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Abstract

This dissertation addresses well-posedness and approximation problems for coupled
parabolic-elliptic systems with applications to geomechanics. This work is motivated
by problems of borehole stability in porous formations that involve the modeling of
fully coupled thermal, chemical, hydraulic, and mechanical processes. The underlying
thermo-chemo-poroelastic (TCPu) model is a system of time dependent parabolic
equations modeling thermal, solute, and fluid diffusions coupled with Navier-type
elliptic equations that attempt to capture the elastic behavior of rock around the
borehole. The obtained results are fundamental to posing optimal control problems
using borehole parameters as controls to achieve desired stress distributions in the
neighborhood of the borehole.

Sufficient conditions for well-posedness (in the sense of Hadamard) of the coupled
parabolic-elliptic initial-boundary value problems are obtained for the two- and
three-dimensional TCPu models. These results provide a mathematical basis for
the general theory of fully coupled chemical thermo-poroelasticity in homogeneous
isotropic porous media saturated by a fluid.

Numerical methods for solving fully coupled parabolic-elliptic initial-boundary
value problems for two- and three-dimensional TCPu processes, including radially
non-symmetric processes in an inclined borehole, are developed. These methods
are based on a hybrid Fourier-finite-element approximation technique proposed in
this research. The technique also involves a boundary penalization strategy and
captures borehole geometry and mechanics. The numerical methods allow numerical
analysis of a control problem in which the temperature and pressure on the borehole
boundary are considered as control parameters used to achieve desirable stresses in

the neighborhood of the borehole.
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Chapter 1

Introduction

Natural systems are usually complex and composed of numerous interacting parts.
Such interactions require coupled models that, in turn, create a need for advanced
mathematical analysis and control techniques. In this dissertation, we consider initial-
boundary value problems for coupled parabolic-elliptic systems with applications
to geomechanics. This work is motivated by the problems of borehole stability in
porous formations saturated by a fluid that involve the modeling of fully coupled
thermal, chemical, hydraulic, and mechanical (elastic) processes.

The poroelasticity theory describing the coupled processes of elastic deformation
and pore fluid diffusion in fluid-saturated isothermal porous media can be traced back
to the pioneering works of von Terzaghi [41, 42] (1925, 1943) and Biot [5] (1941). In
1956, Biot [6] pointed out a complete mathematical analogy between poroelasticity
and thermoelasticity with the temperature playing the same role as the fluid pressure
and heat conduction corresponding to fluid flow. A complete mathematical analysis
of the well-posedness of a general initial-boundary value problem for a system of
coupled partial differential equations that describes the Biot consolidation model [5]
in poroelasticity, as well as a coupled quasi-static problem in thermoelasticity, has
been carried out by Showalter [37, 38]. The corresponding Biot consolidation model

has the form

— A+ p)V(V -u(zx,t)) — pAu(z, t) + aVp(z,t) = f(x,t) (1.0.1)
%(cop(x, t)+aV-u(x,t) — V- -kVp(z,t) = h(z,t) (1.0.2)

consisting of the equilibrium equation for momentum (1.0.1) and the diffusion equa-

tion for Darcy flow (1.0.2). Here wu(x,t) is the displacement of the stucture; p(z,t)



is the fluid pore pressure; the positive Lamé constants A\ and g are the dilation
and shear moduli of elasticity, respectively; « > 0 is the Biot-Willis constant that
accounts for the pressure-deformation coupling; the constant ¢y > 0 combines the
porosity of the medium and the compressibility of the fluid; &k > 0 involves the
permeability of the medium and the viscosity of the fluid; f and g¢ are given data,
typically the volume-distributed external forces and the volume-distributed source
density, respectively. In the context of the coupled thermoelasticity system, p(z,t)
denotes the temperature; ¢y > 0 is the specific heat of the medium; and &k > 0 is
the conductivity.

Based on the theory of linear degenerate evolution equations in Hilbert spaces, the
existence and uniqueness of strong and weak solutions, as well as regularity theory
for the system (1.0.1)-(1.0.2) supplemented by initial and boundary conditions, were
developed. The earlier works on the mathematical issues of analysis and numerical
approximation for the Biot consolidation model include [2, 7, 8, 29, 44, 45, 47]. The
a priori analysis of Euler-Galerkin approximations for the Biot consolidation problem
is presented in the works of Murad, Loula, and Thomée [30, 31, 32], including the
semi-discrete and fully discrete cases and long-time behavior; and the a posteriori
error analysis was developed by Ern and Meunier [17].

In 1971, Schiffman [35] first extended the Biot theory for non-isothermal systems
to account for the effects of thermal expansion of both the pore fluid and the elastic
matrix. Since then, a substantial literature on thermo-poroelasticity theory and the
modeling of the coupled hydro-thermo-mechanical behavior of a fluid-saturated por-
ous media has been developed for geomechanics, including petroleum and geothermal
borehole stability [1, 4, 10, 14, 23, 24, 26, 28, 33, 39, 43]. Considerable attention
has been recently placed on the impact of chemical processes in porous media on
drilling and borehole stability. Ghassemi and Diek [20] developed a linear chemo-

poroelastic model that couples solute transfer in the mud/shale system to stress



and pore pressure within the framework of a Biot-like isotropic poroelastic theory.
Thereafter, Zhou and Ghassemi [46] and Rafieepour et al. [34] presented linear and
nonlinear chemo-thermo-poroelastic models, respectively. However, all those models
are not rigorously developed from the first and second laws of thermodynamics. In
2011, Diek et al. [12, 13, 11] first presented fully coupled thermo-poroelastic and
chemo-thermo-poroelastic models for drilling in geological formations that satisfy
the first and second laws of thermodynamics.

Due to the complexity of cross-coupling mechanisms involved in thermo-poro-
elastic and chemo-thermo-poroelastic models, the majority of corresponding initial-
boundary value problems are solved by various numerical and computational tech-
niques [18, 19, 20, 25, 34]. Very few analytical solutions of the fully coupled thermo-
poroelastic and chemo-poroelastic equations are currently available. Typically, the
solutions are derived under the assumptions that some of the couplings can be
neglected [10, 23, 24, 28]. For instance, in the works of Kodashima and Kurashige
[23, 24], the displacement field is decoupled from the temperature and pore fluid
pressure fields; and in Coussy [10], an analytical solution is presented under the
assumption that the temperature equation can be decoupled and approximated by a
purely diffusive equation. Belotserkovets and Prevost [4], using the Laplace trans-
formation and the residue theorem, developed an analytical method and presented an
exact unique solution for a specific case of the fully coupled thermo-hydro-mechanical

response of a fluid saturated porous sphere under mechanical pulse load.

In this dissertation, we study the model that is based on equations derived by Diek
[11] and constitutes the general theory of fully coupled chemo-thermo-poroelasticity
in homogeneous isotropic porous media saturated by a fluid. The theory satisfies
the first and second laws of thermodynamics and is based on concepts of irrevers-
ible thermodynamics, a novel rock constitutive relation, and Onsager’s transport

phenomenology [11]. Since the model is derived from physical laws, it requires a



mathematical basis for its well-posedness. On the other hand, the geomechanical
nature of the problem demands analytical and numerical methods that capture both
the geometry and the physical background of the problem. With this in mind, the
aims of the dissertation are to establish the mathematical theory of well-posedness for
coupled linear parabolic-elliptic systems modeling fully coupled mechanical, hydraulic,
chemical, and thermal processes in homogeneous isotropic media and to develop and
experimentally validate numerical methods for approximation and boundary control

problems in geomechanical applications.

The dissertation is organized in chapters as follows. Chapter 2 describes the
underlying fully coupled thermo-chemo-poroelastic (TCPu) model for fluid-saturated
porous rock formations and formulates the corresponding coupled parabolic-elliptic
initial-boundary value problems for two- and three-dimensional regions. Chapter
3 addresses the well-posedness theory for the initial-boundary value problems in-
troduced in Chapter 2. Chapter 4 develops numerical methods for approximation
and boundary control problems for the two- and three-dimensional TCPu models.
Chapter 5 presents experimental validation of the numerical methods developed in
Chapter 4. Chapter 6 contains the conclusions and potential directions for further

research.



Chapter 2

Coupled TCPu System: Underlying Equations

The underlying TCPu model [11] is a system of time-dependent parabolic partial
differential equations (PDEs) coupled with Navier-type elliptic PDEs with time,
t € (0,tf), as a parameter. The parabolic equations represent heat, solute, and fluid
diffusions, and the Navier-type elliptic equations attempt to capture the elastic be-
havior of rock, while incorporating thermal, chemical, and porous media effects. The
equations are developed in terms of the following independent variables: the absolute
temperature 7', the solute mass fraction C', the pore pressure p, and the vector of
solid displacements @. The coupled partial differential equations supplemented by
the appropriate initial and boundary conditions constitute an initial-boundary value
problem defined in a region exterior to the borehole. Although this region is infinite,
it is specified with a far-field radius such that, without loss of generality, we may
assume that, on the far-field boundary, the absolute temperature, solute mass frac-
tion, pore pressure, and displacements are time-independent, and the displacement

is negligibly small.

2.1 Two-dimensional Model

The initial-boundary value problem that constitutes our model is defined in a region
Qin RR? exterior to the borehole. We assume that (2 is a bounded open domain with
a sufficiently smooth boundary I'. The boundary I is expressed as the union of
disjoint sets I'p and I['p having nonempty interiors relative to the set I'. Specifically,

Q) C R? is an annular region with an inner radius Rp and an outer radius Rp.



Let (X,Y) be a borehole Cartesian coordinate system such that
x -axis is in the direction of maximum horizontal principal stress oy and
y -axis is in the direction of minimum horizontal principal stress oy.

A point z in R? is associated with position vector = = xi + yf, where 7 and j
are the basis vectors of the Cartesian coordinate system (X,Y’). Displacements of
points within €2 are described in terms of a vector-valued displacement function of
the position Z and time ¢ as @(z,t) = u(Z, )i + v(Z,1)].

The boundary I' of Q is I' = 'g UT'r, where

I'p = {f:(a:,y) € R?: \/x2—|—y2:RB}
I'r = {i’:(x,y) e R?: \/:L’z—i-yQZRF}

Figure 2.1 shows the two-dimensional region €2 in R? exterior to the borehole.

Y &, (min)

X o (max)

Figure 2.1: Two-dimensional region exterior to the borehole

The initial-boundary value problem that constitutes the two-dimensional radially
nonsymmetric TCPu model is the following.
Thermal diffusion:
T

. . k RT»DT
AT+ 50+ dp— 2y — PIEE

IR G KT — (Vi) in Qx (0,
T Ms(l—CF)VC+ Vp ((V-u) in Qx(0,t¢)

(2.1.1)



with boundary conditions

and initial conditions

Solute diffusion:

¢C — CprDTV?T — DV?C +

with boundary conditions

and initial conditions

Fluid diffusion:

IT+xC+Up+ KTV T+

with boundary conditions

and initial conditions

T(i‘,t) = TB(t) on FB X [O,tf) (212)
T(.f',t) = TF(Q_?) on FF X [O,tf) (213)
T(z,0) =Ty(z) inQ (2.1.4)
%Wp =0 inQx(0,t) (2.1.5)

C(f,t) = CB(t) onI'p x [O,tf) (216)
C(i’,t) = CF(i') on ['p X [O,tf) (217)
C(z,0)=Cr(z) nQ (2.1.8)
W?:—%vzc*—%v% = —a(V-d)  in Qx(0,t) (2.1.9)
p(Z,t) = pp(t) onI'p x [0,tf) (2.1.10)
p(Z,t) = pr(Z) on I'r x [0, %) (2.1.11)
p(z,0) = pr(z) in Q (2.1.12)



Navier-type elastic equations:

in Qx (0,t;) (2.1.13)

G . S )
(K n g)V(v i)+ GV — (VT + VC — avp =0
with boundary conditions
u(z,t) ~0 on I'p x (0,ty) (2.1.14)
u(z,t) =~ 0 on I'p x (0,ty) (2.1.15)
and initial conditions
g (2.1.16)

The description and values of physical constants are presented in Appendix A.

It is convenient to consider the thermal diffusion, solute diffusion, and fluid

diffusion as a system (TCP system). Hence, we introduce the following matrices and

vectors:
KL pRTpDY o
AY @ Tp  Ms(1-CF) ¢
M=10 ¢ 0|, A=|c.pr D R 5= lo] 2117
r x v U «
e POk k
L n no
T Tg Tr
V(z,t)=|C| (z,1), Vg=|Cgl, Vi = |Cr (2.1.18)
p PB PF

With the notations (2.1.17) and (2.1.18), the initial-boundary value problem

(2.1.1)-(2.1.12) has the form

MV — AV = —bo(V- i) inQx (0,t) (2.1.19)



with boundary conditions
V(z,t) = (2.1.20)

and initial conditions

V(z,0)=Vi(z) inQ (2.1.21)

Note that l;o is the factor that couples the displacement velocity to the absolute
temperature, the pore pressure, the solute mass fraction (TCP), and their velocities.

By the principle of minimum total potential energy, the region €2 shall displace
to a position that minimizes the total potential energy; it is the stable configuration
for equilibrium.

The total potential energy of our system is
V(i) = Vs(u) — Wy(u) — Ws(u) (2.1.22)

where Vg(1) is the elastic energy of the system; W, () is work done by body forces
due to the absolute temperature, the solute mass fraction, and the pore pressure;
and Wg(@) is work done by applied boundary stress.
Now we specify Vg(@0), Wy(i), and Wg(i). Here and in the following we will
suppress the time dependence of the displacement vector for the sake of brevity.
Given the displacement

-

U= ut +vj

the linearized strain is a second order symmetric tensor

¢ = [5” 512] _ %(vm Vi)

€21 €22

where

(uy + vx), €92 = Uy

N | —

€11 = Ug, €12 = €21 =



In the linear elasticity theory, a relation between the stress tensor 7 and the

linearized strain tensor &() is given by
7ij(€) = aijkncrn (W) (2.1.23)

where a;;;, are the coefficients of elasticity, independent of the strain tensor.

The coefficients of elasticity have properties of symmetry
Aijkh = Qjink = Akhij (2.1.24)
and of ellipticity: There exists a constant «; > 0 such that
QijkhEijEkh > Q1Ei;Ei V€. (2.1.25)

In equations (2.1.23)-(2.1.25), we made use of the Einstein summation convention
concerning repeated indices.
For a homogeneous elastic isotropic medium, the stress-strain relation (2.1.23) in

terms of the bulk modulus K and the shear modulus G has the form

- [T” " ZoGe+ (K - %G) (tre)T (2.1.26)

To1 T22

That is,

2
1 = 2Gu, + (K — §G) (uac + vy)
T12 = o1 = G (uy + v,) (2.1.27)

Ty = 2Gv, + (K — %G) (ux + ’Uy>

The elastic strain energy of the system is

Vs(@) = % /Q T (@)e11 (@) + 2719(@)e12(0) + o (@)E22(1) AQ (2.1.28)

10



The work done by body forces due to the absolute temperature, the solute mass

fraction, and the pore pressure is
Wy (1) = /Qf(trs(ﬁ)) dQ (2.1.29)
where
f=6V, b= -¢ &, V=1 C p (2.1.30)

Note that I;l is the factor that couples the absolute temperature, the pore pressure,
and the solute mass fraction (TCP) to the displacement.

The work done by applied boundary stress is
We(u) = /(&ﬁ) ~udl (2.1.31)
r

where ¢ is applied boundary stress and 7 is the outward unit normal vector on the
boundary.
Applying (2.1.28), (2.1.29), and (2.1.31) to (2.1.22), we have

V(ﬁ) = %/97'11(1_[)611(17) + 27’12(1_1:)812<ﬁ) + 7'22(1_[)522(1_1:) dQ

- Qf(tr&(ﬁ))d@—/r(&ﬁ) @ dl (2.1.32)

To aid in giving a mathematical formulation, let

2

H=L*(R%) = {L*(4R) }
V =H (%R = {H' (%R)}
VO:{SOEV:@D’FF:O}
B(z) = ()i + ()]
At this point, we wish to express the elastic strain energy Vs() as a functional

on V. To that end, define the bilinear form on V' by

11



an(id, B) = / 1 (@)ens (B) + 271 (0)e12(B) + 7o (@) (B) AQ, YV E, B eV
Q

Then from (2.1.28) and (2.1.33),

I S
V() = §aE(u, u)
and, from (2.1.32) and (2.1.34), the total potential energy has the form
I _, A o
V(u) = §aE(u,u) - / f(tre(@)) dQ — /(an) ~udl
Q r
Define the following vectors:

—

= [711 7'12]T;

[7'21 T22 r

ol

ap(i, ®) = /QTH% + Ti20y + T21Uy + To21p,, d€2
:/Qﬁ-vgb+73-wd9
=/Qv-wﬁ)—W-mv(w%)—w-%dﬁ
—/F¢(7?1.ﬁ)+¢(7‘-’2-ﬁ)dF—/Q<bV~ﬂ+¢V-F2dQ

:/(Tﬁ)-cﬁdr—/[v.ﬁ V-3 8d0, VoeV
r Q

Thus, we obtain the following Green’s formula:

aE(ﬁ,é):/(rﬁ)-édr—/[v.fl V- BT $dQ, VdeV
r Q

(2.1.33)

(2.1.34)

(2.1.35)

(2.1.36)

(2.1.37)

Referring to (2.1.14) and (2.1.15), we assume that @ and @ are negligible on T'

and therefore, the set of admissible displacements is
Upg = {il € Vol €V}

12



Using the principle of minimum total potential energy, the displacement « that

the region €2 undergoes is given by

DV(@)d =0, Vdel (2.1.38)
where
Looood o
DV (u)® = %V(u +09) o

is the Gateaux differential of V with increment ®.

From (2.1.35), (2.1.38)

aE(ﬁ,cﬁ)—/Qf(trg(q?)) dQ—/ (67) - @Al =0, V& eV (2.1.39)

I'sp

From Green’s formula (2.1.37) we have
aE(ﬁ,(f)):/ (Tﬁ).édr—/[v-ﬂ V-BT-8dQ, Voel, (2.1.40)
I'p Q
Now
/f(trs(<f>)) cm:/f(v-cﬁ)dfz
Q Q
:/v-<f<f>)—Vf-q3dQ
Q
= f@ﬁdl“—/Vf—f)dQ
FB Q
:/ (f[ﬁ)-&»df—/Vf-cﬁdQ, VeV, (2141
FB Q

Applying (2.1.40) and (2.1.41) to (2.1.39), we have

/ (Tﬁ)-(fdl“—/[v-ﬂ V-5 ddO—
I'p

Q

-

—/ (f]ﬁ)-<f>dF+/Vf-(f>dQ—/ (67)-®dl =0, =
FB Q 1—‘B

13



/<T—f1—&)ﬁ.q3dr+/(—[v-ﬁ V-2 +Vf) - dd2r=0, VeV
I'p Q

It follows that

V-7 V-B'=Vf inQ (2.1.42)
= (fl+0o)n onI'p (2.1.43)
From (2.1.27),
G 2G
V-7 =m,+ Ti2, = (K + g)ug;x + (K — ?)UW + Gug, + Guyy + szy
G G
= (K + g)um + (K + g)vyx + Gy, + Gy,
" G 2G
VT =To1, + Tz, = Guye + Gugy + (K + g)vyy + (K — ?)u,py + Gy,

= (K + %)ny + (K + g)vyy + Gz + Guy, =

V 7_')1 G (ux + vy):v (UMC + Uyy)
L =K+ ) =
V-7 37 | (ug + vy)y (Vow + vyy)
N —1T G — 2
V-7 V)= (K+ g)V(v @) + GV*4 (2.1.44)
From (2.1.42)-(2.1.44) and (2.1.15),
G _ 2 :

(K+§)V(V-u)+GV =Vf inQx(0t) (2.1.45)
Tﬁ = (f[ + 6)fi on FB X (O,tf) (2143)
w0 onI'p x (0,ty) (2.1.14)

Differentiating (2.1.45) with respect to time and applying (2.1.30), we obtain the

system (2.1.13). On the other hand, since @ € Vj, from (2.1.39) we have

14



ap(ii, D) — /Q f(tre(®)) dQ —/ (67) - @Al =0, VdeV (2.1.46)

I'p
Using the same argument as above and applying (2.1.30), we obtain the equivalence

of systems (2.1.45), (2.1.43), (2.1.14) and (2.1.13)-(2.1.15).

Remark 2.1 ([3]). The condition for mechanical equilibrium is
V.-o=0

where o = 7 — fI is the poroelastic stress tensor.
From this relation, (2.1.27), and (2.1.30), we obtain the system (2.1.45) that consti-

tutes the equations of equilibrium.

2.2 Three-dimensional Model

The initial-boundary value problem that constitutes our model is defined in a bounded
open domain  in R? exterior to the borehole, with a sufficiently smooth boundary
I". Specifically, 2 C R? is an inclined cylindrical region with an inner radius Rp
and an outer radius Rp.
Let (X,Y, Z) be a Cartesian coordinate system such that
x -axis is in the direction of maximum horizontal principal stress oy (z),
y -axis is in the direction of minimum horizontal principal stress o,(2), and
z -axis is in the direction of overburden stress oy and
(X4, Yy, Zy) be a borehole Cartesian coordinate system.
A point 7 in R3 is associated with position vector 7 = xi + yj+ zE, where
i, ;’, and k are the basis vectors of the borehole Cartesian coordinate system
(X, Yy, Zp). Displacements of points within € are described in terms of a vector-
valued displacement function of the position # and time ¢ as @(z,t) = u(z, t)i +

—

0(z,8)] + w(z, t)k.
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The boundary I' of Q is F:FBUFFUfTUfB, where
FB:{(x,y,z)eRgz\/m:RB, zngng}
I’F:{(x,y,z)eR?’:\/T—l—y?:Rp, zTSZSZB}

f’T:{(a:,y,zT)ER?’:RBS\/WSRF}
fB:{(xvysz)eRg:RBS\/ngF}

Figure 2.2 shows the two-dimensional region €2 in R? exterior to the borehole.

Figure 2.2: Three-dimensional region exterior to the borehole

Now we formulate the initial-boundary value problem that constitutes the three-
dimensional radially nonsymmetric TCPu model. The thermal diffusion, solute
diffusion, and fluid diffusion equations, as well as the Navier-type elastic equations
for the three-dimensional problem are the same as in the two-dimensional case and

thus, the problem is the following.
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Thermal diffusion:

]{ZT Pf RTF DT

AT +XC+dp— —VT—

Tr Ms(1—Cp)

with boundary conditions

compatibility conditions

and initial conditions

Solute diffusion:

¢C — CpDTV?T — DV?C + %Wp =0

with boundary conditions

V2O + KTV = —((V-0)

=Tg(z,1) on I'g x [0,%f)
= TF(CE') on FF X [O,tf)
= TT(x,y,t) on [ x [0,tf)

= TB(x,y,t) on ['p x [0,2f)

Tr(t)|y, =T,

TT(t)}FF - TF‘fT

T, =Tr)g,

in 2 x (O,tf>
:CB(Z,t) on FB X [O,tf)
= CF(.T) on FF X [O,tf)

= Cr(z,y,t) on I'p X 0,t5)

= é’B(x,y,t) on I'g x 0,t5)

in Q x (O, tf)
(2.2.1)

(2.2.2a)
(2.2.2b)
(2.2.2¢)

(2.2.2d)

(2.2.3a)
(2.2.3b)
(2.2.3c)

(2.2.3d)

(2.2.4)

(2.2.5)

(2.2.6a)
(2.2.6b)
(2.2.6¢)

(2.2.6d)



compatibility conditions

and initial conditions

Fluid diffusion:

T+ xC+Up+ K'VT +

ROk

with boundary conditions

p(@,t) = pp(z,1)
p(f, t) = pF(Q_:)
p(j, t) = ﬁT(xa Y, t)

p(f,t) - ﬁB($7y7t)

compatibility conditions

and initial conditions

pr(t)|., = s
prt)|., = pr
ps(t)|. =ps
pe(t)|., = pr

18

on I'p x [0,%y)
on FF X [O,tf)
on fT X [O,tf)

on fB X [O,tf)

(2.2.7a)
(2.2.7b)
(2.2.7¢)

(2.2.7d)

(2.2.8)

k .
V20 — Ev2p = —a(V- i) in Qx(0,t;) (2.2.9)

(2.2.10a)
(2.2.10b)
(2.2.10¢)

(2.2.10d)

(2.2.11a)
(2.2.11b)
(2.2.11c)

(2.2.11d)

(2.2.12)



Navier-type elastic equations:

<K+g)V(V-ﬁ)+GV2;—C~VT+£VC—&V1'9:O in Qx (0,t7) (2.2.13)

3

with boundary conditions

u(z,t) ~0 on I'p x (0,ty) (2.2.14)

u(z,t) =~ 0 on I'p x (0,ty) (2.2.15)
and initial conditions

@(z,00=0 inQ=QuUT (2.2.16)

The description and values of physical constants are presented in Appendix A.
Using the matrices and vectors (2.1.17) and (2.1.18) defined for the two-dimensional

case, we have the following TCP initial-boundary value problem:

MV — AV = —by(V- i) inQx (0,t) (2.2.17)
with boundary conditions
(
VB<Z,t) on FB X [O,tf)
_ Vp(i’) on FF X [O,tf)
V(z,t) = (2.2.18)
Vr(z,y,t) on Ty x [0,tf)
Vi(x,y,t) onTp x[0,t))
\
compatibility conditions
Ve(t)|. = Va(t)|: (2.2.19a)
Ve, = Velz, (2.2.19Db)
Va(t)]., = Ve, (2.2.19c¢)
Ve(t)|, = Vrls, (2.2.19d)
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and initial conditions

V(z,0)=Vi(z) inQ (2.2.20)

As before, 50 is the factor that couples the displacement velocity to the absolute
temperature, the pore pressure, the solute mass fraction (TCP), and their velocities.
Next, using the principle of minimum total potential energy, we will show that

the three-dimensional Navier-type elastic system (2.2.13)-(2.2.15) is equivalent to

the system
(K + %)V(V D)+ GV =V inQx(0,t) (2.2.21)
i = (fl+0o)n on '\ I'p x (0,y) (2.2.22)
u=0 on I'r x (0,t5) (2.2.14)

where f is given by (2.1.30).
Here and in the following we will suppress the time dependence of the displacement

vector for the sake of brevity. Given the displacement
0= ui+vj + wk
the linearized strain is a second order symmetric tensor

€11 €12 €13

1
— T
€= €1 €22 E23| = §(Vu+Vu )
€31 €32 €33
where
1
€11 = Uyg, €12 = €21 = §(Uy + Ux)u €22 = Uy
1
€13 = €31 = §<uz+wx)> €93 = €32 = é(vz+wy)> €33 = Wy

For a homogeneous elastic isotropic medium, the stress-strain relation (2.1.23) in

terms of the bulk modulus K and the shear modulus G has the form
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Tir T12 T13 9
T = |To1 To2 To3 =2G8+(K—§G)(tr5)] (2.2.23)

T13 T23 733

That is,

71 = 2Gu, + (K — gG) (up + vy + w,)
Tio = To1 = G (uy + v;)
7 = 96, + (K = 26) (s + v, + w2)
T3 = 131 = G (u, +wx)

Tog = T32 = G vz+wy)

33 = 2Gw, + (K — §G) (uz + vy +w.) (2.2.24)

The total potential energy of our system is

V(@) = Vs(il) — Wy(id) — W(@) (2.2.25)
where
V(i) = 5 /Q (@) (@) + 2712(@)ers (@) + Toa(@)ens (@) +
2715 (@)1 () + 27 (i) ens (i) + Taa(il)eas (i) AO (2.2.26)

is the elastic strain energy of the system;

Wy (i) = /Q f(tre(@)) A (2.2.27)

with f given by (2.1.30), is work done by body forces due to the absolute temper-
ature, the solute mass fraction, and the pore pressure ( b, is the factor that couples
the absolute temperature, the pore pressure, and the solute mass fraction (TCP) to

the displacement); and
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We(id) = /F (67) - @ dT (2.2.98)

is the work done by applied boundary stress &. Here 7 is the outward unit normal
vector on the boundary.

