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SOME QUESTIONS ON DISTRIBUTIONS, NETS, AND DUALITY

CHAPTER I  

INTRODUCTION

The c o n tr ib u t io n s  o f  t h i s  t h e s i s  a r e  th e  fo llo w in g .

C h a p te r  I I  g iv e s  a  new m ethod by  which d i s t r i b u t i o n s  may be 

c o n s t r u c te d .  The e s s e n t i a l  id e a  i s  to  u se  n e ts  t o  form  a  weak com ple

t i o n  o f  a  d u a l  s p a c e . The th e o r y  i s  th e n  d ev e lo p ed  to  a  s ta g e  where i t  

p a r a l l e l s  o th e r  m ethods o f  c o n s t r u c t in g  d i s t r i b u t i o n s ,  [ 6 ] , ^  [ l 8 ] ,  [2 2 ] .

The n o v e lty  o f  C h a p te r  I I I  i s  tw o fo ld . F i r s t  i s  th e  in t r o d u c 

t i o n  o f  a  to p o lo g y  on th e  sum s e t  ( D e f in i t i o n  3 . IO ) .  U sing  t h i s  d e f i n i 

t i o n ,  a  new p ro o f  i s  g iv en  t o  a  theo rem  o f  B ir k h o f f , [ l ] . The second  

c o n t r ib u t io n  i s  th e  p ro o f  o f  s e v e r a l  theo rem s on d o u b le , i t e r a t e d ,  and 

p a r t i a l  l i m i t s  o f  n e ts  and s u b n e ts .  These a r e  th e  p ro o fs  o f  theorem s 

3 . 1 1 , 3 . 1 3 , 3 . 1^ , 3 . 1 8 , and c o r o l l a r y  3*1^.

C h a p te r  IV i s  b a se d  on a  r e s u l t  o f  E l l i s ,  [5 ]*  One o f  th e  

p rob lem s c o n s id e re d  by E l l i s  was th e  d u a l i t y  o f  an a r b i t r a r y  num ber o f  

g roups w ith  a  to p o lo g y . I t  i s  f i r s t  shown t h a t  h i s  u p p e r  bound to p o lo g y  

does n o t  make th e  d i r e c t  sum o f  an  a r b i t r a r y  number o f  g ro u p s , a  to p o lo 

g i c a l  g ro u p . H is r e s u l t  i s  th e n  m o d if ie d  by  in tro d u c in g  a  weak to p o lo g y

^Numbers in  b r a c k e ts  r e f e r  to  th e  b ib l io g ra p h y .



2

on th e  d i r e c t  sum. T h is  weak to p o lo g y  i s  shown t o  he an  u p p e r hound f o r  

h i s  to p o lo g ie s .  The d i r e c t  sum w ith  th e  weak to p o lo g y  i s  th e n  p ro v en  to  

he a  t o p o lo g ic a l  g ro u p .

The fo llo w in g  h e u r i s t i c  d i s c u s s io n  w i l l  make e x p l i c i t  th e s e

p u rp o s e s .

I n  th e  l a t e  n in e te e n th  and e a r l y  tw e n t i e th  c e n tu r i e s ,  m athe

m a tic s  was in v ad ed  hy some s t r a n g e  o b j e c t s . These o b je c t s  have been  

l a b e le d  th e  o p e r a t io n a l  c a lc u lu s .  T e c h n ic a l ly  th e y  a r e  m ethods o f  s o l 

v in g  d i f f e r e n t  ty p e s  o f  p rob lem s w ith  no a p p a re n t m a th e m a tic a l j u s t i f i 

c a t i o n .  The o r ig in  o f  th e  p rob lem  i s  u s u a l ly  in  th e  f i e l d  o f  a p p l ie d  

m ath em a tic s  and  th e  s o lu t io n  i s  any  m a th e m a tic a l c h ic a n e ry  w hich " g e ts  

th e  a n sw e r" . On th e  o th e r  hand  th e s e  m ethods have two o u ts ta n d in g  f e a 

t u r e s  . F i r s t ,  th e y  have a  l a b o r  s a v in g  fo rm a lism , and seco n d , and more 

im p o r ta n t ,  th e y  w ork. C o n se q u e n tly , any  m a th e m a tic a l j u s t i f i c a t i o n  o f  

th e s e  te c h n iq u e s  would o n ly  enhance t h e i r  u s e .  To t h i s  e n d , th e  work 

o f  Schw artz  [ l 8 ] ,  M ik u s in sk i [1 7 ] , and B ochner [3 ]  d e se rv e  s p e c i a l  men

t i o n .

To make t h i s  c o n c is e  d e s c r ip t i o n  more i n t e l l i g i b l e ,  we c o n s id 

e r  an  exam ple. O p e ra tio n a l  c a lc u lu s  u t i l i z e s  many im p ro p er fu n c t io n s  o f  

w hich th e  D ira c  d e l t a  f u n c t io n ,  C (x ), i s  p ro b a b ly  th e  m ost famous [ 6 ] ,

[2 2 ] ,  [2 3 ] .  I t  i s  s a id  to  a r i s e  in  th e  fo llo w in g  m anner.

L e t Y(x)
U , x ^ .

The d e r iv a t iv e  o f  t h i s  f u n c t io n  i s  th e  D ira c  d e l t a  f u n c t io n ,  

6 ( x ) ,  w hich h as  th e  fo llo w in g  (m a th e m a tic a l ly  im p o s s ib le  I )  p r o p e r t i e s  

[ 6 ] :  i t  v a n is h e s  everyw here e x c e p t a t  th e  o r ig i n  w here i t s  v a lu e  i s  so



l a r g e  t h a t
m

„ ^ ( x ) d x  = 1 .

m oreover

^ (x)j!5 (x )d x  = ^(O ),

y b '( x )^ ( x )d x = 6 ( x )^ ( x j)  -y fc (x )^ '(x )d x = -  ^ /& ( x )^ '( x )d x = - ^ '(0 ) ,
.«D cm - «0 • •
_ ^ " (x ) jz ^ (x )d x = ^ (x ) jî i" (x )d x = jz i’( 0 ) ,  . . . , 

w here p rim e d e n o te s  d i f f e r e n t i a t i o n  and th e  f u n c t io n  ^ (x )  i s  assum ed to  

p o s s e s s  t h e  r e q u i s i t e  num ber o f  d e r i v a t i v e s  [ 2 2 ] .  T here a r e  s e v e r a l  

m ethods b y  w hich we can  make th e  i l l - d e f i n e d  d e l t a  fu n c t io n  in to  a  w e l l -  

d e f in e d  m a th e m a tic a l  e n t i t y .  One i s  u s in g  a  l i m i t i n g  p ro c e d u re  in v o lv in g  

o r d in a r y  f u n c t io n s .  F o r  in s ta n c e  l e t

i ‘n (x )=  i
«  l+ n^x^

A n o th e r w ould be t o  d e f in e  th e  d e l t a  f u n c t io n  a s  a  m e a su re , 

t h a t  i s ,  a  s e t  f u n c t io n  in s t e a d  o f  an o r d in a r y  p o in t  f u n c t io n .  A t h i r d  

and  more e le g a n t  way w ould  be  to  u se  th e  g e n e r a l iz e d  f u n c t io n s  a s  o r i g i n 

a te d  by  S o b o lev  [2 0 ], [2 1 ] and  l a t e r  d e v e lo p e d  in  a  somewhat e x te n d e d  

fo im  b y  S chw artz  [ l 8 ] ,  [ i g ] .  T h is  m ethod i s  c h a r a c te r iz e d  b y  th e  f a c t  

t h a t  th e  d e l t a  f u n c t io n  g e n e ra te s  a  c e r t a i n  l i n e a r  f u n c t io n a l ,  sa y  L, 

such  t h a t

L ^ ( x ) ] = f ( 0 ) ,

w h ile  6 '( x )  g e n e ra te s  a n o th e r  l i n e a r  fu n c t io n a l . ,  sa y  M, such  t h a t  

M ( ^ '( x ) ] = - ^ '( 0 ) .

S c h w a r tz 's  m ethod i s  t o  r e p la c e  th e  d e l t a  f u n c t io n  and i t s  d e r i v a t i v e s  

by  l i n e a r  f u n c t i o n a l s .  The f u n c t io n s  ^ (x )  a r e  chosen  in  a  m anner so
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t h a t  th e y  w i l l  s a t i s f y  c e r t a i n  c o n t in u i ty  and  d i f f e r e n t i a b i l i t y  p r o p e r 

t i e s  [ 2 2 ] .  F o llo w in g  B ochner [2 ]  th e  ^ (x )  a r e  c a l l e d  t e s t i n g  f u n c t io n s  

w h ile  th e  l i n e a r  f u n c t io n a l s  a re  c a l l e d  d i s t r i b u t i o n s  by  S chw artz  [ 18 ] .  

U sin g  Schw artz  d i s t r i b u t i o n s  a l l  th e  im p ro p er f u n c t io n s  o f  m a th e m a tic a l 

p h y s ic s  can be r e p la c e d  by  a p p ro p r ia te  l i n e a r  f u n c t io n a l s  [2 2 ] .

Now, M ik u s in sk i [ I 7 ] h a s  g e n e ra l iz e d  th e  S chw artz  th e o r y  in  

t h e  fo llo w in g  m anner. He n o te d  t h a t  in  th e  S chw artz  th e o r y  you s t a r t  

w ith  th r e e  s e t s ,  F , th e  l o c a l l y  summable f u n c t io n s ,  0 , th e  i n f i n i t e l y  

d i f f e r e n t i a b l e  f u n c t io n s  w ith  com pact s u p p o r t ,  and C th e  com plex num bers. 

You have a  m apping from  Fx0 ( c a r t e s i a n  p ro d u c t)  w ith  v a lu e s  in  C. More

o v e r  a  sequence f^ E  F i s  s a id  to  converge  i f  and o n ly  i f  fn*0  co n v erg es  

in  C f o r  a l 1 0£  0 .  T h a t i s ,  he form s a  weak c lo s u r e  o f  F , b y  means o f  

convergence  in  C i n  o r d e r  to  o b ta in  th e  d e s i r e d  d i s t r i b u t i o n s  (up  to  

i d e n t i f i c a t i o n ) .  He f u r t h e r  d e f in e d  an  o p e ra t io n  on F, w hich  can  be 

e x te n d e d  to  F so  t h a t  i t  p r e s e r v e s  c e r t a i n  p r o p e r t i e s  p o s s e s s e d  b y  F . 

H ow ever, in  th e  g e n e r a l i z a t i o n  F , 0 and  C a re  chosen  to  be any  s e t s .

U sing M ik u s in s k i 's  r e s u l t s ,  Temple [22] in d ic a te d  how t h i s  

p o in t  o f  v iew  m igh t b e t t e r  be  e x p lo i t e d .  The work o f  K o rev aar [ 9 ] ,  [ lO ] ,  

[ 1 1 ] ,  [1 2 ] ,  L i g h t h i l l  [ lA ] ,  and Love [ 15 ] can  be m en tio n ed  a s  a  few who 

a d o p te d  t h i s  p o in t  o f  v iew . Temple in d ic a te s  a  com plete  e q u iv a le n c e  

be tw een  th e  S chw artz  th e o r y  and M ik u s in s k i 's  g e n e ra l  th e o x y . T here  a re  

s e v e r a l  sh o rtco m in g s  t o  t h i s .  S chw artz  u t i l i z e s  f i l t e r s  t o  o b ta in  h i s  

c o m p le tio n  w hereas M ik u s in s k i, Tem ple, and o th e r s  [ 23 ] u se  s e q u e n c e s .

I n  a  g e n e ra l  t o p o lo g ic a l  s p a c e , seq u en ces  a r e  n o t ad e q u a te  f o r  d e s c r ib in g  

th e  to p o lo g y  w hereas f i l t e r s  may be [ 8 ] .  In  p a r t i c u l a r  one can  n o t  show 

th e  c lo s u r e  o f  th e  c lo s u r e  i s  c lo s e d  w hich i s  ta ta m o u n t to  show ing
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com p letion . Furthermore i f  one o b ta in s  a com p letion  by means o f  sequen

c e s ,  i t  may not be th e  same fo r  f i l t e r s .  That i s ,  one o b ta in s l im it s  by 

means o f  f i l t e r s  which can not be had by means o f  seq u en ces. However, 

from th e  p o in t  o f  v iew  o f  a p p l ic a t io n s ,  sequences or n e t s ,  are more ap

p e a l in g . The t o o ls  and tech n iq u es o f  sequences are w e ll  known and in  

p r a c t ic e  many problems r e so lv e  th em selves to  s e q u e n t ia l  a n a ly s is .  N eigh

borhoods, open s e t s ,  e t c . ,  are n ot in  g en era l u se  by a p p lied  m athem ati

c ia n s ,  and s in c e  n e ts  have both  th e  g e n e r a li ty  and the form alism  o f  

seq u en ces, th ey  w i l l  be used  in  p referen ce  to  f i l t e r s .

B u t, even w ith in  t h i s  s e t t in g  i t  i s  im portant th a t some foim  

o f  com p letion  e x i s t  or one i s  im m ediately con fron ted  w ith  many p a th o lo 

g i e s .  And, s in c e  th e  com pletion  o f  F depends on th e  com pleteness o f  C, 

i t  seems th a t  a n a tu r a l requirem ent would be th a t  C be endowed w ith  c e r 

t a in  com p leten ess p r o p e r t ie s .

We s t a r t  w ith  M ik u sin sk i's  g en era l method w ith  some v a r ia t io n s .  

F i r s t ,  we l e t  C be a com plete m etric  space and com plete F by means o f  

n e t s .  N ext, we endow 0  w ith  a to p o lo g y , and, fo llo w in g  Schw artz, d e f in e  

c o n t in u ity  o f  elem en ts o f  F and show th a t  we g e t  th e  M ikusinski th eory  

by l e t t i n g  0  have th e  d is c r e t e  to p o lo g y . We fu r th e r  make se v e r a l o b ser 

v a t io n s  concern ing com p leten ess u s in g  sequences and 0 w ith  or  w ith ou t a 

to p o lo g y . F in a l ly ,  we d e f in e  a reg u la r  o p era tio n  on F , and d is c u s s  some 

o f  i t s  p r o p e r t ie s  r e la t iv e  to  n e ts  and seq u en ces.

R eturning to  th e  problem o f  com p letion , th ere  are two standard  

methods which overcome much o f  th e  in ad eq u acies o f  seq u en ces. They are  

f i l t e r s  and Moore-Smith convergence [ 8 ] .  I t  i s  p a r t  o f  the f o lk - lo r e  o f  

m athem atics th a t  th e se  two id ea s  are e q u iv a le n t  [ 6 ] .  The Moore-Smith
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ap p ro a c h  g e n e r a l iz e s  th e  c o n c e p t o f  a  sequence  to  t h a t  o f  n e t s ,  b u t  i t s  

a p p l i c a t i o n  t o  th e  p rob lem  o f  co m p le tio n  does n o t seem to  be a v a i l a b l e  

in  th e  l i t e r a t u r e .

