representation of G.

e The representation m of GL(2, F') is irreducible if and only if its dual 7 is

irreducible.
e If 7 is an admissible representation, then 7 is also admissible and 7 2 7.

Let (71, V1) and (mq, V) be two representations of a group G. The linear map
T : Vi, — V, satisfying T o m1(g) = ma(g) o T for all g € G is called the

intertwining map. Thus

Proposition 2.5.3. (Schur’s Lemma) Let (m,V') be an irreducible admissible

representation of a totally disconnected locally compact group G. LetT : V — V
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be an intertwining operator for m. Then there exists a complex number ¢ such

that T(v) = cv for allv e V.

An immediate consequence of Schur’s Lemma is that the center Z of G acts by
scalars on the irreducible admissible representation (7, V). Thus if G = GL(2, F),
where F' is a non-archimedean local field, there exists a character w of F'* which

is called the central character, such that the center Z(F') of GL(2, F') acts by:

( [Z z] V) = w(z)v.

Thus new representations of GL(2, F) can be defined using the central character

w. Namely, we have

Theorem 2.5.4 ([1], Thm. 4.2.2). Let (m, V) be an irreducible admissible rep-

resentation of GL(2, F).

a) Define a representation (m1,V) on the same space by m(g) = m(tg™1).

Then T = m;.

b) Let w be the central character of w. Define another representation (mq, V')

on the same space by T5(g) = w(det(g))*n(g). Then T = my.

2.5.2 Classification of admissible representations

Our purpose in this section is to describe the classification of all irreducible
admissible representations of GL(2, F') where F' is a non-archimedean local field.
The main classification result is that every irreducible admissible representation
m of GL(2, F) is a subrepresentation of some principal series representation
unless 7 is a supercuspidal representation.

Another consequence of Schur’s Lemma is that every finite-dimensional

irreducible admissible representation of GL(2, F') is 1-dimensional and of the
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form y(det(g)) where x is a character of F*. For more details we refer the
reader to [[4], Remark 4.15].

Now, let G be a totally disconnected locally compact group. Let H be a
closed subgroup of G and (m, V) be a smooth representation of H. Let V¢ be

the space of all functions f : G — V satisfying the following properties:

a)
f(hg) = d6(h) 265 (h)"*x(h) f(g)

for h € H, g € G, where g and 0y are the modular characters of G and

H, and

b) There exists an open subgroup K, of G such that f(gk) = f(g) for all

g € G when k € K.

Then the right translation (7%(g)f)(z) = f(zg) by an element g € G defines a
smooth representation 7% : G — End(VY) on V¢. We call the representation
(76, VE) the induced representation of G and denote it by Ind$ (7). Note that
multiplying by the factor 5}{/2 simplifies many formulas.

To describe the principal series representations of GL(2, F'), let B(F') be
the Borel subgroup consisting of upper triangular matrices. If yq, x2 are two

characters of F*, then we define a character x of B(F') by

o *
Yo

x(

]) = x1(y1)x2(%2)-
Inducing this character to GL(2, F’), we get a smooth representation
GL(2,F
X1 X X2 = IndB(}(r) )<X)-

The following facts are well known; see [1] for more details.
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e The contragredient of y; x x2 is x7' X X5+ for any two characters x1, x2

of F*.
® 1 X X2 is irreducible except when

(i) x1xz2 (y) = |y|~!. In this case x; X x2 contains a one-dimensional

invariant subspace so that the quotient representation is irreducible.

(ii) x1x5 '(y) = |y|. In this case x1 X X2 contains an irreducibly invariant

subspace of codimension one.

o If y1 X x2 — 1 X o is a non-zero intertwining map, then either x; = 4

and x2 = pp or x1 = p2 and x2 = .
o If y; X xo is irreducible, then x; X x2 = x2 X X1.
Let x1, x2 be two characters of F'*. Then

Definition 2.5.5. The irreducible representation x1 X X2 s called the principal

series representation.

Definition 2.5.6. If x1 X X2 is reducible, then it has an infinite dimensional
composition factor which is a subrepresentation or a quotient depending whether
X1X2 () = |y| or |y|™*. This infinite dimensional factor is called a Steinberg

representation and is denoted by Star(2).

By definition the Steinberg representation fits into one of the following exact

sequences:

1/2 |—1/2

0— StGL(g) — || X | — ]-GL(2) — 0,

or

|—1/2 1/2

0— 1GL(2) — | X || — StGL(g) — 0.

Now we give the definition of the supercuspidal representation of GL(2, F').
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1
0 cu € F} oand (m,V) be an irreducible
admissible representation of GL(2,F). Let V(N) denote the subspace of V

Definition 2.5.7. Let N = {[

spanned by the vectors v —n(z)v forv eV and x € N. Then (m,V) is called
supercuspidal if Vy = V/V(N) = {0}.

The next theorem is a well known fact and characterizes the irreducible,

admissible representations of GL(2, F').

Theorem 2.5.8 ([4], Thm. 4.21). Suppose (w, V) is an irreducible admissible
representation of GL(2, F). Then if 7 is not supercuspidal it is a subrepresenta-
tion of some x1 X Xa, i.€., it is equivalent to some principal series or Steinberg
representation. On the other hand, if ™ is supercuspidal, it is not equivalent to a

subquotient of any x1 X Xa2-

As a summary we have three types of the irreducible, admissible representa-

tions of GL(2, F'). These are
e The principal series representation.
e The Steinberg representation.
e The supercuspidal representation.

There is some data associated to each type of the representations above. Here
we only introduce the definition of a conductor in Theorem 2.5.9 and Remark
2.5.10. The conductor plays an important role in finding the representation 7 of

GL(2, F') associated to an elliptic curve E/F.

Theorem 2.5.9 ([4], Thm. 4.24). Let (7,V) denote any irreducible admissible

representation of GL(2, F'). Then there is a largest ideal a(m) of o such that the
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space of vectors v with

for all

[Z Z] e K™ ::{[Z Z] EK:c=0,d=1(modc(m))}

18 not empty. Furthermore, this space has dimension one.

Remark 2.5.10 ([4], Rk. 4.25). We call a(m) the conductor of m and the following
holds:

Representation 7 Conductor a(7)
X1 X X2 a(x1)a(xz)

a(x)?, if x is unramified

t
@ (p), if x is unramified
Xlarer) a(x)?
7 is supercuspidal (p"), n>2

Recall that the conductor of any character x of F'* is the largest ideal p”
such that x is trivial on the subgroup 1 + p".