Applying (2.2.26), (2.2.27), and (2.2.28) to (2.2.25), we have

V(l_[) = %/{27—11(&)511(1—0 -+ 27'12(?1)512(71) + ng<ﬁ>52g(ﬁ)+
+ 27’13(17)613(6) + 27'23(1_[)823(1_[) + ng(ﬁ)€33(ﬁ) dQ
- / f(tre(@)) dQ — /(Aﬁ) -adl (2.2.29)
Q T

To aid in giving a mathematical formulation, let

H=L*(OR%) = {L*(%R) )
V=H'(%R) = {H'(%R))

Voz{cpeV:cp‘FF:O}

-

B(7) = ()i + ()] + w(@)k
Define the bilinear form on V' by
ap(d, ) = / T (@)en (B) + 2719(0)e12(P) + oo (@) 29 (P) + 2713(@)e13(P)
Q
+ 27‘23(’[_[)523(5) + 7'33(1_[)833(5) dQ, A ﬁ:, (5 eV (2230)
Then from (2.2.26) and (2.2.30)
O
V(1) = iaE(u,u) (2.2.31)
and, from (2.2.29) and (2.2.31), the total potential energy has the form

V(i) = %aE(ﬁ, i) —/Qf(tre(ﬁ)) dQ—/F([rﬁ)-ﬁdF (2.2.32)
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Define the following vectors:
A= T2 7)Y, Th=|mm me ma|T, T=|m T T3’
Then
ap(i, ‘f)) = /9711% + T12¢y + Ti30: + To19, + Toaty + Toz),+
+ T31Wy + T3owy + Ty3w, dQ2
—/Qﬁ-VQb+F2-V¢+F3-deQ
:/Qv.(¢ﬁ)_¢v.ﬁ+v.(¢F2)_¢V-F2+V~(aﬁ3)—wV-ngQ
= [ o)+ 0+l ) -
—/ngv-ﬁ+¢v-?2+wV-?3dQ

:/(Tﬁ)@dr—/[v-ﬁ V- V-pl-8dQ, Vi, deV
T Q

(2.2.33)

Thus, we obtain the following Green’s formula:
ap(i, ®) :/(Tﬁ)-cﬁdr—/[vﬁ VR V-aTed0, Vi, eV (2.2.34)
r Q

Referring to (2.2.14) and (2.2.15), we assume that o and 1 are negligible on

I'r and therefore, the set of admissible displacements is
Upa =T €Vy: T € Vp}

Using the principle of minimum total potential energy, the displacement « that

the region () undergoes is given by

DV(@)d =0, Vdel (2.2.35)
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where

is the Gateaux differential of V with increment ®.

From (2.2.32), (2.2.35)

aE(a,qS)—/Qf(trg(cﬁ)) dQ—/F\F (67) - ®Ar =0, VdeV,  (2.2.36)

From Green’s formula (2.2.34) we have
aE(g,é):/ (Tﬁ)-cﬁdr—/[v-ﬁ V. VART-8d0, VeV, (2237)
M\ Q
Now
/f(trg(cﬁ)) dQ:/f(v-cﬁ)dQ
Q Q
:/v-(fcﬁ)—w.q?dfz
Q
= ch-ﬁdr—/Vf-cEdQ
MN\I'p Q
:/ (fm)-cﬁdr—/w.cﬁdg, VeV, (2238)
N\l Q

Applying (2.2.37) and (2.2.38) to (2.2.36), we have

/ (Tﬁ).cﬁdr—/[v-ﬁ V-7 V5T $d0
MI'g Q

—/ (ffﬁ)-édr+/Vf-&>’dQ—/ (67) - & AT = 0
MNI'r Q MNI'r

and so,

/ (T—ff—(3>ﬁ-<13dr+/(—[v-ﬁ V% VB 4+Vf)-8d0 =0, VoV
MN\I'r Q
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It follows that
V-7, V-7 V-5 =Vf inQ (2.2.39)
= (fl+o)i onl\Ig (2.2.40)

From (2.2.24),

V'Tl = T11, —|-7'12y +7’13Z

2
= (K + g)um + (K — g)(vyx + W,y )+

+ Gugy + Guyy + Gugy + Gu, + Gy,

= (K + g)um + (K + %)(vw + W) + G(Upy + Uyy + Uss)

= (K + g)(v -il), + GV?u

V- To = T21, +T22y + T23,

= G(Uyy + Vg) + (K + %)vyy + (K — %)(umy + W,y )+

+ Guyy + G(v,, + wy,)

G
= (K + §) (Ugy + Vyy + Wey) + G (Vg + Vyy + v.2)

= (K + 2)(V i), + GV

V * T3 = T31, + 7'32y +ngz

G
= G(uzx + wx:c) + G(Uzy + wyy) + (K + _)wZZ+

3
2
+ (K - ?G) (Uez + vyz) + Gz
G
= (K + g)(uocz + vy, + W) + G(was + Wyy + Waz)
G S 2
— (K+§)(V~u)Z+GV w
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It follows that

V-7 Z(K+§) (V-a),| +G |V =
V- Fg (V . ﬁ)z V2’LU
= - ST G R 2
V- V-7 V-3 =(K+ g)V(V -U4) + GV (2.2.41)
From (2.2.39)-(2.2.41) and (2.2.14)
G . 2 .
(K + g)V(v i)+ GV =Vf  inQx (0,tf) (2.2.42)
= (fl+0o)n on I'\ I'r x (0,) (2.2.40)
u=~0 on FF X (O,tf) (2214)

Differentiating (2.2.42) with respect to time and applying (2.1.30), we obtain the
system (2.2.13). On the other hand, since @ € Vp, from (2.2.36) we have
an(it, B) — / F(tre(®)) d0 —/ (67)- BT =0, VYdelVy (2243)
Q M\Ix
Using the same argument as above and applying (2.1.30), we obtain the equivalence

of systems (2.2.42), (2.2.40), (2.2.14) and (2.2.13)-(2.2.15).

Remark 2.2. From the condition of mechanical equilibrium given in Remark 2.1,

(2.2.24), and (2.1.30), it follows that the system (2.2.42) constitutes the equation of

equilibrium.

2.3 Diagonalized TCP System with Homogeneous Boundary Conditions

In the next chapter, we will derive the weak formulation of the TCP initial-boundary
value problem. To aid in the formulation of the weak TCP problem, in this section we
obtain the diagonalized two- and three-dimensional TCP systems with homogeneous

boundary conditions.
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First, we obtain the two-dimensional TCP system with homogeneous boundary

conditions that is equivalent to (2.1.19)-(2.1.21). To that end, we define the function
———(Vp(z) — Vp(t)) (2.3.1)
and the vector

V(z,t)=V(z,t)— W(,t) (2.3.2)

Then (2.1.19)-(2.1.21) has the form
MV — AV?V = =MW + AV?W — by(V - @) in Q x (0, )
with boundary conditions
V(z,t) =0 on I'" x [0,%y)

and initial conditions

V(z,0) = Vu(Z) in Q

where
- Rp — |z|

| — R
Vo(f)ZVI(f)—m 7|~ R

Vi(0) — Rr—Rn

V(%) (2.3.3)

Now we obtain the three-dimensional TCP system with homogeneous boundary

conditions that is equivalent to (2.2.17)-(2.2.20). Define the function

~ Rp — /22 + 2 vVai+y?— R _
WOz, 1) = FRF_RB Y V(2,t) + RFi/RB B (Z) (2.3.4)

and the vector

VO(z,t) = V(z,t) — Wz, t) (2.3.5)

Then (2.2.17)-(2.2.20) has the form

MV? — AV?VO = —MWO + AV2WO —by(V - @) in Q% (0,t;)
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with boundary conditions

p

0 on (FB UFF) X [O,tf)
Vo(f:t) = VT(x,y,t) — WO, y, 2r,t) on [y x [0,2f)

VB(-rv:%t) - WO(JZ',y,ZB,t) on f‘B X [Oatf)

and initial conditions

Next define
VT<x>yvt> = VT(xayat) - W0<$,y, ZTat) (236)
VB<x>yat) = VB<x7yat) - WO<.’E,y, ZBat) (237)
and
Wz(jvt) = S— VB(xayat) + L VT<x7y7t) (238)
Zp — 2T ZB — RT

V=V'—-W=V-W'—W?* so

V=V-W, where W=W"+W? (2.3.9)
Then (2.2.17)-(2.2.20) has the form
MV — AV?V = =MW + AV*W —by(V - @) in Q x (0, t;)

with boundary conditions

and initial conditions
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where

Vo(z) = Vi(z) — W (z,0) (2.3.10)

Note that both the two-dimensional TCP system (2.1.19)-(2.1.21) and the three-
dimensional TCP system (2.2.17)-(2.2.20) are equivalent to the following parabolic

system with homogeneous boundary conditions:
MV — AV?V = =MW + AV*W — by(V - @) in Q x (0, ;) (2.3.11)
with boundary conditions
V(z,t) =0 on I x [0,%y) (2.3.12)

and initial conditions

V(z,0)=Vy(z) inQ (2.3.13)

Now we diagonalize the TCP system (2.3.11)-(2.3.13). To that end, we make the

following assumption.

Assumption 2.1. The matrix M is nonsingular and the matrix
A=M"1A (2.3.14)

has three distinct positive eigenvalues A\; > Ay > A3 > 0.

Remark 2.3. Under Assumption 2.1, the matrix A is diagonalizable:

A=PDP! (2.3.15)
where
A 000
D=0 X 0], P=Ie, & &,
0 0 As
é; is the eigenvector of A corresponding to the eigenvalue \;, ||&;|| =1, 1<1i<3.
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Let
Uy

U= |Uy| =PV
Us

Using (2.3.14)-(2.3.16), the TCP system (2.3.11)-(2.3.13) has the form

(2.3.16)

U—DV?U = =P 'W+DP'V°W —P M '0(V-i)  inQx(0,t) (2.3.17)

with boundary conditions

and initial conditions

Define
Fy = —P "W + DP'V*W — P~'M~"5y(V - @)
Up(z) = U(z,0) = P~V (7)
Then we have the following diagonalized TCP system:
U—-DV?U=F, inQx(0,tf)
with homogeneous boundary conditions
U(z,t)=0 onI x[0,tf)

and initial conditions

U(f,O) = U()(J_?) in Q2

(2.3.18)

(2.3.19)

(2.3.20)

(2.3.21)

(2.3.22)

(2.3.23)

(2.3.24)

In this chapter, we presented a fully coupled parabolic-elliptic initial-boundary

value problem that models fully coupled thermal, chemical, hydraulic, and mechanical
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processes in homogeneous isotropic chemically active porous media saturated by
a fluid. It was shown that, under appropriate assumptions on the matrices of
diffusion coefficients, the parabolic initial-boundary value problem is equivalent to
the diagonalized one with homogeneous boundary conditions. Using the principle
of the minimum total potential energy, we derived the equivalent formulation of
the Navier-type elliptic initial-boundary value problem. While the original elliptic
system is developed in terms of velocity, the derived system is formulated in terms of
the displacement vector and contains compatibility boundary conditions on stresses.
The obtained results play a key role in well-posedness analysis presented in the next

chapter.
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Chapter 3

Well-Posedness of the Coupled TCPu Problem

We begin by defining what we mean by a well-posed problem.

Definition 3.1 (R. Showalter [36]). A problem is called well-posed if for each set
of data there exists exactly one solution and this dependence of the solution on the

data is continuous.

First, we will discuss the well-posedness of the parabolic initial-boundary value
problem for the TCP system and the elliptic initial-boundary value problem for
the elastic system considering coupling terms as data. Then we will investigate the

existence and uniqueness of a solution to the coupled TCPu problem.

3.1 TCP Problem

To aid in giving a mathematical formulation of the problem, we make the following

assumption.

Assumption 3.1. Vp(t) and Vp(t) are H'([0,t;]; R®)-functions; Vi(2,t) and Vp(z,t)
are H'(T'p x [0,t7]; R?)-functions; Vp(z) is an H?(Q; R?)-function; Vr(Z,t) and

Vp(Z,t) are L*-integrable functions from [0,] into H*(Q2;R?®); and XL/T(f,t) and

Vp(Z,t) are L*-integrable functions from [0,;] into L*(Q;R?).

We start with the weak formulation of the system (2.3.22)-(2.3.24). Suppose that
U is a classical solution of the system (2.3.22)-(2.3.24), say U € C*(Q x [0,t]).

$1
Let o(z) = |2 (z) € C5°(€;R?). Then from (2.3.22) we have

©3
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/U-gde—/(DVZU)-gde:/FU-gde =
Q Q Q

3
/U-gde—Z/)\kVQngode:/FU-gde
Q 1 JQ Q

Applying Green’s first identity,

3
/U-gon+Z/>\k(VUk~Vgpk)dQ:/FU-cde
Q =1 Q

Q

/U(de—d/U@dQ
Q dt Jo

Since

it follows that

d
d€} Me(VUR - V) dQ = | Fy - dQ2 3.1.1
o U %) +Z/ (VU - Vr,) /ﬂ U ( )

This equation holds V ¢ € C5°(Q2;R?) and, by continuity, it holds V ¢ € H}(Q;R3).

Define the following spaces:
H = L}(%RY) = {L3(Q)}

with the scalar product

3 Uy n
Z Uk, Uk L2(Q) = / u - vdfl, u= |u2| ,v= |v2| €H (312)
h=1 u3 U3

and the norm ||u||y = (u, u);f and

Vo = HY(QR?) = {H ()}

with the scalar product

Uy (%1

3 3
Zuk,vk Hy(Q) = /Vuvade, U= |Uz2| ,0= [V2 eV
k=1 =170 us s

(3.1.3)
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and the norm ||ul|y, = (u, u)%2

The space H is the Cartesian product of three separable Hilbert spaces L?((Q)
and the space V) is the Cartesian product of three separable Hilbert spaces H{ (),
therefore H and )V, are also separable Hilbert spaces. Since Hj () is dense in
L?(2) and the injection Hg(Q2) < L*(2) is continuous, it follows that V), is dense
in H and the injection V, — H is continuous. Also, L*(f) is identified with its
dual space L?(Q) and L?(Q) is dense in HJ () = H '(Q). It follows that H is
identified with its dual space H' and H’is dense in Vj = {H‘l(Q)}3 = H ' (O R?).
We have

Vo CH=H CV (3.1.4)

Also, the scalar product in H of v € H and v € V), is the same as the scalar

product of w and v in the duality between Vj and Vy, denoted by < u,v >:
< u,v >= (u,v)y, u€H,veV (3.1.5)

Define the bilinear form a : )V, x Vy — R by

3
a(u,v) = Z )\k/ Vuyg - Vo, dQ (3.1.6)
k=1 Q
a(+,-) is symmetric:
a(u,v) = a(v,u) (3.1.7)

3 3
alu,u) = Z/ eV, - Vay, dQ = Z/ Ak Vg dQ >
k=1 "% k=1 "%

3
> {minh} 3 [ [Vl 4 = allul,
k=1 "%

Thus,

a(u, u) > As|[ul3,, A3 = mkz'n)\k >0 (3.1.8)

Also,
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|a(u, v)| =

3
Z/ )\kVuk . Vvk dQ
k=1

3
< {m]?x/\k} Z |(Uk7 Uk)H(}(Q)|
k=1

3 3 3
<M Z Huk||H3(Q)HUkHHg(Q) <X\ Z ||Uz‘”H5(Q) Z HWHH&(Q)
k=1 i=1 j=1
< 3Alfullw vy, s0

|au, V)| < 3Aal[ullw [0y, (3.1.9)

From (3.1.7)-(3.1.9) it follows that a(-,-) defines a scalar product on Vy. We denote

this scalar product by

(u,v), = a(u,v), u,v €V (3.1.10)

1/2

and the corresponding (energy) norm by ||ul|, = (u,u),

. Furthermore, the norm
|| - || is equivalent to the norm || - ||y,.
For each u € Vy, the form u € Vy — (u,v), € R is linear and continuous on V.

Therefore, there exists an element Au € V| such that

(u,v)q =< Au,v >, Vvel, (3.1.11)

From (3.1.9)-(3.1.11), the mapping u — Auw is linear and continuous, that is, A €
LV, Vy). Also, by the Riesz representation theorem, for every Au € Vj, there exists
a unique u € V, such that (3.1.11) holds. Thus, A : Vy — V) is an isomorphism from
Vo onto V.

Let X be a Hilbert space. We introduce the space L*(0,t;; X) of L-integrable

functions from [0, ¢f] into X with the norm

ty 1/2
lall sy = [ / |ru<t>|r§<dt]

Note that if u € L*(0,¢4; V), then ¢ — Au(t) € V], that is,

A€ L(L*0,t5; Vo), L*(0, 4 V)))
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From Assumption 3.1, (3.1.1), (3.1.2), (3.1.5), (3.1.6), and (3.1.10), we obtain the

following weak formulation of the problem (2.3.22)-(2.3.24):

Given Fy € L*(0,tp;V)) and Uy € H, find U € L*(0,t4; V) such that

d
G U+ U pa=<Fue> Vel (3.1.12)

and

UO)=U, inH (3.1.13)

The meaning of (3.1.13) will be explained below.

By (3.1.5) and (3.1.10), the equation (3.1.12) can be written as

d
£<U,¢>+<AU,¢>:<FU,¢>, Y o eV

and so

d
7 <U,p>=< Fy— AU, p >, Yo €eVy (3.1.14)

Since Fy € L*(0,t4;V)) and AU € L*(0,ts;V}), it follows that Fy — AU €
L*(0,t7; V). From [40],

d .
= <U,p>=<U,p >, VeV (3.1.15)

in the scalar distribution sense on (0,%;) and, from (3.1.14) and (3.1.15), U €
L*(0,t7; Vp)-
We introduce the following Hilbert space [40, 27]:

W0, Vo) = {u: uwe L*0,t5;V0), we L*(0,t4V))} (3.1.16)
with the norm

1/2

fathw = [ [ o, ae+ [ ace o (31.17)
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Remark 3.1 ([40]). Each uw € W(0,t; V) is almost everywhere equal to a function
continuous from [0, %] into #, and the following inequality holds in the scalar

distribution sense on (0, ty):
. d . o
2 <d,u>= —|lull3 (3.1.18)
dt
The initial condition (3.1.13) now makes sense.

From (3.1.14) and (3.1.15),
<U,p>=<Fy — AU, ¢ >, YV p e, SO

U+ AU = Fy

Thus, the alternative formulation of the weak problem (3.1.12)-(3.1.13) is the follow-
ing.

Given Fy € L*(0,ts;V)) and Uy € H, find U € W(0,ts; V) such that
U+ AU =F;  on (0,t5) (3.1.19)
and
U(0)y=0U, in#H (3.1.13)

The well-posedness of the problem (3.1.19), (3.1.13) is proved in [40, 27] and we

have the following result.

Theorem 3.1. Problem (3.1.19), (8.1.13) admits a unique solution in WW(0,ts; Vo).

Furthermore, the solution depends continuously on the data: the bilinear map
FU, Uy— U

is continuous from L*(0,ts; V) x H to W(0,t4;V,).

Corollary 3.1. The TCP system (2.1.19)-(2.1.21) admits a unique weak solution

in L*(0,t5; HY(Q,R?)) and this solution depends continuously on the data.
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Proof. The result follows immediately from Assumption 3.1, (2.3.1), (2.3.2), and
(2.3.16). O

Corollary 3.2. The TCP system (2.2.17)-(2.2.19) admits a unique weak solution

in L? (O,tf; Hl(Q,R3)) and this solution depends continuously on the data.

Proof. The result follows immediately from Assumption 3.1, (2.3.4)-(2.3.9), and
(2.3.16). O

We finish this section with the following theorem which will be needed later.

Theorem 3.2. If Fy € L*(0,t;H) and Uy € Vy, then U € L*(0,t5,H) and

U205 < VA Uollve + 11 Fulr2(0,20 (3.1.20)
Proof. Since V, is separable, there exists a countable set wy, ..., w,,,... which is

dense in Vy. For each m, define an approximate solution U,,(z,t) as
Un(Z, 1) = ) gim (t)wi(Z) (3.1.21)

where g;n(t), 1 <i < m, are the scalar functions defined on [0,%s], U, (Z,t)

satisfies
(Upy )3 + (U, wy)g =< Fyyw; >, j=1,...,m (3.1.22)
Up(Z,0) = Uy, = Zglmwz (@) — Uy inH (3.1.23)
and
Un(0) = Uy, (3.1.24)

where Uy, is the orthogonal projection in H of U, on the space spanned by
Wiy .o oy Wiy
We multiply (3.1.22) by §;,,(t) and add for j:

1Um (D13 + (U (), Un(t))a =< Fu(t), Un(t) >
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Using (3.1.23), (3.1.24), and

1d

(Um(t)a Um(t))a - 5%”[]171(75)“3

and integrating over (0,%7), we have

ty tr d ty .
2 [0+ [0l = [ 2< B 0u0 > a0
0 0 0

ty
2A|WMM&&+WMWM—W%®WS
ly ) ty N
SA Mmmm&+zrwmmmw -

Ul [7200,6:90) < U0l [ + 1E N 7200,e,:30) (3.1.25)
Note that

3 3
Ul? =a(U,U) = /)\ VU2 dQ < {max) /VU2dQ:A Ul|?
|Ulz = a(U,U) ; g k[ VUE[* dQ < {me k}; Q! | U,

and so

Ulla < VA|Ullv, (3.1.26)
Applying (3.1.26) to (3.1.25), we obtain
101220,y < AU, + 11F 1z 20,90

Thus,
1/2

1Unllz20. g0 < | MUl + 1L,

This shows that the sequence Un, ranges in a bounded set of L?(0,t;H). Therefore,

U € L*0,t5;H) and

U L204,.50 < VA Uollve + 11 vl L2020
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3.2 Elastic Problem

Using notations from Chapter 2, let
H=L*(QR") = {L*(%R)}"
V=H'(%RY) = {H'(%GR) P

Vb:{gOEV:(p]FF:O}

where n = 2,3 is the spatial dimensionality of the problem.

We start with the weak formulation of the two-dimensional Navier-type elastic

system
(K+§)V(V-ﬁ)+GV2*:Vf in Q x (0,ty) (2.1.45)
i = (fI+0)i on I'p x (0,%y) (2.1.43)
u~0 on I'p x (0,%f) (2.1.14)

Take an arbitrary ®(z) = ¢(z)i + 1(z)j € V. From (2.1.27) and (2.1.45) we

have

(K+%)/V(v-ﬁ)-cf>d9+G/(v2a).<f>dQ:/Vf-q?dQ =
Q Q Q

G
(K + §) /Q(ux +0y)20 + (U + v,y dQ+

+G/(um+uyy)¢+(vm+vyy)¢d9:/Vf-édQ =
Q Q

2
/ {(K + —)um + (K — ?G)UW + Gugy + Guyy + va] o+
Q

G 2G
+ {(K + g)vyy + (K — ?)uxy + Guyy + Gug, + Guyz}wdQ =
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= /Q { [(K+ g)ux + (K — %)vy + Gux]x + G(uy, + Ux)y}¢+
+{ [(K + %)vy + (K — %)uw - Gvy} + G(uy —HJI)I}@D dQ =

=/(Tnz+ﬁzy)¢+(mz+r22y)¢d9:/Vf~<f>dQ -
Q Q
/(V-ﬁ)qﬁ+(v-ﬁ)¢d9:/Vf-chQ =
Q Q
/V-(d)ﬁ)—ﬂ-wﬂrv(w%)—F2~deQ—/v.(fcﬁ)—fv-q?dﬂ =
Q Q

/ (d)ﬂ-ﬁﬂﬁg-ﬁ)dr—/ﬁ-V¢+F2-V¢d§2:/
I'p Q

I'p

fciﬁ-ﬁdr—/fv-cﬁdg
Q

= / (rit) - @Al — / (T1102 + Tr20y + To1e + Tonth,) dQ =
I'p

Q

=/FB<f<I3>~ﬁdP—/Qf<¢w+wy>dﬂ =

/(711% + Ti2(Py + Vz) + To2hy) A2 — / (o + 1by) dQ+
Q Q
— 7) - @ dl I7) - ®dl| =0
[ /FB<m> +/FB(f i) - dr|
Using (2.1.32), (2.1.38) and (2.1.43),
/(Tn% + T12(By + V) + T2ty ) AL — / f(pz + 1) dQ—
Q Q

_/ (671)-®dl =0 =
I'p
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/ T11€11(Ci;) + 27’12512(6) + 7'22522(5) dQ) — / ftr&(q;) dQ) — / ((3'775) . Ci; dl' =
Q Q

I'p
=  DV@®=0 VeV
Thus,
DV(@)® =0, VdeV, (3.2.1)

is a weak formulation of the elastic system (2.1.43) and (2.1.45). As before, DV(i@)®
is the Gateaux differential of V with increment ®.

