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CHAPTER 1
INTRODUCTION

The scattering of light began to interest men long ago. Science has since
demystified several natural phenomena like the blue color of the sky, the colors
of the sunset, rainbow, glory, corona and halo to be due to scattering by air
molecules, water droplets, aerosols and ice crystals. All previous phenomena can
be generalized to scattering by colloids. The area of colloidal science has grown to
a large field since its foundation which is usually connected with Brown (pollen in
water, 1829, [1,2]) and Tyndall (scattering by aerosols, [3,4]) , to name but a few
of the large list of contributors to its advancement. Today light scattering from
colloids is used in chemistry, physics, bioéhemistry, medicine and engineering to
study materials, in particular solutions of macromolecules [5]. The most interest
has been put on the investigation of particles with radii between 1 nm and 1
pm; the lower limit being due to the constraint that the scattering objects have
to be significantly larger than the solvent molecules, the upper limit ensuring
the dominance of the particles’ Brownian motion over gravitational or convection
effects [6]. To investigate the scattering from a collection of different particle
sizes and shapes one first has to understand what contributions come from the
different members of the scattering sample. The easiest system contains only exact
spheres of one size. Ideally this can never be realized. However synthetic colloids
were first made in the 1940’s, and now the variations in the properties of the
individual members of a scattering ensemble are small. To determine the quality
of a particular sample, its scattering has to be compared to the expected result of

a perfect model system. In this work several synthetic colloidal spheres, made by



well-established methods, were characterized by light scattering. Measurements
of the average mean intensity were compared to modified RDG form factors [7].
The observed dependence of the diffusion constant obtained by a cumulant fit
to the intensity autocorrelation function suggested that a different particle size
distribution model — other than the most commonly used Schulz distribution [8]

— might explain the deviations.
Previous Work in the Field

The work of this thesis has many similarities to the work done by Pusey
and van Megen on the detection of small polydispersities [9]. They investigated the
effects of polydispersity on Schulz distributions of spheres. A predecessor to their
paper was a theoretical study of dynamic light scattering on polydisperse systems
by Aragén and Pecora [10], who showed applicability to spherical, ellipsoidal, and
Gaussian coil particles. Numerical results for polydisperse rods and Gaussian coils
were reported by Tagami and Pecora [11] where a Schulz distribution of molecular
weights was used in the calculations. The possibility to model polydispersity with a
Schulz distribution was confirmed by Kotlarchyk, Stephens, and Huang [12]. They
found that it was an appropriate choice for a particle distribution. It explained
the small-angle neutron scattering results of a model water-in-oil three-component
microemulsion, but they noticed a consistent shoulder of their data on the large
side of the Schulz distribution. Mazer, Benedek, and Carey —contrary to the
previous references— could not support the Schulz distribution: rod like micelles
of Sodium Dodecyl Sulfate in aqueous sodium chloride solutions showed no angular
dependance of the mean diffusion coefficient obtained from dyna,mi.c light scattering
in spite of a large polydispersity[13]. They analyzed their data using the method of
cumulants [14]. Van Megen, Ottewill, Owens, and Pusey report angle dependence
of the free particle diffusion constant for PMMA particles [15]. They also look at
concentrated samples where structure factors and hydrodynamic interactiéns enter
the stage. Several publications discuss the effect of concentration on the effective

diffusion constant; a wide array of different samples is covered: polystyrene in



water [16,17], polystyrene in cyclohexane [18], PMMA [19], silica [20-22], theory
only [23,24]). Brehm and Bloomfield observed a decrease in the apparent size
with increasing scattering angles, they investigated a bimodal mix of small and
very small latex particles [25]. Since Schmidt, Burchard, and Ford use larger
polytstyrene they can report a minimum in the apparent size as a function of the
wave vector [26].

This thesis reports extrema in the apparent size versus scattering angle as
well, only here maxima instead of minima occur, and not only the first maximum

is considered.



CHAPTER II
THEORY

In this chapter the scattering of light by independent spherical particles
will be described. Although it is possible to write down the exact solution of the
scattering of a plane electromagnetic wave by an isotropic, homogeneous sphere of
arbitrary size, this path is not taken. The references provide a detailed explana-
tion of the steps involved. The results of those calculations will be used instead.
However it is helpful to define some quantities and expressions before the results
appear.

If a wave with incident wave vector k; gets scattered into a new direction,
the scattered wave is described by the scattered wave vector k;. The magnitude
of the wave vectors is given by
k= [Fy , 1)

_2m
s )\;

where n is the index of refraction of the medium and /\; is the wavelength in vacuo
of the light before and after the scattering. The momentum of an incident photon
is hE,— and the momentum of the scattered photon is then hEs. The difference of

these vectors is the momentum transfer
hg=h(ki — k) . (2)

In elastic scattering no energy is absorbed; the wavelength before and after the

scattering does not change. Under that assumption:
kil = [ks| =2 (3)

where the index on the & is dropped for easier reading. Applying this equation to
the relation for ¢ = || produces
4rn 0

q = 4k* sin(g) = Tsin(—i) . (4)



The scattering angle 6 is formed by the incident and the scattered wave vectors.

An incident plane electromagnetic wave is described by [27,28]
E;=E, expi(l—é; T —wt) , (5)

where w is the circular frequency of the incident radiation and Ej is the amplitude
of the electric field. If this field induces a dipole in an object placed at the origin

with the refractive index n;; the scattered field will obey the following expression:

DU * J N
E, x E()Em2 5 &P i(ks - R —wit) . (6)

Here m is the ratio of the refractive indices of the scattering object and the sur-

- rounding medium, —33”1; . For this to be valid, E, has to be perpendicular to the

scattering plane defined by the two vectors k; and k,, and the field has to be mea-
sured at a large distance R from the origin, the location of the scattering object.
Since the scattered intensity is proportional to |Ej|?, it can be written as [7,29]

|Eo|2k4 m2 -1

Ik, R) o =0 (o )? 7

The intensity increases with k* which explains the blue color of the sky: Shorter
wavelengths (blue) are scattered more strongly in the atmosphere of the earth than
longer wavelengths (red). For sunsets the effect is reversed: The light arrives after
more blue light has been scattered out of the incident direction than red light. Thus
at dusk and dawn the sky ‘in the vicinity’ of the sun looks red [30,31]. Multiple
scattering, colloidal particles in the atmosphere, and nonspherical molecules make
the explanation of the colors of the sky more complicated. The decrease of the
scattered intensity with R? is instructive: The area of a sphere surrounding the
dipole scatterer increases with the square of its radius. Equation 7 was found
by Rayleigh. In the above description no time dependence influenced the results.
For that reason the study of the scattered intensity is also called “Static Light

Scattering”.



The fluctuations of the scattered intensity with time are examined in Dy-

namic Light Scattering. Here one measures the intensity correlation function de-

fined by [32] '

_<I(F,k,t)-I(F,k,t+T)> (8)
< I(7, k,t) >< I(F, k,t) >

where 7 is called delay time and the average <> denotes the ensemble average.

927k, 7) :

For the auto correlation function — the convolution of the intensity with itself —

this gives:
) tqur N—(r/67)
<It)I[(t+7)>= lim / I)I(t+1)dt = Z I(t)I(ti+7) , (9)
tqur—o° tqur Jo im1

where tg,, is the duration of the measurement to determine the time average.
The sum ZN_(T/ 57) is the experimental realization of this average. The spacing

=1

between the measurements is
ot = t,’+1 b t,’ . (10)

The intensity is measured at N equally spaced time intervals , each value is multi-
plied by the measured value at the time ¢; + 7 = t;,(,/s-) and this is added up over
the duration of the experiment N - 7. Another way of describing the randomness
of the scattered signal is the field autocorrelation function defined by [33]

_ < E(Fk,t)- E*F kit +7)>
< E(7,k,1) >?

g\(F k,7) : (11)

where E* is the complex conjugate of the electric field E . For Gaussian light the
intensity correlation function (Equation 8) and the field correlation function are
not independent:

g (7 k,7) = L +9lg' (7 k) (12)

This equation is also called Siegert relation after its discoverer [34]. The coefficient
~ is a constant related to the signal to noise ratio of the particular setup of the
experiment [33,35].

A dipole at the origin scatters light that can be described by Equation 6.
The expression is slightly modified if that dipole is placed at the location 7 with



]7_"]<<ﬁ:
- S k*Pm?-1
ESO(EO-Em2+2

where the exponential k, - B from Equation 6 is here k; - IR -7 | which can be

exp (tkR) expi(q -7 — wt) , (13)

expanded to yield the result. Inserting Equation 13 into Equation 11 yields

g () =< expi(q- (F(t+ 1) — 7(t))) > . (14)

This average can also be calculated with an integral

(g, 7) = / exp (i - 6r)P(6r, 1) d°6r | (15)
a.

1l space

where P(&?‘, 7) denotes the normalized probability of finding a particle displaced
by the vector ér after the time T has elapsed. This probability function has to

satisfy a diffusion equation:

g;p(a?,r) = DV*P(ér,71) , (16)

where D is the diffusion constant of the particle. Transforming this equation from

real space into Fourier space is equivalent to replacing \Y by iq :

8 ~ - _ 21/ =
a—TP(q,T) = —Dq¢*P(q,7) . (17)

The function P(§,) is the Fourier transform of P(F,7) :
P(§,7) = / - P(F,1)exp (i7- ) &°F . (18)
all space

Equation 17 is easily solved since the derivative of the unknown function is pro-

portional to itself:

P(g,7) = exp(~Dg’r) . (19)

If the variable ér in Equation 15 is renamed 7, Equation 18 is obtained. This
implies that

§(3,7) = P@,7) = exp (-Der) | (20)

which is the field autocorrelation function for a particle diffusing with the diffusion

constant D.



