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CHAPTER I 

INTRODUCTION 

General 

One of the important problems related to the design of any 

ventilating or air conditioning system is being able to provide the 

best duct work. In order to achieve maximum energy efficiency and 

minimal duct material cost, the best design methods have to be 

chosen carefully. There are three methods described by the ASHRAE 

Handbook of Fundamentals (ASHRAE 1989) -- equal friction, static 

regain, and the T-method. Other methods mentioned by McQuiston 

(1989) are the balanced capacity and the velocity reduction methods. 

Among these standard methods, the T-method is the only method 

that claims to provide the optimal duct design. 

The optimized duct design concept is based on minimizing the 

life cycle cost of the duct system. The duct system optimal design 

'is- a form of arge scale optimization problem. There are several 

ways to solve this kind of multi-dimensional problem, but most of 

them cannot always find the globally optimal point. The T-method 

uses the ideas of dynamic programming optimization method. If used 

properly, the dynamic programming method has a good chance of 
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finding the global minimum. Much research related to duct design has 

been done before by using the dynamic programming method (Shitzer 

1979). 

The method of simulated annealing (Kirkpatrick, 1983) is a 

relatively new general-purpose method of very large scale 

optimization, which has been attracting significant attention 

recently. It offers the possibility of finding the global optimal point. 

This method has been reported to be used in power distribution 

systems (Chiang et al., 1990), optical areas (Kim, 1990), image 

processing areas (Carnevali, 1985), electronics (Kirkpatrick, 1983), 

and biochemistry areas (Prabhakaran, 1985). It was reported to have 

solved the travelling salesman problem, and the global wiring 

problem of silicon chips successfully (Kirkpatrick, 1983). 

Although the T-method has successfully optimized duct 

network problems, it is unusual for one optimization method to work 

well for all problems. Also, the T-method has some limitations. For 

example, the T-method cannot solve problems with the velocity 

limit constraints and the static pressure limit constraints. This is 

one of the important reasons to look for alternatives to the T· 

method. 

The purpose of this study is to apply the modified simulated 

annealing method to the duct system optimization problem and 

compare its results to the T-method. It is therefore necessary to 

implement the T-method. 



Technical Background 

A literature survey was done in the areas of duct design 

technology and large scale optimization. 

Duct Design Methods 

3 

The equal friction method (McQuiston, 1988) is based on 

making the pressure loss per foot of duct length the same for the 

entire system. This method will produce a well balanced duct 

system if all runs of duct are the same. In most practical systems, 

this is not the case. The short runs will have to be damped to 

increase the resistance, which will result in a waste of en-ergy. 

~ The balanced capacity method (McQuiston, 1988) involves 

making the total pressure loss of each path the same under design 

flow rates. In general, this means that the longest path is sized 

first, and then the other paths are sized to have the correct pressure 

loss to match the total pressure at each junction. It is a natural law 

that all duct systems will balance themselves. The dampers may 

have to be installed to insure correct flow rates. The system will 

not be the optimal. 

In 1940 Carrier et al. (Tsal, 1988) recommended the static 

regain duct design method. They thought that this method would be 

better than the equal friction and the velocity reduction methods. 

The static regain method saves energy by converting "kinetic energy" 

into static pressure. The duct section nearest the fan is sized first 
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by using some additional criteria, and the remaining ducts are sized 

to have the same total pressure. McQuiston (1988) classified this 

method as a high velocity duct design method. This method is based 

on the Bernoulli-Borda equation below: 

~p = (~ _ ~) _ ( k(Vt-Vv2 ) 
c c c 

V 1 , V2 --- velocity of air in the duct (m/s). 

C --- fitting coefficient. 

k --- gradual/abrupt expansion loss ratio 

This method was critiqued by Tsal et al. (1988). Other 

disadvantages were discussed by McQuiston (1988). 

(1.1) 

The velocity reduction method (Tsal, 1986) can be represented 

below: 

Vj+l = u Vj , j = 1,2, ... ,n-1 (1.2) 

u --- Reduction factor. 

V Velocity of the air (m/s). 

j --- The number of duct section. 

The velocity reduction method is used primarily for variable 

air volume systems (V AV), which depends on the V AV boxes to 

balance the system pressure loss. It consisted practically of making 

s~EUtJ_at.tb~L_~uct closest t~ ___ the fc.tQ .. .has CiQI?eptable. velo.qity, and. 

then reducing the velocities of the downstream ducts so that the 
.,._.~.· ~ •. ~-~w-"·•~v -· 

------~ 
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velocities are reduced gradually. This method is some what 

heuristic and requires a sound background of duct design experience. 

Th~C:.Q!!_~-~~nt veloc~~- _mejb_~d (Tsal, 1986) ~a _ _!f?~C-~_Q_c:l_~~-~Q_t ___ .. -----....._________ -·,~---~ 

the velocity reduction m_~thod, .Y!.bere the r~qyg!io!:J __ ta.ctQr is 1.0 The 
~ ----·--·-------·-··--·- ····-· . . ···~ ----- .. __ 

velocitie~~'orlh~ whole system rem~in the same. The T-method;s 

starting point is based on this method. 

!-method 

The T-method is a special method for duct network optimal 

design. It uses the ideas of dynamic programming. Because of the 

complexity of the duct network and its constraints, most of the 

methods mentioned above are not capable of finding the global 

minimum of the duct network cost (Tsal, 1987). Dynamic 

programming has a better chance to find the global minimum. 

The first trial of using dynamic programming in duct system 

design optimization was by Tsal et al. in 1968 (Tsal, 1987). Arkin 

and Shitzer had also published their works about using dynamic 

programming design of the duct system (Arkin, 1979). Tsal et al. 

tried to optimize the velocity of the duct by dynamic programming 

(1986). They took the first partial derivatives of the objective 
.... __________ _ 

func~on, ~~~_:~-~~-~~~~~-~~~ life __ c:ycle cos.~-~f the dlJct ne_t.~ork, 
with respect to velocity for each section of the duct network (Tsal, 

1986, Equation 20) to form several equations. They calculated the 

optimum air velocity of each duct section by solving these partial 

derivative equations. 
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In 1989 when the T-method was introduced, the optimum 

pressure loss ratio is calculated by taking the partial derivatives of 

the objective function with respect to pressure losses (Tsal, 1989, 

Equation 1.24). The system is balanced when the fan pressure is 

distributed optimally by the ratios of T factors which are calculated 

by using the partial derivatives of the objective function. T factors 

are the fan pressure distribution factors introduced by Tsal. T 

factors are calculated by condensing the system into one node. After 

the fan is selected the fan pressure is distributed by expanding the 

system. If the system is not balanced, the iteration is needed. This 

method seems to find the global minimum of the life cycle cost of 

the duct network. More detailed discussions are made in the 

following chapter. 