Now we obtain the weak formulation of the three-dimensional Navier-type elastic

system
G . 25 .
(K + g)V(v i)+ GV =Vf  in Qx (0,tf) (2.2.43)
= (fI+6)i onI'\Ipx(0,tf) (2.2.41)
u=0 on I'r x (0,t5) (2.2.14)

Take an arbitrary ®(z) = ¢(z)i + ()] + w(Z)k € V;. From (2.2.43) we have

(K+§)/V(v-ﬁ)-édQ+G/(V2ﬁ).6dQ:/Vf-q?dQ =
Q Q Q

G
(K + g) /(um + vy + W) P + (g + vy + w,) Y + (uy + vy + w,) ,w dQ+
Q

+G / (u:m: + uyy + uzz)Qb + (U:m: + Uyy + Uzz)qu) + (wxx + wyy + wzz)w dQ) =
Q

:/Vf-cﬁdQ =
Q

G 2G

/Q {(K + g)um + (K — ?) (Vy + W) + G(Ugy + Vay + Wy + Uy + uzz)] o+
G 2G

+ (K + g)vyy + (K — ?) (uy + W)y + G(Vyy + Ugy + Way + Vg + V1) | Y+
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+ [(K + %;)wzz + (K — %;) (g +vy)z + GW,y + Ugy + Vyo + Wey + wzz)] wdQ =

/Q{[(K+ g)uw+ (K — %)(uﬁwz) +Gux] n

+G(uy +vy)y + Glw, + uz)z}gzﬁJr

—i—{ [(K—l— %)vy + (K - ?)(um + w,) +Gvy] +

y
+G(uy + vy)p + G(wy, + vz)z}w—i—

+{ [(K + %)wz + (K - ?)(uw +vy) + Gsz+

+G(u, + wy)p + G(v, + wy)y}w dQ =

= /(7'1190 + Tig, + T13, )0 + (To1, + Toz, + T3, )0 + (731, + T3, + 733, )Jw dQ =
Q

:/(V-ﬁ)chr(V-?g)z/)Jr(V-ﬁ,)wdQ:/Vf-(fdﬂ N
Q Q

/v'(@?l)_7?1'V¢+V'(¢7?2)—Fz‘vw+V-(w%)—F3~deQ:
Q

:/v.(fcﬁ)—fv-cﬁdﬂ =
Q

/ (cbﬁ-ﬁﬂbr}-ﬁ+m*3-ﬁ)d1“—/ﬁ-v¢+%-v¢+?g-wd§z:
MNI'e Q

:/ fcﬁ.ﬁdr—/fv-q?dsz =
M\l Q

/ (Tﬁ)"I;dr—/(711¢x+712¢y+7'13¢z+
M\[x

Q
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+ 7915 + Toothy + Tost), + Ta1wy + Taowy, + Taaw,) dQ =

=/ (fé)-ﬁdF—/f(¢x+¢y+wz)dQ =
\[p Q

/Q(Tn% + T12(@y + Vo) + To2thy + Ti3(@, + wy) + To3(Vs + wy) + Tsw,) d2—

= [y regaas [ [ @n-dars [ (gm-dar] <o

Using (2.2.30), (2.2.35), and (2.2.41),
/(7'11¢m + T12(@y + Vu) + To2thy + Ti3(@s + wy) + To3(Vr + wy) + Tsw,) d2—
Q

Q

M\['r

/ 711511(5) + 2712512(‘5) + 722522(‘13) + 2713513(5) + 2723523(5) + 733533(5) dQ2
Q

Thus,

DV(@)®d =0, Vdel (3.2.2)
is a weak formulation of the elastic system (2.2.41) and (2.2.43). As before, DV(i@)®
is the Gateaux differential of V with increment ®.

From (2.1.35), (2.2.33), (3.2.1), and (3.2.2), with the assumption that the applied

boundary stress & is bounded on Q x [0, ¢ 7], the weak formulation of the two- and

three-dimensional elastic problems has the following form:
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Given f € LZ(O,tf;Hl(Q)), find @ € L*(0,¢y; Vp) such that = L*(0,tf; Vo) and

-

aE(qz,cfs)—/Qf(v-cf) dQ—/F\F (67)-®dl' =0, V&eV (3.2.3)

Next we prove the well-posedness of the elastic system (3.2.3). Define a continuous

linear functional ' on V' by a pairing

- —

P—< F, O >

where

<F,<f>>_/f(v.cf>)dn+/ (67)-&dT, Vdev (3.2.4)
Q MNI'e

Since F'is continuous on V', there exists a constant ¢y > 0 such that
| < F,®>|<cpl|®]]y, VPV (3.2.5)
From (3.2.3) and (3.2.4) in follows that
ap(i, ) =< F,& >~ VdeV (3.2.6)

The existence and uniqueness of a solution to the elastic problem is based on

Korn’s inequality [16]:

Theorem 3.3. Let € be a bounded open set with a regular boundary. Then there

exists a constant ¢ > 0 that depends on ) such that

[eo@esmao+ [vanzdap,  viev
Q Q

The consequence of Theorem 3.3 is the following result [16]:

Theorem 3.4. Let € be a bounded open set with a regular boundary. Let I'r C T’

and I'r have positive measure. Then there exists a constant cg > 0 such that
ap(v,7) > cg||v]|¥, Vuel (3.2.7)
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For the sake of convenience, here and in the following we will take

—

U=uit+usj, U=uvi+vy), and T =211+ 12 €

for the 2D elastic problem and

—

U= uJ—i— qu+ u3E, U= 11127—1— vJ—l— UgE, and T = x1;+ xgj—l— ;E3E e

for the 3D elastic problem.

Then, from (2.1.23), (2.1.33), and (2.2.31), for every «,v €V,

lag (4, 0)| = /aijklgij(ﬁ)gkl( )dQ’ < ma:z:{amkl} Z /61] Ver (U )dQ‘ —
Q@ il =117
Js
Ou; — Ouj\ (Ovy Oy
S ; dQ
773%1[]{@ i} 3;1 /Q (ij + (%Ui) <8a:l axk>
1 ou; ov ou; ov
4_1 I{amkl} Z { ‘a a_k + ‘a ] a—k
ighi=t - 19 2@ 197 L2 (@) Tillz) 1972 @)
ou; oy, ou,; duy
+ r—— ‘I" J —_— } g
Oz L2(Q) Ok L2() O L2(Q) Oy, L2(Q)
ou,; ov
= max{amkl} Z P a —k =~
bkl ii=1 1 9% L2y oy 19% L2 ()
1
“ 8u, 2 2 - a’l}k 2 2
<n-mazx{a;u} { } [ — <
R ]Zl 07j || 2o k,lzl 01| 2(0)
< ol 9y = Sl lidly, 5 =n-marfagl, n=23
Thus, there is a constant >0 (6 =n- ?}ax{aijkl}) such that
an(@,0)| < Bla@lldll,  VasevV (3.28)

Next we show that ag(-,-) is symmetric.
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GE(67 27) = / aijkleij(ﬁ)akl(ﬁ) dQ) = / aklijeij(ﬁ)akl(ﬁ) dQ) =
Q Q
= / aklijgkl(ﬁ>5ij (?7) dQ) = CLE(77, ﬁ), Vu,veV (329)
Q

From (3.2.7)-(3.2.9) it follows that ag(-,-) is symmetric and continuous on Vj and

there exist constants cg > 0 and # > 0 such that
cplldlly, < ap(d,a) < By,  VaeV (3.2.10)

Thus, ag(-,-) is an inner product on Vj that is associated with a topology equivalent
to the usual topology on V.
From the Riesz representation theorem and (3.2.5), (3.2.7), we have the following

existence and uniqueness result with an a priori estimate.

Theorem 3.5. There exists a unique function u € Vy such that
ap(i,®) =< F,& >, V&eV,

Furthermore,

3.3 Coupled TCPu Problem

In Section 3.2, for both the two- and three-dimensional elastic problems we obtained

the following weak formulation:
ap(i, ®) — / F(V-®)dQ — / (67)-®dl' =0, V&eV (3.2.3)
Q MNI'r

Since u € Vj, we have
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aE(ﬁ,ﬁ):/ﬂf(v-ﬁ)dQ+/r (67) - L T

\I'r

< fllr2@lIV - @l 2@ + 1|67 L2 mn ||l 2 rmny, n=2,3.  (3.3.1)

Now

1V - |2 —/ 3 Ot 2dQ<n/§n: | 10, < nl|vil?

L2(Q) - Q —1 afﬂl - Q i1 8$Z - H
where

. n a 2
VEQ:/) L1 dQ, n=2,3.
||V | Q; o,
Thus,
IV - ill| ) < V0lIViElls - n=2,3. (33.2)

By the trace theorem [36], there exists 7, > 0 such that
||17||L2(F;R7L) S ’}/1||17||V7 V 176 V (333)

By Poincare-Friedrichs inequality [15], there exists a constant o = 72(£2) > 0 such
that

|0llr < lIVilla,  VieW (3.3.4)

From (3.3.3) and (3.3.4) it follows that there exists v = v(£2) > 0 such that
i) |2y < ||Vl |, n=2,3. (3.3.5)
Applying (3.3.2) and (3.3.5) to (3.3.1), we have
ap(t, i) < Vil fllpa@ Vil + 07| a@an [[Vills,  n=2,3. (3.3.6)

From (2.1.30)
12 = 10 V|2 < |B1] - V]| (3.3.7)
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and from (3.2.10), (3.3.6), and (3.3.7) it follows that
cu| |Vl lg < valbi| - [|V]k + Y167 2any, n=2,3. (3.3.8)
The last inequality holds for all ¢t € (0,tf) and therefore

cpl|Vill| 20y < V20Ib1| - IV | 200,00 + V2G|l 200 2 wmey, 7 =2,3.
(3.3.9)
Now we obtain a priori estimate |H7HL2(0,tf;H)- Applying (2.3.2) for the 2D
problem or (2.3.9) for the 3D problem, (2.3.16), and (2.3.20) to (3.1.20), we have

V1220 < NP U200 + W 220,00 <

<Pl [\/ Mol lve + 1P IW | z20,ty.00 + IDPHI - [IVW] 220,520+

—|—]P—1M—150| . HV . a"LQ(O,tf,LQ(Q))] + HWHLQ(O,tf,H) =

V1120 < I1PI- 1M 78] - 11V - il 20,0y, 2200)+
PVl [Tol by + 1P W 20,0 + 1P IV2W 000 | +
+|W] |22(0,t7,70)

Thus,
IV Ilz20s90 < NP1 [P M7 Bo| - IV - il 2022000 + 0 (3.3.10)
where
0 = PN |2 l1Uollu, + 1P IW llz2qoay 20 + IDP - IV W 2000, +

W L2(0.,.30)
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Applying (3.3.2) and (3.3.10) to (3.3.9), we have
cplIVall 2 < V20lbr] - [Pl - [P M ol - |Vl 120,00+
V200110 + V267|202 0mny), 1= 2,3, (3.3.11)

From Corollaries 3.1 and 3.2, Theorem 3.2, Assumption 3.1, (2.3.1), (2.3.2), (2.3.4)-

(2.3.9), and (3.3.11), we have the following result:

Theorem 3.6. The coupled two- and three-dimensional TCPu systems (2.1.19)-
(2.1.21), (2.1.43), (2.1.45) and (2.2.17)-(2.2.22), respectively, have unique solutions
(V,4), V € L*(0,ty; HY(LR?)) and @ € L*(0,ty; Vo) with Ve L*(0,t;; 1) and
i e LX0,t5; Vo) if

cg — V2n||P|| - |P~M byl - |by| > 0 (3.3.12)

where cg > 0 is the Korn’s constant, l;o and 51 are coupling vectors given by

(2.1.17) and (2.1.30), respectively, and M~*A = PDP~!.

2D Special Case

Remark 3.2. For an annular domain 2 C R? of inner radius Rp and outer radius

Rp, with § = @ < e™!, under the following side condition on the displacement
F
2L /Ou;  Ou;
/§< P 9)dQ=0 (3.3.13)
,j=1

the following inequality holds [21]:

D(i) 3 1/2] 7!
Docqli o (2 3.
G _4{1 Gor5) } (3.3.14)
where
2 au 2
SN [ o 5112
D) = / > |5 4= vl

ij=1
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S(ii) = /Q oy (i0)2 0

It should be noted that the purpose of the condition (3.3.13) is to eliminate pure

rotation. From (3.3.14) we have

. 1 3 1/2 )
u) > —-1—(— il||? 0.
S(u)_4[1 Goris) MVUHH (3.3.15)

For homogeneous isotropic medium, the coefficients of elasticity a;ju, ,7,k,1 =

1,2, in terms of Lamé parameters A and p are

a1111 = Q2222 = Q,U + )\7 1122 = Q2211 = )\, a1212 = G2121 = Q1221 = A2112 = M,

(3.3.16)
Then from (2.1.23), (2.1.33), and (3.3.16) we have
(i) = [ (2 NE(ED +20eh (@) + 2neh (@
+ 2Xe 1y (W) ega (1) + (20 + N)edy (7) A
= / 2}1(&7%1 + 5%2 + 531 + 632) + )\(811 + €22)2 ds)
Q
> 2M/ 2+ 2y + €3, + €2, dQ = 2.8 (i)
Q
Thus,
ap(t, i) > 25 (1) (3.3.17)
where = G is the shear modulus.
From (3.2.10), (3.3.15), and (3.3.17),
G 3 1/2
SO () 31
r 2{ 52+ 1+ 62 ] (3:3.18)

Applying (3.3.18) to (3.3.12), we obtain the following result.
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Corollary 3.3. For an annular domain Q C R? of inner radius Rp and outer
R
radius Rp, with 0 = R_B < et under side condition (5.5.13), the coupled TCPu

F
system (2.1.19)-(2.1.21), (2.1.43), and (2.1.45) has a unique solution if

G 3 1/2 L
5[1—(m) ]—2\/§\|P\|.|P M~by| - [By] > 0 (3.3.19)

where G s the shear modulus, Z;O and by are coupling vectors given by (2.1.17)

and (2.1.30), respectively, and M—*A = PDP~L.

In this chapter, we obtained a sufficient condition for the well-posedness in the
weak sense of the coupled parabolic-elliptic initial-boundary value problems for the
two- and three-dimensional TCPu models. This condition depends on physical
parameters of the system, coupling vectors, and the Korn’s constant which in turn
depends only on the shape of a domain. Evaluation of the Korn’s constant becomes
necessary for each specific domain and is essential for the proposed well-posedness
theory. For a two-dimensional annular region that does not experience pure rotation,
the Korn’s constant can be expressed explicitly in terms of the ratio of the inner
and outer radii of the domain. As a consequence, for such regions, the sufficient
condition for the well-posedness of the problem was formulated in terms of physical

parameters, coupling vectors, and the ratio of the inner and outer radii.
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Chapter 4

Fourier-Finite Element Method for TCPu Problems

In this chapter, we will develop the Fourier-finite element method for the two- and
three-dimensional radially nonsymmetric TCPu problems discussed in Chapters 2
and 3. The far-field radius can be specified arbitrarily and therefore we assume that
far-field boundary conditions are time-independent and the non-zero displacement in

the far-field is allowed with a penalty.

4.1 2D TCPu Problem

As in Section 2.1, let (X,Y’) be a borehole Cartesian coordinate system with the
x-axis in the direction of the maximum horizontal principal stress oy and the y-axis
in the direction of the minimum horizontal principal stress o,. For the sake of
convenience, we will make the transformation from the coordinate system (X,Y)
to the borehole polar coordinate system (r,#) with its origin in the center of the

annular region 2. Then the boundary I' of Qis I' =15 UTI'r with

FB:{(RB,9)€R2:0§9<27T}

I'p={(Rp,0) eR*:0<06 <27}

4.1.1 Fourier-type approximation of the TCP sytem

In the borehole polar coordinate system (r,#), the TCP initial-boundary value

problem (2.1.19)-(2.1.21) is given by

MV — AV = —by(V- i) inQx (0,t) (4.1.1)
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with boundary conditions

VB(t) on FB X [O,tf)
Vi(r,0,t) = (4.1.2)
VF<0) on I'p X [O,tf)

and initial conditions

V(r,0,0) = Vi(r,0) (4.1.3)

where the displacement vector is
a(r,0,t) = u(r,0,t)i, + v(r,0,t)ig

The equivalent parabolic TCP-type system with homogeneous boundary condi-

tions, (2.3.11)-(2.3.13), in polar coordinates has the form
MV — AV?V = =MW + AV*W — by(V - @) in Q x (0, t7) (4.1.4)

with boundary conditions

V(r,0,t) =0 on I x [0,ty) (4.1.5)
and initial conditions
V(r,0,0) = Vi(r,0) — W(r,6,0) (4.1.6)
where
W(r,0,t) = RiF__gB Vi(t) + %VF(Q) (4.1.7)
V=V-W (4.1.8)

We introduce the following 6 - approximation:

V(r,0,t) = Vo(r,t) + Vi(r,t) sin 20 + Vi(r, t) cos 20

u(r, 0,t) = ug(r,t) + uy(r,t) sin 20 + uy(r, t) cos 26

o4



v(r,0,t) = vo(r,t) + vi(r, t) sin 20 + vq(r, t) cos 260
VB (t) - VBO (t)
Vi (0) = Vg + Vi sin 20 + Vg cos 20

Vi(r,0) = Vio(r) + Vi (r) sin 20 + Via(r) cos 26

Then
W(r,0,t) = Wy(r,t) + Wi(r,t) sin 20 + Wy (r, t) cos 20
where
RF - T r — RB
Wi 7t = V 7 V 1) = Oa 72
(r,1) RF_RBB() RF_RBF 7

and Vgi(t) =0, i=1,2.

With this approximation, the system (4.1.4) has the form:

MV — A[l(ﬂ/})r + %Vgg} = MW + A(l(TWT)T + T%Wee)

r r
R YT
—by (ur + ;(u + U@))
where W is given by (4.1.10) and (4.1.11),
W, (r,0,t) = W, (r,t) + Wy, (r,t) sin 20 + Ws, (r,t) cos 260

with
B 1
" Rr—Rp

and Vgi(t) = 0, i=1,2.

VVZ‘ (T,t) (VFz_VBz(t))7 @:0,,2

Woo(r,0,t) = —4W,(r,t) sin 20 — 4Ws(r, t) cos 260

The f-approximation for the initial conditions V'(r,0,0) is

V(r,0,0) = Vy(r,0) + Vi(r,0) sin 20 + V,(r,0) cos 20

%)

(4.1.9)

(4.1.10)

(4.1.11)

(4.1.12)

(4.1.13)

(4.1.14)

(4.1.15)



and  Vg(0)=0, i=1,2

.2 (4.1.16)

Applying (4.1.13)-(4.1.16) to (4.1.12), multiplying by 1, sin26, and cos26, and

integrating over (0, 27), we obtain the following three systems.

System I:

. 1 . 1 N 1
M% - A;(T%r)r - _MW() + A;(TW()T)T - bo (ib[)r + FUO

with boundary conditions
Vo(r,t) =0 on I'" x [0,%y)

and initial conditions

Vo(r,0) = ‘710(7“) — Wo(r,0)

System I1I:

S 4 - 1
MV = A (0,), = V] = =MW+ A(-0W,), -

r2

—

1
b (i, + ~(i — 2is))
with boundary conditions
Vi(r,t) =0 onI' x [0,tf)

and initial conditions

Vi(r,0) = 1711(7’) — Wi (r,0)
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(4.1.18)

(4.1.19)

)

(4.1.20)

(4.1.21)

(4.1.22)



System I11:

1 4 4

. . 1
MVy — A= (V) — ﬁvz} — MW, + A(;(rwzr)r -3

-

= (. L . .
—b() (UQT + ;(UQ + 21)1))
with boundary conditions

Va(r,t) =0 on I x [0,%y)

and initial conditions

Vo(r,0) = ‘712(7") — Wy(r,0)

4.1.2 Fourier-type approximation of the elastic system

In the borehole polar coordinate system (r,#), the displacement is

@(r,0,t) = u(r,0,t)i, +v(r,0,t)ig

u~0 and u=0 on I'p

Err Ero
Eor Eoo

Ug — U U+
)7 €0 =

and the strain tensor has the form

where

(v +

N | —

Err = Uy, Erg = Eor = ,

(4.1.23)

(4.1.24)

(4.1.25)

(4.1.26)

(4.1.27)

The stress-strain relations for isotropic homogeneous medium in terms of the

shear modulus G and the bulk modulus K are

T=2Ge+ (K — %G) (tre)l
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where

2 u+v
Tor = 2Gu; + (K = 56) (ur + — =)

+ (K = 26) (o, + 1)

r

U+ Vg
T

Too — 2G

Tro = Tor = G(’UT + o~ U)

g (4.1.28)

The sum of the total potential energy and the penalty term is

(i) —»

/(Trr( )& (@) + 27, (1) (1) + Too (U )€eo(ﬁ)> 10

/f (tre()) dQ — /( ﬁ)-ﬁdF+KF/ - udl (4.1.29)
I'r

where f =0TV =07 (V + W) is body force, b7 = [ —) al,

Kr is a penalization constant,

0, Org
=1 " | is applied boundary stress in the system (r,6).
Org  0Og

Next, we describe stress around the borehole.

oy O OH
oxy = | = is the stress tensor in (X,Y") coordinate system and
Opy Oy 0 on

o(r,0) = [‘” oro

(r,8) is the stress tensor in (r, ) coordinate system.
Org 09

The transformation from oxy to o(r,0) is given by [9]

" R2 R2 4 R? 3R
mzm(l——)nL L +azy(1 B B)smze
2 72 72 ré4

) cos 20

Oy — Oy 4R% 3le9
+ (1-=E2+

r rd
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2R% 3R4

- OR%  3RY
JT9:U2Uy<1+ 3 7“)

5~ sm?@—l—axy(l—i—
r

) cos 26

where ppg is the well bore pressure and v is Poisson’s ratio of the formation.
From these equations we obtain applied stress on the boundaries.

On the borehole boundary I'p:

or(Rp,t) = pp(t)

o9(Rp,0,t) = 0, + 0, — pp(t) — 404, sin 20 — 2(% — Jy) cos 20

O'm(RB, 49) = 0

On the far-field boundary I'g:

or(Rp,0) = @ + 04y 8in 20 + % % 0526
oo(Rp,0) = Oz ;— Iy _ Oy Sin 26 — Tz ; %Y 0526
or9(Rp,0) = T % Ginog + 0y cOs 20

Let V = H'(Q;R?). Our objective is to find the displacement @ such that
icL*0,t;;V), w@eL?0,t;V)  and

DI(@)® =0, VodeV (4.1.30)

where  @(r,0,t) = u(r,0,t)i, + v(r,0,t)ip, D(r,0) = o(r,0)i, + (r,0)ip , and

-

DII(@)® is the Gateaux differential of IT with increment &.

