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DYNAMICS OF HEAT REMOVAL FROM A JACKETED,

AGITATED VESSEL

CHAPTER I  

INTRODUCTION

In  th e  p a s t ,  c h e m ic a l e n g in e e r in g  p r o c e s s  d e s ig n s  w ere c a r r i e d  o u t 

on th e  b a s i s  o f  s te a d y  s t a t e  o p e ra t in g  c o n d i t io n s ,  and t h e  u n s te a d y  s t a t e  

c o n d i t io n s  r e c e iv e d  l i t t l e  o r  no a t t e n t i o n  in  t h e  d e s ig n  c a l c u l a t i o n s .  

Even to d a y  th e  m a jo r i t y  o f  a l l  c h em ica l e n g in e e r in g  p r o c e s s  d e s ig n s  a re  

c a r r i e d  o u t on a  s te a d y  s t a t e  b a s i s .  A f te r  th e  d e s ig n  an d  c o n s t r u c t i o n  

o f a  p r o c e s s ,  i t  was c u s to m ary  to  i n s t a l l  s ta n d a r d iz e d  c o n t r o l l e r s  on  th e  

p ie c e s  of p r o c e s s  eq u ip m en t i n  th e  hope t h a t  by  o r i g i n a l l y  o v e r  d e s ig n in g  

th e  equ ipm ent and w i th  a w ide ran g e  o f  f l e x i b i l i t y  i n  th e  c o n t r o l l e r s ,  

a  s a t i s f a c t o r y  c o n t r o l  o f  th e  p ro c e ss , c o u ld  be a t t a i n e d .

In  r e a l i t y ,  how ever, ch em ica l p r o c e s s e s  do n o t  o p e r a te  u n d e r con­

d i t i o n s  o f  s te a d y  s t a t e .  I n s te a d ,  c h e m ic a l p r o c e s s e s  o p e r a te  u n d e r f l u c ­

t u a t i n g  c o n d i t io n s  a b o u t some s te a d y  s t a t e  v a lu e  and  h o p e f u l ly  w i th in  

c e r t a i n  a l lo w a b le  l i m i t s  o f  v a r i a t i o n s .  The econom ic s u c c e s s  o f  a  p r o ­

c e s s  d epends upon t h e  c o n t r o l  and m a in te n a n c e  o f  t h e  o p e r a t io n  w i th in  an  

a llo w a b le  ra n g e  o f  v a r i a t i o n  about some d e s i r e d  s te a d y  s t a t e  v a lu e .  The 

ad eq u acy  o f  t h e  c o n t r o l  a t t a i n e d  depends much m ore on  th e  dynam ic o r  un-
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s te a d y  s t a t e  b e h a v io r  o f  a  p r o c e s s  th a n  on th e  s t a t i c  o r  s te a d y  s t a t e  

b e h a v io r .  T h e r e f o r e ,  a  know ledge o f  th e  dynam ic b e h a v io r  o f  a  p r o c e s s  i s  

o f  th e  u tm o st im p o r ta n c e .

The im p o rta n c e  o f  a p p ly in g  dynam ic a n a l y s i s  o r  sy s te m s  e n g in e e r in g  

t o  p r o c e s s  d e s ig n  can  h a r d ly  b e  o v e r-e m p h a s iz e d . A l l  to o  f r e q u e n t l y  th e  

s te a d y  s t a t e  d e s ig n  o f  p r o c e s s  equ ipm en t r e s u l t s  i n ;  ( a )  t h e  o v e r  d e s ig n  

o f  eq u ip m e n t, (b ) a  d e g ra d e d  p ro d u c t  s p e c i f i c a t i o n  o r  a lo w e r  p ro d u c t  

y i e l d  th a n  i s  t h e o r e t i c a l l y  p o s s i b l e ,  and  ( c )  a  p o o r  s e l e c t i o n  o f  c o n t r o l  

v a r i a b l e s ,  c o n t r o l  i n s t r u m e n ts ,  and s e n s in g  e le m e n t l o c a t i o n s .  These 

c a s e s  a r e  p e rh a p s  b e s t  i l l u s t r a t e d  b y  exam ples o f  i n s t a n c e s  w h ich  have 

a c t u a l l y  o c c u r re d  i n  p r a c t i c e  and w h ich  have b e e n  r e p o r t e d  i n  t h e  l i t e r a ­

t u r e .  The number o f  su c h  exam ples t h a t  have  b e e n  r e p o r t e d  i n  t h e  l i t e r a ­

t u r e  i s  q u i te  s m a l l .  H ow ever, th e  num ber o f  i n s t a n c e s  t h a t  h ave  a c t u a l l y  

o c c u r r e d  i n  p r a c t i c e  an d  t h a t  have n o t  b e e n  r e p o r t e d  i n  t h e  l i t e r a t u r e  

m ust u n d o u b te d ly  be  much l a r g e r .

One exam ple was d i s c u s s e d  by  Aikman ( 4 $ ) .  The p ie c e  o f  equ ipm en t 

in v o lv e d  was a  s p ra y  d r i e r .  The d r i e r - - a s  a  d r i e r - - w a s  w e l l  d e s ig n e d  b u t 

a s  a  c o n t r o l  sy stem  i t  was e n t i r e l y  u n s a t i s f a c t o r y  b e c a u s e  p o o r  te m p e ra ­

t u r e  c o n t r o l  s p o i l e d  t h e  p r o d u c t .  A f re q u e n c y  r e s p o n s e  s tu d y  was made on 

th e  sy s te m . The r e s u l t s  o f  t h e  f re q u e n c y  re s p o n s e  s tu d y  showed t h a t  t h e  

p o o r  te m p e ra tu re  c o n t r o l  was c a u se d  b y  e x c e s s iv e  h o ld -u p  t im e ,  and  a  r e ­

l o c a t i o n  o f  th e  c o n t r o l  v a lv e s  s o lv e d  th e  p ro b le m . The s tu d y  a l s o  r e ­

v e a le d  a n  o v e r  d e s ig n  i n  th e  s i z e  o f  c e r t a i n  a u x i l i a r y  eq u ip m en t co n n ec ted  

to  t h e  s p ra y  d r i e r .

A second  exam ple was g iv e n  by  Boyd ( 4 $ ) .  T h is  exam ple was concerned  

w ith  t h e  c o n t r o l  o f  a  f r a c t i o n a t i n g  co lum n. The colum n was one t h a t  had



been, i n  e x is t e n c e  an d  i n  o p e r a t io n  f o r  q u i t e  some t im e ,  b u t  was g iv in g  

p o o r  p e rfo rm a n c e  b e c a u s e  o f  in a d e q u a te  c o n t r o l .  I t  was f e l t  t h a t  th e  

colum n was w e l l  d e s ig n e d  and sh o u ld  have b e e n  v e ry  s t a b l e .  A dynam ic

a n a ly s i s  o f  th e  p ro b le m  i n d ic a te d  t h a t  t h e  p o o r  c o n t r o l  o f  th e  to w er was

due t o  im p ro p e r c o n t r o l l e r s .  The o ld  c o n t r o l l e r s  w ere r e p la c e d  by  th e  

p r o p e r  c o n t r o l l e r s ,  and  th e  to w e r  was s t a b i l i z e d .  The r e s u l t  was an  i n ­

c r e a s e  i n  t r a y  e f f i c i e n c y  o f  e ig h t  p e r c e n t .

A t h i r d  and v e ry  e x c e l l e n t  exam ple was g iv e n  by  Woods ( 4 $ ) .  T h is  

exam ple was a  m ix in g  t a n k  w ith  pH c o n t r o l .  The m ix in g  ta n k  was a  p ie c e  

o f  i n s t a l l e d  equ ipm en t lo c a t e d  in  a  new p l a n t  t h a t  was b e in g  p la c e d  on- 

s tr e a m . The t a n k  was c o n s id e r e d  t o  be w e l l  d e s ig n e d  b u t  was c o m p le te ly  

u n c o n t r o l l a b l e .  A dynam ic, a n a ly s i s  o f  t h e  sy stem  showed t h a t  d ead  tim e  

was r e s p o n s ib le  f o r  t h e  i n s t a b i l i t y j  how ever, due t o  o th e r  f a c t o r s ,  a

m ere r e l o c a t i o n  o f  c o n t r o l  v a lv e s  and  s e n s in g  e le m e n ts  w ould n o t s o lv e  t h e

p ro b le m . The s o lu t i o n  to  th e  p ro b lem  was t o  r e p la c e  th e  o ld  ta n k  w i th  a  

l a r g e r  t a n k .  T h is  i s  a n  e x c e l l e n t  exam ple o f  how sy s tem s d e s ig n  a c t u a l l y  

a f f e c t e d  th e  s i z in g  o f th e  eq u ipm en t i t s e l f .

The above exam ples a l l  i l l u s t r a t e  how econom ic b e n e f i t s  can  be  

re a p e d  by  a p p ly in g  sy s te m s  e n g in e e r in g  t o  p r o c e s s  d e s ig n .  In  A ikm an-s 

c a s e  an  econom ic b e n e f i t  c o u ld  have b e e n  r e a l i z e d  by  th e  e l im in a t io n  o f  

a  c e r t a i n  amount o f  down tim e  and b y  th e  p u rc h a s e  o f  s m a l le r ,  b u t  e n t i r e l y  

s u i t a b l e ,  a u x i l i a r y  e q u ip m e n t. How lo n g  t h e  f r a c t i o n a t i n g  column in  

B oyd’s exam ple h ad  b e e n  i n  o p e r a t io n  was n o t  s t a t e d ,  b u t  w h a te v e r  th e  

t im e  w as, i t  r e p r e s e n te d  a  p e r io d  i n  w hich  an  i n f e r i o r  p ro d u c t h ad  t o  be 

a c c e p te d .  A lso , an in c r e a s e  i n  e f f i c i e n c y  o f  e ig h t  p e r c e n t  c o u ld  r e p r e ­

s e n t  a  f a i r l y  l a r g e  sum o f  money. B oyd’s c a s e  i s  a l s o  c l e a r l y  a n  exam ple



h

o f  how sy stem s e n g in e e r in g  can  im prove p r o c e s s e s  a l r e a d y  i n  e x i s t e n c e .  

However; i t  m ust h e  reraem hered t h a t  once a  p l a n t  i s  b u i l t ,  t h e  r e a l l y  

b ig  o p p o r tu n i ty  f o r  s a v in g  money i s  f o r e v e r  l o s t .  I n  th e  exam ple d i s ­

c u sse d  by Wood, a s id e  from  any in c r e a s e  i n  down tim e  w hich  may have r e ­

s u l t e d ,  i t  was n e c e s s a ry  t o  rem ove and  r e p la c e  an  u n u sed  p ie c e  o f  i n s t a l l e d  

equ ipm ent w hich q u i te  o b v io u s ly  r e p r e s e n t s  w a s te d  money.

The a p p l i c a t i o n  o f  f re q u e n c y  re s p o n s e  te c h n iq u e s  t o  th e  c o n t r o l  

o f  p r o c e s s e s  i s  w e ll  known t o  m e c h a n ic a l ,  e l e c t r i c a l ,  and in s t r u m e n ta t io n  

e n g in e e r s ,  and th e  g e n e r a l  th e o r y  o f  f re q u e n c y  r e s p o n s e  a n a ly s i s  h a s ,  o f  

c o u rs e ,  long b e e n  d e v e lo p e d . A l a r g e  amount o f  w ork h a s  been done i n  

sy stem s e n g in e e r in g  on p ro b lem s r e l a t e d  t o  a i r c r a f t ,  g u id e d  m i s s i l e s ,  and 

weapons f i r e  c o n t r o l  sy s te m s . Only s in c e  1953 h a s  any i n t e r e s t  b e e n  

shown i n  a p p ly in g  sy stem s e n g in e e r in g  t o  c h e m ic a l p r o c e s s e s ,  a s  e v id e n c e d  

by  a  sudden  in c r e a s e  i n  p u b l is h e d  p a p e r s  and expanded  r e s e a r c h  a c t i v i t y  

by  i n d u s t r i a l  o r g a n iz a t io n s .  B ecause  t h e r e  was v e ry  l i t t l e  r e s e a r c h  

b e in g  p e rfo rm e d  in  th e  l a b o r a to r y ,  t h e  - c o n t r o l . c h a r a c t e r i s t i c s ; o f : c h e m i c a l  

p r o o e s s ,e è ''w e re lf i r s t : . 'e h c o ù h te fé d .. e i t h e r  i n  t h e  p i l o t  p l a n t  o r  i n  t h e  f i e l d .

The f i r s t  s te p  i n  a  sy s tem s e n g in e e r in g  p ro b le m  i s ,  o f  c o u r s e ,  a 

t h e o r e t i c a l  a n a ly s i s  o f  th e  p r o c e s s  i n  q u e s t io n  from  th e  s ta n d p o in t  o f  

i t s  u n s te a d y  s t a t e  b e h a v io r .  A v e ry  im p o r ta n t  p a r t  o f  dynam ic a n a ly s i s  

i s  t r a n s f e r  f u n c t io n  th e o r y .  T r a n s f e r  f u n c t io n  th e o r y  im p l ie s  a  l i n e a r  

sy s tem  by  d e f i n i t i o n .  T h e re fo re ,  i f  t r a n s f e r  f u n c t io n  th e o r y  i s  t o  be 

u se d  i n  t h e  a n a ly s i s ,  c e r t a i n  a s su m p tio n s  ( a s id e  from  any a s su m p tio n  made 

f o r  th e  sak e  o f  s im p l i c i t y )  m ust b e  made i n  o r d e r  t o  l i n e a r i z e  th e  equa­

t i o n s  d e s c r ib in g  th e  p ro c e s s  i n  q u e s t io n .  The v a l i d i t y  o f  th e s e  assum p­

t i o n s  w i l l ,  o f  c o u rs e ,  b e  open t o  q u e s t io n .  The e x p e r im e n ta l  d a ta  w i l l
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th e n  e i t h e r  c o n firm  o r  r e f u t e  th e  a s s u m p tio n s .

The e x p e r im e n ta l  te c h n iq u e  u se d  p e rh a p s  m ost o f t e n  i n  dynam ic 

s tu d i e s  in v o lv e s  th e  a p p l i c a t i o n  o f  f re q u e n c y  r e s p o n s e .  I n  th e  c o l l e c ­

t i o n  o f  th e  f re q u e n c y  re s p o n s e  d a ta ,  t h e  in p u t  s in u s o id  ca n  h e  g e n e ra te d  

by  a  m e c h a n ic a l u n i t  c o n s t r u c te d  from  a  l i n e a r  d iaph ragm  c o n t r o l  v a lv e .

The f l u c t u a t i o n  w ith  t im e  o f  th e  o u tp u t  v a r i a b l e  c a n  be  r e c o rd e d  con­

t in u o u s ly  by  a  s u i t a b l e  r e c o r d e r .  From th e  f re q u e n c y  re s p o n s e  d a t a ,  am­

p l i t u d e  and p h a se  a n g le  in fo rm a t io n  i s  o b ta in e d  and  th e  f a m i l i a r  Bode d i a ­

gram s a re  c o n s t r u c te d .  From th e  Bode d ia g ra m , th e  sy s tem  tim e  c o n s ta n ts  

and  hence th e  t r a n s f e r  f u n c t io n  a re  o b ta in e d .  B oth  t h e o r e t i c a l  an d  e x p e r ­

im e n ta l  t r a n s f e r  f u n c t i o n s  sh o u ld , o f 'c o u r s e ,  be  com pared .

T h is  s tu d y  was m o tiv a te d  by th e  f a c t  t h a t  p r o c e s s e s  d e s ig n e d  on 

th e  b a s i s  o f  s te a d y  s t a t e  o p e ra t io n s  may som etim es p ro v e  in a d e q u a te  f o r  

a u to m a tic  c o n t r o l .  The p r e s e n t  i n v e s t i g a t i o n  i s  a  c o n t in u a t io n  o f  th e  

w ork o f  F an n in g  (24 ) and  in v o lv e s  a  s tu d y  o f  t h e  dynam ic h e a t  t r a n s f e r  

c h a r a c t e r i s t i c s  o f  a  c o n tin u o u s ,  a g i t a t e d  v e s s e l .  A c o n s id e r a b le  number 

o f  ch em ica l r e a c t i o n s  a r e  e x o th e rm ic ; hence th e  dynam ics o f  h e a t  rem oval 

i s  o f  i n t e r e s t .  Many r e a c to r s  a r e  o f th e  a g i t a t e d  ta n k  t y p e ,  e q u ip p e d  

w ith  a  j a c k e t  and u t i l i z i n g  th e  in n e r  ta n k  w a l l  a s  a  h e a t  exchange  s u r ­

f a c e .  A l t e r n a t e l y  a g i t a t e d  ta n k  r e a c to r s  a r e  e q u ip p e d  w i th  i n t e r n a l  c o o l­

in g  c o i l s  o r  tu b e s  and  b a f f l e d  t o  p ro v id e  e f f e c t i v e  h e a t  t r a n s f e r .  The 

p r e s e n t  equ ipm en t i s  p r o v id e d  w ith  a  rem o v ab le  j a c k e t .  The h e a t  o f  v a p o r­

i z a t i o n  o f  a  b o i l i n g  l i q u i d  l o c a t e d  i n  th e  j a c k e t  c a n  b e  u t i l i z e d  t o  r e ­

move h e a t .

The p u rp o se  o f  t h i s  i n v e s t i g a t i o n  i s  t o  s tu d y  th e  dynam ic h e a t  

t r a n s f e r  c h a r a c t e r i s t i c  o f  an  a g i t a t e d  v e s s e l  from  w hich  t h e  h e a t  i s  r e ­

moved by  u t i l i z i n g  th e  h e a t  o f v a p o r i z a t i o n  o f  a  v o l a t i l e  c o o la n t .



CHAPTER I I

STATEMENT OF THE PROBLEM AND REVIEW OF PREVIOUS WORK

O b je c t iv e s  o f P ro c e s s  Dynamic S tu d ie s

Hie te rm  " sy s te m s  e n g in e e r in g "  d e n o te s  th e  a p p l i c a t i o n  o f  p r o c e s s  

dynam ics t o  t h e  d e s ig n  o f  p r o c e s s  e q u ip m e n t. The e x p r e s s io n  " p ro c e s s  

dynam ics"  r e f e r s  to  th e  c h a r a c t e r i s t i c s  d i s p la y e d  by  a  p ie c e  o f  eq u ip m en t 

d u r in g  c o n d i t io n s  w h ich  change w i th  t im e .  T h e r e f o r e ,  t h e  o b je c t  i n  any 

p r o c e s s  dynam ic s tu d y  i s  t o  i n v e s t i g a t e  th e  m anner i n  w h ich  a  p i e c e  o f  

equ ipm en t re s p o n d s  w i th  t im e .  H ence, th e  s tu d y  in v o lv e s  o b t a in in g  r e l a ­

t i o n s h i p s  b e tw e e n  tw o o r  m ore p e r t i n e n t  p r o c e s s  v a r i a b l e s  and  t im e .

These r e l a t i o n s h i p s  may b e  o b ta in e d  e i t h e r  t h e o r e t i c a l l y  o r  ex p e rim e n ­

t a l l y .

I n  th e  p u r e ly  t h e o r e t i c a l  a p p ro a c h , t h e s e  r e l a t i o n s h i p s  u s u a l l y  

ta k e  th e  fo rm  o f  a s e t  o f  non l i n e a r ,  o r d in a r y  o r  p a r t i a l ,  d i f f e r e n t i a l  

e q u a t io n s .  These e q u a t io n s  a re  th e n  s im p l i f i e d  t o  t h e  p o i n t  w here th e y  

can  be  s o lv e d  a n a l y t i c a l l y ,  o r  t h e  e q u a t io n s  a r e  s im u la te d  and  s o lv e d  on 

an  a n a lo g  o r  a  d i g i t a l  co m p u te r.

In  t h e  e x p e r im e n ta l  a p p ro a c h , i t  i s  n e c e s s a ry  t o  im pose a  change  

o f  some k in d  upon th e  p ie c e  o f  p r o c e s s  equ ipm en t and  t o  o b s e rv e  i t s  r e ­

sp o n se  w i th  t im e .  One m eans o f d o in g  t h i s  i s  t o  v a ry  s i n u s o d i a l l y  one o f  

th e  p r o c e s s  v a r i a b l e s  and  t o  n o te  t h e  e f f e c t  upon a  r e l a t e d  v a r i a b l e .

6
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T h is  m ethod i s  knovn a s  f re q u e n c y  r e s p o n s e .

F req u en cy  r e s p o n s e  te c h n iq u e s  have b e e n  u s e d .a s  f a r  b a c k  as  th e  

m id d le  o f  t h e  l a s t  c e n tu r y  i n  s tu d i e s  o f  sy s tem  p r o p e r t i e s  and p r o c e s s  

b e h a v io r .  A ngstrom  ( l4 )  i n  1861 u se d  p e r i o d i c  f o r c in g  t o  m easu re  th e  

th e rm a l  c o n d u c t iv i t y  o f  a  m e ta l  r o d .  The u se  o f f re q u e n c y  re s p o n s e  t e c h ­

n iq u e s  i n  p r o c e s s  dynam ics iS j  o f  c o u r s e , a s  o ld  a s  th e  f i e l d  o f  s e rv o ­

m echan ism s. The s u b je c t  o f  f re q u e n c y  re s p o n s e  i s  a d e q u a te ly  c o v e re d  by 

Brown and C am pbell ( l l ) ,  T h a le r  and  Brown (5 3 ) ;  and  num erous o th e r  t e x t  

b o o k s  on se rv o m ech an ism s.

I f  e x p e r im e n ta l  f re q u e n c y  re sp o n se  te c h n iq u e s  a r e  u se d , th e  d e ­

s i r e d  r e l a t i o n s h i p s  a r e  o b ta in e d  i n  th e  fo rm  o f  t r a n s f e r  f u n c t io n s  w hich 

can  b e  u se d  t o  r e l a t e  th e  in p u t  fo rc in g  v a r i a b l e ,  th e  o u tp u t  f o r c e d  

v a r i a b l e ,  and  t im e .

P re v io u s  I n v e s t ig a t io n s

Tlie s u b je c t  o f  p r o c e s s  dynam ics h a s  b e e n  c h a r a c te r i z e d  i n  r e c e n t  

y e a r s  by a  r a p i d  e x p a n s io n  o f  i n t e r e s t  b o th  on th e  academ ic  l e v e l  and on 

t h e  p a r t  o f  th e  c h e m ic a l and p e tro le u m  i n d u s t r y .  The num ber o f  a r t i c l e s  

on  ch e m ica l p r o c e s s  dynam ics a p p e a r in g  i n  th e  l i t e r a t u r e  a r e  becom ing 

r a t h e r  num erous i n  r e c e n t  y e a r s .  However, th e  e x te n t  o f  th e  in c r e a s e d  

a c t i v i t y  i n  t h i s  f i e l d  h a s  n o t y e t  become f u l l y  e v id e n t  i n  th e  ch e m ica l 

e n g in e e r in g  l i t e r a t u r e  b e c a u s e  o f  t h e  i n e v i t a b l e  t im e  l a g  o f  s e v e r a l  y e a r s  

b e tw e en  th e  t im e  a  p ro b le m  i s  i n i t i a t e d  a n d  th e  tim e  th e  r e s u l t s  a p p e a r  

i n  p r i n t .

From t h e  s ta n d p o in t  o f  th e  advancem ent o f  p r o c e s s  c o n t r o l  th e o r y ,  

t h e  m ost im p o r ta n t  w ork h a s  b e e n  done o u ts id e  th e  f i e l d  o f  c h e m ic a l en -



8

g in e e r in g .  How ever, from  th e  v ie w p o in t  o f  a p p l i c a t i o n ,  a  number o f  very- 

i n t e r e s t i n g  p a p e rs  have a p p e a re d  on c h e m ica l p r o c e s s  d y n a m ic s . P e rh ap s  

th e  m ost im p o r ta n t  o f  t h e s e  and th e  ones w hich  w i l l  have  th e  g r e a t e s t  

e f f e c t  upon f u tu r e  p r o g r e s s  h a s  b e e n  on th e  s u b je c t  o f  com puter c o n t r o l  o f  

ch em ica l p r o c e s s e s .  A lth o u g h  m ost o f  t h i s  e f f o r t  h a s  come from  com panies 

engaged  i n  t h e  m a n u fa c tu re  o f  a n a lo g  and d i g i t a l  c o m p u te rs , n o ta b le  e f f o r t  

h a s  been  sho-wn by some o f  th e  c h e m ic a l and p e tro le u m  co m p an ies . The 

r e a d e r  i s  r e f e r r e d  t o  th e  a r t i c l e s  by  Lewis (3 5 ) ;  Woods ( 6 o ) ,  and  T o lin  

and F le u g e l  (5 5 )-

The m a jo r  d e t e r r e n t  t o  a  r a p i d  g row th  o f  th e  c h e m ic a l  p r o c e s s  con­

t r o l  f i e l d  l i e s  in  a c r i t i c a l  l a c k  o f  p e r s o n n e l  w i th  a  b a c k g ro u n d  i n  b o th  

c h e m is try  o r  ch e m ica l e n g in e e r in g  and th e  se rvom echan ism , m a th e m a tic a l ,  

and com puter te c h n iq u e s  n e c e s s a ry  f o r  advanced  p r o c e s s  c o n tr o l ,  s t u d i e s .  

W hile t h i s  s h o r ta g e  i s  a c u te  a t  p r e s e n t ,  i t  shows s ig n s  o f  e a s in g  i n  th e  

n o t - t o o - d i s t a n t  f u t u r e .  Some com panies have s e t  up company sp o n so re d  

t r a i n i n g  p ro g ra m s, e i t h e r  i n t e r n a l l y  o r  i n  c o o p e ra t io n  w i th  a  u n i v e r s i t y  

(1 9 )• The A m erican  I n s t i t u t e  o f  C hem ical E n g in e e rs  h a s  r e c e n t l y  i s s u e d  a  

s p e c i a l  p u b l i c a t i o n  (5 9 ) p r e s e n t in g  s e v e r a l  p ro p o se d  o u t l i n e s  o f  c o u rs e s  

and a s s o c i a te d  l a b o r a to r y  w ork f o r  such  c o u rs e s  a t  b o th  t h e  u n d e rg ra d u a te  

and th e  g r a d u a te  l e v e l .  F i n a l l y ,  th e  In s tru m e n t S o c ie ty  o f  A m erica h as  

u rg ed  h ig h  s c h o o ls  to  p r e s e n t  b a s i c  c o u rs e s  in  i n s t r u m e n ta t io n  and  con­

t r o l  ( 5 ) .

A seco n d  d e t e r r e n t  t o  p r o g r e s s  in  t h i s  f i e l d  h a s  b e e n  due t o  th e  

d i s t i n c t  s h o r ta g e  o f  s u i t a b l e  te x tb o o k s .  T h is  s i t u a t i o n  h a s  b e e n  im proved  

somewhat by  th e  r e c e n t  a p p e a ra n c e  o f  two e x c e l l e n t  new te x tb o o k s  ( l 2 , 2 0 ) .

A lth o u g h  on any p a r t i c u l a r  p h a se  o f  p r o c e s s  d ynam ics  th e  l i t e r a -
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tu r e  i s  n o t to o  e x t e n s i v e ,  th e  l i t e r a t u r e  on th e  f i e l d  as  a  w hole h a s  b e ­

come q u i te  e x te n s iv e .  I t  i s  n o t  th e  p u rp o se  h e re  t o  re v ie w  t h e  l i t e r a ­

tu r e  o f  th e  e n t i r e  f i e l d  o f p r o c e s s  dynam ics, b u t  r a t h e r  o n ly  t h a t  p a r t  

o f i t  c o n c e rn e d  w i th  th e  dynam ics o f  an  a g i t a t e d  v e s s e l .  M ost o f th e  

dynamic s tu d i e s  o f  a g i t a t e d  v e s s e l s  have been  done i n  c o n n e c t io n  w ith  

ch e m ica l r e a c t i o n s .  For an e x te n s iv e  re v ie w  o f th e  e n t i r e  f i e l d ,  th e  

r e a d e r  i s  r e f e r r e d  t o  th e  b i b l i o g r a p h i e s  g iv e n  by H ig g in s  ( 2 9 ) ,  S to u t (5 2 ) , 

R o b e r ts  and o th e r s  ( 4 6 ) ,  and I n d u s t r i a l  and E n g in e e r in g  C h em is try  ( 1 5 ,4 4 ) .  