Other Optimization methods 

There are several ways to optimize the duct network which 

have been tried before--the Coordinate Descent Method (Tsal, 1987), 

Lagrange Multipliers Method (Tsal, 1987), Reduced Gradient Method 

(Abadie, 1969), Quadratic Search Method (Leah, 1987), and Dynamic 

Programming (Bellman, 1957). These methods were well explained 

by Tsal and Adler (1987). 

Simulated Annealing Method. Kirkpatrick (1983) 

developed a stochastic optimization procedure which is analogous to 

the statistical thermodynamics of the annealing process of the 

heated metal with the optimization methods. First, the system is 
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heated up, then cooled down, and then the temperature is kept at the 

annealing point for a long time, so that the atoms will line 

themselves up to form a pure crystal. The pure crystal often 

contains less energy and has less defects. 

By simulating the thermodynamics problem, the introduced 

pseudo-temperature is the control parameter of the process. When 

the temperature is high, atoms move in all directions. When the 

iteration begins, the objective function is allowed to go uphill. The 

lower the temperature, the longer the iteration will last. Therefore, 

there is less chance for the system to go in an uphill direction. The 

possibility for the objective function to go uphill is controlled by 

the Metropolis Monte Carlo function. The new move is accepted or 

not with the possibility that its objective function is lower than 

before, or with the probability exp(-L\E/T) if the objective function 

is higher than before. Simulated annealing provides the possibility 

of finding the global minimum. 



CHAPTER II 

T-METHOD IMPLEMENTATION 

Introduction 

The T-method is a·n optimal fan pressure distribution method. 

The pressure ratio of two duct sections connected in series are 

calculated by taking the partial derivative of the objective function 

with respect to pressure losses. 

Objective function 

Tsal (1989) uses life cycle cost as· his objective function. 

where 
E = Ep * (PWEF) + Es 

E = life cycle cost of the duct system ($). 

Ep = annual electric en·ergy cost ($). 

~Es = Initial cost of the duct system ($). 

PWEF = present worth escalation factor. 

Electric energy cost: 

1< .. - n.. (Ec) y + ~ p 
.o..p - "dan fan 

- 1 OS 'Tlf'lle 

where 

Ofan = total air flow rate(m3/s). 
·---.. -----------

8 

(2.1) 

(2.2) 



Ec = unit energy cost ($/kWh). 

Y = system operation time (hr/year). 

Ed = energy demand cost ($/kWh). 

Ptan = Fan pressure (Pa.). 

11 f = fan total efficiency. 

11 e = motor total efficiency. 

Initial Cost: 

Es = Sd n D L (Round ducts) 

Es = 2 Sd (H+W) L (Rectangular ducts) 

where 

Sd = unit duct work cost ($fm2). 

Present Worth Escalation Factor: 

PWEF = [(l+AER)/(l+AIR)] a -1 
1- [(l+AIR)/(1+AER)] 

AER = annual escalation rate. 

AIR = average interest rate. 

a = amortization period. 

The objective function can be written in the form of 

coefficient K, which is the duct characteristic defined by Tsal 

(1989). 

The duct characteristic coefficient K can be calculated by 

9 

(2.3) 

(2.4) 

(2.5) 

K = n (~-t) 0 ·2 a0.4 L (2.6) 

n parameter is 

n=1 (Round) (2.7) 



where 

where 

n l+r 
(:Tt r)o.5 

Height 
r = Width 

1-1 ---- coefficient 

J.1= f L + C D (round) 

J.1 = (LL. + C) Dv (Rectangular) 
Dr 

L = length of the duct (m). 

C = fitting coefficient. 

f . = friction coefficient. 

a = air flow volume(m3/s). 

r = aspect ratio for rectangular duct. 

Of ---- equivalent-by-friction diameter (m). 

Dr= 2 H W 
H+W 

Dv ---- equivalent-by-velocity diameter (m) 

- Dv = 1 .128 ( H*W ) 112 

where 

H = height of the rectangular duct (m). 

W = width of the rectangular duct (m). 

From the above equation Tsal found the final objective 

function. (Tsal, 1989). 

10 

(2.8) 

(2.9) 

(2.1 0) 

(2.11) 

(2.12) 

(2.13) 



K ---- duct characteristic coefficient 

z1,z2---- Intermediate variable z1,z2: 

Zl = Qfan CEc) y (PWEF) 
105'Y)e 'Y)f 

p 0.2 
z2 = o.959 n <g) sd 

1 1 

(2.14) 

(2.15) 

T-method's objective function is reasonable, clear, easy to 

understand, and easy to take the partial derivatives. 

T Factor 

The T -method uses the ideas of the dynamic programming 

optimization method and other traditional optimization methods. Its 

optimization relies on the partial derivatives of the objective 

function. The T -method's objective function can be written as 

follows, if the duct system has two duct sections connected in 

series: 

E = E1 + E2 (2.16) 

E 1. E2 = the life cycle cost of each section. 

The relationship of pressure losses is 

~p = ~p1 + ~p2 (2.17) 

~P1.~P2 = pressure loss of each section (Pa.). 

In order to calculate the optimal fan pressure distribution 

factor, the partial derivative of the objective function is taken with 

respect to ~P1 and ~P2, and set equal to zero. 
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(2.18) 

where 

K 1, K2 --- intermediate variables (duct characteristic coefficient). 

From the partial derivative equations above, we can get the 

optimal pressure loss ratio of two sections connected in series. 

Take the reciprocal of each side and add 1 to each side of 

equation (2.19). 

-+1=- +1 ~p2 (K2)o.833 

~p 1 K1 

From equation (2.20) 

(2.19) 

(2.20) 

(2.21) 

T = T factor of T-Method, the optimal ratio of the 
pressure losses for two duct sections. 