Applying (4.1.27) and (4.1.28) to (4.1.30), we have

/2”/ 2, + (K = 26) (u: + 0 ) g, + (o, +

U + Vy

U)<¢T+¢6;¢)

2 + +
+ (26 (K =56 (u,+ 1)) we]rdrde

r r r

27 Rp
—/ / Flr+ 200, ar a0
0 Rp r

+ /027T <O'T(RB7 No(Rp,0) + o.9(Rp, 0)(Rp, 9))RB do—
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_ /027r <O'T(RF, Q)QO(RF, 9) + O'TQ(RF, Q)w(RF, 9)) RF d9
VK /% <u(RF, 0)o (R, 0) + v(Rp, 0)0(Rp, 9))RF 49 =0 (4.1.31)

The first term of the left-hand side of (4.1.31) is

2
/ / K~|— G Jupprr + (K — —G)ugpr (K — gG)Ug(,OT
1 1
+ Gupber + Guppg — Gupp + Gug, — Gu, + Gue%; - GUW;
1 1 4 1 4 1
— Gupg— + Guip= + (K + ZG)up= + (K + - G)utpg—
r T 3 T 3 T

4 1 4 1 2 2
+ (K + gG)UQSO; + (K + gG)UGwG; + (K - gG)uT‘SO + (K - §G>uﬂ/}9 drd¢
(4.1.32)

Applying #-approximation (4.1.9) to (4.1.32) and integrating with respect to 6 over

(0,27), we have

Rp 4
7T/ [(K T gG) (2u0, o, + w1, 1,7 + us, 2, 7)
Rp

2
-+ (K — gG) (QUOSOOT -+ ui 1, —+ U2P2, — 27)2(,01T + 2U1§02T)
+ G (200,800, + V1,91, + Vg, s, 7 — 201,02 4 20, — 2uxthy, + 2uta, 1)
+ G (= 200,00 — V1,01 — V2, 0hy — 20080, — V1¥y, — Vathy,)
1 1 1 1
+ G (duzpa— + dur o1~ + 2unthy — — 2uy o —)
r r r r
1 1 1 1 1
+ G (2u1p2= — 20301~ + 20980~ + V1Y — + Va2 —)
r r r r r
4 1 1 1 1 1
+ (K + §G) (2uopo— + urp1= + uspa— — 2us iy~ + 2unth —)
r r r r r
4 1 1 1 1
+ (K + —G) ( — 20901 — + 2v1p3— + 4vatha— + 4U1¢1—)
3 T r r r
2
+ (K — §G) (2uo, o + u1, 91 + Uz, 2 — 2u, s + 2U2r¢1)] dr (4.1.33)

Combining like terms with respect to the basis functions, (4.1.33) has the following

form:
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©o -

Rr 4 2 4 1
/ [2 (K + —G)ungoorr + 2(K — —G) (uowo, + o, po) + 2(K + —G)uogoo—] dr
Ry 3 3 3 r

(4.1.34)

©1 -

Rp
+ 77/ [(K + %G)ulrgolrr + (K - %G)Umﬁlr —2(K — %G)vchlr + 2Gy, ¢y
Rp

+ (K + ?G)uw)l% —2(K + gG)UQSDl% + (K — ;G)Uh%] dr (4.1.35)

w2 :

Rp
+ 7T/ |:(K + %G)UQT(,OQTT -+ (K — %G)UQQOQT + 2(K — gG)UNO?r — 2GU1T¢2
Rp

+ (K + 1—;G)u2902% +2(K + gG)UﬂPz% + (K - %G)Uzrsf?z] dr (4.1.36)

o :

Rp 1
-+ 7T/ |:2G1)Qrw0r7' — 2Gvorw0 — 2GU(ﬂ/)0T + QGU()?/J();] dr (4137)
RB (. J

-

7 1
Gui, thr,r — Goy, 1 — 2Guath, — Guih, +2(K + gG)W/;l;

+

3
S
=7

+ (4K + gG)W/ﬁ% +2(K — gG)uwl] dr (4.1.38)
(P

Rr 7 1
+ 71'/ |:G1)2T1/)2T7“ - GUQT¢2 + 2GU1?/)2T — G’UQ@Z)QT - 2(K + gG)ul’QZ)Q;
Rp

1 1 2
+ (4K + 39(;)@2%; —2(K — ga)ulrng] dr (4.1.39)
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The o-approximation of body force f has the form
f(r0,t) = fo(r,t) + fi(r,t)sin 20 + fo(r,t) cos 20
The second term of the left-hand side of (4.1.31) is

Rp
—7T/ [2fopo,” + fro1,7 + fapa,r
Rp
+ 2foo + frer + fopr — 2f11hs + 2fo1h] dr
The third term of the left-hand side of (4.1.31) is

2mpppo(Re)RB

The fourth term of the left-hand side of (4.1.31) is

Oy + o Oy — O
- [2 5 e0(Ri) + 01 (Re) + Loy (Rr)
Oy — O
_'_

Ly (i) + Tatoa(Rp) | R

The fifth term of the left-hand side of (4.1.31) is

TKp [QUQ(RF)Ql?o(RF) + u1(Rr)p1(Rr) + uz(Rr)p2(Rr)

(4.1.40)

(4.1.41)

(4.1.42)

(4.1.43)

+ 200 (Rp)to(Rr) + v1(Rp)Ur (Rr) + va(Rp)to(Rp)| Re (4.1.44)

In (4.1.20)-(4.1.39) and (4.1.41)-(4.1.44), we combine terms corresponding to ¢; and

Y, 1 =10,...,2, and equal them to 0.

wo: (uo)
RF 2G 4G
/ UOTSOOTT + (K 3 )(Uowor + o, o) + (K + 3
Rp
Rr Oy + 0Oy
fo ®o, T + 800) dr + ppyo(RB)Rp — wo(Rp)Rp
Rp

+ Kruo(Rp)po(Rr)Rr = 0
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@Y1t (U17U2)

fir 4G 2G 2G
o L0+ g (=i, + (0= Py
Rp
16G 1 2G G 1
+ (K + T)Ulwl; — 2(K — ?)U%Olr + 2G’U2T301 — 2(K + ?)"02(,01;} dr

Rp
— / fl ((,01T7" + @1) dr — OzyP1 (RF)RF + Kpul (RF)(,Ol(RF)RF =0 (4146)
Rp

P2 - <u27/Ul>
fir 4G 2G 2G
/ [(K + ?)UQTQOQTT + (K — ?)UZ@QT —+ (K — ?)UZTSOQ
Rp
16G 1 2G G 1
-+ (K -+ T)UQQOQ; + 2(K — ?)/0190% — QG’Ulr()DQ + 2(K + ?)Ul(pg;} dr

R Oy — O
—/ fa(pa, 7 + o) dr — 5 “02(Rp)Rp + Kpua(Rp)p2(Re)Re = 0

Rp
(4.1.47)
Yo:  (vo)
R Vo Yo
G|:('U0T — 7) (wor - 7)]7’(17” + KF’IJ()(RF)"LM)(RF)RF =0
Rp
Take 9y = vg. Then
Rp
/ G[(UOT - @)Q}Tdr + KpRpvd(Rp) =0
Rp r
It follows that
v, — % =0, Rp<r<Rp, and vo(Rp) =
and so,
vo(r,t) = Co(t)r, Rp <1< Rp (4.1.48)
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Pt (ug,v)

G

Rr 2G 1
/ [— 2Gu21ﬂlr + 2(K — ?)ugrwl + 2(K + ?)UﬂDl—
Rp r

19G 1
+ G, g7 — Guidy, — Goy b + (4K + =)o~ dr

Rp
- / 2fotbr dr — 222 (Re) R + Kpvr (Re)ibr (Re) R = 0 (4.1.49)
Rp

(P (U17U2)

fir 2G TG 1
/ |:2GU1’¢2T — 2(K - ?)Ulrlpg — 2(K -+ ?)Ullpg—
Rp r

19G 1
+ GUQTwQTT — G’Uﬂﬂzr — szrwg + (4K + T)Ugwg;} dr

Rp
+/ 2 f1g dr — opytha(Rp) Ry + Kpva(Rp)2(Rp)Rp = 0 (4.1.50)

Rp

4.1.3 Finite element approximation

Dirichlet boundary conditions for the TCP system

r-approximation:

Rpy=n 1 T T = R

Figure 4.1: r-approximation of 2D Dirichlet boundary conditions

Here N is the number of subintervals; Mp = N — 1 is the number of basis functions;

_ _ - T
b(r) = bi(r) ... bu,(7)| is the vector of basis functions; and
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3x3Mp

Using r-approximation, the coefficients of the #-approximation for V(r,8,t) can be
represented as
Vi(r,t) = B(r)a(t)

(4.1.51)
where ¢;(t) is a (3Mp x 1) vector.

The coefficients of the #-approximation (4.1.9) for boundary conditions (4.1.2) and

initial condition (4.1.3) can be represented as

Vio(t) = vpo(t)
Vri = Upi

Vi(r) = B(r)or,  i=0,...,2 (4.1.52)

where vpo(t) and vg; are (3 x 1) vectors and vy; is a (3Mp x 1) vector.

Neumann boundary conditions for the elastic system
r-approximation:

B, b, b,
Ry=1 1 e = Ry

Figure 4.2: r-approximation of 2D Neumann boundary conditions

Here N is the number of subintervals; M = N+ 1 is the number of basis functions;

_ T
bM(T)] is the vector of basis functions.

Using r-approximation, the coefficients of the f-approximation (4.1.9) for the dis-
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placement coordinates (4.1.51) can be represented as

ui(r,t) = b(r) i (t) (4.1.53)

vi(r,t) = b(r)Tn;(t) (4.1.54)

where f[i;(t) and 7;(t) are (M x 1) vectors.

Finite element approximation of the elastic system

Define the following M x M matrices:

g2(7) :/ ’ b,(r) b, (r)rdr

Rp

g = / N b(r) by (r)" dr

Rp -
go(%) — /R b(r) b(r)T% dr

Let Ps=[0 0 1]". Then

pp(t) = PfVi(t) = Pi Vio(t) = Pl Dpo(t) (4.1.55)
Also, let
op = %z + 9y and op = S (4.1.56)
2 2
As before,

and from (4.1.9)-(4.1.11), (4.1.13), (4.1.51), and (4.1.52) it follows that

fz‘(n t) = Z_)?(V;(T‘, t) + VVZ’(Tv t))

b{ B(r)ci(t) + MB?DBi@) +—— b7, i=0,1,2 (4.1.57)
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and DBi<t> = O, 1= 172
From (4.1.45)-(4.1.50) we obtain
¥o -

[(K + ?)gg(r) + (K - —G) (91 + 1) + (K + %)go(%) + KFRFQF} io(t)

¥ BT () 4 b)) dr] B — R b{) P }”B“”

/‘RF r— Rp (rBT(T) + B(T)) d?“] B?DFO —+ RFO'R B(RF) (4158)

#1 -

- Rp o R B _ -
+ / 4 2 (T br(T) + b(?“)) dri| B?ﬂFl + RFny b(RF) (4159)
- Jry Rr—Rp

©2 -

:(K + %)gg(r) + (K — ?) (91 + 1) + (K + ?)go(%) + KFRFQF] fia(t)
w2 (5 = 2t — ot (K + S ()] mo)

:/ " (b (r) + B(r)BTB(r) ar|ea(t)

Rp

- Rp - R 3 3 -
T / —— (rby(r) + b(r)) dr] bl s + Rpop b(Rp) (4.1.60)
L Rr — Rp

Rp

o
[G92(T) —G(gf + 1) + Ggo(l) + KFRFQF} Mo(t) =0

r
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It follows that

(N

2 :(K — %)g1 — Gg{ + (K + ?)go(%)}ﬁz(t)

r 19G 1
+ _GQQ(T) - G(ng + 91) + (4K + T)go(;) + KFRFQF} (%)

= / RF b(r)bT B(r) dr} & (1)

Rp

[ R r — RB = =T =
+2 LTI g dr] b7 s + Rpop b(Rr) (4.1.61)
ry Br— Rp

Py

2G

—2 :(K — ?)gl —Ggi + (K + %)go(%)],ul(t)

r 19G 1
+ _GQQ(T’) — G(ng + gl) + (4K + T)go(;) + KFRFQF] 7_]2(15)

- _9 _/RF b(r)b! B(r) d?“} ci(t)

Rp

- rRp o B B
-2 / " RB b(?“) d’l“} g{ljpl + RFO'J;y b(RF) (4162)
ry Br— Rp

Define the following matrices and vectors.

M x M matrices:

4G 2G 4G 1
My = (K + =) ga(r) + (K = =) (91 + 1) + (K + —=)90(>) + KrRegr
4G 2G 16G 1
My = (K +=)gx(r) + (K = =) (91 + 1) + (K + —=)0(=) + KrRrgr
. 19G, 1
My = Ggs(r) = G(gi + 1) + (4K + =) g0 () + KpRegr
2G G 1
N =2[(K = 5t - G+ (K + <)o) (4.1.63)
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M x 3Mp matrices:

2z, — / (0 bu(r) + b)) B dr (4.1.64)
Rp
Rp
Z = 2/ b(r)b! B(r) dr (4.1.65)

M x 3 matrices:

Rp . B B _
Yo = [/ ;F—};(r be(r) + b(r)) dr}gf — R b(Rp) P! (4.1.66)
Rp F — B
Rp r — RB - = T
Yro = [/RB m(r r(T) + b(T)) d?“i| bl (4167)
Rr r— RB - T
Yy = 2[ /R B is b(r) dr] ! (4.1.68)

M x 1 vectors:

SR = RFO'R B(RF) (4169)
SD = RFO'D E(RF> (4.1.71)

Applying (4.1.63)-(4.1.71) to (4.1.58)-(4.1.62), we obtain the following matrix equa-

tions:
Mofio(t) = Zoco(t) + Yrolpo(t) + YroPro + Sk (4.1.72)
My — fia (t) Zy Yro 1
= ci(t) + Vg1 + Say (4.1.73)
—NT My | | 72(t) —Z Y 1
My N | | fe(t) Zy Yro 1
= ca(t) + Upg + Sp (4.1.74)
NT Myl | (1) Z Y 1
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Define the following matrices:

M N M, -
T MQ _NT 9
- [&] [ 2, .
Z = = =JZ
Z —Z
~ Yo | [ Yo | ~
Yr = = =JYr
Yr1 —Yr1

Pyy=[1 0] ® Iywm

Por=[0 1] ® Inxm

From (4.1.72)-(4.1.74) we have

fio(t) = Mg [Zoéo(t) + YoPo(t) + YeoDpo + SR] (4.1.75)
i (t) = PoQ* [Zél (t) + Yrip + JS*W} (4.1.76)
M(t) = —PuQ ! [Za(t) + Vpoe + 5., (4.1.77)
fis(t) = Pro Q! [Z(—:Q(t) + Vs + S*D} (4.1.78)
M (t) = Pn Q| Zea(t) + Yevrs + Spl (4.1.79)
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Finite element approximation of the TCP system

System I (radially symmetric case)

System I is given by (4.1.17)-(4.1.19):

' 1 ;
MYy = A=(rV,), = =MWo + A—(rWa,), = o o,

with boundary conditions

Vo(r,t) =0

and initial conditions

Let

on I x [0,%y)

Vo(r,0) = 1710(7’) — Wo(r,0)

Then (4.1.17) has the form

A=M"1A

1.
+ —U0>
T

1 . 1 , 1
Vo= A=(rVh, ), = =Wo + A= (W0, ), — M~k (uor v ;uo)

Using (4.1.51), the left-hand side of (4.1.80) is

B(r)co(t) — A

1
r

(TBT(T))TEO(t)

Multiplying (4.1.81) by B(r)? and integrating with respect to r, we have

“JRp

_ / BT BO) dr|

/RF B(r)' B(r)r d'r’:

Rp

/ N BB ar]

Rp

Rp

folt) — | /R B(r)T A (rB,
&o(t) + [ /R RF B,(r) T AB, (r)r

Rp

olt) + A | / by ()5, (1)

Rp

r))Tr dr} co(t)
dr} Go(t)

r dr] Co(t)

(4.1.17)

(4.1.18)

(4.1.19)

(4.1.80)

(4.1.81)

(4.1.82)

Using (4.1.53) and (4.1.54), the third term of the right-hand side of (4.1.80) is

, 1
My (uor + ;uo)

—M-léo[

71

b, (r)" + % b(r)"

}ﬁo(’f)

(4.1.83)



Multiplying (4.1.83) by B(r)? and integrating with respect to r, we have

- [ /R - B(r)"M~"by(rb,(r)" + b(r)T) dr} fio(t) (4.1.84)

From (4.1.11) and (4.1.52)

RF—’T’ T—RB

Wi(r,t) = ————vgi(t) + =————vp;, ©=0,...,2 4.1.85
(r,t) RF—RBVB(>+RF—RBVF i ( )
and vg(t) =0, i=1,2.
It follows that
- RF—’I" . .
Wi(r,t) = —————vp;(t), =0,...,2 4.1.86
(1) = - im(t), (4.1.56)

and vp;(t) =0, i=1,2.

Multiplying (4.1.86) by B(r)? and integrating with respect to r, we have

[ / T L P (4.1.87)
. RF — RB Bi .

From (4.1.14) and (4.1.52)

1 1

Wi (r,t) = === Vpi(t) + 5
RF RB RF RB

Upi, i=0,...,2 (4.1.88)
and vpgi(t) =0, i=1,2.

1
Multiplying A= (rW;,), by B(r)" and integrating with respect to r, we have
r

[/RZF B(T)TAﬁ dr] ( — vpi(t) + ﬂF) i=0,...,2 (4.1.89)

and vg;(t) =0, i=1,2.

Define the following matrices.

3Mp x 3Mp matrices:

Go = / N BB dr

Rp
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Rp

Gy=A® [ / by ()b (1) T dr]

Rp

3Mp x M matrices:

Hy— / " BT My (r bu(r) + D(r))T dr

Ry Rr — Rp
Rp 1
= B(r)td
R [/RB F— B0 T]A

Using these matrices, (4.1.80) multiplied by B(r)? and integrated with respect to r,

has the form
Goco(t) + Gaco(t) = —Hyjig(t) — Rppo(t) — Rivpo(t) + Rivpg (4.1.90)

From (4.1.75)

fio(t) = My* [Zoéo(t) + YBO’jBO(t)] (4.1.91)

Applying (4.1.91) to (4.1.90), we have
Hoéo(t) -+ Ggé@(t) = DgoljBo(t) — RDBo(t) + RI?FO (4192)

where  Ho = Go + HoMy'Z,
Dpo = —H0M51YBO —Rp

Now we approximate initial conditions. From (4.1.11), (4.1.19) and (4.1.52), the

coefficients V;(r,0) of #-approximation of initial conditions have the form
Vi(r,0) = Vii(r) — Wi(r, 0)

73



where ‘71,(7") = B(r)vy;

Rp—1r _

T 55(0) r— Rp
RF_RB Bi

i, i=0,...,2 (4.1.93)

Wi(r,0) = TR R, UF

and 7p;(0) =0, i=1,2.

Multiplying Vi(r,0) by B(r)” and integrating with respect to r, we have

[/RF B(r)"B(r)r dr} ¢(0) = [/RF B(r)' B(r)r dr} Uri

Rp Rp

R R
£ RF - T _ r T—RB _
— B(r)f ——— ;(0) — B(r)l ———- ; 4.1.94
[/RB (r) RF_RBrdr}yBZ(O) [/RB (r) RF_RBrdr]VFl (4.1.94)

Using matrices defined above, (4.1.94) has the form
Goci(0) = Govri — Revpi(0) — Revp; (4.1.95)

From (4.1.92) and (4.1.95) with ¢ = 0 we obtain the following system of ordinary
differential equations (ODEs).

System of ODEs for TCP I (radially symmetric case):
Hoco(t) + Gaco(t) = Dpovpo(t) — Rizpo(t) + Rirg (4.1.92)
with initial conditions

c0(0) = 10 — Gy [R7Bo(0) + Rpivpo] (4.1.96)

System II (corresponds to sin 20 approximation)

System II is given by (4.1.20)-(4.1.22):

. 1 4 . 1 4
MV — A ;(TVh)r - ﬁvl} =-—MW; + A(;(TWh)r - T—QWl>
= (. 1. :
—bo <’U/1T -+ ;(Ul — 2’02)) (4120)

with boundary conditions
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Vi(r,t) =0 on I x [0,%y) (4.1.21)

and initial conditions

Vi(r,0) = Vi (r) — Wi(r,0) (4.1.22)

Using A = M~ A, (4.1.20) has the form

. 1 4 e 12
Vi— A[;Oﬂ‘/lr)r - ﬁ‘/li| = —M""by (Ulr + ;Ul - ;U2>
. 1 4
W+ A[;(TWlT)T . T—le} (4.1.97)
Using (4.1.51), the left-hand side of (4.1.97) is
. 1 i 4
B(r)éa(t) — A~ (TBT(T)) () + A= B(r)e (1) (4.1.98)

Multiplying (4.1.98) by B(r)” and integrating with respect to r, we have

[ / BT B arét)

Rp

+A® { [ / (BT ar] +4] / " b(r)b(r)T% ar] }al © (4.1.99)

RB RB
Using (4.1.53) and (4.1.54), the third term of the right-hand side of (4.1.97) is

, 1.2
~ M (ulr + Sy — —1'12)
T T

= — M| by(r)" + 1 b(r)" | () + Mlaé b(r) (1)

r

Multiplying by B(r)? and integrating with respect to 7, we have

[ BB + )" a0

Rp

+2[ / " BT M5 b(r)" dr] o (t) (4.1.100)

Rp
Multiplying the corresponding term in (4.1.97) by B(r)” and integrating with respect

to r, we have the following results
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for Wi: (4.1.87) with () = 0 and
1
for A=(rWy,),: (4.1.89) with vg(t) = 0.
r
Wi(r,t) is given by (4.1.85) with g, (t) = 0.

4
Multiplying A—W; by B(r)" and integrating with respect to 7, we have
T

[/RF B(T)TAiﬂr dr} Upi

Rp T'QRF—RB
—4[/RFB(r)T r— R 1dr]Aﬂ : i=1,2 (4.1.101)
= R Ry — Rpr Fi =14 L

Define the following matrices.

3Mp x 3Mp matrix:

1 Re 1
Go(-) = A® | / b(r)b(r)" = dr
T Rp T
3Mp x M matrix:
Rp o
Ho(r) = / BT M~y ()" dr
Rp
3Mp x 3 matrix:
R () = [/RF o ar| A
B T a Rp RF—RBT’

Using these matrices together with matrices defined for System I, (4.1.97) multiplied

by B(r)T and integrated with respect to r, has the form

Gota(t) + [Ga -+ 460 ) |en(t) = —Hofi (1) + 2Ho(r)in() + [R — 4R () o

(4.1.102)

From (4.1.76) and (4.1.77)
[ (t) = PoQ 126, (1) (4.1.103)
Ma(t) = =Py Q ' Z¢.(t) (4.1.104)
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Applying (4.1.103) and (4.1.104) to (4.1.102), we have
Hici(t) + Giei(t) = Frivp (4.1.105)
where

Hi=Go+ (HOPIO + QHO(T)PM) Q 'z
1
Ql — G2 ‘|‘ 4G0(;>

For — (R _ 4R§g>(1)> (4.1.106)

r

Initial conditions are given by (4.1.95) with ¢ = 1 and 75,(0) = 0. From (4.1.106)
and (4.1.95) with ¢ = 1 and p1(0) = 0 we obtain the following system.

System of ODEs for TCP II (corresponds to sin 26 approximation):
Hicr(t) + Giei(t) = Frivm (4.1.105)

with initial conditions

c1(0) = vy — Gy ' Revp (4.1.107)

System III (corresponds to cos 20 approximation)

System III is given by (4.1.23)-(4.1.25):

MYy — A[(Vs,), — 5Va] = ~MWa+ A(S(Wh), — 5Wh)
by (uQT + %(uQ + 2@1)> (4.1.23)
with boundary conditions
Vo(r,t) =0 on I' x (0,ty) (4.1.24)
and initial conditions
Va(r,0) = Via(r) = Wa(r,0) (4.1.25)
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Using A = M 1A, (4.1.23) has the form

. 1 4 (. 1. 2.
‘/2 — .A ;(T‘/Qr)r — 7’_2‘/2] = —M71b0 <U2T + ;Uz + ;1}1>
W, + AL Lw 4.1.108
—Wa + [;(7“ 2r)r—r—2 2} (4.1.108)
Using (4.1.51), the left-hand side of (4.1.108) is
. 1 _ 4 _
B(r)éa(t) — A~ (rB,(r)) &) + A5 B(r)a(t) (4.1.109)

Multiplying (4.1.109) by B(r)T and integrating with respect to 7, we have

[ / N BB dr st

Rp

+A® { [ / ()T ar] +4| / " B(T)B(T)T% dr] }02(75) (4.1.110)

RB RB

Using (4.1.53) and (4.1.54), the first term of the right-hand side of (4.1.108) is

, 1. 2
— M5, (ugr + g+ —@1>
T T

b0 (1)

= M B LB i) — My

Multiplying by B(r)? and integrating with respect to r, we have

- /R BT b () + ()" dr jia(t)

—2[/RF B(r)" M~y b(r)" dr} i (t) (4.1.111)

Rp
Multiplying the corresponding term in (4.1.108) by B(r)T and integrating with
respect to r, we have the following results
for Wo: (4.1.87) with Dp,(t) = 0
for A%(TWQT)T: (4.1.80) with 7pa(t) = 0.

4
for AT_2W2: (41101)
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Using the matrices defined for Systems I and II, (4.1.108) multiplied by B(r)T and

integrated with respect to r, has the form

Gotalt) + [ Ga + 4Go() | eat) = —Hofia®) = 2Ho(0)in (1) + [R — 4R () o

(4.1.112)
From (4.1.78) and (4.1.79)
fi2(t) = ProQ ' Zé&,(t) (4.1.113)
m(t) = PnQ ' Z&(t) (4.1.114)
Applying (4.1.113) and (4.1.114) to (4.1.112), we have
Hlég(t) + gléz(t) = fFlDFQ (41115)

where the matrices H;, G1, and Fp; are given by (4.1.106)
Initial conditions are given by (4.1.95) with ¢ = 2 and vp2(0) = 0. From (4.1.115)
and (4.1.95) with ¢ = 2 and vp,(0) = 0 we obtain the following system.

System of ODEs for TCP III (corresponds to cos 20 approximation):
Hica(t) + Gica(t) = Frives (4.1.115)

with initial conditions

&(0) = U1y — Gy 'Ry (4.1.116)
We have the following three systems of ODEs:
System of ODEs for TCP I (radially symmetric case):
Hoco(t) + Gaco(t) = Dpovpo(t) — Rivpo(t) + Rizpo (4.1.92)
with initial conditions
c0(0) = 710 — Gy [R7Bo(0) + Rppo] (4.1.96)
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System I gives coefficients Vj and wug of the #-approximation (4.1.9).
System of ODEs for TCP II (corresponds to sin 26 approximation):
Hic () + Gici(t) = Frivm (4.1.105)

with initial conditions

c1(0) = vy — Gy ' Revp (4.1.107)

System II gives sin26-coefficients Vj, u; and cos26-coefficient vy of the 6-

approximation (4.1.9).
System of ODEs for TCP III (corresponds to cos 20 approximation):
H1Ca(t) + Gi8a(t) = Frilro (4.1.115)

with initial conditions

&(0) = Upy — Gy 'Ry (4.1.116)

System III gives sin260-coefficient v; and cos20-coefficients V5, us of the 6-

approximation (4.1.9).

4.2 3D TCPu Problem for an Inclined Borehole

As in Section 2.2, let (X,Y, Z) be a borehole Cartesian coordinate system with the
x -axis in the direction of the maximum horizontal principal stress op , the y -axis
in the direction of the minimum horizontal principal stress o, and the 2z -axis in
the direction of overburden stress oy and let (Xj, Y}, Z;) be the borehole Cartesian
coordinate system. For the sake of convenience, we will make the transformation
from the coordinate system (X, Y}, Z) to the borehole cylindrical coordinate system

(r,0, z) with the z -axis passing through the central axis of the cylindrical region €.
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Then the boundary ' of QisI'=T'gUT'r U fT U fB:

I'g = {(RB,H,Z) €R3:O§9<27T,ZT§2§zB}
I'r = {(RF,Q,z) 6R3:0§6<27T,2T§z§z3}
fT:{(r,Q,zT) €R3IRB§T§RF,OS¢9<27T}

f‘B:{(r,G,zB)ER?’:RBSTSRF,0§0<27T}

4.2.1 Fourier-type approximation of the TCP sytem

In the borehole cylindrical coordinate system (7,60, z) the TCP initial-boundary
value problem (2.2.17)-(2.2.20) is given by

MV — AV?V = —by(V i) in Qx (0,t;) (4.2.1)

with boundary conditions

.