A central result of the class field theory is the identification of the characters
of the multiplicative group of a local non-archimedean field F' with the char-
acters of the Weil group W(F, F). Langlands conjectured a generalization of
this one-dimensional theory: a correspondence between irreducible admissible
representations of GL(n, F') and admissible n-dimensional representations of
the Weil-Deligne group W (F, F'). The Langlands correspondence is the unique
bijection that preserves certain natural invariants on both sides; in particular, it

preserves the conductors. For n = 2, the case of our interest, the proof of the
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conjecture was completed by Kutzko in [6]. Thus

irreducible admissible rep- admissible  2-dimensional
= (2.5.1)

resentations of GL(2, F) representations of W'(F, F)

Given in the table below is an explicit recipe for the above correspondence:

s o N
X1 X X2 X1 D X2 0
1/2 —-1/2 0 1
XStere) | x|V @ x| 0 (2.5.2)

XlaLe) x| @ x| 0

supercuspidal irreducible 0

In this table, 7 is an irreducible admissible representation of GL(2, F'), x, x1, X2

|'/2 are characters of F'*, and the pair (o, N) is a complex representation

and |.
of the Weil-Deligne group with NV being the nilpotent part.

Most supercuspidal representations can be constructed as follows. Let K/F
be a quadratic extension. Let £ : K* — C* be a non-Galois invariant character,
then there is an irreducible, admissible representation wg ¢ of GL(2, F') construc-
ted via the Weil representation; see §1 of [5]. We refer to wg ¢ as the dihedral
representation. If the residual characteristic of F' is odd, then all supercuspidal
representations are of the form wg ¢ for certain K and &.

The local parameter corresponding to wg ¢ via (LLC) is the two-dimensional

representation of W(F/F) given by indg/r(£). By §10 of [9], we have the

conductor formula

a(indg/p(§)) = d(K/F) + f(K/F)a(). (2.5.3)
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Here, d(K/F) is the valuation of the discriminant of K/F and f(K/F) is the
residue class degree. Note that a(indx,r(€)) is also the conductor of wg ¢; this
is a feature of the LLC.

The number f(K/F) is 1 or 2, depending on whether K/F' is ramified or
unramified. In odd residual characteristic, the number d(K/F) is 0 or 1, again

depending on whether K/F' is ramified or unramified. Hence,

2a(¢) if K/F is unramified,
a(indg,p(§)) = (2.5.4)
14+ a(§) if K/F is ramified

in the odd residual characteristic case. Moreover, the central character i of
T = Wk, 1s given by

¥ = &|rpxXK/F- (2.5.5)

Here X/ is the quadratic character of K corresponding to K/F.
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Chapter 3

The Potential Multiplicative Case

In this chapter we study elliptic curves over local fields with potential multiplic-
ative reduction. Recall from Theorem 2.3.3 that an elliptic curve E defined over
a field F' has potential multiplicative reduction if and only if its j-invariant is
not integral. In the first section, we will discuss the Tate curve and define the
~-invariant of an elliptic curve.

Let F' be a local field with characteristic zero. Let v be the normalized

valuation.

3.1 The Tate curve and the y-invariant

The material of this section and further details can be found in Chapter V of
[14]. Let k be a positive integer and g € F'* be such that v(g) > 0. Define the

quantities

nkq 5s3(q) + 7ss(q)

Tate proved that these quantities converge and used them to define an elliptic
curve F,. Explicitly, for a local field F' with characteristic zero Tate showed the

following important facts

e The series a4(q) and ag(q) converge in F.
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e The Tate curve
E,: v* + a1zy + azy = va0x® + as(q)z + ag(q)

is an elliptic curve defined over F' with discriminant

A=q]Ja—-g9*

n>1

and j-invariant

1 1
i(E,) = iy 744 4 196884 + - - - = rha > e(n)q",

n>0
with ¢(n) € Z.

Let E/F be an elliptic curve defined over F, and choose a Weierstrass
equation

y2 + a1y + azy = 23+ axr® + agx + ag

for E/F. Let ¢4 and ¢g be the usual quantities associated to this equation. In
the next lemma, we define the ~-invariant. This invariant will play an important
role in finding the irreducible, admissible representation of GL(2, F') attached to

an elliptic curve E/F with potential multiplicative reduction.

Lemma 3.1.1. Assuming that the j-invariant j(E) # 0,1728, we define

WEJF) = —% ¢ px/F*2,
Ce

Then,
(a) Y(E/F) is well defined and independent of the choice of a Weierstrass
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(b)

(¢)

equation for E/F.

Let E'/F be another elliptic curve with j(E') # 0,1728. Then E and E'

are isomorphic over F if and only if

J(E)=j(E)  and  y(E/F)=~(E/[F).

Let E/F and E'/F be two elliptic curves having the same j-invariant
which is not 0 or 1728. Further, suppose that v(E/F) # v(E'/F), then

L p( | 2ED),

V(E'[F)
15 a quadratic extension of F'. Moreover, there is an isomorphism

V:E— E

such that

V(P?) = x(o)(P) forall o€ Gal(F/F) andall P e E(F),

where

X : Gal(F/F) = Gal(L/F) — {£1}

is the quadratic character associated to L/ F'.

After defining the y-invariant of an elliptic curve, we present Tate’s uniform-

ization theorem. Among other things, it states that split multiplicative reduction

occurs when y(E/F) is a square in F*.

Theorem 3.1.2. (Tate) Let F' be a non-archimedean local field and E/F be
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an elliptic curve defined over F' with potential multiplicative reduction. Let

v(E/F) € F*/F** be the invariant defined in Lemma 3.1.1. Then

(a) There is a unique ¢ € F* with vr(q) > 0 such that E is isomorphic over

F to the Tate curve E,.
(b) Let q be such that vp(q) > 0. Then the following are equivalent:

1. E is isomorphic to E, over F.
2. y(E/F)=1.

3. E has split multiplicative reduction.

Proof. See [[14], Theorem (V.5.3)]. O

3.2 Quadratic twisting

In this section we study the notion of an elliptic curve twisted by an element of
F*. We will continue to let F' be a local field with characteristic zero. Let E/F

be an elliptic curve with Weierstrass equation

y? + a1y 4 asy = 20 + agx® + asx + ag. (3.2.1)

It is well known that under a standard change of variables of the form x = w22’ +r
and y = v?y’ + u’sa’ +t with v € 0 and r, s, t € 0, the quantities ¢4 and cg

attached to the Weierstrass equation behave as follows,

ud, = ¢y, ubcy = cg. (3.2.2)
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Now, since F' has characteristic zero, from the discussion in Section 2.1 the

Weierstrass equation (3.2.1) can be rewritten in the form

y? = 2% + axr® + agx + ag. (3.2.3)

Let d € I'*. Then

Definition 3.2.1. The curve E¢ defined by the equation

dy? = 2% + ay2® + agr + ag (3.2.4)

15 called the quadratic twist of E by d.