The T factor is calculated by taken the partial derivatives of 

the objective function. It is the heart of the T-method, which is the 

optimal fan pressure distribution factor of the two sections or 
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equivalent sections connected in series. T factor is calculated by 

finding the K coefficients of every duct sections. 

Pressure loss is calculated by the Darcy-Weisbach equation for 

round and rectangular ducts. 

Round: 

A'L y2 p 
~P =~"';-+C)--

D 2g (2.22) 

Rectangular: 

~p = (f L + C) y2 P 
Dr 2 g (2.23) 

p = Air density (kg/m3). 

g = constant (1.0 kg-m/(N-s2). 

Using ~ coefficient: 

Round: ~p = 0.811 g-1~ p Ci o-5 2.24) 

Rectangular: ~P = o.su g- 1~ P cJ nv-5 (2.25) 

To express the diameter in terms of a pressure loss: 

Dv = 0. 959(J.t p )0.2 QJ·4 (g ~py0.2 (2.26) 

If two duct sections are connected in parallel, there is no 

pressure distribution problem, just is a balancing problem. T-method 

just set the pressure losses of these two sections equal. 

From previous equations, the equivalent-by-cost diameter 0 0 

can be calculated for rectangular duct section. 



Do = 2(H+W)ht 

So 
(Round n=l) 

The initial cost of duct E is 

E s = 1t * D * L * Sd 

= 0.959(J.t p)0.2 * QJ.4 * (g~Pf0·2 n L 

Then, the K coefficient can be calculated alternately: 

K = n llo.2 Qo.4 L 

14 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

K factor or coefficient of each duct section can be calculated 

by condensing the whole system into one node. 

Condensing 

Next is the process of condensing two duct sections connected 

in series into one node. 

K -(K 0.833 + K 0.833) 1.2 
1-2- 1 2 (2.31) 



0 
.... .... .... --~---0 .... 

.. 3 .._-------...~-~ 
~ 
~ .. .. .. 

t2:~ .. 

Figure 1. Condensing a tee. 

.. 
~ 
~ 
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~ .. '0 

Condensing a tee is shown in Figure 1 which contains one node, 

two children in parallel, and one parent in series: 

K =(K 0.833+ K 0.833)1.2 
1-3 1-2 3 (2.32) 

(2.33) 

From equation 2.33 

E = Z1 (Pfan ) + Z2 K (LlPf0·2 (2.34) 

The optimum fan pressure can be calculated by taking the 

derivative of Equation· 2.34 with respect to ~p, setting to zero, and 

solving for pressure loss. 

P 0 26 z2 0.833 Ap 
fan(opt) = . (;! K) + Ll max (2.35) 

LlP max ----- Maximum additional pressure loss (Pa.). 
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If fan and motor are preselected, the existing fan pressure is 

treated as optimum. 

Expansion 

This step distributes fan pressure through the system 

proportional to the T coefficients or T factors. 

Duct pressure loss 

Tee coefficient 

L\P-=(P.)T· 
I I I 

K. 0.833 
T=(-~) 

Ki- 1 

K i = Ks at duct section #i. 

So 
Ks = Ki 

(2.36) 

(2.3 7) 

We call K1_i of node #i Kt. Kt is the K for condensed node. 

K 0.833 
T = (.2.) 

Kt 

So we can calculate the pressure loss for each node. 

L\P = P * T 

(2.3 8) 

(2.39) 

P is the pressure at that node. By knowing L\P, we can find out 

the optimized duct diameter: 

D = 0. 959 ijl p f 2 QJ.4 (g dP)-0' 2 
(2.40) 



2(H + W) = D 
1t 

for rectangular duct 

1 7 

(2.41) 

After the D is calculated, the pressure loss of each duct is 

calculated, then the pressure loss of each path is calculated. If the 

maximum pressure loss of every path is greater than 4 percent 

different (Tsal, 1989) (or the other percentage) from the fan 

pressure, iteration is needed. Using the duct diameter D estimated 

by pr~vious function, the previous calculation can be done again and 

again until the pressure loss is balanced. 
r-------··--· --· --



CHAPTER Ill 

NUMERICAL STUDY OF DUCT DESIGN METHOD 

Introduction 

I 
.)\As discussed before, when air flow of each duct section is 

specified, the duct design involves two major problems. When two 

duct sections are ~e..cted in parallel,_ there is a pressure balancin 

problem. When two duct sections are connected in series (Figure 2), 
~--- --- -----------------....:.... 
there is a pressure distribution problem. Almost all the duct design 
---------~--~~---·~-----·· 
methods are concerned with these two problems. The way to 

calculate the pressure distribution ratios in each method is 

different and is not always obviously observed. The following 

paragraphs are going to discuss how the pressure distribution ratios 

are calculated by different duct design methods'.) / 

Two Sections Connected in Serjes 

Fan pressure can be distributed by introducing the fan pressure 

distribution factor (FPDF). If two ducts are connected in series 

(Figure 2), the pressure ratio of these two duct sections can be 

represented below 

1 8 
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or 

6Pt = FPDF* 
6P1 + 6P2 (3 .1) 

These two FPDFs are different in number but are the same in 

meaning. 

where 

.1P1 = pressure loss of first section (Pa.) . 

.1P2 = pressure loss of second section (Pa). 

2 1 
o----------~o~---------0 

Figure 2. Two duct sections connected in series. 

Total pressure loss: 

~wo Sections Connected in Parallel 

vfu there are only these two sections in the system, their 
\ 

.,"-"' 

pressure losses have to be the same (Figure 3). 

(3.2) 
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1 

2 

Figure 3. Two duct sections connected in parallel. 

(3.3) 

The concept of the imaginary section is based on the idea that 

one subtree of ducts can be viewed as one large imaginary duct 

section. 

The following sections will try to collapse the existing duct 

design methods, or duct optimization methods into one formula) / 

T-Method 

T-method is an optimization method which uses the T factor. T --
factor is the fan pressure distribution factor. The fan pressure c--------------------distribution factor (FPDF*) can have any'Val~e between zero and one, 

and the system will still be balanced. The T-method has its own way 

to calculate the fan pressure distribution factor, given by equation 

(2.21 ). In this section, it will be shown that the T-method for 

determining the T-factor can also be cast as a method which sets 

the fan pressure distribution factor equal to a ratio of initial costs. 