Scattering from Spheres

In the Rayleigh-Debye-Gans approximation, the scattering particles are
assumed to consist of individual non-interfering dipoles. This approximation is
valid if the difference between the refractive index of the medium and of the scat-
tering object is significantly smaller than the ratio of the wavelength to the size a
of the scattering object:

(Mobj — Nmed) K 2 . (21)

This can equivalently be expressed as [7]
oka(m—1) <1 . (22)

With this assumption, the evaluation of the field scattered by a particle becomes a

volume integral over the fields scattered by each individual dipole in the particle.

Static Light Scattering

The field scattered by a dipole was (Equation 13) :

S 2 kPm?P-1 ) e
E, « Eoﬁmz T exp (tkR) expi(q- T

—wt) .

Under Rayleigh-Gans-Debye assumptions, the total field scattered by a sphere of

radius a becomes:

4 a
Eita = / E, &7 = / / E,r%dr dQ
volume of sphere o Jo

2 —
x / / L m” 1exp(sz)expz(q 7 — wt) r? dr dQ

 k2m? -1
0Rm2+2

/_ 11 /0 " exp (i3 - 7) r dr d(cos a) . (23)

1 a
exp (1kR) exp (—iwt)27r/ / exp (¢¢ - 7) r? dr d(cos «)
-1Jo

The angle «a is formed by the vectors § and 7, the integration variable (2 is the

solid angle. The integral in Equation 23 can be performed:

/_1 /Oa exp (i¢- ¥) r? dr d(cos o) = %(sin (ga) — qa cos(qa)) . (24)



The scattered intensity is proportional to the square of this expression|[7]:

T(q) = Tog(sin () = qacos (ga))* (25)

Iy is the proportionality constant describing the amplitude of the intensity. This

equation is more often written as

I(g) = Ioa®P(qa) , (26)
where
Plga) = 7=2s(sin (ga) = ga cos (ga) (21)

is called the form factor of a sphere. This form factor is normalized, the intercept
of this function is P(ga =0) = 1 . P varies over several orders of magnitude
and shows minima and maxima depending on the ga-range available. The first
minimum occurs at ga = 4.49. (The positions of the minima are determined by
the transcendental equation tan(ga) = ga.) This minimum can not be observed
by light scattering from small particles (radius < 200 nm). For very small particles
the form factor can be approximated to P(qa) ~ 1 — 3(ga)? =1- +(gRg)?. The
last equality is valid for spheres with a radius of gyration Rg [36]. This expression
is widely used to determine molecular weights of macromolecules by plotting the

scattered intensity versus ¢® [37,38].

Dynamic Light Scattering

In Dynamic Light Scattering, the correlation function of the scattered
light is measured. For the field correlation function, the general result was given
in Equation 20 :

9'(q,7) = exp(=Dg’7) ,
where D is the diffusion constant of the particles examined. For a perfect sphere

of radius a, this diffusion constant was found by Einstein [39]:

b ksT

= 2
6rma (28)
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where kp is the Boltzmann constant, 7' is the absolute temperature, and 7 is
the viscosity of the medium through which the sphere is diffusing. The diffusion
constant is the ratio of the thermal driving force kgT and 67na is related to the

viscous drag. With the expression for D, the field correlation function becomes

kpT ér) . (29)

1.\ _
g(@7) = exp (=0

This result is only valid for samples with particles that are uniform in size. It
is the solution for monodisperse spheres. In the next section, the more realistic

assumption of a collection of different sphere sizes is described.
A Collection of Different Spheres

The distribution of particle radii can be described by a probability function
G(a) . The function G(a) says how many spheres of radius a can be found in the

sample. It is convenient to normalize this function by demanding that

/ Gla)da=1 . (30)
0
Then all values of this function will be smaller than or equal to 1 :

Va G(a) <1 .

Under these conditions G(a) gives the fraction of particles with radius a.

Static Light Scattering

Each sphere of the collection of spheres scatters light according to Equa-

tion 27 :
9
P(qa) = ——(sin (ga) — gqa cos (qa))? .
(ga) (qa)e( (ga) (ga))
To get the scattering from the whole ensemble, the scattering from each member

has to be added up [9]:

Ig)=1I /O°° a®P(qa)G(a) da , (31)

where Equation 26 has been used. This procedure is almost the same for the

dynamic scattering.
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Dynamic Light Scattering

According to Equation 28 each sphere has the diffusion constant:

_ ksT

D(a) - 67na )

The measured correlation function contains decays of the whole ensemble. The ef-
fective diffusion constant of the collection of spheres will be the intensity weighted
average diffusion constant, because dynamic light scattering detects intensity fluc-
tuations and different sizes contribute with different (Equation 26) strengths. Thus

the effective diffusion constant is [9]:

% D(a)Ioa® P(ga)G(a) da

D, = , 32
50 - (52)
and the field correlation function is then:

9'(,7) = exp (—Deg(q)g’r) . (33)

In the following chapter, a special particle distribution is investigated. For
the case of that size distribution, the integrals in Equation 31 and in Equation 32

can be evaluated analytically.



CHAPTER III
POLYDISPERSE SAMPLES

The previous chapter described the interactions of monodisperse spheres.
Each sphere in a sample is assumed to have exactly the same radius. However this
situation can not be found in nature. Particles always have a certain spread in
sizes. The width of the particle distribution might be very small, yet it is impossible
to find or produce particles with a delta function as the particle size distribution.
Several distributions have been used to model polydisperse samples. It has been
reported that the detailed shape of the distribution does not influence the results
significantly [40]. For that reason the Schulz or generalized exponential distribution
is chosen frequently. This function is mathematically easier to handle. Integrals
containing this function can be evaluated analytically by repeated integration by

parts.
The Schulz Distribution

The generalized exponential or Schulz distribution is [8]:

_‘f Z+1)Z+1

Gzla) = (=3

exp(—-%(Z+ 1)) , (34)

where Z is a parameter related to the polydispersity and @ is the first order or
number averaged radius of this distribution (sometimes also called first moment).

The function Gz(a) is normalized:

/0‘00 Gz(a)da=1 . (35)

The n-th moment [9] is given by

a® = /00 Gz(a)a™da . (36)
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The polydispersity o is the relative standard deviation of the distribution [9]:

1
Z+1

o=

o= ) (37)

A small Z thus refers to a large polydispersity. For very large Z, the functional
form of Gz(a) asymptotically approaches a Gaussian. Gz(a) shows asymmetry
towards larger sizes for small values of Z, i. e. the function is not symmetric about
its maximum. There are more particles with larger radii (‘left of the maximum’)
than particles with smaller radii (‘right of the maximum’).

The form factor given in Equation 27 can be rewritten as

P(qa) = %?a_)s(l + (ga)? — 2qasin (2ga) — cos (2qa) + (ga)? cos (2qa))  (38)

by using trigonometric identities. With this form factor, integrals of the following

kind will appear in calculations for the scattering from an ensemble of different

particle sizes [9]:

L= [ 6@y da (39)
C,= /000 G(a)(qa)™ cos (2ga) da , ' (40)

Sp = / G(a)(ga)"sin (2qa)da . (41)
0
For a Schulz distribution, these integrals can be solved analytically. The derivation

of the integrals is given in Appendix A. The results are [9]:

(Z +n)!

qa
n = " 3 2
L=z (42
C’nzfn(l-i-(zzial )2)-EH cos{(Z+n+1)arctan(Z2iI}_a1)} , (43)
_ 2qa 5. _ziny1 2qa
Sn—In(1+(Z+1)) 2 sln{(Z+n+1)arctan(Z+1)} . (44)

The static and dynamic scattering results can now be expressed in terms of these

integrals I,,, Cy,, and S,, .
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Static Scattering

Equation 31 described the static scattering for a general collection of

spheres:
I(q) = IO/ a®P(qa)G(a)da .
: 0

Since the particle distribution is given by Equation 34, the intensity becomes:

I(q) = Iy /:0 a®P(qa)Gz(a)da . (45)

It is convenient to normalize the intensity by dividing this expression by the ¢ — 0
limit
1(0) = lir% Io/ a®P(qa)Gz(a) da = Iya® | (46)
g 0

where Equation 36 and the relation
lim P(ga) =1
g—0

were used. Thus the normalized intensity is

% - % /0 " 9 P(ga)G(a) da . ‘ (47)

The relation of Equation 38 can be inserted and reduces the integral to a sum of

integrals which can be evaluated [9]:

I 9
}% = o1+ 0o =28~ Cot o), (48)
where according to Equations 42 - 44 :
2qa on— Z41 2qa
= _— 4
Co (1+(Z+1)) 2 cos{(Z+1)a,rctan(Z+1)} , (49)
_ = 298 15242 2qa
Sl—qa(1+(Z+1)) 2 s1n{(Z+2)a,rctan(Z+1)} , (50)
= 2qa o, _z32 . 2qa
Sl—qa(1+(Z+1)) 2 sln{(Z+2)arctan(Z+1)} , (51)
222
— 02,2 — qga (Z+2) )