For an  i n t r o d u c t i o n  t o  th e  th e o r y  o f  p ro c e s s  c o n t r o l ,  t h e  r e a d e r  i s  r e ­

f e r r e d  t o  T ru x a l ( 5 6 ) ,  S av an t ( 4 9 ) ,  o r  any o th e r  s ta n d a r d  t e x t  on s e rv o ­

m echanism s .

A lth o u g h  m ost o f  th e  w ork on r e a c to r  dynam ics i s  r e l a t i v e l y  r e ­

c e n t ,  one m ig h t d a te  i t s  b e g in n in g  a s  f a r  back  a s  1 9 0 8 . At t h a t  tim e  

th e  c h e m is t H irn ic k  ( 30 ) d e m o n s tra te d  m a th e m a tic a lly  th e  p o s s i b i l i t y  o f  

damped c o n c e n t r a t io n  o s c i l l a t i o n s  i n  an a u t o c a t a l y t i c  r e a c t i o n .  I n  I 9 IO , 

L o tka  ( 36 , 3 7 ) exam ined s u s ta in e d  o s c i l l a t i o n s  i n  su ch  s y s te m s . More 

work i n  c o n n e c t io n  w i th  s u s ta in e d  o s c i l l a t i o n  and w i th  a u to r e g u la te d  

r e a c t i o n s  h as  b e e n  done i n  th e  in te r v e n in g  y e a r s ,  b u t  i t  w i l l  n o t  be 

q uo ted  h e re  a s  i t  i s  n o t  d i r e c t l y  c o n cern ed  w ith  r e a c t o r  d y n a m ic s . The 

two r e f e r e n c e s  m en tio n e d  above a r e  q u o ted  only  b e c a u s e  th e y  p ro b a b ly  

se rv e d  a s  a  s t im u la n t  f o r  some v e ry  im p o r ta n t  w ork o f  r e c e n t  t im e s .

The t r a n s i e n t  r e s p o n s e  o f  ch e m ica l r e a c to r s  h a s  r e c e iv e d  some 

a t t e n t i o n  i n  th e  p a s t .  The u n s te a d y  s t a t e  e q u a t io n s  g o v e rn in g  th e  r e ­

sponse  o f  c h e m ic a l r e a c t o r s  h av e  b e e n  s o lv e d  u n d er v a r io u s  l i m i t i n g  con­

d i t i o n s  by Ham and Coe (2 7 ) ,  M acM ullin  and Weber ( 2 8 ) ,  K an d in e r ( 3 3 ) ,
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Jo h n so n  and Edwards ( 3 2 ) ,  Mason and P i r e t  (4 0 , 4 l ) ,  and  A cton  and  

L ap id u s  ( l ) .  The p a p e r s  by M ason and P i r e t  a r e  p a r t i c u l a r l y  g o o d . A l l  

o f  th e s e  w orks a r e  o f  a  t h e o r e t i c a l  n a tu r e .

In  1955 ; B i lo u s  and  Amundson (8 )  p u b l is h e d  th e  f i r s t  o f  a  num ber 

o f  a r t i c l e s  (8 , 9 ;  1 0 ; 2,  3 ) on r e a c t o r  dynam ics by th e s e  a u th o r s  o r  

t h e i r  c o -w o rk e rs . T hese  a r t i c l e s  a r e  a l l  n o te w o r th y . Our p r e s e n t  know­

le d g e  o f  r e a c t o r  dynam ics has  b e e n  c o n s id e r a b ly  en h an ced  by  t h e s e  p a p e r s .

B ilo u s  and  Amundson (8 )  an d  l a t e r  E l ir e n fe ld  (2 2 ) t r e a t e d  m athem a­

t i c a l l y  a w e l l  a g i t a t e d  c o n tin u o u s  r e a c t o r  from  th e  s ta n d p o in t  o f  s t a ­

b i l i t y  o f t h e  s te a d y  s t a t e  and p r e s e n te d  m ethods o f  d e v e lo p in g  c r i t e r i a  

f o r  th e  q u a n t i t a t i v e  d e te r m in a t io n  o f  s t a b i l i t y  o r  i n s t a b i l i t y .  W ith  

somewhat th e  same ty p e  o f  t r e a tm e n t ;  Cannon and  D enbigh ( I 3 ) d e s c r i b e  two 

d i s t i n c t  fo rm s o f  th e rm a l  i n s t a b i l i t y  w hich  c an  a r i s e  i n  g a s - s o l i d  r e a c ­

t i o n s .  A lso ; th e  c h a r a c t e r  o f  t h e  s te a d y  s t a t e  o f  a n  e x o th e rm ic  r e a c ­

t i o n  h a s  b e e n  d e s c r ib e d  by  von H eerden  (5 7 ) .

In  a  l a t e r  a r t i c l e ;  B i lo u s  and Amundson (9 ) t r e a t  th e  c a s e s  o f  

s t a b i l i t y  o f  a  q u a s i - i s o th e r m a l  r e a c t o r  and a  r e a c t o r  w ith  a  r e c y c l e  

s tr e a m . A r is  and  Amundson (2 ) h ave  exam ined th e  c o n d i t io n s  f o r  s t a b i l i t y  

o f  an  a g i t a t e d  c o n tin u o u s  r e a c t o r  o p e r a t in g  u n d e r p r o p o r t i o n a l  c o n t r o l  

a lo n e .  Some m ethods o f  non l i n e a r  m ech an ics  a r e  a p p l i e d  and p h a s e  p la n e  

p l o t s  o f  th e  c o m p le te  non l i n e a r  r e a c to r  e q u a t io n s  a r e  c o n s t r u c te d .  T h is  

p a p e r  i s  a  p re v ie w  o f  a  l a t e r  p a p e r  p u b l is h e d  by  A r is  and Amundson ( 3 ) .

The u se  o f  f re q u e n c y  r e s p o n s e  a n a ly s i s  t o  d e v e lo p  th e  t h e o r y  o f  

c o n t r o l  o f c o n t in u o u s - f lo w  r e a c t o r s  i s  d i s c u s s e d  b y  B ilo u S ; B lo c k ; an d  

P i r e t  (1 0 ) .  I n  t h i s  p a p e r ;  c a s c a d e s  o f  c o n tin u o u s - f lo w  r e a c t o r s  a r e  a l s o  

d i s c u s s e d ;  and  how a u to m a tic  c o n t r o l  r e q u ir e m e n ts  c an  in f lu e n c e  p r o p e r
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r e a c t o r  d e s ig n  i s  i l l u s t r a t e d .  E l l in g s e n  and C e ag lsk e  (2 3 ) have  p r e s e n te d  

a  p a p e r  on th e  a p p l i c a t i o n s  o f  th e  r o o t - lo c u s  m ethod i n  th e  d e s ig n  o f  a  

c o n t r o l  sy s te m  f o r  a  t h e o r e t i c a l  s t i r r e d - t a n k  r e a c t o r .  The modes o f  con­

t r o l  s tu d i e d  w ere p r o p o r t i o n a l ,  p r o p o r t i o n a l - i n t e g r a l ,  and  p r o p o r t i o n a l -  

i n t e g r a l - r a . t e . A r is  an d  Amundson (h)  a p p l ie d  s t a t i s t i c a l  t e c h n iq u e s  t o  

a c o n tin u o u s - f lo w , s t i r r e d  t a n k  r e a c t o r .

The s t a b i l i t y  o f  a  f ix e d - b e d  c a t a l y t i c  r e a c t o r  h a s  b e e n  i n v e s t i ­

g a te d  by  H o e lsc h e r  ( 3 1 ) u n d e r  v a r io u s  c o n d i t io n s .  O n cu tt and Lamb (4 2 ) 

c o n s id e re d  t h e  c a se  o f  s t a b i l i t y  o f  a f ix e d - b e d  c a t a l y t i c  r e a c t o r  sy s tem  

w ith  f e e d - e f f l u e n t  h e a t  e x c h a n g e . S h in skey  ($ 0 ) gave a  p a p e r  on th e  tem ­

p e r a tu r e  c o n t r o l  o f g a s  p h a se  r e a c t i o n s .

Some v e ry  i n t e r e s t i n g  a r t i c l e s  have b e e n  p r e s e n te d  c o n c e rn in g  t h e  

o n -s tre a m  c o n t r o l  o f  a  c h e m ic a l r e a c t o r  by  a  h ig h  sp e ed  com puter b y  Eck- 

man and L e fk o w itz  ( 2 l ) ,  R o b e r ts  and  Laspe (4 7 ) , T ie rn e y  and o th e r s  ( 5 4 ) ,  

and T o l in  and  F le u g e l  ( 5 5 ) .  Some o th e r  i n t e r e s t i n g  c a s e s  o f  a p p l i c a t i o n s  

o f  co m p u te rs  t o  r e a c t o r  dynam ic p ro b lem s a re  g iv e n  by B e u t le r  and R o b e r ts  

(7 ) and B a th e , F ra n k s ,  and Jam es ( 6 ) .

A n o v e l m ethod o f  o b ta in in g  h ig h  a c c u ra c y  i n  a  p r o c e s s  c o n t r o l  

lo o p  by  u s in g  a  m in o r f e e d b a c k  lo o p  a round  th e  c o n t r o l l e r  t o  p r e v e n t  

d e a d -tim e  o s c i l l a t i o n s  h a s  b e e n  p ro p o se d  by  S m ith  ( 5 1 ) .  He p r e s e n t s  an  

exam ple w here t h i s  m ethod  i s  a p p l i e d  t o  a  c a t a l y t i c  c r a c k e r .

F an n in g  (2 4 , 2 5 )  o b ta in e d  f re q u e n c y  re s p o n s e  d a t a  on th e  h e a t  

t r a n s f e r  c h a r a c t e r i s t i c  o f  a  s t i r r e d - p o t  r e a c to r  and  com pared th e  t h e ­

o r e t i c a l l y  d e r iv e d  t r a n s f e r  f u n c t io n s  w ith  th o s e  o b ta in e d  e x p e r im e n ta l ly .

The p ro b lem  o f  m ix in g  i n  an  a g i t a t e d  v e s s e l  h a s  b e e n  s tu d i e d  by  

M arr and Jo h n so n  ( 3 9 ) .  M ixing i n  a  v e r t i c a l  tu b e  r e a c t o r  h as  b e e n  in v e s -
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t i g a t e d  by Head ( 2 8 ) .  A t r a n s f e r  f u n c t io n  r e l a t i n g  in p u t  t o  o u tp u t  con­

c e n t r a t io n  v a s  o b ta in e d . The r e s u l t i n g  t r a n s f e r  f u n c t io n  was t h a t  o f  a 

f i r s t  o rd e r  sy stem  e x h ib i t i n g  tim e  d e la y .

A num ber o f  p a p e rs  have  b e e n  p r e s e n te d  on th e  dynam ic m easu rem en ts  

t h a t  have b e e n  made on p a c k ed  and f l u i d i z e d  b e d s  w ith  no c h e m ic a l r e a c ­

t i o n  o c c u r r in g , p r im a r i ly  t o  s tu d y  th e  n a tu r e  o f  f l u i d  m ix in g  i n  c h e m ic a l 

r e a c t o r s .  The r e a d e r  i s  r e f e r r e d  t o  th e  w orks o f  D anckw erts ( l 6 ) ,  Danck- 

w e r ts ,  J e n k in s ,  and P la c e  ( 1 7 ) ,  D e i s le r  and  W ilhelm  (1 8 ) ,  K ram ers and 

ALberda (3 4 ) , P r a u s n i tz  and W ilhelm  (4 3 ) ,  and Romano ( 4 8 ) .

The w ork  o f  th e  p a s t  h a s  p la c e d  c o n s id e r a b le  s t r e s s  on a  t h e o r e t i ­

c a l  a n a ly s i s  follow ed by a  s o lu t i o n  on an  a n a lo g  o r a  d i g i t a l  c o m p u te r. 

V ery l i t t l e  e x p e r im e n ta l  w ork has  b e e n  done .

S p e c i f i c  O b je c tiv e s  o f  th e  P r e s e n t  I n v e s t i g a t i o n  

The c o n tin u o u s ,  a g i t a t e d  v e s s e l  i s  w id e ly  u sed  i n  th e  c h e m ic a l i n ­

d u s t r y  fo r  m ix in g  and  f o r  c a r r y in g  o u t c h e m ic a l r e a c t i o n s .  The m a jo r i t y  

o f  r e a c t io n s  c a r r i e d  out i n  th e s e  v e s s e l s  a re  e x o th e rm ic , and th e  rem oval 

o f  h e a t  is  t h e r e f o r e  o f im p o r ta n c e . A lso , t h e  r e a c t i o n  te m p e ra tu re  m ust 

be  c o n t r o l le d  i f  a  q u a l i ty  p ro d u c t  i s  t o  b e  p ro d u c e d .

There a r e  a  number o f  d i f f e r e n t  m ethods now i n  u se  f o r  t h e  con­

t in u o u s  rem oval o f  h e a t  from  a  s t i r r e d - p o t  r e a c t o r .  The m ethod s tu d i e d  

h e re  i s  th e  u t i l i z a t i o n  o f t h e  h e a t  o f  v a p o r i z a t i o n  o f  a  v o l a t i l e  c o o la n t  

l o c a t e d  e i t h e r  w i th in  i n t e r n a l  c o o lin g  c o i l s ,  w i th in  an  e x t e r n a l  j a c k e t ,  

o r  b o th .  I n  t h i s  c a s e ,  te m p e ra tu re  c o n t r o l  can  be a c h ie v e d  e i t h e r  by  

v a ry in g  an in p u t  f l u i d  f lo w  r a t e  o r  by  c o n t r o l l i n g  th e  b a c k  p r e s s u r e  on
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th e  v o l a t i l e  c o o la n t  and  t h e r e f o r e  th e  te m p e ra tu re .  The l a t t e r  i s  p e r ­

h a p s  th e  m ost im p o r ta n t .

The p r e s e n t  i n v e s t i g a t i o n  was d i r e c t e d  to w a rd s  th e  d e te r m in a t io n  

o f  th e  dynam ics o f  th e  two te m p e ra tu re  c o n t r o l  m ethods j u s t  d e s c r ib e d .

O th e r m ethods have b e e n  i n v e s t i g a t e d  by  F ann ing  {2h) . I t  was p la n n e d  t o  

make b o th  e x p e r im e n ta l  and t h e o r e t i c a l  s t u d i e s .  Only th e  open  lo o p  s y s ­

tem  was"' c o n s id e re d  e i t h e r  e x p e r im e n ta l ly  o r t h e o r e t i c a l l y ,  a s  in f o r m a t io n  

can  b e  o b ta in e d  on th e  c lo s e d  lo o p  once th e  dynam ics o f  th e  i n d iv i d u a l  com­

p o n e n ts  a r e  known.

F i n a l l y ,  i t  was hoped  t h a t  t h i s  s tu d y  w ould c o n t r i b u te  some mea­

s u re  o f  know ledge on th e  dynam ic b e h a v io r  o f  a g i t a t e d  v e s s e l s .



CHAPTER I I I  

DESCRIPTION OF THE EXPERIMENTAL APPARATUS

The e x p e r im e n ta l  a p p a ra tu s  c o n s i s t e d  p r im a r i ly  o f  t h e  f o l lo w in g :

(a )  a  t e s t  s e c t i o n  ( a  c o n tin u o u s - f lo w , a g i t a t e d  a u to c la v e  r e a c t o r ) ,

(b ) a  p r e h e a te r  and  r e c y c le  sy s te m , ( c )  a  r e f r i g e r a t i o n  u n i t ,  (d )  v a r io u s  

m e a su r in g , c o n t r o l l i n g ,  and r e c o r d in g  in s t r u m e n ts ,  and (e )  a  v a lv e  

e q u ip p ed  w i th  a  s in e  wave g e n e r a t in g  d e v ic e .  A f lo w  s h e e t  f o r  t h e  e x ­

p e r im e n ta l  a p p a ra tu s  i s  shown i n  F ig u re  6 .

T e s t  S e c t io n

The t e s t  s e c t i o n  c o n s i s t e d  o f a  c o n t in u o u s - f lo w , a g i t a t e d  a u to ­

c la v e  r e a c t o r ,  e q u ip p e d  w i th  b a f f l e s .  The r e a c t o r  had  a  one l i t e r  c a p a ­

c i t y .  H eat was rem oved from  th e  r e a c t o r  by m eans o f  an e x t e r n a l  j a c k e t .  

The h e a t  t r a n s f e r  a r e a  and  o th e r  p h y s ic a l  p a ra m e te rs  o f th e  t e s t  s e c t i o n  

a re  p r e s e n te d  i n  T ab le  2 1 , A ppendix  C.

The f l u i d  was in tr o d u c e d  i n t o  t h e  b o tto m  o f  th e  r e a c t o r .  The 

f l u i d  f lo w ed  o u t o f  th e  sy s tem  th ro u g h  an  o v e rf lo w  tu b e  l o c a t e d  i n  t h e  

to p  o f  th e  r e a c t o r .

The a g i t a t o r  was d r iv e n  by  a  V - b e l t  and p u l l e y  a rra n g e m e n t con­

n e c te d  t o  a  l /4 - h o r s e p o w e r  e l e c t r i c  m o to r . The m o to r speed  was 1?25 r e ­

v o lu t io n s  p e r  m in u te .  The a g i t a t o r  sp e ed  c o u ld  b e  v a r i e d  b y  u s in g  d i f -

I k
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f e r e n t  s iz e d  p u l l e y s .

The t e s t  s e c t i o n  was e q u ip p e d  w ith  a  f l e x i b l e  c o p p e r - c o n s ta n ta n  

th e rm o c o u p le  f o r  m e a su r in g  te m p e ra tu re s  a t  v a r io u s  p o i n t s  w i th in  th e  

r e a c t o r .

A ph o to g rap H  o f  th e  t e s t , s e c t i o n  i s  shown i n  F ig u re s  I  and 2 .

P r e h e a t e r  and R ecy c le  System

T h is  sy s tem  c o n s i s t s  o f  a  p r e h e a t in g  v e s s e l ,  a  f e e d  pump, a  r e c y c le  

a c c u m u la to r ,  and  a  r e c y c le  pump.

P r e h e a t e r . The p r e h e a t in g  v e s s e l  was c o n s t r u c te d  from  a  f o u r te e n -  

in c h  s e c t i o n  o f  t e n - i n c h  p i p e .  The b o tto m  of th e  v e s s e l  was made o f  1 /4 -  

in c h  s h e e t  i r o n  and was w e ld ed  i n  p la c e . ' The to p  o f  th e  v e s s e l  was made 

o f  wood and c o u ld  be  rem oved . The v e s s e l  was f i t t e d  w ith  a  o n e - in c h  o v e r­

f lo w  l i n e  l o c a t e d  two in c h e s  from  th e  to p  o f  th e  v e s s e l .  Hot l i q u i d  was 

w ith d raw n  from  an  o p e n in g  i n  th e b o tto m  o f th e  v e s s e l .  The v e s s e l  was 

i n s u la 'te d  by  tw o in c h e s  o f  t e n - i n c h  m ag n esia  p ip e  i n s u l a t i o n .

The f e e d  to  th e  p r e h e a t e r  was w a te r  from  th e  r e c y c le  a c c u m u la to r . 

Cold t a p  w a te r  was u se d  f o r  m ake-up . The l i q u i d  i n  th e  p r e h e a te r  was 

h e a te d  by  l i v e  s team  in t r o d u c e d  i n t o  th e  b o tto m  o f  t h e  v e s s e l .  The steam  

flo w  r a t e  was c o n t r o l l e d  by  a  l / 2 - i n c h  c o n t r o l  v a lv e .  The v a lv e  p o s i t i o n  

was r e g u l a t e d  b y  a te m p e ra tu re  r e c o r d e r  and c o n t r o l l e r .  The p r e h e a te r  

te m p e ra tu re  was m easu red  i n  th e  h o t w a te r  e x i t  l i n e .  I n  a d d i t i o n  t o  h e a t ­

in g  th e  f l u i d ,  t h e  p r e h e a t e r  a l s o  s e rv e d  as a  f e e d  ta n k .

R e c y c le  A c c u m u la to r . The r e c y c le  a c c u m u la to r  and t h e  p r e h e a te r  

a r e  i d e n t i c a l  i n  c o n s t r u c t i o n  w ith  th e  e x c e p t io n  t h a t  th e  r e c y c le  accumu­

l a t o r  was n o t p ro v id e d  w i th  a  m eans f o r  h e a t in g  th e  l i q u i d .
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Feed Pump. The f e e d  pump was a  l /2 - h o r s e p o w e r  p o s i t i v e  d i s p l a c e ­

m ent pump d e l i v e r i n g  a  25- f o o t  h ead  w i th  a  maximum c a p a c i ty  o f  t h r e e  

g a l lo n s  p e r  m in u te .

R ecy c le  Pump. The r e c y c l e  pump was a  l /4 - h o rs e p o w e r  c e n t r i f u g a l  

pump. The head  and  c a p a c i ty  o f  t h i s  pump w ere n o t known; how ever, t h e  

pump was found  t o  h e  s a t i s f a c t o r y  f o r  t h e  p u rp o s e .

R e f r i g e r a t i o n  Cycle

The r e f r i g e r a t i o n  c y c le  c o n s i s t e d  o f a  C opeland  r e f r i g e r a t i o n  u n i t  

co m p le te  w i th  c o m p re sso r , c o n d e n s e r , a c c u m u la to r ,  an d  t h r o t t l e  v a lv e .

The j a c k e t  o f  th e  r e a c t o r  s e rv e d  as th e  e v a p o ra to r  p o r t i o n  o f  th e  r e f r i ­

g e r a t i o n  c y c le .  The c o n d e n se r  was w a te r  c o o le d  and th e  r e f r i g e r a n t  was 

F re o n -1 2 . The co m p re sso r  was d r iv e n  hy a  1 l /2 - n n rs e p o w e r  m o to r . A v iew  

o f  th e  r e f r i g e r a t i o n  c y c le  i s  shown i n  F ig u re  1 .

M easuring  I n s t r u m e n ts ,  C o n t r o l l e r s ,  and 
R e c o rd in g  D ev ices

Flow R a te . The o n ly  f lo w  r a t e  m e te re d  was t h a t  o f  th e  r e a c t o r  i n ­

l e t  w a te r  s tre a m . When th e  f lo w  r a t e  was re c o rd e d , i t  was m easu red  h y  a

M odel 10 C 1505 F i s c h e r  and P o r t e r  t u r h i n e  f lo w m e te r . The ra n g e  o f f lo w  

o f  t h i s  m e te r  was 0 .1 3  t o  1 .1  g a l l o n s  p e r  m in u te . The p o t e n t i a l  g e n e r a te d

h y  th e  f lo w m ete r was i n d i c a t e d  by a M odel FR-111 Waugh p u ls e  r a t e  c o n v e r ­

t e r ,  and was r e c o rd e d  on one c h a n n e l  o f  a  tw o -c h a n n e l S anborn  r e c o r d e r .

A v iew  o f  th e  t u r h i n e  f lo w m e te r  i s  a l s o  shown i n  F ig u re  1 .

F o r th o s e  r u n s  i n  w h ich  i t  was n o t  n e c e s s a ry  t o  r e c o r d  th e  f lo w  

r a t e ,  a  F i s c h e r  and  P o r te r  f lo w r a t o r  ( ro ta m e te r )  was u se d  t o  i n d i c a t e  t h e
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flo w - The maximum c a p a c i ty  o f  t h i s  m e te r  was ab o u t one g a l l o n  p e r  m in u te . 

The r o ta m e te r  was u se d  on ru n S ; r e g a r d l e s s  o f  w h e th e r  t h e  f lo w  r a t e  was 

t o  be r e c o r d e d ,  t o  e s t a b l i s h  t h e  i n i t i a l  s te a d y  s t a t e  o p e r a t in g  c o n d i t io n s .

T e m p e ra tu re s . A t o t a l  o f  f o u r  d i f f e r e n t  te m p e ra tu re s  w ere mea­

s u r e d :  (a )  p r e h e a t e r  t e m p e r a tu r e ,  (b )  i n l e t  r e a c t o r  f l u i d  te m p e r a tu r e ,

( c )  te m p e ra tu re  i n s i d e  r e a c t o r ,  and  (d )  r e a c to r  c o o la n t  te m p e r a tu r e .  A l l  

te m p e ra tu re s  w ere m easu red  w i th  c o p p e r - c o n s ta n ta n  th e rm o c o u p le s . The 

p r e h e a t e r  te m p e ra tu re  was i n d i c a t e d  and c o n t r o l l e d  by  a  M in n e a p o lis -  

H oneyw ell te m p e ra tu re  r e c o r d e r  and  c o n t r o l l e r .  The r e a c t o r  i n l e t  f l u i d  

te m p e ra tu re  and th e  r e a c t o r  c o o la n t  te m p e ra tu re  w ere i n d i c a t e d  by  a  M odel 

I 56XI5P-X-C Brown te m p e ra tu re  i n d i c a t o r .  The r e a c t o r  te m p e ra tu re  was r e ­

c o rd e d  on  one c h a n n e l o f  a  S anbo rn  r e c o r d e r .  A Model 1 PH $ 6 0 -$ l-T 4 6 -  

t6 6x -T 82  B r i s t o l  D ynam aster r e c o r d e r  was u sed  a s  an  a m p l i f i e r  f o r  th e  

Sanborn  r e c o r d e r .

P r e s s u r e . The p r e s s u r e  on th e  c o o la n t  i n  th e  r e a c t o r  was th e  o n ly  

p r e s s u r e  m e a su red . T h is  p r e s s u r e  was in d ic a te d  w ith  a  p r e s s u r e  g a g e .

The p r e s s u r e  was r e g u l a te d  by  a  b a c k  p r e s s u r e  r e g u l a t o r .  An a rra n g e m e n t 

o f  two s o le n o id  v a lv e s  and tw o b a c k  p r e s s u r e  r e g u l a to r s  was u se d  f o r  

v a ry in g  th e  p r e s s u r e .  T h is  a rra n g e m e n t i s  shown in  F ig u re  1 .

C o n t r o l l e r . The o n ly  p ie c e  o f  equ ipm en t b e in g  c o n t r o l l e d  was th e  

p r e h e a t e r .  The p r e h e a te r  t e m p e ra tu re  was c o n t r o l l e d  by  a  M odel 152Pl)4-P- 

93“ 18 M in n e a p o lis -H o n e y w e ll te m p e ra tu re  r e c o r d e r  and c o n t r o l l e r .  The 

modes o f  c o n t r o l  w ere  p r o p o r t i o n a l  b an d  and r e s e t .

R e c o rd in g  D e v ic e . To r e c o r d  c o n tin u o u s ly  th e  f o r c in g  v a r i a b l e  anfj 

t h e  f o r c e d  v a r i a b l e ,  a  M odel 6O - I3OO S anbo rn  T w in-V iso r e c o r d e r  was u s e d .
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The r e c o r d e r  was e q u ip p e d  w ith  one p r e a m p l i f i e r  and tw o a m p l i f i e r s .