2 1 

(3 .4) 

Using the technique shown in equations (2.19) through (2.21) 

The mathematical analysis is shown below. 

The initial cost of one duct section is 

E s = 1t * D * L * Sd 

Substituting (3.6) into (3.5) yields 

~P 1 =~ 0.959 Qltp)0·2 ~0· 4 (g ~PtY0' 2 nt Lt 

~P2 Es2 0. 959 Ql2p P·2 02°·4 (g ~P2Y0' 2 n2 L2 

~P 1, ~P2 --- Optimal pressure drops of two duct 

sections connected in series. 

Equation (3.7) simplifies to 

~Pt ntQlr)0·2 Q?· 4 (~PrY0' 2 Lt 

~P2 n2Ql2)0·2 Q1.4 (~Pz)-0' 2 L2 

solving (3.8) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 
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from equation (2.30) 

K = nJ.L0.2 Q0.4 L (3.10) 

Substitute equation (3.1 0) into equation (3.9) 

L\Pl = (Kt )0.833 
L\Pz Kz (3.11) 

.Using the technique shown in equations (2.19) through (2.21) 

( 
K0.833 ) 

FPDF* =T= L\P1 = 1 = Est 
L\Pl + L\Pz K?·833 + K~·833 Esl + Esz (3.12) 

Therefore, we reach T-Method's result. Thus, the assertion 

that the T-factor can also be represented as a ratio of the initial 

costs is true. This ratio will control the fan pressure distribution to 

each duct section. 

Equal Friction Method 

This method is purely a duct design method without involving 

any optimization method. The FPDF of this method is equal to the 

ratio of lengths of two sections connected in series. 

This method is based on sizing each duct so that the pressure 

loss per unit total length is constant. 

L\P1 _ L\Pz _ 
L1 - Lz - (3 .13) 
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From the formula above, the fan pressure distribution factor 

of section one can be calculated as 

FPDF* = ilP1 = --.!:1_ 
n n 

L LlPj L Li 
i=l i=l (3.14) 

This means the equal friction method can be represented in the 

FPDF* factor. 

Balanced Capacity Method 

Balanced Capacity Method is similar to the equal friction 

method. The difference is that fan pressure distribution factors 

(FPDF*) are calculated by the longest equivalent length of the 

subtree. 

FPDF* = L 
Longest (pathl,path2, ... , pathj) (3.15) 

Velocity Reduction Method 

The velocity is reduced by the u factor. 

(3.16) 

Recall Darcy-Weisbach equation 

ilP = f Le y2 _£_ 
D 2g (3.17) 

Le --- Equivalent length (m). 



From equation 3.16 and 3.17, we get 

or 

ft *Let * 

<Dt) * { vv2t)2 
fz * Lez * 

(Dz) 

Equation 3.19 can be written this way 

This means that the velocity reduction method can be 

described by using the FPDF factor. 

Conclusion 
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(3.18) 

(3.19) 

(3 .20) 

Most of the duct design method can be represented in the 

calculation of fan pressure distribution factor. The different 

methods have different FPDF factors. Therefore, they have different 

results. 



CHAPTER IV 

NUMERICAL PROCEDURE AND ANALYSIS OF OPTIMAL 

PRESSURE DISTRIBUTION METHOD 

/CDuct system optimization methods should be capable of findin~ 
the minimum C:!J_!:l.e--S-Y_~~~~- c~s~ ___ bala~~~_th~--~~~em, selecting .. !~e r 
fan, and distributing the fal) __ pr:essur:e ..... to.---the system properly. . 

.:--~· __.) -- ---------------------- ·-The basic idea of optimal pressure distribution (OPD) method 

.>alance the duct network pressure losses of each path, 2) to 

select the optimal fan pressure, and 3) to distribute the fan 

pressure in the proportion of the optimal pressure distribution ratio. 

The optimal_pressure distri~~~_io'!,_ __ r~!~s are ch~b.y-tf:te-R:l.Gdified 

s~~;d-~~-=~-~~~~~~~~~J._ather tha~--~;j~~j·~ted by T-method.) / 

OPD Factor 

We borrowed the T -Method's ideas of optimizing the~ of 

the pressure losses of the duct sections instead of optimizing the ---------------- ------~-- '"'------·---- ... --.- .............. -'"'------~-----

velq_qiHe.s or the pressure losses directly. We call these ratios Fan 
-, ' ' •• ·-•-·w •·••--- • ·-·~-·--~----~----, .. ,,-~._-,-v•·-••"""~-~,..,---~--"·---, 

Pressure Distribution Ratios. Although the purpose of duct 

optimization is to find the optimal duct sizes, we cannot optimize ______ .................. "' ... ._ 

the duct sizes explicitly. The sizes of duct sections are dependent on 
------~----..... ..._____ ... ___ ~----,---~--···· 
each other because the pressure losses of each paths have to be 
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balanced. In order to provide simulated annealing method 

independent variables, the OPD factor is introduced. OPD factor is 

the ratio of pressure losses of two duct sections or one duct section 

and a duct subtree. 

Consider a two sections duct system where the fan pressure 

has already been selected. If two ducts are in parallel, there is a 

balancing problem. These two sections have to have the same 

pressure losses. There is no optimization problem if the fan 
1"""= " _ __,_ _______ ___________...._ .. ...--···--··-

pressure has already been chosen. If two ducts are in series, there is 
---------. 

no balancing problem, but there is a pressure distribution problem. 

The cost of the system is related to how the fan pressure is 

distributed. This is an optimization problem. 

In OPD method, the optimum pressure ratio is 

where 

__ AP_l.___ = OPDF 
AP2 + AP1 (4.1) 

AP 1, AP2 -- The pressure losses of first and second section in 

series (Pa.). 

OPDF -- Optimal Pressure Distribution Factor. 

The fan pressure can be calculated as 

Pfan = AP1 + AP2 

If there are only two duct sections or one duct and one subtree 

of ducts in the system. 
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Objective Function 

We borrowed T-method's objective function, for the purpose of 

comparison. The objective function includes the initial cost and the 

energy cost of the system. 

The objective function is 

E = Ep (PWEF) + Es 

Electric energy cost: 

p _ n. (Ec) Y + ~ p 
"1' - "llan fan 

l05 YJf lle 

Present Worth Escalation Factor (PWEF): 

PWEF = [(l+AER)/(l+AIR)] a -1 
1- [(l+AIR) I (l+AER)] 

AER = annual escalation rate (%). 