Ve(z,t)  onT'p x[0,t)

B VF<9,2) on FF X [O,tf)
V(r,0,z,t) =< (4.2.2)

Vr(r,6,t) on T'p x [0,t))

VB<7’,9,t) on fB X [O,tf)

\

initial conditions

V(r,0,2,0)=Vi(r,0,z) (4.2.3)
and compatibility conditions:

Vr(Rp,0,t) = Vg(2r,1) (4.2.4a)

Vr(Rp,0,t) = Vp(9, 27) (4.2.4D)

Vs(Rp,0,t) = Vi(zp,1) (4.2.4¢)

Vs(Rp,0,t) = Vr(0, 25) (4.2.4d)
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where the displacement vector is

w(r,0,z,t) = u(r,0,z, t)i, + v(r, 0, z, t)fg +w(r,0, z, t)fz

To obtain the equivalent parabolic TCP-type system with homogeneous boundary

conditions (2.3.11)-(2.3.13), we first define

WT(T70727t> = —VB(Z7t) + —VF(Q’Z)

Then (4.2.1)-(4.2.3) has the form

MV? — AV2VO = — MW" + AV*W' —by(V -@)  in Q x (0, )

with boundary conditions

(
0 onI'p x [O,tf)

_ 0 on ['p X [O,tf>
VO(T,G,z,t) =

Vr(r,0,t) — W (r,0,zp,t) on I 0,2¢)

Va(r,0,t) —W"(r,0,z5,t) onIp x 0,2f)

\

and initial conditions

VO(T, 0,2,0) = f/j(r, 0,z) —W"(r,0,z0)

Now define
VT(T, 0,t) = ‘N/T(r, 0,t) —W"(r,0,zr,t)
VB(T7 87 t) = ‘N/B(TJ 07 t) - WT(Tv (97 ZB, t)
and
W2 (r,0, 2,t) = —Vy(r,0,) + —2——Vi(r,0,1)
ZB — 2T ZB — 2T
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(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)
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(4.2.12)



V=Vl-W =V -W —W*

V=V-W(b,zt), where W = W" + W*

Then (4.2.1)-(4.2.3) has the form
MV — AV?V = =MW + AV*W — by(V - @) in Q x (0, ;)
with boundary conditions
V(r,0,z,t) =0 on I x [0,%y)
and initial conditions
V(r,0,2,0) =Vi(r,0,z) — W(r8,z0)
We introduce the following 6 - approximation:

Vi(r,0,z,t) = Vo(r,z,t) + Vi(r, z,t) sin 0 + V,(r, 2,t) cos 6

+ Va(r, z,t) sin 20 + Vy(r, z,t) cos 20

u(r,0,z,t) = ug(r, z,t) + uy (r, z,t) sin @ + ug(r, z,t) cos

+ us(r, z,t) sin 20 4 uy(r, 2, t) cos 260

v(r,0,z,t) = vo(r, z,t) + v1(r, z,t) sin @ + ve(r, 2,t) cos f

+ v3(r, z,t) sin 20 4 vy(r, 2, 1) cos 260

w(r, 0, z,t) = wy(r, z,t) + wy(r, z,t) sin 0 + we(r, z,t) cos

+ ws(r, z,t) sin 20 + wy(r, 2, t) cos 26
VB(Z,t> = VB(](Z, f})

Vi(0, 2) = Vio(2) + VEi(z) sin € + Vipa(2) cos 6

+ Vis(2) sin 20 + Vipy(2) cos 26
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(4.2.15)

(4.2.16)

(4.2.17)



VT(Ta 0,t) = VTo(T, t)+ Vi (r,t)sinf + VTQ(T, t)cosd

+ VT3<T, t) sin 260 + \~/T4(7“, t) cos 260
Vi(r,0,t) = Vio(r, t) + Vi (r, t) sin 6 4 Viy(r, t) cos §

+ 1733(7“, t) sin 260 + I~/B4(r, t) cos 20

Vi(r,0,z) = \7[0(7”, z) + f/n (r,z)sin@ + \712(7“, z) cos 0

+ Vis(r, 2) sin 20 + Vig(r, 2) cos 20 (4.2.18)
Then
W(r,0,z,t) = Wy(r,z,t) + Wi(r, z,t) sin @ + Wy (r, z,t) cos 6
+ Ws(r, z,t) sin 20 + Wy(r, z,t) cos 20 (4.2.19)
where
RF—T‘ T‘—RB
Wi(r, z,t) = Vai(z,t Vi
(1 200) = Vi) + 2 Vi2)+
Z— 27 [~ Rp—r r— Rp
Vii(r, t Vii(zp, t Ve }
+ZB—ZT|: B(T ) RF—RB B<ZB ) RF—RB F(ZB>
Zp — 2 [~ Rrp —r r— Rp
Vi 7t V’L 7t V’L i|7 =Y, 74
+ZB—ZT[T(T > RF—RBB(ZT ) RF—RBF(ZT> ! 0

and Vpi(z,t) =0, 2 < z < zg, 1=1,...,4.

With this approximation, the system (4.2.15) has the form:
. 1 1 . 1 1
MV = A[= (V) + —5Vig + Ve = =MW + A(Z (W), + Wi + W..)
= .. .
—by (ur + ;(u + 0p) + wz> (4.2.21)
where W is given by (4.2.19) and (4.2.20),

Wi (r, 0, z,t) =Wy, (r,z,t) + Wy, (1, z,t) sin@ + Wy, (r, z,t) cos 0

+ W, (r, z,t) sin 20 + Wy, (r, z, ) cos 20 (4.2.22)
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with

1
VVir(Ta Zat> = m(VFZ(Z) - VBi<Z>t))
Z— 21 [~ 1
Vi, (r, - (Vai(zg, t) — Vp
b Vo) + g Vel 1) = Vi)
2B — 2 [~ 1 .
Vi (1,8) + ————— (Vi (2, 1) — Vi : —0,...4 (422
F o Vi) + e (Vaulert) = Vin(er) |, = 0,04 (4223)
and Vpi(z,t) =0, 2r <z < zp, i=1,...,4;

Woo(r, 0,2, t) = =Wi(r, z,t)sin@ — W(r, z,t) cos 0
— AW;5(r, 2, t) sin 20 — AW,y (r, z,t) cos 20 (4.2.24)

W.(r,0,z,t) = Wy (r,z,t) + Wi_(r, z,t) sin 6 + Ws_(r, z,t) cos 6

+ Ws_ (1, z,t) sin 20 + Wy_(r, z,t) cos 20 (4.2.25)
with
RF—T‘ T‘—RB
]_ ~ ~ RF—T
i, t) = Vri(r,t) — 5——=—(VBi(2B, 1) — Vail2r,
L — [VB (r.1) = Vis(r.£) = o (Vulzp. 1) = Vi 1)
T () — V(e ))} i=0,....4 (4.2.26)
Rr_ Ry FilB rilzr) )|, =0,... 2.
and Vpi.(z,t) =0, r <z < zp, 1=1,...,4.

The #-approximation for the initial conditions V(r,6,z,0) (4.2.17) is

V(r,0,2,0) =Vy(r,z,0) + Vi(r,z,0)sin @ 4+ Va(r, z,0) cos 6

+ V3(r, 2,0) sin 26 + V,(r, z,0) cos 260

where
‘/i(,ra 270) - ‘7172(7”7 Z) - VVZ'(T7Z70) =
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~ RF—T‘ T‘—RB
= V(r, z) — VBi(2,0) — 5——F—VFi
1i(r, 2) FP— Bi(2,0) R Ry Fi(2)
Z— 27 ([~ Ry —r r— Rp
— VBi(r,0) — 5————VBi(2B,0) — 55— Vr; )-
ZB_ZT(B(T ) R R 5i(25,0) R Ry Fi(2B)
ZB — 2 [~ Rp —r r— Rp .
— Vri(r,0) = —————Vpgi(27,0) — ——— Vg >, =0,...,4
ZB—ZT(T(T ) RF—RB B<ZT ) RF—RB F(ZT) '
(4.2.27)
and Vpi(z,0) =0, 2 <z < zg, 1=1,...,4.

Applying (4.2.22)-(4.2.27) to (4.2.21), multiplying by 1,sin, cos 6, sin 26, and cos 20,
and integrating over (0,27), we obtain five systems.

System I:

) 1 . 1
MYy = A= (Vo) + (Vo.):| = =MW+ A(-(rWo,), + (Wo.). )

. (uo + %uo + woz> (4.2.28)
with boundary conditions
Vo(r,z,t) =0 on I' x [0,tf) (4.2.29)
and initial conditions
Vo(r, 2,0) = Vio(r, 2) — Wy (r, 2,0) (4.2.30)

System II:

. 1 1 . 1 1
MVA = A[Z(V3,)r = Vi + (4.).] = =MW+ A(S(0W3,), = Wi+ (W1.). )

r

. 1
b (ul + (i — ) + w1z> (4.2.31)

with boundary conditions
Vi(r,z,t) =0 on I x [0,tf) (4.2.32)

and initial conditions
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Vi(r, z,0) = Vi (r, 2) — Wi(r, 2,0) (4.2.33)
System III:

. | 1 . 1 1
MV; = A[=(Va)r = V2 + (ng)z] — MW, + A(;(TWQT)T —5Wa+ (WQZ)z)

- 1
e (ugr + (g + ) + wzz> (4.2.34)
r
with boundary conditions
Vo(r,z,t) =0 on I' x [0,tf) (4.2.35)
and initial conditions
Va(r, 2,0) = Via(r, 2) — Wa(r, 2,0) (4.2.36)
System IV:
. 1 4 ~ 1 4
MVy = A= (Va,)r = Vi + (vgz)z] — MW + A(;(rwgr)r — 5Wa+ (Wgz)z)
- 1
b (ugr (g — 20y) + wgz) (4.2.37)
r
with boundary conditions
Vs(r,z,t) =0  on T x0,tf) (4.2.38)
and initial conditions
Vi(r, 2,0) = Vis(r, 2) — Ws(r, 2,0) (4.2.39)
System V:
. 1 4 . 1 4
MV = A[-(Va)r = Vit (wz)z] — MW, + A(;(rw%)r — Wi+t (W4Z)Z>
= (. L. : .
—bo (U4T + ;(114 + 2U3) + w4z> (4240)
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with boundary conditions
Vi(r,z,t) =0 on I' x [0,ty) (4.2.41)
and initial conditions

Vi(r, 2,0) = Vig(r, 2) — Wa(r, 2,0) (4.2.42)

4.2.2 Fourier-type approximation of the elastic system

In the borehole cylindrical coordinate system (r, 0, z), the displacement is

u(r,0,z,t) =u(r,6, z, t)fr +v(r,0, z, t)fo + w(r, 6, z, t)zz

u~0 and u=0 onI'p

and the strain tensor has the form

Err Ero Erz
Eor €09 E9z

Exr €20 Ezz

where
1 - +
Err = Uy, €r9:59r:§(vr+u0,r D), egp=
Ery = € zl(u +w) o 289:1(%4—@) €, = W (4.2.43)
rz zZr 2 zZ ™) zZ V4 2 /r zZ) zZZ z o

The stress-strain relations for isotropic homogeneous medium in terms of the

shear modulus G and the bulk modulus K are

7 =2Ge + (K - ;G) (tre)l (2.2.23)
where
Trr = 2GU, + (K — ;G) (Ur n Utve +wz>



ro0 = 26" (= 26) (w4 Y )
r 3 r
e = 20w, + (K — 2 (ur + "2 )
Tre = Tor — G(UT + UGT_ U)
Trz = Tar = G(uz + wr)
Toe = Top = G(% +0,) (4.2.44)

The sum of total potential energy and penalty term is

1

112) = [ (@0 @)+ 250(D10() + 25 (D)0

+ 70 (0) 00 (T) + 270, (@) 20, (@) + 2Tzz<ﬁ)5zz(a)> a0

—/Qf(trg(ﬁ)) dQ—/F(éﬁ)-ﬁdFJer/ - udl (4.2.45)

I'r
where f =b'V =b1(V + W) is body force, bl = [ =X al.
Or Org Opz

6= |0, 09 09| is applied boundary stress in the system (7,0, Z,), and

Orz 09z Oy
Kr is a penalization constant.

Next, we describe stress around the borehole. Let

JH(Z) 0 0 Oz O-J:y Oxz
oxyz(z)=| 0 on(z) 0|,  o%yz(2)= |0w 0y Op:(2)
0 0 oy Oz Uyz Ozz

Opr Or9g Opy
o(r,0,z) = |owg 09 09| (r,0,2)

Orz 09z Oz

be the stress tensors in the (X,Y,Z2), (X,,Ys, Zp), and (r,0, z) coordinate systems,

respectively.
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The transformation from oxyz(z) to o%y,(2) is given by [22]:

0%yz(2) = Lo - oxyz(2) - L,

where
li11 iz i3 COS (P COS (P, SIN Y, COSY, —siny,
L, = |loy lyn los| = —sin p, COS Py 0
l31 l3g 33 COS Y, sinp, sinp,siny, cosy,

is the transformation matrix, ¢, is the horizontal angle between the z-axis and the
borehole axis measures counterclockwise, and ¢, is the vertical angle between the

z-axis and the borehole axis measures clockwise.

Equivalently,
-Uz- [ l%l l%? 5%3
Oy 13 13 133
o 71 (2) l%l l§2 lgs
“l(2) = T, | on(z z), where T, =
Oxy ( ) };( ) ( ) liili  lialao li3la3
7y v lanlst laalsy losls
_Uccz_ _l11l31 lial32 513533_

The transformation from o4y ,(2) to o(r,0,2) is given by [9)]:

0.4, R Ry AR, 3RLN
O—T:T<1_?)+pBF+O—Iy(1_ 1”2 + 7"4 )Sln29
- — 4R% 3R}
—i—a 20y<1——23+ 4B>(30820
T T

4

. R? R? 3R
og = 21 +Uy<1+—B> —pB—B—Uccy<1+ B)sinQH
2 72 r ré

r — 3R4
_ 7 5 Uy(1+ T4B>cor52«9

2 2
0, =0,, — 4V%yr_23 sin 20 — 2v(o, — ay)T—QB cos 20

cos 20

Org =

Oy — Oy 2R%  3RE\ . 2R% 3R}
2 <1+ 2 7’4>Sln29+%y<1+7’_2_ r4>
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R?
09y = (—04,8in60 + 0y, cos ) (1 + _2B>
r

_R_%)

0y = (0y,8in60 4 0,, cos ) ( 5
,

where pp is well bore pressure and v is Poisson’s ratio of the formation.

From these equations we obtain applied stress on the boundaries.

On the borehole boundary I'p:

JT(RB>Z7t) = pB(Zat)

oo(Rp,0,2,t) = 0,(2) + 04(2) — pp(2,t) — 404y(2) sin 20 — 2(0,(2) — 0, (2)) cos 26

0.(Rp,0,2) = 0..(2) — 4vo,y(2)sin 20 — 2v (0, (2) —

UTQ(RB,Q, Z) =0
o.(Rp,0,2) =0

09-(Rp, 0, 2) = 2( — 04.(2) sinf + 0,.(2) cos 6)

On the far-field boundary I'g:

02(2) + 9y(2)

()

0,(Rp,0,2) = 5 + 04y(2) sin 260 + O
o9(Rr,0,2) = M — Oyy(2)sin26 — 72(2) =

0.(Rp,0,z) = 0,.(2)
or9(Rp,0,2) = M sin 26 + o, (%) cos 260
0r2(RF,0,2) = 0,.(2)sin @ + 0,.(z) cos 6

09:(Rp,0,2) = —0,.(2)sinf + 0,.(z) cos

—oy(2)
2

oy(z)) cos26

cos 20

Uy<z) cos 20

On the top boundary 'z and the bottom boundary I'z:

ox(2) + oy(2i R2 R?
SERPRLLELIEII S
4 2 1 z\<i) — i
+ (1 - iB + SiB> <ny<2i)Sin29 + 2 () 5 7y(%) cos 29)
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o ou(z) oy(2) R_QB B | R_QB
(r,0,z;,t) = 5 <1 + = ) pe(2i,t) 2

- (1 + 3:7;44B> (axy(zi) sin 26 + %(2) ; %(%) Cos 29)

2

0.(r,0,2) =0..(z) — 4VR—f (crxy(zi) sin 260 + 7u(%) ; 7y() cos 29)
r

2R% 3R

2

N 0a(2) = 9y(2)
o,0(r,0, 2;) = (1 +— g ) ( 5 sin 20 + 0., (2) cos 29)

2
0,2(1,0, 2;) = <1 }:2 ) (0y2(2i) sinf + 0, (z;) cos 6)

RQ
09:(1,0,2;) = (1 + 7"_5> (= 0us(2i)sin g + 0. (2;) cos §) (4.2.46)

where i =T (top) or i = B (bottom).
Let V = H'(Q;R3). Our objective is to find the displacement @ such that
@e L*0,t;V), weL*0,t;V)  and
DI()® =0, VdeV (4.2.47)

where u(r,0,z,t) = u(r,0, z, t)fr +v(r,0, z, t);g +w(r, 0, z, t)zi,

(
B(r,0,2) = @(r, 0, 2)i, + U(r, 0, 2)ig + w(r, 0, 2)i.,

—

DI(@)® is the Gateaux differential of IT with increment &.

Then (4.2.47) has the form

2G U+
/// (26 + (K =29 e+ 1))

0+ ) (0 P 4 Gl ) (s + )
U+U9 2G U+ vg © + Yy
We W 2G U+U0
PO ) (4 0e) + (2004 (K = 5 (i + 7 ws) o rdradae
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zZB 27 Rp
_/ / / f(gor—l—so—irwejth)rdrd@dz
zr JO Rp r

+ /ZB /027T <0T(RB,9,z)<p(RB,9,z) + 0.9(Rp, 0, 2)Y(Rp, 0, 2)
+0,.(Rp, 0, 2)w(Rg. 0, z))RB d0.dz
_ /ZB /0% (2 (Rr, 6, 2)0( .8, 2) + 030(Rp, 6, 2) (R, 6, 2)
+0,.(Rp, 0, 2)w(Rr, 0, z)> Rpdfdz
/ / 0r2(r, 0, 27) (1,0, 27) + 00.(r, 0, 27)9(r, 0, 27)
+ o, (r,0,zr)w(r, 0, ZT>>7” drdé
/ / 0r2(r, 0, 28)p(r, 0, 25) + 00:(1, 0, 25)Y(r, 0, 2)
+0.(r,0 ZB)w(T,Q,ZB)>rdT dé
+KF/ / u(Rp.0, 2)p(Re.0.2) + v(Rp. 0, 2)(Ri. 0, 2)

w(Rp, 0, 2)w(Rp, 0, z))RF d9dz =0 (4.2.48)

The first term of the left-hand side of (4.2.48) is

2m 2G 2G 2G
/ / / K+— urgorr—i-(K—?)ugor (K—?)UQQOT—F(K—?)UJZQOTT
1 1
+ Guapr + Guypg — Guap + Gugp, — Gu, + G'U/QQO@; - Guew;

1 1
— Gupg— + Guip— + Gu,p.r + Guw,r + Gu,p,r + Gu,w,r
r r

4G 1 4G 4G 1 4G 1
(K + 5 )upr + (K + ?)uwe— (K + = )voe— + (K + = )vpt—
2G

2G 2G 2G
+ (K — ?)u,«p—k (K - ?)Ur% + (K - ?)wzsﬁﬂL (K - ?)wz%

1 4G
+ ngwg; + Gug, + Gu,wy + Gu,ab,r + (K + —)wzwzr

3
+ (K - %)urwzr + (K — %)uwz + (K — %)vng} drdfdz (4.2.49)
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Applying #-approximation (4.2.18) to (4.2.49), integrating with respect to 6 over

(0,27), and combining like terms with respect to the basis functions, we have

$o -

Rp 4 2 2
7?/ / [Q(K + =G)ug, 0,7+ 2(K — ZG)ugpo, + 2(K — =G)wo, o, 7
T RB 3 3 3

4 1
+ 2Gug_ o, + 2Gwy, po. T + 2(K + gG)Uogﬁg;

+ 2(K — ;G)uorgoo + Q(K — ;G)wozgoo] drdz (4.2.50)

©1 -

+7T/ / K + = G Ul ©1,.T + (K — %G)'Lbl(ph (K — ;G)UQ(plr

2 7 1
+ (K = 3G wpnr + Guopr + (K + 5 G)uigr— + Guiprr + Guy prr

— (K + gG)vwl% + (K - gG)UlT% + (K - %G)wlz%] drdz (4.2.51)
P2

2
+7r/ / K+ G UQ P97 + (K — gG)qupg + (K — —G)vlg@

2 7 1
+ (K - gG)wzzSﬁzﬂ’ — Guy, 2+ (K + gG)U2902; + Guy, 2.7 + Gwa, a7

1
+ (K + gG)vlgpQ; + (K — gG)uchpg + (K — ;G)wgzgog] drdz (4.2.52)
3 -

+ 7T/ / K + G U3Tg03TT + (K — —G)'U,3Q03T — 2(K — —G)v4g03T

2 16 1
+ (K - gG)wsz%ﬂ” +2Gvy, 03 + (K + ?G)u?’%; + Gus. 3.7 + Gws, 3.7

—2(K + ga)m%% + (K - gG)uz),TgOg + (K - %G)wgz%] drdz (4.2.53)
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P4 -

+ 7T/ / K + G u4rg04rr + (K - —G)u4g04r + 2(K — —G)v3g04r

2 16 1
+ (K - gG)w42go4rr — 2Gvs, o1+ (K + ?G)M%; + Gua, 4.7 + Gy, a7

1 2 2
+ 2(K + gG)vggm; + (K — gG)U%‘M + (K — gG)w4zg04] drdz (4.2.54)
Yo
ZB Rp
+7r/ / [2G vo. __) (o, — @) + . m) ]drdz (4.2.55)
zT RB

(%

ZB Rp 7 1
+ 77/ / [lerwlr”” — Gu, 1 — Guathy, — Guiyy, + (K + gG)Uz%;

Rp

7 1 2 2
+ (K -+ gG)Ulwl; + (K - gG)Uzr% + (K - gG)wZZwl

- GU)Ql/le + GUlzl/le’f‘] drdz (4256)
s

ZB Rp 7 1
+ 7r/ / [GUQJ/)ZT — Gy, by + Guy g, — Guathy, — (K + §G>U1¢2;

Rp

7 1 2 2
+ (K + gG)Ugwg; — (K - gG)uler - (K - gG)wlz@Z)Q

+ Guiipy, + Gvgzwgzr] drdz (4.2.57)
Y3
ZB Rp 7 1
b [ [Gennr = Gy — 26y, — G, +2(K + 3Gt
Rp
19 1 2 2
+ (4K + EG)Ugwg; + 2(K — gG)U;lrwg -+ 2(K — gG)w4zw3

— 2Gwys, + Gvgzl/ngT] drdz (4.2.58)
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(O
ZB RF 7 1
+ 7T/ / |:GU4T’¢4T7’ — GU4T¢4 + 2GU3¢4T — GU477Z)4T — 2(K + gG) U377Z)4;
zr Rp
19 1 2 2
+ (4K + EG)U4¢4; - 2(K - gG)Ungpzl - 2(K - gG)U)3Zw4
+ 2G Wiy, + Gv4z¢4zr] drds (4.2.59)
Wo -
zZB Rp 4
+ 7r/ / [QGuozonT + 2Gwo,wo,r + 2(K + §G) Wo,Wo, T

z2r JRp

+2(K - ;G)uorwozr +2(K - ;G)uowoz] drdz (4.2.60)

w1 -
zZB Rp 1 4
+ 7'('/ / [Gulzwlrr + Gwy,wy, 1 + Guiw, — + Gug,wy + (K + —G) W1, W1, T
T RB r 3
2 2 2
+ (K — gG)ulrwlzr + (K — gG)ulwlz — (K — gG)’UQUle] drdz (4.2.61)
Wa
s (BRr 1 4
+ 7T/ / |:GU22(,L)2T7’ + G'LUQTCUQTT + GUJQCL)Q— — GUlZCUQ + (K + —G)UJQZCUQZT
zT RB r 3
2 2 2
+ (K — §G)U2TWQZ7" + (K — gG)/U/QU.}QZ + (K — gG)Ule] drdz (4262)
ws

s [Rr 1 4
+ 7T/ / [GUgZW3T’T’ + GU)3TCL)3T7’ + 4G’UJ3W3— + 2GU4ZC¢)3 + (K + 5G)U)3ZW3ZT
z7 Rp r

+ (K - %G)ugrwgzr + (K - ;G)u::,(dgz —2(K - ;G)mwgz] drdz (4.2.63)
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Wy -

s rRr 1 4
+ 7T/ / [Gu4zw4r7’ + Gy, wya, 7 + 4Gwaws— — 2G5, wy + (K + gG) Wy, Wy, T
T

z7 Rp

+ (K - ;G)u4rw4zr + (K - gG)u4w4z +2(K — ;G)v3w4z] drdz (4.2.64)

The o-approximation of body force f has the form

f(r,0,z,t) = fo(r,z,t) + fi(r,z,t)sinf + fo(r, z,t) cos O

= f3(r, z,t)sin 20 + fy(r, z,t) cos 260 (4.2.65)

The second term of the left-hand side of (4.2.48) is

ZB RF
- 7T/ / [2f0900ﬂ"+f1901ﬂ"+f2<ﬂ2ﬂ’+f3%03r7”+ Jaspa,T
2z Rp

+ 2fopo + fror + fopr + faps + faps — f1ve + forbr — 2f3hs + 2 f41)3

+ 2 fowo,r + frwr,r 4 fowo, T + faws,r + fiws,r] drdz (4.2.66)
The third term of the left-hand side of (4.2.48) is

2B
7r/ 2pp(2)po(Rp, 2)Rp dz (4.2.67)

T

The fourth term of the left-hand side of (4.2.48) is

[ IR R ) 4 o g 2) + ST

M%(}%F, 2) + 04y (2)Vs(Rp, 2)

+ 0y (2)w1 (R, 2) + 04:(2)wa(Rp, z)] Rrdz (4.2.68)

+

The fifth term of the left-hand side of (4.2.48) is

Rp 2
7T/R [(1 — %)T(dyz(zﬂw(ﬁ ZT) + sz(ZT)SOQ(T‘, ZT))

+(1+ %)T( — 0w (2r)h1(r, 21) + 0z (2r)2(r, 21)) + 202 (2r)wo (7, 27)r—
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2

— 41/TBaxy(zT)w3(7", 2r) — 41/RB 7u(2r) = oy (21)

2

wa(r, zT)] dr (4.2.69)

The sixth term of the left-hand side of (4.2.48) is

— w/RF [(1 — ﬁ)7“(0yz(zjse)<p1(7’, 28) + 042(28)02(r, 2B))

2
Rp r

(14 2B)r( = 0020t (1, 28) + 04s(z5)n(r, 28)) + 202 (2 o (r, )7

2 2
— 4Vﬁ0'xy(f23)w3(7’ zp) — 4VR—U$(ZB) 5 7y(25)
r r

wa(r, ZB)] dr (4.2.70)

The seventh term of the left-hand side of (4.2.48) is

2B
KFW/ [2uo(Rp, 2)po( R, 2) + w1 (R, 2)p1(RE, 2) + uz(Rp, 2)p2( Ry, 2)
27

+us(Rp, 2)03(Rr, 2) + us(Rr, 2)pa(RE, 2) + 2v(Rp, 2)to(RE, 2)
+v1(Rp, 2)U1(Rp, 2) + v2(Rp, 2)Y2(Rp, 2) + vs(Rp, 2)Ys(Rp, 2)
+ (R, 2)Us(Rr, 2) + 2wo(Rp, 2)wo(RE, 2) + w1 (Rp, 2)w1 (Rp, 2)

+ IUQ(RF, Z)C(}Q(RF, Z) + ’LUg(RF, Z)Cdg(RF, Z) + 1U4(RF, Z)W4(RF, Zﬂ RF dz (4271)

In (4.2.50)-(4.2.64) and (4.2.66)-(4.2.71), we combine terms corresponding to ¢;,

Vi, wi, 1 =0,...,4, and equal them to 0.