A v iew  o f  th e  p a n e l  h o a rd  on w hich  t h e  M in n e a p o lis -H o n e y w e ll tem ­

p e r a t u r e  r e c o r d e r  and c o n t r o l l e r ,  t h e  Brown te m p e ra tu re  i n d i c a t o r ,  th e  

B r i s t o l  r e c o r d e r ,  and th e  Waugh p u l s e  r a t e  c o n v e r to r  w ere m ounted i s  d e ­

p i c t e d  i n  F ig u re  3* The S anborn  r e c o r d e r  i s  a l s o  shown i n  F ig u re  3*

S ine  Wave G e n e ra to r

The s in e  wave g e n e r a to r  c o n s i s t e d  in  p a r t  o f  a l / 2 - i n c h  R e se a rc h  

C o n tro l  V a lv e . The v a lv e  h as  a  s t a i n l e s s  s t e e l  stem  an d  a  b ro n z e  v a lv e  

body t e s t e d  t o  150 p s ig .  The v a lv e  was l i n e a r  th ro u g h o u t  t h e  lo w e r 80 

p e r c e n t  o f  th e  stem  t r a v e l .  The to p  h a l f  o f th e  d iap h rag m  body t o g e t h e r  

w i th  th e  d iaphragm  and th e  s p r in g  w ere rem oved. The lo w e r  h a l f  o f  th e  

d iaph ragm  body was u sed  t o  su p p o rt th e  d e v ic e  w h ich  im p a r te d  th e  h a rm o n ic - 

t r a n s l a t i o n a l  m o tion  t o  t h e  v a lv e  s tem . T h is  d e v ic e  c o n s i s t e d  o f  a  d r i v e r ,  

a  S c o tc h  y o k e , and a c o n n e c t in g  g e a r  t r a i n .  The d r i v e r  was a  M odel SG-10 

M e rk le -K o rff  in d u c t io n  m o to r . V a r io u s  s e t s  o f  g e a r s  w ere  a v a i l a b l e .  The 

ra n g e  o f  f re q u e n c y  t h a t  c o u ld  b e  o b ta in e d  v a r i e d  from  0 .6  t o  60 r a d ia n s  

p e r  m in u te  (tw o d e c a d e s ) .  F ig u re s  4 and 5 n re  f r o n t  a n d  r e a r  v iew s o f  

th e  s in e  wave g e n e r a to r .

Flow  S h ee t

Two d i f f e r e n t  sy s te m s  w ere s tu d i e d .  B o th  sy s tem s a re  d e p ic te d  i n  

F ig u re  6 .

System  Ho. 1 . I n  t h e  f i r s t  sy stem  s tu d i e d  th e  in p u t  f o r c in g  v a r ­

i a b l e  was th e  r e a c to r  i n l e t  f l u i d  f lo w  r a t e  and th e  o u tp u t  f o r c e d  v a r i a b l e  

was th e  r e a c to r  f l u i d  te m p e ra tu re .  I n  th e  e x p e r im e n ta l  a p p a ra tu s  t h e r e  , 

w ere  tw o d i f f e r e n t  s t r e a m s :  ( a )  a  w a te r  s tr e a m , and  ( b )  a  c o o la n t  s tre a m .
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Figure 3* View of Panel Board and Sanborn Recorder
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Figure 4. Front View of Sine Wave Generator
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The w a te r  was p r e h e a te d  i n  a  f e e d  t a n k  and  was pumped from  th e  f e e d  t a n k  

th ro u g h  th e  s in e  wave g e n e r a to r  w hich im p a r te d  a  s in e  wave t o  t h e  f lo w  

r a t e .  From th e  s in e  wave g e n e r a to r  th e  h o t  w a te r  p a s s e d  th ro u g h  th e  

t u r b i n e  flo w m e te r  and i n to  th e  r e a c t o r  w here h e a t  was ex c h an g e d . From 

th e  r e a c t o r  th e  c o o le d  w a te r  flo w ed  i n t o  t h e  r e c y c le  a c c u m u la to r  and was 

th e n  pumped b a c k  t o  th e  p r e h e a t e r .

The c o o la n t  (F re o n -12) f lo w  p a t t e r n  was th e  same as  f o r  any s im p le  

r e f r i g e r a t i o n  c y c le .  The j a c k e t  o f  th e  r e a c t o r  s e rv e d  a s  th e  e v a p o ra to r  

p a r t  o f  th e  r e f r i g e r a t i o n  c y c le .  The c o o la n t  was b o i l e d  a t  a  c o n s ta n t  

t e m p e ra tu re .  T h is  te m p e ra tu re  was m a in ta in e d  by a  b a c k  p r e s s u r e  r e g u la ­

t o r  i n  th e  v ap o r l i n e .

The re c o rd e d  v a r i a b l e s  f o r  sy s tem  No. 1 w ere th e  r e a c t o r  i n l e t  

f l u i d  f lo w  r a t e  and th e  r e a c t o r  f l u i d  te m p e ra tu re .

System  No. 2 . I n  sy stem  Ko. 2 th e  in p u t  f o r c in g  v a r i a b l e  was 

th e  b a c k  p r e s s u r e  on th e  e v a p o ra to r  and th e  o u tp u t  f o r c e d  v a r i a b l e  was 

th e  r e a c t o r  f l u i d  te m p e ra tu re .

The w a te r  s tre a m  c y c le  was th e  same a s  i n  sy stem  No. 1 e x c e p t t h a t  

a  c o n s ta n t  flo w  r a t e  was m a in ta in e d  and th e  f lo w  r a t e  was i n d i c a t e d  by  a  

r o t a m e t e r .

The p r e s s u r e  o f  th e  c o o la n t  v a p o r was v a r i e d  by  m eans o f  an  a r r a n g e ­

m ent o f  s o le n o id  v a lv e s  and b a c k  p r e s s u r e  r e g u l a t o r s .  The a rra n g e m e n t i s  

shown i n  F ig u re  6 .

The re c o rd e d  v a r i a b l e s  w ere th e  p r e s s u r e  on th e  v o l a t i l e  c o o la n t  

and  th e  r e a c to r  f l u i d  te m p e ra tu re .
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CHAPTER IV 

PROCEDURE 

System  No. 1

In  t h e  f i r s t  sy s tem  s tu d i e d ,  th e  f o r c in g  v a r i a b l e  was th e  i n l e t  

w a te r  f lo w  r a t e  and th e  f o r c e d  v a r i a b l e  was th e  te m p e ra tu re  o f  th e  f l u i d  

in  th e  v e s s e l .

E x p e r im e n ta l  and  a n a lo g  s im u la t io n  s tu d i e s  w ere c o n d u c te d . The 

m a jo r i ty  o f  t h e  d a ta  t a k e n  was on t h e  a n a lo g  c o m p u te r. The a n a lo g  d a ta  

w ere s p o t  check ed  by  d a ta  ta k e n  on th e  a c t u a l  e x p e r im e n ta l  sy s te m . B oth  

f re q u e n c y  re s p o n s e  and  s te p  re s p o n s e  d a ta  w ere ta k e n .

F req u en cy  R esponse  S tu d ie s

As a  s in e  wave g e n e r a to r  was a v a i l a b l e ,  th e  e x p e r im e n ta l  a p p a ra ­

tu s  was c o n s t r u c te d  f o r  c o n d u c tin g  f re q u e n c y  r e s p o n s e .  The f re q u e n c y  

re s p o n s e  d a t a  w ere t a k e n  w h ile  o p e r a t in g  a b o u t one s te a d y  s t a t e  v a lu e .  

T h is  v a lu e  was s e l e c t e d  t o  g iv e  a  maximum te m p e ra tu re  v a r i a t i o n ,  w ith  

a m p litu d e  o f  th e  in p u t  s in u s o d ia l  f lo w  r a t e ,  o f  a b o u t 10° F a h r e n h e i t .

A lso  a s  a  p r e c a u t io n  a g a in s t  a  m ish a p , th e  c o o la n t  te m p e ra tu re  was h e ld  

s l i g h t l y  above th e  f r e e z in g  p o in t  o f  w a te r .  The s te a d y  s t a t e  v a lu e  was 

s e l e c t e d  by  a c t u a l  m a n ip u la t io n  o f  t h e  e x p e r im e n ta l  a p p a r a tu s .  The o p e r­

a t i n g  c o n d i t io n s  a r e  g iv e n  i n  T ab le  2 1 , A ppendix  C.

2 6



27

, . : P re:quency re s p o n s e  d a t a  w ere ta k e n  a t  tw e n ty - th r e e  d i f f e r e n t  f r e ­

q u e n c ie s ,  r a n g in g  from  0 .0 5  c y c le s  p e r  m in u te  t o  20  c y c le s  p e r  m in u te , 

on  t h e  a n a lo g  com pu ter and a t  t e n  d i f f e r e n t  f r e q u e n c ie s  ra n g in g  from  0 .0 5  

c y c le s  p e r  m in u te  t o  f i v e  c y c le s  p e r  m in u te  on th e  e x p e r im e n ta l  a p p a r a tu s .  

The v a r io u s  f r e q u e n c ie s  a r e  l i s t e d  i n  T a b le s  13 and  14- o f  A ppendix  B.

As t h e  o u tp u t  o f  non l i n e a r  sy s te m s  c an  a l s o  depend on th e  a m p li­

tu d e  o f  th e  in p u t  s in e  w ave, f re q u e n c y  re s p o n s e  d a t a  w ere ta k e n  f o r  v a r ­

io u s  a m p litu d e s  o f  th e  in p u t  s in u s o d i a l  f o r c in g  f u n c t i o n .  F req u en cy  r e ­

sp o n se  d a t a  w ere ta k e n  f o r  f i v e  d i f f e r e n t  a m p litu d e s  o f  th e  f o r c in g  fu n c ­

t i o n  on th e  a n a lo g  com puter and  f o r  t h r e e  d i f f e r e n t  a m p litu d e s  on th e  e x ­

p e r im e n ta l  a p p a r a tu s . The d i f f e r e n t  a m p litu d e s  u s e d  on th e  a n a lo g  com­

p u t e r  w ere 0 .4 7 5 , 0 .9 4 ,  1 .4 2 ,  I . 8 9 , and  2 .3 6 4  pounds p e r  m in u te . The 

a m p litu d e s  u s e d  on th e  e x p e r im e n ta l  a p p a ra tu s  w ere 0 .9 4 ,  1 .4 2 ,  and I .8 9  „• 

po u n d s p e r  m in u te .  The a b s o lu te  v a lu e s  c o rre s p o n d in g  t o  th e  minimum and 

maximum f lo w  r a t e  f o r  th e s e  a m p litu d e s  a r e  g iv e n  i n  T ab le  21 o f  A ppendix  C.

The a m p litu d e  r a t i o  and  p h a se  a n g le  in f o r m a t io n  o b ta in e d  from  th e  

f r e q u e n c y  re s p o n s e  d a t a  ta k e n  on th e  a n a lo g  com pu ter a r e  sum m arized i n  

T a b le  I 3 , A ppendix  B. The same in fo r m a t io n  o b ta in e d  from  th e  ex p e rim en ­

t a l  d a t a  i s  g iv e n  i n  T ab le  l 4 ,  A ppendix  B. A m plitude  r a t i o  and  p h a se  

a n g le  v a lu e s  c a l c u l a t e d  from  e q u a t io n  (7 8 ) a r e  t a b u l a t e d  i n  T a b le  1 5 , 

A ppend ix  B.

A sam ple t im e  r e c o r d  o f  th e  f re q u e n c y  re s p o n s e  d a ta  o b ta in e d  from  

t h e  a n a lo g  com pu te r i s  shown i n  F ig u re  7* A sam ple tim e  r e c o r d  o f  th e  

f r e q u e n c y  re s p o n s e  d a t a  t a k e n  on t h e  e x p e r im e n ta l  a p p a ra tu s  i s  shown in  

F ig u r e  8 .
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s te p  R esponse S tu d ie s

As i n  non l i n e a r  s y s te m s , th e  end r e s u l t s  a r e  v e ry  much d e p e n d en t 

upon th e  ty p e  o f  in p u t  f o r c in g  f u n c t io n .  I t  was t h e r e f o r e  d e s i r a b l e  to  

o b ta in  d a ta  f o r  some ty p e  o f  in p u t  f o r c in g  f u n c t io n  o th e r  th a n  a  s in u s o ­

d i a l  f o r c in g  f u n c t io n  p r im a r i l y  as  a  means o f  c o m p a riso n . When th e  ex­

p e r im e n ta l  a p p a ra tu s  was c o n s t r u c te d ,  no p r o v is io n s  w ere in c lu d e d  f o r  

t a k in g  s te p  re s p o n s e  d a t a .  However, a t te m p ts  have b e e n  made t o  o b t a in  

s te p  re s p o n s e  d a ta  on th e  e x p e r im e n ta l  a p p a ra tu s  by th e  m a n ip u la t io n  o f a  

g lo b e  v a lv e .  T h is  p ro c e d u re  h a s  n o t p ro v ed  s a t i s f a c t o r y .  The s te p  r e ­

sponse  in fo r m a t io n  was t h e r e f o r e  ta k e n  on th e  a n a lo g  c o m p u te r.

S te p  re s p o n s e  d a ta  f o r  v a r io u s  m ag n itu d es  o f  d is p la c e m e n t  w ere  

ta k e n .  A t o t a l  o f  f i v e  p o s i t i v e  d is p la c e m e n ts  w ere u s e d . The f i v e  p o s i ­

t i v e  d is p la c e m e n ts  w ere 0 .4 8 , 0 .9 4 ,  1 .4 2 ,  1 .8 $  and 2 .3 6  pounds p e r  m in u te  

and c o rre sp o n d e d  t o  th e  d i f f e r e n c e  b e tw een  th e  maximum f lo w  r a t e  and  th e  

s te a d y  s t a t e  f lo w  r a t e  f o r  e a c h  o f  t h e  d i f f e r e n t  a m p litu d e s  o f  th e  s in u s o ­

d i a l  f o r c in g  f u n c t io n  u se d  i n  th e  f re q u e n c y  re s p o n s e  s t u d i e s .  A lso  a  

t o t a l  o f  f i v e  n e g a t iv e  d is p la c e m e n ts  w ere u s e d . These w ere - 0 .4 7 ,  - 0 .9 4 ,  

- 1 .4 2 ,  - 1 . 8 9 , and - 2 .3 6  pounds p e r  m in u te . The n e g a t iv e  d is p la c e m e n ts  

c o rre s p o n d e d  t o  th e  d i f f e r e n c e  b e tw een  th e  s te a d y  s t a t e  f lo w  r a t e  and  th e  

minimum f lo w  r a t e  f o r  e a ch  o f  th e  d i f f e r e n t  a m p litu d e s  u sed  i n  th e  f r e ­

quency re s p o n s e  s t u d i e s .  A sam ple tim e  r e c o r d  o f  th e  s te p  f u n c t io n  r e ­

sponse  d a ta  ta k e n  on th e  a n a lo g  com puter i s  shown i n  F ig u re  9- The s te p  

f u n c t io n  re s p o n s e  d a ta  ta k e n  on th e  a n a lo g  com puter h as  b e e n  c o n v e r te d  

i n t o  r e a l  tim e  and t h i s  in fo r m a t io n  i s  g iv e n  i n  T ab le  I 6 , A ppendix  B.



S a n b o r n

TEM PERATURE ASYM PTOTE OF TEM PERATURE  
CURVE = 6 .4  CM

TEM PERATURE SCALE  
= 1 .0  D EG REE/CM

-FLOW RATE

FLOW RATE DISPLACEM ENT  
= 0. 0253 L B S /S E C

F ig u re  9- Sample o f  S te p  R esponse D ata  Taken on A nalog Computer
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System  No. 2

In  t h i s  sy stem  th e  c o o la n t  p r e s s u r e ,  and  hence th e  c o o la n t  tem ­

p e r a t u r e ,  was v a r i e d  as  th e  f o r c in g  v a r i a b l e . The o u tp u t  v a r i a b le  was 

a g a in  th e  te m p e ra tu re  o f  th e  w a te r  i n  th e  v e s s e l .  D u ring  t h i s  s tu d y  th e  

w a te r  f lo w  r a t e  was h e ld  c o n s ta n t .

To o b ta in  e x p e r im e n ta l  f re q u e n c y  re s p o n s e  d a ta  and e x p e r im e n ta l  

s t e p  re s p o n s e  d a ta  was n o t c o n s id e r e d  p r a c t i c a l  in  t h i s  c a s e .  The e x ­

p e r im e n ta l  m ethod o f  t e s t i n g  u s e d  was th e  p u ls e  r e s p o n s e  te c h n iq u e .  The 

c o o la n t  p r e s s u r e  was a llo w e d  t o  v a ry  be tw een  tw o d i f f e r e n t  l e v e l s  by  

m eans o f  an  a rra n g e m e n t o f  s o le n o id  v a lv e s .  The c o o la n t  p r e s s u r e  and 

th e  e x i t  w a te r  te m p e ra tu re  w ere b o th  re c o rd e d  a s  a  f u n c t i o n  o f  t im e . 

F ig u re  10 d e p ic t s  a  sam ple o f t h e  o u tp u t  d a ta .  The in p u t  s ig n a l  was r e ­

c o rd e d  by hand  a t  two second  i n t e r v a l s .  These d a ta  a r e  g iv e n  in  T a b le s  

17 and  l 8 , A ppendix  B.

The e x p e r im e n ta l  p u ls e  d a ta  w ere th e n  c o n v e r te d  to  f re q u e n c y  r e ­

sp o n se  d a ta  by  means o f  th e  F o u r ie r  i n t e g r a l .  These c a l c u l a t i o n s  w ere 

made on an IBM 65O Com puter.
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CHAPTER V

THEORY

D e r iv a t io n  o f D i f f e r e n t i a l  E q u a tio n  D e sc r ib in g  System  No. 1 

A sc h e m a tic  d iag ra m  o f  a  j a c k e te d ,  w e l l - a g i t a t e d  c o n tin u o u s  r e a c t o r  

Is d e p ic te d  in  F ig u re  1 1 .

T.1

Tc

F ig u re  1 1 . S chem atic  d iag ram  o f  a j a c k e te d ,  
w e l l - a g i t a t e d  c o n tin u o u s  r e a c t o r .

In  a rra n g e m e n t No. 1 ,  th e  in p u t  fo rc in g  v a r i a b le  was th e  l i q u i d  

f lo w  r a t e  W and th e  o u tp u t  f o rc e d  v a r i a b l e  was th e  r e a c t o r  te m p e ra tu re  T. 

T h e re fo re  f o r  sy s tem  No. 1 i t  i s  d e s i r e d  t o  o b ta in  an e q u a t io n  r e l a t i n g  

W, T , and t im e . The d e s i r e d  e x p r e s s io n  i s  g iv e n  by  an  e n e rg y  b a la n c e  on 

th e  l i q u i d  i n  t h e  r e a c t o r .

In p u t  -  O u tpu t = A ccum ula tion , ( l )

34
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I n p u t  = W Cp(T^-T^g^) A8 , (2 )

O u tp u t = W Cp(TQ-T^g^)A8 + U A (T -T g )A 8 , ( 3 )

A c c u m u la tio n  = p VC_ AT . (4 )

Where :

A = H eat t r a n s f e r  a r e a ,  s q . f t .

Cp = H eat c a p a c i ty ,  B T U /lb -°F  

T = T em p era tu re  o f  f l u i d  i n  r e a c t o r ,  °F  

Tj_ = I n l e t  te m p e r a tu r e ,  °P  

T(. = C o o lan t t e m p e r a tu r e ,  °F 

Tq = O u t le t  t e m p e r a tu r e ,  °F 

T re f  = R e fe re n c e  te m p e r a tu r e ,  °F

U = O v e ra ll  h e a t  t r a n s f e r  c o e f f i c i e n t ,  B T U /h r-sq . f t . - ° F  

V = R e a c to r  vo lum e, c u . f t .

W = Flow r a t e ,  lb  s . / h r .  

p = D e n s i ty ,  I b s . / c u .  f t .

0 = Tim e, h o u rs

S u b s t i t u t i n g  e q u a t io n s  ( 2 ) ,  ( 3 ) ,  and (4 ) i n to  e q u a t io n  ( l )  g i v e s :

W C p (T i-T re f)A 8 -W C p (T o -T rg ^ )A 8 - U A ( T - T c )A 8 = p V C p A T .  ($ ) 

C o l le c t in g  te rm s  g i v e s ;

WCp(Tj^-To)-UA(T-Tc) = p V C p - ^  . (6)

Assuming Tq = T, e q u a t io n  (6 ) r e d u c e s  t o :

= n VC_ •
A0

W Cp(Ti-T) - UA(T-Tg) = p VCp . (? )

In  t h e  l i m i t  e q u a t io n  ( ? )  becom es:

d t  W(Tj_-T) UA(T-Tc ) 
d ë "  = pV ■ p VCp (8 )
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w hich i s  th e  d e s i r e d  e x p r e s s io n .

I n  th e  d e r i v a t i o n  o f  e q u a t io n  (8 ) ,  v a r io u s  a s su m p tio n s  w ere  m ade.

1 .  The h e a t  c a p a c i ty  (CL % Cy) and  th e  d e n s i t y  o f  the  l i q u i d  

w ere ta k e n  a s  c o n s ta n t s  and w ere e v a lu a te d  a t  th e  s te a d y  s t a t e  t e m p e ra tu re .  

T h is  a s su m p tio n  sh o u ld  be  j u s t i f i a b l e  a s  th e  te m p e ra tu re  v a r i a t i o n s  w ere 

l e s s  t h a n  15 d e g re e s  F a h r e n h e i t .

2 .  T r a n s ie n t  e f f e c t s  o c c u r r in g  a s  a  r e s u l t  o f  t h e  t r a n s f e r  o f  

h e a t  a c r o s s  th e  tw o l i q u i d  f i lm s  and  th e  m e ta l  w a l l  o f  t h e  r e a c to r  w ere 

n e g le c te d ;  t h a t  i s ,  i t  was assum ed  t h a t  an  o v e r a l l  h e a t  t r a n s f e r  c o e f f i ­

c i e n t  c o u ld  be  u s e d . The o v e r a l l  h e a t  t r a n s f e r  c o e f f i c i e n t  was c o n s ta n t  

o v e r th e  ra n g e  o f  c o n d i t io n s  s tu d i e d ,  and i t  was d e te rm in e d  e )q )e rim e n ta lly  

a t  s te a d y  s t a t e  c o n d i t io n s .

3- The o u t l e t  f l u i d  te m p e ra tu re  was t a k e n  t o  b e  e q u a l t o  th e  tem­

p e r a tu r e  o f th e  f l u i d  i n  th e  r e a c t o r ,  t h a t  i s  p e r f e c t  m ix in g  was assum ed .

4 .  I t  was assum ed t h a t  e q u a t io n  (5 ) a c c o u n ts  f o r  a l l  o f th e  en erg y  

o f  th e  sy s te m .

The above a s su m p tio n s  seem j u s t i f i a b l e  i n  v iew  o f  th e  e x p e r im e n ta l

d a ta .

As th e  f o r c in g  v a r i a b l e  i s  th e  f lo w  r a t e ,  we hav e  i n  a d d i t io n  to  

e q u a t io n  (8 ) ;

w = f ( e )  . ( 9)

S u b s t i t u t i o n  o f  e q u a t io n  (9 ) i n t o  e q u a t io n  (8 ) y i e l d s :

dT f  ( 0 )T UAT f  ( 0 )T,- UATc
-1- ----- —  + ——  = -------------- + , (1 0 )

d e  pV PVCp pV pVCp '

o r

dT + f  ( 8 ) + UA/Cp Tde f (  0 )Tj_ + UATc/C^
L pv J L d0 . (11 )
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T h is  e q u a t io n  i s  a  f i r s t  o rd e r  l i n e a r  d i f f e r e n t i a l  e q u a t io n  w hich  can  h e  

s o lv e d  hy means o f  an i n t e g r a t i n g  f a c t o r .  The i n t e g r a t i n g  f a c t o r  i s :

f (  9 ) + UA/Cpy pV d0 (1 2 )

M u lt ip ly in g  e q u a t io n  ( l l )  hy t h e  i n t e g r a t i n g  f a c t o r  and i n t e g r a t i n g  g i v e s :

f  ( 8 ) + UA/CÜ

Te

f  ( 8 ) + UA/Cp
pV

de T ^f ( 0 )
)V

p v
d0

UAT^
pVCp

f  ( 8 ) + UA/C^
pv

d 0
d0

d 0

(13)

I f  th e  f lo w  r a t e  i s  known as  a  f u n c t io n  o f t im e ;  th e n  th e  i n t e g r a t i o n  i n ­

d i c a t e d  hy  e q u a t io n  ( l3 )  can  be c a r r i e d  o u t ,  a t  l e a s t  i n  p r i n c i p l e .  F o r  a  

s in u s o d i a l  f o r c in g  f u n c t i o n ,  e q u a t io n  (1 3 ) becom es u n w ie ld y . The s o lu ­

t i o n  f o r  a  s in u s o d ia l  in p u t  i s  r e a d i l y  o b ta in e d  by m eans o f  com plex con­

v o lu t io n .

L in e a r i t y  o f  a d i f f e r e n t i a l  e q u a t io n  m ust n o t  h e  c o n fu se d  w ith  

l i n e a r i t y  o f  a  c o n t r o l  sy s te m . A c o n t r o l  sy stem  i s  n o t n e c e s s a r i l y  l i n e a r

j u s t  b e c a u se  t h e  e q u a t io n s  d e s c r ib in g  th e  sy stem  a r e  l i n e a r  e q u a t io n s .

E q u a tio n  ( l l )  i s  n o n - l i n e a r  i n s o f a r  a s  c o n t r o l  th e o r y  i s  c o n c e rn e d . The 

l i n e a r i t y  o f  a  c o n t r o l  sy s tem  i s  b a se d  upon th e  p r o p e r ty  o f  s u p e r p o s i t i o n .  

S u p e r p o s i t io n  w i l l  he d i s c u s s e d  l a t e r  ( s e e  page  $ 0 ) .

The v a r i a b l e s  i n  e q u a t io n  ( l l )  may be w r i t t e n  a s  th e  sum o f  a n  un ­

s te a d y  s t a t e  v a r i a t i o n  an d  a  s te a d y  s t a t e  component :

T = T* + Tg ; ( 1 4 )

an d

W = W* + Wg . (1 5 )

w here  th e  (* )  q u a n t i t i e s  r e p r e s e n t  v a r i a t i o n s  ab o u t th e  s te a d y  s t a t e
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v a l u e .

S u b s t i t u t i n g  e q u a t io n s  ( lÀ ) and 1 5 )  i n t o  e q u a t io n  ( lO ) y i e l d s :

dT* _ (W* + W g)(T i - T* -  T g ) UA(T* + Tg -  Tg)
d 8 pV p VCp

A t s te a d y  s t a t e  c o n d i t io n s  :

o r

w here

(16 )

^ _ W g(Ti -  Tg) UA(Tg -  Tc)
F v  F v c y -  '

S u h s t r a c t in g  e q u a t io n  (1 7 ) from  e q u a tio n  (1 6 ) y i e l d s :

dT* _ W*(Ti -  T* -  T s) _ WgT* _ UAT* _ 
d 8 p V pV pVCp

E q u a tio n  (1 8 ) can  b e  r e a r r a n g e d  t o  g iv e :

, „ 9 )

dT*
Y o" + kg W*T* + k^T* - kgW* = 0 ; (20 )

kg -  , (2 1 )

h  = ( - )

kg = (T i -  T g ) /  pV . ( 2 3 )

E q u a tio n  (2 0 ) i s  t o  be, s o lv e d  u n d e r  th e  c o n d i t io n s :

W* = p s i n  Ü) 8 ; (24 )

T*( 8 ) = T * (0 ) = 0 , (2 5 )

and

W*( 8 )  = W*(0) = 0 . ( 2 6 )

T ak ing  th e  L a p la c e  T ran sfo rm  o f  e q u a t io n  (20 ) g i v e s :
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s T * (s )  + k iT ( s )  + kg ^(W T) - kgW (s) = 0 . (2 ? )

E q u a tio n  (2 4 ) can  b e  w r i t t e n  a s  ;

o 10)9 - jo)8
W* = p s i n  CÜ 0 .= - ^ ( e  -  e ) . (2 8 )

T ak ing  th e  L a p lac e  T ra n sfo rm  o f  e q u a t io n  (28) y i e l d s ;

-  T T t r )  ■ <® )

The L a p lac e  T ra n sfo rm  o f  th e  p r o d u c t  te rm  i n  e q u a t io n  (27 ) may be  

t r e a t e d  by  means o f  com plex  c o n v o lu t io n  (2 6 , $8 , 6 l ) .  I f  f q (  0 ) and 

fg (  8 ) h ave  th e  L a p la c e  T ran sfo rm s F2_(s) and F g ( s ) ,  r e s p e c t i v e l y ,  th e n

+j 00

^ [ f ] ^ ( e ) f 2 ( e [ |  = Ënl" ^ F]_(s-j^)F2(_^)d_w , (30)

max ( 0-^^, 0 -a i  + O'ag) < 0- , ^  < O' -  0"^^ .