AIR = annual interest rate (%). 

a = amortization period (year). 

The initial cost (Es) can be calculated as 

Es = Sd :rt D L (Round) 

Es = 2 Sd (H+W) L (Rectangular) 

where 

D = duct diameter (m). 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 



H = duct height (m). 

W = duct width (m). 

rtf = fan efficiency (%). 

rte = fan motor efficiency (%). 

Pfan = fan pressure (Pa.). 

Cfan = fan flow rate (m3/s). 

The related economic factors can be estimated from the 

following sources (Tsal, 1989): 

Duct price per unit (Sd)---"Sheet Metal Estimating" 

Annual escalation rate (AER)---"Utility Costs Forecasting" 

Amortization period (a) --- Expected Life time of duct 

system. 

Energy demand cost (Ed) --- "Electric Power Annual" 

Energy unit cost (Ec) --- "Electric Power Annual" 
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The life cycle cost E is calculated one by one of each duct 

section. The total cost is calculated by adding all the Es together. 

The fitting cost, fan cost, heating and cooling coil cost are 

considerate as constant, and not included in the objective function. 

Fundamental Equations 

The basic equation is the Darcy-Weisbach Equation. The total 

pressure loss of the flow in closed duct can be calculated as 

follows: (Wright, 1945) 



where 

~p = f L y2 .£._ 
D 2g 

~p = head loss due to friction (Pa.). 

L = conduit length (m). 

D = conduit inside diameter (m). 

V = fluid velocity (m/s). 

g = acceleration due to gravity (1.0 kg-m/N-s2). 

p = air density (kgfm3) 

f = friction factor. 
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(4.7) 

Because the air velocity is relatively low, the air flow rate 

can be calculated as 

(4.8) 

Q = air flow rate (m3/s). 

A = area of the duct cross-section (m2). 

From equation 4.8, the following relationship can be found: 

V = Q/{H * W) 

( 4. 9a) 

(4.9b) 

For rectangular ducts, the duct width can be interpreted in 

terms of an equivalent-by-velocity diameter by equating Equations 

4.9a and 4.9b. 
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From 4.7 and 4.9, the equivalent-by-velocity diameter can be 

calculated 

where 

Dv = equivalent-by-velocity diameter (m}. 

Le = equivalent length (m}. 

L\P = pressure loss of this duct section (Pa}. 

3t = 3.1415926535898 

For the rectangular duct 

V = Q I (H * W} 

( 4.1 0) 

(4.11) 

From equation 4.9 and 4.11, we can get the equivalent velocity 

diameter Dv of the rectangular duct section: 

(4.12) 

and the equivalent-by-friction diameter for the rectangular duct is: 

Dr= 2 * (H * w) 
H+W 

We can also find the following relationship. 

w = :rt oz 
4H 

Reynold's number is 

Re = _D.._r *_V_ 
J.1 

( 4.13) 

( 4.14) 

(4.15) 



where 
JA. = viscosity. 

By using Altshul's equation (Tsal, 1989), we can calculate 

friction factor 
f = 0.11 (~f + ~) 

E = roughness of the duct material. 

3 1 

( 4.16) 

.............. _·"""'-r .... -.,."'-

Pressure balancing is a natural law of all duct systems. If the \ 
\ 

designers do not balance the system, the system will balance itself. jl "f! 
~' 

In which case the air flow of each duct will be different than the / 

designed flow rate. Some room probably has too much of a supply of 1 
l 

air, but some room does not have enough supply of air. _) 
,....,..-... -- ---.... ~ ... 

If the system (Figure 4) is balanced, three equations have to be 

satisfied (ASHRAE, 1989). 

5 3 

4 2 1 

Figure 4. Five duct sections system. 

~P1 = ~P2 

~P4 = ~P3 + ~P2 

or ~P4 = ~P3 + ~P1 
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Pfan = ~P5 + ~P3 + ~P1 

or Pfan = ~Ps + ~P3 + ~P2 

or Pfan = ~P4 + ~Ps 

The optimal sy~~~ rely~ th~~o balance 

the pressure. The ducts should be sized properly in order to have the 

appropriate pressure losses. 

The fan pressure is distributed as the ratios of optimal 

pressi:Jre distribution factor (OPDF), where the ~factor is 

selected by simulated annealing method. 

Present section 

~Pi = OPDFi ( Pcan - :2 ~p ) 
Root 

i = the duct section number of each path. 

~Pi= the pressure losses of each section. 

(4.17) 

The optimal pressure distribution factor is first calculated by 

Le· OPDFi = I 
Leaf of Subtree 

:2 l.e 
Present ( 4.18) 

Lei = equivalent length of number i section. 

:2 Le = the longest equivalent length of the tree. 

Because of the definitions above, all OPDFs are independent 

themselves. If you change one, the rest do not have to change, and 
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the system will still be balanced. So the simulated annealing method 

is able to change the OPD factor without unbalancing the system. 

The total equivalent length equals 

Le = L + D * C If 

Le = equivalent length (m). 

D = diameter of the duct (m). 

C = loss coefficient. 

f = friction factor. 

L = the original length of the duct (m). 

Optimization Procedure 

(4.19) 

OPD method's optimization procedure is much different than 

the T-method. It starts from choosing the OPDF factors of the duct 

system. The computer uses a random number generator to determine 

which OPDF factors should be changed, and which directions the 

OPDF should change. If the OPDF picked by com~ter cannot be ----------
changed (Terminal node, presized section or the other constraints) 
~- ------------- ---- -----or the direction of the change is wrong, another set of random 

numbers will be needed. After the OPDF is changed, new duct sizes 

are calculated, and a new life cycle cost of the duct system is .,.. ~ fi-----~ .. ~~ .......... ~ .. ~ -· "'" 

calculated. lf~~~~~is ,·~-~-~~r than the previous 

one, the change will be kept. If the new life cycle cost is higher than -
the previous one, the change is kept with the possibility of exp(-
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AE/T). T is the pseudo-temperature introduced by simulated ------------------···----------annealing method. T will become smaller and smaller until there are __ ._ .... _ .... ~ ........ __ .. 
no more changes being accepted. The final life cycle cost of the 

system is the result. 