Note that F and E¢ are isomorphic over F(1/d) via the map

p:E— B (x,y) — (x,d7 ), (3.2.5)

and the isomorphism class of £ depends only on the class of d in F*/F*2.

If j(F) is not equal to 0 or 1728, and E’/F is another elliptic curve with
J(E) = j(E"), then E' is F-isomorphic to E¢ for some d € F*/F*?. 1f j(E) =
1728, then the parameterizing set for curves with that j-invariant is F>/F>4
and if j(E) = 0, then the parameterizing set is F*/F*5. For more details on
this, we refer the reader to [13], Proposition X.5.4 and its corollary.

To obtain a standard Weierstrass equation for E?, we replace (z,y) by

(xd~',yd~?) in equation (3.2.4). Then the result is

y* = 2° + ada® + ayd®x + agd’. (3.2.6)

Comparing with (3.2.3), we notice that twisting has the effect of replacing a; by
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a;d"?. A similar statement holds for the quantities b; and ¢;. In particular,
ci(BY = d*cy(E),  cs(BY) = d®cs(E). (3.2.7)

Note that, since twisting does not change the j-invariant, the class of elliptic
curves over F' consisting of curves with potential multiplicative reduction (re-

spectively potential good reduction) is invariant under twisting.

3.3 Potential multiplicative reduction and the vy-invariant

In this section we will investigate the behavior of the ~-invariant under the
quadratic twist and will use it to find the reduction type of E/F.

Let E/F be an elliptic curve with Weierstrass equation (3.2.1). Then
c4=0<<= j(F)=0 and ¢ =0 <= j(F)=1728.

This follows from the relations

3
Cy

1728A =c} —c2, j= N

Now assume that F/F has potential multiplicative reduction. Then j(E) ¢ o
and hence the quantities ¢, and ¢g cannot be zero. Thus, we can define the

~-invariant as in Tate’s uniformization theorem,
C4 X X2
Y(E/F)=——¢€ F*/F*. (3.3.1)
Ce
From (3.2.7), we find its behavior under quadratic twisting:

Y(EY/F) = dy(E/F). (3.3.2)

41



Next, we use 7(E/F') to distinguish between the split and non-split cases when

E has potential multiplicative reduction.

Proposition 3.3.1. Let E/F be an elliptic curve with potential multiplicative

reduction.
a) E has split multiplicative reduction if and only if v(E/F) = 1.

b) E has non-split multiplicative reduction if and only if F(\/v(E/F)) is the

unramified quadratic extension of F.
c¢) If E has multiplicative reduction, then v(E/F) € 0* [ 0*2.

Proof. a) is part (b) of Theorem 3.1.2.

For b), we refer the reader to [[14], Problem V.5.11].

¢) Follows from a) and b). Alternatively, assume that E has multiplicative
reduction, and is given in a minimal Weierstrass equation. Then v(A) > 0 and
v(cy) = 0 by Proposition 2.3.2. Since 1728A = ¢ — ¢Z, this implies v(cs) = 0.

Hence ¢4 and ¢g are both units, so that y(FE/F) is represented by units. O

Proposition 3.3.1 and equation (3.3.2) imply that split and non-split are
interchangeable under twisting. Hence E acquires split multiplicative reduction
over some finite extension of F' if E has potential multiplicative reduction. This

fact has been used in [[9], Section 15] to prove Theorem 3.4.2 below.

3.4 The representations of GL(2, F') attached to an elliptic curve E/F

Keeping the assumption that £/F has potential multiplicative reduction, we will
explicitly find the representation of GL(2, F) attached to E via the coefficients

of a given Weierstrass equation of F.
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Let d € F'* be a non-square. Then we start by stating a lemma that relates
the (-adic representation of Gal(F/F) on the twist E4 in terms of the f-adic

representation of Gal(F'/F) on E.

Lemma 3.4.1. Let x be the isomorphism Gal(F(v/d)/F) — {£1}. We also
consider x a homomorphism Gal(F/F) — {41} wvia the projection Gal(F/F) —
Gal(F(v/d)/F). Then

a) The isomorphism ¢ in Equation (3.2.5) satisfies

(P?) = x(g9)p(P)?,

for all points P on E and all g € Gal(F/F).

b) Let ¢ be a prime, and let T,(E) and T;(E?) be the Tate modules of E/F
and E4/F. Then ¢ induces a map Ty(E) — Ty(E?), which we also denote

by . This map satisfies

o(v7) = x(g)p(v)?,

for allv € Ty(E) and all g € Gal(F/F).

¢) If opy: Gal(F/F) — GL(2,Z,) is the (-adic representation of Gal(F/F)
on E with respect to a basis vi,vy of Ty(E), then the {-adic representation
of Gal(F/F) on E? is opay, where opai(g) = x(g)ope(g) for all g €
Gal(F/F).

Proof. a) This is part ¢) of Lemma 3.1.1 with £ and d replacing E’ and %

respectively. Alternatively, we need to prove this only for ¢ € Gal(F/F) whose
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restriction to F(v/d) is non-trivial. For such g and P = (z,%), we have

p(P)? = (x,d""Py)?
= (29, x(g)d""?y%)
= (a9, —d"'/?y?)
= —(a,dy)

= x(9)p(P?).

b) Follows from a).
c) By observing that the actions of Z, and of Gal(F/F) on T;(E) commute,

we can derive ¢) from b). O

Now suppose that E/F is an elliptic curve with potential multiplicative
reduction. Using the previous lemma and Proposition 3.3.1 and following the

discussion in Section 15 of [9], one can show

Proposition 3.4.2. Let E/F be an elliptic curve with potential multiplicative
reduction. Then the associated Weil-Deligne representation o' = (o, N) s
given by o' = xw™ ' @ sp(2), where x : W(F/F) — {41} is the character
corresponding to the extension F(\/v(E/F))/F. Hence, x = (y(E/F),.), where

(.,.) is the Hilbert symbol. Moreover,
a) (V(E/F),.) is trivial if and only if E/F has split multiplicative reduction.

b) (v(E/F),.) is non-trivial and unramified if and only if E/F has non-split

multiplicative reduction.
c) (V(E/F),.) is ramified if and only if E/F has additive reduction.
Proof. See [[9], Section 15]. O
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Next we invoke the local Langlands correspondence for GL(2). Recall that
it is a bijection between (isomorphism classes of) 2-dimensional Weil-Deligne
representations o', and (isomorphism classes of) irreducible, admissible repres-
entations m of GL(2, F'); See Equation (2.5.1) and Table 2.5.2. Thus the main

theorem of this chapter is

Theorem 3.4.3. Let E/F be an elliptic curve with potential multiplicative
reduction. Then the corresponding representation m of GL(2, F') associated to

the Weil-Deligne representation o' is

™= (v(E/F),.)Stere),

with (.,.) being the Hilbert symbol.