In  w h ich  ^  i s  à  r e a l  c o n s ta n t ,  0” = R ( s ) ,  and CTg_̂  an d  0'^^ a r e  th e  ab ­

s c i s s a s  o f  a b s o lu te  c o n v e rg e n c e  o f  th e  f u n c t io n  fj_( 0 )  and f g (  0 ) ,  r e s p e c ­

t i v e l y .

The o u tp u t  f u n c t i o n  w i l l  be  assum ed t o  be  o f t h e  fo rm :

00

T * ( 0  ) = y  . ( 3 1 )

n=0

T aking  th e  L ap lace  T ra n sfo rm  o f  e q u a t io n  ( 3 1 ) g i v e s :

00

T*(s)  = y  . (32)
A  a - Sn

L e t t in g  f q (  0 ) = 'W*( 0 ) ,  and  f g (  0 ) = T*( 0 ) ,  t h e n

W * (s  -  .  F -  ( - .  -  s V  j w  -  w ) '  ( 3 3 )
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00

T*( w ) =
Br

GO -  S
(34)

n
n=0

S u b s t i t u t i n g  e q u a t io n s  (33 ) a n d  (34) i n t o  e q u a t io n  ( 3 0 ) y i e l d s :

j L ( w ^ )  = T i n  C &2 U j  Ç ( s -  CO -  jw )  ( s -  GO +jw ) CO - S v
d  w

n=0 (35)

max < X < U - j GO

E q u a tio n  (35 ) can  be r e w r i t t e n  as

Y + joo

B,n

Y-joO'

2j  (s-_c^-jGo )(_co_-Sj^)
n — 0

00
1 r  i _

2 j

Bv
2ÏI j  \ 2 j  /_j (s-o)_+jco )(i£ _ -s^ )  

n=0
( 3 6 )

Y - jo o

Expanding th e  r i g h t  hand  s id e  o f  e q u a t io n  ( 3 6 ) by  p a r t i a l  f r a c t i o n s  g iv e s

Y+joo _

1 n

n=(.
( s - S n - jw  ) ( _ ^ - s ^ ) doj

Y+joo
1 ^  P

00

2 n  J ^  2 j  s -  C O - j  CO 

Y -joo

B.
^s-_co_-jco  ̂ 2 /  ( s - j  CO )  -  S j ^

n=0

V+joo
1

2 n  j ! B.n
(s-Sn+ Jw  )(_w -S n)

d GO

X -jo o
n=0
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)(+jco

1 r  J l /  L■i \ (

00

2 n j  \ 2 j ^s-U) + j  w ) L j  (s+ j u ) -

Y -joo

d CO
n

R e a rra n g in g  e q u a t io n  ( 3 7 ) :

V+joo

^  (A) I  I
% - j*

,B.n
( S- S^- j  CO )  (_co_- s.n /

n=0

0°

Bn
( s - s  +j w )( co-s )

n=0

d CO

\+jOO

^ 2 Ï U  y
V-joo

00

X̂1

n=0 (s-U ) -  j  co7 \  ( S- j  CO ) -  Sj.

CO

B.1 _ - n
(s-co  + j  CO ) I ( s - j  to ) - s

n=0

dco .

(37 )

(38 )

The p o le s  o f  e q u a t io n  (3 8 )  a r e  a t  _co_ = s. + j  co  ̂ j£_ = s -  jco , and  

CO = s ^ . S in ce  t h e  i n t e g r a t i o n  p ro c e e d s  a ro u n d  a  c lo s e d  c u rv e , th e  l a s t  

i n t e g r a l  i n  e q u a t io n  ( 3 8 ) i s  z e ro  a s  th e  p o le s  s + jco and  s -  jco l i e  

o u t s id e  th e  c lo s e d  r e g io n .  The f i r s t  i n t e g r a l  in  e q u a t io n  (38)  c o r r e s ­

p o n d in g  t o  th e  p o l e s  _c  ̂ = s^  can  he  e v a lu a te d  hy  th e  r e s id u e  th e o re m :

y , f ( z ) d z  = 211 j  S  R e s id u e s  . (39 )

The r e s id u e s  a r e ,  o f  c o u r s e ,  th e  p r i n c i p l e  p a r t s  o f  t h e  L a u re n t s e r i e s  

e x p a n s io n s  a n d , t h e r e f o r e ,  th e  f i r s t  i n t e g r a l  i n  e q u a t io n  ( 3 8 ) re d u c e s  

t o  :



k-2

2 j

00

n=0

B.n B.n
( s - s ^ - j w  ) “ ( s - s ^ + jw  ')

Thus e q u a tio n  (35 ) b ecom es:

Br B. -̂ n _____
s -  (Sn+ jw  ) ■ s -  (S n - jw  J

n=l

S u b s t i t u t i n g  e q u a t io n  ( 4 l )  i n t o  e q u a t io n  (27 ) g iv e s :

(40)

(41 )

( s  + k]_)T*(s) + .^3
2 j

n=0

B,n Bn
- (sn + jw  ) " s - ( s ^ - j to  )'

-k2W*(s)  = 0 . (42)

The c o e f f i c i e n t s  B^ m ust now be e v a lu a te d .  S u b s t i t u t i n g  e q u a t io n s  (29 ) 

and ( 31) i n t o  e q u a t io n  (4 2 ) :

00 00

( s + ki )
s -S n  2 j

n=0 n=0

■̂n
s - (Sn+jw  ) s - is n - jw  )

kgp

2j s -  jw s + jco (43)

D iv id in g  e q u a t io n  (4-3) by s + k-, y i e l d s :
0000

^  s -S n  2 j( s + k ]  )
n=0 n=0

Bn
s - (sn+ jw  )

  n
s - ( s ^ - j w  )

2 j ( s + k ^ ) s - j u j  s + j t o

E xpanding e q u a t io n  (4 4 ) by p a r t i a l  f r a c t i o n s :
00

B.n
s - s

n=0 n 2 j ( s + k i )
n=0

B:n

= 0 .

B,

(44)

•k i  -  (s^ + jw  ) " -kj_ -  ( s n - J  w )
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h L
2 j

n=0

B.

(Sn+Jw  ) + k-i s -
n_______

(sn + J  CO )

Br

(s_ -  jw ) + kl J \ s - ( s ^ - jw  )

2j(s+k3_)

k g p  _____
2 j ( - j c o  +k-| ) ''s+jco

1 1 
(-k j_-jco  ) (-k^+jco )

(ZTT— ) = 0 .

,^2P  1 '
2 j ( j c o + E u  I s - jw  ^

Letting Sq = -k^ :

Br
00

s+k
Bn

1 "n
n=l

( s - s „ )  2 j(s + k . )
n

(45)

B.n
-k]_ -  (S a + jw  ) -  - k 2_ -  ( s ^ - j  co )

n=0

+ M .
2 j

n=0

Br
Sr, + jco + k, / I s - (s'n+jw )

n
s ^ - jc o  ) + k-i I [ s - (s^-jco )n

2 j ( s + k i )
1 _ 1 

( - k ^ - j c o  ) “ ( -k^+ jco  )
, 1 V

2j (jw +k-| ) Ig-jw /

f  _ , / 2 P
2 j ( - j  CO +kj^) ^s+.ju) / = 0 .

C ollecting a l l  of the terms involving (s + k^) g ives;

s+k-,

00

Bo +
^313 

2 j
n=0

Br n
- (sn+jco ) -k-[_ - (s^-jto )

( 4 6 )
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Ô)

Requiring th at the c o e f f ic ie n t  of ^ ) must vanish , y ie ld s

kg|3 Bn Bn
o Zj  \  -k^ - ( ) -k^ - ( s%-j Ù) )

n=0

( 4 7 )

kgP
2j -ky-jw  -k, +j Ü)

0 . (48 )

This lea v es  : 
00

+  M _
s -S n  2 j

n=l n=0

n
(s_+jw ) + k-, I s - (s_+jw )

Bn
(s^-jw  ) + k-| \  s - (s^ -jw  )

/  1 
2 j(jw  +k^) \  s-jw

kgP

2 j(-jw  +kj_) \ s+jw j = 0

Upon repeating the procedure and le t t in g

1̂ = 0

S2 = -  j  CO

— j  CO

S4 = -k^ - >

= -k^ -H

6̂ = -2jco

^7
= 2jco

(49 )
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82 + 4n = - j ( *  + 4 )w

83 + = j (n  + l ) w

S4 + 4n = -%! - + 1 )"

5 + 4n  "  ; (5 0 )s

th e  re m a in in g  c o e f f i c i e n t s  a r e  d e te rm in e d . The c o e f f i c i e n t s  c a n  be 

g ro u p ed  i n t o  s e t s .  T ab le  1 g iv e s  th e  s e t s  o f  c o e f f i c i e n t s .

SETS

TABLE .1 

OF COEFFICIENTS

B o Bg B 3

®1 B l

. B i o B f l

• • •

The Bq c o e f f i c i e n t  i s  a l s o  a f u n c t io n  o f  th e  B2 and  B3 c o e f f i c i e n t s .

The Bq c o e f f i c i e n t  i s  a s s o c i a t e d  w ith  t h e  t r a n s i e n t  s o lu t io n  o f  th e  p ro b ­

lem . T h e re fo re ,  th e  B^, B|^, B^, e t c .  c o e f f i c i e n t s  no lo n g e r  n e e d  t o  b e  

c o n s id e re d .

The c o e f f i c i e n t s  Bg and B3 , Bg and B^, B^q and B^^, e t c .  a re  com­

p l e x  c o n ju g a te s .  T h e re fo re  i t  i s  o n ly  n e c e s s a ry  t o  c a l c u l a t e  one s e t  o f  

c o e f f i c i e n t s .

The r e l a t i o n s  b e tw een  th e  c o e f f i c i e n t s  a r e  :

-koP
*1 = - k [ -  IB  Bg '  ( 5 1 )



h6

kg;|3 k g p
2j ( - j u )  +k^) ~ 2 j ( - j w  +k^) 2 j ( - j u )  +k^) “ ^ ^

k̂ p B2 ^3 P ®10 ^
% “ 2j(-2jw +k̂ ) + 2j(-2jw +k̂ ) = ° ' (53;

and i n  g e n e ra l  ;

„ ^3 P B2+4n________  ^ 3 ^ ^ 2 + k(n+ 2 ) _ ^ .
2 + 4 ( n + l )  2 j  [ - ( n + 2 ) j t o  + k ^  j 2 j [ - ( n + 2 ) j w  + °  ' 154 j

E q u a tio n  ( 5 l )  a r i s e s  from  te rm s  in v o lv in g  l / s .  T hese te rra s  a r e  o b v io u s ly  

o f  th e  n a tu r e  o f  a  s te p  f u n c t i o n  and  g iv e  r i s e  t o  a  c o n s ta n t  te rm .

The Bg c o e f f i c i e n t  c a n n o t be  o b ta in e d  i n  c lo s e d  form, b u t  i t  c a n  be 

c a lc u la t e d  t o  any a c c u ra c y  d e s i r e d .  Upon s u b s t i t u t i n g  e q u a t io n  (53 ) i n to  

e q u a t io n  ( 5 2 ) :

o —
kgp

B2 \  2 j j  ( ( - j w + k ^ ) ( - 2 j w  + k ^ ) j 2 j ( - j w  +kv)

^2 P ImB2 I kg P  ̂ ^10
■ 2j ( - j u  +k^] - \ " W  I  ( - 2 jw  + k^) = °  * ( 52a)

Upon r e p e a t in g  th e  p ro c e d u re  w ith  t h e  r e l a t i o n s  o b ta in e d  from  e q u a t io n

( 5^ ) ,  t h e  Bn Q c o e f f i c i e n t  i n  e q u a t io n  ( 52a)' can  u l t i m a t e l y  be r e p l a c e d  by

th e  c o e f f i c i e n t  Bo  ̂ 1 / , o \  w hich  f o r  l a r g e  n  can  b e  d i s c a r d e d .  The2 + d (n  + 2 J

a d d i t i o n a l  r e l a t i o n s h i p s  :

R (e q u a tio n  52a )  = 0 ,

Im (e q u a tio n  52a) = 0 , ( 5 5 )

a llo w s  th e  c a lc u la t io n ,  o f  th e  Bg c o e f f i c i e n t  from  w hich  a l l  o f th e  o th e r  

c o e f f i c i e n t s  may b e  o b ta in e d .

F i n a l l y ,  th e  s o l u t i o n  o f  e q u a t io n  ( 2 0 ) i s :



1+7

0 0  CO

T( 8 )  = IhBg +
n=0 1 n=0

00

+ I  ■ (5 6 )
n=0

E q u a tio n  (8 )  i s  r e a d i l y  s tu d ie d  by  m eans of a n  a n a lo g  com pu te r.

The e q u a t io n  may b e  s im u la te d  i n  v a r io u s  w ays. F ig u re s  12 and 13 d e p ic t  

th e  a n a lo g  s im u la t io n s  w h ich  w ere u s e d . The analog  s im u la t io n s  w ere ex ­

c i t e d  b o th  by m eans o f  s in u s o d i a l  and s t e p  in p u t  f u n c t io n s .

The s im u la t io n  shown i n  F ig u re  12 was u se d  f o r  f re q u e n c y  re sp o n se  

s t u d i e s .  I n  t h i s  s im u la t io n  th e  s te a d y  s t a t e  component was n o t sub ­

t r a c t e d  o u t .  As on ly  a s in g l e  sp eed  s in e  wave g e n e r a to r  (one  c y c le  p e r  

seco n d ) w as a v a i l a b l e  f o r  t h i s  stud y , f re q u e n c y  v a r i a t i o n s  w ere o b ta in e d  

by v a ry in g  th e  c a p a c i ta n c e  o f  th e  c a p a c i to r  b]_, shown i n  F ig u re  1 2 .

T ab le  22 o f  A ppendix C g iv e s  t h e  v a lu e s  o f  b ^  c o rre s p o n d in g  t o  v a r io u s  

f r e q u e n c ie s .

The s c a l in g  o f  e q u a t io n  (8 )  f o r  a n a lo g  s im u la t io n  was p e rfo rm e d  b y  

m eans o f  th e  fo l lo w in g  t r a n s f o r m a t io n  o f  v a r i a b le s :

T = aTn = lOOT^, (5 7 )

W = cWn = O.iWn, (58)

= b pb gG n = 2 0 . 8 2 b i 8 n  . (5 9 )

T h is  t r a n s f o r m a t io n  o f  v a r i a b l e s  g i v e s ;

?n =131 ][(%n - 0.896WnTn -  0.l805To + 0 .0 6 8 7 )d 8 a  , (60)

w hich  was th e  e q u a t io n  s im u la te d  on th e  a n a lo g  com pu te r. The f u l l  s c a le  

v o l ta g e  o f  25 v o l t s  w as d e te rm in e d  from  th e  m u l t i p l i e r  c h a r a c t e r i s t i c s .  

The s im u la t io n  shown i n  F ig u re  I 3 was u s e d  f o r  th e  s t e p  r e s p o n s e  s t u d i e s .



A . A m p l i f i e r
B . A m p l i f i e r
C . A m p l i f i e r
D . M u l t i p l i e r

0.896T,

ru

,1805

-W,
- 2 2 .7  V o lts

25 V o lt s
0.0687

-O  T,n

-p-00

f ig u r e  1 2 . A nalog S im u la tio n  f o r  F req u en cy  R esponse S tu d ie s



A, A m p lif ie r
B, A m plifier
C, M u ltip lie r

0 ,8 9 6
w y v N .

> \
0.896T,

'n2

'nl
0 .1 8 0 5

-W,

(o

F ig u re  13» A nalog S im u la tio n  f o r  S te p  R esponse  S tu d ie s
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I n  t h i s  s im u la t io n  th e  s te a d y  s t a t e  com ponent was s u b t r a c te d  o u t ,  and  

was s c a le d  u s in g  th e  same v a lu e s  g iv e n  i n  e q u a t io n s  ( 5? ) ,  ($ 8 ) ,  and  ( 5 9 )- 

The tim e  s c a le  f o r  th e  s te p  re s p o n s e  was b^bg = 1 0 , i . e . ,  one seco n d  o f  

a n a lo g  tim e  was th e  e q u iv a le n t  o f  t e n  seco n d s  o f  r e a l  t im e .

I n  p r o c e s s  dynam ics th e  q u a n t i t i e s  o f i n t e r e s t  a r e  i n p u t - o u tp u t  

r e l a t i o n s h i p s .  I n  t h i s  se n se  e q u a t io n  ( 8 ) i s  non l i n e a r  b e c a u s e  i t  does 

n o t a l lo w  s u p e r p o s i t i o n .  A sy stem  i s  s a id  to  be l i n e a r  i f  f o r  e v e ry  

p a i r  o f  in p u ts  0 ) ,  Xg( 8 ) and c o rre s p o n d in g  o u tp u ts  Yj_( 0 ) ,  Y g ( 8 ) ,  

th e  in p u t  X-|_( 0 )  + Xg( 0 ) p ro d u c e s  an  o u tp u t  Yj_( 0 ) + 1 2 ( 0 ) .  The non- 

l i n e a r i t y  i n  e q u a t io n  (8 ) r e s u l t s  from  th e  p ro d u c t  o f  v a r i a b l e s ;  t h a t  i s ,  

t h e  te rm  in v o lv in g  WT. T h is  c o n d i t io n  may be d e m o n s tra te d  a s  f o l l o w s ,

' u s in g  L t o  r e p r e s e n t  th e  a c t i o n  o f  th e  sy stem  on an  in p u t  t o  g iv e  th e  

c o rre s p o n d in g  o u tp u t  ;

L( I n p u t ) = O u tp u t, (6 1 )

L [ X i ( 0  ) ] = Y i ( 0 ) ,  (62)

] = Y g t e ) .  (63)

The fo llo w in g  m ust h o ld  f o r  a  l i n e a r  sy s te m :

L [X i(  8 ) + Xgf e  ) ] = 0 ) + Ygf e  ) .  (&h)

R e f e r r in g  now t o  e q u a t io n  ( 8 ) w hich  can  be w r i t t e n  i n  th e  fo rm  

dY
+ XY + Y = X , (65)

g iv e s

and

d0

dYi
d lF  + X i? !  + %i = , (6 6 )

dYg
d ïT  + X2%2 + ?2  = %2 ' ( 6 7 )
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From e q u a t io n  (6 4 ) 

a(Yn + Y p )
 ^ + (Xi + X2 )(Yi + Yg) + (Yi + Yg) = Xi + Xg . (68 )

A dding e q u a tio n s  (6 6 ) and (6 7 ) g i v e s :  

dY^ dYg
d)ë~ d)e~ '^1^1 ^2  %1 + %2 '  (&9)

For l i n e a r i t y ,  e q u a t io n  ( 6 8 ) and ( 6 9 ) m ust d e  e q u a l .  T h is  c o n d i t io n  i s  

t r u e  o n ly  i f

(Xi + XgjCYi + Yg) = X^Y  ̂ + XgYg , (70)

w hich  i s  n o t th e  c a s e ,  and  th e  sy s tem  i s  t h e r e f o r e  non l i n e a r .

In  p r o c e s s  d y n am ics , a s  l i n e a r  sy s te m s  c a n  be r e a d i l y  t r e a t e d ,  

non l i n e a r  sy s te m s  a r e  u s u a l l y  t r e a t e d  a s  l i n e a r  system s w i th  th e  hope 

t h a t  th e  r e s u l t  w i l l  a d e q u a te ly  d e s c r i b e  t h e  non l i n e a r  c a s e .  E q u a tio n  

(8 )  c a n  be  l i n e a r i z e d  by v a r io u s  a s s u m p tio n s  and  a p p ro x im a t io n s .  One 

m ethod f o r  l i n e a r i z i n g  th e  e q u a t io n  i s  by  m eans o f  a pow er s e r i e s  expan­

s io n  i n  w h ich  o n ly  th e  l i n e a r  te rm s  a r e  r e t a i n e d  (2 , 8 , 9 )* Hence

8 f \  _ , /  8 ff  [ (x o + h ) ,(y o + k )]  = f ( x „ , y p  + + . , .
o-^^o

(7 1 )

A gain , th e  v a r i a b l e s  can  b e  w r i t t e n  as  th e  sum o f  an u n s te a d y  s t a t e  

v a r i a t i o n  and  s te a d y  s t a t e  com ponen ts:

T = T* + Tg , (14 )

and

W = W* + Wg . ( 1 5 )

Then

+ h) , (%0 + %)] = t r  . (T2 )
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f(% o ' %o) = = 0 , (7 3 )

T* , (7 4 )

and

k ( - E )  ■ - ( ^ ^ )  «* • . (T5 )
% o'y°

S u b s t i t u t i n g  e q u a t io n s  ( 7 2 ) ,  ( 7 3 ) ,  ( 7 4 ) ,  and (7 5 ) i n t o  e q u a t io n  ( 7 l )  

y i e l d s  ;

The p a r t i a l  d e r i v a t i v e s  i n  e q u a t io n s  (74 ) and (7 5 ) w ere e v a lu a te d  u n d er 

s te a d y  s t a t e  c o n d i t io n s .  T ak ing  th e  L a p lac e  T ran sfo rm  o f  e q u a t io n  (7 6 ) 

g iv e s  :

sT * (s )  + k iT * ( s )  = k2W *(s) , (7 7 )

o r

T*
(s)  = s + ' (78)

w here kg = ^,^7 and = | ' ^ j  . H ere k̂  ̂ i s  th e  r e c i p r o ­

c a l  o f  th e  tim e  c o n s t a n t .

To p o in t  o u t m ore c l e a r l y  th e  r e s u l t  o f  l i n e a r i z i n g  e q u a tio n  (8 )

h y  m eans o f  th e  pow er s e r i e s ,  t h e  p ro b le m  w i l l  b e  a t t a c k e d  in  a  d i f f e r e n t

m an n er. S u b s t i t u t i o n  o f  e q u a t io n s  ( l 4 )  an d  ( 1 5 ) i n t o  e q u a t io n  (8 ) g iv e s :

dT* (W* + W g)(Ti -  T* -  Tg) UA(T* + Tg - Tg)
d0  -  pV pVCp ' ( 7 9 )

A t s te a d y  s t a t e  c o n d i t io n s  ;
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0 W s(Tj -  T s) _ UA(Ts -  Tç) ^
pV pVCp

S u b t r a c t in g  ^equation  (8o )  from  e q u a t io n  (7 9 )  y i e l d s :

dT* _ W*(Tj - T* - T s) WgT* UAT*
d 6 “ p V pV  pVCp

T h is  e q u a t io n  can  be  r e a r r a n g e d  t o  g iv e :

( 8 1 )

= 0 , (83)

When

W*T*
pV

e q u a t io n  (82 ) r e d u c e s  to  e q u a t io n  (7 6 ) .  Hence^ l i n e a r i z a t i o n  by m eans o f

a  power s e r i e s  e x p a n s io n  i n  w hich  o n ly  th e  l i n e a r  te rm s  a re  r e t a in e d

assum ed t h a t  H Ü ïf = 0 
pV

D e r iv a t io n  o f  E q u a tio n  D e s c r ib in g  System  No. 2 

E q u a tio n  (8 ) i s  a g a in  a p p l i c a b l e :

a ?  W (T i -  T )  UA(T -  T c )

d8 pV pVCp ( 8 )

o r

I n  sy s tem  No. 2 th e  d e s i r e d  in p u t  f o r c in g  f u n c t io n  i s  T^ and th e  o u tp u t  

v a r i a b l e  i s  T. However, c a n n o t be  v a r i e d  d i r e c t l y .  Tq i s  i n d i r e c t l y  

v a r i e d  by  v a ry in g  th e  c o o la n t  p r e s s u r e  P ^ . H ence, T^ m ust be  e x p re s s e d  

i n  te rm s  o f P^ . A l i n e a r  r e l a t i o n s h i p  w i l l  b e  assum ed, i .  e . :

Tc = mPg + n . ( 8 5 )

S u b s t i t u t i o n  o f  e q u a t io n  (8 5 ) i n t o  e q u a t io n  (84 ) g i v e s :
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E q u a tio n  (8 6 ) does n o t  a llo w  s u p e r p o s i t i o n .  T h is  may be  d e m o n s tra te d  a s  

b e f o r e .

L ( In p u t)  = O u tpu t , (6 1 )

I, [ X i (  8 ) ]  = ) , ( 62)

L [ ) % ^ 8 ) ]  = Yg f G)  , (63)

and f o r  a  l i n e a r  sy stem  :

L [ X l (  8 )  + X g f e ) ]  = Y i(  8 )  + Yg( 8 )  . (64 )

E q u a tio n  (8 6 ) may be p u t  i n to  th e  fo rm : 

d r
d lT  + k l ?  = KPc + Kl - . ( 8 7 )

A p p ly ing  e q u a tio n s  (6 2 ) ,  (6 3 ) ,  and (6 4 ) g i v e s :  

dYi
â lT  + kiYp = KPc^ + K p-, (8 8 )

dYg
âgT  + kpTg = KPcg + *1 ' (8 9 )

and

d(Yp + Yp)
 dO  + k lC Y l + %2) = K(Pcp + P cg ) + Kl - (9 0 )

E q u a tio n  (8 6 ) a llo w s  s u p e r p o s i t io n  o n ly  i s  th e  sum o f  e q u a t io n s  ( 8 8 ) and

( 8 9 ) e q u a ls  e q u a t io n  ( 9 0 )  w hich  i s  n o t  th e  c a s e .

I f  t h e  v a r i a b l e s  a re  a g a in  e x p re s s e d  a s  th e  sum o f  an  u n s te a d y  

s t a t e  v a r i a t i o n  and a  s te a d y  s t a t e  com ponent :

T = T* + Tg , (14 )

and

Pc = P*c + Pcs , (91)
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and  upon s u b s t i t u t i n g  e q u a t io n s  ( l 4 )  and  ( 9 1 ) i n t o  e q u a t io n  (86) g i v e s :

dT* . , ,
â ir  + kpT* + kpTs = KP*c + KPcs + %! ' (92)

At s te a d y  s t a t e  :

kl^s = KPcs + Kl ' (93)

S u b t r a c t in g  e q u a t io n  (93 ) from  e q u a t io n  ( 9 2 ) g i v e s ;  

dT*
d0- + • (9M

T aking  th e  L a p lac e  T ran sfo rm  o f  e q u a t io n  (9 4 ) y i e l d s :

T* , , K . -
P*g ( ® ) ~ S + k q ^  ( 9 5 )

w here k-i = + UA/Cp) and K = ■ . E q u a t io n  (9 5 ) i s  th e  d e s i r e d  in p u t
pV pVCp

and o u tp u t  r e l a t i o n s h i p  f o r  sy s tem  No. 2 .

I f  Pg i s  known as a f u n c t i o n  o f  t im e ,  th e n  e q u a t io n  (8 6 ) c o u ld  be 

s o lv e d  by  th e  i n t e g r a t i n g  f a c t o r  m e th o d . The p u l s e s  u se d  i n  th e  e x p e r i ­

m e n ta l w ork a r e  n o t known a n a l y t i c a l l y ;  t h e r e f o r e ,  no a t te m p t  was made 

t o  o b ta in  an  a n a l y t i c  s o lu t io n  o f e q u a t io n  ( 8 6 ) .