The C a n to r a p p ro a c h  to  co m p le tio n  r e p la c e s  an  i t e r a t e d  l i m i t  

o f  seq u en ces  by a  s in g le  se q u e n c e . W ith t h i s  a s  a  m odel, th e  c o m p le tio n  

u se d  in  C h a p te r  I I  i s  a c co m p lish e d  by means o f  n e t s .

A j u s t i f i c a t i o n  f o r  th e  u se  o f  t h i s  m odel i s  th e  p ro o f  o f  

Theorem 3-9* The p ro o f  h a s  a  f u r t h e r  a d v a n ta g e . I t  g iv e s  a  p r o p e r  s e t 

t i n g  f o r  l i m i t s  o f  n e t s  in  a  fu n c t io n  sp a c e . C o n se q u e n tly , th eo rem s on 

i t e r a t e d ,  and doub le  l i m i t s  o f  n e ts  can be p ro v en  w ith in  t h i s  c o n te x t .  

T h is  i s  th e  p r im a ry  c o n te n t  o f  C h a p te r  I I I .

One o f  th e  p r o p e r t i e s  en jo y e d  by  S c h w a r tz 's  d i s t r i b u t i o n  i s  

i n f i n i t e  d i f f e r e n t i a b i l i t y .  T h is  p r o p e r ty  co u p le d  w ith  th e  i n f i n i t e  

d i f f e r e n t i a b i l i t y  o f  th e  e le m e n ts  o f  0 r e f l e c t  a  c e r t a i n  d u a l i t y  [ l 8 ] .

I t  was hoped t h a t  t h i s  p r o p e r ty  m igh t a l s o  be g e n e r a l i z e d .  Only m ino r 

r e s u l t s  w ere o b ta in e d  and  a r e  a l s o  c o n ta in e d  in  C h a p te r  I I .  H ow ever, in  

o r d e r  to  e x p lo i t  t h i s  i d e a ,  r e s u l t s  o f  E l l i s  [5 ] and K aplan [ 7] co n c ern 

in g  P o n try a g in  d u a l i t y  w ere s tu d ie d .  I t  was found  t h a t  th e  a p p ro ach  o f  

E l l i s  d id  o f f e r  some g e n e r a l i z a t i o n .  T h is  i s  th e  p r im a ry  c o n te n t  o f  

C h a p te r  IV . The r e s u l t  o f  E l l i s  i s  co n cern ed  w ith  th e  P o n try a g in  d u a l i t y  

o f  th e  d i r e c t  sum and d i r e c t  p ro d u c t o f  a  fa m ily  o f  g ro u p s . He showed 

t h a t  th e  complement o f  th e  d i r e c t  sum, i f  i t s  to p o lo g y  l i e s  w i th in  a  

c e r t a i n  i n t e r v a l ,  i s  th e  c a r t e s i a n  p ro d u c t  o f  com plem ent. In  C h a p te r  IV 

we show t h a t  th e  s t r o n g e s t  to p o lo g y  w hich l i e s  in  t h i s  i n t e r v a l  does  n o t 

make i t  a  to p o lo g ic a l  g ro u p , and  we r e p la c e  i t  by  one w hich d o e s .



CHAPTER II

DISTRIBUTIONS

As s t a t e d  in  th e  in t r o d u c t io n ,  t h i s  c h a p te r  i s  b a se d  on Miku

s i n s k i  ""s g e n e r a l i z a t i o n  [ l ? ]  o f  th e  S chw artz  th e o r y  o f  d i s t r i b u t i o n s  

[1 8 ] ,  [1 9 ]- Our m ethod w i l l  p a r a l l e l  th e  one su g g e s te d  b y  Temple [2 2 ] ,

[ 2 3 ] b u t  w ith  s e v e r a l  g e n e r a l i z a t i o n s .  The p rob lem  o f  c o m p le tio n  w i l l  

be  acco m p lish ed  by  means o f  n e t s  i n s t e a d  o f  seq u en ces  and  hence  w i l l  be

m ore g e n e r a l .  M oreover th e  s e t s  in v o lv e d  w i l l  be endowed w ith  th e  to p o 

l o g i c a l  p r o p e r t i e s  n e c e s s a ry  to  a c t u a l l y  a c co m p lish  t h i s .  B oth  Temple 

[ 2 2 ] ,  [ 2 3 ] and M ik u s in sk i [ I 7 ] a r e  n o t  to o  c l e a r  on t h i s  p o i n t .  The 

sp ace  0 w i l l  th e n  be g iv e n  a  to p o lo g y  and from  t h i s  we g e t  M ik u s in s k i ' s 

g e n e ra l  app roach  a s  a  s p e c i a l  c a s e .  F i n a l l y ,  from  th e  p o in t  o f  v iew  o f  

a p p l i c a t i o n s ,  se q u en ces  ( o r  n e t s )  a re  more a p p e a l in g  and b e t t e r  known.

To t h i s  en d , o u r  g e n e ra l  m ethod in c lu d e s  th e  work o f  K o rev aar [ 9 ] ,  [ 1 0 ] ,  

[ 1 1 ] ,  [ 1 2 ] ,  [ 13 ] ,  L i g h t h i l l  [ 1 4 ] ,  Temple [ 2 2 ] ,  [ 23 ] ,  and Love [ 1 5 ] ,

[1 6 ] w here th e  s e t s  F , 0 ,  and  C have b een  s p e c i a l i z e d .

2 . 1 ) L e t F , 0 ,  and C be  non-em pty  s e t s  and ( • )  a  map:

Fx0—̂ C : ( f , 0 ) —c» f*0 s a t i s f y i n g

2 . 2 ) f*0=g«0 f o r  a l l  0 £ 0  i f  and  o n ly  i f  f= g , w here f ,  g £ .F .

S in c e  no c o n fu s io n  i s  l i k e l y  t o  a r i s e  we w i l l  s u p p re s s  th e  ( • )  and  m ere

l y  w r i te  f 0 .  We in tr o d u c e  a  to p o lo g y  in  F in  th e  fo llo w in g  m anner. L e t 

C b e  a  com plete  m e t r ic  sp ace  w ith  m e tr ic  D, a  f a m ily  o f  p s e u d o -m e tr ic s

7
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can t e  Introduced  on F as f o l lo w s .

F o r  each  ^  C 0 d e f in e

2 . 3 ) d ^ ( f ,g ) = D (f 0 ,g 0 )  where f ,  g £ F .

We show t h a t  t h i s  d e f i n i t i o n  p ro v id e s  u s  w ith  a  f a m ily  o f  p s e u d o -m e tr ic s .  

Now f o r  a l l  0 0 ,  f ,  g , h in  F we have

2 .4 )  d ^ ( f ,g ) = D ( f 0 ,g 0 ) > O

2 .4 a )  d ji5 (f ,g )= D (f0 ,g 0 )= D (g 0 ,f0 )= d 0 (g ,f  )

2 . 4 t )  d ^ ( f ,f )= D ( f0 ,f0 )= O

2 .4 c )  d ^ (f ,g )= D (f0 ,g 0 )< D (f0 ,h 0 )+ D (h 0 ,g 0 )= d ^ ( f ,h )+ d j^ (h ,g )

In  m ost o f  th e  a p p l i c a t i o n s  [ I 8 ] ,  C i s  u s u a l ly  th e  r e a l  o r  com plex num

b e r s .  B ut from  K e lly  [8 ] we have t h a t  t h i s  fa m ily  o f  p s e u d o -m e tr ic s  

g e n e ra te  a  subbase  f o r  a  u n i f o r m i ty  o f  F and th u s  a  to p o lo g y . More 

s p e c i f i c a l l y  th e  fo llo w in g  d e f i n i t i o n s  ta k e n  from  K e lly  j u s t i f y  t h i s  

c la im .

A u n i fo r m i ty  f o r  a  s e t  X i s  a  n o n -v o id  fa m ily  o f  s u b s e ts  o f  

XxX such  t h a t

a )  each  member o f  c o n ta in s  th e  d ia g o n a l  e le m e n ts  ( x ,x )  w here x e X ;

b )  I f  U £ th e n  w here U"^ i s  th e  s e t  o f  ( y ,x )  such  t h a t  (x ,y )g U ;

c ) I f  UE , th e n  V 'V fU  f o r  some V i n “t (  j

d )  I f  U and V a re  members of %( ,  th e n  ; and

e )  I f  U £ ' t (  and UCVfXxX, th e n  V € t ( .

The p a ir  ( X ,^ )  i s  a uniform  sp a c e .

A su b fa m ily  B o f  a  u n i f o im i ty  tX  i s  a  b a se  i f  and o n ly  i f  each  

member o f  c o n ta in s  a  member o f  B, o r  w hat i s  th e  same th in g ,  s a t i s f y  

a ,  b ,  c ,  d o f  th e  fo re g o in g .

I f  (X,*2^) i s  a  u n ifo rm  space  th e  to p o lo g y  o f  th e  u n i fo r m i ty
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} o r  th e  u n ifo rm  to p o lo g y  i s  th e  f a m ily  o f  a l l  s u b s e ts  T o f  X such  

t h a t  f o r  each  x  in  T th e r e  i s  U € ^  such  t h a t  u [ x ] c .T .

Each p s e u d o -m e tr ic  d^ f o r  th e  s e t  F g e n e ra te s  a  u n i f o im i ty  in  

th e  fo llo w in g  way. F o r  e a c h  p o s i t i v e  number r  l e t  ( f , g )  d ^ ( f , g ) c r .

C le a r ly  ( V ^ ,r ) " ^ = V /,r ,  ^ , t  w here t= m in ( r , s ) ,  and 

V ^ ,r 'V ^ , r C V ^ ,2 r ' fo llo w s  t h a t  th e  f a m ily  o f  a l l  s e t s  o f  th e  form  

V ^^r I s  a  b a se  f o r  a  u n i fo r m i ty  f o r  F . T h is  i s  c a l l e d  th e  u n i fo r m i ty  

g e n e ra te d  by  E very  fa m ily  o f  p s e u d o -m e tr ic s  g e n e ra te s  a  u n ifo rm ity ;

i t  w i l l  a l s o  be s a id  to  g e n e ra te  th e  gage o f  t h i s  u n i fo im i ty .  The f o l 

lo w in g  theo rem  6 . I 8 from  K e lly  w i l l  r e l a t e  th e s e  c o n cep ts  somewhat b e t t e r .

2 . 5 ) Theorem 6 . I 8 K e lly  [ 8 ] .  L e t (X;% () be a  u n ifo rm  sp ace  

and  l e t  P be th e  gage o f  . I n  o u r  c a se  X=F, P=0. Then:

a )  The fa m ily  o f  a l l  s e t s  f o r  ^ 6 0 and r  p o s i t i v e  i s  a  b a se  f o r  th e

u n ifo rm ity % (  .

b )  Suppose 0 ' i s  a  s u b fa m ily  o f  0 w hich g e n e ra te s  0 .  A n e t  ^ f n , n t  D } 

i n  F con v erg es  to  a  p o in t  f £ F  i f ,  and o n ly  i f ,  ^ d ^ ( f j^ ,f )  , n f  converges  

t o  z e ro  f o r  each  0 £ 0 .

Now 2 . 5b  p la y s  an  im p o rta n t p a r t  in  o u r  developm ent and d e 

s e rv e s  s p e c i a l  n o t i c e .  The fo llo w in g  com panion theorem  w i l l  be o f  th e  

same u s e f u ln e s s .

Theorem 2 .6 . L et ^fxi^nC D a  n e t  in  F th e n  n 5 D co n v erg es  t o  f  i f ,  

and o n ly  i f ,  n & D c o n v e rg e s  to  f0  f o r  a l l  0 £  0 .

P r o o f : By th e  d e f i n i t i o n  o f  d ^ , d ^ ( f n j f ) = D ( f n 0 , f 0 ) .  B ut by  2 .5 b

^ f i ^ n £ P  con v erg es  to  f  i f ,  and o n ly  i f ,  d ^ ( f ^ , f ) converges  t o  f0  f o r  a l l  

0 £ 0 .  I t  sh o u ld  b e  n o te d  t h a t  a t  t h i s  s ta g e  n o th in g  i s  s a id  r e l a t i v e  to  

th e  l o c a t io n  o f  f  b u t  i s  i m p l i c i t  t h a t  f0 € .C .
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As a  consequence  o f  2 .2  one has  th e  fo llo w in g  t r i v i a l  th eo re m . 

Theorem 2 . 7 . d ^ ( f ;g )= 0 ,  f o r  a l l  i f ,  and o n ly  i f ,  f= g . M oreover we

say  0  i s  t o t a l  w ith  r e s p e c t  to  F i f ,  and o n ly  i f ,  t h i s  c o n d it io n  i s  s a t 

i s f i e d .

P r o o f ; d ^ ( f ,g ) = D (f 0 ,g 0 )  f o r  a l l  0 C 0 .  T h e re fo re  d ^ ( f ,g ) = 0  i f ,  and o n ly  

i f ,  D (f0 ,g 0 )= O . B ut t h i s  im p lie s  f0=g0 i f ,  and o n ly  i f ,  f= g , f o r  a l l  

0 £ 0 .