Po - (Uoﬂvo)
2G 2G
/ / UOTSOOTT + (K - ?)Uo%r + (K - ?)Uor%
4G 1 2G
+ (K + ?)UO@O— + Gug,po.7 + (K — ?)wozsﬁoﬂ" + Gwo, o7
2G
+(K—?)w0 Yo drdz—/ / fo cp07r+<,00) drdz

" /ZBpB<z>¢o<RB,z>Rde— / =)0 Ry, 2) Rz

ZB

T
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$1 - (u17v27w1)

2G 2G
/ / u1 1,7+ (K 3 )U1§01T + (K — ?)Ulr(ﬂl + Gwmplzr

G 1 2G
+ (K + ?)U1901; + Gui, 1,1 — (K - ?)UQSO% + Gy,

G 1 2G 2G
— (K + ?)02901; (K - ?)wl o7+ (K — 3 )wlzgol} drdz

zZB Rp Rp RQB
_/ / filerr + 1) dr dz+/ (1- ﬁ)myz(ZT)%(Ta zr)dr

27 Rp Rp

RF R2B ZB
_/ (1 — 7)T0y2<23)501(7“ zp)dr + KF/ u1(Rp, 2)p1(Rp, z)Rpdz =0
Rp zr

(4.2.73)

Y2 (UQ,’thQ)

R 4G 2G 2G
T RB

G 1 2G G 1
+ (K + ?)Uzﬁm; + (K - ?)UISO% — Guy, 2 + (K + ?)U“’O?;

2 2
—G>w22902ﬂ’ + (K — —G)wgzg@} drdz

G K —
+ wQTSOQZT—i_ ( 3 3

ZB Rp Rp RQ
_ / / fo (SOQTT + gog) drdz + / (1 — r—zB)ram(zT)gog(r, zp)dr

z2r JRp Rp

RF R2B 2B
_/ (1 — T—Q)ram(zB)goQ(r zg)dr + KF/ us(Rp, 2)po(Rp, 2)Rpdz = 0

Rp 2T

(4.2.74)

Y3 : (U3,/U4,w3)

Rp 4G 2G 2G
/ / [(K + ?)u?,r%ﬂ“ + (K - ?)”39% + (K - ?)u&«@i’: + Gus. ¢3.7

zr Rp

16G 1 2G G 1
+ (K 4+ 5 Juspa = 2(K = Juses, —2(K + 5 )vapa

G 2G
_)w3z<,03rr + (K — ?)w3z@3:| drdz

+ 2G vy, 3 + Guws, .1 + (K — 3
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zT
/ / fo(or + ) drdz — / 0oy (2) 3 ( R, 2) Rz

ZB

+KF/ U3(RF, Z)QD;J,(RF, Z)RF dz=0 (4275)
zr
@11 (ug,v3,wy)
2G 2G
/ / K —i— — u4rcp4rr + (K — ?)u4g04r + (K — ?)u4T<,04 + Guy, pa,7
16G 1 2G G 1
(K + —)u4g04— Q(K — —)’U3Q04T + 2(K )U3<p4—
3 3 3 r
2G 2G
— 2Gv3, 4 + Gy, 4.7 + (K — ?)w4zg047,7“ + (K — ?)w4zg04} drdz
T o (2) — o,z
/ / f4 04,7 + cp4) drdz — / MSM(RF’ 2)Rpdz
zZB
27
Yo (vo)

[ [ 6~ o~ ) v rara:
2r JRp

2B
+KF/ Uo(RF,Z)wo(RF,Z>RF dz=0

27
Take 9y = vg. Then
2 2 s 2
UOT ) —I—UOZ}Tdrdz—i—KFRF V5 (Rp,2)dz =0
z7

It follows that

v
UOT——O—O and vy, =0, 2r<z<zp, Rp<r<Rp
r

vo(Rp,2) =0, 2p<z<zp

and so,

vo(r, z,t) = Co(t)r, Rp <r < Rp (4.2.77)
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(U/Q, U1, w?)

2G 7G 1
/ / — Gugthy, + (K — ?)Uzﬂ/h + (K + ?)Uz?ﬂl; + Guy, 1, — Guiyy,
G 1 2G
—ler’gbl + (K + ?)’Uﬂ/}l; + lezg/)lzr — GW2¢1Z (K — ?)w%d}l} drdz

ZB Rp Rp RQ
_/ forprdrdz — / (1 + T—ZB)TUM(ZT)@Dl (r,zr)dr

RB RB
Rp R2 ZB
+/ (1+ r—f)ram(zB)wl(r, zg)dr + KF/ v1(Rp, 2)¢1(Rp, 2)Rpdz = 0
Rp 2T

(4.2.78)

¢ : (u17v27w1)

2G G 1
/ / Guythy, — K - ?)Ul Uy — (K + ?)Ulwz; + Gua, tha, r — Guathy,

_GUQTwQ + (K -+ %)Uziﬂg% -+ szzwgzr + Gwlwgz (K — %)Uh w2:| dr dz—|—

zp  rRp Rp R2
+/ frodrdz + / (1 + T—QB)rayz(zT)wg(r, zr) dr
zr

RB RB

RF RQB 2B
_/ (1 =+ F)TUyZ(ZB)wQ(Ta ZB) dT+KF/ UQ(RF,Z)wg(RF,Z)RF dz=0

Rp zr

(4.2.79)

1/}3 : ('LL4,'U3,'U)4>
@ HRr 2G G 1
/ / |: - 2GU4¢3T + 2(K - ?)U%’;ﬁg + 2(K + ?)Uzﬂbg; + GUgr@ZJng'
T JRp
19G 1
— Gusips, — Gug, s + (4K + T)U:ﬂ/fza— + Gus, s, 1 — 2Gwaips,
2(K—?)w4 U3 drdz—/ / 2 fyp3drdz

_/ZB M¢3<RF’ )RFdz—|— KF/ (RF,Z)lZJg(RF,Z)RF dz=0

T 2T

(4.2.80)
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Yy (us, v, w3)

zp (Rr 2G G 1
/ / [2Gusips, = 2(K = S Yus, v = 2(K + st + Gug
2T Rp

19G
— Guathy, — Gy, Py + (4K + T)UM/M— + Guy, a7 + 2Gw3iy,
2G
2<K — ?>UJ3 T,D4 d’f’ dZ+/ / 2f3¢4 drdz

— /ZB ny(z)¢4(RF, Z)RF dz + KF/ (RF, )77[)4(RF, Z)RF dz=0 (4281)

wo :  (Uo, wo)

for 2G 2G
/ / [GUOZWOTT + (K — ?)UOTWOZT + (K — ?)UOWOZ
Rp

+ (K + %)wozwozr] drdz

ZB Rp Rp Rp
—/ / fowozrdrdz+/ 0. (21 )wo(r, zT)rdr—/ 0. (zp)wo(r, zp)r dr
zZT RB FB

Fp
zZB
‘I’KF/ wo(RF, Z)OJO(RF, Z)RF dz=0 (4282)
2T
wr o (ur,v2,w)

Rp
/ / [Gulzwlﬂ’ + (K - %)uhwlﬂ" + (K - ?)ulwlz + Gvgzwl
Rp

2 1 4
— (K - g)vzwlz + Gwy,wy, 1 + Guiw — + (K + g)whwh } drdz
r

2B Rp ZB
—/ fiwy,rdrdz — / 0y (2)w1(Rp, 2)Rp dz

zZT Rp 2T

ZB

+Kp/ wi(Rp, z)wi (Rp, 2) Rpdz = 0 (4.2.83)

2T
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Wy © (UQ,Ul,U]Q)

b (hr 2G 2G
/ / |:GU/22C«L)2TT + (K — —)UQTCL)QZT + (K — —)UQ(JJQZ — G'Ulz(.x.)g
T RB 3 3
2G 1 4G
+ (K — ?)’Ulez + G'LUZTUJQTT + G"LUQWQ; + (K + ?)'LUZZWLT] drdz
ZB Rp 2B
—/ fowo rdrdz — / 022 (2)wo(Rp, 2)Rp dz
zT RB zZT
Zp
—I—Kp/ MQ(RF,Z)WQ(RF,Z)RF dz=0 (4284)
w3 © (Ug, Uy, ’lU3)
= rhr 2G 2G
[Gngw;gr'r + (K — —)ugngzr + (K — —)Ug(x)gz + 2Gvy, w3
zT RB 3 3

2G 1 4G
— Q(K — ?)mwgz + Gws,ws. 1+ 4Gw3w3; + (K + ?)wgzwgzr} drdz

zp  fRFr Rp R2
- / / faws. rdrdz — / 4V—Bazy(zT)w3(r, zr)dr
27 Rp r
F

Rp

2

R ZB
+/ Aw—La,,(25)ws(r, ZB)dr—i—KF/ w3(Rp, 2)ws(Rp, z)Rpdz =0 (4.2.85)

Rp r 2T

Wy : (U4,U3,w4)

4

*s [Rr 2G 2G

[Gu4zw4r7° + (K — ?)u4rw4z7" + (K - ?)u4w4z — 2G3_wy
2T Rp

2G 1 4G
+ 2(K — ?)vng;z + Gwy,wy, T + 4Gw4w4; + (K + ?)w4zw4zr] drdz

zZB Rp Rp R2 o
—/ / fawgrdrdz — / v—-B 72(21) Uy(ZT)w4(r, zp)dr
zT RB

Rp r 2

Rp 2 _ ZB
—i—/ 41/@%(2’]3) Oy(ZB)w4(r, zB)dr—i—KF/ wy(Rp, 2)wi(Rp, z)Rpdz = 0

Rp r 2 zZ7r

(4.2.86)
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4.2.3 Finite element approximation

Dirichlet boundary conditions for the TCP system

r-approximation:

Rp=1n 1, T o7, 41 =Ry

Figure 4.3: r-approximation of 3D Dirichlet boundary conditions

Here N, is the number of subintervals; Mp, = N, — 1 is the number of basis

_ - - T
functions b(r) = [bl (r) ... bMDr(T)] is the vector of basis functions; and

3x3Mp,

z-approximation:

b

[}

2 T Ta =R

Figure 4.4: z-approximation of 3D Dirichlet boundary conditions

Here N, is the number of subintervals; Mp, = N, — 1 is the number of basis

. - - T
functions b(z) = |b1(2) .. bump=(2)| is the vector of basis functions; and
br(z) 0
B(z)=1] 0 b7 0 = I35 @ b(2)T
b(NT
0 (Z) 3><3MDz



Using r-and z-approximations, the coefficients of the §-approximation for V(r, 8, z, t)

can be represented as

br)" ... 0
Vi(r, z,t) = B(z2) - . - Ci(t) (0, -3Mp.)x1
0 ... b7

3Mp.x(Mpy-3Mp.)

i=0,...,4 (4.2.87)
We can rewrite (4.2.87) as
Vi(r, 2,1) = <l;(z)T ® B(r))a,-(t) (4.2.88)

where ¢;(t) is a (3Mp,Mp, x 1) vector and l;(z)T ® B(r) is a (3 x 3Mp,Mp,) matrix.
The coefficients of the #-approximation for boundary conditions (4.2.2) and initial

condition (4.2.3) can be represented as

~

Veo(z,t) = B(z)Upo(t)

Vii(2) = B(2)m
Vii(r,t) = B(r)og(t) (4.2.89)
Vii(r,t) = B(r)vg(t)

Vii(r, 2) = (5(2)T ® B(r))ﬂu, i=0,...,4

where Upy(t) and vp; are (3Mp, x 1) vectors; ©g,(t) and s (t) are (3Mp, x 1)

vectors; and vy is a (3Mp,Mp. x 1) vector.
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Neumann boundary conditions for the elastic system

r-approximation:

i=a
=

=
[=a
S

Rg=1n 1, o e, = Ry

Figure 4.5: r-approximation of 3D Neumann boundary conditions

N, is the number of subintervals; M, = N, + 1 is the number of basis functions

_ . - T
b(r) = [bl(r) ... b, (7")] is the vector of basis functions.

z-approximation:

b, b, - b,

z

Rp=1 1 T I, =Rz
Figure 4.6: z-approximation of 3D Neumann boundary conditions

N, is the number of subintervals; M, = N, + 1 is the number of basis functions

R . - T
b(z) = |bi(2) ... bMZ(Z)] is the vector of basis functions.

Using r-and z-approximations, the coefficients of the f-approximation for the dis-

placement coordinates can be represented as

wi(r, 2, 1) = (B@)T ® B(T)T) (1) (4.2.90)
vilr, 2, 1) = (B<z)T ® B(r)T) 7i(t) (4.2.91)
wi(r, z,t) = (%(Z)T ® B(T)T) N() (4.2.92)

where b(2)T @ b(r)T isa (1 x M,M.) vector and ji;(¢), 7:(t), Ni(t) are (M, M, x 1)

vectors.
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Finite element approximation of the elastic system
Define the following matrices.

M, x M, matrices:

M, M, x M,M, matrix:
ZB N _ N _ T
gr :/ <b(z) ® b(RF)> (b(z) ® b(RF)> dz
27
Let P,=1[0 0 1]'. Then

pe(z,t) = P?)TVB(z,t) = P?:‘FVBO(Z,t)

— PIB(2)ip0(1)
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Also, let

or(z) = : = b(2)Tox
_0a(2) —oy(z) 5 ro
O'D(Z) = 5 = b(Z) Op
Ouy(2) = b(2) 5y, (4.2.94)

As before,
Fr,0,2,6) =TV (r,0,2,t) = b (V(r,0, 2, t) + W(r,0, z,t))
and from (4.2.18)-(4.2.20), (4.2.65), (4.2.88), and (4.2.89) it follows that

filr,z,t) = g{(VZ-(T, z,t) + Wi(r, z,t))

_ (B(Z)T ® B@«))@-(t)
Rp —1 o5/ - Z—2r - Zp— 2 ~ _
— b (B - B — B i (T
* RF - RB ! < <Z) ZB — RT (ZB) ZBp — ZT (ZT)>VB ( )
r—Rp -/~ Z—2r - ZB— 2 ~ _
—— b (B - B — B ;
F b (BG) — == Blas) — Bl )
+ LB B, (1) + 2B B(r)pg(t), i =0,...,4 (42.95)

ZB — ZT ZB — 2T
and vg;(t) =0, i=1,...,4.

From (4.2.72)-(4.2.86) we obtain

¥o -

2G

AG, . . \ ,
[(K + 7)96 '@ go(r) + (K — ?)gé '@ (¢ + ¢)

4G, (. 1 » _
+ (K + ?)g(() ' ® go(;) + g @ golr) + KFRFQF} fio (1)

2G

=)0 @ g Aot

2G\ (. z
+[(K— )97 @0+ G @) + (K -3

3

_ / T folb(2) ® (B () + B(r))] dr da—

T Rp
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—Rp [/:(TO(Z) ® b(Rp)) P B(2)dz|vpo(t) + R (g(()z) ® B(RF)>5R (4.2.96)

1G 2G. o wor
[(K+ ?)gé '@ galr) + (K — ?)gé '@ (g + g1")

G\ (. 1 . _
+ (K + ?)gé '@ g0() +Go” ©go(r) + KFRFQF] (1)

—_

2G TG\ (. _
— [(K — ?)g(() %) ®gl Ggo ®g§ s (K + ?)g(() ) 90(—)}772(75)

2G

+[(K—?)g1 © ()" + oy @ () + (K -

/ / b, (r) + b(r))] dr dz

+{ (T{)(ZB)B(ZB)T ~ b(zr) E(ZT)T> % |:/RF (1- E)r b(r )dr} }ayz (4.2.97)

2
Ry r

<

200 0 07 At

P2 -

16 26, o o
[(K+ 59" @) + (K= )" @ (07" +07)

G\ (. 1 )
(K + 500 @ () + Goi”  g(r) + KrRegr | fialt)

1

r

)T (r)

2G , G\ (. _
+[(K—?)gé)®g1 Gg ® g, +(K+?)gé)®go( )}771(75)

+[(K—§)gl © ()" + Gl © () + (K -

/ / b, (r) + b(r))] drdz

+{ (B(ZB>B(ZB)T — b(zr) E(ZT)T> ® [/RF (1- ﬁ)rb( )dr] }axz (4.2.98)

2
Rp r

2G

o7 @ ha(t)
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©3 -

[(K + %)géz) ® ga(r) + (K —

2G z r r
3 o @ (¢ + g

16G

1 . -~
+ (K + T)QO @ 90( ) + Ggé '@ go(r) + KFRFQF} fi3(t)

) (e RS
—2( D@ -G @ g+ (K + 3)gé)®go(;)}77(t)

[(K——gl ® gi(r)" + G @ gi(r) + (K — Z) g @ g

[,

+

As(t)

CT‘

)
bi(r) + B(r))] drdz + Rr (o @ B(Rr) ), (4.2.99)

©q -

iG. . ) )
[(K + ?)93 '@ ga(r) + (K - Z0) g8 @ (67" + o)

16G 1 . )
+ (K + T)g ® 90(~) +Gg5” ® golr) + KFRFgF} fa(t)

1

. . 7G
+21( 9 @ g"" Ggé)®g§)+(K+?)gé)®go( )}ng(t)

+

(-
[

. 5 -
(K= =00 @ gu(r)” +G91)T®91(7’)+(K—?)g§)®gé)])\4(t)

/ b,(r) + b(r))] drdz + Rp (géz) ® B(RF))r;D (4.2.100)

wo :
(2) (2) (T 1 (2)
[Ggo ® g2(r) = Ggy” @ (917" +91") + G5 @ g0 () + G5 ® go(r)
+ KFRFQF} Mo(t) =0

It follows that
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Py

2G , TG\ (. 1.7
[(K 3 o’ @g” -G @ g )T+(K+§)95)®go(;)]uz(t)
z z T r 7G 2 ]_
+|Got? © @) = Gat? @ (7" + ") + (5 + et @ 90 ()

+ Ggéz) ® go(r) + KFRFQF} m(t)

z r 2G z T N
[ Gg" @ g8 + (K - 3)g§)®gé)]kz(t)

/ / f2[b(2) @ b(r)] drdz
Rp R%

_{ (E)(ZB) B(ZB)T . B(ZT) E)(ZT)T> R [/ (1 + r—)r b(r )dr] }sz (4.2.101)

Rp

Py

[(K—?)go 29" -G’ @ g"" +(K+?)95)®9°(?)}” Q

G

z z T T z 1
+[Ggé '@ ga(r) — GgS @ (67T + o) + (K + ?)gé ) ®go(;)

+ ngz) ® go(r) + KFRFQF] 2(1)

z s 2G z T \
—[—6’95 )T®gé)+(K—?)gi)é?gé)}kl(t)

_'_{ (B(ZB) B(ZB)T . B(ZT) [)(ZT)T> ® [/ (1 + —)rb( )dr} }5yz (4.2.102)

13

26, G 1

2 [(K - 7)902) @ g\ —Gg? @ g + (K + ?)géz) ® go(;)]m(t)

z z r r 19G z 1
+|Go @ ) - G @ (7" + g17) + (4K + )9 ® () +
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+ Gl © go(r) + KrRegr|s(t)

z r 2G z )|y
+2[—G9§ Tog + (K—g)gP@gé )]M(t)

ZB Rp R B 3
- 2/ £1[b(2) ® b(r)] drdz + R (g((f) ® b(RF))5D (4.2.103)
zr Rp
Py
2G| (s . G\ 112
_2[(K )90 @97 = Gog? @ 07" + (K + ) a” ®90(;)}M3(t)
z z r r ].9G ]_
+[Ggé '@ ga(r) — Ggi? @ (67" + ¢”) + (4K + T)go @90(-)
+ G © go(r) + KrRegr|mu(t)
z r 2G z
2| - Gol @ gl + (K - 5o @) st
Rp R
_ / f3[b(z) @ b(r)] drdz + Re (g © D(Rr) )7y (4.2.104)
zr Rp
Wo -
2G| (, . 2G "] -
[(K 5 g @ g1(r) + Got @ g ()T + (K — ?)gl T2 g qﬂo(t)
2 4G (. _
+ [GQ(() '@ go(r) + (K + ?)gé ' ® go(r) + KFRFQF} Ao(t)
zZB Rp R B
:/ fo[b:(2) @ rb(r)] drdz
zr Rp
A A~ A A~ RF —
—i—{(b(zB) b(zg)" — b(zT)b(zT)T) ® [/ rb(r) dr} }522 (4.2.105)
Rp
w1 -
2G .\ (, . 2G| (. "] -
[(K - ?)95 T g(r)+Gol? @ gu(r)" + (K — ?)9§ " g8 )},Ul(t)_
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z 2G z T —
[ Go¥ @y )+(K—§)9§)T®gé)}n2(t)

. . 1 AG. .. .
+ [Ggé ) @ ga(r) + Gg? ® go(;) + (K + =) g5 @ go(r) + KFRFgF} A (1)

3
Rp R 3 B
=/ fi[b.(2) @ rb(r)] drdz + Rp (g(()z) ® b(RF))(}yZ (4.2.106)
zZT RB
Wa
2G z z 2G z T _
(= )7 @ 1) + Gol? @ i (1) + (K = Z) 07" @ 67| a(t)
I z ' 2G z ' —
+| - Go\? @ g5 + (K — ?)g§ "' @ g )}m(t)
S ) 1 4G\ (o) _
+ Ggo ® g2(r) + Ggy~” @ 90(;) + (K + ?)92 ® go(r) + KFRFQF] Aa2(2)
/ / ) ® rb(r)] drdz + RF< ® b(RF)> (4.2.107)
Ws
[ 2G z z 2G z r)| —
(K =)0 ©00) +Go? @ 0:(n)" + (K = 57)a”" @ g0 )]ug(t)

z T 2G z r)| =
2| Gl @ o + (K = 507" @ o) | )

I z z 1 4G\ 3
+ Gg((] ' ® g2(r) + 4G9(() ' ® go(;) + (K + ?)gé '@ go(r) + KFRFQF} As(t)

zp  fRF . _
:/ f3[b2(2) ® rb(r)] dr dz

Rp

_4VR2B{(B(ZB)%(ZB)T - B(zT)To(zT)T) ® [ / b Lo dr} }axy (4.2.108)

R T

Wy -

K- @ a(r) + G @ g1 ()" + (K — <)o @ g((f)} fus(t)+
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z r 2G z r —
+2[—G9§ '@ g + (K - 7)g§ T @ g )}ng(t)

. . | e )
+[G9(() '@ ga(r) + 4G9(() '@ 90(;) + (K + —)gé ) @ golr) + KFRFQF} Ag(2)

3
/ / z)@7rb(r)] drdz

~

—4DR2B{(B(ZB>B<ZB)T — b b)) ® | / Tl ar] }aD (4.2.109)

Rg T
Define the following matrices.
M, M, x M,M, matrices:
Mo — (K436 @ K% (T )
0= (K+ =)o ®6(r) + ( Jas” @ (9" +g1")

4G, o 1 :
+ (K + 5797 @ 90(5) + Ggs”? @ go(r) + K Rigr

4G, . ar L
My = (K +57)a5” @ gar) + (K = )g5” @ (917" + 61”)

TG\ (» 1 B
+ (K+ 3 )g(() ) ®90(;) + Gg; ) ® go(r) + KpRpgr

4G (. 2G o e
My = (K + = )g5” @ ar) + (K = 5”@ (97" +91”)
16G 1 .
+ (K + T)g @ go(~) +Ggy” @ go(r) + KpRrgr
2G\ (. 2 2G\ o) o
Ms = (K = F)a” @ i)+ Go?" @ u(r) + (K = 1)o7 @ g5

G\ (- . . TG\ (s 1
M = (K~ 3)gé)®gl)T—Ggé ® g + (K + 3)gé)®go(;)

G

z ' T z 1
No = Gyl @ ga(r) — Ggs? @ (g7 +91))+(K+?)9(())®90(;)

+ ngz) ® go(r) + KpRpgr
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z z T T 119G, (. 1
Ny =Gyl @ galr) — Ggi? @ (17" + ¢7) + (4K + 7)93 '@ g(-)

+ Ggéz) & go(T’) + KFRFgF

Lo = Gay) @ galr) + (K + 57)95” © o(r) + K Regr

z T 2G z T
Lr=-Gg @y + (K- )gi” @ g

2 P 1 4G
Ly =Ggy? @ ga(r) + Ggi) @ 90(;) + (K + ?)gé '@ go(r) + KrRrgr

z z ]- 4G z
Ly = Ggé '® 92(r) + 4Gg(() '® 90(;) + (K + ?)gé ' ® 9o(r) + KpRpgr

(4.2.110)

M, M, x 3Mp,Mp, matrices:

_ l /TB b(2)b(z) dz} ® { / B dr] (4.2.112)

_ l /TB b (2)b(z)" dz} ® [ / BB dr} (4.2.113)
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M, M, x 3Mp, matrices:

Vi = /B /RBF [b(2) ® (rb,(r) + b(@)}%ﬁ{

. [B(z B B(zp) — BT E B(ZT)] drdz
ZB — 2T ZB — AT
B =B 2r(fey | RTAT 2 _ ZB—Z 2
_ UT b(2)p! <B(z) T Bla) ZTB(ZT)) dz]
Rr = RF —T
® { / (rb.(r) + b(r)) dr] (4.2.114)
Rp Rp — Rp