Proof. By Proposition 3.4.2, the complex representation of the Weil-Deligne

group is o' = (Y(E/F),.)w™ ®sp(2). Twisting by w'/? we obtain

(V(E/F), Jw ' @sp(2) = (0, N),

with
(Y(E/F), Jw'*(w) 10
Hence by Table 2.5.2, 7 = (y(E/F),.)StaL(2)- O

Note that this result holds without any restrictions on the residual character-

istic of F.
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Chapter 4

The Potential Good Reduction Case

Through out this chapter we will assume that the elliptic curve E has potential
good reduction. By Proposition 2.3.3, an elliptic curve has potential good
reduction if and only if it has an integral j-invariant. This means that F

acquires good reduction over some finite extension over the field of definition.

4.1 The complex representation of W(F/F) attached to E

Let E be an elliptic curve defined over a non-archimedean local field F' and let
F be its algebraic closure. Let K C F be a finite extension of F over which F
acquires good reduction and let I be the inertia subgroup of Gal(F/K). Let
¢ be a prime different than char(F’). The criterion of Néron-Ogg-Shafarevich
implies that the /-adic representation o is trivial on Ix. Following the discus-
sion in Section 14 of [9] we have the following basic facts about the complex

representation o’ = (o, N) of the Weil-Deligne group W'(F/F) associated to o).

Proposition 4.1.1. Suppose that E has potential good reduction. Then o' =
(0,0) and o is semisimple. Furthermore, E has good reduction over F if and

only if o is unramified.
Proof. We refer the reader to [[9], Section 14]. O

We continue to let F' be a non-archimedean local field and let o /p be its

residue class field with characteristic char(o /p) = p. Let m > 3 be an integer
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which is relatively prime to p and E[m] be the subgroup of E consisting of
all the points of order dividing m. By hypothesis and Section 5.6 of [11], we
have L = F""(E[m]) is the minimal extension of F“*" over which £ has good
reduction. Recall that F“"" is the maximal unramified extension of F'. Let A be
the Galois group A = Gal(L/F""") then there are the following possibilities for
A.

a) If p # 2,3, then A is a cyclic group of order 1,2, 3,4, or 6. Moreover,

IA| =2 <= vp(A) =6 (mod 12)

|A| =3 <= vp(A) =40r8 (mod 12)
Al =4 <= vp(A)=30r9 (mod 12)
IA| =6 < vp(A)=20r10 (mod 12)

Then it is obvious to see that

|Al.vp(A) =0 mod 12. (4.1.1)

b) If p = 3, then A is the semidirect product of a cyclic group of order 4 taken

with respect to the unique nontrivial action on a group of order 3.
c¢) For p =2, then A is isomorphic to a subgroup of SLy(F3).

Here |A| means the cardinality of the group A.
The following proposition will be needed to complete the proof of Theorem
4.2.2. It provides a necessary and sufficient condition for the existence of a

totally ramified cyclic finite extension of a local field.

47



Proposition 4.1.2. Let F' be a local field with residual characteristic p. Let q
be the cardinality of the residue class field of F. Let t be a positive integer such

that p1t. Then the following are equivalent:
1. ¢g=1 (mod t).
2. There exists a totally ramified cyclic extension K/F of degree t.

Proof. First, we start by proving (1) implies (2). Assume that ¢ = 1 (mod t),
ie.,t|q—1. Wehave F* = (w) x W,_; x (1+p), where W,_y =Z/(q — 1)Z.
Now, consider the subgroup H = (w) x W/ ; x (1 4+p). Then (F* : H) = t.
By local class field theory there exists an abelian extension K/F such that
NiypK* = H and Gal(K/F) = F*/H = W,_1/W!_, = Z/tZ. Hence K/F is
a totally ramified cyclic extension.

Conversely, since p 1t and K/F is a totally ramified extension then ¢ | ¢ — 1
by [[8], p. 81, F5]. O

4.2 Criterion for reducible complex representation

Proposition 4.1.1 states that, in case of potential good reduction, the complex
representation o’ of the Weil-Deligne group W'(F/F) may be identified with
the representation o of W(F/F). the latter is either irreducible or completely
reducible. In the following theorem we find a criterion to distinguish among
those two cases by looking at the Weierstrass equation of the elliptic curve E/F.
Also, we find the degree of the finite extension over which F has good reduction.
We only prove these results for residual characteristic p > 5.

For an integer m > 3, let L = F""(E[m]) be as in Section 4.1. Recall
that the Weil group W(F/F) is given by W(F/F) = || ®"I where I is the

nez
inertia subgroup and @ is an inverse Frobenius element. By definition we have
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W(L/F) = W(F/F)/Gal(F/L) = || ®"/Gal(F/L) and A = I/Gal(F/L).
Thus, it is easy to see that as a cosetn%(L/F)/A = (®). One can show that A
is a normal subgroup of W(L/F'). Thus W(L/F) = A x (®).

By the Proposition in Section 16 of [9] the complex representation ¢’ of the
Weil-Deligne W/(F/F) has the property det(c’) = w™! where w is the character
of W(F/F) defined in Example (2.4.4). By the above identification then we
have det(c) = w™!. Thus the kernel of ¢ is contained in I, since by definition
w(I) = 1. In particular, by choosing the integer m large enough one can show

that the representation o factors through Gal(F/L) and is in fact a faithful

representation of W(L/F) = A x (D).

Remark 4.2.1. The fact that o is an injective homomorphism of W(L/F) =

A x () into GL(2,C) implies that the image of A under o has order |A|.

We are ready now to present the reducibility criterion for o in terms of the

coefficients of some Weierstrass equation of F.

Theorem 4.2.2. Let F' be a non-archimedean local field with residual charac-

teristic p > 5. Then the following are equivalent
a) E acquires good reduction over some finite abelian extension of .
b) The Weil group W(L/F) is abelian.
¢) The representation o of W(F/F) is reducible.

d) E acquires good reduction over some totally ramified cyclic extension of F

of degree |A|.

e) (¢g—1Dvp(A) =0 mod 12, where A is the discriminant of any generalized

Weierstrass equation for E over F.
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Proof. We omit the proof of the equivalence of a, b, c,and d. It can be done in a
similar way as the proof of Proposition 2 in Section 2 of [10].

To complete the proof, we prove that the statements of d) and e) are
equivalent.