O, = ng(l + (Z2L+El)2)—zgﬁ cos {(Z + 3) arctan ( 2qa )} . (53)
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Dynamic Scattering

Equation 32 described the dynamic scattering for a general distribution of

spheres:

Dgty) - SR Flae)Gla)de

Now the Schulz distribution (Equation 34) can be inserted:

Dos(q) = fo D(a)IoaIfq()qa)Gz(a)da . (54)

The size resulting from the measurement of this diffusion constant is inversely

proportional to D.g(q) . It is again convenient to calculate a normalized expression.
The normalized apparent size is given by the ratio D.5(0)/D.g(g). D.s(0) is the
g — 0 limit of D.g(q):

. J° D(a)Ioa®P(qa)Gz(a)da  kgT a5
D = lim =2 ==
(0) (1,1.5% I(q) 67n a6

; (55)

where Equations 28 and 46 have been applied to find the limit. Inserting Equa-

tion 38 into Equation 54, the normalized apparent size becomes [9]:

Deﬁ(O) as 14+C;—-25—-Co+ I,

== : 56
Deg(q) qaSla+15L—25—-C_1+C (56)
where according to Equations 42 - 44 :
Z+1
Iy= 57
! qaZ ’ (57)
L=gqa, (58)
_ 2qa 5\ _z41 2qa

So—(1+(Z+1)) 2 s1n{(Z+1)arcta,n(Z+1)} , (59)

_Z+1 29@_ 15,2 2qa
=27 (1+(Z+1)) cos{Zarctan(Z+1) , (60)

o 2qa ., ~z32 2qa
Cl—qa(1+(Z+1) ) cos{(Z+2)arctan(Z+1)} , (61)

and C; , 251, Co, and I, are given by Equations 49 — 53. For the following modified
Schulz distributions, the calculations are very similar. Instead of one generalized

exponential distribution, the sum of two such distributions will be considered.
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Modified Schulz Distribution

The previous section contains results produced by a distribution of particle

sizes according to (Equation 34):

This equation describes a collection of spheres with the ‘prevalent’ size around
@. What happens if there are two peaks in the size distribution? This case is
equivalent to a sum of two different Schulz distributions with different sets of

parameters:
Gmoi(a) = B1Gz,,r, (@) + B2Gz,,r,(a) (62)
where the two normalized contributors are

a% Zi+1 7.1 a . |
= ‘Zi—!( o ) eXP(—ﬁ(Zz+l)) ,1=1,2 (63)

GZi,Ri(a)

and the two parameters 5, and B, are not independent because normalization of

the function Gmoeq(a) results in the constraint

/oo Gmoa(a)da =P+ =1 , | (64)

where the normalization of Gz, gr;(a) was used to evaluate the integral. The n-th
moment of the two distributions Gz, r,(a) and Ggz, r,(a) will be denoted R} and
R? respectively:

R—g:/ Gz.ri(a)a"da ,i=1,2 . (65)
0

Static Scattering

The wave vector dependence of the intensity (see Equation 31) is with the

distribution of Equation 62:

After finding the ¢ — 0 limit

I(0) = lim I /000 a®P(qa)Gmoi(a)da = Io(B1RE + B, RE) , (66)

q—0
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the normalized intensity can be written as:

I(q) _
10)
9 { 1+ Cao(%1, Ry) = 281(Z1, Ra) = Co(Z1, o) + 1o(%1, Ry)
— 1M
2¢° ﬂl +52
4 g, L ColZs, F) = 251(Zs, Ra) = ColZa Ba) + Iz(Zz,Rz)} .
B RS +ﬂ2

where Equations 38 , 62 and 66 have been applied. Here the integrals are calculated
using Equations 42 — 44 with the appropriate corrections, i. e. replacing Z and @

with Zy/, and R;/; respectively. They are for i = 1,2 :

o 2qR; ., _zin 2¢R;
Co(Zi,R:) = (1 +(Zi+1) ) cos {(Z +1)arctan(Z +1)} , (68)
R)=dR. 2qE2—3‘;“—2- . 2¢R:

Si1(Z:, Ri) = qRi(1 + (Zqul) )25 sin {(z,- +2) arctan (2q+’1)} ., (70)

— _ ('R (Zi+2)

. R: 2,2 ) 71
Bz, k) = ¢ = LD (m)
and
_ Qq& _Zi43 2qRi
. R = g2g2 2\-—— .
C2(Zi, R;) = ¢"a?(1 +(Z,-+ 1) )"z cos{(Z, +3) arctan(Zi_*_ 1)} . (72)

These equations are of course very similar to Equations 49 — 53. The average R$ /2
can be calculated with Equation 42:

Is(Zy, Ry) _ Rl —6(Z1 +6)(Z1 +5)(Z1 + 4)(Z1 + 3)(Z1 + 2)

Ri=— (Z 7 1)° ’

(73)

and equivalently

Is(Z2, R2) _ RS —-6(Z2 +6)(Z2 + 5)(Z2 +4)(Z2 +3)(Z2 + 2)
¢ (Z2+ 1) '

=

With these expressions the result of Equation 67 can be rewritten as :

1(q) _
1(0)
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N ©

{ 1 + Ii(l + Cz(Zl, Rl) - 251(Z1, Rl) - Co(Zl, R]) + Iz(Zl, Rl))

+(1 + Co(Za, Ra) — 251(Za, R2) — Co(Za, Ra) + In(Za, R2)) }
- {K(qE)G(Zl +6)(Z1 4+ 5)(Z1 + 4)(Z1 + 3)(Z1 + 2)

(Z1 +1)°

—6(Z2+6)(Zy +5)(Z2 + 4)(Z2 + 3)(Z2 + 2) }
AR : 74
+(q 2) (Z2 + 1)5 ( )

where the condition 8; + B2 = 1 and the definition
B

= — 75
"= B (7)

are used. Equation 74 was used to obtain fits to the static scattering data. The
parameters Z/; ,Ry/2, £, and the amplitude I(0) were varied until the expected

I(q) agreed well with the measured intensities.

Dynamic Scattering

The effective diffusion coefficient was defined in Equation 32. Here the
particles are described by Equation 62. This yields the diffusion coeflicient to be:
Js° D(a)Ioa®P(qa)Gmoi(a) da

Deﬂ (Q) = I(q)

The ¢ — 0 limit of this expression is:

fooo D(a)IoaeP(qa)Gmod(a) da _ kgT ,311_%54- ﬂzﬁg_
I(q) 6mn RS + BoRS

The normalized apparent size is D.g(0)/D.s(q), or more explicitly after using

D.s(0) = lim (76)
9—0

Equations 38 , 62 and 76 and performing the integrations:
Deg(0) _
D.g(q)

/311_'2? + ﬂzﬁg
ﬂlqR_‘f' + 52‘1@
+ Ba(1+ Cal %o, Ra) — 251( %2, B) = ColZa, Ba) + (2, Ba)) |

{ B0+ Ca(21, Ra) = 281(21, Ba) = ColZa, Ba) + 1o, Ba)

=+ { B1(1-1(Z1, R1) + Ii(Z1, R1) — 250(Z1, R1) — C-1(Z1, R1) + C1(Z1, Ry))
+ B1(1-1(Z2, Rz) + I1(Z3, Ry) — 250(Z, R2)
—C1(Z0, Ba) + Ci(Za, Ra)) | (77)
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where according to Equations 42 — 44 (with the appropriate corrections, i. e. re-

placing Z and @ with Z;, and R/, respectively):

Z; +1
1.1(Zi, Ry) = P (78)
11(Zi,R') =qR; , (79)
So(Zi, R:) = (1 + (;qfl) )~ “ sin {(Z + 1) arctan (;qfil)} , (80)

Zi +1 2qR;
C-1(Z;, R; 1
(2 R) = 200+ (2 :
2qR; 2\-Zit2 R;
Zi+1)) cos{(Z,+2)arctan(ZZ+l)} ,  (82)

and : = 1,2. Equations 78 — 82 are of course very similar to Equations 57 — 61.

))-%‘cos{z,-arctan(z f’—)} . (81)
q

C1(Zi, Ri) = qRi(1 + (

The other integrals not explicitly mentioned here are given as Equations 68 — 72.

Equation 77 can be rewritten in the following form:

D.g(0) _
Degla)
R5 Z1+6 FZ2 +2

R
241 R, =L L27re
(KR3+)/(qu =7, B 2Z2|1)

x { 1+ & + &(Ca(Z1, By) — 281(Z1, B1) — Co(Z1, Ry) + Lo(Z1, Ry))

+(Ca(Za, Ry) — 251(Za, Ra) — Co(Za, Ra) + Io(Z2, R2)) }
+{ W(I1(Z1, Ba) + B(Za, By) = 250(Z1, Ba) = Ca(Z, Ba) + Crl(Z, Ra))
+(I-1(Za, Ra) + L(Za, By) — 250(Za, Ra)
~Co1(Z0, Ba) + Co(Z0, Ba) } (83)

where « is defined in Equation 75 and the relation

R I(Z,R) _ qR:
_5515—_15(Z,-,R) Z+1(Z+6)

has been used. The ratio R:/RS can be calculated in terms of the first moments :

R I(Z,R) _ Ri (Zy +5)(Zy +4)(Z1 + 3)(Z1 +2) (Z, + 1)*
B L(Z,R) B (Z2+5)(Z:+4)(Z2+3)(Z2 +2) (Z1 + 1)*

(84)
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With this relation Equation 83 was used for fitting to the dynamic scattering data.
The parameters Zy/; ,Ry/2, K, and an amplitude were varied until the expected

(normalized) apparent size agreed well with the measured values for the (unnor-

malized) apparent size.