CHAPTER VI

RESULTS

R e s u l ts  o f  A n a ly t ic  S o lu t io n  D e s c r ib in g  System  No. 1 

The a n a l y t i c  s o l u t i o n  o f  th e  e q u a tio n  d e s c r ib in g  sy s tem  No. 1 i s :

"2+4n 0

n=0

53+J+n 0
( 5 6 )

n =0

E q u a tio n  ( 5 6 ) can  be w r i t t e n  a s  

T*( 0 ) = .̂ -3^- ImBg + B ge-jw G  +

00 00

n = l
(96)

n = l

The c o e f f i c i e n t s  Bg and  Bg a r e  com plex c o n ju g a te s  and can  b e  w r i t t e n :

B:

g - j  * 2

and

Hence :

Br

(97 )

(98)

(99 )

56
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BgG

But

■ ico0 iw8
+ B^e^

4>2 = 2 n  - (|)g'

Br
_ j(u )0  + (#2 ) j ( w 8  _ cj)^)

e + e
(1 0 0)

(101)

S u b s t i t u t i n g  e q u a t io n  ( lO l)  i n t o  e q u a t io n  (lOO) g iv e s

j ( w 8 - cf) ) - j ( w 8 + cj)o)

j ( u 8  +2n -4>o) ^ j ( w 8  -4 ^ )

•j(to0  - 4>g) - 2 F I j   ̂ j ( w 8 -4 ^ )

But

e " 2 n j  = 

so  t h a t  e q u a t io n  ( l0 2 )  r e d u c e s  t o ;

j  ( CO0 - tj^ )  ^ - j ( w 0  -  4^)

(102)

(1 0 3 )

Br =  2 Br CDS (to9 -  4>o) ^

(104 )

o r

Br
j(co0 -4 h )  , - j ( w 8  - 4 ^ )

;  J  + e o Bin (u)0 + —  - 4’̂ ) •

(1 0 5 )

S u b s t i t u t i n g  e q u a t io n  (1 0 5 ) i n t o  e q u a t io n  (9 6 ) g iv e s :

■p* ImB + 2 Br s i n  ( w0 + —  -  4* 2 )

00

n = l n= l
(1 0 6)

R e p e a tin g  th e  p ro c e d u re  f o r  th e  c o e f f i c i e n t s  Bg and By g iv e s  : 

r * ( 0  ) = ' S — ImBg + 2 ] B gl s i n  ( w 8 + -  4g)
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00

B6 s i n  (2 uj0 + -  ({) y ) + ' 2 + 4 n ^

n=2

CO

B3+4n^
3+1+n^

and i n  g e n e r a l  ;

T*( 0 ) =

n=2

ImBg + 2 s i n  ( CO0 + — 4) 3 )

(1 0 7)

+ 2 s in  ( n w6 +  ^Bg s in  (2 w8 + ~  - cjj^) + . • • + 2

(108)

The a b s o lu te  v a lu e s  o f  th e  f i r s t  s e v e r a l  c o e f f i c i e n t s  a t  v a r io u s  

f r e q u e n c ie s  have b e e n  c a l c u l a t e d  and a r e  l i s t e d  i n  T ab le  2 .

I n  T ab le  3 a r e  t a b u l a t e d  th e  v a lu e s  o f th e  im a g in a ry  p a r t  o f  th e  

Bg c o e f f i c i e n t  and v a lu e s  o f  th e  c o n s ta n t  te rm .

From T ab le  2 i t  i s  a p p a re n t  th a t  o n ly  th e  f i r s t  and seco n d  h a r ­

m onics n eed  be c o n s id e r e d .  At f r e q u e n c ie s  g r e a t e r  th a n  6 .2 8  r a d / m in . ,  

t h e  second  harm on ic  can be  d ro p p ed  a t  l e a s t  when th e  v a lu e s  o f  kg ;

kg ; and p a r e  a p p ro x im a te ly  th o s e  l i s t e d  a t  th e  b o tto m  o f  T a b le  2 .

T ab le  3 a l s o  shows t h a t  th e  c o n s ta n t  te rm  can  be  n e g le c te d  a t  f r e q u e n c ie s  

g r e a t e r  th a n  6 .2 8  r a d /m in . F o r th e  ran g e  o f  v a lu e s  o f  kj_; k g ; kg ; and  P 

c o n s id e re d ;  e q u a t io n  (1 0 8 ) re d u c e s  to :

T*( 0 ) = .^3 imBg +2  j Bg s i n  ( co0 + -  4)g)

+ 2 (1 0 9 )Bg s in  (2  CÜ0 + — cjsy) .

F o r  v a lu e s  o f  k ^ ; kg; kg; and  p s u f f i c i e n t l y  d i f f e r e n t  from  th o s e  c o n s i ­

d e re d ;  i t  w ould b e  n e c e s s a ry  t o  r e - c a l c u l a t e  T a b le s  2 and 3- I t  may be
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TABLE 2

ABSOLUTE VALUES OF THE B^ COEFFICIENTS AT VARIOUS FREQUENCIES

F re  quency 
R ad/m in

w

C o e f f i c i e n t s

B2 % ®10 ® l4 B18 B2 2

0 .3 1 4 1 -9 3 6 0 .2 6 8 7 0 .0 3 6 0 .0 0 4 0 .0 0 0 5 0 .00007
0 .6 2 8 1 .9 0 2 0 .2 4 8 0 .0 2 9 0 .0 0 3 0 .0 0 0 2 -
1 .8 8 4 1 .6 3 0 0 .1 3 9 0 .0 0 9 - - -
3-140 1 .3 1 2 0 .0 7 7 0 .0 0 3 - - -
6 .2 8 0 0 .8 0 8 0 .0 2 6 - - - -

1 8 .8 4 0 .2 9 2 0 .0 0 3 - - - -
3 1 .4 0 0 .1 7 7 0 .0 0 1 - - - -
6 2 .8 0 0 .0 8 8 - - - - -

1 2 5 .6 0 0 .0 4 4 - - - - -

= 2 .8 6 kg = 5 .9 0 kg = 0 .4 3 }3 = 1 -8 9

TABLE 3

VALUES OF CONSTANT TERM AT VARIOUS FREQUENCIES

F requency
R ad/m in -Im  Bg C o n s ta n t

w Term

0 .3 1 4 1 .8 6 1 0 .5 2 8
0 .6 2 8 1 .3 6 0 .3 8 8
1 .8 8 4 0 .8 8 4 0 .2 5 1
3 .1 4 0 .3 3 5 0 .0 9 5
6 .2 8 0 .0 4 4

1 8 .8 4 0 .0 1 6 -

31-40 0 .0 0 4 -

6 2 .8 0 -

1 2 5 .6 0 - -

= 2 .8 6 kg = 5 -9 0 kg = 0 .4 3 (3 = 1 .8 9
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n e c e s s a ry  i n  c e r t a i n  c a s e s  t o  r e t a i n  more th a n  t h e  f i r s t  and  seco n d  h a r ­

m on ics .

A n a ly s is  an d  R e s u l ts  o f  th e  E x p e r im e n ta l  and  A nalog Com puter D ata

F req u en cy  R esponse D ata  

The f re q u e n c y  re s p o n s e  d a ta  w ere a n a ly z e d  p r im a r i l y  f o r  m ag n itu d e  

r a t i o  and  p h a se  a n g le  in f o r m a t io n .  The m ag n itu d e  r a t i o s  and  p h a se  a n g le s  

w ere th e n  p l o t t e d  v e r s u s  f re q u e n c y  t o  g iv e  th e  f a m i l i a r  Bode p l o t .  From 

th e  Bode p l o t s  t h e  o r d e r  o f  th e  sy s te m , th e  sy s tem  tim e  c o n s ta n t ,  and  th e  

f re q u e n c y  in d e p e n d e n t  f a c t o r  w ere a s c e r t a i n e d .  The e q u iv a le n t  t r a n s f e r  

f u n c t i o n  f o r  t h e  sy stem  was a l s o  o b ta in e d  from  th e s e  p l o t s .

Such non l i n e a r  e f f e c t s  a s  a p p e a re d  w ere a n a ly z e d . The non l i n e a r  

e f f e c t s  a p p e a r  p r im a r i l y  a s  a  s h i f t i n g  o f  th e  Bode p l o t  c u rv e s  w i th  v a r i a ­

t i o n s  i n  t h e  a m p litu d e  o f  th e  s in u s o d ia l  in p u t  f o r c in g  f u n c t i o n .  T h is  

s h i f t i n g  o f  th e  Bode p l o t  c u rv e s  r e s u l t s  i n  a  v a r i a t i o n  o f  t h e  sy s tem  

tim e  c o n s ta n t  an d  f re q u e n c y  in d e p e n d e n t f a c t o r .  I n  non l i n e a r  sy s te m s  a  

p u re  s in u s o d i a l  in p u t  f o r c in g  f u n c t io n  w i l l  n o t n e c e s s a r i l y  g iv e  r i s e  t o  

a  p u re  s in u s o d i a l  o u tp u t .  The tim e  r e c o r d  o f  t h e  f re q u e n c y  r e s p o n s e  d a ta  

was t h e r e f o r e  exam ined  f o r  such  e f f e c t s .

Bode p l o t s  c o n s t r u c te d  from  f re q u e n c y  re s p o n s e  d a ta  ta k e n  on th e  

a n a lo g  com pu ter a r e  shown i n  F ig u re s  2 4 , 25 , 2 6 , 2 7 , and 28 o f  A ppendix  D..

The e x p e r im e n ta l  Bode p l o t s  a r e  shown i n  F ig u re s  2 9 , 30 , an d  31 o f  

A ppendix  D.

O rder o f  th e  System  

An e x a m in a t io n  o f  t h e  Bode p l o t s  r e a d i l y  shows t h a t  t h e  sy s tem  can  

h e  v e ry  c lo s e l y  a p p ro x im a te d  hy  a  f i r s t  o r d e r  t r a n s f e r  f u n c t i o n .  F o r a
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f i r s t  o r d e r  sy stem  th e  m ag n itu d e  r a t i o  m ust have a  l i m i t i n g  s lo p e  o f  

m inus s ix  d e c ib e l s  p e r  o c ta v e  and  th e  p h ase  a n g le  m ust l e v e l  o f f  a t  

m inus $0 d e g re e s .  B oth  o f  th e s e  c o n d i t io n s  a r e  c lo s e ly  a p p ro x im a te d  as  

can  b e  se e n  from  t h e  Bode p l o t s  i n  A ppendix D. These c o n d i t io n s  a r e  a ls o  

i n  ag reem en t w ith  th e  pow er s e r i e s  a p p ro x im a tio n  w h ich  p r e d i c t s  (e q u a ­

t i o n  7 8 ) a  f i r s t  o r d e r  sy s tem .

Time C o n s ta n ts

The tim e  c o n s ta n t s  w ere o b ta in e d  from  b o th  t h e  m ag n itu d e  r a t i o  

and p h a se  a n g le  p o r t i o n s  o f  th e  Bode p l o t .  The tim e  c o n s ta n t  i s  th e  r e ­

c i p r o c a l  o f  th e  b r e a k  f re q u e n c y . The tim e c o n s ta n ts  w ere o b ta in e d  by 

a s y m p to tic  a p p ro x im a tio n  from  th e  m ag n itu d e  r a t i o  p o r t i o n  o f  th e  Bode 

p l o t .  On th e  p h a se  a n g le  p o r t i o n  o f  th e  Bode p l o t ,  t h e  tim e  c o n s ta n t  i s ,  

o f  c o u r s e ,  t h e  r e c i p r o c a l  o f  th e  f re q u e n c y  c o r re s p o n d in g  t o  m inus k-3 

d e g r e e s .

In  o b ta in in g  tim e  c o n s ta n ts  by th e  a s y m p to tic  a p p ro x im a tio n  

m ethod , t h e  m ag n itu d e  r a t i o  p o r t i o n  o f  th e  Bode p l o t  i s  f r e q u e n t ly  n o r ­

m a l iz e d . I n  t h i s  c a s e  th e  n o r m a l iz a t io n  w ould amount t o  p l o t t i n g  th e  

r a t i o  :

W (1 1 0 )

The n o r m a l iz a t io n  i s  d e s i r e d  b e c a u s e  th e  a b s o lu te  v a lu e  o f  th e  f re q u e n c y  

in d e p e n d e n t f a c t o r  i s  som etim es n o t  known w ith  c e r t a i n t y .  The f re q u e n c y  

in d e p e n d e n t f a c t o r  f o r  th e  n o rm a liz e d  p l o t  i s  e q u a l t o  u n i ty .  The n o r ­

m a l i z a t io n  p ro c e d u re  i s  l e g i t i m a t e  f o r  l i n e a r  s y s te m s , b u t  c a u t io n  m ust 

b e  u s e d  w i th  non l i n e a r  s y s te m s . I n  non l i n e a r  sy stem s th e  v a lu e  o f
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T 1( s ) L ^  _Q i s  n o t  n e c e s s a r i l y  a  c o n s ta n t .  Fot t h i s  r e a s o n  th e  Bode 

p l o t s  have n o t  b e e n  n o rm a liz e d .

A c o m p ariso n  o f  t h e  m ag n itu d e  r a t i o  p o r t i o n  o f  t h e  Bode p l o t s  con­

s t r u c t e d  from  th e  e x p e r im e n ta l  d a ta ,, a n a lo g  d a ta ,, and  th e  v a lu e s  c a lc u ­

l a t e d  hy  th e  power s e r i e s  a p p ro x im a tio n  a r e  shown i n  F ig u re  l 4 .  The 

t h r e e  c u rv e s  a lm o st c o in c id e .  A c o m p a riso n  o f , t h e  o th e r  Bode p l o t s  i n  

A ppendix  D shows t h a t  th e  a n a lo g  d a t a  and th e  e x p e r im e n ta l  d a ta  a r e  i n  

good ag reem en t a t  l e a s t  i n s o f a r  a s  m ag n itu d e  r a t i o  i s  c o n c e rn e d . The 

m ag n itu d e  r a t i o  c a l c u l a t e d  from  th e  pow er s e r i e s  a p p ro x im a tio n  w i l l ,  o f  

c o u rs e ,  n o t v a ry  w i th  changes i n  a m p l i tu d e .

A com p ariso n  o f  th e  p h a se  a n g le  p o r t i o n  o f  th e  bode p l o t s  con­

s t r u c t e d  from  th e  e x p e r im e n ta l  and a n a lo g  d a ta ,  and from  v a lu e s  c a lc u ­

l a t e d  from  e q u a t io n  (7 8 ) ,  i s  shown i n  F ig u re  15. A v a r i a t i o n  i n  t h e s e  

c u rv e s  i s  n o te d .

T ab le  4 sum m arizes th e  tim e  c o n s ta n t s  o b ta in e d  from  th e  Bode p l o t s .  

The e x p e r im e n ta l  tim e  c o n s ta n t  i s  a b o u t f i v e  seconds g r e a t e r  th a n  th e  

tim e  c o n s ta n t  o b ta in e d  from  th e  a n a lo g  d a t a ,  and ab o u t f o u r  se co n d s  g r e a t e r

th a n  th e  tim e  c o n s ta n t  c a l c u l a t e d  from  e q u a tio n  ( 7 8 ) .  The tim e  c o n s ta n t s

o b ta in e d  from  b o th  t h e  m ag n itu d e  r a t i o  and phase a n g le  p o r t i o n s  o f  th e

Bode p l o t s  a r e  seen  t o  d e c re a s e  w i th  a m p litu d e .

F req u en cy  In d e p e n d e n t F a c to r

The f re q u e n c y  in d e p e n d e n t f a c t o r  i s  th e  v a lu e  o f  th e  t r a n s f e r  

f u n c t io n  a t  z e ro  f re q u e n c y , i .  e . ,

T
W ( s ) w  =0 • (111)

The f re q u e n c y  in d e p e n d e n t f a c t o r s  w ere o b ta in e d  from  th e  m ag n itu d e  r a t i o



L O G A R IT H M I C
r-.L'JFFEL & E.S»C

0

E X P E R IM E N T A I. V A L U E S 
A N A LO G  V A LU ES
V A L U E S C A L C U L A T E D  FR O M  P O W E R  

S E R IE S  A P P R O X IM A T IO N

0
MAXIMUM FL O W  R A T E  = 7. 33 L B S /M IN  
M IN IM U M  FL O W  R A T E  = 3. 55 L B S /M IN  
STEA D Y  S T A T E  F L O W  R A T E  = 5 .4 4  L B S /M IN  
A M P L IT U D E  O F IN P U T  FO R C IN G  FU N C T IO N  = 

1. 89 L B S /M IN

F R E Q U E N C Y  (C Y C L E S P E R  M IN U T E )

I. 1
0 . 01 0 . 10 1. 0 10. 0

o\U)

F ig u re  l 4 .  C om parison o f  A m plitude  R a t io s  O b ta in e d  from  E x p e r im e n ta l  and 
Analog D a ta , and from  Power S e r ie s  A p p ro x im a tio n



SEMI-UOGARITHMIC— 3 5 8 - 7 0  
KEUFFCL a  CSSER  C O. «>Ct IM U .S .l. 

3  C Y CLES X  e o  D IV ISIO N S

A N A LO G  --------
C A L C U L A T E D  —  

E X P E R IM E N T A L -
-O E X P E R IM E N T A L  V A LU ES 
D  A N A LO G  V A L U E S
A  V A L U E S C A L C U L A T E D  P R O M  P O W E R  

S E R IE S  A P P R O X IM A T IO N
20

30

III,'

40 .

50

70

M A X IM U M  F L O W  P A T E  = 7. 33 L B S /M IN  
M IN IM U M  FL O W  R A T E  = 3. 55 L B S /M IN  
STEA D Y  S T A T E  F L O W  R A T E  = 5 .4 4  L B S /M IN  

A M P L IT U D E  O F FO R C IN G  F U N C T IO N  =
1. 89 L B S /M IN

80
i l l !

n i l

T Î I Î I I I I

Itii!l | l

F R E Q U E N C Y  (C Y C L E S  P E R  M IN U T E )

10 . 00 . 01

ONf

F ig u x e  1 5 . C om parison o f  P hase  A ng les O b ta in e d  from  E x p e r im e n ta l  and  A nalog 
D a ta , and  from  Power S e r ie s  A p p ro x im a tio n



65

TABLE 4

TIME CONSTANTS OBTAINED FROM FREQUENCY RESPONSE DATA

A m plitude o f  S in u s o d ia l  
In p u t ( l b s / s e c )

F requency  
CO = 1/  T (C y c le s /m in )

Time C o n s ta n t 
T  ( s e c )

Time C o n s ta n ts  O b ta in e d from  M agn itude  R a t io  P o r t io n  o f Bode P l o t s  f o r
A nalog Com puter D a ta  :

0.0394 0.47 20.3
0.0315 0.46 20.7
0.0237 0.46 20.7
0.0157 0.45 21.2
0.0079 0.44 2 1 .7

Time C o n s ta n ts  O b ta in e d from  P hase  A ngle P o r t io n  o f  Bode P l o t s  f o r  Analog
Computer D a ta  :

0.0394 0.52 1 8 .4 0
0.0315 0.50 1 9 .1
0.0237 0.48 19.9
0.0157 0.475 2 0 .1
0.0079 0.470 20.3

Time C o n s ta n ts  O b ta in e d  from  M agn itude  R a t io  P o r t io n  o f Bode P l o t s  f o r
E x p e r im e n ta l D a ta  :

0.0315 0.38 2 5 .1
0.0237 0.38 25.1
0.0157 0 . 4o 23.9

Time C o n s ta n ts  O b ta in e d from  P hase  A ngle P o r t io n  o f  Bode P l o t s  f o r
E x p e r im e n ta l D a ta  :

0.0315 0.39 24.5
0.0237 0 . 4o 23.9
0.0157 0.43 22.2

C a lc u la te d  Time C o n s ta n t
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p o r t i o n  o f  th e  Bode p l o t s .

The t r o u b l e  t h a t  can  a r i s e  from  n o rm a liz in g  a  Bode p l o t  i s  r e a d i l y  

a p p a re n t  -when th e  f re q u e n c y  in d e p e n d e n t f a c t o r  i s  c o n s id e r e d .

r T / \ kg
L w ( ^ W _ Jw  + k]_ _ ^1

[-
kg + kj_

W =0 kq

(112)

H ence, th e  f a c t o r  kg d o es  n o t a p p e a r  i n  t h e  n o rm a liz e d  Bode p l o t .  A n o r ­

m a liz e d  Bode p l o t  u s e d  t o  com pare e x p e r im e n ta l  d a ta  and t h e o r e t i c a l  c a l ­

c u l a t i o n s  i s  o n ly  good i n  com paring  tim e  c o n s ta n t s .  A t r a n s f e r  f u n c t io n  

o b ta in e d  from  a  n o rm a liz e d  Bode p l o t  ca n  b e  g r e a t ly  in  e r r o r .

T ab le  5 sum m arizes t h e  f re q u e n c y  in d e p e n d e n t f a c t o r s  o b ta in e d

from  th e  Bode p l o t s .  A lso  th e  f re q u e n c y  in d e p e n d e n t f a c t o r  c a l c u l a t e d

from  e q u a t io n  (? 8 )  i s  g iv e n  i n  T ab le  5* Some v a r i a t i o n  i n  th e  frequency-

in d e p e n d e n t f a c t o r  w i th  a m p litu d e  i s  n o te d .

Non L i n e a r i t i e s

The v a r i a t i o n s  i n  tim e  c o n s ta n t s  and  f re q u e n c y  in d e p e n d e n t f a c ­

t o r s  n o te d  p r e v io u s ly  a re  non l i n e a r  e f f e c t s .  One p ro n o u n ce d  non l i n e a r  

e f f e c t  a p p e a re d  a t  lo-w f r e q u e n c ie s .  At low  f r e q u e n c ie s  a  p u re  s in u s o d i a l  

in p u t  d id  n o t g iv e  r i s e  t o  a  p u re  s i n u s o d i a l  o u tp u t.  The o u tp u t  was 

r a t h e r  a  d i s t o r t e d  s in e  w ave. F ig u re  l 6  shows th e  e f f e c t  on th e  a n a lo g  

co m p u te r. The wa-yy l i n e  su p e rim p o sed  on th e  o u tp u t c u rv e  i s  60 c y c le  

p i c k  u p . F o r th e  e x p e r im e n ta l  a p p a r a tu s ,  a  d i s t o r t i o n  was a ls o  n o te d  i n  

th e  o u tp u t  s in e  wave a s  sho-wn i n  F ig u re  1 7 - T h is  e f f e c t  i s  t o  be  e x p e c te d  

from  c o n s id e r a t io n  o f th e  s te a d y  s t a t e  r e l a t i o n s h i p  b e tw e e n  W and  T, i . e . :

T„ = W sOpTj +  UATc _ ( 113 )
WgCr, + UA
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TABLE 5

FREQUENCY INDEPENDENT FACTORS

A m plitude  o f  S in u s o d ia l  F req u en cy  In d e p e n d e n t
In p u t  ( l b s / s e c )  F a c to r  ( d e g r e e - m in / lb )

F req u en cy  In d e p e n d e n t F a c to r  O b ta in e d  from  Bode P l o t s  
f o r  A nalog Com puter D a ta :

0 .0 3 1 5  2 .0
0 .0 2 3 7  1 .8
0 .0 1 5 7  1 .9
0 .0 0 7 9  2 .1

F req u en cy  In d e p e n d e n t F a c to r  O b ta in e d  from  Bode P l o t s  
f o r  E x p e r im e n ta l  D a ta :

0 .0 3 1 5  2 .1 5
0 .0 2 3 7  2 .0 9
0 .0 1 5 7  2 .1 4

F req u en cy  In d e p e n d e n t F a c to r  C a lc u la te d  from  Power 
S e r ie s  A p p ro x im a tio n :

2.10



T E M P  E R A T T T -R F.

FLOW RATE AM PLITUDE  
= 1.89 LBS/M IN  

FREQUENCY = 0 . 2 0  
CYCLES/M IN

FLOW RATE
cr\00

F ig u re  l 6 .  Sample o f  A nalog D a ta  f o r  Low F req u en cy  S in u s o d ia l  In p u t



SanSOpn !■

TEMPERATURE

FLO W  R A TE

A M PL ITU D E  OF FO RC IN G  FUNCTION 
= 1. 89 L B S/M IN  

FR EQ U EN C Y  = 0 .2  C Y C LES/M IN

o\\o

F ig u re  1 7 . Sample o f  E x p e r im e n ta l  D ata  f o r  Low F re q u en cy  S in u s o d ia l  In p u t
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E q u a tio n  ( I I 3 ) i s  non l i n e a r .  At t h e  low  f r e q u e n c ie s  t h e  te m p e ra tu re  a t  

any i n s t a n t  i s  c lo s e l y  a p p ro a c h in g  th e  s te a d y  s t a t e  v a lu e  c o rre s p o n d in g  

to  th e  f lo w  r a t e  a t  t h a t  i n s t a n t .  I t  i s  t o  h e  p o in te d  o u t h e r e  t h a t  a t  

low f r e q u e n c ie s  t h e  te m p e ra tu re  w i l l  a v e ra g e  s l i g h t l y  h ig h e r  th an  w ou ld  

he p r e d i c te d  from  e q u a t io n  ( I I 3 ) i f  th e  a v e ra g e  f lo w  r a t e  o v e r  th e  i n t e r ­

v a l  w ere u sed  as  t h e  s te a d y  s t a t e  v a lu e .

The d i s t o r t i o n  o f  th e  o u tp u t i s  p r e c i s e l y  c a l c u l a t e d  from  eq u a ­

t i o n  (1 0 9 ) .  F ig u re  I 8 shows a  co m p a riso n  o f  t h e  o u tp u t  c a lc u la t e d  from  

e q u a tio n  (IO 9 ) w i th  t h a t  o b ta in e d  on th e  a n a lo g  co m p u te r. The v a lu e s  

o b ta in e d  on th e  a n a lo g  com puter a re  l i s t e d  i n  T ab le  23»

Some v a r i a t i o n  w ith  am p litu d e  o f  t h e  m ag n itu d e  r a t i o  cu rv es  w ere  

o b se rv e d  a t  low  f r e q u e n c ie s .  T h is  v a r i a t i o n  i s  shown i n  F ig u re  19»

In  c o n n e c t io n  w i th  v a r i a t i o n s  i n  th e  m ag n itu d e  r a t i o  cu rv es  and 

th e  p h ase  a n g le  c u rv e s  shown in  F ig u re s  l 4  and 1 5 ; e q u a t io n  (IO 9 ) g i v e s  

some v e ry  i n t e r e s t i n g  in fo r m a t io n .  I t  i s  o b v io u s  from  F ig u r e s  16, 1 7 , 

and 18 t h a t  b o th  t h e  a m p litu d e  r a t i o  and  th e  p h a se  a n g le  d epend  upon th e  

l o c a t io n  a t  w hich  th e y  w ere m easu red , i . e . , w h e th e r  m easu rem en ts w ere  

ta k e n  from  p e a k  t o  p e a k  o r  e ls e w h e re . T ab le  6 l i s t s  t h e  a m p litu d e  r a t i o  

ta k e n  a t  v a r io u s  l o c a t i o n s ,  and f o r  s e v e r a l  f r e q u e n c ie s ,  o b ta in e d  fro m  

P h a se r  p l o t s  o f  e q u a t io n  (IO9 ) .  The c a l c u l a t e d  v a r i a t i o n  f o r  th e  m ag n i­

tu d e  r a t i o  i s  n o t v e ry  l a r g e .  T ab le  7 com pares th e  v a r i a t i o n s  shown i n  

F ig u re  ih  w i th  th o s e  c a lc u l a t e d .  The v a lu e s  shown i n  F ig u re  l 4  a re  

a v e ra g e  v a lu e s  o b ta in e d  from  v a r io u s  p o i n t s  o f  s e v e r a l  c y c l e s .  I t  m u st 

be p o in te d  o u t t h a t  t h e  v a r i a t i o n s  shown i n  T a b le  6 have  n o th in g  t o  do 

w ith  e x p e r im e n ta l  e r r o r .  These v a r i a t i o n s  w i l l  e x i s t  ev e n  i f  th e  e x -



imwti i « h
A N A L Y T IC  SO L U T IO N  T A K IN G  O N LY  
T H E  F IR S T  A N D  SE C O N D  H A R M O N IC S  
A ND  T H E  C O N ST A N T  T E R M

F R E Q U E N C Y  O F  F O R C IN G
V A R IA B L E  = 0. 314 R A D /M IN

A N A LO G  V A L U E S

i
i i t  .u iv i. OT'itU. #

C O N ST A N T  T E R M

SE C O N D  H A R M O N IC

F IR S T  H A R M O N IC

0. 0 2 . 0 4 . 0 6. 0 8 . 0  10. 0 12. 0

T IM E  (M IN U T E S )

14. 0 16. 0 IB. 0

F ig u re  l 8 .  C om parison o f  jQ ie o r e t ic a l ly  C a lc u la te d  O utpu t w i th  V a lu e s  
O b ta in e d  from  A nalog Com puter f o r  Low F req u en cy  In p u t

20. 0



A ïvIPL JT U D E  O F FO R C IN G  FU N C T IO N  
1 .8 9  U B S /M IN  
0. 94 U B S /M IN  
0. 475 B B S /M IN

C O D E

STEA D Y  S T A T E  FE O W  R A T E  = 5 .4 4  L B S /M IN

F R E Q U E N C Y  (C Y C L E S /M IN U T E )

1. 00.10. 01

ro

F ig u re  19* V a r ia t io n  o f  M agn itude  R a t io  w ith  V a r ia t io n  o f  
A m plitude  o f  F o rc in g  F u n c tio n
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TABLE 6

VARIATION IN  AMPLITUDE RATIO WITH POSITION OF MEASUREMENT

Time
(m in)

M agn itude
R a t io

L im its  o f  
V a r ia t io n

F requency  = 0 .3 l4  ra d /m in -

0 2.16 1 .99  -  2.16
2 2.17
4 2.09
6 2.06
8 2.08

10 2.10
12 2.05
14 1.99
l 6 2.00
18 2.07

F requency  = 0 .6 2 8  ra d /m in

0 2.07 1.96 - 2.07
2 2.04
4 2.04
6 1.99
8 1.96

F requency  = 1 .8 8 4  ra d /m in

0 1.80 1 .7 2  -  1 .8 0
2 1 .7 5
4 1 .7 3
6 1 .7 3
8 1 .7 2
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TABLE 7

COMPARISON OF VARIATIONS IN FIGURE lA WITH 
THOSE CALCULATED FROM EQUATION (1 0 9 )

F re  quency V a r ia t io n s  in C a lc u la te d
ra d /m in F ig u re  ( l4 ) V a r ia t io n s

0.314 1 . 9 9 - ^ 2 .1 6 2 . 0W

0.628 1 . 9 6 - ^ 2 .0 7 1 .88 -9 .2 .05

1.884 1 . 7 2 ^ 1 .8 0 1 .7 6 - > 1 .8 4
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p e r im e n ta l  e r r o r  i s  z e ro .