B op s _z—ar g _ ZB—Z 2
Yio = UT b(2)p! <B(z) T Bla) ZTB(ZT)) dz}
Rp _ _
® [/ (rb(r) + D)) — B dr] (4.2.115)
Ry Rr — Rp

ZB — 2T ZB — RT
R Rer —1r
R rb(r)—L dr} 4.2.118
{/ e (12.118)
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— Ry { / ) PTB() dz} @ b(Ry) (4.2.120)

5 ZB Rp B B Py 21 o
Vo — / / [b(2) ® (rb,(r) + B(r))] BT B(r) drdz
2zr JRp ZB T RT
ZB 2 — 27 Rp _ o
= {/ b(z) d } ® [/ (rb.(r) + b(r))by B(r) dr]
zr ZB — AT Rp
(4.2.121)
Similarly,
_ zZB . _ Rp _ _
Yro = {/ b( BT } ® {/ (rb,(r) + b(r))g{B(r) dr]
o ZB — RT Rgp
(4.2.122)
~ [ %8 . Zz— 2p 1 r rRr . 7
Yp1 = / b(z) dz| ® / b(r)by B(r)dr (4.2.123)
LJzr “B T AT Rp _
- [ r#B 25 — 2 T R o 7
Y = / b(z) dz| ® / b(r)b; B(r)dr (4.2.124)
LJzr B —*r 1 LJRp ]
~ [ %8 . 2 — zp 1 r rBRr _ o 7
Vo = / b (2) d:| @ / b (BT B(r) dr|  (4.2.125)
LJzr B — 41 1 LJRp ]
-~ [ %8 . 25 — 2 1 r rRr _ o 7
Vio = / b, (=) d:| @ / rhy (BB dr|  (4.2.126)
LJ zp B — kT | L/ Rp J
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M, M, x Mp, matrices:

Srr = Rpgy” ® b(Rr) (4.2.127)
81 = (ben) ben)” — ber) blen) 0 | [ - T)rbar] a2
82 = —(blz5) blzp)" = bler) bler)") @ [ /R R (1+ f—?)rb(r) dr] (4.2.129)
S = (b(z8) blzp)” — blzr) b)) @ [ /R ZF rB(r) dr} (4.2.130)
Si = —4v I (b(zp) blzp)" — blzr) b(zr)T) @ [ /R ZF rb(r) dr} (4.2.131)

Applying (4.2.110)-(4.2.131) to (4.2.96)-(4.2.109), we obtain the following matrix

_ = co(t) + ORr+ Oss
M? L:(] /\0 (t) Zg 0 Sg

equations:

YBo — So " Yro Yo " Yro " : )
+ Dpo(t) + Do+ | | 7ag®) + | L | Byt 4.2.132
Y2 Yo Y2 Yro
Ml —Nl Mg ﬂ1<t> Z() Sl
NNy L] )| = [ =Z | a)+ |~ 6,
ME =Ll Ly | [ M) 2 Srr
YFO }730 ?TO
| =Yrr| o+ | =Ya1| 05, (0) + | —Yru | 04 (2) (4.2.133)
YFQ ?BQ Y/TQ

118



My Ny Mz | fa(t) 2 Si

N N L m)| = | 21| &)+ | Sz | Gu
ME LT Ly [ A(t) Z, Srr
Yro Yo Yro
| Y| opo+ Yo | wy(t) + | You | gy(t) (4.2.134)
Yo Vi Yr
My =2NT My | | fas(t) 2y SrF
—2NT N3 2Ly () | = [ 221 &(t) + | Skr| Guy
M?; —25{ £3 5\3(t) Z Sy
Yro Yo Yro
| =2V | s+ | —2YE1 | Dpe(t) + |2V | (1) (4.2.135)
Yo Vi Vi
My 2N, M| | fa(t) 2 Srr
ANT N3 2Ly | |73(t) | = 221 &(t) + | Skrr| Gp
ME 20T Ly ] | Ma(t) Z, Sy
Yro Yo Yro
2V | Dra+ |2V | 05, (8) + |2V | D2y (2) (4.2.136)
Yo Vs Yoo
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Define the following matrices:

My Ms
Q=
ML L,
Ingoar, 0 0
J: 0 _IMer 0
0 0 Ingoar,
My N7 M M, N7 M,
Q1— 1T ,/\/’2 El = —pr NQ —El =
/\/l?; ElT Lo /\/l3T —EIT Lo
My 2N My My  —2N, My
QQ_ 2./\/-1T N3 2£1 = —2N1T ./\/’3 —251
M3T 2£1T L3 M3T —2£1T L3
2 Z
_ Z _ .
Z(): 3 Zl_ Zl , ZQZ 221
Zy
Z Z
Z Z
2| =gz, |2z =J3
Z Z,
Yro
Yo — So Yro
XBO_ ) XFOZ ’ XF1: YFl ) XFQZ
Yo Yo
Yo
Yro Yro
—Yr1| = JXp, —2Yp1 | = J Xk
YF2 YF2
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y Y50 ~ ~ . -
Xpo= | . , X1 = |Ym|, Xpa = |2Ym
B2 - -
YBQ YBQ
Y/BO }N/BO
_Y/Bl = JXBl, _2?31 = JXBZ
S}BQ Y/BZ
- Y/TO Y/TO
~ Yo - .
XTO = | _ , XTI = YT1 , XTQ = 2YVTl
T2 - -
Yro Yro
?TQ }N/TO
_Y/Tl = JXTl, _2§~/T1 = JXTQ
?TQ ?TQ
Sl Sl SRF
_ SkrF ) L
Sy = , Si=1] 5 | = |-5|=JS, Sy=|Srr
0
SrF Srr S
Pioo = [1 0 0} Q Ing, . x My M.
Poio=1[0 1 0] ® Ing,ar.xas .
Poor = [0 0 1] ® Ingar s, o,
Pio=1[1 0] ® Ing,nr s, n1.
Por = [0 1] ® Ing,at,xas,re

From (4.2.132)-(4.2.136) we have

fo(t)

Qo |- = Zoéo(t) + Soo R + S36...

Ao(t)

+ Xpovpo(t) + XroPro + XpoPg(t) + Xrolz(t)
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JOIJ |Ma2(t) | = JZ161(t) + JS15,.

MO | IX T+ TR0 (1) + T X7 (1) (4.2.138)

Q1 |m(t)| = Z16(t) + 515,

)\2(t)_ + Xp10p2 + Xp17p5(t) + Xr1775(t) (4.2.139)

JQ2J 774(t) = JZQEg(t) + JJSE&W

MO 4 TX oy + TX ol (8) + J Xag (1) (4.2.140)

Qy | M3(t) | = Z984(t) + Sa0p

)‘4(t)_ + Xpalps + Xpavy(t) + Xrolig,(t) (4.2.141)

From (4.2.137)-(4.2.141) we obtain
fio(t) = PyoQy* [Zoéo(t) + SoGR + S35...
+ XpoPo(t) + XpoPro + XpoPgo(t) + mefo(t)] (4.2.142)

j\o(t) = Pn Q(?l [Zoéo(t) + Soog + S30..

+ Xpoiso(t) + Xrovpo + X pogy(t) + XTODTO(t)] (4.2.143)

fi1(t) = PiooQy" [2151 (t) + S15,.

+ Xy + Xy (1) + X (1) (4.2.144)

M2 (t) = —Po109Q; " [2151 (t) + S5y,

+ Xpiop1 + Xpi0p, (t) + X1z (t)] (4.2.145)
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M(t) = P Q; " [2161(t) + 5,5,.

+ Xpp1 + Xp10g, (t) + X0z, (t)]
fia(t) = PiooQ;" [3_152(75) + 515,

+ XF1§F2 + XBlDBQ(t) + XTIETQ(t)]
Mm(t) = PuoQ; " [Zléz(t) + 5104,

+ XpVpo + XB].DBQ({:) + XTlﬂfz(t)]

Xao(t) = Poos Ql_l [2152(15) + 815

+ Xp1p2 + Xp10py(t) + XT15T2(t)]
fi3(t) = Pioo Q5" [3_253(75) + J S35

+ Xpolps + Xpavigs(t) + Xnﬁ:ﬁg(t)]
Ma(t) = —Pp10 Q5" [Zzég(t) + J 5554,

+ Xpolps + XBQDég(t) + XTQ%;;@)]

A3(t) = Pyo1 Q5" [2253(15) + J 5554,

+ Xpolps + XBQDB3(t> + XTgﬂfg(ﬂ]
fa(t) = P00 Q5" [3_254(75) + S p

+ Xpolpg + X321734(t) + XT25T4(t)]
M3(t) = Po10 Q5" [2254@) + Sy p

+ Xpolpy + X321734(t) + XT29T4(75)]

M(t) = Po1 Q5 [2254(15) + Sy5p

+ Xpolps + XBQD§4(t) + XT25T4(75)]
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Finite element approximation of the TCP system
System I (radially symmetric case)

System I is given by (4.2.28)-(4.2.30):

MV~ A (Vo) + (W,).] = ~MTF + A(S (W), + (W,).)

r

. (uo + %uo + woz> (4.2.28)
with boundary conditions
Vo(r,z,t) =0 on I' x [0,tf) (4.2.29)
and initial conditions
Vo(r, 2,0) = Vio(r, 2) — Wy (r, 2,0) (4.2.30)
Let
A=M"1A

Then (4.2.28) has the form
. | . 1
Vo= A= (Vo) + (Vo.)=] = =Wo + A |5 (rWs, ), + (W)
, 1
M5, <u0r + g + uvoz) (4.2.156)

Using (4.2.88), the left-hand side of (4.2.156) is

(B(Z)T®B(r)> bo(t) — AL (6<2)T®7~BT(7~>)

r

Eo(t)—A<5Z(z)T®B(r)> Got) (4.2.157)

T z

T

Multiplying (4.2.157) by (B(z)T ® B(r)) = (I;(z) ® B(T’)T> and integrating with

respect to r and z, we have

[/:B /RRF (A(Z) ® B(T)T> (3(2)T ® B(T))rdr dz] Go(t)
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:{ / B(z)z}(z)sz] ® [ /R zF B(r)TB(r)rdr]}ég(t)

H{[ [ e o[ [ morasera] fa)
] /TB be()h.(2)" d2] @ | /R ZF B(r)TAB(r)Tdr}}co(t)

:{ [T e | [ R B B(r)r dr] }éo(t)

T

Rp

by(r)be (1) | }co(t)

Rp

b(r)b(r)Tr dr} }Eo(t) (4.2.158)

ZB

+
——
N

b(2)b(=)" dz] @ A | /

T Rp

2B

_|_
—N
T

ba(2)b.(2)" dz] @ A | /

Rp
Using (4.2.90)-(4.2.92), the last term of the right-hand side of (4.2.156) is
—17 . 1 . .
- M bo <UOT + —Ug + ’LUOZ)
T
- N _ . A 1- .
== M5y [(b()" @ Bo(r) ) io() + ((B=)" @~ B(r)" ) ot
+ (ba(=)" @ b)) Ao (0)]
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Multiplying by (I;(z) ® B (T’)T) and integrating with respect to r and z, we have
ZB Rr . . N 3
— [/ / <b(z) ® B(T)T> M_lb()(b(z)T ® br(r)T>rdr dz
zT RB
zZB RF N — ~ ]_ — .
+ / / (b=) @ B ) MEo(b(2)" © - b)) rdr dz] fiol#)
zr Rp r

- { / / R (o) @ BE)" ) M5y (ba()" @ b(r)" )rdr dz] Ao(?)

_ _{ [ / Ui b ] @ | /R R B(r)" Mo b,(r) + B(r))" dr| }xfm(t)

T

zZB N Rp o B
—{[ / b(2) b, (2)T dz} ® [ / B(T)TM—lbOb(r)Trdr}}Ao(t) (4.2.159)
zT RB
From (4.2.20) and (4.2.89)
RF — T - _ T — RB ~ _
Wilr, 2,t) = o B(2)7pi(t) + = B(2)w;
(1.20) = g BE)milt) + =B
2 — 27 _ Rp—1r - _ r—Rp - _
B(r)ug,(t) — =L~ () — LB R i
t o (BOWs0) ~ 5 Bln)mlt) — o pBlen)m)

RF—RB ZB — kT ZB — AT
r—Rp [~ Z—2r - Zp— 2% ~ _
B(z) - B(zp) — ) Z
+ RF — RB ( ZB — 2T (ZB) ZB — RT (ZT) r

and vg;(t) =0, i=1,...,4.

Multiplying (4.2.160) by (l;(z) ® B(T)T> = (l;(z) ® _[3><3) ® b(r) and integrating with

respect to r and z, we have
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[ o mor) g (50 - = vt

- ZZB__ZZT B(ZT)) rdr dz} Upi(t)

7 o mer) gt (56 - 2=t
- ZZ:__;B(ZT)> rdr dz} Upi

+ {/;B /RI:F <B<Z) ® B(T)T> %B(r)r dr dz} Vg (t)

+[ /TB /R ZF (b(2) ®B(T)T>%B(r)rdrdz] 7 (1)

:Uj )8 (B~ 2= (e - 27 ey dz]

ZB — 2T ZB — 2T

i { [ /I:F B Rf;F—_ };BT dr} arlt) [ /RZF b(r) };F__R}?Br dr] Dpl}

+{ [/:3 é(z)z’z__ZZTT dz} 2 [/R}:F BT B(r)r dr} }Vgi(t)
R

+{[/TB 62 0] o [/RB B(T)TB(r)rdrHaﬂ(t) (4.2.161)

ZB — RT

From (4.2.23) and (4.2.89)

1 A Z—2p -
Wi, (r,z,t) = —m<3(z) R ZTTB(ZB) R ZTB(ZT)> Vgi(t)

1 . P
— = (B2 — B —
L RB( (2) (25)

T B (r) g, (t) + 2B (r)oa,(t), i=0,...,4 (4.2.162)

ZB — 2T ZB — 2T

and vg;(t) =0, i=1,..., 4.

127



1 - . _
Multiplying A;(TW“)T by (b(z) ®B(T)T> = (b(z) ®13X3> ®b(r) and integrating

with respect to r and z, we have

[ [ Gore sy yag g (30 - 2=t

ZB — R =~

B(zT)> dr dz] (= opi(t) + 7rs)

ZB — 2T

_ { / / b (o) @ BT ) A——"LB,(r)r dr dz} 75,(1)

Rp 2B — AT

[T (e 80 A2

Rp ZB — AT

:{ {/;B b(z) ® [A(B(z) — ;__ZZTTE(ZB) - ;B__;B(ZT)ﬂ dz]

ZB 25 — 2 Rp B -
- [ b(z dz] AR [ b, ()b, (r) rdr] vs.(t), 1=0,...,4
zT ZB - ZT RB
(4.2.163)
and vg;(t) =0, i=1,...,4.
From (4.2.26) and (4.2.89)
Rp—r1 /- 1 ~ 1 - N
i =TT (Bue) - B Bler) )vsi(t
Wilr,2ot) = 5 (Bo2) = = Blen) + ———Bler) )milt)
r— RB ~ 1 ~ 1 ~ _
B.(z) — B B i
RF — RB < (Z ZB — 2T (ZB) * ZB — RT (ZT)> vE
1
+ B(r)(vp,(t) — v44(t)), i=0,...,4 (4.2.164)
ZB — 2T
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Multiplying A(W;,). by (?)(2) ® B(T’)T) = (I;(z) ® [3><3> ® b(r) and integrating

with respect to r and z, we have

- [/z:B /RI:F (i)z(z> @ B<T)T)ARiF—_£B <Bz(2> N %B i ZTE<ZB)

L B )) drd }a&-(t)

+

ZB — RT

[/ / ) A (B2) = - B(es)

1 _
p— B(ZT)> rdr dz} Upi

[ / / ZTB( )rdrdz} 0
[/ZT /RB b-(2) @ B(r)" zB — ZTBT(r)rdrdz} Ui(t)

_ {/Z;B bo(2) ® [A(Ez(z) e ! ZTE(zB) p— ! ZTB(ZT))] dz}

@H/QWRF i M/B =Ry df]%}
pUAT

Define the following matrices:

+

R
dz ®A® / b(r rdr } Za0)
Rp

(4.2.165)

SMD MD X 3MD MD matrices:

Go = / bz / B(r )TB(r)rdr}
Gal(r) = / b(2)b()" dz] © A e /RZFBT(T)BT(T)TW}
Ga(z) = / b dz] @ A | LZFE(T)B(T)Trdr]
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3Mp,Mp, x M,M, matrices:

Hy = | / ) b(e)T az| & | /R BT (B (1) D) ar]
H, = [ / ) ba(e)T dz} ® [ /R RFB(T)TM—IEOB(T)TMT}

3Mp,Mp, x 3Mp, matrices:

Z — Z7 ZB — R =~

Blzg) — B(zT)> dz]

ZB — 2T ZB — AT

Rr _ RF—T
® [/RB b(r)RF_RBrdr]

Ry = / i) e (B2) -
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3Mp,Mp, x 3Mp, matrices:

Ry = | /TB R — az] & | /R ZFB(T)TB(r)rdr}

Ry = /:B 6(Z>zj:zi dz: ® [/RRF B(r)' B(r)r dr}
Ri(a) = / ’ é(z); __ZzTT dz: RA® [ /R " b, ()b, (r)Tr dr}
Roa) = | / " o) 2= d] A | /R v b (5. (r) 7 ]
Ro(z) = / ’ éz(z)zB i - dz} RA® [ / " b(r)b(r)Tr dr]

Rp

Using these matrices, (4.2.156) multiplied by (B(z) ® B(r)T) and integrated with

respect to r and z, has the form

Goco(t) + (Ga(r) + Ga(z))eo(t) = —Hojio(t) — Hyo(t)

— RBﬁBo(t) - kBﬁéo(t) - RTﬁTO(t)

— Rr(a)ppo(t) + Rr(a)Pro — Rp(a)vgy(t) — Re(a)vg(t)

— Rp(2)7p0(t) — Re(2)7r0 — Ro(2)73(t) + Ro(2)770(t) (4.2.166)

From (4.2.142), (4.2.143)
fio(t) = Pio Q5" [Zoéo(t) + Xpobpo(t) + Xpobg(t) + XToﬁfo(t)] (4.2.167)
Ro(t) = Py Q5! [2060@) + Xpobso(t) + Xpobg(t) + XTO;TO@)] (4.2.168)

Applying (4.2.167) and (4.2.168) to (4.2.166), we have

Hoco(t) + Goco(t) = Dpopo(t) + Do (t) + Dioli(t)

+ Frovpo(t) + Frovro + FioPio0(t) + Fiolio(t) (4.2.169)

where  Ho = Go + (HoPio + H1Pn)Qy' 2y

131



Go = Ga(r) + Ga(2)

Dpo = —(HoPro + Hi1Po1) Qy ' Xpo — R
Dg = _(HOP10 + H1P01)Q51)~(Bo —Rp
Diy = _(H()PIO + H1Po1)Q61XTo — Ry
Fpo = —Rr(a) = Rp(2)

Fro=Rr(a) — Rp(2)
Fo RB(G) Ro(2)
./T" (a)+’R0( )

Now we approximate initial conditions. From (4.2.20), (4.2.30) and (4.2.89), the

coefficients V;(r, z,0) of f-approximation of initial conditions have the form

Vi(r, z,0) = f/n(r, z) — Wi(r, z,0)

where Vii(r, 2) (I;(z)T(X) B(r))ﬂh
Wi(r, z,0) fp =7 (BZ—Z_ZTB(Z —ZB_ZE(,Z ))ﬂ (0)
i\ <y RF_RB 25— 2p B ip — o7 T Bi
r—Rp /- Z— 27 A ZR— 2 ~ B
B(z) — Blzp) — B ) 1
+ RF — RB ( ZB — 2T ( B ZB — kT (ZT) e
+ 2T B (0) + 22 B(r)pa(0), i=0,...,4 (4.2.170)

and vp;(0) =0, =1,...,4.

Multiplying V;(r, z,0) by l;(z) ® B(r)T and integrating with respect to r and z, we

have

{[/:3 b(2)b(z)T dz} ® [/RF BT B(r)r dr} }ci(O)

:{ / ;B b(2)b()" dz] © | /R ]: B(r) B(r)r dr] }a,i
_ { / ) @ (B(2) - =L B(zn) ~ 2 B(er) dz]
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A1 w0 e oo [ [ o= o)
_{ [/Z:B B(Z)ZZ__ZZTT dz} ® [/P:F B B(r)r dr} }Véi(o)

_{ [/ZTZB b(2) 2p — 2 dz} 2 [/RF B(T)TB(r)rdr} }ijl(()) (42.171)

ZB — AT Rp

Using matrices defined above, (4.2.171) multiplied by (l;(z) ® B(’I“)T> and integrated

with respect to r and z, has the form
Go&i(0) = Gopr; — Rppi(0) — Revp; — Rpig(0) — Revg; (0) (4.2.172)

From (4.2.169) and (4.2.172) with ¢ = 0 we obtain the following system.

System of ODEs for TCP I (radially symmetric case):

Hoco(t) + Goco(t) = Dpopo(t) + Do (t) + Dioli(t)

+ Frovpo(t) + Frovro + FioPioe(t) + Fiolao(t) (4.2.169)
with initial conditions

20(0) = Uro — Go ' [Rp7po(0) + Rpvpo + RpVs0(0) + Rrizg(0)] (4.2.173)

System II (corresponds to sin # approximation)

System II is given by (4.2.31)-(4.2.33):

. 1 1 . 1 1
MV = A[S0V,) = Vi (R):] = =MW+ A(-0W,), — W0+ (W,)z)
> (. L. . ,
—bo (ul,. + ;(ul - UQ) + U)lz) (4231)
with boundary conditions
Vi(r,z,t) =0 on I' x [0,tf) (4.2.32)
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and initial conditions
Vi(r, 2,0) = Vi (r, 2) — Wi(r, 2,0) (4.2.33)
Using A = M 1A, (4.2.31) has the form
. 1 1 = (. 1. 1. .
Vi — A[;(T‘/h)r - ﬁvl + (Vlz)z] =—M""by (UlT + R + wlz>
. 1 1
W+ A[;(rer)r - Wi+ (le)z] (4.2.174)

Using (4.2.87), the left-hand side of (4.2.174) is

(21" @ B)arlt) - A3 (02)" © B.() ea(t) + A (W) © Br))eul)
- A(BZ(Z)T ® B(r))zég(t) (4.2.175)

Multiplying (4.2.175) by (i)(z) ® B(’I’)T) and integrating with respect to r and z we

have

{[/: g;(z)?)(z)TdZ] - [/R’:F B(r)TB(T)Tdr] }él(t)

. {[ /TB o)) 0] @ A <{ /R R b ()b () dr] + | /R B b(r)b(r)T%dTD

Rp

+ [ / " b.(2)b.(2)" dz} AR [ /R E(T)B(T)Trdr”al(z) (4.2.176)

Using (4.2.90)-(4.2.92), the first term of the right-hand side of (4.2.174) is

5 [(b)7 @ b)) n(0) + (b(2)" @ %b(mT) i (1)

— ~

~ ()" & B )ia(t) + (be(2)7 @ By )0

”
Multiplying by (l;(z) ® B (T’)T> and integrating with respect to r and z, we have
Rp

_{ [/TB b(z)b(z)" dz} ® [/ B(r)T M~y (r by(r) + b(r))T dr} }/iu(t)

Rp
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+{ [ / ) b(e)T a:| @ | /R IZF B(r)" M5y b(r)" dr | }ﬁQ(t)

2T

_{ [/TB b(=) ba(2)" dz] @ [/RF B(r)" M By b(r)"r dr| }Xl(t) (4.2.177)

Rp

Multiplying the corresponding term in (4.2.174) by (13(2) ® B(T’)T> and integrating
with respect to r and z, we have the following results

for Wy: (4.2.161) with &g, (t) = 0

for A%(rWh)T: (4.2.163) with vp(t) =0

for A(rWy,),: (4.2.165) with vg;(t) = 0.

Wi(r, z,t) is given by (4.2.160) with vg;(t) =0, i=1,...,4.

1 ~
Multiplying A—W; by (b(z) ® B(T)T) and integrating with respect to r and z, we
T

have
[ / / © B0V ) A7 — 2 (BG) - ==L B(z)
_ ;;_—;T Bzr) )rdr dz} Dri
Ty e T
[ [ (b0 B0 AL = pyrards|ono

_ / () @ (A(f?(z) - Blm) - B(ZT)D dz]

Zp — Zr ZB — 2T

R T’—RB 1
b(r)=————d i
®|:/RB (>RF—RBT Ti|VF

B . z — Rp
+{[/ZT b(Z)ZB_ZT dz ®A® /RB dr}}yéi(t)

RO — A " M dr] Lo, =1,....4
! |:/ZT (Z>ZB_ZT wAL /I';B Ti| VBz'()u 1=1,...,4
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Define the following matrices:
BMDTMDZ X SMD’I‘MDZ matrix:

1 B p Br_ o1
Go(-) = [ [ b@be) x| @Aw | [ b~ dr
T o Rp T

3Mp,Mp, x M,M, matrix:
Rp

Hy(r) = [/ZB b(z)b(z)" dz} ® [/R B(r)" M~y b(r)” dr}

T

3MD’I”MDZ X SMDZ matrix:

RO (L) - {/ (=) & [A(B() ~ =L B(zp) - 2= Bler))] dz}

ZB — 2T ZB — RT
Rr _ T—RB 1
® br——dr}
|:/RB ()RF—RBT'

3Mp,Mp, x 3Mp, matrices:

7%9(%) _ [ / ’ B(Z);__ZZT dz} RA® [ /R " l_)(r)l_)(r)T% dr]
7?,550(%) _ [/B 13(2);3__; dz} RA® [/RRF b(r)b(r)T% dr]

Using these matrices together with matrices defined for System I, (4.2.174)

multiplied by (l;(z) ® B(T)T> and integrated with respect to r and z, has the form

Gt (t)+(Ga(r) + GO(%) + Ga(2))a(t) =

— R (e — R ()7, () = RE () v (0
— RF(Z)Dpl — 7%0(2)1731@) + 7%()(2’) 77?1(15) (42179)



From (4.2.144)-(4.2.146)

() = PuooQi* | Z1é(1) + Xy (1) + Xrairpy (1) (4.2.180)
ia(t) = = Poo @1 | Z161(8) + Xy (1) + Xy (1) (4.2.181)
M(t) = Pon @7 | Z161(8) + X1 (1) + Xai (8) (4.2.182)

Applying (4.2.180)-(4.2.182) to (4.2.179), we have

Hlél (t) +Gic <t> = Délﬁél(t) + D:h’jfl(t)

+ Frivp + F1 01 (1) + Fp g (t) (4.2.183)
where

Hi1 = Go+ (HoPioo + Ho(r)Poro + HiPoor) Ay ' 2

G, = Ga(r) + Gol) + Gi()

D, = — (HoPioo + Ho(r) Poro + HiPoor ) A7 X1 — R
Diy = —(HoProo + Ho(r) Poio + H1 Poor ) AT X1 — Ry
Fri= (= Rela) + R (2) + Re(2))
Fi = —(Ro(a) R(“)( ) + Ro(2))
—(Rr(a) + RY (1) + Ro(2)) (4.2.184)

Initial conditions are given by (4.2.172) with i = 1 and vp,(0) = 0.
From (4.2.172) and (4.2.183) with ¢ = 1 and 7p;(0) = 0 we obtain the following
system.