Due to  th e  ty p e  o f  convergence  c o n s id e re d  l i m i t s  o f  n e t s  i n  F 

may n o t  he  c o n ta in e d  in  F .  So we com plete  F in  a  m anner v e ry  s i m i l a r  to  

th e  c o m p le tio n  o f  a  m e tr ic  s p a c e . R e c a l l  t h a t  i n  a  m e tr ic  space  e v e ry  

sequence need  n o t converge  h u t  e v e ry  Cauchy sequence  d o e s . M oreover th e  

c o m p le tio n  o f  a  m e tr ic  sp ace  i s  a c co m p lish ed  h y  c o n s id e r in g  e q u iv a le n c e  

c la s s e s  o f  Cauchy seq u en ces  and i d e n t i f y i n g  e le m e n ts  o f  F w ith  c o n s ta n t  

sequences  in  r e s p e c t iv e  e q u iv a le n c e  c l a s s e s .  The fa m ily  o f  e q u iv a le n c e  

c la s s e s  i s  th e  c o m p le tio n  o f  F (d e n o te d  hy  F) h a v in g  th e  p r o p e r t i e s  t h a t  

F i s  dense  in  F and F i s  c o m p le te . F o r  l i m i t s  o f  n e t s  we do th e  same 

t h in g .  One c o n s id e r s  e q u iv a le n c e  c la s s e s  o f  so c a l l e d  Cauchy n e t s .  These 

a re  n e ts  w hich p o s s e s s  c e r t a i n  convergence  p r o p e r t i e s .  T hat i s ,  F i s  

e q u iv a le n c e  c la s s e s  o f  Cauchy n e t s .  S p e c i f i c a l l y  we have a t  o u r  d i s p o s a l  

a  space  F , a  u n i fo r m i ty  , and a  gage 0  o f  I t  . T hat i s ,  we have a  u n i 

form  s p a c e . Now..a u n ifo rm  space  i s  s a id  to  he com ple te  i f ,  and o n ly  i f ,  

each  Cauchy n e t  in  th e  space  converges  t o  a  p o in t  in  th e  space  [ 8 ] .  More

o v e r , a  n e t  ^ f n j n t  D th e  u n ifo im  space  ( f i s  a  Cauchy n e t  i f ,  and 

o n ly  i f ,  f o r  each  member U o f  *LC th e r e  i s  N in  D such  t h a t  ( f m ;fn ) G, U 

w henever m and n fo llo w  N in  th e  o rd e r in g  o f  D. B e t t e r  y e t  th e  f a m ily  

o f  a l l  s e t s  o f  th e  form  f o r  0 £ 0 ,  r  p o s i t i v e ,  i s  a  h a se  f o r  th e
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u n i f o im i ty  XJi, from  w hich i t  fo llo w s  t h a t  ^ fn jn £  D I s  & Cauchy n e t  i f ,

and o n ly  i f ,  (fm^^‘n )(m ,n ) £,DxD e v e n tu a lly  in  each  s e t  o f  th e  foim

T h a t i s ,  f o r  a l l  and  r > 0 ,  t h e r e  e x i s t s  an  NED such  t h a t

d ^ ( f g ^ ,f n ) < r  f o r  m ,n > D . I n  te rm s  o f  p s e u d o -m e tr ic s  th e  fo re g o in g  i s

e q u iv a le n t  to  " f o r  a l l  co n v e rg es  to  z e ro "  [ 8 ] .  We w i l l
( n ,m ) f  DjcD

have o c c a s io n  to  c a l l  on e a ch  o f  th e  fo re g o in g  f o rm u la t io n s  o f  a  Cauchy 

n e t .  So l e t  u s  d e n o te  l i m i t s  o f  Cauchy n e t s  i n  F b y  f ,  and th e  com ple

t i o n  o f  F b y  F w here F i s  th e  f a m ily  o f  a l l  e q u iv a le n c e  c la s s e s  o f  Cauchy 

n e t s  in  F in d ex ed  by  a  s u f f i c i e n t l y  s m a ll s e t .  The n e c e s s i ty  o f  h a v in g  

a  s m a ll  in d e x  s e t  i s  t h a t  i n  th e  co m p le tio n  o f  F we a r e  fa c e d  w ith  a  

l o g i c a l  p ro b lem . F o r  a  g iv e n  to p o lo g ic a l  sp ace  t h e r e  i s  no u n i v e r s a l  

d i r e c t e d  s e t  in  g e n e r a l .  C o n se q u e n tly  we a r e  f o r c e d  t o  ta k e  th e  c l a s s  

o f  a l l  d i r e c t e d  s e t s  w hich have Cauchy n e ts  in  F .  T h is  i s  u s u a l l y  an 

e x tre m e ly  l a r g e  fa m ily  and  we n e e d  to  r e p la c e  i t  by  a  s e t .  T h is  i s  a c 

co m p lish ed  i n  two s t e p s .  F i r s t  t h e  fa m ily  o f  d i r e c t e d  s e t s  i s  p a r t i t i o n e d  

i n to  e q u iv a le n c e  c la s s e s  ( d e f .  2 .8 )  and second  th e  n e ig h b o rh o o d  sy stem  

o f  th e  p o in t  i s  u se d  to  s e l e c t  a  r e p r e s e n ta t i v e  o f  an  e q u iv a le n c e  c l a s s  

th u s  a s s u r in g  u s  t h a t  th e  pow er s e t  o f  F i s  a d e q u a te  f o r  in d e x in g  p u r 

p o s e s .

D e f in i t io n  2 . 8 . A Cauchy n e t  ["fxi^n £ p in  F i s  e q u iv a le n t  to  a  Cauchy

n e t  ^ g ^ m c  g ; ( n o ta t io n  fn  ^  g^i J  iT  and o n ly  i f  f o r  a l l  0 E .0 ,d y ,( fa ,g m )
(n ,m ) £D xS

c o n v e rg e s  to  0 , when DxS i s  g iv e n  th e  p ro d u c t o r d e r in g .  We show t h a t  

’UJ' p ro v id e s  u s  w ith  an e q u iv a le n c e  r e l a t i o n .  Now f o r  a l l  0 € 0  and 

Cauchy n e ts  { f j  ^ i D ;  [smlm € S ; f ^ i l  i  £ I have 

2 .8 a )  d ^ (fn ,fm )= D (fn 0 ,fm 0 )—*>0 s in c e  [ f r i^ n tD  i s  a  Cauchy n e t .
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T h e re fo re  and 'x-" i s  r e f l e x i v e .

2 .8 b )  d jjj(fn ,^ )= D (fnJ^ ,gy !^ )= D (gn i^ ,fn /)= d^ (g jii,fn ) f o r  a l l  n £  D, m & 8.

B ut DxS and  SxD have th e  p ro d u c t  o r d e r in g  so  i f  d ^ ( f n ^ ^ ) - ^ 0  t h i s  im p lie s
( n ,m ) l  DxS

d ^ ( ^ f n ) —frO by th e  p r o p e r t i e s  o f  (C ,D ). T h a t i s  'UJ' i s  sy m m e tric .

2 .8 c )  d ^ (fn ,g jn )= D (fn j!$ ,g n i5 ï^ )< D (fn /,g ij!^ )+ D (h i^ ^ )= d ^ (fQ ,h i)+ d j^ (h i,^ )

f o r  a l l  n E D, m € S . i £ . I .  And s in c e  DxS , D x l. IxS  have th e  p ro d u c t  o r 

d e r in g  th e n  by  th e  p r o p e r t i e s  o f  (C ,D ) i f  d ^ ( f _ ,h ^ ) —*»0 and d v (h i ,g ^ ) —> 0
( n , i ) f D x I  ( c ,m ) £ I x S

th e n  d v ( fn ,g g ^ ) -* 0 .  T h a t i s  t r a n s i t i v e  and hence an e q u iv a le n c e  
(n ,m )£ D x S

r e l a t i o n .  Thus p a j r t i t io n s  th e  f a m ily  o f  Cauchy n e ts  i n to  e q u iv a le n c e  

c la s s e s  ( p o s s ib ly  a  much s m a l le r  c la s s  th a n  th e  one s t a r t e d  w i t h ) .  We 

n e x t  show th e  ne ig h b o rh o o d  system  o f  a  p o in t  i s  ad e q u a te  f o r  in d e x in g  

p u ip o s e s  and  p e m i t  a  c l a s s  to  be a  s e t .  S in c e  we w i l l  be w ork ing  w ith  

r e p r e s e n t a t i v e s  o f  e q u iv a le n c e  c la s s e s  we need  to  show t h a t  any  r e p r e 

s e n t a t i v e  w i l l  be s u f f i c i e n t .

2 .8 d )  L e t M n c ' T W r n f  8 W i t  I '  Then f o r  a l l  n £ D ,

m C S , P L P ,  i t i ,  t 0  we have |d^(fn ;gp )-< i0 (T m ^g i)( =

a0(fn,gi)-a0(fA'&[)| < l<V^^n^Sp)-dy^(fn;gi)|+1(10( 1̂1^2 )̂-

‘̂ (^m^®i^) — |^0(2p^2i)+d0(Tn?l^m^ I ■ -

B ut J f n \ n c  D^ M m C  S I S p i p L P ^ i i i C  I  l i l i e s  t h a t

d 0 ( fn ,g p )= llm  d v ( f ^ ; g j ) .  Thus show ing t h a t  th e  c h o ic e  o f  r e p r e s e n ta t i v e  
( n , p ) f  D xP (m ,i) ( S x l

i s  im m a te r ia l .  A lso  d v (f_ ;fg ^ )—oO im p lie s  D (fn 0 ,fju 0 )—*>0 f o r  a l l  0 £ 0 .
(n ,m j £DxD

B ut £ f n 0 jn t D  t® ®- u e t  i n  a  m e tr ic  sp ace  and hence  h as  a  l i m i t .  D enote 

t h i s  l i m i t  by  f * 0 .  From 2 .5 b ,  we have t h a t  convergence  in  C im p lie s
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convergence in  F . Or we w r ite  lim  f^ = f . M oreover the ch o ice  o f  rep re-
n £ D

s e n ta t iv e  o f  an eq u iva len ce  c la s s  i s  Im m aterial in  o b ta in in g  f ,  s in c e

i t  i s  tru e  f o r  o b ta in in g  f^ in  C. We are now j u s t i f i e d  in  w r it in g :  f o r

a l l  lim. d^(fn,gjn)=llm  D(fnjï^,^)=D(fji^,gj!i)=dj^(f, g ) . F in a l ly ,  our
( n ,m )t  DxS

p rev iou s sta tem en t th a t  F i s  th e  fa m ily  o f  eq u iv a len ce  c la s s e s  o f  Cauchy 

n e ts  in  F has a more p r e c is e  m eaning.

R eturning to  th e  problem o f  com p letion , i f  we d e fin e  a map H: 

F — f —>Hf j  H f(j^)=f(^) and note th a t H^=Hg i f ,  and o n ly  i f ,  f=g then  

we have a one to  one map o f  F in to  C^. Hence we can id e n t i f y  F w ith  a 

su b se t o f  where has th e  to p o lo g y  o f  p o in tw ise  convergence. We 

fu r th e r  n ote  th a t  FCC^. i s  a uniform  space s in c e  C i s ,  [ 8 ] ,  and f o r  

each f (  F , U C ^ ,  U [ f ]  i s  id e n t ic a l  w ith  th e  neighborhood system  o f  f .  

S in ce  f  L U ( f ]  one can form a d ir e c te d  s e t  in  th e  fo llo w in g  way:

U l f ] > V ( f  ] i f ,  and o n ly  i f ,  UCV.  From th e  p ro p er ty  o f  s e t  in c lu s io n  

t h i s  i s  c le a r ly  a d ir e c te d  s e t .  D efin e  a n e t S on t h is  d ir e c te d  s e t  in  

th e  fo llo w in g  way: S ( U [ f ] ) = S y » T his n e t  i s  Cauchy s in ce

(S u [f  ] ; % [ f  ] ) = ( f  (  U fo r  a l l  U £ 1 / , and i s  th u s e v e n tu a lly  in  U, fo r

n-1 T U . But we have shown th a t any r e p r e s e n ta t iv e  from an eq u iv a len ce  

c la s s  i s  s u f f i c i e n t .  So, we can use th e  neighborhood system  o f  each e l e 

ment f  & F CC^ fo r  in d ex in g  p u rp o ses . That i s ,  our fa m ily  o f  d ir e c te d  

s e t s  i s  a s e t  o f  c a r d in a li ty  a t  most th e  power s e t  o f  C^. For conven

ien ce  we w i l l  con tinu e to  use our fo im er n o ta t io n  f o r  n e ts  and l i m i t s .

To be p r e c is e  F i s  n o t a su b se t o f  F b u t we can id e n t i f y  F 

w ith  a su b se t o f  F . Let T':F—> F :f-< *  ^f j  ^ f % = f  f o r  a l l  n€,D.  C lear

l y  T i s  one to  one from F to  T [ f 1 and to  f in i s h  th e  com pletion  problem
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we show T[f ] i s  dense  in  F , t h a t  T i s  a  u n ifo im  isom oi^h ism  and F i s  

c o m p le te .

Theorem 2 . 9 » T [F ] i s  d en se  in  F .

P r o o f : L e t f  & F th e n  t h e r e  e x i s t s  a  n e t  [ f n j n t  ^  such  t h a t  n (. D

co n v e rg e s  to  f ,  o r  ^ T ( fn ) } n tD  co n v erg es  to  T ( f ) .  Hence T [F j i s  dense 

i n  F .

Theorem 2 .1 0 . T i s  a  u n ifo rm  isom orph ism .

P r o o f : I f  U i s  a  member o f  th e  u n i fo r m i ty  o f  F th e n  hy  d e f i n i t i o n  o f

T , T [U ] i s  a  member o f  th e  u n i fo r m i ty  o f  F . Hence i f  ( T ( f  ) ,T ( g ) )  £, T[u ] 

th e n  ( f ; g ) c  U and c o n v e rs e ly .  T h is  s a t i s f i e s  th e  d e f i n i t i o n  o f  u n ifo im  

isom orph ism .

Theorem 2 .1 1 . F i s  c o m p le te .

P r o o f : To show F c o m p le te , f i r s t  o b se rv e  t h a t  i t  i s  s u f f i c i e n t  to  show

t h a t  each  Cauchy n e t  in  T [f ] co n v erg es  t o  a  p o in t  in  F b e c au se  T [F ] i s  

d en se  i n  F .  S in c e  each  Cauchy n e t  in  T [F ]  i s  o f  th e  fo im  T « f= T (fa )  

w here f  i s  a  Cauchy n e t  in  F one s e e s  t h a t  T * f co n v erg es  in  F to  th e  

member f  o f  F .

In  w hat fo llo w s  l e t  u s  a g re e  t o  i d e n t i f y  F w ith  T[F ] and  m ere

l y  th in i ;  o f  F a s  a  s u b s e t  o f  F . R e c a l l  t h a t  we d e f in e d  0 to  be t o t a l  

w ith  r e s p e c t  to  F . From K e lly  [8 ] we have t h a t  t h i s  i s  e q u iv a le n t  to  F 

b e in g  H a u s d o rff  o r  s e p a r a te d  and hence  F e n jo y s  t h i s  p r o p e r ty .  ''M o reo v e r, 

a s  n o te d  e a r l i e r ,  d^ h as  a  n a t u r a l  and  o b v io u s  e x te n s io n  to  F . F o r  a l l  

f ,  g , h  C F and f o r  a l l  0 £ 0 we have 

2 .1 2 )  d ^ ( f , f ) = 0

2 .1 2 a )  d ^ ( f ,g )= d j^ (g ,f )

2 .1 2 b )  d j^ ( f , i )  =  d ^ ( f ,h ) + d j^ ( h , i ) .
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A ll  o f  th e  fo re g o in g  d i s c u s s io n  p a r a l l e l s  th e  id e a s  s e t  f o r t h  

h y  M ik u s in sk i [1 7 ] . S p e c i f i c a l l y ,  M ik u s in sk i assum es 2 .1 ,  2 .2 ,  and t h a t  

C p o s s e s s  a  to p o lo g y  h y  w hich  one can d e f in e  a  l i m i t  o f  c e r t a i n  seq u en ces  

in  C. He d e f in e s  a  weak convergence  in  F h y  f ^ —> f  i f ,  and o n ly  i f ,  

fj^j^—> f ^  in  C. He d e f in e s  F to  he  th e  weak c lo s u r e  F and f u r t h e r  assum es 

t h a t  0 i s  t o t a l  w ith  r e s p e c t  to  F . As an exam ple o f  t h i s  g e n e r a l  t e c h 

n iq u e  he c i t e s  th e  S chw artz  th e o r y  o f  d i s t r i b u t i o n s .  T hat i s ,  h i s  weak 

l i m i t s  a r e  d i s t r i b u t i o n s  in  th e  se n se  o f  S c h w a rtz . Temple [ 2 2 ] , [ 2 3 ] ,  

i n d ic a te s  an  e q u iv a le n c e  be tw een  th e s e  two m ethods in  o b ta in in g  d i s t r i 

b u t io n s  a s  w e l l  a s  a  f u r t h e r  e x p lo i t a t i o n  o f  th e  M ik u s in sk i p o in t  o f  

v iew . However, S chw artz  u s e s  f i l t e r s  and shows th e  space  o f  d i s t r i b u 

t i o n s  i s  c o m p le te . M oreover, h i s  d i s t r i b u t i o n s  a r e  c o n tin u o u s  l i n e a r  

f u n c t io n a l s  w hich im ply  th e  sp ace  0 h as  a  to p o lo g y .  S in ce  se q u en ces  

a r e  in a d e q u a te  to  d e s c r ib e  th e  to p o lo g y  in  a  g e n e r a l  to p o lo g ic a l  sp ace  

t h i s  s u g g e s te d  th e  p o s s i b i l i t y  o f  a  c o u n te r  exam ple to  T em p le 's  p ro o f  

o f  th e  e q u iv a le n c e  o f  th e  two m ethods. We w i l l  do t h i s  s h o r t l y  b u t  f i r s t  

we have n o te d  t h a t  b y  m eans o f  n e t s  ( o r  f i l t e r s )  F can be c o m p le te d . In  

p a r t i c u l a r  c a s e s  one can  show t h a t  seq u en ces  a r e  a d e q u a te . T h is  i s  t r u e  

w ith o u t r e g a r d  to  th e  c o n t i n u i t y  o f  th e  e le m e n ts  o f  F , b u t  one does n o t 

o b ta in  th e  Schw artz  d i s t r i b u t i o n s  in  e i t h e r  c a s e .