CHAPTER IV
EXPERIMENTS

General Procedure

The objective of this study was the examination of single scattering sam-
ples. To ensure that each scattered photon hits only one scattering particle, the
concentrations have to be very low. Only minute amounts of particles are necessary
to satisfy this condition. Since all particles used came in lots with volume fractions
on the order of 10 %, those suspensions had to be diluted with the appropriate
solvent. The volume fractions of the final scattering samples were between about
0.01 % for the PMMA and 0.001 % for the polystyrene particles. It is somewhat
difficult to measure very small volume fractions exactly due to the small amounts
of particles involved. The samples were prepared in cylindriéal quartz cuvettes of
outer diameter 10 mm and height 700 mm. The cuvette was almost filled with
solvent, a drop of the concentrated stock was added with a pipette, and the mix-
ture was shaken severely to get a uniform concentration within the whole cell.
A large part of this mixture was then taken out and discarded. The remaining
suspension in the cell was diluted again by adding clean solvent. This procedure
of tumbling the mixture, taking out part of it and refilling the cuvette with sol-
vent was repeated several times. The desired volume fraction was assumed to be
reached when the sample viewed against a bright source of white light seemed
almost clear except showing a very dim blue shimmer. If the sample was too
concentrated, multiple scattering would contribute to the measurements. If, on
the other hand, the concentration was too low, no useful measurements would be
possible (especially at high scattering angles) because of the weak signal strength.
A teflon stopper protected the cuvette’s contents from evaporation and contami-

nation by dust. An extra seal of teflon tape and parafilm in the case of PMMA
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Figure 1. Experimental Setup

particles slowed evaporation. For the samples with water as the solvent, merely
parafilm was sufficient. After preparation of a sample and repeated tumbling and
shaking of the glass cell, the cuvette was placed into the teflon samp-le holder of
the scattering apparatus. To reduce reflections at the glas-air interface the whole
cell was partially submerged in an index matching bath of toluene. The sample
was left in this bath for 30 minutes to allow the temperature to equilibrate within
the toluene/water system. This was done to limit the effects of convection currents
influencing the light scattering measurements. The scattering setup is pictured in
Figure 1. A Spectra-Physics Argon ion laser (model 2020) provided the source of
light at the green 514.5 nm line. The output of this laser can be regulated between
200 mW and 5 W. However the highest intensities used corresponded to a power
output of 1.5 Watts. Since all samples scattered quite strongly into the forward
direction the intensity had to be adjusted with a Newport M925B linear attenua-
tor at small scattering angles. The laser light is reflected off two mirrors, directed
through the attenuator and focussed into the center of the scattering cuvette. The

waist of the beam is about 300 ym wide. A photomultiplier tube is mounted on
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a computer controlled goniometer arm in such a way that it is focussing onto the
center of the cuvette also. A pinhole with a diameter of 200 ym blocks stray light
from entering the phototube. The dead time of that phototube is smaller than 1
nsec thus causing no interference with the measurements (the time scale of which
is on the order of microseconds). The output from this tube is sent to a digital
multiple tau correlator board that calculates the correlation function of the scat-
tered light in realtime. The equipment described is part of the light scattering
package “ALV-5000”" purchased from ALV-Laser Company, Germany. The corre-
lator uses the 286 processor of its host computer, an IBM AT personal computer
which made storage, data analysis and user input possible. The software package
accompanying the “ALV-5000" contains a program generator that allows for runs
under automated program control. This feature was used with the samples. Start-
ing at small angles (16 degrees in the case of the PMMA particles) and going to
higher scattering angles (up to 140 degrees) the correlation function was measured
in half a degree (one degree) steps for the PMMA (for all other samples). Because
the form factor (= the angular intensity profile) of the examined particles was not
at all constant the whole sweep, from small to large angles could not be done in
one run. Several times the run had to be interrupted to adjust the intensity of the
laser in such a way that the count rate obtained from the photomultiplier was be-
tween 50 KHz and 250 KHz. This adjustment always corresponded to an increase
in laser intensity either by decreasing the attenuation or by increasing the power
of the laser itself. The duration of each measurement of the correlation function
was 1000 seconds — ensuring sufficient statistical accuracy by taking data over
a period of 10® decay times of the correlation function. Thus some of these runs
extended over several days, and it was necessary to interrupt a run to redisperse
the particles, making sure that settling out of the measurement volume would not
interfere with the experimental success. This was only necessary for the PMMA
in organic solvents, since those settled during the experiment due to their size, the
ratio of particle/solvent density, and the extremely long duration of a complete

run. The other particles settled more slowly and no redispersing was needed. The
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correlation function from each scattering angle was stored on disc together with
the average intensity of the run at the particular angle. (The feasability of simul-
taneous static and dynamic light scattering data was reported by Bantle, Schmidt,
and Burchard [41].) The software of the “ALV-5000" supports an immediate cu-
mulant analysis of the correlation function after the measurement. This utility
was used and the result accompanied by the scattered intensity written into an
ASCII log file. These log files provide a fairly detailed description of the whole run
and are very efficiently used for further data analysis. A DOS batch file extracted
the necessary information out of these files and transformed them into spreadsheet
readable format. Most of the data analysis was performed after importing those
stripped files into the Borland spreadsheet program Quattro Pro. The following

sections describe the individual compositions of the samples used.

PMMA in Organic Solvents

The stock bottle of polymethylmethacrylate (PMMA) contained spheres
of radius 495 nm with a standard deviation of less than 5 % . These particles
are sterically stabilized with a layer of poly-12-hydroxystearic acid (about 10 nm
layerthickness) to prevent aggregation caused by Van-der-Waals attraction [42)].
The initial stock was in the solvent dodecane (Ci2Hgg). It was ‘washed’ with de-
calin (Decahydronaphtalene, C1oHis). The solvent exchange procedure consisted
of tumbling the bottle with solvent, centrifuging, decanting the supernatent, ex-
changing with the new solvent and redispersing again. This procedure was repeated
six times. An estimate of the contamination with the original solvent dodecane is
((3)/(3))" = (3)" = 0.003 % ; one third being the fraction of solvent in the cen-
trifuged sediment and % being the new total volume after adding the new solvent.
The cleaned stock provided the particles for the preparation of three PMMA sam-
ples. Since the concentration after the washing was about 30 %, a small amount
of stock was needed. One drop of this stock was pipetted into a sample cell con-
taining pure decalin. This was repeated with a sample cell containg pure tetralin

(1,2,3,4-Tetrahydronaphtalene, C1oHj2) and another cell containing a mixture of
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decalin and tetralin. This mixture had an index of refraction of 1.51, thus closely
matching the refractive index of the particles. The volume fractions of decalin and
tetralin required for this index match have been determined in an earlier study on
crystallization of PMMA reported by Paulin and Ackerson [43]. A fourth sample
of these PMMA spheres was obtained using carbon disulfide (CS;) as the solvent.
As mentioned in the General Procedure section of this chapter, the run over all
angles started immediately after preparing the sample and a short temperature
equilibration wait. The angle increments were 0.5 degrees. Because of the size
of the scattering objects, the intensity dropped over 4 orders of magnitude over
the range of angles examined. This fact required the division into 5 subruns with
readjusting the count rate in between those subruns. The samples ‘PMMA in De-
calin’ and ‘PMMA in Tetralin’ were measured between 16 and 140 degrees. The
samples ‘PMMA in Decalin/Tetralin Mix’ and ‘PMMA in Carbon Disulfide’ were
measured from 16 to 120 degrees in the 0.5-degree-steps.

PMMA in Water

A totally different sample of PMMA spheres was also used. This sample
was obtained from DOW Chemicals. These PMMA were quoted to have a radius of
325 nm. They had a different unknown coating which was hydrophilic and allowed
dispersion in water. Again a drop from the stock bottle was the foundation of the
sample prepared in a cuvette with clean water as the solvent. This sample was

measured from 40 degrees to 75 degrees in 1 degree steps.
TPMs-silca in Ethanol

The particles consist of a core of Silica that is coated with 3-(trimeth-
oxysilyl)propyl methacrylate (TPM). The TPM-chains function as a steric stabi-
lizer like the poly-12-hydroxystearic acid chains on the PMMA particles. TPM-
silica can be index matched with a mixture of toluene (C¢HsCH3) and ethanol

(CH3CH,OH). In this study the particles were examined using pure ethanol as
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the solvent. However a small contamination took place because the stock bottle
contained some toluene. These particles were developed only recently as a model
system for studies of colloidal properties. They are spherical and have a nominal
radius of 250 nm. This sample was measured from 40 degrees to 90 degrees in 1

degree steps.
PST in Water

Particles made out of polystyrene (PST) are well established in light scat-
tering. They are easily commercially available and widely used. The linear PST
molecules are crosslinked in such a way that many hydrophilic groups at the ends
of the chains reside on the surface of the particle [6]. In a polar solvent, those
surface groups ionize and cause the particle to be negatively charged. The sta-
bilization is thus called charge stabilization — the particles are protected against
aggregation by their like charge. The samples used contained spheres with radii
of 250 nm, 300 nm and 500 nm. The particles were dispersed in clean water. The
standard deviation of the radii is less than 5 % . For the sample labelled “PST
500" the éorrelation function and the scattered intensity were measured from 20
degress to 75 degrees in 1 degree steps. The sample labelled “PST 600” contained
recently prepared polystyrene spheres with a standard deviation less than 3 % .
This sample was measured from 30 to 90 degrees in 1 degree steps. An additional
sample containing these “PST 600” particles was intentionally contaminated with
a known number of PST spheres of radius 500 nm which had a standard deviation
less than 5 %. For this sample labelled “PST 600/1000”, data were taken between
30 degrees and 120 degrees in 1 degree steps.