Fan Pressure Optimization 

The fan ,:>ressure is not calculated by simulated annealing also. It is 
-~,......--~--------~---.----·· 

calculated by one dimensional minimization method called the ------------.. ______ ------ ---------
Gold~n Sear _ Method. The. relationship between fan pressure and the ----'-....... 

system life cycle cost is different than the duct sizes. So one 

dimensional optimization procedure is used to find out the optimal 

fan pressure. The golden search is used to find out the optimum fan 
r-·---------.. ----·--·-·-----------------

pressure. If the fan has already selected, the fan should work at the ------maximal efficient point, that pressure should be the optimum fan 

pressure. If the fan pressure is given by the user, it will not be 

changed during the optimization. 



CHAPTERV 

DUCT TREE DATA STRUCTURE 

The optimal fan pressure distribution _!D.ethod was calculated 
~---.. -------~-

in C computer language. C gives more feasibility to design those very 

complex and very large systems. The tree structure programmed in C 

makes the programming much more logical than the spread sheet. 

Tree presentation 

The tree like duct system can be presented in tree data 

structure. The physical connection between two duct sections can be 

represented in logical connection between two data structures. So a 

tree structure of duct network can be exactly duplicated in the 

machine memory. This will benefit the simulation of duct system. 

Data Structure of "DUCT TREE" 

The data structure of one duct section is represented as below. 

typedef struct duct_section { 
double V,L,Q,DPz,Dz,C,Df,Dv,D; 
double f,DP,DPmax; 
double Pup,Pdn,DPt,DPr,DPp; 
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double Le,OPDF; 
double H,W; 

int ch1 ,ch2,presized; 
} duct_ section; 

It contains most of the important information of this duct 

section for further calculation or output. 
/ .... ,... ......... 

/ Also there is a shell or connecter for this duct section data 
--" 

structure) 

typedef struct node { 

i~---~ 
~section *Dj; 
strucrmrae•prew; 
struct node *ch1; 
struct node *ch2; 

} node; 

It contains a pointer to the duct section, a duct number, a 

pointer to the previous duct section, and two pointers to the child 

sections. 

Traversal of Duct Tree 

Theoretically, traverse of the tree can be done in two ways: 

depth first traverse and breadth first traverse. Bread!h.-Jjrst ,_____ 
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traverse searches the node in a certain depth --- a certain number 
~---------~--" 

of layers. This has nothing tojdo with the physical duct system. So __..........__ 

we use the other way, { depth--tTrSttravers.e':t It depends on if the 
~----' 

children are processed first, or parents are processed first. The 
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depth first traversal of duct tree can be classified in preorder, 

inorder, and postorder. Preorder traversal of the tree precesses the 
,-----..._____ 

parent node first, and then goes to the children node. Postorder is · 

the reverse.of the preorder. The parent node is processed last, the 

child nodes are processed first. The inorder traversal of the data 

structure tree processes the nodes from left to right (or from right 

to left). If the calculation starts from fan to terminals, the preorder 

traversal of the duct tree is the best choice. If the calculation 

starts from terminal to fan, the postorder traversal of the duct tree 

is needed. 

Recursion, which uses the hardware stack, is faster· than the 

iteration method, and the source code is shorter also. Therefore we 

used the recursive function to traverse the duct tree. 

------------------··- -----··-
Preorder Traversal 

The fan pressure should be distributed from the duct section 

closest to the fan to the terminal or from root to leaf. ~ 

~~ tre~-L~-~d:_~: . ., A preorder traversal example 

shown below is a function called recursive which calculates the 

pressure loss of each duct section. 

dstri_pres(H, Pfan) 
node *H; 
double Pfan; 
{ 

double Dv5,f,Q,Le,dP; 



} 

if(H == NULL) 
return; 

if(H->0->presized != TRUE) 
H->0->DP = Pfan * H->0->0PDF; 

f = H->0->f; 
Le = H->0->Le; 
Q = H->D->0; 
dP = H->0->DP - H->0->DPz; 

if(dP <= 0.0) 
dP = 0.01; 

DvS = 16./(PI * PI) * f * Le 
* DENSITY * (Q * Q)/(2. * GC * dP); 

if(H->D->presized == FALSE) 
H->0->0v = pow(Ov5,0.2); 

dstri_pres(H->ch1,(Pfan - H->0->0P)); 

dstri_pres(H->ch2,(Pfan - H->0->0P)); 

Postorder Traversal 
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The biggest pressure loss of each path of the duct network ·------- -------.. - ... ~--~-.... ~-------... -""'~ 

postorder traversal of the duct tree network is used. This function 

is a recursive function and returns a value of biggest pressure loss 

of the whole duct network. 



----------- -

double calc_DP(H,DP ,biggest) 

node *H; 

double DP ,biggest; 

{ 

} 

if(H == NULL) 
return(max(biggest,DP)); 

biggest = calc_DP(H->ch1 ,H->D->DP + DP,biggest); 

biggest = calc_DP(H->ch2,H->D->DP + DP,biggest); 

if((H->ch1 == NULL)&&(H->ch2 == NULL)) 

biggest = max(biggest, DP); 

return(biggest); 
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CHAPTER VI 

RESULTS, DISCUSSIONS AND CONCLUSIONS 

The mathematical model developed in this work was 

programmed using C language. The computer program worked under 

both DOS and UNIX system, on both iBM 386 and RISC System 6000. 

This program is capable of minimizing the life cycle cost of both 

rectangular and round duct systems. Another program was developed 

to implement the T-method for comparison. 

Both of these two programs can solve the supply-return 

system problems. Both programs have solved the example problem in 

the ASHRAE Handbook of Fundamental 1989 and Tsal's Five duct 

sections example problem. The computer output can be found in the 

Appendix. 