Our exam ple w i l l  c o n s id e r  o n ly  r e a l  d i s t r i b u t i o n s  and  o u r  b a s ic

conqjact s e t  w i l l  be th e  i n t e r v a l  [ - 1 , 1 ] .  L e t ^ (x -_ E L ) be a  seq u en ce  o f
n+1

d e l t a  f u n c t io n s .  These a r e  c o n tin u o u s  l i n e a r  f u n c t io n a l s  in  th e  se n se  

o f  S c h w a rtz . T hat i s ,  f o r  any  seq u en ces  o f  t e s t i n g  f u n c t io n s  0% (x) con

v e rg in g  u n ifo rm ly  t o  0 , ^ (x -2 ^ - )0 j j ; (x )  c o n v e rg e s  u n ifo rm ly  to  0 f o r  each
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n and f o r  any  c lo s e d  i n t e r v a l  c o n ta in e d  in  [ - 1 , 1 ] .  M oreover,

K
l i m i t  Z^(x-_S_)jî5v(x) co n v e rg es  s in c e  f o r  einy c lo s e d  i n t e r v a l  (com pact 
K—> •  n = l

s e t )  p r o p e r ly  c o n ta in e d  in  [ - 1 ,1 ]  th e  fo re g o in g  sum has  o n ly  a  f i n i t e  

number o f  summands. B u t, c o n s id e r  th e  fo llo w in g  seq u en ce  o f  t e s t i n g  

f u n c t io n s  :

jz5k ( x )= 1 / 2 | ^  +  ̂ | e x p ^ ( 2 K 2 - l ) / K 2 ( K + l ) 2  j l n  ^ / 2 ( l +  V (k + i ) / k

f o r  d L < x < J L  ,
K+1 K+1

and i(g (x )= 0 , f o r  a l l  o th e r  x .

These f u n c t io n s  have th e  p r o p e r ty  t h a t  t h e i r  maximum i s  a t  x=0 and m in i

mum a t  x= - r J L .  . F u rth e rm o re  i f  l £ t i < x < l ^ z i  th e n  _ i — = 6 y ( x ) < _ i_  w hich 
F + I  K --------- K vK+1 ^  K

im p lie s  th e y  converge u n ifo im ly  to  0 . A somewhat t e d io u s  c a lc u la t io n

w i l l  show con v erg es  u n ifo rm ly  to  0 f o r  ea ch  d e r iv a t iv e  n .  But

f o r  th e s e  ^% (x), g 6f :-2 l& )^ g (x )  >K  i l l  = Hence th e  sum i s
n = l ^  V K

n o t a  c o n tin u o u s  l i n e a r  f u n c t i o n a l .  The e s s e n t i a l  id e a  i s  to  p ic k  a  

v a r i a b le  com pact s e t  w i th in  th e  f ix e d  com pact s e t  [ - 1 , 1 ] .  I f  one re d e 

f in e s  th e  fo re g o in g  sequence  on th e  f ix e d  com pact s e t  [ - 1 , 1 ] ,  th e n  a  

c l a s s i c a l  theorem  t e l l s  u s  t h a t  a  u n ifo im ly  c o n v e rg e n t sequence  o f  con

t in u o u s  f u n c t io n  on a  com pact converges  to  a  c o n tin u o u s  f u n c t io n .  T h is  

i s  th e  s i t u a t i o n  w ith  w hich Temple w orked, h e n c e , h i s  sp ace  o f  d i s t r i 

b u t io n s .  N ext we in tro d u c e  a  to p o lo g y  in  0 and c o n s id e r  th e  co m p le tio n  

r e l a t i v e  t o  co n tin u o u s  f ,  b y  s t a r t i n g  w ith  th o se  w hich  a r e ,  o r ,  b e t t e r  

y e t ,  s t a r t  b y  assum ing a l l  o f  th e  e le m en ts  o f  F a r e  c o n tin u o u s .

D e f in i t io n  2 .1 3 . f  i s  c o n tin u o u s  a t  0 i f ,  and o n ly  i f ,  f o r  a l l  €  > 0 ,
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th e r e  e x i s t s  a  neighborhood. V o f  ^ such t h a t  f o r  a l l  x £  V, D ( f ( x ) , f ( ^ ) ) < € .  

T h is  i s  a  s tan d ard , d e f i n i t i o n  o f  c o n t in u i ty  and  th e  p u rp o se  o f  th e  n e x t 

th r e e  theorem s i s  to  r e p h ra s e  th e  d e f i n i t i o n  o f  c o n t in u i ty  o f  e lem en ts  

o f  F in  t e r n s  o f  e lem en ts  o f  F .

Theorem 2 .1 k . f  i s  c o n tin u o u s  a t  0 i f ,  and o n ly  i f ,  f o r  a l l  Ç > 0 

and a l l  N C D th e r e  e x i s t s  an  n &N and a  n e ig h b o rh o o d  V o f  0 such  t h a t  

f o r  a l l  x t V ,  ( D ( f ( x ) , f n ( x ) ) < €  .

P r o o f ; L e t f  be c o n tin u o u s , € > 0 ,  and W be g iv e n , th e n  D ( f ( x ) , f ^ ( x ) ) < € /3

f o r  a l l  X in  some V (€ /3 < N ) due to  th e  c o n t in u i ty  o f  f .  M oreover,

D ( f ( ( 0 ) , f j j ( 0 ) ) <  6 / 3  f o r  some n >N (0, 6 / 3 ) s in c e  l im  fg^=f. There e x i s t s
m cD

a  n e ighbo rhood  V g /n , / ,  6 / 3 ) f o r  t h i s  c h o ic e  o f  n such  t h a t  f o r  n l 1 

x 6 V2 ,D ( f ^ ( 0 ) , f ^ ( x ) ) <  € / 3  s in c e  f ^  i s  c o n tin u o u s . Or we have f o r  

e  >0 , n > N  and a l l  xE.V=ViAV2 , D ( f ( x ) , f ^ ( x ) ) < D ( f ( x ) , f ( / ) ) + D ( f ( / ) ,  

f n ( 0 ) )+ D (fn (0 ) , f n ( x ) ) < é  .
C o n v e rse ly , f o r  €  > 0 ,  we m ust show th e r e  e x i s t s  a  n e ig h b o r

hood V i o f  0 such t h a t  D (f ( x ) , f (0 )  ) <  € .  Now, t h e r e  e x i s t s  an N such 

t h a t  f o r  some n > N ,D ( f ( x ) , f n ( x ) )  <  € / 3  f o r  a l l  x £ V i ( n ,  G / 3 ) ,  in  p a r t i 

c u l a r ,  i f  x=0 we a l s o  have D ( f ( 0 ) , f ^ ( 0 ) )  <  € ‘/ 3 .  B u t, s in c e  f ^  i s  

c o n tin u o u s  t h e r e  e x i s t s  a  V g (n ,0 , ( r / 3 ) such t h a t  f o r  a l l  x e V g , 

D ( f j^ (x ) ,f j j (0 )  ) <  G / 3 . T h e re fo re ,  f o r  some n >N and  a l l  x£V j_nV 2 ve 

have D ( f ( x ) , f ( 0 ) )  < D ( f ( x ) , f n ( x ) ) + D ( f n ( x ) , f n ( 0 ) ) + D ( f n ( 0 ) , f ( 0 ) ) <  ç .

Theorem 2 .1 3 . f  i s  c o n tin u o u s  a t  0 £ 0  i f ,  and o n ly  i f ,  f o r  al.1 G >0 

and f o r  a l l  N £ D , th e r e  e x i s t s  n£,N  and a  n e ig h b o rh o o d  V o f  0 such t h a t

lim  D ( f j j ^ ( x ) , f ^ ( x ) ) < e  . 
mg D

P ro o f  : 6  > D ( f ( x ) ,f% (x ) ) = l im  D ( f j^ ( x ) ,f ^ (x ) )  f o r  n > N , and  x £ V (n ,G  )•
m e D
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C o n v e rse ly , G  > lim  D ( f % ( x ) , f n ( x ) ) = D ( f ( x ) , f a ( x ) )  f o r  x E V ( n , ç ) .  
mCD

Theorem 2 . l 6 . f  i s  c o n tin u o u s  a t  jîi£ 0  i f ,  and o n ly  i f ,  f o r  a l l  €  > 0

and f o r  a l l  N C D , th e r e  e x i s t s  an  n £ N  and th e r e  e x i s t s  V (n ,0 )  such t h a t

i f  m>M x, th e n  D ( f % ( x ) , €  f o r  a l l  x £ V .

P ro o f  ; Assume D ( f m ( x ) ,f n ( x ) )  <  6  f o r  a l l  x £ .V (n ,0 )  and m>Mj[. Then

lim  D ( f in ( x ) , f n ( x ) ) <  fc f o r  e a c h  x £ V ( n ,  G ) s in c e  l im  i^ v x )  e x is u s .  
m >M x£D

I f  l im  D (fu i(x ), f j i ( x ) ) <  £  f o r  each  x £ V ( n ,  € ) ,  th e n  f o r  each  
m&D

x £ V  th e r e  e x i s t s  an such  t h a t  i f  m>M^, th e n  D ( f^ ^ (x ) ,f^ (x ) )  < €  f o r  

a l l  x g V .

D e f in i t io n  2 .1 7 . A n e t  ̂ f j  n ^  p  i s  a  s tro n g  Cauchy n e t  i f ,  and o n ly  i f ,

a .  ^ f i j n  CD Cauchy i n  F and

b .  f= lim  f ^  i s  c o n tin u o u s  a t  0 £ 0
n £  D

N o ta t io n ; F® i s  th e  s e t  o f  a l l  s t r o n g  Cauchy n e ts  in  F .

Theorem 2 .1 0 . F^ i s  com p le te  w i th  r e s p e c t  to  th e  s t r o n g  c o m p le tio n . 

P r o o f : L e t ^ f n 'j n g D  a. s t r o n g  Cauchy n e t .  I t  h as  a  l i m i t  s in c e  F i s

com plete  and  in  p a r t i c u l a r  a  c o n tin u o u s  l i m i t  s in c e  i t  i s  a  s t ro n g  

Cauchy n e t .

C o r o l la r y  2 .1 9 » I f  0 has  th e  d i s c r e t e  to p o lo g y  th e n  theo rem  2 .1 8  i s  

e q u iv a le n t s to  Theorem 2 .1 1 .

Sum m arizing, we s e e  t h a t  F can be co m ple ted  b y  means o f  n e t s  

w ith  o r  w i th o u t  a  to p o lo g y  i n  F .  B u t, to  o b ta in  a  g e n e r a l i z a t i o n  o f  th e  

S chw artz  th e o r y ,  0 sh o u ld  have a  to p o lo g y . By r e s t r i c t i n g  F , 0 , C, and 

( • ) ,  se q u en ces  can  be u se d  t o  o b ta in  a  co m p le tio n  o f  F w hich i s  n o t e q u i 

v a le n t  to  th e  S chw artz  th e o r y .  From th e  p o in t  o f  v iew  o f  a p p l i c a t i o n
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t h i s  h a s  d e f i n i t e  a d v a n ta g e s .

I t  sh o u ld  he f u r t h e r  n o te d  t h a t  i f  0 i s  a  v e c to r  s p a c e , a l l  

o f  th e  fo re g o in g  i s  a  d u a l  space  c o m p le tio n .



CHAPTER III

NETS

I n  g e n e ra l  to p o lo g y  th e r e  a r e  th r e e  id e a s  from  w hich n e a r ly  

a l l  o th e r  id e a s  a r i s e  [ l ] .  They a r e  c lo s u r e ,  n e ig h b o rh o o d , and seq u en 

t i a l  c o n v e rg e n c e . F o r  s p e c i a l i z e d  sp a c e s  such  a s  m e tr ic  o r  H a u sd o rff  

and  f i r s t  c o u n ta b le  th e s e  id e a s  a r e  e s s e n t i a l l y  th e  same. However, f o r  

g e n e ra l  sp a c e s  c lo s u r e  and n e ig h b o rh o o d s  a r e  ro u g h ly  e q u iv a le n t ,  b u t  n o t 

so  f o r  s e q u e n t i a l  c o n v e rg e n c e . We owe to  Moore and  Sm ith  th e  id e a  o f  a  

n e t ,  w hich g e n e r a l iz e s  th e  c o n c e p t o f  sequence and  overcom es th e  la c k  o f  

e q u iv a le n c e  o f  c lo s u r e  and c o n v e rg e n c e .

S in c e  th e  co n cep t o f  seq u en ce  i s  th e  b a s ic  o b je c t  to  be g e n e r

a l i z e d ,  i t  i s  acco m p lish ed  in  th e  fo llo w in g  m anner. The domain o f  any 

seq u en ce  i s  th e  p o s i t i v e  i n t e g e r s ,  and  t h i s  i s  t r u e  i r r e s p e c t i v e  o f  i t s  

ran g e  [ l ] .  C o n se q u e n tly , i t  i s  n o t  s u r p r i s in g  t h a t  a l l  o f  th e  p r o p e r t i e s  

o f  th e  in te g e r s  a re  n o t u s e d . So we r e p la c e  th e  i n te g e r s  by  a  s e t  whose 

p r o p e r t i e s  a r e  p r e c i s e l y  th o s e  n eed ed  f o r  s e q u e n t i a l  c o n v e rg e n c e . S p e c i

f i c a l l y  i t  Is  t h e i r  o r d e r .  T h is  s e t  w i l l  be c a l l e d  a  d i r e c te d  s e t .  Then 

th e  c o n c e p t o f  a  sequence i s  r e p la c e d  by  t h a t  o f  a  n e t .  Namely, a  n e t  i s  

a  f u n c t io n  whose domain i s  a  d i r e c t e d  s e t .  Of c o u rs e ,  a d d i t i o n a l  d e f i n i 

t i o n s  m ust be g iv en  to  c o v e r  such  p r o p e r t i e s  a s  co n v e rg e n c e , e t c .