Tests and Additional Experiments

Several tests and experiments preceded those reported in the previous sec-
tions of this chapter. This series of experiments started with taking dynamic and

static scattering data on PMMA samples in the solvents decalin, tetralin and a
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mixture of the two. Those were similar to the runs described in the section ‘PMMA
in Organic Solvents’ of this chapter. The angular resolution was not as fine (5 de-
gree steps instead of half degree steps) and the duration of each run was 3 minutes.
Since the data appeared to show some “inconsistencies”— namely the apparent
size seemed to be larger at the minima of the form factor and the positions of
those minima of the PMMA in tetralin sample did not fit Rayleigh-Debye-Gans
theory — a new set of samples was prepared. The particles used for this group
came from a different batch of PMMA. Those particles were supposed to have
about the same radius, but were produced separately from the first batch. Again
three samples of PMMA (decalin, tetralin, decalin/tetralin mix) were prepared.
But even with these samples, the dynamic scattering was not constant over all
angles (which would be expected for a perfect sample). The intensity showed the
same disposition of the minima for the tetralin case. The form factor minima of
PMMA in decalin and PMMA in tetralin were again at almost the same angles.
This implied that the PMMA particles in tetralin were smaller than the PMMA
in decalin (because nietralin > Ndecatin)- This seemed to be in contradiction to the
trend observed with the dynamic light scattering: the particles in tetralin had (on
average) a larger radius than the ones in decalin. Since a third batch of PMMA
particles was available, three more samples were prepared. But the static light
scattering of these still exhibited the strange behavior for the tetralin case. The
results pointed towards tetralin penetrating into the particles. Fitting the intensity
data to a core/shell model instead of the RDG uniform sphere model produced a
somewhat better result. Under this assumption, the particle has a core surrounded
by a shell with a different index of refraction. This model made the explanation
of the smaller static radius possible by assuming that the tetralin penetrated the
outer regions of the PMMA. If this shell has a refractive index very close to tetralin,
the contrast between the shell and the solvent can be smaller than the contrast be-
tween the core and the shell. Thus the higher contrast scattering is dominant and
makes an effectively smaller size obtained from the static data possible. However

the dynamic data could still not be explained: at the maxima of the form factor
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the dynamic scattering was consistent, but at the minima the radius from the fit
to the correlation function was always ‘wrong’, i. e. too big.

Dust was then suspected to cause the trouble: at those form factor minima
angles, almost no intensity comes from the particles and ‘anything else that scat-
ters’ can enter into the measurement. The static scattering of the pure solvents (as
they were used to prepare the samples) was compared to the scattering of destilled
toluene (CgHsCHs) which is often used as a standard. The absolute intensities of
the four solvents were different but showed the same functional dependence on the
scattering angle (sin (8)-law, the scattered intensity is proportional to the scatter-
ing volume which in turn is proportional to the sine of the scattering angle). Thus
there was no dust in the solvents. To investigate if the stock particles were con-
taminated by dust or large aggregates, a PMMA in decalin sample was shaken up,
measured on the same day and measured again two days later. But the dynamic
scattering continued to show the upswing in the apparent size when the scattering
intensity was close to a minimum. Evidently there were no large aggregates to
settle out. However a sample of polystyrene in water that was run later gave a
good example of results in the presence of contamination of the solvent and/or
the particles. The apparent size from the correlation function measurements had
several big jumps in it, and these jumps occured even at angles where the form
factor was close to a maximum where enough scattering from the main particles
is expected. After filtering that sample, these jumps disappeared.

In another set of experiments, the effects of concentration were examined.
Samples more concentrated than the previous ones (approximately by a factor of 5)
were prepared and measured. The scattering of these samples was still single scat-
tering, but they definitely scattered more intensely. Nevertheless the dynamic data
were still not good at the form factor minima. These samples were also watched
over a period of several weeks. If tetralin was penetrating the outer regions of the
PMMA, then this should appear in the static scattering as a change over time.
The core radius decreased slightly but not significantly. Another observation was

the irregular pattern of the static scattering of the PMMA in the decalin/tetralin
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mixture. The form factor of these samples changed somewhat randomly within
certain limits. But the static scattering from all samples near index match could
never be explained in a satisfactory way.

The form factor minima were never as deep as predicted by both RDG
and the core/shell theory. This might be due to background scattering caused by
irregularities in the wall of the scattering cell. But a measurement of a PMMA in
decalin sample in a quartz cell and in a glass cell did not support this hypothesis.
The static scattering with the quartz cell was the same as the static scattering
with the glass cell. (The minima in the glass cell were slightly deeper but not at
all enough to lie on the theory curve.)

Was multiple scattering causing the problem? Multiple scattering is
present if light gets scattered by two or more particles before entering the optical
detection system. This causes the correlation function to decay faster due to the
Brownian motion of two or more particles involved now. It takes less time for the
combination of particles to move one wavelength than it takes for just one particle.
This is equivalent to a faster decay of the correlation function and thus a smaller
size — as opposed to the larger size observed at certain angles. Multipie scattering
also changes the polarization of the incident radiation. Examining samples illumi-
nated by the polarized laser showed clearly that there was almost no intensity in
the crossed position, that is if the detected polarization was perpendicular to the
polarization of the light emitted by the laser. There was a small fraction (é 0.5%)
of the total intensity scattered into the crossed polarization, but this seemed to be
due to the depolarized solvent scattering and not due to scattering by the PMMA
particles. To support the examination by eye, one sample, PMMA in decalin,
was measured two times with a polarizer in front of the optical detection system.
The run with the polarizer in the same orientation as the incident electric field
vector showed the usual behavior for both the static and the dynamic scattering.
The run with the orientation of the polarizer perpendicular to the incident po-
larization was harder to measure. The correlation functions measured with this

setup were too noisy because of the low count rates of the photomultiplier tube.
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There were simply not enough photons arriving at the detector to produce good
correlation functions. The intensity was very low. For the lowest angles measured,
the static scattering showed the same behavior as the static scattering from the
parallel-polarizer-run but then ‘drowned’ into the background of the solvent. This
observation was unexpected. It can have several causes: The polarizer used for
these two runs was a cheap polaroid plastic polarizer. (The 0.5% are pretty im-
pressive for the linear polymer plates.) Thus it is not perfect and some radiation
with the ‘wrong’ polarization might pass through. Another possibility is a tilt in
the polarization either of the laser or of the molecules in the polarizer. The tilt
angle corresponding to an error of 0.5% is less than half a degree.

If the particles where ellipsoidal, a strange behavior in the apparent size
could be expected. A major to minor axis ratio of 1.5 would possibly explain the
big contributions at the low intensity angles. There are however three arguments
against this approach: 1. PMMA do not show any nonsphericity under a micro-
scope. 2. Ellipsoidal particles have a different form factor, the scattered intensity
can not be described by the form factor of a sphere (which seems to work well for
PMMA in decalin). 3. Considerably more depolarization, than obsefved, should
occur.

In addition to the repeated measurements on different samples, some con-
stants used in the calculation of the apparent size were checked. The indices of
refraction of decalin, tetralin and the mixture proved to be 1.48, 1.54 and 1.51 as
given-in the literature and found in earlier experiments. It is interesting to note at
this point that Pusey and van Megen report an index of refration of 1.49 for the
PMMA particles whereas here 1.51 is used. Their value for the refractive index
was obtained by index matching a sample of PMMA in a mixture of decalin and
carbon disulfide. The viscosity of tetralin was also remeasured but found to be the
same as the one used in calculating the apparent sizes.

In the attempt to fit the dynamic scattering data, several trial models were
tried but rejected. The first try was a monodisperse distribution of particles which

produces just a constant line for the apparent size. It should not matter at which



31

angle the size of the scattering particles is measured by correlation spectroscopy if
the particles are uniform.

The Schulz distribution was the next try. Allowing some particles to have a
radius smaller or larger than the average changes the apparent size. It does however
not fit the data obtained. A main problem is to get considerable contributions from
slower decays or larger particles into the correlation function. This can not be done
with a core/shell model since the ‘viscous-drag-size’ does not change with solvent
penetrating into the outer layer of the particles (particularly not by a factor of 1.5).
A model assuming a few larger particles added to a monodisperse distribution of
small (right size) particles could not explain the scattering data very well either.
Could the particles stick together and give slower diffusion contributions ? They
could, but the form factor corresponding to doublets of spheres is very similar to
the form factor of (single) spheres. (A multiplicative function changes only the
amplitudes maintaining the minima.) Thus when the scattering of these doublets
is needed most, that is at the minima of the (single) sphere form factor, it is small
and can not explain the favoring of bigger sizes in the dynamic scattering.