I n  T ab le  8 a r e  l i s t e d  th e  v a r i a t i o n s  i n  p h a s e  a n g le  c a l c u l a t e d  

from  e q u a t io n  ( 1 0 $ ) .  A s u r p r i s i n g l y  l a r g e  v a r i a t i o n  i s  n o t i c e d .  T h is  

l a r g e  v a r i a t i o n  m ig h t e x p la in  t h e  d e v ia t i o n  n o t i c e d  in  F ig u re  1 5 .

I t  i s  i n t e r e s t i n g  t o  n o te  t h a t  e q u a t io n  ( 1 0 9 ) m ig h t be  u se d  t o  

p la c e  r e l i a b i l i t y  l i m i t s  t o  a  Bode p l o t .

T r a n s f e r  F u n c tio n  

I n  a non  l i n e a r  sy stem  i t  i s  n o t t h e o r e t i c a l l y  c o r r e c t  t o  sp e a k  

o f  a  t r a n s f e r  f u n c t i o n .  The a m p litu d e s  o f  th e  s ig n a l  u s e d  t o  e x c i t e  th e  

sy stem  w e re , in  t h i s  c a s e ,  q u i te  l a r g e .  As lo n g  a s  o n ly  s m a l l  d i s t u r ­

b a n c e s  a r e  b e in g  c o n s id e r e d ,  t h e n  a  t r a n s f e r  f u n c t i o n  c o u ld  b e  u s e d  t o  

a p p ro x im a te  th e  b e h a v io r  o f  th e  sy s tem  a t  l e a s t  i n s o f a r  a s  f re q u e n c y  r e ­

sponse  i s  c o n c e rn e d . The t r a n s f e r  f u n c t i o n  d e r iv e d  from  th e  pow er s e r i e s  

a p p ro x im a tio n  seem s to  r e p r e s e n t  a d e q u a te ly  t h e  system  i f  th e  d i s t u r ­

b a n c e s  a r e  k e p t s m a l l .  The t r a n s f e r  f u n c t io n  o b ta in e d  from  th e  pow er

s e r i e s  e x p a n s io n  i s  :

p*  kg
= ju) + k^ ^

w here

and

^1 ^sGp + . (1 1 6 )
PVCp

S te p  R esponse  D a ta  

B oth  t im e  c o n s ta n t s  and f re q u e n c y  in d e p e n d e n t  f a c t o r s  w ere  t a k e n  

from  th e  s te p  re s p o n s e  d a t a .  I n  d o in g  so  th e  sy s te m  was assum ed t o  b e  o f
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TABLE 8

VARIATIONS IN PHASE ANGLE WITH TIME, CALCULATED 
FROM EQUATION (IO9 )

Time
(m in)

P hase  A ngle 
(d e g re e s  )

L im its  o f 
V a r ia t io n  
(d e g re e s )

F req u en cy  = 0 .3 1 4  ra d /m in

0 10 - 2 2 .2 —»-+10
2 8 .6

1 .0
6 - 9 .3
8 - 18.4

10 - 2 2 . 2
12 - 20.5
14 ■ - 1 4 .2
16 - 3 .5
18 6 . 0

F req u en cy  = 0 .6 2 8  ra d /m in

0 8 . 8 - 2 0 . 7 - ^ » 8 . 8
2 0 . 8
4 - 17.5
6 - 2 0 .7
8 - 3.2
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f i r s t  o r d e r .  F o r  a  f i r s t  o r d e r  sy s te m , t h e  tim e  c o n s ta n t  f o r  a  s t e p  i n ­

p u t  i s  th e  t im e  r e q u i r e d  f o r  63*2 p e r  c e n t  o f  th e  t o t a l  change t o  o c c u r .

The f re q u e n c y  in d e p e n d e n t  f a c t o r  i s  s im p ly  th e  t o t a l  change i n  t h e  o u tp u t  

v a r i a b l e  d iv id e d  by t h e  t o t a l  change i n  t h e  in p u t v a r i a b l e .

The t im e  c o n s ta n ts  o b ta in e d  from  th e  s te p  re s p o n s e  d a ta  a r e  g iv e n  

i n  T ab le  9- The f re q u e n c y  in d e p e n d e n t f a c t o r s  o b ta in e d  from  th e  s te p  

re s p o n s e  d a ta  a r e  sum m arized  i n  T ab le  1 0 . V a r ia t io n s  i n  th e  tim e  c o n s ta n ts  

an d  th e  f re q u e n c y  in d e p e n d e n t f a c t o r s  w i th  th e  m ag n itu d e  o f  th e  d i s p l a c e ­

m ent a re  se e n . T h is  v a r i a t i o n  i s  a  non l i n e a r  e f f e c t  and i s  t o  b e  e x p e c te d . 

The tim e  c o n s ta n t  and f re q u e n c y  in d e p e n d e n t f a c t o r  o b ta in e d  from  th e  pow er 

s e r i e s  a p p ro x im a tio n , g iv e n  i n  T a b le s  11 and  12 , b o th  c o n ta in  a  te rm  f o r  

t h e  s te a d y  s t a t e  f lo w  r a t e .  The f re q u e n c y  in d e p e n d e n t f a c t o r  a l s o  con­

t a i n s  a te rm  f o r  t h e  s te a d y  s t a t e  t e m p e r a tu r e .  I n  s te p  re s p o n s e  b o th  th e  

s te a d y  s t a t e  f lo w  r a t e  and s te a d y  s t a t e  te m p e ra tu re  c h a n g e .

Com parison o f  F req u en cy  R esponse  and S tep  R esponse  D ata  

I n  non l i n e a r  sy s te m s  th e  same r e s u l t  w i l l  n o t  n e c e s s a r i l y  be  ob­

t a i n e d  w ith  one ty p e  o f  in p u t  f o r c in g  f u n c t io n  as w i l l ,b e .  o b ta in e d  w ith  

some o th e r  ty p e  o f in p u t  f o r c in g  f u n c t i o n .  T h e re fo re ,  th e  two d i f f e r e n t  

ty p e s  o f  r e s p o n s e s  w ere s tu d ie d  f o r  t h e  p u rp o se  o f  co m p a riso n .

F ig u re  2 0  shows a  co m p a riso n  o f  th e  tim e  c o n s ta n t s  o b ta in e d  from

t h e  s te p  f u n c t io n  r e s p o n s e ,  c a l c u l a t e d  from  T = P , th e  tim e
WgCp + UA

c o n s ta n t  f o r  a l i n e a r  sy s te m , and th e  tim e  c o n s ta n t s  o b ta in e d  by f r e ­

quency r e s p o n s e .  The v a r i a t i o n  i n  th e  tim e  c o n s ta n ts  shown by  t h e  s te p  

re s p o n s e  d a ta  i s  t o  be  e x p e c te d  by c o n s id e r in g  th e  tim e  c o n s ta n t  o b ta in e d
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TABLE 9

TIME CONSTANTS OBTAINED FROM STEP RESPONSE DATA

Magnitude of Step 
Displacement ( lb s /s e c )

Time Constant 
(sec)

-0 .0059 22.0

-0.0154 23.9

-0.0239 26.5

-0.0315 29.5

- 0.0405 27.0

0.0078 21.25

0.0157 19.25

0.0253 18.75

0.0313 18.50

0.0393 16.75
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TABLE 1 0

FREQUENCY INDEPENDENT FACTORS OBTAINED FROM 
STEP RESPONSE DATA

D isp la c e m e n t F re q u en cy  In d e p e n d e n t
( l b / s e c )  F a c to r  ( d e g r e e - m in / lb )

- 0.0405 3.22

-0 .0315 2.91

-0 .0239  2.62

-0 .0154  2.45

-0 .0059  2.34

0.0078 1.88

0.0157 1.81

0.0253 1.69

0.0313 1.59

0.0393 1.52
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TABLE 11

TIME CONSTANT CALCULATED FROM POWER 
SERIES APPROXIMATION

M agnitude  o f S te p  Time C o n s ta n t
D isp la c e m e n t ( l b s / s e c )  T  ( s e c )

-O.o4 32.4

- 0.03 28.7

-0 .0 2  25.6

-0 .0 1  23.0

0 .01  19.20

0 .02  17.80

0 .0 3  1 6 .5 0

0 .0 4  15.40
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TABLE 12

FREQUENCY INDEPENDENT FACTOR CALCULATED FROM 
POWER SERIES APPROXIMATION

D isp la c e m e n t F requency  In d e p e n d e n t
( l b / s e c )  F a c to r  (d e g re e -m in /lb .)

- 0.0405 4.97

-0.0315 4.03

-0.0239 3.32

-0.0154 2.80

-0.0059 2.39

0.0078 1.80

0.0157 1 .58

0.0253 1.40

0.0313 1.25

0.0393 1.12
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0. 04

G. 03

0 , 02

0 . 01

0 . 00

0. 01

■0 . 02,

VALUES OBTAINED FROM  STEP  
RESPONSE DATA  

CALCULATED VALUES  
LINEAR SYSTEM
VALUES OBTAINED FROM ANALOG

FREQUENCY RESPONSE DATA ;
VALUES OBTAINED FROM  EXPER IM ENTAL  

FREQ UENCY RESPONSE DATA

TIME CONSTANT (SECONDS)

i t i i tL i  I [ L t i i i i i i  t n m m i j  m  u i  1 ' \ m m u n x i  ; i~ti \ \ t \ î rmrriTj

-0 .  03

- 0 , 04
20 22 ‘ 24 26  28

F ig tire  2 0 . Time C o n s ta n t V a r ia t io n
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by th e  power s e r i e s  a p p ro x im a tio n . T h is  tim e  c o n s ta n t  c o n ta in s  th e  

s te a d y  s t a t e  f lo w  r a t e  te rm  w h ich ; o f c o u rs e ;  changes w i t h  s te p  r e s p o n s e .  

The t r e n d  o f  t h e  change i n  tim e  c o n s ta n t  f o r  s te p  r e s p o n s e  i s  p r e d i c t e d  

f a i r l y  w e ll  by th e  tim e  c o n s ta n t  o b ta in e d  from  th e  pow er s e r i e s  a p p ro x i ­

m a tio n . The t im e  c o n s ta n t  f o r  a  l i n e a r  sy stem  m ust b e ;  o f  c o u rs e ;  a 

c o n s ta n t .  The one shown was c a lc u la t e d  f o r  z e ro  d is p la c e m e n t  and  c o r ­

re sp o n d s  to  t h e  t h e o r e t i c a l  f re q u e n c y  re s p o n s e  tim e  c o n s t a n t .  The tim e  

c o n s ta n t s  f o r  t h e  e x p e r im e n ta l  and  a n a lo g  f re q u e n c y  re s p o n s e  a p p e a r  a s  a 

h o r i z o n t a l  l i n e  b e c a u s e  t h e  a v e ra g e  d isp la c e m e n t i s  z e ro  f o r  a l l  am p li­

tu d e s  w i th  f re q u e n c y  r e s p o n s e .  The d e v ia t io n  from  a  l i n e a r  sy stem  i s  

q u i te  n o t i c e a b l e  a t  th e  l a r g e r  d is p la c e m e n ts  (b o th  p o s i t i v e  and n e g a t iv e ) .  

F o r s m a ll  d is p la c e m e n ts  th e  s te p  f u n c t io n  tim e  c o n s ta n t ,  f re q u e n c y  r e ­

sponse  tim e  c o n s ta n t  and  t h e  tim e  c o n s ta n t  o b ta in e d  f o r  th e  l i n e a r  c a se  

a re  a l l  n e a r ly  t h e  sam e. T h e re fo re ;  f o r  sm a ll u p s e ts  a  l i n e a r  a p p ro x i­

m a tio n  w ould be good; b u t  f o r  l a r g e  u p s e ts  a  l i n e a r  a p p ro x im a tio n  c o u ld  

g iv e  r i s e  to  d i f f i c u l t i e s .

F ig u re  21 shows th e  f re q u e n c y  in d e p e n d e n t f a c t o r s  o b ta in e d  by  s te p  

f u n c t i o n  r e s p o n s e ;  e x p e r im e n ta l  and  a n a lo g  d a ta ;  and t h a t  c a lc u l a t e d  from  

th e  pow er s e r i e s  a p p ro x im a t io n . The f re q u e n c y  in d e p e n d e n t f a c t o r  c o n ta in s  

b o th  th e  s te a d y  s t a t e  te m p e ra tu re  and th e  s te a d y  s t a t e  f lo w  r a t e .  The 

f re q u e n c y  in d e p e n d e n t f a c t o r s  c a l c u l a t e d  from  % )(^ i ~ 1 's) p o r th e  f r e -

quency resp o n se , c o rre s p o n d s  t o  t h a t  o b s e rv e d . However; t h e  f re q u e n c y  in -

C ( T ’ “ T )d e p e n d e n t f a c t o r s  c a l c u l a t e d  from  —£ .1 2 ------- Ë1 f o r  th e  s t e p  re s p o n s e  p r e -
WgCp + UA

d i e t s  a  g r e a t e r  change t h a n  a c t u a l l y  o c c u r r e d . I n  e i t h e r  c a se  th e  d e v ia ­

t i o n  a t  l a r g e r  d is p la c e m e n ts  b e tw een  th e  f re q u e n c y  in d e p e n d e n t f a c t o r s
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o b ta in e d  by  s te p  r e s p o n s e  and  th o s e  o b ta in e d  by  f re q u e n c y  re sp o n se  i s  

n o t i c e a b l e .  A gain  a t  sm a ll d is p la c e m e n ts  th e  f re q u e n c y  in d e p e n d e n t f a c ­

t o r s  o b ta in e d  from  s te p  r e s p o n s e ,  f re q u e n c y  r e s p o n s e ,  and c a lc u la t e d  from  

th e  pow er s e r i e s  a p p ro x im a tio n  a re  i n  good a g re e m e n t. T h e re fo re ,  f o r  

sm a ll u p s e t s  th e  l i n e a r  a p p ro x im a tio n  h o ld s  f a i r l y  w e l l ,  b u t  f o r  l a r g e  

u p s e ts  t r o u b l e  may a r i s e .

System  Ho. 2

The p u l s e  r e s p o n s e  d a ta  w ere c o n v e r te d  t o  f re q u e n c y  re sp o n se  d a ta  

by  means o f  th e  F o u r ie r  i n t e g r a l .  T hat i s ,  a  v a r i a b l e  P( 8 ) w hich i s  a 

f u n c t io n  o f  t im e  c a n  b e  c o n v e r te d  i n t o  a  f u n c t i o n  o f  f re q u e n c y  F(jw  ) b y :

00 0 

F( j w ) = C  F( 8 )e"'^ d 8 ^  C  F ( 8 )e"'^ ^^d 0
(117)

I n  te rm s  o f  t h e  v a r i a b l e s  u n d e r c o n s id e r a t io n  we h a v e :

O utput v a r i a b le

T ( j w )  = \  T ( 8 ) e " j " ^  d e  , ( l l 8 )

and

In p u t  v a r i a b l e

P c(jto ) -  ^  Pq( 0 )e  d0 . (1 1 9 )

The t r a n s f e r  f u n c t i o n  i s  t h e n  g iv e n  b y :

r  _ -i CO0
\  T( 0 )e  ^ d e  

-0  JT / .  , - e  -  ,
—  ( j co ) =  g------------------------------  . (1 2 0 )

r P c ( 8 ) e - j " % e
~A v)
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A p rog ram  f o r  m aking th e s e  c o m p u ta tio n s  was a v a i l a b l e  f o r  u se  on 

an  IBM 6 5 O c o m p u te r. The e x p e r im e n ta l  p u ls e  r e s p o n s e  d a ta  a r e  t a b u la te d  

i n  T ab le  I 7 and  I 8 o f  A ppendix B . The v a lu e s  o f  th e  v a r i a b l e s  a t  0 = 0  

were s u b t r a c te d  from  th e  d a ta  and  th e  r e s u l t i n g  num bers w ere f e d  i n t o  th e  

co m p u te r. The com puted r e s u l t s  a re  t a b u l a te d  i n  T ab le  19 o f  A ppendix B.

F ig u re s  22 and 23 a r e  Bode p l o t s  f o r  sy stem  No. 2 . I n  F ig u re s  22 

and 23 th e  t r a n s fo r m e d  f re q u e n c y  re s p o n s e  d a ta  a r e  com pared w ith  f r e ­

quency re s p o n s e  v a lu e s  c a l c u l a t e d  from  e q u a tio n  (95)*  P e r t i n e n t  d a ta  

r e g a r d in g  th e  t h e o r e t i c a l  c a l c u l a t i o n s  a r e  g iv e n  i n  T ab le  21 o f  A ppendix C. 

The m ag n itu d e  r a t i o s  a r e  in  f a i r  ag re e m e n t. A c o n s id e r a b le  d e v ia t io n  i s  

seen  i n  th e  p h a se  a n g le  p l o t s .  The d e v ia t io n  i n d i c a t e s  th e  p re s e n c e  o f  

dead  t im e .  I n  t h e  p u l s e  d a ta  l i s t e d  in  T a b les  I 7 and I 8 o f A ppendix B, 

th e  p re s e n c e  o f  s ix  seco n d s  o f  dead  tim e  i s  o b s e rv e d . Dead tim e  a f f e c t s  

o n ly  th e  p h a se  a n g le  p o r t i o n  o f  th e  Bode p l o t .  F ig u re s  22 and  23 show 

c a l c u l a t e d  f re q u e n c y  re s p o n s e  c u rv e s  in c lu d in g  d e a d  t im e .  The dead tim e  

c a l c u l a t i o n s  b r in g  th e  e x p e r im e n ta l  and th e  t h e o r e t i c a l  c u rv e s  i n to  b e t t e r  

a g re e m e n t .

Some d e v ia t io n s  be tw een  th e  t h e o r e t i c a l  and  th e  e x p e r im e n ta l  c u rv e s  

i n  F ig u re s  22 and 23 a r e  s t i l l  n o te d ;  b u t  in  v iew  o f  t h e  u n c e r t a i n t i e s  

in v o lv e d  i n  th e  F o u r ie r  t r a n s f o r m a t io n ,  th e  r e s u l t s  a r e  c o n s id e r e d  t o  be  

good. Thus, f o r  s m a ll  d i s tu r b a n c e s  sy s tem  No. 2 can  b e  r e p r e s e n te d  by a  

f i r s t  o rd e r  sy s te m  w i th  d e a d  t im e ;  t h a t  i s ,

T* , . . Ke"^
) -  jü) + kj_ '> (1 2 1 ).

w here

, ( 1 2 2 )
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(123)

and  where t  I s  th e . dead  t im e .  The dead  tim e  w ould have, t o  he

d e te rm in e d  f o r  e a ch  a p p a r a tu s .  I t  i s  se e n  t h a t  sy stem  ho . 2 h a s  t h e  same 

tim e  c o n s ta n t  a s  sy stem  No. 1 . The e x p e r im e n ta l  and th e  t h e o r e t i c a l  f r e ­

quency in d e p e n d e n t f a c t o r s  a r e  i n  good a g re e m e n t. The a s su m p tio n  o f  a  

l i n e a r  r e l a t i o n  b e tw een  th e  c o o la n t  p r e s s u r e  and  th e  c o o la n t  te m p e ra tu re  

i s  su p p o rte d  by th e s e  r e s u l t s  a s  t h i s  a s su m p tio n  a f f e c t s  o n ly  th e  f r e ­

quency in d e p e n d e n t f a c t o r .

In  t h e  d e s ig n  o f  a  c o n t r o l  lo o p  f o r  sy s tem  No. 2., t h e  tim e  r e ­

q u ire d  f o r  th e  p r e s s u r e  wave t o  t r a v e l  from  th e  c o n t r o l  v a lv e  t o  th e

v e s s e l  m ust b e  ta k e n  i n to  a c c o u n t .

B oth  o f  th e  system s' s tu d i e d  a r e  i n h e r e n t l y  s t a b l e .



CHAPTER V II 

CONCLUSIONS

The f o llo w in g  c o n c lu s io n s  can  he draw n from  th e  r e s u l t s  o f  t h e  i n ­

v e s t i g a t i o n  o f  sy s te m  No. 1 .

1 .  In  th e  d e r i v a t i o n  o f e q u a t io n  ( 8 ) ,  c e r t a i n  a ssu m p tio n s  w ere 

made. The a s su m p tio n s  w ere (a )  th e  o n ly  two v a r i a b l e s  w ere th e  f lo w  

r a t e  W and th e  f l u i d  te m p e ra tu re  T; and (b )  p e r f e c t  m ix in g . The r e s u l t s  

show t h a t  th e s e  a ssu m p tio n s  a r e  v a l i d  u n d e r  th e  c o n d it io n s  s tu d ie d .

2 .  The a n a l y t i c  s o lu t i o n  t o  e q u a t io n  (8 ) f o r  a  s in u s o d ia l  in p u t

i s  ;

00

T *( 8 )  = ImBg + Ÿ

n=0

C O

+ . ( 5 6 )

n=0

3 . The a n a l y t i c  s o l u t i o n  c o n s i s t s  o f  a  c o n s ta n t  te rm  and  a l l  h a r ­

m o n ics . F o r th e  p ro b le m  s tu d ie d  o n ly  th e  c o n s ta n t  te rra  and  th e  f i r s t  and 

second  h a rm o n ics  n eed  be c o n s id e r e d .  Thus^ f o r  t h e  c o n d i t io n s  s tu d ie d  

th e  a n a l y t i c  s o lu t i o n  re d u c e s  t o :

T*( 0 ) = '.^ .S.L  ImPg + 2  Bg s in  (to0 + ~  -
k i  2

9 0
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nBg s i n  (2ù)8  + - ^ -  (f)^) . (109)

F o r c o n d i t io n s  o th e r  th a n  th o s e  s tu d i e d ,  h ig h e r  o rd e re d  te rm s  may have to  

he  c o n s id e r e d .

4 . M agnitude r a t i o s  and  p h a se  a n g le s  a r e  d e p e n d en t upon th e  p o s i ­

t i o n  o f  m easu rem en t. E q u a tio n  (1 0 9 ) can  be em ployed t o  c a l c u l a t e  th e  

v a r i a t i o n  and  t o  e s t a b l i s h  r e l i a b i l i t y  l i m i t s  t o  th e  Bode p l o t s  o f  f r e ­

quency re s p o n s e  d a ta  f o r  sy s tem  Wo. 1 .

5 . The c o n s ta n t  te rm  and  th e  seco n d  h a rm o n ic , whose p re s e n c e  has 

n o t b e e n  d i s c u s s e d  in  th e  l i t e r a t u r e ,  can  b e  n e g le c te d  a t  f r e q u e n c ie s  

above 6 .2 8  r a d ia n s  p e r  m in u te . At f r e q u e n c ie s  be low  6 .2 8  r a d ia n s  p e r  

m in u te  th e  c o n s ta n t  te rm  and th e  seco n d  harm on ic  shoiuld be  c o n s id e r e d  i f  

th e  d i s tu r b a n c e s  a r e  l a r g e .

6 . F o r l a r g e  d i s tu r b a n c e s  v a r i a t i o n s  i n  th e  f re q u e n c y  in d e p e n ­

d e n t f a c t o r  and th e  sy stem  tim e  c o n s ta n t  a re  o b s e rv e d . These v a r i a t i o n s  

a re  t o  be  e x p e c te d .

I n  t h e  c a se  o f  a  s in u s o d i a l  d i s tu r b a n c e ,  th e  o u tp u t  i s  d i s t o r t e d  

a t  low  f r e q u e n c ie s .  T liis  d i s t o r t i o n  i s  c a u sed  by th e  sy stem  c lo s e l y  ap ­

p ro a c h in g  th e  s te a d y  s t a t e  v a lu e  f o r  t h e  flo w  r a t e  a t  any g iv e n  t im e .

The d i s t o r t i o n  i s  p r e d i c te d  from  e q u a t io n  (IO 9 ) by  th e  second  h a rm o n ic . 

The d i s t o r t i o n  can  b e  p r e c i s e l y  c a l c u l a t e d  from  e q u a t io n  (1 0 9 ) .

7 . F o r  sm a ll d i s tu r b a n c e s  th e  pow er s e r i e s  a p p ro x im a tio n  h o ld s  

and th e  sy s tem  can  be  r e p r e s e n te d  by  a  f i r s t  o r d e r  t r a n s f e r  f u n c t i o n .  

Namely,

^  ( j  > (114)
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w here

and

k = 1 . (1 1 6 )
pVCp

The sy stem  tim e  c o n s ta n t  i s  th e  r e c i p r o c a l  o f  . The power s e r i e s  

a p p ro x im a tio n  n e g le c t s  th e  te rm  W*T* in  e q u a t io n  (2 0 ) and i s  th e  e q u iv a ­

l e n t  o f  c o n s id e r in g  o n ly  th e  f i r s t  harm on ic  i n  e q u a t io n  (1 0 9 ) .  B o th  

and kg c o n ta in  t h e  s te a d y  s t a t e  v a lu e s  Wg and  Tg. T h e r e f o r e ,  th e  v a lu e  

o f  kq and  kg w i l l  change w ith  any d i s tu r b a n c e  t h a t  c a u se d  a  change i n  

th e  s te a d y  s t a t e  v a lu e s  Wg and Tg.