W ith  t h i s  a s  a  m o tiv a t io n  f o r  th e  u se  o f  n e t s ,  we t u r n  t o  a  

th eo rem  o f  B i r k h o f f 's  [ l ]  a s  fo u n d  in  K e lly  [8 ] .  T h is  i s  a  th eo rem  on

20
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I t e r a t e d  l i m i t s  o f  n e t s .  I t e r a t e d  l i m i t s  a r e  c lo s e l y  r e l a t e d  to  th e  

c lo s u r e  o f  th e  c lo s u re  o f  a  s e t ,  and hence th e  c o m p le tio n  o f  s p a c e . Re

c a l l  t h a t  in  th e  co m p le tio n  o f  th e  r e a l  number system  (C a n to r  a p p ro ach ) 

an i t e r a t e d  l i m i t  o f  seq u en ces  i s  u s e d . And in  C h a p te r  I I ,  we u se d  i t  

t o  com p le te  th e  space  F .

In  t h i s  th eo rem , an i t e r a t e d  l i m i t  i s  r e p la c e d  by  a  s in g le  

l i m i t  in  much th e  same m anner a s  a  sequence o f  seq u en ces  i s  r e p la c e d  in  

a  s in g l e  seq u en c e . A n a tu r a l  q u e s tio n  a r i s e s ,  i s  t h i s  s e t t i n g  a d eq u a te  

f o r  d e s c r ib in g  th e  c o rre sp o n d in g  g e n e r a l i z a t i o n  o f  a  n e t  o f  n e ts ?  Anoth

e r  q u e s t io n  i s ,  t o  w hat e x te n t  a re ' p a r t i a l  and i t e r a t e d  l i m i t s  r e l a t e d  to  

d o u b le  l im i t s ?  And f u r t h e r ,  w hat i s  th e  r e l a t i o n  o f  p a r t i a l ,  i t e r a t e d ,  

and  d o u b le  l i m i t s  o f  s u b n e ts  to  n e ts ?  The answ er t o  th e s e  q u e s tio n s  i s  

th e  c o n te n t  o f  t h i s  c h a p te r .  As u s u a l ,  we s t a r t  w ith  s e v e r a l  d e f i n i t i o n s ,  

and  th e n  we e n la rg e  somewhat on K e l ly 's  p ro o f  o f  th e  i t e r a t e d  l i m i t  th e o r 

em. H aving t h i s ,  we th e n  e i t h e r  p rove  o r  e x h ib i t  c o u n te r-e x a m p le s  to  

show th e  r e l a t i o n s h ip  o f  th e  d i f f e r e n t  ty p e s  o f  l i m i t s  o f  n e ts  and su b 

n e t s  in  a  g e n e ra l  to p o lo g ic a l  sp a c e . F o r  th e  sake  o f  co m p le ten ess  we 

n e x t  p rove  two more th eo rem s due to  B irk h o f f  [ l ]  and conclude  w ith  a  

rem ark  on a  n e t  o f  n e t s .  The f i n a l  p a r t  o f  th e  c h a p te r  c o n ta in s  two 

th eo rem s w hich a r e  n a tu r a l  g e n e r a l i z a t io n s  o f  seq u en ces  to  n e ts  i n  a  

co m p le te  m e tr ic  space  (more g e n e r a l ly  a  com plete  u n ifo rm  s p a c e ) .

D e f in i t io n  3«1« A b in a r y  r e l a t i o n  > d i r e c t s  a  s e t  D i f  D i s  n o n -v o id  

and

a )  i f  m, n , and p a re  members o f  D such  t h a t  m ^ n  and n > p

th e n  m a p ;

b )  i f  m £D , th e n  m >m j and
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c )  i f  m and n a r e  members o f  D, th e n  th e r e  i s  a  p > D  such 

t h a t  p >m and p > n .m m

We sa y  t h a t  m fo llo w s  n in  th e  o r d e r in g  > and t h a t  n  p re c e d e s  

m i f ,  and o n ly  i f ,  m > n .

D e f in i t io n  3*2. A d i r e c t e d  s e t  i s  a  p a i r  (D, > )  such t h a t  > d i r e c t s  D. 

D e f in i t io n  3*3* A n e t  i s  a  p a i r  (S , > )  such  t h a t  S i s  a  f u n c t io n  and > 

d i r e c t s  th e  domain o f  S .

D e f in i t io n  3*^» A n e t  ^ S n ,n E  D, i s  in  a  s e t  A i f ,  and o n ly  i f ,  A 

f o r  a l l  n £ D.

D e f in i t io n  3*5* A n e t  D, i s  e v e n tu a l ly  in  A i f ,  and o n ly  i f ,

th e r e  i s  an  e lem en t m £D such t h a t ,  i f  n £ D  and n >m, th e n  8^ £  A.

D e f in i t io n  3*6 . A n e t  i s  f r e q u e n t ly  in  A i f ,  and  o n ly  i f ,  f o r  each  m £D 

th e r e  i s  an n in  D such  t h a t  n ^ m  and Sn£.A .

D e f in i t io n  3*7* A n e t  (S , > )  i n  a  t o p o lo g ic a l  sp ace  (X ,T ) con v erg es  to  

s r e l a t i v e  t o  T i f ,  and o n ly  i f ,  i t  i s  e v e n tu a l ly  in  each  T ne ighborhood  

o f  s .

The n o t io n  o f  co n v erg en ce  depends on th e  f u n c t io n  S , th e  to p o 

lo g y  T , and th e  o r d e r in g  > .  However, in  c a se s  w here no c o n fu s io n  i s  

l i k e l y  to  r e s u l t  we may om it m en tio n  o f  T o r  o f  > o r  o f  b o th  and sim p ly  

say  " th e  n e t  co n v erg es  t o  s"  o r  even  b e t t e r  th e  sequence  n o ta t io n

lim  Sn=s. 
n £ D

D e f in i t io n  3*8 . I f  th e  n e t  8 i s  f r e q u e n t ly  in  a  s e t  A, th e n  th e  s e t  E

o f  a l l  members n& D such  t h a t  S n t-A  h as  th e  p r o p e r ty :  f o r  each  m tE

th e r e  i s  p £ E  such  t h a t  p > m . Such s u b n e ts  o f  D a re  c a l l e d  c o n f in a i .

At f i r s t  g la n c e  t h i s  d e f i n i t i o n  m igh t a p p e a r  t o  be a d eq u a te  

f o r  th e  d e f i n i t i o n  o f  a  s u b n e t .  However, exam ples can be  c o n s tru c te d  to
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th e  c o n tr a ry  [8 ] .

D e f in i t io n  3»9‘ A n e t  D i s  a  su b n e t o f  a  n e t  ç E and.

o n ly  I f ,  t h e r e  I s  a  f u n c t io n  N on D w ith  v a lu e s  In  E such  t h a t

a )  T=S*N o r  e q u iv a le n t ly  T i=S|j^ f o r  e a ch  1 In  D; and

b )  f o r  each  m E th e r e  I s  n In  D w ith  th e  p r o p e r ty  I f  p > n ,  

th e n  Np >m.

I t  I s  Im p o rta n t to  n o te  t h a t  In  g e n e ra l  th e  s e t  D I s  much l a r 

g e r  th a n  E .

As p ro m ised , we e n la rg e  somewhat on K e l ly 's  I t e r a t e d  l i m i t

th eo re m . F i r s t  we d e f in e  th e  sum s e t  o f  a  f a m ily  o f  s e t s  ,  w hich when

th e  X« a re  m u tu a lly  d i s j o i n t  I s  m e re ly  th e  u n io n  o f  th e  X ^ 's .

D e f in i t io n  3 .1 0 . L e t ^ X ^  a  £. I  ^  fa m ily  o f  s e t s  and X = U X ^  and
a d

c o n s id e r  th e  p ro d u c t s e t  IxX . L e t X'^ = axX ^  C IxX . (We n o te  t h a t

X'jj^Xp'=j!^ I f ^  ^ p  and t h a t  X'g and  Xg have a  n a t u r a l  and o b v io u s  1 -1

c o r re s p o n d e n c e .)  We d e f in e  th e  sum s e t  o f  th e  X g to  be th e  Z X = U XJj.
a  £  I  o £  I

Thus 2 Xg Ix (  U X g ) and  (ef,x ) 2 X g  I f ,  and  o n ly  I f ,  a  £  I  and
a d  a £ l  a d

X €. X Q .

I f  I  and each  X ^  I s  p a r t i a l l y  o rd e re d  th e n  2 X@ I s  p a r t l a l -
a d

l y  o rd e re d  by  ( a  ,x )  < (  ^  ,y )  I f ,  and  o n ly  I f ,  a  <  p  o r  a  = |3

and  X < y  In  X@=Xp . C le a r ly  I f  each  X g and  I  I s  a  d i r e c te d  s e t  th e n

2 X g I s  d i r e c t e d .  
a € I

Now c o n s id e r  th e  s i t u a t i o n  In  K e l ly 's  th eo re m . We have a  d i r 

e c te d  s e t  D, a  fa m ily  o f  d i r e c te d  s e t s  j’E ^ p ^  p and a  t o p o lo g ic a l  space

X. We a ls o  have a  f u n c t io n  S : Z I h — X: (m ,n  )—> S(m, n ) .  In  v iew  o f  o u r
p t  D ^
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d e f in in g  2 Ep w ith  an o r d e r in g ,  we can even  c a l l  S a  n e t  in  X. (S e re -
PÊ D ^

a f t e r ,  t o  h e lp  f i x  n o ta t io n  l e t  u s  a g re e  to  c a l l  2 E p ,E ) . We f u r t h e r
PCD

c o n s id e r  th e  s e t  F=Dx* Ep and  d e f in e  R :F—>E: ( m ,f )—o  (m ,f(m ) ) and we
PE D

c o n s id e r  th e  map T :F —»X: (m ,f  )— >S(m ,f(m ) ) .  B ut F=Dxn E can b e g in
PE D 9

th e  p ro d u c t  o r d e r in g .  Namely ( m , f ) > ( p , g )  i f ,  and  o n ly  i f ,  m > p  and 

f > g  where f  >  g i f ,  and  o n ly  i f ,  f ( p ) > g ( p )  f o r  a l l  p £ D .  Hence T i s  a  

n e t .

But th e  d e f i n i t i o n  o f  T im p l ie s  t h a t  T=S*R o r  d e f i n i t i o n  3 .9 a

i s  s a t i s f i e d .  To show 3.9% c o n s id e r  any  (m2 ,n j_ )£ E . P ic k  f £  n Ep
PE D

so t h a t  f o r  m=m2 ,  f 2 (ni)>nj_ in  th e  o r d e r in g  o f  E^ ,̂ o th e rw is e  l e t  f]_(m)

be a r b i t r a r y .  Then f o r  any (m ,f )F  and f(m ) >fQ^(m) we c e r t a i n l y  have

R (m ,f )= (m ,f(m ) ) ^  (m ,f2 (m )) >  (mj^,n]^) i n  th e  o rd e r in g  o f  E . F o r  i f

( m , f ) > ( m i , f 2 ) in  th e  o r d e r in g  o f  F th e n  e i t h e r  m >m^ and  R (m ,f)=

(m ,f(m ) ) >  ( m i ,n i )  in  th e  o r d e r in g  o f  E o r  and f  (m) >  fj_(m) > n i  in

th e  o r d e r in g  o f  Ej^. In  e i t h e r  c a se  R (m ,f )= (m ,f (m) ) > (mj_,n-j_) in  th e

o r d e r in g  o f  E . T h a t i s ,  2 .9 b  i s  s a t i s f i e d  and we have p ro v en

Theorem 3 .1 1 . T i s  a  n e t  and  a  su b n e t o f  S . A r e s u l t  o f  th e  fo re g o in g

p ro o f  was t h a t  R i s  a  map o f  F o n to  E . We w i l l  need  t h i s  f a c t  l a t e r .

C oncern ing  th e  convergence  o f  th e  n e t s  j u s t  d e s c r ib e d  we h a v e , i f

l im  S (m ,n ) e x i s t s  f o r  each  m £ D , and  we d e f in e  s f(m )= lim  s (m ,n )  and  i f  
nCEm mEEg^

th e  n e t  8#  co n v e rg es  th e n  l im  s f(m )= lim  lim  s (m ,n ) .  F u r th e rm o re , th e
m£ D m£ D n £  E^

n e t  T=S*R co n v e rg es  and  th e  lim  T ( p ,f ) = l im  S#(m )=lim  lim  s (m ,n )  = j&t X.
(m ,f  ) 6 R m£ D m E D nCE^^
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F o llo w in g  K e lly  [8 ] a n o th e r  fo rm u la tio n  would h e : F o r  each  n e ighbo rhood

U o f  s in  X th e r e  e x i s t s  a  (m ,f  ) g F such  i f  ( p , g ) > ( m , f )  in  th e  o rd e r in g  

o f  F th e n  S * R (p ,g )= T (p ,g )£ UCX. In  th e  fo llo w in g  we w i l l  have o c c a s io n  

to  c a l l  on b o th  o f  th e s e  f o m u l a t i o n s .

Now t h i s  theo rem  s t a t e s  t h a t  th e  e x is te n c e  o f  an  i t e r a t e d  l im 

i t  o f  a  n e t  im p lie s  th e  e x is te n c e  and e q u a l i t y  o f  a  doub le  l i m i t  o f  a  

s u b n e t .  Of c o u rs e , a  r a t h e r  n a tu r a l  q u e s tio n  i s ,  how ab o u t th e  converse?  

S in c e  seq u en ces  a re  n e t s ,  i t  i s  r a t h e r  e a sy  to  c o n s t r u c t  a  subsequence  

w hich con v erg es  and i t s  sequence does n o t .  B e t t e r  y e t ,  see  th e  d is c u s s io n  

fo llo w in g  D e f in i t io n  3 •1 2 . Of c o u rs e , a n o th e r  q u e s tio n  m igh t b e ,  does 

th e  e x is te n c e  o f  th e  i t e r a t e d  l i m i t  o f  a  n e t  h e lp  in  any way to  e s t a b l i s h  

th e  e q u a l i ty  o f  th e  dou b le  and i t e r a t e d  l i m i t s  o f  su b n e ts?  The fo llo w in g  

d e f i n i t i o n  and two theo rem s answ er t h i s  in  th e  a f f i r m a t iv e  i f  you s t a r t  

w ith  S f i r s t  and in  th e  n e g a tiv e  i f  you s t a r t  w ith  T f i r s t .  M oreover, 

th e  two theorem s g iv e  a  b e t t e r  r e l a t i o n s h ip  betw een e x is te n c e  and  e q u a l 

i t y  o f  p a r t i a l ,  i t e r a t e d ,  and  doub le  l i m i t s  o f  S and T .