The final model that seems to explain the scattering results best is a com-
bination of two Schulz distributions. This model is used in the following chapter

to fit the scattering data from all samples described in the previous sections.



CHAPTER V
RESULTS AND DISCUSSION
Results

The results of the measurements described in chapter VI are presented
here. The figures show the experimental data and the best fit to those. All fits in
the figures are obtained using Equation 74 for the intensity data and Equation 83
for the dynamic light scattering results. Thus the ‘theoretical’ lines in the plots
imply a particle size distribution that can be described by two Schulz distributions
(see Equation 62). The parameters of this double Schulz distribution are £ (Equa-
tion 75), the two average radii R/, and the two corresponding polydispersity
indicators Z;/,. The values of the parameters chosen for the best fit are given in
the figure captions of the corresponding display of the experimental results. The

best fit was obtained “by eye” and involved a series of different trial parameters.

PMMA in Decalin

The form factor of the PMMA spheres in decalin is shown in Figure 2.
The fit with Equation 74 matches well in the center part of the angular range.
However the agreement at small and large angles is not as good. This might be
due to dust or aggregates at small scattering angles and due to internal reflections
in the scattering apparatus/cell at large angles [41]. The results of the cumulantfit
to the autocorrelation function are shown in Figure 3. The maxima in the apparent
size occur at those scattering angles where the form factor has a minimum. The
fit implies that a vast majority of the particles have the expected radius, = 500
nm . There is however a small contribution (around 0.5 %) of bigger particles in

the solution. The polydispersity of these big ‘chunks’ is very large: o = 41 %. The
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Figure 2. Form Factor of PMMA in Decalin.The natural logarithm of the scattered
intensity is plotted versus sin (6/2). The fit (solid line) is calculated
using R; = 495 nm, R; = 2000 nm, « = 200, Z; = 350, and Z; = 5.
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Figure 3. Dynamic Radius versus sin (6/2) of PMMA in Decalin. The fit (solid
line) is calculated using Ry = 495 nm, R, = 2000 nm, & = 200,

Z1 = 350, ‘and Zz = 3.
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polydispersity of the main species is 5 %. This agrees with reports of crystallization
by Paulin and Ackerson [43], where particles were not expected to crystallize had
their polydispersity been larger than about 7 % [6]. The maxima in the apparent
size occur at those scattering angles where the form factor of the main particles
has a minimum. Only at these angles can the big particles contribute noticeably
to the correlation function. This can also be seen from the signal to noise ratio
in Figure 4. There is more noise at the form factor minima than at the other
scattering angles. The decrease of the signal to noise ratio can however not be
attributed entirely to the big particles. Another unmentioned scource of noise at
the intensity minima is the background and the solvent scattering. Figure 5 shows
a plot of the particle size distribution according to Equation 62 with the values

found by fitting the static and the dynamic scattering data.

PMMA in Tetralin

The form factor of the PMMA spheres in tetralin is shown in Figure 6.
The measured minima are not as deep as they should be according to the fit. This
might be due to the solvent scattering — the background scattering tila,t was not
subtracted. The positions of the minima agree with the ‘theory’ very well, though.
The apparent size from the cumulant fit to the correlation function is plotted in
Figure 7. The pronounced maxima of the dynamic radius occur at the form factor
minma angles. This is very similar to the behavior observed with the same particles
in decalin (see Figure 3). The fit suggests a majority of the particles have a radius
of ~ 470 nm . A ‘contamination’ (around 0.5 %) of bigger particles (1700nm) is
needed to obtain a good fit. The polydispersity of these big ‘chunks’ is — as with
PMMA in decalin — large: o = 30 %. The polydispersity of the main species
is 5 %. The maxima in the apparent size occur at those scattering angles where
the form factor of the main particles has a minimum. The positions of those form
factor minima are unfortunately not exactly where they should be: the minima
occur at scattering angles that are slightly too large. This results in the smaller

size of the main species. An explanation of this behavior might be the influence of
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Figure 4. Signal to Noise Ratio of PMMA in Decalin. The intercepts of the
measured intensity correlation functions are plotted versus sin (6/2).
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Figure 5. Particle Size Distribution of PMMA in Decalin. The plot shows the
natural log of the normalized probability of finding a particle versus

the radius of that particle in nm. The distribution is calculated using
R; = 495 nm, R; = 2000 nm, & = 200, Z, = 350, and Z; = 5.
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Figure 6. Form Factor of PMMA in Tetralin. The natural logarithm of the scat-
tered intensity is plotted versus sin (6/2). The fit (solid line) is cal-
culated using R; = 470 nm, R; = 1700 nm, « = 200, Z; = 350, and
Zy = 10.
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Figure 7. Dynamic Radius versus sin (6/2) of PMMA in Tetralin. The fit (solid
line) is calculated using R; = 470 nm, R, = 1700 nm, « = 200,
Z] = 350, and Z2 = 10.
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a shell around the particle [44] or more exactly tetralin penetrating into the outer
regions of the sphere. That would cause the size ‘seen’ by static light scattering to
be smaller than the original size without solvent penetrating through the surface

of the spheres.

PMMA in Decalin/Tetralin Mixture

The form factor of the PMMA particles suspended in a mixture of decalin
and tetralin is shown in Figure 8. The values for the parameters —R—lﬁ, Zy/2 ,and &
are obtained from the fit to the dynamic scattering data of Figure 9. This sample
presents problems because the index of the particles is very close to the index of the
surrounding solvent. This causes ‘strange’ effects: slight variations in the indices
of refraction‘—— for example due to temperature fluctuations — paired with the
additional problem of a core/shell theory produce an angular intensity profile that
is hard to explain. It is not expected that Equation 74 could be applied in this
case. Although the static scattering looks very different from the static results of
PMMA in decalin (Figure 2) and from PMMA in tetralin (Figure 6), the dynamic
scattering of this sample on the other hand does show similarities to t};e results of
PMMA in decalin (Figure 3) and in tetralin (Figure 7). A low scattering intensity
is the reason for the ‘cloud’ of data points to the right of the first maximum in
Figure 9. The count rates at those angles were comparatively low. The cluster
of data points between sin (6/2) = 0.8 and sin (6/2) = 0.9 was measured out of

sequence because of a computer problem.

PMMA in Carbon Disulfide

Figure 10 shows the form factor of PMMA suspended in carbon disulfide.
The minima of this sample are the least pronounced of all PMMA samples. It
contained roughly the same number of particles as the other samples. The solvent
scattering was definitely higher than that of the other solvents. After adding
particles to the solvent, the whole sample changed from clear to transparent with

a milky touch. This clouding effect did not seem to be caused by the particles
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Figure 8. Form Factor of PMMA in Decalin/Tetralin Mix. The natural logarithm
of the scattered intensity is plotted versus sin (6/2). The fit (solid
line) is calculated using R, = 480 nm, R, = 1400 nm, & = 200,
7y = 350, and Z, = 10.
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Figure 9. Dynamic Radius versus sin (6/2) of PMMA in Decalin/Tetralin Mix.
The fit (solid line) is calculated using R; = 480 nm, R, = 1400 nm,
k = 200, Z; = 350, and Z, = 10.
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Figure 10. Form Factor of PMMA in Carbon Disulfide. The natural logarithm of
the scattered intensity is plotted versus sin (8/2). The fit (solid line)
is calculated using R; = 485 nm, R; = 3000 nm, « = 200, Z; = 350,
and Z; = 5.
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because further dilution did not change the correlation function measured at 60,
90, and 120 degrees; i. e. multiple scattering was not the problem. This favors the
argument of an interaction of carbon disulfide with the decalin that was introduced
into the sample with the preparation. On the other hand, Pusey and van Megen
have successfully used mixtures of decalin and CS; in crystallization studies of
PMMA [45]. This clouding might be the main reason for the shallowness of the
minima in Figure 10. The size of the main species is slightly lower than expected,
possibly due to penetration by CS; that has been reported by Ottewill and Livsey
[46]. The dynamic scattering data show better agreement between the modified
Schulz distribution and the apparent size obtained from the cumulant fit of the
intensity correlation function: Figure 11 deviates only between the first and the
second maximum from the plotted model. The upswing of the measured size at the
largest scattering angles is very likely caused by back scattering from the sample
cell. The intercept of the correlation functions at these angles was below 0.1,

indicating a higher noise content.

PMMA in Water

All previous PMMA samples showed maxima of the apparent size at those
angles where the form factor had minima. Since all previous samples contained
particles from the same stock bottle, one might suspect that the stock bottle was
contaminated with bigger particles. Figure 12 shows the scattered intensity of an
entirely different stock of PMMA. The minimum displayed is the first minimum of
the sample. The form factor can be fit to several parameter combinations. Here
again the dynamic scattering results of Figure 13 influenced the decision towards
the chosen set. As with the PMMA in organic solvents, the combination of one
main species of particles with a few bigger but very polydisperse particles added
produces the best fit. The radius distribution function of this sample is plotted
in Figure 14 and shows the same characteristic as Figure 5 : a relatively thin but
high peak of small spheres foots on a wide but extremely small mountain of mostly

bigger particles.
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Figure 12. Form Factor of PMMA in Water. The natural logarithm of the scattered
intensity is plotted versus sin (6/2). The fit (solid line) is calculated
using R;'= 360 nm, R, = 800 nm, « = 200, Z; = 350, and Z, = 1.
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Figure 14. Particle Size Distribution of PMMA in Water. The plot shows the
natural log of the normalized probability of finding a particle versus
the radius of that particle in nm. The distribution is calculated
using R; = 360 nm, R; = 800 nm, « = 200, Z; = 350, and Z; = 1.