Results of Simulated Annealing 

From Figure 5 to Figure 8, the plots show how the simulated 

annealing method worked to minimize the life cycle cost of the 

ASHRAE example problem. The modified simulated annealing method 

started from the results of balanced capacity method. The air 
,/,......~_ ~ ... .. "' ,_ . ., .. ~.-------, ... ·-" _____ _.._.-~'-···, .. -.. ... ._._ .. ,,,_,,,...,.,..-_,--.:-. .... _,..._·~ 

velocities shown on the figures are the air velocities of the longest 

paths of the system. 
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Figure 5. ASHRAE Example {V=7.5 m/s) 
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In ASHRAE example, because the fan is preselected both the 

life cycle cost of the duct system and the jotal d~t surface ~s can 

be the objective function. They have a constant relation. 
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Figure 6. ASHRAE Example (V = 7.5 m/s) 

A different starting point was used to test if the lowest life 

cycle cost of the duct system has any relationship with the starting 

point. 
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Figure 7. ASHRAE Example (V = 4.5 m/s) 
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Figure 8. ASHRAE Example (V =,4.5 m/s) 



We found that the lowest cost has nothing to do with the 

starting point. The objective function started from different 

starting points and terminated at the same result. 
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We observed the significant changes of the total duct surface 

areas, of the ASHRAE example (Figure 5 and Figure 7). And also we 

found that the objective function and the total duct surface areas 

has a very close relationship. Because the fan pressure is 

preselected, the duct surface areas are actually the objective 

function. 
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Figure 9. ASHRAE Example Final Calculation (V = 7.5 m/s) 
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Figure 10. ASH RAE Example Final Calculation {V=4.5m/s} 

Figure 9 and Figure 10 are the detailed analyses of the 

annealing procedures. We can see that the objective function 

oscillated violently even at the final stage of the calculation. 

Perspectively, the objective f~ __ rnoved towards the global _ __ ... --.. --......-~----
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minimum. It started at $8692 and ended at $7528. The duct surface 
----------,·-,--·-~··-··-"'""' ...... .--·-

area reduced from 211 square meters to 180.12 square meters. The 

surface area is 14.8o/o smaller than the ASHRAE handbook example 

(211 square meters}. 
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Figure 11. Duct Surface Area of Different Design Method. 

Figure 11 shows the comparison of the OPD method, the T

method and the ASHRAE example. Because the fan pressures used by ---- ' 

different methods are the sam~,_Jhe duct surface areas can 
-----------------·----,--·~_.,-·"'·_...~ .... "_'··-. ...... _~--.-~ .. ~--·"'"'~"-

represent the cost of the system, which is the objective function. 

"Aft Rd" and "Bf Ad" stand for "After rounding" and "Before Rounding". 

We noticed the size rounding does not make too much difference of 

the total duct surface area. 
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C Balanced Cap • 

• OPDMethod 

Figure 12. Pressure Changes of the Duct Sections. 

Figure 12 shows the changes' of pressure loss of each duct j 
section. The OPD method is compared with th equal capacity metho.d-1 

which is the starting point of the OPD method. The nega 1ve pressure 

losses refer to the return duct sections. The preselected duct 

sections' pressure losses are kept the same during the calculation. 

Results of Golden Search Method 

The golden search method was used to find out the optimum 

fan pressure. It solved an example problem given by Tsal (1989). The 

result is presented in Figure 13 and Figure 14. The life cycle cost 



went down quickly and stopped at the bottom of the objective 

function while the fan pressure changed. 
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Figure 13. Life Cycle Cost vs. Fan Pressure 

Five Sections Ductwork. 
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Figure 13 shows when the fan pressure increases the objective 

function goes down hill. But from a detailed look of the iteration, we 

will find that the objective function will goes uphill if we continue -----------to increase the fan pressure (Figure 14). 
----- ~-------~--"··---"·--~·-------,- ~·~-· .~~··-
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Figure 14. Details of Cost vs. Fan Pressure 

Five Section Ductwork. 
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The computer program stopped at the lowest point of the 

pressure-cost curve. In this Five Duct Sections problem, if we 

continue to increase fan pressure, the life cycle cost of the duct 

system will increase rapidly. 

Comparison of Pressure Losses 

Without __ ct1.~ngJng .. _thEtJ.C!D pressure, how is the duct material 
r-----·· 
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saved? The answer is the ~_r.e~~pti.mally. 

The pressure saved by the shorter duct sections which have the 
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relatively high fitting resistance is used to shrink the longer duct 

sections' diameters. We can find the significant duct diameter 

changes are made by the computer programs in Figure 15. 
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Figure 15. Duct Diameters of Different Methods 

ASHRAE Example 

The ASHRAE example problem was solved by T-method and the 

OPD method. We got little different results from Tsal's (1989) 

because we used different computer methods than Tsal. There is a 

round off error. There is a small difference between the T-method's 

results and OPD method's results. But they got the similar total duct 

surface areas (Figure 12). From Figure 15 we can see that the 
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biggest pressure changes· happened in the return duct sections. Most 

of the return duct sections have long lengths but less fitting 

frictions in ASHRAE example. An increase in the velocities of these 

duct sections can decrease the cross-sections of the ducts; 

therefore, the surface areas of the duct system will decrease. 

However, the increase of the pressure loss of the return system will 

decrease the velocity of the supply system, because the fan is fixed. 

We can see from Figure 15 that most of the duct pressure losses are 

reduced. Also we can find that not all of the duct pressure losses 

decreased. Sections 13 and 14 have relatively low fitting frictions 

compared to their lengths; therefore their pressure losses increase 

to reduce the surface area. Sections 18 and 19 have large fitting 

resistance but relatively short lengths; therefore the pressure 

losses at these two sections decline to save the energy for the other 

duct sections. 

Comparison to T-Method 

Both the T-Method and the OPD method can find the global 

minimum of the objective function. Their results validated each 

other. The T -Method has less iterations but relies on the partial 
------ . ----· ------

derivatives of the objective function, and hence requires an 
~----·- . -- ---
objective function with analytically differentiable partiaJ ------·- -- ---derivatives. The OPD method has more calculations but is more --flexible to add constraints to without changing the mathematics 

model too much. Besides the constraints the T-Method can solve, the 

OPD method can solve the additional constraints, like air velocity 
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limit, and static pressure limit or the other critical constraints. The 

~~squired to add~the -~onstr~~rn,§ .. J.Q. ... ~~~.....§Q~~a-Fe·""· ---... __...-"""---..._. ... ''-• " .. _ .... ,~· .... ""' 

,small.:.-lt is more flexible to meet the future challenge of the new 

constraints brought by new control technology and the~ 
Another improvement which the OPD method made is that the OPD 

method's objective function can be life cycle cost, or something 

else. Many kinds of economic analysis models can be used as the 

objective function. This gives the OPD method great advantage over 

T-method in b_u.s.i~ss application. 
~ -·-.--.__ __ _ 

Different Starting Point 

We have tried to work on the same problem from different 

starting points. The results (Figure 5 and Figure 7) show that the 

simulated annealing method is able to reach the same answer (global 

minimum) from two different starting points. 