D e f in i t io n  3 «12. R*:X ^L».x^:S—>T o r  R*(s)=G=S»R.

Now g iv e n  R and T we a sk  i f  we can f in d  an S such  t h a t  T=S»R.

As commented e a r l i e r ,  R i s  a  m apping o f  F o n to  E . C o n se q u e n tly , R* may 

n o t  be o n to  o r  w hat i s  th e  same th in g  g iv e n , T £ X ^  and R th e r e  may n o t 

e x i s t  an  S such t h a t  T=S*R. T h e re fo re , th e  e x is te n c e  and e q u a l i t y  o f  

th e  i t e r a t e d  and doub le  l i m i t s  o f  T have no r e l a t i o n s h ip  to  S i f  we 

s t a r t  w ith  T f i r s t .

Theorem 3»13« I f  l im  S (m ,n) e x i s t s  f o r  each  mfcD th e n  T*=lim  T ( * , f )  
n  £Em

e x i s t s  in  X^ w ith  i t s  to p o lo g y .
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P r o o f ; To f a c i l i t a t e  th e  p ro o f  we s t a r t  w ith  some d e f i n i t i o n s .

T :D xn Ep— > X : ( p , f ) — > s ( p , f ( p ) ) .  
p t D

T^: n Ep—► X ° :f -O T i( f )= F ( * ,f )  w here T i ( f  )(m )=T(m ,f ) .
PC D

B :X^—» X™=X: g—> g(m) so t h a t  n j^(g)=g(m ) and in  p a r t i c u l a r

» fm * T i(f)= T (m ,f).

Wow to  show T*= lim  T ( " , f ) =  l im  T i ( f )  e x i s t s  we need  o n ly  
f  t  nEp f  £ nEp

show t h a t  f o r  each  mCD; th e  l im  Sm • T% (f) e x i s t s .  T h a t i s ,  s in c e  T%
f t n E p

i s  a  f u n c t io n  from  a  d i r e c t e d  s e t  ( n E p ) to  a  p ro d u c t  space  (X ^ ), i t  con-
PCD

v e rg e s  i f ,  and  o n ly  i f ,  i t s  p r o je c t io n  in to  each  c o o rd in a te  space  c o n v e r

g e s .

So, l e t  l im  S(m,n)=S#(m)=](^ and l e t  be any open n e ig h b o r -
n tE m

hood o f  3̂ .  S in c e  l im  S(m,n)=x%, th e r e  e x i s t s  such  t h a t  i f  n >ng^
nCEm

in  th e  o r d e r in g  o f  th e n  s ( m , n ) ( , P i c k  fm £  n Ep such  t h a t  fin (p )> %
PCD

f o r  p=m and a r b i t r a r y  o th e r w is e .  B ut i f  f  >fm  in  th e  o r d e r in g  o f  n Ep
pC  D

th e n  f(m ) > f i (m )  >n^^ in  th e  o r d e r in g  o f  E^ so H jji'T (f)= T (m ,f)= S (m ,f(m ))C  

s in c e  f(m ) > n ^ . Thus lim  njjj*Ti(f)=Xjjj=S#(m). Hence lim  T i( f )= S # .
fCTiEp f ( * E p

Wow, th e  fo re g o in g  theorem  can  be r e s t a t e d  in  th e  fo llo w in g  way.

S in ce  S t X ^ ,  (# )  i s  a  m apping o f  X® in to  X^. S p e c i f i c a l l y  i t  i s  a  map

p in g  o f  th o s e  S f o r  w hich lim  S (m ,n) e x i s t s .  T h a t i s ,
n tE n i

f  :X-̂ 4— X^: S— S#, w here S#(m)= l im  S (m ,n ) ,S # :D —oX :m —> S#(m ).
nC.E^
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B u t, from  K e lly  [ 8 ] we have i s  homeomorphic to  ( X ^ ) * % .

So we d e f in e

r*:X^!-.o (X^) " ^ : S —i>R*(s)  w here

R*(S)=S.R=T and  R * ( s ) ( f )(m )= S .R (m ,f)= S (m ,f(m ))= T (m ,f) .

Our theo rem  th e n  becomes " to  each  S£.X® in  th e  domain o f  ^

( t h a t  i s ,  l im  S (m ,n) e x i s t s )  we have a  c o n v e rg e n t n e t  in
n tS m

X ^ (v iz . T^E (X ^) such  t h a t

S#= l im  T i( f )= T * ."  And
f£ îlE p

* :(X ^ )  " ^ -{ > X ® jT i—>  lim  T^_(f)=T* w here T*D -»X ;m —>T*(m ).
f £ n E p

M oreover, i f  l im  l im  S (m ,n ) e x i s t s  we have th e  fo llo w in g  
m£ D nC  Ejjj

th eo rem .

Theorem 3«1^« I f  l im  l im  S (m ,n ) e x i s t s  th e n  T*C X^ i s  a  co n v e rg e n t n e t  
m f D n t ,

in  X and  l im  T*(m )=lim  lim  T % (f)(m )= lim  lim  T (m ,f)= lim  lim  S (m ,n)=
m£ D f £ n E p  m£ D f  C nEp m£ D n cE j^

lim  T ( p , f ) .
( p , f ) £ F

P ro o f  : By th e  p re v io u s  theo rem  T*(m)= lim  T i( f ) (m )=  l im  T (m ,f)  =
f £  nEp fg  nEp

lim  S (m ,n ) . Hence th e  i t e r a t e d  l i m i t s  e x i s t s  i f  anyone o f  them d o e s .

T h is  e s t a b l i s h e s  th e  f i r s t  t h r e e  e q u a l i t i e s .  The l a s t  e q u a l i t y  i s  K e l ly 's

i t e r a t e d  l i m i t  th eo rem .

I n  p a r t i c u l a r ,  t h i s  theo rem  s t a t e s  t h a t  i f  l im  lim  S (m ,n) ex -
mC D nE Ejĵ

i s t s  th e n  lim  lim  T ( p ,f ) =  l im  T ( p , f ) ,  o r  w hat i s  th e  same th in g  th e  
p £  D fC  nEp ( p , f ) £  F
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i t e r a t e d  l i m i t  o f  th e  su b n e t T o f  th e  n e t  S , e q u a ls  th e  dou b le  l i m i t  o f  

T . And even  f u r t h e r  s in c e  S o r  e q u j.v a le n t ly  T can  be t h o u ^ t  o f

a s  a  n e t  o f  n e ts  s in c e  8#=T* i s  a  n e t .

A l l  o f  th e  fo re g o in g  d i s c u s s io n  has b een  co n cern ed  w ith  r e l a 

t io n s h i p  o f  i t e r a t e d  and d o u b le  l i m i t s  o f  n e ts  to  i t e r a t e d  and dou b le  

l i m i t s  o f  su b n e ts  in  a  g e n e ra l  to p o lo g ic a l  s p a c e . W ith one e x c e p t io n ,  

th e  f o re g o in g  theo rem s and d i s c u s s io n  ta k e  c a re  o f  a l l  p o s s ib le  im p lic a 

t i o n s .  T h is  one e x c e p tio n  i s  due to  B irk h o f f  and  i s  l i s t e d  f o r  c o m p le te 

n e s s .

Theorem 3 .1 $ . The space  X i s  T^ ( r e g u la r )  i f ,  and  o n ly  i f ,  f o r  e v e ry  

n e t  S :E ~ ^ X  th e  e x is te n c e  o f  th e  l i m i t s ;

1 ) lim  S(m,n)=Xjjj=S#(m) e x i s t s  f o r  e v e ry  m.

2 ) lim  T (m ,f)= x ,
( m , f ) £ F

in q jl ie s  l im  8#(m )= lim  11m S (m ,n ) e x i s t s  and e q u a ls  x .
m£.D m e D n g

P r o o f : L e t A be any c lo s e d  s e t  i n  X and  x any p o in t  n o t in  A and assum e 

X n o t  T3 so t h a t  x and A c a n n o t be  s e p a ra te d  by  d i s j o i n t  open n e ig h b o r 

h o o d s . Then e v e ry  n e ig h b o rh o o d  has  i t s  c lo s u r e  i n t e r s e c t i n g  A in

a  p o in t  Sy so t h a t  by  K e l ly 's  theo rem  2 .2  th e r e  e x i s t s  a  n e t  in  U con

v e rg in g  to  x g , say  th e  n e t  S y :E y —>U. F o r  D taJce th e  d i r e c t e d  (downward)

s e t  and d e f in e  S(U ,n)= Sg(n)'£ . X. Then lim  S(U,n)=Xg=S^f(U) e x i s t s .
n g E g

M oreover, T (U ,f  ) = S (U ,f (u ) )= S u ( f (u ) )  £U  and hence  ( s in c e  ( U ,f ) <  (V ,g )  i f ,  

and  o n ly  i f ,  VCU and f ( u ) < g ( v ) ) T  con v erg es  to  x . However, 8 # ( u )6  A 

an d  s in c e  A i s  c lo s e d ,  x i  A and l im  S(u)ÿ^x by  K e l l y 's  theo rem  2 .2 c .
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C o n v e rse ly  i f  X I s  and i f  l im  S(m,N)=% =Sjf(m) and lim  T (m ,f)= x ,
n tE jn  ( m , f ) £ F

th e  c lo s u re  o f  th e  s e t  f o r  any  mo c o n ta in s  x . O th e rw ise ,

s in c e  X i s  r e g u la r  we can p ic k  a  s e t  and V a  neighbo rhood  o f

X w hich a r e  d i s j o i n t  and p ic k  f o r  m an  f(m ) such  t h a t  f o r  m>niQ, T (m ,f)=

S (m ,f(m ))  a  ne ighbo rhood  o f  x^o T h is  i s  p o s s ib le  s in c e  l im  S (m ,* )—>x^
n

f o r  each  m ^mg th e r e  e x i s t  n such  t h a t  S (m ,n )£ U  f o r  n >  some uq . So

f o r  m >niQ p ic k  f(m ) >Uq and f o r  m <mg p ic k  f(m ) a r b i t r a r y .  But th e n  T

ca n n o t be e v e n tu a l ly  in  V, c o n t r a r y  to  th e  a ssu m p tio n  lim  T (m ,f)= x .
( m , f ) s F

Thus ^  C i^]m  >mo each  m^g. D and by K e l ly 's  theo rem  2. J  th e  n e t  S#

con v erg es  to  x .

Theorem 3 » l6 . L e t X be Tg and  suppose lim  S (m ,n) e x i s t s  and t h a t
(m ,n )£  E

lim  s(m,n)=Xjjj=S(m) e x is t s  fo r  every m then  
m£D

1 ) lim  S#(m) e x i s t s  and  e q u a ls  x and 
m t D

2 ) lim  lim  S (m ,n )= x . 
m£D n£,Em

P r o o f : ( 2 ) i s  t r i v i a l  from  ( l )  and  ( l )  i s  t r u e  from  th e  p re v io u s  th e o r 

em and th e  theorem  t h a t  a  su b n e t o f  a  co n v e rg e n t n e t  converges and to  

th e  same l i m i t .  Thus i f  S co n v e rg es  and  lim  S (m ,n ) e x i s t s  th e n  s in c e  T

i s  a  su b n e t o f  3 , l im  T (m ,f)= x  and b y  Theorem 3*15^ lim  S#(m )=x.
(m ,f  )& F mCD

I t  sh o u ld  be n o te d  t h a t  in  th e  l a s t  two theo rem s we u se d  o n ly

t h a t  l im  s (m ,n )  e x i s t s  f o r  m>mQ, b u t  n o t  f o r  a l l  m. Theorems a s s e r t i n g

th e  e x is te n c e  o f  doub le  l i m i t s  in  te rm s  o f  p a r t i a l  l i m i t s  r e q u i r e  th e
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concep t o f  u n ifo rm  convergence  and th u s  we need  th e  co n c ep t o f  u n ifo rm  

sp a c e . Our n e x t  theo rem  and c o r o l l a r y  i s  o f  t h i s  n a tu r e .  We f i r s t  g iv e  

two exam ples to  show t h a t  th e  i t e r a t e d  and  doub le  l i m i t s  o f  a  n e t  a re  

n o t in  g e n e ra l  equ a l., t o  f u r t h e r  m o tiv a te  th e  n e c e s s i ty  o f  u n ifo rm  con

v e rg e n c e .

Example 1 . L e t Z be  th e  i n te g e r s  and  f :ZxZ—> R = r e a l s ,  be d e f in e d  by

f (m ,n ) ~ . O rd er ZxZ by  (m2 ,nj^) > (m ,n ) i f ,  and o n ly  i f ,  m% >m and
in +n^

n^ > n .  Then l im  lim  mn _ lim  lim  mn _ q .
n— *>»»mSfn2 m—e>-»n— •>> m ^nO

But lim  ^ 1 /2  f o r  m=n.
(m, n )-^ '"m A -n ':

Example 2 . L et ZxZ be o rd e re d  a s  in  1 and  f:Z xZ —*»RxR be d e f in e d  by

f(m ,n )  ( ~ l ) ^ ? th e n  lim  lim  Tl^ ( - l ) ^ ^does n o t  e x i s t  and
m J  m—*>« n—> —/m^ m J

I ^ -4  •  ( 0 ,0 ) .
( m, n) — m m

D e f in i t io n  3 - IT - L e t P  and Q be d i r e c t e d  s e t s ,  PxQ th e  p ro d u c t  d i r e c te d

s e t ,  a  com p le te  u n ifo rm  space  such  t h a t  S:PxQ—*>X,T:Q-->X a r e  n e t s .

Then th e  lim  S ( p ,q )  i s  s a id  to  be u n ifo rm  in  q i f ,  and o n ly  i f ,  
p€ .P

lim  S (p ,q )= T (q )  f o r  a l l  q£_Q. Or e q u iv a l e n t ly ,  i f ,  and o n ly  i f ,  f o r  a l l  
P £ P

U th e r e  e x i s t s  a  P ^& P such t h a t  i f  p > P ( j ,  th e n  S (p ,q )£ .U [T (q ) ]  f o r  

a l l  q .

Theorem 3 «18. L e t (X,*k^) be a  com p le te  u n ifo rm  s p a c e , S:PxQ—*>X, T:Q—e>X.

I f  lim  S (p ,q )= T (q )  e x i s t s  f o r  each  q l Q  u n ifo rm ly  and i f  l im  S ( p ,q )  e x i s t s  
P& P ÇL&Q

f o r  e v e ry  p th e n  l im  lim  S ( p ,q ) ,  l im  l im  S (p ,q )  and tir»i S ( p ,q )
P C P  q t Q  q £ Q P £ P  (p,q.)& PxQ
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a l l  e x i s t s  and  a r e  e q u a l .