49

TPM-silica in Ethanol

The angular dependence of the scattered intensity and of the apparent
size of the TPM-silica sample are displayed in Figures 15 and 16 respectively. The
minimum in the form factor is the first one occuring when going from small to
large scattering angles. The position of the minimum for the model form factor
does not exactly coincide with the measured minimum. However the maximum of
the apparent size in Figure 16 fits very well. Since the scattering intensity is very
low at the form factor minimum, noise influences the correlation function more
at these angles. This is obvious in Figure 17 where the signal to noise ratio is
plotted as a function of sin (6/2). The signal to noise ratio looks very much like a
mirror image of Figure 16: at the form factor minimum, the signal from the main
particles decreases and allows more noise from the polydisperse bigger particles

into the photomultiplier.

Polystyrene in Water: PST 500

This sample of polystyrene showed the familiar behavior for the form factor
displayed in Figure 18. The apparent size on the other hand is not as sharply
peaked as all previous samples: Figure 19 reveals that the radii obtained from
dynamic light scattering are almost constant (273 4+ /— 10 nm) over the angular
range examined. The minimum displayed is the first minimum of the sample. The
form factor can be fit to several parameter combinations. Here again the dynamic
scattering results of Figure 13 influenced the decision towards the chosen set. The
fit with Equation 83 tries to suggest that the average radius of the particles is
280 nm, but the shape of the size distribution can be better described by 2 Schulz
distributions; one corresponding to a polydispersity of o &~ 3 % and the other one

with o = 60 % .
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Figure 15. Form Factor of TPM-silica in Ethanol. The natural logarithm of the
scattered intensity is plotted versus sin (6/2). The fit (solid line) is
calculated using R, = 250 nm, R, = 600 nm, & = 200, Z; = 350,
and Zz = 1.
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Figure 16. Dynamic Radius versus sin (6/2) of TPM-silica in Ethanol. The fit
(solid line) is calculated using R; = 250 nm, B, = 600 nm, £ = 200,
Z1 = 350, and Z2 =1.
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Figure 18. Form Factor of Polystyrene in Water: PST 500. The natural logarithm
of the scattered intensity is plotted versus sin (6/2). The fit (solid
line) is calculated using B; = 280 nm, R; = 280 nm, & = 50,
Z; = 1000, and Z; = 2.
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Figure 19. Dynamic Radius versus sin(0/2) of Polystyrene in Water: PST 500.
The fit (solid line) is calculated using B; = 280 nm, R; = 280 nm,
K = 50, Z] = 1000, and Z2 = 2.
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Polystyrene in Water: PST 600

The sample ‘PST 600’ seemed to be the one closest to a monodisperse
suspension. The form factor (Figure 20) and the apparent size (Figure 21) could
both be fit to a single Schulz distribution (Equation 34). The “quality” of the
suspension displays itself in Figure 21: the radii obtained from dynamic light
scattering lie within 2% of their mean value. The fit was calculated using Z =1000
which corresponds to a polydispersity of o ~ 3%. Figure 21 shows why a single
Schulz distribution does not explain the results of the other (PMMA, TPM-silica,
and Polystyrene) samples: a single Schulz distribution always displays a jump from
smaller than average to larger than average sizes in the apparent size. This can
be explained intuitively: if the particles with the mean radius have their intensity
minimum at an angle 7, then particles with a radius slightly higher will have their
minimum at an angle smaller than 5. The opposite is true for those particles
having a radius slightly smaller than the mean. Thus by measuring a correlation
function at an angle n — § , where § is a small positive angle, the scattering of the
larger particles is suppressed, i.e. the obtained intensity averaged radius is smaller
than the mean radius. The dynamic radius at an angle  + § is bigger than the

mean because of the similar argument for smaller particles.

Polystyrene in Water: PST 600/1000

The sample ‘PST 600’ was contaminated with 10% polystyrene spheres of
radius R ~ 500nm . Since ‘PST 600’ had proven to be very monodisperse (see
previous paragraph), an experiment involving a two-component suspension should
show the expected behavior of the apparent size and the intensity. Figure 22
contains a plot of the form factor of the mixture of the two polystyrene samples.
The double Schulz model fits both the static scattering and the dynamic scattering
(Figure 23) fairly well. It is not clear why the apparent size at the first maximum
fluctuates more than would be expected from the experiments with samples other
than polystyrene. Philipse and Vrij [21] reported measurements of the diffusion

constant versus scattering vector for a polystyrene mix. Their sample had mainly
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Figure 20. Form Factor of Polystyrene in Water: PST 600. The natural logarithm
of the scattered intensity is plotted versus sin (6/2). The fit (solid
line) is calculated using R = 320 nm and Z = 1000.
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Figure 21. Dynamic Radius versus sin (6/2) of Polystyrene in Water: PST 600.
- The fit (solid line) is calculated using R = 320 nm and Z = 1000.
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Figure 22. Form Factor of Polystyrene in Water: PST 600/1000. The natural
logarithm of the scattered intensity is plotted versus sin (6/2). The
fit (solid line) is calculated using R; = 335 nm, R; = 500 nm,
k£ =10, Z; = 450, and Z, = 350.
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Dynamic Radius versus sin(6/2) of Polystyrene in Water: PST
600/1000. The fit (solid line) is calculated using R; = 335 nm,
Ry =500 nm, £ = 10, Z; = 450, and Z, = 350.
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big particles and a few small particles (controlled growth experiments). As a result
they observe the opposite effect: at the minimum of the big particles the apparent
size has a minimum as well. They however present no particle size distribution fit.
A summary of the fitting constants used for the explanation of the dynamic radii

of all samples is given in Table 1.

TABLE 1

FITTING CONSTANTS* FOR THE SAMPLES WITH
DOUBLE SCHULZ SIZE DISTRIBUTION

Sample Figure Kk Riyinnm Z; Ryinnm Z,
PMMA in Decalin 3 200 495 350 2000 5
PMMA in Tetralin 7 200 470 350 1700 10
PMMA in Dectet 3 200 480 350 1400 10
PMMA in CS, 11 200 485 350 3000 5
PMMA in Water 13 200 360 350 800 1
TPM-silica in Ethanol 16 200 250 350 600 1
PST 500 in Water 19 50 280 1000 280 2
PST 600 in Water® 21 o0 320 1000
PST 600/1000 in Water 23 10 335 450 500 350

* The constants are taken from Equation 83 .
t This sample was fit to a single Schulz distribution.
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Discussion

The results shown in the previous section indicate that it is not possi-
ble to fit the scattering data of all PMMA and the TPM samples with Equa-
tions 48 and 56, which assume a single Schulz distribution of particle sizes in the
samples. Pusey and van Megen presented that approach as a possible procedure
for detecting small polydispersities [9]. They show apparent size data of PMMA
spheres with a mean radius R =~ 590 nm — particles very similar to the ones used
in this study. However the data shown in reference [9] do not span such a wide
range of ¢ - R as presented here. Figure 24 contains the data already presented in
Figure 3 but now with a fit calculated using the single Schulz distribution model
(Equation 56) of Pusey and van Megen. This plot compares very well to the one
presented in reference [9] if the data for sin (8/2) < 0.5 are not taken into account,
since Pusey and van Megen do not show data for the first and second minimum in
the form factor for the 590 nm PMMA. They present static and dynamic results
for another but smaller PMMA sample with R ~ 220 nm. The apparent sizes
from the correlation function measurements fit well to a single Schulz distribution
near the first form factor ‘minimum’. However the polydispersity of that sample
was significantly higher (o = 11%) than the polydispersity of the samples of this
report with o = 5%. The only other data set presented in reference [9] comes from
a polystyrene sample with R ~ 179 nm. The particles proved to be extremely
monodisperse very much like the ‘PST 600’ sample investigated here.

From the comparison with reference [9], it seems that the single Schulz
distribution does not always provide a good tool for determining small polydis-
persities. Especially for small polydispersities and big particles that show more
than one minimum in the form factor, a double Schulz distribution allows a better
fit to scattering data. The main fitting criterion is the apparent size from the
cumulant fit to the intensity auto correlation function. At the minima of the form
factor —when the scattered intensity of the main species of particles is very low

—dynamic light scattering is very sensitive to contributions from other particle
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Figure 24. Dynamic Radius versus sin (§/2) of PMMA in Decalin. The fit (solid
line) is calculated using a single Schulz distribution with R = 520
nm and Z = 350.
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sizes in the scattering sample. Bigger particles seem to be favored at these angles
due to the R®-dependence of the scattered intensity (Equation 26). These larger
particles might either be ‘real’ contributions from the particle size distribution or
aggregates. An argument against the ‘real’ contributions is the fact that samples
of the kind used in this study have not shown big particles under transmission
electron microscopy. Aggregates on the other hand should show up as jumps in
the count rates while measuring the correlation function. This was generally not
the case, the count rate displayed only statistical fluctuations (due to Brownian
motion of the particles into and out of the illuminated measuring volume in the
sample).