We start by proving d) implies e). Recall that |A|.vp(A) = 0 mod 12.
Hence, replacing t with |A| in Proposition 4.1.2 yields ¢ = 1 mod |A|. Thus
(¢ —1vp(A) = 12n for some integer n, which implies (¢ — 1)vp(A) =0 mod 12.

Conversely, assume that 12|(¢ — 1)vp(A). We want to show that E has good
reduction over some totally ramified cyclic extension of degree |A|. Let d be
a positive divisor of |A| and K/F"" be a field extension of F**"" contained in
L. When considering E as an elliptic curve over K the discriminant A of its
Weierstrass equation might not have a minimal valuation. By Proposition 2.3.1
and Equation (2.3.1) we get a minimal Weierstrass equation for £/ K with a new
discriminant A’ so that A’ = u=2"A for some integer n and u being a unit in
K*. Thus vg(A) = vk (A’) + 12n which is a necessary and sufficient condition
for p # 2,3. Then E/K has good reduction if and only if vg(A) = 12n. This
implies that vg(A) = 0 mod 12. We have vg(A) = d.vpunr(A) because the
extension K/F"" has degree d and is totally ramified. Thus vg(A) = d.vp(A),
since vVpunr(A) = vp(A). Therefore, F/K has good reduction if and only if
dvp(A) =0 mod 12. By definition L is the minimal extension of F""" over
which E has good reduction, then d.vp(A) =0 mod 12 if and only if d = |A].

We claim that |A| | ¢ — 1. To prove this let K be a field extension of F' of
degree d = ged(|A|, ¢—1) such that d < |A|. Then there are integers = and y such
that d = |A|lz + (¢ — 1)y. Thus, d.vp(A) = (|Alz + (¢ — 1)y)vp(A) =0 mod 12
which implies that vg(A) = 0 mod 12. Then E/K has good reduction and

d < |A] which contradicts the above congruence. Therefore, |A| = ged(|A], ¢ —1),
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i.e., |A| | ¢ — 1. Hence, Proposition 4.1.2 implies that there is a totally ramified

cyclic extension K of F' of degree |A]. O
Recall that A =1,2,3,4, or 6. Then, we claim that

12
ged(vp(A),12)

A| = (4.2.1)

To see this let |[A| = 4. From the proof of Theorem 4.2.2 we have 4vp(A) = 12n
for some n € Z and d.vp(A) # 12r for d = 4. Therefore, vp(A) is a multiple
of 3 but is not a multiple of 6. Thus ged(vp(A),12) =3 and |A| = m.
The other case can be proven in a similar fashion. We denote this fraction by e.

The importance of the reducibility criterion is that it allows us to determine

the associated irreducible, admissible representation 7 of GL(2, F'). Thus, we

will examine this representation in the following two sections.

4.3 The principal series representation

Assume that E/F is an elliptic curve that has bad but potential good reduction.
If the Weierstrass equation of F satisfies the condition (¢—1)vp(A) = 0 (mod 12)
then the complex representation is o = x1 @ x2 by Theorem 4.2.2 where x1, x2
are characters of W(F/F). We tensor o by w!'/? to obtain the analytically

normalized representation o,,. We then have

for all w € W(F/F). Hence by Table 2.5.2, the corresponding irreducible,
admissible representation 7 of GL(2, F) is a principal series representation.

Writing m = y X Y~} where y is the character of F'* corresponding to the
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character x of W(F/F), our goal in this section is to determine x explicitly.
We continue to let p > 5. Assume that (¢ — 1)vp(A) =0 mod 12. Then we

have

Theorem 4.3.1. Let E/F be an elliptic curve with additive but potential good
reduction. Then the corresponding irreducible, admissible representation of

GL(2,F) is ™ = x x x~ ! where x satisfies the following
a) x is trivial on 1+ p. (The conductor is 1.)
b) xlw,_, is trivial on the index e-subgroup Wy _,.

c¢) The induced character on Wy_1/W¢ | = Z/eZ has order e. For e = 2,
there is a unique such character, which is quadratic. Furthermore, for
e € {3,4,6}, there are two such characters, which are inverses of each

other.
Here W,_; is the group of (¢ — 1)-th roots of unity.

Proof. We already know from the considerations above that @ = y x y L.
Moreover, Theorem 4.2.2 shows the existence of a totally ramified extension
K of F of degree e where e = m as defined in Section 4.1. Also, it
states that E/K has good reduction. Therefore, the irreducible, admissible
representation of GL(2, K) is a principal series representation mx = p X p*
where 4 is an unramified character of K* by Proposition 4.1.1. Let Nk, r be
the norm map. Since 7k is the base change of 7, then p = x o Ng/p.

We start by proving a). Recall that since F has additive reduction the the
conductor is a(F) = 2 by Remark 2.3.5. Thus a(7) = a(E) = 2 and hence

a(x) =1, i.e., x is tamely ramified.
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To prove b), let x € Wy, C 0%, then x = y° for some y € W, C o*.
Thus @ = Nk p(2) for some z € 0. Hence x(z) = x(Nk/r(2)) = p(z) = 1.
Therefore, x|w,_, is trivial on W¢_,.

The fact that 0o* get mapped to the inertia subgroup under the Artin
isomorphism and Remark 4.2.1 imply that the image of x|,x has e elements.

Thus x has order e on W, /W, . O

4.4 The supercuspidal representation

In this section we will discuss when the associated irreducible, admissible rep-
resentation 7 is supercuspidal and we will explicitly determine which one it
is.

Recall that by Theorem 4.2.2 the representation o of the Weil group W(L/F)
is irreducible if and only if (¢ — 1)vp(A) Z 0 mod 12.

Theorem 4.4.1. Let E/F be an elliptic curve with additive but potential good
reduction. Assume that p > 5 and assume that (¢ —1)vp(A) Z0 mod 12. Then
the corresponding irreducible, admissible representation of GL(2, F') is m = wp ¢
where H is the unique unramified quadratic extension of F' and & satisfies the

following:
a) & H* — C* is a tamely ramified character.
b) &|lox has order e with e being as before.
¢) §(w) = —1.

Proof. In this proof we repeat the arguments in Section 2 of [10].
As mentioned above the hypothesis 12 1 (¢ —1)vp(A) means that the complex

representation o of W(L/F) is irreducible. Hence via the local Langlands
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correspondence; see Table 2.5.2, o corresponds to a supercuspidal representation
7 of GL(2, F). Also, it implies that the Weil group W(L/F') is non-abelian.
Hence it is an honest semidirect product, namely W(L/F) = A x (®).