W ith  l a r g e  v e s s e l s ,  th e  WT te rm  i n  e q u a t io n  (2 0 ) can  be  n e g le c te d

b e c a u s e  th e  c o e f f i c i e n t  (—i —) o f  th e  WT te rm  i s  sm a ll i n  c o m p ariso n  w ith
P .

t h e  re m a in in g  term s in  e q u a t io n  (2 0 ) .

The f o l lo w in g  c o n c lu s io n s  can  be draw n from  th e  r e s u l t s  o f  t h e  i n ­

v e s t i g a t i o n  .o f  sy s tem  Wo. 2 .

1 . E q u a t io n  (8 )  i s  a p p l i c a b le  f o r  sy s te m  No. 2 .  E q u a tio n  (8 )  

a p p l ie d  t o  sy s te m  No. 2 in v o lv e s  th e  fo l lo w in g  a s su m p tio n s :  ( a )  th e  o n ly

v a r i a b l e s  a re  t h e  c o o la n t  te m p e ra tu re  T^ and t h e  f l u i d  te m p e ra tu re  T, 

and (b ) p e r f e c t  m ix in g . I n  a d d i t io n ,  t h e  a s su m p tio n  o f  a  l i n e a r  r e l a ­

t i o n s h i p  b e tw e e n  c o o la n t  te m p e ra tu re  and c o o la n t  p r e s s u r e  was m ade.

T hat i s  :

Tc = mPc + n . ( 8 5 )

The r e s u l t s  i n d i c a t e  t h a t  th e s e  a s su m p tio n s  a r e  v a l i d  u n d er t h e  c o n d i t io n s  

s tu d i e d .
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2 . System No. 2 can be represented by a f i r s t  order tra n sfer  

function  w ith a pure time d e la y . That is^

■TO K " j  ^  ^
p r  ( j w )  = j w +

where

\  , (1 2 2 ) 
P ^

and

K = . (123)

The time c o n s ta n t ,  the rec ip roca l o f  kj_, i s  the same for  system No. 1 and 

system No. 2 . However, in  system No. 2 the time constant does not con­

ta in  the steady s ta te  value o f a v a r ia b le .



SUMMARY

A s tu d y  was made o f  th e  dynamic h e a t  rem oval fro m  a j a c k e t e d ,  a g i ­

t a t e d  v e s s e l .  H eat was rem oved from  th e  v e s s e l  by means o f u t i l i z i n g  th e  

h e a t  o f  v a p o r i z a t i o n  o f  a  l i q u i d  b o i l i n g  in  t h e  j a c k e t  su rro u n d in g  th e  

v e s s e l .

From th e  s ta n d p o in t  o f  in p u t  and o u tp u t r e l a t i o n s h i p s ,  two d i f f e r ­

e n t  sy stem s w ere c o n s id e r e d .  In  th e  f i r s t  sy s te m , t h e  in p u t  o r  f o r c in g  

v a r i a b l e  was th e  f lo w  r a t e  o f  th e  l i q u i d  e n te r in g  th e  v e s s e l  and th e  o u t­

p u t  v a r i a b l e  was th e  te m p e ra tu re  o f  th e  f l u i d  in s id e  th e  v e s s e l .  B o th  

a n a lo g  com puter and  e x p e r im e n ta l  s tu d ie s  were m ade. F re q u en cy  re s p o n s e  

and s te p  re s p o n s e  te c h n iq u e s  w ere u se d . The d i f f e r e n t i a l  e q u a t io n  d e s ­

c r ib in g  th e  sy s tem  was s o lv e d  m a th e m a tic a lly  f o r  a  s in u s o d i a l  i n p u t .  The 

m a th e m a tic a l  s o lu t i o n  shows th e  p re s e n c e  o f  a  c o n s ta n t  te rm  and tw o .b a r -  . 

m onies i n  th e  o u tp u t .  The p re s e n c e  o f  th e  c o n s ta n t  te rm  and th e  tw o h a r ­

m onics was o b se rv e d  e x p e r im e n ta l ly  a t  low  f r e q u e n c ie s .  A t f r e q u e n c ie s  

above 6.28  r a d ia n s  p e r  m in u te , th e  c o n s ta n t  te rm  and t h e  seco n d  harm onic  

can  b e  n e g le c te d .  F o r  sm a ll d i s tu r b a n c e s  th e  a n a lo g  and  e x p e r im e n ta l  r e ­

s u l t s  showed t h a t  th e  sy s tem  can  be r e p r e s e n te d  by a f i r s t  o r d e r  t r a n s f e r  

f u n c t io n .

I n  th e  seco n d  sy s te m  s tu d ie d ,  th e  in p u t  v a r i a b l e  was th e  c o o la n t  

p r e s s u r e  and th e  o u tp u t  v a r i a b l e  was th e  te m p e ra tu re  o f  th e  f l u i d  i n  th e

9k
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v e s s e l .  The p u lse  re s p o n s e  te c h n iq u e  was em ployed i n  t h e  s tu d y  o f  t h i s  

sy s te m . The r e s u l t s  showed t h a t  th e  sy stem  c o u ld  be r e p r e s e n t e d  by a 

f i r s t  o r d e r  t r a n s f e r  f u n c t i o n  w ith  p u re  dead  t im e .
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APPENDIX A

N o m en c la tu re



NOMENCLATURE

A = H eat t r a n s f e r  a r e a ,  sq u a re  f e e t

' = C o e f f i c i e n t s  o f  e x p o n e n t ia l  e x p a n s io n

Op = H eat c a p a c i ty ,  B T U /lb -°F

F = F u n c t io n a l  n o t a t i o n

Im = Im a g in a ry  p a r t  o f  a  com plex number '

mUAK

Kl

p VCp

nUA + WT̂  

pVCp

L = L in e a r  o p e r a to r  n o t a t i o n

Pg = C o o la n t p r e s s u r e ,  p s i a

Pj,* = U nsteady  s t a t e  v a r i a t i o n  i n  c o o la n t  p r e s s u r e ,  p s i a  

Peg = S te a d y  s t a t e  c o o la n t  p r e s s u r e ,  p s i a

T = T em p era tu re  o f  f l u i d  in  a g i t a t e d  v e s s e l ,  °F

Tc = C o o la n t t e m p e r a tu r e ,  °F

T^ = I n l e t  f l u i d  te m p e ra tu re ,  °F

T^ = F lu id  te m p e ra tu re  c o n v e r te d  t o  a n a lo g  s c a l e ,  v o l t s

Tq = O u t le t  f l u i d  te m p e ra tu re ,  °F

Tj^ef = R e fe re n c e  t e m p e r a tu r e ,  °F

Tg = S te a d y  s t a t e  te m p e r a tu r e ,  °F

1 0 0
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T* = U nsteady  s t a t e  v a r i a t i o n  o f  f l u i d  te m p e ra tu re ,  ° F

U = O v e r a l l  h e a t  t r a n s f e r  c o e f f i c i e n t ,  B T U /m in -s q .f t . - ° P

V = Volume o f  a g i t a t e d  v e s s e l ,  f t ^

W = Plow r a t e ,  I b s /m in

Wjj = Plow  r a t e ,  c o n v e r te d  t o  a n a lo g  s c a l e ,  v o l t s

Wg = S tead y  s t a t e  f lo w  r a t e ,  Ib s /m in

W* = U nsteady  s t a t e  v a r i a t i o n  o f  f lo w  r a t e ,  I b s /m in

X = V a r ia b le  n o t a t i o n

Y = V a r ia b le  n o t a t i o n

a  = S c a le  f a c t o r  f o r  a n a lo g  com puter

b]_ = S c a le  f a c t o r  f o r  a n a lo g  com puter

bg = S c a le  f a c t o r  f o r  a n a lo g  com puter

c = S c a le  f a c t o r  f o r  a n a lo g  com puter

f  = F u n c t io n a l  n o t a t i o n

h = C o n s ta n t i n  pow er s e r i e s  e x p a n s io n

j  = V  -1

k  = C o n s ta n t i n  pow er s e r i e s  e x p a n s io n

k l  = (WsGp + U A ) / p  VCp

kg = - T g ) /  pVCp

k] = l / p  VCp

m = S lope  o f  v a p o r p r e s s u r e - t e m p e r a tu r e  c u rv e  fo r  lin e a r  approx­
im a tio n

n  = C o n s ta n t i n  l i n e a r  e q u a t io n  r e l a t i n g  v a p o r  p r e s s u r e  and
te m p e ra tu re

s = Complex dom ain

t  = Dead t im e ,  m in .

X = V ariab le in  power s e r ie s  expansion
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y = V a r ia b le  i n  pow er s e r i e s  e x p a n s io n

z = Complex v a r i a b le

p = A m plitude  o f  s in u s o d i a l  in p u t

n

C o n s ta n t i n  th e  i n t e g r a t i o n  l i m i t s  o f  th e  com plex c o n v o lu ­
t i o n  i n t e g r a l

= T im e; m in .

= A nalog t im e ;  s e c . 

p = D e n s i ty ;  l b s / f t ^

(J = R e a l p a r t  o f  s

dĝ  = A b s c is s a s ' o f  a b s o lu te  co n v erg en ce

T  = Time c o n s ta n t ;  m in .

cf) = P hase  a n g le  o f  h arm on ics

u) = F re q u en c y  ( ra d /m in )

w = Dummy v a r i a b l e  in  com plex c o n v o lu t io n
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TABLE 13

FREQUENCY RESPONSE DATA TAKEN ON THE ANALOG COMPUTER 

A m plitude o f  In p u t  S in u s o d ia l  F lo v  R a te  = 0.475 Ib /m in

F requency  
( C y c le s /m in u te )

A m plitude  R a t io  ' 
( d e g re e -m in / lb  )

P hase A ngle 
( d e g r e e s )

0.05 2 . 0 7 - 5 . 0 4
0 . 1 0 2 . 0 6 - 8.64
0 . 2 0 1 . 8 8 - 2 2 . 6 0
0 . 3 0 1 . 7 3 - 3 0 . 6 0
0 . 5 0 1 . 3 9 - 42.59
0 . 7 0 1.01 - 54.40
1 . 0 0 0 . 8 7 - 64.20
1 .2 5 0 . 6 8 - 6 6 . 1 2
1 . 5 0 0 . 6 0 - 7 0 . 1 8
1 .7 5 0 . 5 3 - 7 2 . 2 1
2 . 0 0 0.46 - 7 7 .4 4
2 . 2 5 0 . 3 9 - 7 5 . 5 6
2 . 5 0 0 . 3 4 - 7 5 . 3
2 . 7 5 0 . 3 4 - 7 6 . 5 4
3 . 0 0 0 . 3 0 5 - 7 7 . 1 5
3 . 2 5 0 . 3 0 5 - 8 2 . 0 1
3 . 5 0 0 . 2 6 0 - 8 0 .4l
3 . 7 5 0 . 2 3 7 - 8 0 .4 0
4.00 0 . 2 3 0 - 7 9 . 3 3
5 . 0 0 0 . 1 7 9 - 7 9 . 9 5
7 . 0 0 0 . 1 0 5 -8 6 .4 7
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TABLE 1 3 - - C o n tin u ed  

A m plitude o f  In p u t S in u s o d ia l  F lo v  R a te  -  Ib /m in

F requency  
( C y c le s /m in u te )

A m p litu d e  R a tio  
( d e g r e e - m in / lb )

P hase  A ngle 
(d e g re e s )

0 . 0 5 1 . 9 0 - 3 . 8 7
0 . 1 0 1 . 8 5 -1 0 .7 6
0 . 2 0 1 . 7 7 - 2 1 . 9 3
0 . 3 0 1 . 6 1 -3 4 .0 8
0 . 5 0 1 . 3 0 - 46.12
0 . 7 0 0 . 9 6 - 5 4 . 3 5
1 .0 0 0 . 8 1 - 6 2 . 7 7
1 . 2 5 0 . 6 5 - 68.24
1 .5 0 0 . 5 6 - 7 0 . 5 9
1 .7 5 0 . 4 5 - 7 1 .6 8
2.00 0 .L4 - 7 3 . 5 9
2 .2 5 0 . 3 7 - 7 9 . 7 6
2 . 5 0 0 . 3 2 -8 0 .0 1
2 . 7 5 0 . 2 9 - 7 8 . 4 1
3 . 0 0 0 . 2 7 - 8 2 . 9 4
3 . 2 5 0.21 - 7 7 . 7 6
3 . 5 0 0 .21 - 8 2 . 3 1
3 . 7 5 0.21 - 8 1 .1 8
4.00 0.21 - 8 6 . 3 9
5 . 0 0 0 . 1 6 - 8 5 . 2 3
7 .0 0 0.11 - 84.12

1 0 . 0 0 0.04 - 8 6 . 8 2
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TABLE 1 3 - - Continued.

A m plitude  o f  I n p u t  S in u s o d ia l  Flow R a te  = 1.42 Ib /m in

Frequency  . 
(C y c le s /m in u te )

A m plitude  R a t io  
( d e g r e e - m in / lb )

Phase A ngle  
( d e g re e s )

0 .0 5 1 .8 -3 .6 5
0.10 1 .8 - 11.8
0.20 1 .7 3 - 20.0
0 .3 0 1 .5 5 - 3 1 .8
0 .5 0 1 .2 5 - 4 5 . 8
0 .7 0 0 .9 2 - 6 2 .5
1 .0 0 0 .7 8 - 6 5 .5
1 .25 0 .6 2 - 7 0 .1

. 1 .5 0 0 .5 5 - 7 1 .6
1 .75 0.46 - 7 3 .0
2 .0 0 0 .3 9 - 7 8 .4
2 .2 5 0 .3 6 - 7 7 .9
2 .5 0 0 .3 2 - 8 1 .7
2 .7 5 0 .3 0 - 8 0 .0
3 .0 0 0 .2 8 - 8 0 .5
3 .25 0 .2 3 - 7 9 .3
3 .50 0.21 - 8 0 .8
3 .75 0.20 - 8 5 . 4
4.00 0.20 - 84.0
5 .0 0 o . i 4 - 8 6 .9
7 .0 0 0 .1 0 6 - 88.8

10.00 0 .0 7 1 - 8 6 .3
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TABLE 1 3 - - C o n tin u ed  

A m plitude  o f In p u t  S in u s o d ia l  Flow R a te  = I . 8 9  Ib /m in

F requency
(C y c le s /m in u te )

A m plitude  R a t io  
( d e g r e e - m in / lb )

P h ase  A ngle 
( d e g r e e s )

0.05 2.01 -3 .4 3
1 .93 -3 .4 9

0.10 1.88 -10 .39
1.88 -7 .0 1

0.20 1 .7 7 -1 8 .9 8
1.79 -23 .52

0.30 1.59 -30 .96
1.59 -29 .90

0.50 1.27 -4 5 .0
1.30 - 4 4 . 5 6

0.70 0.93 -5 3 .9
1.00 0.80 - 6 1 . 4 4

0.79 -62 .71
1 .2 5 0.63 -66 .19
1.50 0.57 -75 .15
1 .7 5 0 .48 -74 .71
2.00 0.53 - 77.64

0.41 -75 .59
2.25 0.36 -77 .14
2.50 0.34 -75 .59
2.75 0.32 -80 .56
3.00 0.29 -80 .83

0.278 -79 .51
3.25 0.246 -8 3 .9
3.50 0.238 -8 5 .4
3.75 0.22 -8 3 .9
4.00 0.20 -83 .67

0.22 - 84.11
5.00 0.16 -83 .80

0.12
7.00 0.10 - 8 7 . 1 2

0.106 - 9 0 . 1 4
10.00 0.079 -78 .75

0.079 -89 .90
20.00 o . o 4o -91 .00

0.038 -91 .89
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TABLE 1 3 - - C o n tin u ed  

A m plitude  o f  In p u t  S in u s o d ia l  Flow R a te  = 2.364 Ib /m in

F re q u en c y  
( C y c le s /m in u te )

A m plitude  R a tio  
( d e g r e e -m in / lb )

P hase  A ngle 
(d e g re e s )

0.05 1.86 -3 .53
0.10 1.81 -7 .94
0.20 1.60 -23.31
0.30 1 .5 4 -26.47
0.50 1.43 -43.47
0.70 0.855 -58.53
1.00 Cu752 -6 1 .5 6
1.25 0 .6i 4 -67.06
1 .5 0 0.530 -69.71
1.75 0.445 -76.59
2.00 0.403 -76 .58
2.25 0.340 -78.07
2.50 0.318 -81.35
2.75 0.286 -78.61
3.00 0.244 -77.90
3.25 0.233 -79.54
3.50 0.212 -81.34
3.75 0.192 -82.97
4.00 0.202 -78.09
5.00 0.160 -81.90
7.00 0.102 -87.80

1 0 .0 0 0.066 -87.60
20.00 0.042 -91.76
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TABLE I k

EXPERIMENTAL FREQUENCY RESPONSE DATA 

A m plitude o f In p u t  S in u s o d ia l  Flow R a te  = 0.$4 I t / m in

F requency  
( C y c le s /m in u te )

A m plitude  R a t io  
( d e g r e e -m in / lb  )

P hase  Angle 
( d e g r e e s )

0.05 2 .1 5 - 6 .5

0 .1 0 2 .1 0 - 1 2 .2

0 .2 0 1 .9 3 - 2 6 .4

0.333 1 .5 8 - 42.0

0 .6 0 0 1 .3 3 - 5 5 .0

1 .0 0 0 0 .9 0 - 6 7 .2

2 .0 0 0 O.kk - 80.4

3 .0 0 0 0 .2 8 - 8 1 .4

3 .6 5 0 0 .2 1 - 7 9 .0

5 .0 0 0 0 .1 9 - 8 3 .0



I

A m plitude  o f

1 09

TA3LE li)---C o n tin u e d  

I n p u t  S in u s o d ia l  Flow R a te = 1 . 4l  Ib /m in

F requency A m plitude  R a t io P hase  A ngle
( C y c le s /m in u te ) ( d e g r e e - m in / l t ) (d e g r e e s )

0 . 0 5 2 . 0 - 6.0

0 . 1 0 1 .9 - 1 3 . 0

0 . 2 0 1 . 8 1 - 2 3 . 5

0.333 1 . 6 5 - 4o . o

0 . 6 0 0 1 .2 7 - 5 6 .0

1 . 0 0 0 0 . 8 0 - 6 7 . 0

2 . 0 0 0 0 . 3 7 - 7 9 . 0

3 .0 0 0 0 . 2 7 - 8 2 . 5

3 .6 5 0 0 . 2 3 7 - 6 8 .0

5 . 0 0 0 0 . 1 5 - 8 7 . 0



A m plitude  o f
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TABLE l 4- - C o n tin u ed  

In p u t  S in u s o d ia l  Flow R a te = 1 .8 9  Ib /m in

F re  quency A m plitude R a t io P hase  Angle
(C y c le s /m in u te ) ( d e g r e e - m in / lb ) ( d e g r e e s )

0 .1 2 .0 5 -1 3 .6

0 .2 1.84 - 2 7 .4

0 .3 3 3 1 .5 8 -4 0 .3 2

0 .6 1 .1 9 6 -5 6 .0 4

1 .0 0 0 0 .8 1 2 -6 9 .5 1

2 .0 0 0 0.429 -7 4 .4 4

3 .0 0 0 0 .3 4 1 - 84.20

3 .6 5 0 0 .2 5 6 -8 7 .3 4
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TABLE 15

CALCULATED FREQUENCY RESPONSE DATA

A m p litu d e o f  S in u s o d ia l  F o rc in g  F u n c t io n  = 1 . 8 9  Ib /m in

F req u en cy A m plitude  R a tio P hase  A ngle
(C y c le s /m in u te ) (d e g r e e -m in / l b ) (d e g re e s )

0 . 1 2.02 - 1 1 .5

0.2 1 .8 9 -2 3 .7

0.333 1 .6 7 - 3 6 .2

0 .6 1 .2 5 - 5 2 .8

1 .0 0 0 0 .8 5 5 -6 5 .5

2 .0 0 0 0.46 -7 7 .1 5

3 .000 - 0 .3 1 -8 1 .3 5

3 .6 5 0 0 .2 5 7 -8 2 .8 9
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TABLE 1 6

STEP RESPONSE DATA TAKEN ON THE ANALOG COMPUTER

5 .4L 3 .0 8  -2 .3 6

5 .4 4  3 .^ 5  - 1 .

5-44 4.02 - 1.42

5 . 4 4  4 . 5 0  - 0 . 9 4

0 .0 0 8 .2 0
7 .1 0 6 .9 4

1 6 .0 0 5 .0 5
2 1 .2 0 4 .2 3
2 7 .0 0 3 .4 7
40.10 2 .5 3
8 6 .5 0 1 .9 0

0 .0 0 8 .2 0
6 .3 0 7 .2 9

1 5 .0 0 6 .3 8
1 6 .0 0 5 .9 3
2 9 .5 0 5 .3 3
3 9 .6 0 4 .7 9
6 5 .0 0 4.10

1 0 0 .0 0 3 .7 0

0 .0 0 8 .2 0
5 .8 0 7.64

1 3 .5 0 7 .0 8
1 7 .7 0 6 .8 0
2 6 .5 0 6.44
32.40 6 .1 0
5 9 .8 0 5 .6 8
9 1 .5 0 5-59

0 .0 0 8 .2 0
4.00 8 .0 2

1 0 .6 0 7.84
1 7 .3 0 7 .7 5
2 3 .9 0 7 .6 3
31.40 7 .5 2
5 3 .4 0 7 .3 9
7 4 .6 0 7 .3 0
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TABLE 16— Continued

I n i t i a l  Flow 
R ate  ( Ib /m in )

F i n a l  Flow D isp lacem en t
R a te  ( ib /m in )  (Ib /m in )

Response 
Time ( s e c )  T em pera tu re  

S c a le

4 .9 7 -0.47

5 .4 4 5 .9 2 0.48

5 .4 4 6 .3 8 0 .9 4

5.44 6.86 1.42

0.00 8 .3 9
5.40 8 .1 7

10.20 7 .9 5
1 2 .5 0 7.84
22.00 7 .7 0
2 5 .2 0 7 .5 6
3 5 .20 7 .4 0
5 1 .5 0 7 .2 9

0.00 1 .1 0
5 .6 0 1 .5 6

1 2 .5 0 2.02
1 6 .5 0 2 .2 5
2 1 .2 5 2 .5 0
3 4 .2 0 2 .8 3
5 7 .3 0 3-17
84.60 3 .3 0

0.00 1.00
4.10 1 .8 0

1 1 .5 0 2 .6 0
1 3 .4 0 3 .0 0
1 9 .2 5 3 .5 3
2 6 .4 0 4.00
4 5 .2 0 4 .6 0

100.00 5 .0 0

0.00 1.10
4.10 2 .1 6
9 .6 0 3 .2 2

1 3 .1 0 3 .7 5
1 8 .7 5 4.44
2 5 .1 0 5 .0 8
4 5 .2 0 5 .8 7

1 1 2 .0 0 6 . 4o
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TABLE 16- - Continued

I n i t i a l  F lo v  
R a te  (I b /m in )

F i n a l  F lo v  
R a te  ( Ib /m in )

D isp lacem en t 
( Ib /m in )

R esponse  
Time ( s e c )  T em pera tu re  

S c a le

5 .4 4 7 .3 3 1 .8 9 0 .0 0 1.10
3 .8 0 2 .3 2
8 .8 0 3 .5 4

1 2 .3 0 4 .1 5
1 8 .5 0 4 .9 4
2 5 .6 0 5 .6 8
42.40 6 .5 9
8 7 .6 0 7 .2 0

5 .4 4 7 .8 0 2 .3 6 0.00 1.10
3 .8 0 2 .5 4
8 .7 0 3 .9 8

1 1 .5 0 4 .7 0
1 6 .7 5 5.64
2 3 .4 0 6 .5 0
3 8 .8 0 7 .5 8
9 6 .0 0 8 .3 0



115- 

TABLE 1 7  

PULSE DATA

: ( s e c ) T e m p e r a tu r e
o p

P r e s s u r e
( p s i g )

0 5 2 .0 15
1 5 2 .0 1 7 .3 52 5 2 .0 1 8 .9 5
3 ' 5 2 .0 1 9 .6 6
4 5 2 .0 2 0 .3 5
5 5 2 .0 2 0 .9 0
6 5 2 .2 2 1 .3 5
7 5 2 .5 2 1 .7 0
8 . 5 2 .6 2 1 .8 5
9 5 2 .7 2 2 .0 5

10 5 3 .0 2 2 .2 0
1 1  ' 5 3 .3 2 2 .3 5
1 2 5 3 .5 2 2 .5 5
1 3 5 3 .6 2 2 .7 0
l 4 5 3 .8 2 2 .8 0
1 5 5 3 .9 2 2 .9 5
1 6 5 4 . 0 2 3 .1 5
1 7 5 4 . 1 2 3 .2 5
1 8 5 4 .3 2 3 .4 0
1 9 5 4 . 4 2 3 .5 0
20 5 4 .5 2 3 .6 5
21 5 4 . 7 2 3 .7 5
22 5 4 . 8 2 3 .8 0
2 3 5 4 .9 24.0524 5 5 .0 24.15
2 5 5 5 . 1 24.25
26 5 5 .2 24.40
2 7 5 5 .3 2 4 .5 0
28 5 5 .4 2 4 .6 0
2 9 5 5 .5 2 4 .7 0
3 0 5 5 .7 24.8
3 1 5 5 .7 2 5 .0
3 2 5 5 .9 2 5 .1 5
33 5 6 .0 2 5 .2 5
3 4 5 6 .2 2 5 .3 535 5 6 .3 2 5 .5 0
3 6 5 6  .,4 2 5 .6 0
37 5 6 , 6 2 5 .7 0
38 5 6 .7 2 5 .7 5
39 5 6 .9 2 5 .8 540 5 7 .0 2 6 .0 04i 5 7 . 0 2 6 . 1 5
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TABIiE 17— Continued

T-imp ('=!Pr«') T e m p era tu re  P r e s s u r e
 ̂ op (p s ig )

h-2 5 7 - 1  2 6 . 2 0
43 $7 . 2  26.35
44 5 7 .2  26.40
45 5 7 . 3  2 6 . 5 0
46 5 7 . 4  2 6 . 6 0
47  5 7 . 5  2 6 . 7 0
48 5 7 . 6  2 6 . 7 5
49  5 7 - 7  2 6 . 8 0
50 5 7 . 8  2 7 . 0 0
51 5 7 . 9  2 7 . 1 0
52 5 7 . 9  2 7 . 2 0
53 5 8 . 0  2 7 . 2 5
54 5 8 . 1  2 7 . 3 0
55 5 8 . 2  2 7 . 4 5
56 5 8 . 3  2 7 . 5 5
57 5 8 . 3  2 7 . 6 0
58 5 8 . 4  2 7 . 6 5
59 5 8 . 5  2 7 . 7 0
60  5 8 . 5  2 7 . 8 0
61 5 8 . 6  2 7 . 8 5
62  5 8 . 6  2 7 . 9 0
63  5 8 . 6  2 7 . 9 5
64 5 8 . 7  2 7 . 9 6
65 5 8 . 8  2 7 . 9 8
66 5 8 . 9  2 7 . 9 9
67 5 8 . 9  2 8 . 0 0
6 8  5 9 . 0  2 8 . 0 0
69  5 9 . 1  2 8 . 0 0
70  5 9 . 2  2 8 . 0 0
71 5 9 . 2  2 8 . 0 0
72  5 9 . 3  2 8 . 0 0
73 5 9 . 4  2 8 . 0 0
74 '  59.4  28.00
75 5 9 . 4  2 8 . 0 0
76 5 9 . 5  2 8 . 0 0
77 5 9 . 5  2 8 . 0 0
78 5 9 . 6  2 8 . 0 0
79 5 9 . 6  2 8 . 0 0
80 5 9 . 6  2 8 . 0 0
81 5 9 . 7  2iB.OO

. 82 5 9 . 8  2 8 . 0 0
83 5 9 . 8  2 8 . 0 0
84 5 9 . 8  2 8 . 0 0
85 5 9 . 9  2 8 . 0 0
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TABLE 17-- Continued

m. ! \ T em pera tu re  P re s s u re
(===) Op (p s ig )