P ro o f  ; F o r  a l l  W [T(q.)], t h e r e  e x i s t s  a  such t h a t  U*UCW.

And i f  l im  S (p ,q .) e x i s t s  f o r  a l l  p th e n  S(pj_ ,q .)£  V [ s ( p i ,q 3_)l f o r  some 
p C P

V and q > q y ,  q% > q y . M oreover, S (p 2^,q) £ U [T (q )] f o r  a l l  q and  P i > P y  

Hence U*V*UCW and T(q%)& W [T(q)] w here q , Iq  W £ t^ .  B ut t h i s  im

p l i e s  (T (q q ) , T ( q ) / £  W f o r  n i l  V7. O r, T i s  n Cnuchy n e t  w hich co n v erg es  

t o  a  p o in t  xg, X ( r e c a l l  we assum ed X was a  com plete  u n ifo im  s p a c e ) .  N ext 

c o n s id e r  u [ x ] ,  th e n ,  t h e r e  e x i s t s  a  V £ '2^ such  t h a t  V-VCU and 

S (p # q )£  V [T (q ) ] ,  T (q )& V [x ] , p > P y ,  q > q y .  H ence, S (p ,q )e U  f o r  

p > P u , q ^ q y  and  S converges  to  x . F u r th e rm o re , t h i s  p ro v e s  th e  e x i s 

te n c e  and  e q u a l i t y  o f  a l l  t h r e e  l i m i t s .

C o r o l la r y  3 -1 9 - The fo re g o in g  theo rem  i s  t r u e  i f  th e  word u n ifo im  i s  

r e p la c e d  h y  th e  word m e t r ic .

P ro o f  ; A m e t r ic  space  i s  a  u n ifo im  s p a c e . K e lly  [ 8 ] .



CHAPTER IV

DUALITY

In  t h i s  c h a p te r  we w i l l  co n cern  o u r s e lv e s  w ith  P o n try a g in  du

a l i t y  and  th e  r e l a t i o n  o f  a  c e r t a i n  ’’weak" to p o lo g y  to  i t .  As a  s t a r t i n g  

p o in t  we c o n s id e r  th e  fo llo w in g  r e s u l t  o f  E l l i s  [ 5 ] •  "The complement o f  

a  c a r t e s i a n  p ro d u c t o f  s p a c e s ,  w ith  th e  u s u a l  p ro d u c t  to p o lo g y  i s  th e  

d i r e c t  sum o f  t h e i r  com plem ents; and th e  complement o f  a  d i r e c t  sum o f  

s p a c e s ,  i f  i t s  to p o lo g y  l i e s  w i th in  a  c e r t a i n  i n t e r v a l ,  i s  th e  c a r t e s i a n  

p ro d u c t  o f  th e  com plem ent". However, th e  u p p e r  hound o f  th e s e  to p o lo g ie s  

( t h a t  i s ,  th e  s t r o n g e s t  to p o lo g y  w hich l i e s  in  t h i s  i n t e r v a l )  does n o t 

make th e  d i r e c t  sum a  t o p o lo g ic a l  g ro u p . S in ce  P o n try a g in  d u a l i t y  i s  

p r im a r i ly  co n cern ed  w ith  t o p o lo g ic a l  g ro u p s , i t  was f e l t  t h a t  E l l i s ' s  

r e s u l t s  c o u ld  he s tr e n g th e n e d  hy  r e p la c in g  h i s  u p p e r  hound to p o lo g y  g ro u p . 

T h is  i s  th e  p r im a ry  r e s u l t  o f  t h i s  c h a p te r .  S p e c i f i c a l l y ,  we show t h a t  

o u r  s o - c a l l e d  "weak" to p o lo g y  l i e s  w i th in  t h i s  i n t e r v a l  o f  to p o lo g ie s  

and does in d ee d  make th e  d i r e c t  sum a  t o p o lo g ic a l  g ro u p .

We s t a r t  hy  g iv in g  s e v e r a l  theo rem s and  d e f i n i t i o n s  w hich a r e  

s ta n d a rd  r e s u l t s  o f  to p o lo g ic a l  g roups each  o f  w hich  i s  geim ane to  o u r  

i n t e r e s t .  Com plete p r o o fs  a r e  n o t  g iv e n , h u t  r e f e r e n c e s  a n d , o r  comments 

a r e .

D e f in i t io n  4 .1 . A t r i p l e  (G ,* ,T )  i s  a  to p o lo g ic a l  group i f ,  and o n ly  i f ,  

(G ,• )  i s  a  g ro u p , (G ,T ) i s  a  to p o lo g ic a l  s p a c e , and  th e  fu n c t io n  whose

32
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v a lu e  a t  ( x ,y )  o f  GxG i s  x -y  i s  c o n tin u o u s  r e l a t i v e  to  th e  p ro d u c t to p o 

lo g y .

The re a so n  f o r  u s in g  a d d i t iv e  n o ta t io n  i s  t h a t  in  w hat fo llo w s  

a l l  g roups w i l l  be assum ed to  be a b e l i a n . F o llo w in g  K e lly  [ 8 ] ,  we s h a l l  

f u r t h e r  assum e t h a t  a l l  t o p o lo g ic a l  groups a re  H a u s d o r f f .

Theorem h . 2 . The fa m ily  ^  o f  n e ig h b o rh o o d s o f  th e  i d e n t i t y  0 o f  a  to p o 

l o g i c a l  group has  th e  p r o p e r t i e s .

1 )  I f  U and V b e lo n g  to 'H  , th e n  UA j

2 ) I f  U i t A  and UCV, th e n  V £ t4  j

3) I f  U € , and some th e n  V-V£ U; and

4) F o r  each  UliîZ. and each  x & G, x+U-x (  % .

P r o o f : K e l ly  [8 ] ,

M oreover, x+G i s  a  homeomoiphism o f  G in to  G. Hence, th e  

n e ig h b o rh o o d s  o f  th e  i d e n t i t y  a re  a d e q u a te  f o r  d e s c r ib in g  th e  to p o lo g y  

o f  th e  to p o lo g ic a l  group G.

D e f in i t io n  4 . 3 . A ne ighborhood  o f  th e  i d e n t i t y  0 o f  a  to p o lo g ic a l  group 

G i s  c a l l e d  a  n u c le u s .

L e t £ ,1 ’ { ^ c i^ a c  I  c&ch be f a m i l i e s  o f  to p o lo g ic a l  groups

in d ex ed  by  some s e t  I .

D e f in i t io n  4 . 4 . X = n X = ^ x j x ( a ) t  Xg f o r  a l l  <%c i j  i s  c a l l e d  th e
Ot £ l  . .

d i r e c t  p ro d u c t  o f  th e  j^ X ^ g  ^ j .

D e f in i t io n  4 . 6 . The members o f  th e  d e f in in g  subbase  f o r  th e  p ro d u c t

to p o lo g y  f o r  th e  space  X = m X^ a re  o f  th e  form  [x g  x jx g C U , where U
a t l

i s  open in  X ^

They a r e ,  i n t u i t i v e l y ,  c y l in d e r s  o v e r  open s e t s  in  th e  c o o rd in -
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a te  sp a c e s  [8 ] ,

We v l l l  u se  % t o  d e n o te  t h i s  to p o lo g y .

D e f in i t io n  4.% . A b a se  f o r  th e  box to p o lo g y  f o r  th e  space  X can  be

d e s c r ib e d  a s  th e  f a m ily  o f  a l l  s e t s  « Ug w here Ug i s  open in  Xg f o r
a £ I

a ll. o £ l .

D e f in i t io n  U .S . Lot 0  , T be two to p o lo g ie s  on a t o p o lo g ic a l  space  Xc 

Then a  C T i f ,  and o n ly  i f ,  e v e ry  a  open s e t  i s  T open in  w hich c a se  we 

say  T i s  s t r o n g e r  th a n  a  •

Theorem U .9 . n c.

P ro o f  ; The p ro d u c t o f  open s e t s  need  n o t be open r e l a t i v e  to  n b u t  

th e y  a re  ^  open .

Theorem U .IO . X w ith  th e  p ro d u c t  to p o lo g y  ( n o ta t io n  (X ,% ) )  i s  H a u sd o rff  

i f ,  and  o n ly  i f ,  each  Xg i s  H a u sd o rff .

P r o o f ; K e lly  [8 ] .

Theorem U . l l . (X,3C-) i s  H a u sd o rff  i f ,  and o n ly  i f ,  each  Xg i s  H a u s d o r f f . 

P ro o f  : K e lly  [8 ] .

Theorem U .12 . (X, ■ ) and (X, jC-) a re  each  to p o lo g ic a l  g ro u p s .

P ro o f  : The p ro o f  i s  a  r o u t in e  v e r i f i c a t i o n  o f  th e  group p o s tu l a te s  w here

a d d i t io n  in  X i s  d e f in e d  b y  ( x+ x ' ) ( a  ) = x ( a  )+ x '(  a ) •

C o r o l la r y  U .I3 . The d i r e c t  sum i s  a  subgroup o f  th e  d i r e c t  p ro d u c t and 

i s  a  t o p o lo g ic a l  subgroup w ith  th e  in duced  to p o lo g y .

D e f in i t io n  U .lU . I f  G i s  a  t o p o lo g ic a l  group th e n  th e  g roup  H o f  a d l  

c o n tin u o u s  homomorphisms o f  G in to  th e  r e a l s  mod. (  jL )w ith  th e  in d u ced  

to p o lo g y  ( n o ta t io n  s )  i s  c a l l e d  th e  c h a r a c te r  g roup  o f  G, where H i s  

g iv en  th e  com pact-open  to p o lo g y . N o ta tio n  H=G*.
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D e f in i t io n  4 .1 5 . A b a se  f o r  th e  com pact-open  to p o lo g y  I s  th e  s e t  o f  

W [K ,U ]=[h£ H |h [K ]c U , w here K I s  com pact In  G and U open In  S ] .  

D e f in i t io n  4 .1 6 . Two groups G and H a r e  s a id  to  be P o n try a g in  d u a l  I f  

th e y  a re  Isom orph ic  and homeomorphic to  th e  c h a r a c te r  g roups o f  each  

o t h e r .

H aving th e s e  d e f i n i t i o n s ,  we n o te  t h a t  two o f  th e  b ig  q u e s t io n s

In  P o n try a g in  d u a l i t y  a r e :  ( l )  What p a i r s  o f  to p o lo g ic a l  g ro u p s a re

P o n try a g in  d u a l?  (2 )  What t o p o lo g ic a l  g ro u p s  a r e  c h a r a c te r  g ro u p s o f

t h e i r  c h a r a c te r  g roups? K aplan  [7 ] h as  shown t h a t  th e  f a m ily  o f  g roups

w hich a r e  c h a r a c te r  g roups o f  t h e i r  c h a r a c te r  g roups I s  c lo s e d  u n d e r  th e

fo rm a tio n  o f  c a r t e s i a n  p r o d u c ts .

To e f f e c t  t h i s  d u a l i t y ,  b o th  K aplan  [ 7 ] and E l l i s  [ 5 ] show an

a lg e b r a ic  Isom orphism  and th e n  (w henever p o s s ib l e )  a  bomeomoi-phlsm. The

r e s u l t  o f  E l l i s  t h a t  we a r e  I n t e r e s t e d  In  I s  t h a t  p a r t  co n cern ed  w ith

th e  a lg e b r a i c  Isom orphism . S p e c i f i c a l l y ,  h i s  theorem  w hich s t a t e s ;  " f o r

each  a  € I ,  l e t  X ^  and be to p o lo g ic a l  g ro u p s w hich a r e  c h a r a c te r

g roups o f  each  o t h e r .  I f  n I s  th e  p ro d u c t  to p o lo g y  f o r  X = % X g and
a& i

T  any to p o lo g y  f o r  Y = 2  $Yg such  t h a t  f o r  a l l  < t e l ,  T ( w ) c  T C T ( 9 % ) ,
a t l

th e n  e a ch  o f  th e  g roups (X, %) and  (Y ,T ) I s  a l g e b r a i c a l l y  Iso m o rp h ic  to  

th e  c h a r a c te r  group o f  th e  o t h e r . "  [ 5 ] .  We f u r t h e r  n o te  t h a t  

T (w )C T C T (y?^) I s  th e  I n t e r v a l  o f  to p o lo g ie s  o r i g i n a l l y  s t a t e d  and  T(>>2) 

I s  th e  s o - c a l l e d  u p p e r  bound o f  E l l i s ' s  I n t e r v a l  o f  to p o lo g ie s .

The g e n e ra l  p la n  o f  a t t a c k  I s  to  show th e  fo llo w in g :  ( l )  th e

weak to p o lo g y  c  T(>)^}, (2 )  T(9T^) does n o t make Y a  to p o lo g ic a l  g ro u p ,

( 3 ) th e  weak to p o lo g y  I s  th e  s t r o n g e s t  to p o lo g y  w hich makes Y a  to p o lo -
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g l c a l  g ro u p , and (4 )  Y w ith  th e  weak to p o lo g y  i s  a l g e b r a i c a l l y  isom orph ic  

to  (X, n )* .

D e f in i t io n  4 .1 7 » L e t E Y | f o r  each  a £ l ^  t h e r e  e x i s t  a  n u c le u s

V(jCYo such  t h a t  i ^  (Vg ) M, w here i g  i s  th e  i n j e c t i o n  o f  Yg i n to  Y ]. 

L e t ^  p=|M p£‘îT  ̂j w here ^ ^ M i d e n o te s  any  f i n i t e  i n t e r s e c t i o n  o f

The to p o lo g y  t ( ^ ) i s  c h a r a c te r iz e d  h y  d e f in in g  a  s e t  U £Y  to  

he  T(T7^) open i f ,  and  o n ly  i f ,  f o r  each  y £ U  th e r e  e x i s t s  an

such  t h a t  y+Mp€_U. A t r i v i a l  v e r i f i c a t i o n  w i l l  show t h a t  t h i s  i s  a

to p o lo g y  f o r  Y.

D e f in i t io n  4 . l 8 . I f  YaE.Yg , th e n  (yg  |  Yg ) i s  th e  s m a l le s t  n  an

i n t e g e r ,  such  t h a t  2 ^ g £ Y g .  I f  th e r e  i s  no s m a l le s t  th e n  (y  g  I Yg )=0.

The s e t  o f  y t Y  such  t h a t  Z (yg  ( Yg ) < 1  i s  a  h a se  f o r  th e
O £ l

a s t e r i s k  ( * )  to p o lo g y . N ote 2  ( X g  I a- f i n i t e  sum s in c e  Y = fy g ”̂
a £ I

h as  f i n i t e l y  n o n -z e ro  te rm s [7 ]*

Theorem 4 .1 9 » The * to p o lo g y  i s  e q u iv a le n t  to  th e  com pact-open  to p o lo g y . 

P r o o f : E l l i s  [ 5 ] .

Theorem 4 .2 0 . T(w) C * C ^  C * C t (7)^) .