Let H be the field in L fixed by the abelian index-2 subgroup Z /e Z x (®?)
of W(L/F). Then H/F is the unramified quadratic extension. Now since
Z |eZ x(®?) has index 2 in W(L/F), then the representation o of W(L/F)
is induced from a character & of Z /e Z x(®?). Thus via the local Langlands
correspondence we have m = wp ¢, where £ is now considered as a character of
H*. Here wy ¢ is the dihedral supercuspidal representation defined in Section
2.9.

By Equation (2.5.4) the conductor of 7 is a(7) = a(wme) = 2a(). Moreover,
a(m) = a(E) = 2 by Remark 2.3.5. Thus a(§) = 1 which proves a).

To prove b), we see that from Remark 4.2.1 €|0;<1 has order e. Thus £|,x has
order e, since H/F is unramified.

For ¢), we note that the representation 7 has trivial central character. Then
by Equation (2.5.5)we have 1 = {|px(w).xn/r(w) = §(w)(—1) which implies
§(w) = —1. Here xp/p is the quadratic character of F* corresponding to

H/F. m
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Chapter 5

Triply Imprimitive Representations

5.1 The problem

In this chapter we will continue to let F' be a non-archimedean local field of
characteristic zero, o its ring of integers, p the maximal ideal of o, and @ a
generator of p. Let ¢ be the cardinality of the residue class field o / p.

Let 7 be an irreducible, admissible, supercuspidal representation of GL(2, F').
For a quadratic field extension L/F there is a base change BCyp(7), which is an
irreducible, admissible representation of GL(2, L). The base change may remain
supercuspidal, or may be a principal series representation. In this chapter we

investigate the following question:

Is it possible that BCy p(7) is a principal series representation for all quad-

ratic extensions L7
(5.1.1)

We reformulate this question in terms of the local parameters corresponding to
the representations involved via the local Langlands correspondence (LLC). Since

7 is supercuspidal, its parameter is an irreducible, 2-dimensional representation

(¢, V) of the Weil group W(F/F),

o: W(F/F) — GL(2,V) = GL(2,C).

Quadratic base change corresponds to restricting ¢ to subgroups of index 2;
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such subgroups are precisely the Weil groups W(L/L) where L/F is a quadratic
field extension. The restriction of ¢ to W(L/L) remains irreducible precisely if
BCp/p(m) is supercuspidal. The above question is therefore equivalent to the

following;:

Is it possible that reSVHV(F/ F) () is reducible for all index-2 subgroups H of

W(EF/F)?
(5.1.2)

It follows from the representation theory of W(F/F) that if res);lv(ﬁ/ F)(gp) is
reducible, then it is a direct sum of two one-dimensional representations. Via
Table 2.5.2, this direct sum corresponds to a principal series representation of
GL(2, F).

We will solve problem (5.1.1) for those 7 with trivial central character and
conductor 2. Under the assumption that the residual characteristic is not 2 or 3,
these are precisely the representations relevant for the theory of elliptic curves.
Our main result is Theorem 5.3.2 below. It states that if ¢ = 1 mod 4, then
there is no 7 satisfying (5.1.1), and if ¢ = 3 mod 4, then there is a unique such

7. For reasons to be explained, we call such 7 triply imprimitive.

5.2 The problem for arbitrary groups

Let G be a group, and H an index-2 subgroup. We fix an element ¢ € GG which is
not in A, so that G = HU o H. If € is a representation of H, then the conjugate

representation &7 is defined by £7(h) = £(cho™!). Then

Lemma 5.2.1. Let G be a group, and H an index-2 subgroup. Let x be the

unique non-trivial character of G/H. Let ¢ be an irreducible representation of

G.
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a) If o 2 @ ®x, then res$ () is irreducible. Moreover,
indf; (resfi () = ¢ @ (¢ @ X)-

b) If o = p®Y, then res () = EDE, where £ is an irreducible representation
of H. Moreover,

e {FE7 and
e o = ind(¢) = indF(£7).
Proof. This is a well known fact. m
We will also use the following simple result.
Lemma 5.2.2. Let G be a group, and H an index-2 subgroup.

a) Let & be a representation of H and p a character of G. Then
ind%(¢) ® p = ind% (€ @ resS (1)). (5.2.1)
b) Let & and & be representations of H. Then
indf (&) ¥ indf (&) <= (42 & or & 2&). (5.2.2)

Proof. 1t is easy to show this result. O

Let Hy,...,H, be the index-2 subgroups of GG. Let ¢ be an irreducible
representation of G such that res% () is reducible for some H, say H,.

Then we have the following result.

Proposition 5.2.3. Let G be a group. Let Hy,..., H, be the index-2 subgroups

of G. Assume that r > 1.
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a) Assume that there exists an irreducible 2-dimensional representation ¢ of

G such that res§ () is reducible for i =1,...,r. Thenr = 3.

b) Assume that r = 3. Let £ be a character of Hy with § # £7; here, o is an

element of G that is not in Hy. Let ¢ = ind (€). Then

resgi(go) is reducible for i =1,2,3 <= ()7 = &2 (5.2.3)

Proof. To prove a), let ¢ be an irreducible 2-dimensional representation of G' and
resf; (¢) be a reducible representation of H; for i = 1,...,7. By b) of Lemma
5.2.1, there exists an irreducible representation, namely a character, £ of H;
such that res§ () = £ ® £7. Moreover, we have £ % ¢7 and ¢ = indg1 (£).

For i = 1,...,r let x; be the non-trivial character of G/H;. Let ¢ be an

element of G that is not in H;. By Lemmas 5.2.1 and 5.2.2, we have

resy () is reducible <= ¢ X R x;

= ind, (€) 2 ind%, (&) ®xi
< indf, (€) = indf, (€ @ resf], (xi))

= (¢=gores(x) or & = E@res (vi))-

Now & = € @ res§ (x;) if and only if res§; (x;) = 1, since £ is a character. But if

1 > 2, then y; cannot be trivial on H;, since its kernel is H;. Hence, for ¢ > 2,

resgi(go) is reducible <= &° = £ ®@resy, (x;)

= & =¢ res (xi)-
Assume this condition is satisfied for ¢ > 2 and j > 2 with ¢ # j. Then
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res% (x;) = res, (x;). Hence x;x; is a non-trivial quadratic character which is
trivial on H;. We conclude that y;x; = x1. In particular, if resgi(go) is reducible
for all 7, then necessarily r < 3.

However, we cannot have r = 2, since if x; and o are two distinct quadratic
characters of GG, then ;2 is a third such character. Thus r = 3.