System of ODEs for TCP II (corresponds to sin § approximation):

H1é1(t) +Gicy (t) - Délﬁél(t) + DT1’jf1 (t)

+ Frivp + F Vg, (1) + Fiy g () (4.2.183)
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with initial conditions

¢1(0) = o1 + Gy [Revp1 + R, (0) + Rz (0)] (4.2.185)

System III (corresponds to cos ) approximation)

System III is given by (4.2.34)-(4.2.36):

. 1 1 . 1 1
MVy = A|Z(Va,)r = Ve + (Va).| = =MW + A(S(1Wa,), = 5 Wa + (Wa.). )

r

e (u% + %(ug +00) + wgz) (4.2.34)
with boundary conditions
Vo(r,z,t) =0 on I' x [0,tf) (4.2.35)
and initial conditions
Va(r, 2,0) = Via(r, 2) — Wa(r, 2,0) (4.2.36)

Using A = M 1A, (4.2.34) has the form

1

. 1 B, 11
Vo — Al=(rVa), — <Va+ (VQZ)Z} = M5 (ugr N wzz)
T T T T

. 1 1
Wt A[;(TWQT)T - —Wa+ (WL)Z] (4.2.186)

Applying (4.2.87) to the left-hand side of (4.2.186), multiplying the result by

(l;(z) ® B(T‘)T> and integrating with respect to r and z, we obtain

{[[Tieicrad e[ [ sorsem] fa

2T

H{[ [ e a)oas ([ [ awnoral + [ [ somorte))
i / :B be(2)b-(2) dz] © A | /R I:F B(r)b(r)"r dr] }52@) (4.2.187)
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Using (4.2.90)-(4.2.92), the last term of the right-hand side of (4.2.186) is

— M, (ugr + %ug + %1}1 + wQZ>
B (BT 5 ) ) jalt) + ()T @ 2507 ()
+ (b e %b(r)T>1'71 (1) + (b.()7 @ b)) alt)

Multiplying by (13(2) ® B (T)T> and integrating with respect to r and z, we have

_ { /TB b(2) b(2)" dz} ® [ /RF B(r)" M~ by (r by (r) + b(r))” dr}}%(t)

Rp

_{ / T b ] @ | / " B M b dr”fh(t)

T Rp

—{ /TB b(=) b (2)" dz| @ [/RF B(r)" M By b(r)Tr dr| }Xz(t) (4.2.188)

Rp

Multiplying the corresponding term in (4.2.186) by (Z;(z) ® B(’I’)T> and integrating
with respect to r and z, we have the following results

for Wo: (4.2.161) with py(t) = 0

for A%(TWQT),; (4.2.163) with 7ps(t) = 0

for A(rWs,),: (4.2.165) with vps(t) =0

for AT%WQ: (4.2.178).

Using matrices defined for Systems I and II, (4.2.186) multiplied by <l;(z) ® B (T’)T)

and integrated with respect to r» and z, has the form

GoCa(t)+(Ga(r) + Go(%) + Ga(2))ea(t) =

= - H0ﬁ2(t) - HO(T)ﬁl(t) - Hlj\2(t) - 7~2315B2(t) - RT?Tz(t)
+ Rp(a)Zps — Rp(a)Vpy(t) — Rey(a)vgy(t)
=R (D)ra = R () 7alt) = RE ()l

— Rp(2) 02 — Ro(2)73,(t) + Ro(2)0g(t) (4.2.189)
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From (4.2.147)-(4.2.149)

Jia(t) = Proo Q1 | Z21E2(t) + Xp10py(t) + Xp10zy(t) (4.2.190)
7 (t) = PooQr | Z2162(t) + Xp10py(t) + X107 (t) (4.2.191)
Ao(t) = Poon Q7Y | 2165() + X g1y (t) + Xp109(t) (4.2.192)

Applying (4.2.190)-(4.2.192) to (4.2.189), we have
Hico(t) + Gica(t) = Dy Vo (t) + Dy Uiy (t)
+ FrpiUre + F Vg (t) + Fiy Vg (1) (4.2.193)

where matrices  Hi, Gi,Dpy, Dyy, Fr1, Fqs Fiq are given by (4.2.183).

Initial conditions are given by (4.2.172) with i = 2 and vp2(0) = 0.
From (4.2.193) and (4.2.172) with ¢ = 2 and vp2(0) = 0 we obtain the following
system.

System of ODEs for TCP III (corresponds to cos 6 approximation):

H1é2(t) + (]152(75) - D31§32(t) + DTlleQ(t)

+ Frivpa + Fg1Vgo(t) + Fipy Vo (t) (4.2.193)
with initial conditions

&2(0) = Uz + Gy [Revra + Rps,(0) + Ry (0)] (4.2.194)

System IV (corresponds to sin 26 approximation)

System IV is given by (4.2.37)-(4.2.39):
. 1 4 . 1 4
MVs = A|Z(Va,)r = Vi + (Vo). | = =MWy + A(S (W5, ), = —Wa+ (Wa.). )

—

1
- (ugr + (i1 — 204) + wgz> (4.2.37)
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with boundary conditions

Vi(r,z,t) =0 on I' x [0,ty) (4.2.38)

and initial conditions

Vi(r, 2,0) = Vis(r, 2) — Ws(r, 2,0) (4.2.39)

Using A = M 1A, (4.2.37) has the form
. 1 4 = (. 1. 2. .
Vi — A[;(T‘/Eﬁr)r - ﬁVg + (Vé)z] = —M""b (UsT + S = U + w3z>
- 1 4
—W3 + A[;(TWgT)T — 7“_2W3 + (Wgz)z] (42195)
Applying (4.2.87) to the left-hand side of (4.2.195), multiplying the result by

<l;(z) ® B(r)T) and integrating with respect to r and z, we obtain

{[/Z:B b(2)b(z)" dz] © [/RF B(T)TB(T)MT} }C.g(t)

Rp
+{[}ZBQZ%QV}M]®fhg([%:p&&ﬁAﬂTmh}+4[A:FHﬂHﬂT%d4>
N LZ:BBZ@anzyrdz}Q§f1@>[/QZFb@qb@gTrdr]}cgg) (4.2.196)

Using (4.2.90)-(4.2.92), the first term of the right-hand side of (4.2.195) is

—M*%@&+%%—§m+mg
== M [(b)" @ b)) st) + (D) @ b)) is(1)
~ (b @ S50 )in) + (ba2)" @ b)) As(o)]
Multiplying by (ZA)(z) ® B (T’)T> and integrating with respect to r and z, we have

Rp

(2)T dz} ® [ /R BT M~y (r by (r) + b(r))T dr]}ﬁg(t)

|
—N—
| —
l\\
S N
o]
o
~—~
N
SN—
o
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+2{ [ / ) b(e)T dz] @ | / N BT D) ar] }ﬁ4(t)

2T Rp

_{[ /TB b(z) ba(2)"dz] @ | / RFB(T)TM—IZJOB(T)TMT}}Xg(t) (4.2.197)

Rp

Multiplying the corresponding term in (4.2.195) by (6(2) ® B(T’)T> and integrating
with respect to r and z, we have the following results

for Ws: (4.2.161) with ©ps(t) = 0

for A%(TW&)T: (4.2.163) with vps(t) =0

for A(rWs,),: (4.2.165) with vp3(t) =0

for A%Wg = 4AT—12W3: (4.2.178).

Using matrices defined for Systems I and II, (4.2.195) multiplied by <l3(z) ® B (T>T>

and integrated with respect to r» and z, has the form

= — Hofia(t) + 2Ho(r)a(t) = HiXs(t) — Rt (t) — Rrivpy (1)

+ Rp(a)vrs — Rp(a)vp(t) — Re(a)vzg(1)

a 1 — > (a 1 — S (a 1 —
— 4R} (;)VFS — 4R (;)Vés(t) — 4Ry (;)Vfg(t)
— Rp(2)7rs — Ro(2)034(t) + Ro(2)0g4(t) (4.2.198)
From (4.2.150)-(4.2.152)
fis(t) = Pioo Q5" [Z‘Qég(t) + Xpabgs(t) + )N(Tgﬁfg(t)} (4.2.199)
fa(t) = — P10 Q" [z‘zég(t) + Xpabga(t) + an%(t)} (4.2.200)
Na(t) = Poot Q5" | Zaalt) + Ko (1) + Xraiipa(0)| (4.2.201)
Applying (4.2.199)-(4.2.201) to (4.2.198), we have
H2é3(t) + 9253(t) = Dézﬁés(t) + DT2’jT3(t>
+ Frovps + FoVj3(t) + Fiolgs(t) (4.2.202)
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where
Ho = Go+ (HOP100 + 2Ho(r) Poro + H1P001)A5122
Gy = Ga(r) + 4G (- ) Gale)
oPioo + 2Ho(r) Poro + Hy Poo1 ) A3 X2 — R
HoPioo + 2Ho () Poro + H1Poor ) Ay ' Xrs — Ry

~(H,
=

Fr2=—(—Rr(a) +4R“>()+RF())
—(Rs(a) +4R(“(1)+R0(2))
=

Rr(a) + 4R ( )+R0( ) (4.2.203)

Initial conditions are given by (4.2.172) with i = 3 and vp3(0) = 0.
From (4.2.202) and (4.2.172) with ¢ = 3 and vp3(0) = 0 we obtain the following
system.

System of ODEs for TCP IV (corresponds to sin 20 approximation):
H263(t) + 9263(25) = Déﬁé:&(t) + DT2’L/T3(t>
+ Frolps + ]:32533(75) + ffgﬂf?)(t) (4.2.202)
with initial conditions

23(0) = Ur3 + Gy [Revrs + Rps5(0) + Ry (0)] (4.2.204)

System V (corresponds to cos 26 approximation)

System V is given by (4.2.40)-(4.2.42):

. 1 4 4
MVi= A[Z(Va,), = Va+ (Va):| = =MW + A( (1Wa,)r = Wi+ (Wa,)z)

-

1
. (uﬁw + (g +2is) + w4z> (4.2.40)
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with boundary conditions
Vi(r,z,t) =0 on I' x [0,ty) (4.2.41)
and initial conditions
Vi(r, 2,0) = 1714(7’, z) — Wy(r, 2,0) (4.2.42)

Using A = M1 A, (4.2.40) has the form

. 1 4 L1 2
Vi—A ;(TV4T)7~ — ﬁvzx + (‘/45)2} = —M"b <U4r + ;U4 + ;Ug + w4z>
- 1 4
W+ A[;(rmr)r — Wi+ (W4Z)Z] (4.2.205)

Applying (4.2.87) to the left-hand side of (4.2.205), multiplying the result by

<l;(z) ® B(r)T) and integrating with respect to r and z, we obtain

{[/Z:B b(2)b(z)" dz] © [/RF B(T)TB(T)MT} }6.4(t)

Rp
+{ [/TB b(2)b(2)T dz] AR ([/RZF b ()b (r)r dr} + 4[/]:? B(T)B(T)T%dr]>
N [ /TB () ()" dz} DA [ /R ZF B(r)b(r)"r dr] }04(75) (4.2.206)

Using (4.2.90)-(4.2.92), the last term of the right-hand side of (4.2.205) is

— M'by (mr + %m + %@3 + w4z>
=~ M5 [ ()T © b)) ialt) + (B(2) @ BT it
~ (b @ T )in) + (o) @ b)) Au(o)]
Multiplying by (ZA)(z) ® B (T’)T> and integrating with respect to r and z, we have

Rp

(2)T dz] ® [ /R BT M~y (r by (r) + B(@)Tdr}}m(t)

|
—N
| —
l\\
N 0
[vy]
oo
—~
N
SN—
o
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_2{[ / ) b()T dz] @ | / N BT BT dr”ﬁg(t)

_{[ /TB b(z) ba(2)" de] @ | /R ZF B(r)" M5y b(r)Tr dr]}L(t) (4.2.207)

Multiplying the corresponding term in (4.2.205) by (6(2) ® B(T’)T> and integrating
with respect to r and z, we have the following results

for Wy: (4.2.161) with &py(t) = 0

for A%(TW4T)T: (4.2.163) with vps(t) =0

for A(rWy,),: (4.2.165) with vps(t) =0

for A%W4 = 4AT—12W4: (4.2.178).

Using matrices defined for Systems I and II, (4.2.195) multiplied by <l3(z) ® B (T>T>

and integrated with respect to r» and z, has the form

Gotalt)+(Galr) +4Go(1) + Gal(2)au(t) =
= — Hofia(t) — 2Ho(r)iis(t) — Hia() — RpDpy(t) — Rirpy(t)

+ Ri(a)vrs — Rp(a)vp,(t) — Re(a)vz,(t)

a 1 — S (a 1 — > (a 1 —
— 4R} (;)VF4 — 4Ry (;)me(t) — 4R (;)Vm(t)
— Rp(2)0ps — Ro(2)03,(t) + Ro(2) g, () (4.2.208)
From (4.2.153)-(4.2.155)
fia(t) = Pioo Q5" [2‘254(75) + Xpabp,(t) + )N(Tgﬁ@(t)} (4.2.209)
fis(t) = ~Poro Q5" | Zaa(t) + Xpaipa(t) + Xraiip (1)] (4.2.210)
M) = Py Q5 [2264@) + X ot (t) + sziﬂ(t)} (4.2.211)
Applying (4.2.209)-(4.2.211) to (4.2.208), we have
Hala(t) + Gata(t) = Doy (t) + Doy (t)
+ Fralpa + F ol (t) + Frolgy () (4.2.212)
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where matrices  Ha, Go, Dy, Do, Fro, F o, Fig are given by (4.2.203).

Initial conditions are given by (4.2.172) with ¢ = 4 and vp4(0) = 0.

From (4.2.212) and (4.2.172) with ¢ = 4 and vp4(0) = 0 we obtain the following
system.

System of ODEs for TCP V (corresponds to cos 26 approximation):

H254(t) + 9254(t> - D32§B4(t) + DT2’L/T4(t>

+ FroVpa + FBQﬂEM(t) + ff25f4(t) (4.2.212)
with initial conditions

54(0) = Uy + Gal [RFEF4 + 7%317354(0) —+ ﬁTﬂrﬁl(O)} (42213)

We have the following five systems of ODEs:

System of ODEs for TCP I (radially symmetric case):

Hoco(t) + Goto(t) = Drovso(t) + DpoPso(t) + Diglizg(t)

+ ./TBODBO(t) + FroVro + fgoﬁéo(t) + ffoﬂfo(t) (4.2.169)
with initial conditions
c0(0) = 10 + Gy ' [Rp780(0) + Rpiro + Rpig,(0) + ﬁTDTO(O)] (4.2.173)

System I gives coefficients Vj , ug, wo of the f-approximation (4.2.18).

System of ODEs for TCP II (corresponds to sin § approximation):

Hicr(t) + Giea(t) = Dy, (t) + Dy gy (1)

+ Frivpr + F Vg () + Fry v () (4.2.183)
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with initial conditions
¢1(0) = o1 + Gy [Revp1 + R, (0) + Rz (0)] (4.2.185)
System II gives sin6f-coefficients Vi, wu;, w; and cos@-coefficient v, of the
@-approximation (4.2.18).
System of ODEs for TCP III (corresponds to cos 6 approximation):

HiCa(t) + Giea(t) = Dy Vpy(t) + Dy Ugio(1)

+ Frilpa + FgiVgo(t) + Fiy Vo (t) (4.2.193)
with initial conditions
&2(0) = Uz + Gy [Revr2 + R, (0) + Ry (0)] (4.2.194)
System III gives sinf-coefficient wv; and cos@-coefficients Vi, wug, we of the
f-approximation (4.2.18).
System of ODEs for TCP IV (corresponds to sin 26 approximation):

H263(t) + 9253(15) = Dézﬁéza(t) + DT2’jT3(t>

+ Frovps + Folj3(t) + Fioligg(t) (4.2.202)
with initial conditions
53(0) = Vs + Gal [RFﬂpg + 72317353(0) + ﬁTﬂfg(O)} (42204)

System IV gives sin 26-coefficients V3, us, ws and cos 20-coefficient v, of the

g-approximation (4.2.18).
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System of ODEs for TCP V (corresponds to cos 26 approximation):

H2é4(t) + Q254(t) = Dézﬁézx(t) + DT”z’;/T4(t)

+ FrolUpa + f3251§4(t) —+ ff25T4(t) (4.2.212)
with initial conditions
e(0) = 714 + Go ' [Revpa + Rp034(0) + Ry, (0)] (4.2.213)

System V gives sin 20-coefficient w3 and cos20-coefficients Vj, uy4, wy of the

@-approximation (4.2.18).

Thus, in this chapter, numerical methods for solving fully coupled parabolic-
elliptic initial-boundary value problems for two- and three-dimensional TCPu pro-
cesses, including radially non-symmetric processes in an inclined borehole were
developed. These methods are based on a hybrid Fourier-finite-element approxima-
tion technique proposed in this research. The technique also involves a boundary
penalization strategy and captures borehole geometry and mechanics. The pro-
posed numerical methods reduce the solution of fully coupled parabolic-elliptic
initial-boundary value problems to the solution of systems of time-dependent ODEs
supplemented by initial conditions. The systems of ODEs explicitly contain data of
the underlying boundary conditions, thereby allowing numerical analysis of a control
problem in which the temperature and pressure on the borehole boundary are con-
sidered as control parameters used to achieve desirable stresses in the neighborhood

of the borehole.
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Chapter 5
Experimental Validation of the Fourier-Finite Element

Method

In this chapter, we experimentally validate the Fourier-finite element method for the
TCPu models developed in Chapter 4. Numerical experiments are performed using
a MATLAB code that we have written to implement the above numerical method.
In this code, the backward Euler approximation is used to discretize the temporal
domain. The validation is done by comparing experimental results to other available
analytical and previously validated numerical solutions for thermo-chemo-poroelastic
wellbore problems.

For our numerical experiments, we focus on the two-dimensional radially sym-
metric fully coupled TCPu model. In this case, the temperature 7', the solute mass
fraction C, and the pore pressure p on the far-field boundary are considered as
independent of the polar angle 6. However, applied far-field boundary stresses
remain f-dependent in accordance with realistic geomechanical behavior around
the borehole. We assume that an annular region exterior to the borehole has the
inner (wellbore) radius Rp = 0.1 m and the outer (far-field) radius Rp = 1 m. The
values of physical constants used in the computations are presented in Appendix A.

Below, we present the experimental results for the temperature 7', the solute
mass fraction C, and the pore pressure p, as well as for total radial stress 7, and total
tangential stress 7y at different polar angles 6. Each figure contains four solution

curves that correspond to time intervals of 1 hour, 12 hours, 24 hours, and 120 hours.
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Figure 5.1: Temperature distribution around the borehole
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Figure 5.2: Solute mass fraction distribution around the borehole
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Figure 5.13: Total tangential stress distribution around the borehole at the polar
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The obtained experimental results are consistent with available analytical and
previously validated numerical solutions for thermo-chemo-poroelastic wellbore prob-
lems presented, for instance, in Zhou and Ghassemi [46] or Rafieepour at el. [34].
The existing discrepancy between our results and those presented in [34, 46] is due
to the essential difference between the TCPu model and the models considered in
(34, 46]. The TCPu model includes all coupling mechanisms, whereas both models
[34, 46] deal with fully decoupled thermal diffusion, and [34] neglects couplings in
the solute diffusion equation, as well. This allows us to conclude that the developed
Fourier-finite element method provides correct and satisfactory numerical approxim-

ation to the coupled TCPu models.
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Chapter 6

Conclusions and Future Work

This dissertation has addressed the questions of well-posedness and approximation for
a specific class of coupled parabolic-elliptic initial-boundary value problems with ap-
plications to geomechanics. The underlying thermo-chemo-poroelastic (TCPu) model
constitutes the general theory of chemical thermo-poro-elasticity that fully couples
thermal, chemical, hydrolic, and mechanical processes in homogeneous isotropic
fluid-saturated porous media. The main results obtained within the dissertation
research are summarized below. These results are fundamental to posing optimal
control problems using borehole parameters as controls to achieve desired stress

distributions in the neighborhood of the borehole.

A sufficient condition for well-posedness in the weak sense of the coupled parabolic-
elliptic initial-boundary value problems for the two-and three-dimensional TCPu
models has been established. This condition depends on physical parameters of the
system, coupling vectors, and the Korn’s constant. For a two-dimensional annular
region that does not experience pure rotation and has the ratio of inner to outer radii
not exceeding e!, the sufficient condition for the well-posedness of the problem has
been formulated in terms of physical parameters, coupling vectors, and the ratio of
the inner and outer radii. The obtained results have provided a mathematical basis
for the general theory of fully coupled chemo-thermo-poroelasticity in homogeneous

isotropic porous media saturated by a fluid.

Numerical methods for solving fully coupled parabolic-elliptic initial-boundary
value problems for two- and three-dimensional TCPu processes, including radially

non-symmetric processes in an inclined borehole have been developed. These methods
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are based on a hybrid Fourier-finite-element approximation technique proposed in
this research. The technique also involves a boundary penalization strategy and
captures borehole geometry and mechanics. The developed numerical methods allow
numerical analysis of a control problem in which the temperature and pressure on
the borehole boundary are considered as control parameters used to achieve desirable

stresses in the neighborhood of the borehole.

The experimental validation of the developed numerical method was performed in
MATLAB using the two-dimensional radially symmetric fully coupled TCPu model
with real data. The experimental results have confirmed that the hybrid Fourier-
finite-element method provides correct and satisfactory numerical approximation to
the coupled TCPu models for the purpose of boundary control and comprehensive
numerical investigation of the corresponding fully coupled reservoir-geomechanical

processes that impact borehole stability.

There are several promising directions for further research on coupled parabolic-

elliptic systems with applications to geomechanics:

1. An open question that immediately arises from this dissertation is establishing
necessary conditions for well-posedness of the coupled parabolic-elliptic initial-

boundary value problems for the two- and three-dimensional TCPu models.

2. The second direction is the development of a well-posedness theory and numerical
methods for coupled parabolic-elliptic systems with variable coefficients. The
variability of coefficients results in nonlinearity of the coupled system but allows
modeling fully coupled reservoir-geomechanical processes in inhomogeneous fluid-

saturated porous media.

3. The other project is the development of the optimal boundary control theory

for systems governed by coupled linear and nonlinear parabolic-elliptic partial
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differential equations. This research direction is motivated by geomechanics and
wellbore stability problems in which the temperature and pressure at the borehole
are considered as control parameters used to obtain desirable stresses in the

neighborhood of the borehole.

. Another project is also dictated by the geomechanical nature of the problem and
includes the development of the mathematical theory of fully coupled thermo-
chemo-poroelastic fracture initiation and propagation processes in fluid-saturated

porous media.
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Appendix A
Physical Parameters of the Coupled TCPu System

The coefficients in the matrices and vectors (2.1.17) and (2.1.30),

KL _pRTpDT  p
A Y O Tr  M*(1-CF)
_ _ kR
M=10 ¢ 0], A= CpDT D 2
I vy U U
KT _M =
L Ui J
¢ ¢
bo= (0], by=|—=¢
« «
are the following:
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w
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where sp is specific fluid entropy, respectively, R is the universal gas constant, «

is Biot effective stress coefficient, and K is the rock’s bulk modulus. Other physical
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properties of the rock/fluid system and input parameters for examples are given in

Table A.1 and Table A.2, respectively.

Table A.1: Physical properties of the rock/fluid system

Drained elastic modulus, F 45 x 10° Pa
Solid bulk modulus, K 65 x 10° Pa
Drained Poisson’s ratio, v 0.27
Permeability /Fluid viscosity ratios, k/n 10717 m?/(Pa-s)
Reference porosity, ¢ 0.15
Fluid density, py 1111 kg/m?
Fluid specific heat capacity, c; 4186 J/(Kg°K)
Fluid bulk modulus, Ky 3.3 x 10° Pa
Fluid volumetric thermal expansion coefficient, Sy 3 x 1074 °K~!
Solid density, ps 2.83 x 103 kg/m?
Solid specific heat capacity, cs 920 J/(Kg°K)
Solid volumetric thermal expansion coefficient, 8, | 2.4 x 107° °K~!
Rock thermal conductivity coefficient, k' 4 W/(m°K)
Thermal osmosis coefficient, KT 107" m?/(s°K)
Solute molar mass, M* 0.1111 kg/m?
Solute reflected fraction, R 0.01
Solute chemical diffusion coefficient, D 107 m?/s
Solute thermal diffusion coefficient, D? 1071 m?/(s°K)
Chemical stress coupling parameter, w 100 kg/m?
Universal gas constant, R 8.3 JK~!/mol~!

Table A.2: Input parameters for experimental validation

In situ hydrostatic stress, 91MPa (Therm. ex.)
Oy = Oy 88.5 MPa (Chem. ex.)
In situ non-hydrostatic stress o, =91 MPa

o, = 86 MPa
In situ formation pore pressure, pg 52 MPa
Mud pressure, pg 60 MPa
Mud solute mass fraction, Cp 0.2
Reference formation solute mass fraction, Cp 0.1
In situ formation temperature, Tg 135°C
Mud temperature, Ty 85 °C
Wellbore radius, Rp 0.1 m
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