86 59.9 28.00
87 60.0 28.00
88 60.1 28.00
89 60.1 28.00
90 60.2 28.00
91 60.3 28.00
92 60.3 28.00
93 60.3 28.00
9L 6 0 .4 28.00
95 60.4 28.00
96 6 0 .4 28.00
97 60.4 28.00
98 60.4 28.00
99 60.4 28.00

100 60.5 28.00
101 6 0 .6 28.00
102 6 0 .6 28.00
103 60.7 28.00
104 60.7 28.00
105 60.7 28.00
106 60.7 28.00
107 6 0 .8 28.00
108 6 0 .8 28.00
109 60.9 28.00
110 61.0 28.00
111 6 1 .0 28.00
112 61.0 28.00
113 6 1 .0 28.00
114 61.0 28.00
115 6 1 .1 28.00
116 6 1 .1 28.00
117 6 1 .1 28.00
116 6 1 .1 28.00
119 6 1 .2 28.00
120 6 1 .2 28.00
121 6 1 .2 28.00
122 6 1 .3 28.00
123 61.3 28.00
124 6 1 .3 28.00
125 61.3 28.00
126 6 1 .3 28.00
127 6 1 .3 28.00
128 6 1 .3 28.00
129 6 1 .3 28.00
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TABLE 17— C o n tin u ed

Time ( s e c ) T em pera tu re
°F

P r e s s u r e
( p s ig )

130 6 1 .4 28.00
131 6 1 .4 28.00
132 6 1 .5 28.00
133 61.5 28.00
13^ 6 1 .6 28.00
135 6 1 .6 28.00
136 6 1 .6 28.00
137 6 1 .6 28.00
138 6 1 .6 28.00
139 6 1 .7 28.00
i 4o 6 1 .7 28.00
i 4i 6 1 .7 28.00
142 6 1 .7 28.00
143 61 .8 28.00
144 6 1 .8 28.00
145 6 1 .8 28.00
146 6 1 .8 28.00
147 61 .9 28.00
148 61 ,9 28.00
149 6 1 .9 28.00
150 61.98 28.00
151 61.98 26.00
152 61.98 24.5
183 62 .0 23.8
154 62 .0 22.7
155 62.0 22.1
186 61 .7 2 1 .5
187 6 1 .5 21.05
188 61.2 20.70
189 61.0 20.45
160 6 0 .8 20.38
161 60.7 20.30
162 60.5 20.00
163 60 .2 1 9 .7 8
l 64 6 0 .1 19.65
165 89.8 1 9 .8 8
166 89.6 19.40
167 89.4 19.38
168 89.2 19.25
169 89.0 19.20
170 58.8 1 9 .1 0
171 58.6 18.98
172 88.5 1 8 .8 5
173 58.2 1 8 .8 0
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TABLE 17--Continued

rp-îniP ('cîpo'i Temperature Pressure
op (p s ig )

174 58 .0 18.79
175 97 .8 18.70
176 57.6 18.69
177 97.5 18.63
178 97.3 18.60
179 97.1 18.90
180 97.0 18.49
181 96.9 18.40
182 5 6 .8 18.39
183 5 6 .6 18.27
184 96.5 18.20
185 96.3 18.19
186 56.2 18.08
187 56.1 18.00
188 96 .0 17.99
189 99.9 17.80
190 99.7 17.79
191 99.6 17.70
192 99.9 17.69
193 99.4 17.63
194 99 .3 17.60
195 99.2 17.99
196 99.1 17.93
197 94.9 17.92
198 94 .8 17.91
199 9 4 .6 17.90
200 94.4 17.49
201 9 4 .4 17.47
202 94.3 17-46
203 94.2 17.49
204 94.1 17.42
205 9 4 .1 17.40
206 9 4 .0 17.36
207 93 .8 17.33
208 93.8 17.30
209 93.7 17.28
210 93.6 1 7 .2 9
211 93.9 1 7 .2 3
212 93.9 1 7 .2 0
213 93.4 1 7 .1 8
2l 4 93.4 17.19
215 93 .3 1 7 .1 0
216 93 .3 17.09
217 93.2 1 7 .0 0
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TABLE 17--Continued

Time ( s e c ) T em pera tu re
°F

P re s s u re
( p s ig )

218 53.2 16.99
219 53.1 16.90
220 53.1 16.89
221 53.0 16.80
222 52.9 16.79
223 52.9 16.79
224 52.9 16.79
225 52.9 16.70
226 92.8 16.69
227 92.8 16.60
228 92.8 16.99
229 52.7 .16 .90
230 92.6 16.49
231 92.6 1 6 .4o
232 92.6 16.39
233 52.9 16.30
234 92.9 16.29
235 52.9 16.20
236 92.4 16.19
237 92.4 16.10
238 92.3 16.09
239 92.2 16.00
240 92.2 19.90
24l 92.2 19.80
242 92.2 19.70
243 92.2 19.60
244 92.2 19.90
245 92.2 19.60
246 92.2 19.90
247 52.1 19.40
248 5 2 .1 19.30
249 52.1 19.20
250 92.1 19.10
251 52.09 19.09
252 92.03 19.00
253 92.02 19.00
254 92.02 19.00
255 92.0 19.00
256 92.0 19.00
297 92.0 19.00
258 92.0 19.00
259 92.0 19.00
260 9 2 .0 19.00
261 92.0 19.00
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TABLE 17--Continued

Time ( s e c )
T em pera tu re

°F
P r e s s u r e

(p s i g )

262 5 2 .0 1 5 .0 0
263 5 2 .0 1 5 .0 0
264 5 2 .0 1 5 .0 0
265 5 2 .0 1 5 .0 0
266 5 2 .0 1 5 .0 0
267 5 2 .0 1 5 .0 0
268 5 2 .0 1 5 .0 0
269 5 2 .0 1 5 .0 0
270 5 2 .0 1 5 .0 0
271 5 2 .0 1 5 .0 0

. 272 5 2 .0 1 5 .0 0
273 5 2 .0 1 5 .0 0
274 . 52 .0 1 5 .0 0
275 5 2 .0 1 5 .0 0
276 5 2 .0 1 5 .0 0
277 5 2 .0 . 1 5 .0 0
278 5 2 .0 1 5 .0 0
2 7 9 5 2 .0 1 5 .0 0
280 5 2 .0 1 5 .0 0
281 5 2 .0 1 5 .0 0

I n l e t  w a te r f lo w  r a t e  = 2 .3 3 8  I t s / m i n

I n l e t  w a te r te m p e ra tu re = 8o° f

= mP^ + n

m '= 1.46
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TABLE 18 

PULSE DATA

Timp ('qpp'l T em p era tu re  P r e s s u r e
°F  ^  ( p s i g )

0 5 1 .5 14.5
1 5 1 . 5 1 6 . 3
2 5 1 . 5 1 7 .7
3 5 1 . 5 1 8 .6
A 5 1 .5 1 9 .4
5 5 1 . 5 2 0 . 0
6 5 1 .5 1 20.4
7 5 1 . 5 8 2 0 . 6
8 5 1 . 7 8 2 0 . 7
9 5 1 . 9 8 2 0 . 8 5

10 5 2 . 1 6 2 1 . 0
11 5 2 . 2 8 2 1 . 1 5
12 5 2 . 3 6 21.20
13 5 2 . 5 4 2 1 . 3 0
l 4 5 2 . 6 5 2 1 . 4 5
15 5 2 . 8 8 2 1 . 5 5
16 5 2 . 9 5 2 1 .6 5
17 5 3 . 0 2 2 1 . 7 0
18 5 3 . 0 9 2 1 . 8 5
19 5 3 . 1 6 2 2 . 0 0
20 5 3 . 1 9 2 2 . 2 0
21 5 3 . 3 1 2 2 .2 5
22 5 3 . 4 4 2 2 . 3 0
23 5 3 . 5 8 2 2 . 4 5
24 5 3 . 7 2 2 2 . 6 0
25 5 3 . 8 5 2 2 . 7 0
26 5 3 . 9 9 2 2 . 8 0
27 5 4 .1 0 2 2 . 9 0
28 5 4 .2 0 2 3 . 0 5
29 5 4 . 3 4 2 3 . 1 5
30 5 4 . 4 3 2 3 . 3 0
31 5 4 . 5 5 2 3 . 3 5
32 5 4 . 6 2 2 3 . 4 9
33 5 4 . 6 8 2 3 . 6 0
34 5 4 . 7 5 2 3 . 7 0
35 5 4 . 8 2 2 3 . 8 5
36 5 4 . 8 9 2 3 . 9 5
37 5 4 . 9 0 24.10
38 5 5 .1 1 24.20
39 5 5 .2 4 24.33
40 5 5 . 3 8 2 4 .4 5
4l 5 5 . 5 2 2 4 .5 2
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TABLE 18- -Continued

Time ( s e c ) T em p era tu re
°F

P r e s s u r e
(psig)

42 55.57 24.60
43 55.61 2 4 .7 0
44 55.65 24.85
45 55.75 25.00
46 55.93 25.10
47 56.00 25.25
48 56.08 25.35
49 56.17 25.48
50 56.21 25.55
51 56.25 25.65
52 56.35 25.74
53 56.41 25.85
54 56.41 25.90
55 56.54 25.95
56 56.62 26.05
57 56.66 2 6 .1 0
58 56.72 26.15
59 56.76 26.25
60 56.79 26.30
61 56.91 26.40
62 57.00 26.45
63 57.11 26.50
64 57.18 26.60
65 57.32 26.65
66 57.38 26.70
67 57.45 26.75
68 . . 57.51 26.80
69 57.55 26.85
70 57.60 26.88
71 57.61 26.90
72 57.68 26.95
73 57.73 27.00
74 57.84 27.05
75 57.87 2 7 .1 0
76 57.90 27.15
77 58.01 2 7 .2 0
78 58.06 27.25
79 58.12 27.30
80 58.16 27.35
81 58.17 2 7 .4 0
82 58.22 27.45
83 58.26 27.50
84 58.28 27.55
85 58.37 27.60
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TABLE 18- - Continued

Time ( s e c )  Temperature P ressure
O''F ( p s ig )

130 6 0 .0 8 2 8 .0
1 3 1 6 0 .1 0 2 8 .0
132 6 0 .1 7 2 8 .0
1 3 3 6 0 .2 2 2 8 .0
134 6 0 .3 3 2 8 .0
1 3 5 6 0 .3 6 2 8 .0
136 6 0 .3 8 2 8 .0
1 3 7 6 0 .3 9 2 8 .0
138 6 0 .4 2 2 8 .0
139 6 0 .4 4 2 8 .0
l l o 6 0 .5 0 2 8 .0
111 6 0 .5 7 2 8 .0
lk -2 6 0 .5 8 2 8 .0
l k 3 6 0 .6 0 2 8 .0
Ih k 6 0 .6 1 2 8 .0
1L5 6 0 .64 2 8 .0
lk -6 6 0 .6 5 2 8 .0
1L7 6 0 .6 7 2 8 .0
1L 8 6 0 .6 8 2 8 .0
11̂ 9 6 0 .6 9 2 8 .0
150 6 0 .7 1 2 8 .0
1 5 1 6 0 .7 2 2 8 .0
1 5 2 6 0 .7 5 2 8 .0
153 6 0 .7 8 2 8 .0
154 6 0 .8 5 2 8 .0
1 5 5 6 0 .9 3 2 8 .0
156 6 0 .9 4 2 8 .0
1 5 7 6 0 .9 6 2 8 .0
158 6 0 .9 6 2 8 .0
1 5 9 6 0 .9 7 2 8 .0
160 6 0 .9 8 2 8 .0
1 6 1 .6 1 .0 0 2 7 .2 0
162 6 1 .0 0 2 6 .2 5
163 6 1 .0 2 5 .4 0
i 6ij- 6 1 .0 2 4 .5 0
1 6 5 6 1 .0 2 3 .7 0
166 6 1 .0 2 3 .0 0
1 6 7 6 0 .9 2 2 2 .3 5
168 6 0 .7 8 2 1 .7 0
169 6 0 .3 9 21.20
170 6 0 .3 6 2 0 .5 5
1 7 1 6 0 .2 2 20.20
172 5 9 .9 5 1 9 .7 5
1 7 3 5 9 .8 1 1 9 .4 0
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TABLE 18- - Continued

Tme ( s e c )  Temperature P ressure
0F (psig)

17^ 5 9 .6 0 1 9 . 2 0
175 59.42 1 9 . 0 0
176 5 9 .2 2 1 8 . 8 0
177 5 9 .1 2 1 8 .6 5
178 5 8 .9 5 1 8 . 4 9
179 5 8 .7 8 1 8 .4 0
180 5 8 .6 3 1 8 .2 5
181 5 8 .5 2 1 7 . 9 9
182 5 8 .3 5 1 7 .8 0
183 5 8 .1 7 1 7 . 7 0
184 5 8 .0 1 1 7 . 6 0
185 5 7 .9 0 1 7 .5 5
186 57.84 1 7 . 5 0
187 5 7 .7 3 17.48
188 5 7 .5 6 1 7 .4 5
189 5 7 .3 9 1 7 .4 0
190 5 7 .3 2 1 7 . 3 0
191 5 7 .1 4 1 7 .2 5
192 5 6 .9 8 1 7 . 2 0
193 5 6 .9 0 1 7 .1 5
194 5 6 .7 6 1 7 .1 2
193 5 6 .6 2 1 7 . 1 0
196 5 6 . 48 1 7 .0 5
197 5 6 .3 5 1 7 . 0 0
198 5 6 .2 1 1 6 .9 5
199 5 6 .0 7 1 6 . 9 0
200 5 6 .0 4 1 6 . 8 7
201 5 5 .8 6 1 6 .8 5
202 5 5 .7 2 1 6 . 8 0
203 5 5 .6 5 1 6 .7 5
204 5 5 .5 2 1 6 . 7 0
209 5 5 .3 8 1 6 .6 5
206 5 5 .2 7 1 6 .6 0
207 5 5 .1 3 1 6 . 5 0
208 5 5 .0 7 1 6 .4 0
209 5 4 .9 9 1 6 .3 5
210 5 4 .9 6 1 6 . 3 0
211 5 4 .8 9 1 6 .2 5
212 5 4 .6 8 1 6 . 2 0
213 5 4 .6 0 1 6 .1 5
214 5 4 .5 5 1 6 .1 0
215 5 4 .4 9 1 6 .0 8
216 5 4 .3 5 1 6 .0 6
217 5 4 .2 7 1 6 . 0 2
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TABLE 18- -Continued

( \ T em p era tu re  P r e s s u r e
Op ( p s i g )

218 5 4 .1 6  1 6 .0 0
219 5 4 .0 6  1 5 .9 8
220 5 3 .9 9  1 5 .9 4
221 5 3 .9 4  1 5 .9 0
222 5 3 .8 3  1 5 .8 6
223 5 3 .7 7  15.84
224 5 3 .7 2  1 5 .8 0
225 5 3 .6 5  1 5 .7 6
226 5 3 .5 8  1 5 .7 2
227 5 3 .5 1  1 5 .6 8
228  5 3 .4 7  15.64
229 5 3 .4 4  1 5 .6 0
230 5 3 .3 0  1 5 .5 6
231 5 3 .2 2  1 5 .5 2
232 5 3 .1 9  15.48
233 5 3 .1 6  1 5 .4 4
234 5 3 .0 9  1 5 .4 0
235 5 3 .0 2  1 5 .3 8
236 5 2 .9 8  1 5 .3 6
237 5 2 .9 4  '  1 5 .3 3
238  5 2 .8 8  1 5 .3 0
239 5 2 .8 2  1 5 .2 7
240 5 2 .7 5  1 5 .2 4
241 52.64 1 5 .2 0
242 5 2 .6 2  1 5 .1 8
243 5 2 .6 1  1 5 .1 5
244 5 2 .5 8  1 5 .1 3
245 5 2 .4 7  1 5 .1 0
246 52.40 1 5 .0 8
247 5 2 .3 9  1 5 .0 6
248 5 2 .3 6  1 5 .0 3
249 5 2 .3 4  1 5 .0 0
250 . 5 2 .3 3  1 4 .9 6
251 5 2 .3 0  1 4 .9 2
252 5 2 .2 6  1 4 .9 0
253 5 2 .2 2  14.86
254  5 2 .1 9  1 4 .8 3
255 5 2 .1 2  14.80
256 5 2 .1 1  1 4 .7 5
257 5 2 .1 0  1 4 .7 2
258  5 2 .0 8  1 4 .7 0
259  5 2 .0 7  14.68
260 5 2 .0 5  - 1 4 .6 5
261 5 1 .9 8  1 4 .6 2
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TABLE 18- -Continued

Time ( s e c ) T em pera tu re
°F

P r e s s u r e
( p s ig )

262 5 1 .9 3 l 4 . 6o
263 5 1 .8 7 1 4 .5 8
264 5 1 .8 5 14.57
265 5 1 .8 0 1 4 .5 6
266 5 1 .7 8 1 4 .5 4
267 5 1 .7 5 1 4 .5 2
268 5 1 .7 4 1 4 .5 1
269 5 1 .7 2 1 4 .5 0
270 51.64 1 4 .5 0
271 5 1 .5 8 1 4 .5 0
272 5 1 .5 6 1 4 .5 0
273 5 1 .5 3 1 4 .5 0
274 5 1 .5 1 1 4 .5 0
275 5 1 .5 0 1 4 .5 0
276 5 1 .5 0 1 4 .5 0
277 5 1 .5 0 1 4 .5 0
278 5 1 .5 0 1 4 .5 0
279 5 1 .5 0 .2 4 .5 0
280 5 1 .5 0 1 4 .5 0
281 5 1 .5 0 1 4 .5 0

I n l e t  w a te r  f lo w  r a t e  = 3-^9 I t s / m i n  

I n l e t  w a te r  te m p e ra tu re  = 83°F

Tg = mPg + n

m l . k -6
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TABLE 19

FREQUENCY RESPONSE VALUES OBTAINED FROM 
TRANSFORMED PULSE RESPONSE DATA

I n l e t  -water flo-w r a t e  = 2 .3 3 8  I b s /m in  
I n l e t  w a te r  te m p e ra tu re  = 800F

F requency
(ra d /m in )

A m plitude
R a tio

P hase  A ngle 
(d e g re e s )

0 .3 1 2 0.647 - 8 . 3
0.441 0.643 - 11.4
0 .6 2 4 0.640 - 1 6 .3
0 .8 8 3 0 .6 3 1 - 2 3 .5
1.248 0 .6 1 2 - 3 4 .6
1 .7 6 5 0 .5 1 4 - 5 4 .1
2 .4 9 6 0 .3 6 3 - 6 0 .0
3 .5 3 0 0.246 - 6 6 .8
4 .9 9 2 0 .1 9 0 - 6 7 .8
7 .0 6 2 0 .1 3 2 - 8 7 .5
9 .9 8 4 0 .105 - 9 5 .9

14.12 0 .0895 -1 3 1 .0

I n l e t  w a te r  f lo w  r a t e  = 3 .4 9  Ib s /m in
I n l e t  w a te r  te m p e ra tu re = 83°F

F re  quency A m plitude P h ase  ArLgle
( ra d /m in ) R a tio (d e g re e s )

0 .3 1 2 0.66 - 5 .7
0 .6 2 4 0 .6 7 - 11.8
1.248 0 .7 1 - 1 7 .6
2 .4 9 6 0 .5 6 - 3 5 .5
4 .9 9 2 0 .3 2 - 7 7 .8

1 9 .9 7 0 .0 7 8 - 120.6



13Q

TABLE 20

THEORETICAL FREQUENCY RESPONSE VALUES

I n l e t  w a te r  f lo w  r a t e  = 2.338 I b s /m in  
I n l e t  w a te r  te m p e ra tu re  = 80°F 
m = 1.46

E re quency 
(ra d /m in )

A m plitude
R a t io

P hase A ngle 
(d e g r e e s )

P hase  A ngle 
+ 6 s e c .  

o f  dead  tim e  
( d e g re e s )

0 .3 1 2 0 .6 9 0 - 9 .4 - 11.1
0.441 0.668 - 1 3 .2 - 1 3 .7
0.624 0 .6 6 5 - 1 8 .4 - 2 2 .0
0 .8 8 3 0 .6 3 3 - 24.6 - 2 9 .7
1.248 0 .5 8 4 - 3 3 .5 - 40.7
1 .765 0 .5 1 8 - 4 3 .2 - 5 3 .3
2 .4 9 6 0.423 - 5 3 .2 - 6 7 .5
3 .530 0 .3 3 0 - 6 2 .0 - 8 2 .2
4 .9 9 2 0.243 - 6 9 .4 - 9 8 .0
7 .0 6 2 0 .1 8 0 - 7 5 .1 -1 1 5 .6
9 .9 8 4 0 .1 3 0 - 7 9 .3 -1 3 6 .5

14.12 0 .0 9 3 - 82.4 -1 6 2 .3
1 9 .9 7 0 .0 6 5 - 84.5 - 1 9 9 .0
2 8 .2 4 0.046 - 86.2 - 248.1
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TABLE 20— Continued

I n l e t  w a te r  f lo w  r a t e  = 3*^9 I b s /m in  
I n l e t  w a te r  te m p e ra tu re  = 83°F  
m = 1.46

P h ase  A ngle
F re  quency 
( ra d /m in )

A m plitude
R a t io

P hase  A ngle 
(d e g r e e s )

+ 6 s e c .  
o f  dead  tim e  

( d e g re e s )

0.312 0.708 -6 .2 -7 .9
0.441 0.703 - 8.6 -9 .1
0 .6 2 4 0.693 - 12.2 - 1 5 .8
0.883 0.679 - 1 7 .0 - 22.1
1.246 0.622 -2 3 .3 -30 .5
1 .7 6 5 0.605 - 3 1 .4 - 41.5
2.496 0.535 - 40.9 -5 5 .2
3.530 0.447 -5 0 .3 -70 .5
4.992 0.350 -6 0 .0 - 88.6
7.062 0 .2 7 1 -6 7 .8 -108 .3
9.982 0.193 -7 3 .9 - 1 3 1 .1

14.12 0.140 - 7 8 .4 -159 .3
19.97 0.099 - 8 1 .1 -195 .6
2 6 .2 4 0.071 - 84.2 - 246.1
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TABLE 21 

OPERATING CONDITIONS

I n l e t
T em pera tu re

Ti

C oolan t
T em pera tu re

Tc

Maximum 
V a r ia t io n  i n  

F lu id  T em pera tu re
^ a x

S te ad y  S ta te  
F lu id  T em pera tu re

Ts

s te a d y  S ta te  
Flow  R a te  

Ws
( ib s /m in )

Minimum Maximum 
Flow  R a te  F low  R a te

^m in ^majc 
( ib s /m in )  ( ib s /m in )

A m plitude  
o f  V ary in g  

Flow  R a te  
( ib s /m in )

1 1 3 .5°F 3 8 .o° f 2 . 0°F 99. 8°F 5 .4 4 4 .9 7 5.92 0 .4 7 5

1 1 3 .5 38.0 3.96 99.8 5 .4 4 4 .5 0 6 .38 0 ,9 4

113.5 38.0 5 .4 99.8 5 .4 4 4 .0 2 6 6.86 1 .42

1 1 3 .5 3 8 .0 8 .1 99.8 5 .4 4 "  3.55 7.33 1 .8 9

113.5 38.0 11.2 99.8 5 .4 4 3.078 7.806 2 .3 6 4

%

MISCELLANEOUS DATA

Cp o f  w a te r  = 1.0  BTU /IL-°E 

p = 6 2 . 4  l b / f t 3 

V = 0 .0 3 7 2 4  f t 3

U A (BTü/m in-°F) v a r i e s  and  was c a l c u l a t e d  from  s te a d y  s t a t e  o p e r a t in g  c o n d i t io n s .
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TABLE 22

FREQUENCIES CORRESPONDING TO CAPACITANCE VALUES 
FOR THE ANALOG SIMULATION USED IN THE 

FREQUENCY RESPONSE STUDIES

F re q u e n c ie s . 
C ycle 8/m in u te ^1

C a p a c ita n c e  l / b p  
M ic ro fa ra d s

0 .0 5 1200 0 .01735
0.10 600 0 .0 3 4 7
0 .2 0 300 0 .0 6 9 4
0 .3 0 200 o . i o 4i
0 .5 0 120 0 .1 7 3 0
0 .7 0 85 0 .2 7 8 0
1.00 60 0 .3 4 7 0
1 .2 5 48 0 .4 3 4
1 .5 0 40 0 .5 2 2
1-75 3 4 .3 0 .6 0 8  :
2.00 3 0 .0 0 .6 9 5
2 .2 5 2 5 .6 o . 8i 4
2 .5 0 24.0 0 .8 6 9
2 .7 5 21.8 0 .9 5 6
3 .0 0 20.0 i . o 4i
3 .25 1 8 .4 5 1 .1 3 0
3 .5 0 1 7 .1 5 1 .2 1 5
2 .7 5 1 6 .0 1 .3 0 2
4.00 1 5 .0 1 .3 8 8
5 .0 0 12.0 1 .7 3
7 .0 0 8 .5 2 .7 8

1 0 .0 0 6.0 3 .4 7
2 0 .0 0 3 .0 6 .9 4
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TABLE 23

OUTPUT ANALOG COMPUTER VALUES 
SHOWN IN FIGURE I 8

Time 
( m in u te s )

T e m p era tu re  
S c a le  ( cm. )

T e m p era tu re  
V a r ia t io n  from  

S te a d y  S ta te  (°F )

0 .0 5 .2 0 .8
2 .5 7 .6 3 .2
5 .0 8 .3 7 3 .9 7
7 .5 8 .0 3 .6 0

1 0 .0 6 .0 1 .6 0
1 2 .5 2 .8 - 1 .6 0
1 3 .0 0 .7 - 3 .7 0
1 7 .5 2.0 - 2.40
20.0 5 .2 0 .8 0

1 CM on te m p e ra tu re  s c a l e  = 1 d e g re e  F a l ir e n h e i t  

0 °F  v a r i a t i o n  = 4.4  CM
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Figure 24. Bode Plot of Analog Frequency Response Data
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Figure 26. Bode Plot of Analog Frequency Response Data



SEMI.LOGARITHM IC 3 5 8 - 7 0
K C U FF E i. *  CSSCA C O . ■A O III o . S . k .  

3  CY CLES X 6 0  D IV ISIO N S

A N A LO G  FK E Q U E N C Y  H E S P O N S E  D A T A  
A M P U :T U D E  O F FO R C IN G  F U N C T IO N  

= 1. 89 L B S /M IN  
ST E A D Y  S T A T E  F L O W  R A T E  = 5 . 44  L B S /M IN

0 .4

2

10. 0

0
20 . 0

30 . 02

4 0 . 0

4
50 . 0

60. 0
I. 6

7 0 . 0

.8 8 0. 0

90 . 0F R E Q U E N C Y  (C Y C L E S /M IN U T E )

0
1. 0 10. 00. 01 0 .1

H
U )00

Figure 2 J . Bode Plot of Analog Frequency Response Data



S E W  I-L O G A R IT H M  1C 3 5 8 - 7 0
r \  S  K E U F PC L  ft ESSCR C O . « * S t i « U . i i  

3  CYCLES X CO D !V ,S IG N S

A N A LO G  F R E Q U E N C Y  R E S P O N S E  D A TA  
A M P L IT U D E  O F FO R C IN G  F U N C T IO N  

= 2. 36 L B S /M IN  
ST EA D Y  S T A T E  F L O W  R A T E  = 5 .4 4  L B S /M IN

10 . 0

30. 0

40 . 0o

0 .4

6 0 . 0

ECr 80. 0

90. 0FR E Q U E N C Y  (C Y C L E S /M IN U T E )

0. 01 1. 0 10. 00. 1

CO
VO

Figure 28. Bode Plot of Analog Frequency Response Data
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Figure 29. Bode Plot of Experimental Frequency Response Data
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Figure 30* Bode Plot of Experimental Frequency Response Data
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