To prove b), assume that r = 3. Let £ be a character of H; and ¢ = indg1 (€).
We also let resf] (¢) be reducible for i = 1,2,3. Then as we saw in part a),
X2x3 = X1, and hence res$; (x2) = res$; (x3). Let this common restriction be
denoted by «. The kernel of a is Hy N Hy = H; N Hj3, which is an index-2

subgroup of H;. From above, we see that

resgi(go) is reducible for 1 = 1,2,3 <= £ =¢-a. (5.2.4)
Hence,
resgi(go) is reducible for i = 1,2,3 = (£)7 = €2 (5.2.5)

It remains to prove that if £ is a character of H; with & # £7 and (£2)7 = &2,
then resgi(go) is reducible for i = 1,2,3. Let M C H; be the kernel of £/£°.
Since (£/€7)? = 1 by hypothesis, M is an index-2 subgroup of H;. We claim

that o normalizes M. Indeed, for m € M,

<£)(0m01) B E(omo™t) B E(omo™1)

& ~ &(omot) &7 (omaY)

S (o)

=1

Hence M U oM is an index-2 subgroup of G, say M Ll oM = H,. Evidently,

M = H, N H,. It follows that /&7 equals the character a appearing in (5.2.4).
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This concludes the proof. O]

Recall that a representation ¢ of a group G is called primitive if it is not
induced (from any subgroup), otherwise imprimitive. If the representation ¢ in
b) of Proposition 5.2.3 satisfies (5.2.3), then, by b) of Lemma 5.2.1, ¢ is induced
from any of the H;. We will call such ¢ triply imprimitive. The same terminology
is used in [3]. Now we consider G to be the Weil group W(F/F) of our local
field F.

By Definition (2.4.3), representations ¢ of W(F/F) are always assumed to
be finite-dimensional and continuous.

We apply Proposition 5.2.3 to W(F/F) instead of any group G. Note that the
quadratic field extensions L of F correspond to the index-2 subgroups W(L/L)
of W(F/F). If ¢ is a representation of W(F/F), we will abbreviate

and if ¢ is a representation of W(L/L), we will abbreviate

indy/p(€) = ind)7/7)(€).

There are three quadratic extensions L/F if the residual characteristic of F' is
odd, and more than three otherwise. From Proposition 5.2.3 we therefore obtain

the following result.
Proposition 5.2.4. Let Ly, ..., L, be the quadratic field extensions of F'.

a) Assume that there exists an irreducible 2-dimensional representation ¢
of W(F/F) such that resy,/r(p) is reducible for i = 1,...,r. Then the

residual characteristic of F' is odd.
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b) Assume that the residual characteristic of F' is odd, so that r = 3. Let & be
a character of W(Ly/Ly) with &€ # £°; here, o is an element of W(F /F)

that is not in W(Ly/Ly). Let o = indp,/p(§). Then

resy, /() is reducible fori=1,2,3 < (£°)7 =& (5.2.6)

5.3 The case of conductor 2

Let K/F be a quadratic extension. Recall that characters of W(K /K) corres-
pond to characters of K* via the local Langlands correspondence for GL(1). We
will denote both kinds of characters by the symbol £&. Thus we get the dihedral
representations wg¢ of GL(2, F') defined in Section 2.5.

Let o be the non-trivial Galois automorphism of K/F, and define the char-
acter £7 of K* by €7(z) = £(o(x)). By Theorem 4.6 of [5], the representation
wi,¢ is given as follows. If £ # &7, then wg ¢ is supercuspidal. If £ = £7, then

§ = po Ngyp for a character p of I, and

Wre = b X (1 XK/F),

a principal series representation. Here, Nk, p is the norm map from K to F’, and
Xk/F is the quadratic character of F* corresponding to K/F.

In the odd residual characteristic case, we are especially interested in the
case of conductor 2, since this case is relevant for elliptic curves. Thus from

Equation (2.5.4), we see that

a(indg/p()) =2 <= a(§) =1
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Such & are tamely ramified, meaning their restriction to the unit group oy is
non-trivial, but further restriction to 1 4 py is trivial. Hence, such ¢ descend
to a character of the multiplicative group of the residue class field ox /py-.
Conversely, given £ : (0x /pg)* — C*, we can inflate £ to a character of o,
give it some value on a uniformizer wg, and thus obtain a tamely ramified
character of K*.

In the following we will assume that the residual characteristic of F' is odd

and look for characters £ of K* satisfying the following conditions:

(A) & #¢&.
(B) fpx = XK/F-
(C) a(§) =1.

(D) (£2)7 =¢~
(5.3.1)

Condition (A) assures that 7 := wy ¢ is supercuspidal. Condition (B) is equivalent
to m having trivial central character; see Equation (2.5.5). Condition (C) is
equivalent to 7 having conductor 2. Finally, by Proposition 5.2.4 b), condition
(D) means that BCy,p(m) is a principal series representation for all quadratic
field extensions L of F'; observe here that base change corresponds to restricting

the local parameter to index-2 subgroups of W(F/F).

5.3.1 The unramified case

Assume first that K/F is the unramified quadratic extension of F. Then the
residue class field o /py is a quadratic extension of o /p. Assume & has the

properties (A) — (D) in (5.3.1). By (C), ¢ determines a character & of (o / py)*
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with the following properties.

(A) & #¢
(B) The restriction of £ to (0 /p)* is trivial.
(D) (£%)7 = ¢
(5.3.2)
Here, & is the non-trivial Galois automorphism of the residue class field extension.
Explicitly, 7 is the Frobenius, given by ¢(z) = z9.
Let g be a generator of the cyclic group (o /pg)*. The order of g is ¢* — 1.
Any character € of (0x /pg)* is determined by its value on g, and this value

can be any (¢ — 1)-th root of unity:
_ -k
Eg)=e"71,  k=1,2,...,¢* 1.

The conditions (5.3.2) are then equivalent to the following.

(A) k¢ (¢g+1)Z.

B) ke(¢—1)Z.

(D) 2k € (¢+1)Z.
(5.3.3)

Conditions A and D imply that

1
k:%(1+2m), m€{0,1,...,q— 2}.

Assume that B is also satisfied, i.e.,

%1(1—#—2771) —(g=1D)n
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for some integer n. If ¢ = 1 mod 4, then the left side is odd and the right side is

even, so this is impossible. Assume that ¢ = 3 mod 4. In the equation

qg+1

-1
T(l—i—Qm):q

n

the integers % and % are relatively prime. Hence

1
1+2m:qu

for some j € Z. For reasons of size we must have j € {1,2,3,4}. Also, j must
be odd, so the only possibilities are 7 = 1 and j = 3. Hence the only possibilities

for k£ are

Note that

mod ¢* — 1

due to our hypothesis ¢ = 3 mod 4, so that the two possible values of k lead to
Galois-conjugate characters £&. We might as well fix k = an_l. Our character ¢ is
then given by

E(g) = =i (5.3.4)

(its Galois conjugate would have g — —i).