P ro o f  : S in c e  T(w) i s  n o t  germ ane to  o u r  i n t e r e s t  we have n o t d e f in e d  i t ,

h u t  m e re ly  n o te  t h a t  i t  can  he found  in  E l l i s ' s  p a p e r  a s  w e l l  a s  th e  f a c t  

T ( w ) c h .  R C hy  Theorem 4 .9 .  K aplan [ 7 ] shows and E l l i s  [ 5 ]

shows t h a t  * c T(?>^).

The p u rp o se  in  in t r o d u c in g  t h i s  theo rem  i s  t h a t  when we i n t r o 

duce o u r  weak to p o lo g y , we w i l l  u se  and T(7yj) to  p rove  th e  weak
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to p o lo g y  i s  in  E l l i s ' s  i n t e r v a l  o f  to p o lo g ie s .  Of c o u rs e . Theorem 4 .1 $  

i s  fu n d am en ta l to  P o n try a g in  d u a l i t y .

Theorem 4 .2 1 . (Y ,T(î >^)) i s  n o t a  t o p o lo g ic a l  g ro u p .

P r o o f : L e t Y=R$R=RxR w here R i s  th e  f i e l d  o f  r e a l  num bers. A n u c le u s

in  R i s  any  open s e t  c o n ta in in g  th e  o r i g i n .  M oreover,')7^ i s  made up o f  

s e t s  o f  th e  form ( 0 ,y ) U ( x ,0 )  w here ( y |< 6  and / x \ < e , g ’ > 0 .  i s

t r i v i a l l y  e q u a l  to  . C o n s id e r  th e  s e t  o f  ( r ,G )  d e f in e d  by th e  p o l a r  

in e q u a l i t y  r  < c o s  20 . T h is  i s  j u s t  a  f o u r  l e a f  r o s e ,  whose p e t a l s  l i e  

on th e  X and Y a x e s , and w hich i n t e r s e c t s  th e  l i n e s  y=*x o n ly  a t  th e  

o r i g i n .  T h is  s e t  i s  T(17|) open s in c e  t r a n s l a t e s  o f  th e  s e t s  { 0 , y ) O  ( x , 0 ) ,  

I yl < Ç  , (x| <  6  can be  made to  l i e  c o m p le te ly  in  th e  ro se  by  p ro p e r  

c h o ic e  o f  €  > 0 . But by  Theorem 4 .2 ,  i f  t h i s  s e t  i s  to  be an open s e t  

o f  a  to p o lo g ic a l  g ro u p , i t  m ust c o n ta in  a  s e t  U such  t h a t  V-V i s  c o n ta in e d  

in  i t .  B ut t h i s  would im ply  f o r  some x ^ &  R and  x=y, ( x ,0 ) - ( 0 ,y )  =

( x ,-y )m  J ^ (r ,0 ) j  r < c o s  ( 2 0 ^ .  B ut t h i s  i s  im p o s s ib le  s in c e  t h i s  p o in t  

l i e s  on th e  l i n e  y = -x , w hich o n ly  i n t e r s e c t s  t h i s  s e t  a t  th e  o r i g i n .

H ence, T(‘)T )̂ does n o t make Y a  t o p o lo g ic a l  g ro u p .

D e f in i t io n  4 .2 2 . A s e t  WCY = Z @Yg i s  w eak ly  open i f ,  and o n ly  i f ,
a £ l

W 0( Z eY g ) i s  open in  Z ^Yg f o r  a l l  f i n i t e  s u b s e ts  J  o f  I .  We c a l l  
a C. J a £ J

t h i s  th e  weak to p o lo g y  f o r  Y and d en o te  i t  b y  .

Theorem 4 .2 3 . (Y ,C j) i s  a, to p o lo g ic a l  g ro u p .

P ro o f  : Any n u c le u s  W in  Y s a t i s f i e s  Theorem 4 .2  i f ,  and o n ly  i f ,

W 0( Z eY g  ) i s  a  n u c le u s  s a t i s f y i n g  Theorem 4 .2  in  Z $Y g f o r  a l l  
Of J  O t J

f i n i t e  J C I .  B u t, Z eY ^  i s  a  to p o lo g ic a l  g roup  (w ith  th e  p ro d u c t
a £  J
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to p o lo g y )  hence WO 2 $Y([ i s  a  n u c le u s  in  Z eYg and (Y, c J )  i s  a  
a e J  a f  J

t o p o lo g ic a l  g roup .

The fo llo w in g  two lemmas h e lp  to  b e t t e r  c h a r a c te r iz e  th e  

to p o lo g y  and e s t a b l i s h  th e  f a c t  t h a t  d J c  T ( ^ )  .

Lemrnm 4 .2 $ . I f  W i s  anCV  n u c le u s , th e n  W c o n ta in s  e le m en ts  o f  th e  f o m  

v= [ fv  /v _ = 0 <  . OJC A and v_4b>« i f  o = ^ A 1 .

P r o o f : W/) Yg[ i s  open and i  a  (W<1Y g  ) c  W. Hence W c o n ta in s  e le m en ts

o f  th e  s t a t e d  form .

Theorem 4 .2 6 . CdCT{9r]j).

P ro o f  : C o n s id e r  any  jG- open s e t .  I t  i s  m e re ly  th e  p ro d u c t o f  n u c le i

from  e a ch  Y q . B u t, th e  i n t e r s e c t i o n  o f  e a ch  open s e t  w ith  any

2 $Yg i s  th e  p ro d u c t  o f  a  f i n i t e  number o f  n u c le i  in  2 eY g  . B u t, 
a r J a £ J

th e  s e t  i s  open in  2 $Y ^  . Hence th e  s e t  i s  CJ open smd£"CUJ .
a t  J

N ex t, l e t  W be an Cj n u c le u s .  From Lemma 4 .2 4  we have f o r  

ea ch  o £ I ,  Wjj=WOYjj  i s  an open n e ig h b o rh o o d  o f  0 g  in  Y @ i f  each  Yg 

i s  n o n - d i s c r e t e .  And f o r  each  d i s c r e t e  Y g , W g  = W Y g i s  t r i v i a l l y  

o p en . Thus by  Lemma 4 .25  i  g (W g )=W/^Y gC W. Hence Ck/ C T ( ^ ) .

Sum m arizing, we have shown t h a t  (Y ,(U ) i s  a  t o p o lo g ic a l  g roup , 

T(w) C /rC T (O T ^}, and T('>*^) i s  n o t a  to p o lo g ic a l  g ro u p . What rem ains  to  

be  shown i s  t h a t  i s  th e  s t r o n g e s t  to p o lo g y  w hich  makes Y a  t o p o lo g ic a l

g roup  and  (Y ,6 j )* a l g e b r a i c a l l y  isom orph ic  to  (X , n ) ,  and (X, n )* a lg e 

b r a i c a l l y  isom orph ic  ( Y ,c J ) .  We do t h i s  i n  Theorem 4 .3 0  and C o ro l la r y  

4 . 31 . To do t h i s  we need  two p r e l im in a r y  th eo rem s and a  c o r o l l a r y .

Theorem 4 .2 7 . Let Y= 2 «Y „ w ith  th e  c J - to p o lo g y . Then f o r  a l l  groups
ae K
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G; th e  map f  w here f ; Y —>G i s  c o n tin u o u s  i f ,  and  o n ly  i f ,  f  |Y g  i s  con

t in u o u s  f o r  a l l  o t l -

P r o o f ; We f i r s t  n o te  t h a t  th e  word g roup  w i l l  mean t o p o lo g ic a l  a b e l i a n  

H a u sd o rff  group and th e  w ord map w i l l  mean a  c o n tin u o u s  homomorphism.

L e t fQ  = f |Y (j be c o n tin u o u s  f o r  a l l  G, 0 any  open s e t  c o n ta in e d  

in  G, and  l e t  Y have th e  W  - to p o lo g y .  Now, Yg ^  f " ^ [ o ] = f  i s  r e l a 

t i v e l y  open in  Yg f o r  a l l  a £ I ,  and a l l  open 0 i n  a l l  G. B u t, Y has th e  

(tV - to p o lo g y  w hich im p lie s  t h a t  Y g A f ^ E o ]  i s  open in  Yg f o r  e a ch  open 

0 in  each  G. Hence f g  i s  c o n tin u o u s  f o r  a l l  Œ t l .

To show f  i s  c o n tin u o u s  w henever f g  i s  c o n tin u o u s , f o r  a l l

a g i ,  we need  to  show f ”^ l o ] r \ Z  eYg i s  open in  2 eYg f o r  a l l  f i n i t e
a c J  a £ j

J C I .  To do t h i s  we show i t  t r u e  f o r  Yg $Yg =Yg xY^ and h e n c e , b y

in d u c t io n ,  i t  w i l l  be  t r u e  f o r . a l l  f i n i t e  J C I .

D efin e  f g  x f p  :Y g xY^ - > G : ( y g  , y ^  ) - # » f g  ( y g (Y p ) ,

f g H f ^  :Yg xYj^ - » G x G :( y g  , y ^  ) —> ( f g  ( y g  ) , f  ^  (Y^a ) )  azid h:GxG—OG:

( g l f g g ) — >gl+g2"

C le a r ly ,  we have f g  x f ^  = b* fg  . M oreover, s in c e  th e  p r o 

d u c t o f  open s e t s  in  GxG i s  a  subbase  f o r  th e  p ro d u c t  to p o lo g y  o f  GxG, 

th e  c o n t in u i ty  o f  f g  a f ^  can  be e s t a b l i s h e d  i n  te rm s  o f  th e s e  s e t s .

B u t, i f  UxV i s  open in  GxG, th e n  [ f ^  af^  ] "^[U xV ]=f ^  " ^ [U ]a f  i s

open in  Y g x Y ^  w ith  th e  p ro d u c t  to p o lo g y . H ence , f g  x f ^  i s  c o n tin u o u s .  

A lso , h i s  c o n tin u o u s  s in c e  th e  group o p e r a t io n ,  + , i s  c o n tin u o u s .  T h e re 

f o r e ,  f g  x f^  =h»fg  H f^  i s  c o n tin u o u s .

However, - i f  0 i s  open in  G, th e n  [ f ^  x f ^  1”^10] =

[(Yg ,Y^ )&YgXYp| fg  (Yg )+f|5 (Yg ) t  0]=[(yg , y ^  ) fY g  x ^ |  ( f |Y g)(Yg)+ 

(f |Y^  )(y^ )CO]=[(yg ,y^ )&YgXY^| (f |Yg xYp ) ( y ,  ,0)+(f\Y^xY^ )
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(0,y^ )£^ 0 ]=[ (yg  ,yg ) cYgx Yp |  (f(Yg ) (yg ,y^ )c 0}=

[ (y@ ,y p  )L  YgxY^  1 ( f j Y^Y ^  ) ] t O .  T hus, f j Y ^ x Y j j  i s  co n tin u o u s  and ,

by in d u c t io n ,  f  | Z eY g i s  c o n tin u o u s . H ence, f  i s  c o n tin u o u s . 
a t J

Theorem 4 .2 8 . L e t X be a  f a m ily  o f  maps o f  Y—t>G, G a  f ix e d  g roup .

F u r th e rm o re , l e t  x j Y g = X g  be c o n tin u o u s  f o r  a l l  a  £ I ,  x t X .  I f  T i s

th e  s m a l le s t  to p o lo g y  on Y m aking a l l  such  maps c o n tin u o u s , th e n  TC UJ.

P r o o f : I f  0 i s  any open s e t  in  G, th e n  x” ^ [0 ] i s  T open in  Y, f o r  a l l

x t  X, 0 G. F u r th e rm o re , x " ^ [0 ]  Y ^  =x ^  "^[0 ] i s  open in  Y g f o r  a l l

^ t l ,  X E X s in c e  Xg=x(Yoc i s  c o n tin u o u s . B u t, by  th e  same c o n s t r u c t io n

as  in  Theorem 4 .2 7 , we have x j Y g x Y ^  c o n tin u o u s  on Y g xYp and hence

c o n tin u o u s  on Z ®Yg f o r  a l l  f i n i t e  J C I .  T h e re fo re , 
a f J

x~^[0] 0  2 ®Yg=[ x  I Z ®Y^ ]T^[0] i s  open in  Z ®T^ and TCuJ •

a i J  a £ J  a £ J

C o r o l la r y  4 .2 9 . . L e t X be a  f a m ily  o f  maps o f  Y - ^ G ,  G a  f ix e d  g ro u p .

F u r th e rm o re , l e t  x j Yg  =Xg be c o n tin u o u s  f o r  a l l  o £ I ,  x£.X  and T any

to p o lo g y  on Y m aking a l l  such  maps c o n tin u o u s . Then T C CJ .

P ro o f  : The same a s  Theorem 4 .2 8  s in c e  th e  p ro o f  does n o t depend on T

b e in g  th e  s m a l le s t  to p o lo g y  w hich makes a l l  maps X:Y—►G c o n tin u o u s .

Theorem 4 .3 0 . L e t Xg =Y g * ,  Yg =X g * .  X= n Xg , Y= 2 ®Yg . Then
a ( I  a £  Y

(Yj Cjj)* i s  a lg e b r a i c a l l y  iso m o rp h ic  to  (x,  n ) and (X, n )* i s  a lg e b r a i 

c a l l y  iso m o rp h ic  to  ( Y , c J ) .

P ro o f  : From E l l i s  (5 ] we have th e  fo llo w in g  th eo rem . "F o r each  a g i ,

l e t  Xg and Yg be t o p o lo g ic a l  g roups w hich a re  c h a r a c te r  g roups o f  each  

o t h e r .  I f  n i s  th e  p ro d u c t to p o lo g y  f o r  X and T a  to p o lo g y  f o r  Y such 

t h a t  T(w)C T C T ( ^ ) ,  th e n  e a ch  o f  th e  groups (X, n ) and  (Y,T)  i s



41

a l g e b r a i c a l l y  iso m o ip h ic  to  th e  c h a r a c te r  g roup  o f  th e  o th e r " .  B u t, 

from  Theorem 4 .2 6 , we have T(w) ccJ cT ( ^ ) .  H ence, th e  theorem  i s  t r u e .

The fo llo w in g  c o r o l l a r y  i s  th e  m ain r e s u l t  o f  t h i s  c h a p te r .  

C o r o l la r y  4 .3 1 . F o r  any to p o lo g y  T such  t h a t  (y ,T )*  i s  a l g e b r a i c a l l y  

ism o rp h ic  to  (X, n ) ,  th e n  TC<«/ .  I n  p a r t i c u l a r ,  th e  compact open to p o 

lo g y  i s  c o n ta in e d  in  (V .

P ro o f  : I f  x f  (Y ,T )* , th e n  x  i s  co n tin u o u s  by  th e  d e f i n i t i o n  o f  a  c h a r 

a c t e r  g ro u p . By Theorem 4 .3 0 ,  Xg * Im p lie s  x(Y@ i s  c o n tin u o u s . 

H ence, from  Theorem 4 .2 9  we have TC uJ an d , in  p a r t i c u l a r ,  th e  com pact 

open to p o lo g y  i s  c o n ta in e d  InCiJ .
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