Conclusions 

Based on this study, the following conclusions have been 

developed: 

(1) Both the OPD method and the T-method find essentially the 

same minimum of the objective function. The closeness of the 

minimum points strongly suggests that both methods have found the 

global minimum. 

(2) As described by Tsal, the T -method has not been shown II 
it seems unlikely that such constraints 

able to incorporate constraints such as air velocity limits or static 

pressure limits. Further more, 
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can be incorporated without fundamentally changing the method. 

The addition of a penalty function would add multiple singularities to 

the objective function, rendering the analytical partial derivatives 

indeterminate. On the other hand, the OPD method can easily 

incorporate such constraints. 

(3) The OPD method's objective function is not limited to life 

cycle cost. It can be modified without changing the method itself. For 

example, the objective function could be the first cost of the system, 

including the fan. 

(4) Most of the existing duct design methods can be cast as 

methods for determining the fan pressure distribution ratios of the 

ducts. This might be useful for future studies. 

(5) The OPD method is a good alternative to the T -method. 
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moe- • 231.011 & • 732.001114 &•:MM.AIOa 
"' ... 4GI.111 El • 3141.143 u. 3n4.111 A • 70.301111 

·························································· ......... -- I .................................................................... - I 2 3 4 I 
y 11.481 10.771 10.711 11.187 8.211 
L 14 12 • II 11.11 
Q 0.7 0.22 0.12 0.5 1.42 

01'1 21 37.1 0 0 37.1 
Ill 0 0 0.33 0 0 
c 0.1 0.11 0.11 0.11 1.1 
or 0.147 0.111 o.u 0.22 0.441 
ow 0.171 0.111 o.u 0.12 0.437 
I 0.021 0.021 0.02 0.021 0.011 

DP' 117.301 201.111 41.11 231.142 111.171 

"" 0.17 0.311 0,223 0.102 1.044 
Ka 12.241 1.441 0 10.113 21.111 
ICI 12.141 1.441 17.114 10.113 51.111 
T I I 0 I 0.417 
~ 21 37.1 14.41 0 121.11 

!'I.e 110.011 1110.011 231.111 231.111 402.121 - 0 0 110.011 0 231.888 
DP'I 1110.011 180.011 41.11 211.111 111.121 
Dl'r 111.011 152.111 41.11 231.111 121.421 
dol 0 0 I 0 I 
eM 0 0 2 0 4 
DP'II 313.411 411.037 201.111 317.117 151.171 

DPu 8.414 ·11.112 0 1.107 0 
D 0 0.111 0.13 0.22 0.437 
H 0.254 0 0 0 0 
w 0.24 0 0 0 0 

OPe:anu • 13.112 Eo. 731.352711 & • 2-.131:114 
Pt ... 4012.121 El• 3121 ... E:t. 3111.311 A • 11.104270 ............................................................................ 

llan .... 2 ................................................................... - 1 2 3 4 I 
y 11.571 10.251 10.711 13.117 8.414 
L 14 II I " 18.11 
Q 0.7 0.2 0.1 0.1 1.42 

01'1 21 37.1 0 0 37.1 
Ill 0 0 0.33 0 0 
c 0.1 0.11 0.11 0.11 1.1 
or 0.241 0.111 0.33 0.22 0.437 
ow 0.277 0.111 0.33 0.22 0.437 
I 0.022 0.024 0.02 0.022 0.011 

DP' 111.111 180.514 41.11 231.111 111.01 

"" 0.111 0.401 0.223 0.102 1.037 
Ka 12.144 5.454 0 10.113 22.11 
ICI 12.244 1.414 17.117 10.113 51.714 
T I I 0 1 0.457 
~ 21 37.1 14.41 0 121.11 

!'I.e 110.037 110.037 217.017 237.017 402.101 - 0 0 180.037 0 237.017 
DP'I 110.037 180.037 41.11 237.017 115.711 
01'1' 111.037 152.537 41.11 217.017 121.211 
dol 0 0 1 0 3 
eM 0 0 2 0 4 
DP'II 401.121 402.174 211.01 401.121 111.03 

DP'IIa 0.117 0.235 0 0.11 0 
D 0 0.111 0.33 0.22 0.437 
H 0.254 0 0 0 0 
w 0.231 0 0 0 0 

OP-• O.U7 ED • 733.141021 Es • 2314.111117 
1'1111• 401.101 El • 3127.723 E2 • 3112.151 A • 11.531100 
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~·································································. - 1 2 , 4 i 

v 11.111 10.141 10.7H 13.1H 1.414 
L 14 12 • .. 11.11 
0 0.7 0.11 0.11 0.1 1.41 

IJ'I n 37.1 0 0 U.l 
Ill 0 0 o.n 0 0 
c 0. 0.11 0.11 0.11 1.1 
Ill 0.141 0.111 o.u 0.11 0.437 
ow 0.177 0.111 o.u 0.1 0.437 
1 0.011 0.014 0.01 0.011 0.011 

IP 1 . 7 111.HJ 41.11 231. 11 ,Iii .... O.HI 0.401 0.111 0.101 1.031 
ICa 12.14 1.414 0 10.111 n.ll7 
IQ 11.144 5.414 17.117 10.HI 11.714 
T 1 1 1 0.4t7 

c.- 21 37.1 14.41 0 111.11 
1'18 110.017 110.0~7 237.017 n7.ol7 401.101 - 0 0 180.017 0 237.017 
Oft 110.017 110.0S7 41.11 Zl7.017 111.711 
Dl'r 111.017 111.117 41.11 117.017 111.111 
dll 0 0 1 0 I 
eM 0 0 I 0 4 
Ira 401.111 401.174 111.01 401.111 111.01 

!PM 0.117 0.131 0 0.11 0 
0 0.171 0.11 0.111 0.411 

H 0.114 0 0 0 0 
w 0.114 0 0 0 0 

DP-• 0.117 e. • 73:1.141021 E1 • 2:1114.111117 ...... --- El • 3127.723 EZ • 3117.731 ". t7.111471 ............................................................................. 
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