Conversely, assuming that ¢ = 3 mod 4, we can define & by (5.3.4). Let &
be the inflation of € to 0%. To obtain a character of K>, we also need to define
the value £(wp ), where wy is a uniformizer in K. Since K/F is unramified, we
can take wy = w, where w is a uniformizer in F. Condition (B) in (5.3.1) then
forces us to define {(w) = —1. Having defined ¢ in this way, we see that all the

conditions in (5.3.1) are satisfied.

64



5.3.2 The ramified case

Now assume that K/F is a ramified quadratic extension of F' (there are two such
extensions). In this case ok /Py = 0/p. Assume that ¢ satisfies the conditions
in (5.3.1). Since 03 = 0*(1 + pg), the restriction of £ to o is determined by
€lox. In view of (B), & is completely determined on oy. We also see that £ = &£
on 0.

Choose the uniformizer w of F such that K = F'(y/w). Then o(y/w) = —/w,

and hence

¢ (Vm) =&(—V@) = xx/r(-1E(Vm).

In order to satisfy (A), we must have xx/p(—1) = —1; this holds exactly if ¢ = 3
mod 4. Assume this is the case, so that £7(y/@) = —&(y/w). We have

((Vw)? = &(w) = xx/r(@) = Xr/r(—1)xx/r(—@) = Xx/r(—1) = —1,

since —w is a norm. It follows that {(y/@) = +i, and up to Galois conjugation
we may assume & (/@) = i. We proved that £ is unique up to Galois conjugation.
Conversely, we see how to construct a character £ with the properties (A) — (D)

provided that ¢ = 3 mod 4.

Summary

Definition 5.3.1. Assume that the residual characteristic of F' is odd. Let
an irreducible, admissible, supercuspidal representation m of GL(2, F') be called
triply imprimitive if BCyp p(7) is a principal series representation for every
quadratic field extension L of F.

For a quadratic extension K/F, assume that o, pyx and wg denote the

ring of integers of K, the maximal ideal in this ring, and a uniformizer for K,
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respectively. Then the following theorem summarizes our results.

Theorem 5.3.2. Assume that the residual characteristic of F' is odd. Consider

irreducible, admissible, supercuspidal representations m of GL(2, F') with the

following properties.

7 has trivial central character.
a(m) = 2.

T 18 triply imprimitive.

If ¢ =1 mod 4, then there exists no such representation. If ¢ =3 mod 4, then

there

ways.

1.

5.4

exists a unique such representation m, given in either of the following two

Let K/F be the unramified quadratic extension. Let g be a generator of
(o /px)*, and define a character & of this group by £(g) = i. Inflate
€ to a character £ of 0, and extend & to a character of K* by setting

E(w) = —1. Then m = wi.

Let K/F be a ramified quadratic extension. Let & be the character of
0 = 0*(1 + pg) that is trivial on 1 + pg and coincides with Xx/p on
0*. Extend & to a character of K* by setting £(/@) = i; here w is a

uniformizer of F such that K = F(y/w). Then m = wg¢.

The relevance for elliptic curves

We continue to let I’ be a non-archimedean local field of characteristic zero. Let

E/F be an elliptic curve. Then there is an irreducible, admissible representation

7 of GL(2, F') attached to E/F.
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The correspondence between E and 7 is such that the conductors coincide

Assume that the residual characteristic of F' is not 2 or 3. Then a(F) can only
take the values 0, 1 or 2. We have a(F) = 0 if E/F has good reduction, a(E) = 1
if £/F has multiplicative reduction, and a(E) = 2 if E/F has additive reduction;
see [C15, Appendix,[13]].

To find 7 there are two fundamentally disjoint cases to consider:
1. E/F has potential good reduction.

2. E/F has potential multiplicative reduction. In this case 7 is a twist of a

Steinberg representation by Theorem 3.4.3.

The case of potential multiplicative reduction is thus completely solved. Let
us assume that F/F has potential good reduction. In this case 7 is either a
principal series representation or a supercuspidal representation. And from

Theorem 4.2.2

7 is principal series <<= (¢ —1)v(A) =0 mod 12. (5.4.1)

Here, v is the normalized valuation on F' and A is the discriminant of E/F.
Let L/F be a field extension. Then we may consider E over the field L.
While the Weierstrass equation for E is exactly the same as before, the two
curves E/F and E/L are not the same; the field of definition is part of the
elliptic curve. To E//F we have attached a representation 7 of GL(2, F'), and to

E/L we have attached a representation IT of GL(2, L). It is easy to see from the
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definitions that

1T = BCypp (). (5.4.2)

In other words, base change for elliptic curves corresponds to base change for
the associated irreducible, admissible representations.
These facts, combined with Theorem 5.3.2, can sometimes be used to com-

pletely determine the representation 7

Theorem 5.4.1. Assume that the residual characteristic of F is > 5. Let E/F
be an elliptic curve with discriminant A. Assume that E has bad, but potential
good reduction. Assume further that the following conditions are satisfied (where

v is the normalized valuation on F):
e ¢ =3 mod4.
e v(A) is odd.
e (¢ —1)v(A) =0 mod 3.

Then the irreducible, admissible representation m of GL(2, F') attached to E/F

1s the triply imprimitive supercuspidal representation from Theorem 5.3.2.

Proof. The three conditions imply that (¢ — 1)v(A) is divisible by 6, but not by

12. By (5.4.1), m is supercuspidal. Also,

(¢* = 1)v(A)=0 mod 12 (5.4.3)
and

(¢ —1)2v(A) =0 mod 12. (5.4.4)

Using (5.4.1) and (5.4.2), condition (5.4.3) implies that BCy,r(7) is a principal

series representation if L/F' is the unramified quadratic extension. Similarly,
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condition (5.4.4) implies that BCy,p(7) is a principal series representation if

L/F is a ramified quadratic extension. Hence 7 is triply imprimitive. O]

Example 5.4.2. Let E be the elliptic curve

v 4y =2 —Tr +12.

This is the elliptic curve with Cremona’s label 245a1. We have

N=5-7% A=-5.7, j=-212.3%.573

Here N is the conductor of E/F. We consider E over F' = Qy, so that ¢ = 1.
Since j is in Zz, EJF has potential good reduction. The (exponent of the)
conductor is v(N) = 2, so that E/F has additive reduction. All the conditions of
Proposition 5.4.1 are satisfied, and it follows that the associated representation

m of GL(2,Qy) is triply imprimitive.
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