The amplitudes of all intensity data in this study deviate more or less
from the expected behavior, although the position of the form factor minima can
be matched quite well. This deviation can only in part be explained with the
additional solvent scattering, the background that was not substracted. Another
contribution to the ‘misfit’ comes from the fact that for most particles of this
study the Rayleigh-Gans-Debye criterion (Equation 22) does not hold: A ~ R =
2ka(m — 1) = 4wlAn <7< 1. The difference of the index of refraction of the solvent
and of the particle is denoted as An. For PMMA in decalin and in tetralin the
refractive index difference is An = 0.03 which results in a value of 0.38 for the
RGD parameter 2ka(m — 1) . It is interesting that the scattering can still be
described well with the RGD form factors although 0.38 is barely smaller than 1.
For polystyrene the RGD criterion is definitely not fullfilled: 2ka(m —1) = 7 ; 1.
Nevertheless the positions of the form factor minima are where they should be
according to RGD theory. A more rigorous treatment should use the form factors
from the general Mie theory [47]. As Pusey and van Megen [9] point out, the use of
Mie theory instead of RGD form factors will result in a determination of a smaller
size than expected from RGD theory. (This is also reported by Philipse, Smits,
and Vrij [22] and by Pelssers [48].) They also remark that Mie theory generated
form factors show more shallow minima — as observed for many samples in this

study.
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A method of obtaining the shape of the size distribution functions from the
scattered data directly, that is without fitting ‘by eye’, is presented in Appendix B.
An integral relationship can be used to invert the scattering data. The drawback
however is the numerical evaluation of integrals involving the raw data as the
integrand. Very accurate data at many scattering angles should be necessary to
produce a detailed outcome. This method also assumes that the form factor is
exactly the RGD form factor and has to be modified to work with a Mie form

factor.



CHAPTER VI
SUMMARY AND CONCLUSIONS

The sizing of particles with a radius on the order of the wavelength of
light plays an important part in today’s science and has many applications. This
work presents how detailed information about an ensemble of those particles can
be extracted from scattering data.

Suspensions of several particle species were investigated by light scattering.
The data obtained from the angular dependence of the scattered intensity and its
autocorrelation function were fit to a model assuming that not all particles have
the same size. The model particle size distribution functions differ from those
reported in similar studies, especially at small scattering angles. A combination of
two Schulz size distributions is found to explain most scattering results well.

Future research could consist of relaxing the RGD approximation (by us-
ing Mie form factors) and including anisotropy, more general particle shapes and
polarization into the theory and testing the predicted behavior with scattering
measurements on suitable particles. A different route could lead to the investiga-
tion of particle size distributions in concentrated samples where structure factors

and multiple scattering complicate the situation.
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APPENDIX A

THE INTEGRALS I,,, C,, AND S,

The generalized exponential or Schulz particle size distribution is given by
Equation 34:

G,Z a
Gala) = (T2 exp (~2(Z + 1)) (A1)

where Z is the parameter describing the polydispersity. This distribution inserted
into Equations 39-41

I, = /0‘00 G(a)(ga)" da , (A.2)

Cn = / G(a)(ga)™ cos (2ga)da , (A.3)
0
and
S, = / G(a)(ga)" sin (2a) da , O (Aa)
0
produces integrals that have to be evaluated when finding the scattered intensity

and the diffusion constant from a sample containing particles with a Schulz size

distribution. Equation A.3 can be combined with A.4 to a new integral:

E, = C,+:15 (A.5)
= / G(a)(ga)" exp (12qa) da (A.6)
0
where Euler’s equation
e =cosz +isinz (A.T)

was used. After inserting G(a) from Equation A.l into the integral E, an integral

of the form

/ e S (A.8)
0
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has to be solved. This can be done by repeated integration by parts:
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[ m,—z(v—iw) ] T=X oo
(i —zMe -1 1 —m(ys
r™e z(v—iw) dz = , _ —m z™ le z(v—iw) dz
0 v —-w z=0 Vv —w 0

)
m 1 _ i
— / z™ 1e z(v—iw) dz
(4]

v —iw

— ____nz'_'_ /w e-—-:c('u—iw) dz
(v —w)™ Jo
_ m! [ -1 C_z(v_;w)] -
(v—iw)™ |v—w =0
m!

(v — fw)m+1 )

(A.9)

Every complex number v+iw can be written in terms of its distance from the origin

(vv? 4+ w?) and the angle between the real axis and the line connecting the origin

with the point corresponding to the number in the complex plane (tan ¢ = w/v):

v+ 1w = Vo2 + w2etaetan(y)

Taking the inverse of the complex conjugate of this expression gives :

1 1

_ ntarctan (2)

. - <
v — 1w V2 + w?

Now Equation A.9 can be rewritten into

/ xme—x(v—iw) dz = m|( 1 i )m+1
o v —w
1
= ml(——=———=e

m!

iarctan(;")’-))m+1

— Ci(m+1)arctan(l":-)

2\ m41

This is very useful in evaluating the integrals of Equations A.2-A 4.

(A.10)

(A.11)

(A.12)

For the integral I, Equation A.12 can be applied with w =0 and v = (Z +1)/a :

Z+1.,,1 [
L= (g [ aar e (-

" Z+1 5.4 (Z+n)
ﬁ( a ) (EHL)Z+nt1

(@) (Z+n)!
Z+1)7 2

LZ—_—t—ll)aZ da

(A.13)
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and yields Equation 42.

The integral E, (Equation A.6) can be solved similarly, only now with the substi-
tution w = 2¢ in Equation A.12:

Z+1Z+1 (Z+)

En = (—— Z./ (ga)" exp (—a(

_ qn Z +1 Z+1 (Z + n). 2qa 9 _Zi;‘t]

—12¢))a? da

X exp {z(Z + n + 1) arctan ( 24 )}

Z+1
_ _(q@" (Z+n) 2@ o _
C(Z+1) 2 (1 (Z+1))

947
X exp{i(Z+ n + l)arctan(Z(ial)}

2a . . 2a
= L+ (Zial)z)--z-%i—‘ exp {z(Z+ n+1)arctan i"l)} (A.14)

But this result contains C,, and S, because they are the real and imaginary parts

of E,:

Cn=R(E,) =L(1+ (ZQZ—EI )2)‘&%ii cos {(Z + n + 1) arctan (Zzi]:il)} (A.15)

2qa o _ n 2qa
Z+1)) sm{(Z+n+1)arctan(Z+1)}. (A.16)

These are Equations 43 and 44.




APPENDIX B

INVERSE TRANSFORM FOR PARTICLE SIZE ANALYSIS

The form factor for a sphere in the RGD approximation is according to

Equations 26 and 27
M = aep(qa) s (B.l)

I

where
3

Plga) = (7oys(sin (g0) — ga os (ga))

2

Equation B.1 can be rewritten in terms of a spherical harmonic of order one. Since

sin(ga) cos(qga) (B.2)

hlge) = (ga)* qa

the form factor can be expressed as :

I(q) _ ¢,35(qa),,
T = a°( p ). (B.3)

The first cumulant is defined as the negative slope of the field correlation function

(see Equation 20):

. 0g'(7) 2
fo= _PLI(]J or = Dg
ksT ,
— . B4
67rr]aq (B-4)

Equation 28 was used to substitute the diffusion coefficient. If the correlation
function contains contributions from particles with different sizes the measured

value for k; will be the intensity weighed average of all contributing cumulants:

(k1) = /Ooonl(qa)aep(qa)N(a)da

_ 3kgT [® 4,
- om /0 a”ji(a)N(a)da , (B.5)
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4

where N(a) denotes the unknown size distribution. The average cumulant (k)
can be measured with dynamic light scattering. An inverse transform is needed to
determine the unknown function N(a) from the cumulant data. An integral rela-
tion involving the Bessel/Neumann functions J, /N, can help solving this problem
(formula 6.524.1 of reference [49)):
/oo zJ%(az)J,(bz)N,(bz) dz =

0

0 if0<a<bRv)>-1
—(27ab)™! f0<b<a,R(v)>-1
(B.6)

where R(v) is the real part of v. The Bessel/Neumann functions are related to the

spherical harmonics via the following equations [7]:

Jut1/2(az) = 2az —ju(az) and N,yqi52(az) = \/g—?ny(az) . (B.7)

Thus for the special case of spherical harmonics of order 1 the integral in Equa-

tion B.6 becomes:

* 4ab 0 if0<a<d
/ —T 352(azx)j1(bz)ny(bz) dz =
o 7 —(27ab)™! f0<b<a
0 if0<a<bd
= / z%j%(az)j1(bz)n1(bz) dz = . (B.8)
—sop f0<b<a

The function n; is given by

_ cos(ga) sin(qa)
199 =~y ga
and is orthogonal to j;. The explicit result of Equation B.8 will be used to evaluate

the integral W defined by:

(B.9)

W(t)i= [ hlam(ab oo dg (B.10)
0
With this definition W (b) becomes:
3ET [% [% 3. 3.
W) = 5— a°51(qa)N(a)q’51(gb)n1(gb) dk da
™ Jo Jo
3kT

_ ¥ 3 __T_

= 2 ), a’N(a){ 8a2b2}da
3kT [

= — d B.11
16nb2/; aN(a)da |, ( )
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or after bringing the factors to the left side:

169b?
3kT

W(b) =— /:o aN(a)da . ‘(B.12)

This equation can be differentiated with respect to b on both sides:

ool =-g{ [ @l =we . @

With this procedure an expression for N(b) — the particle size distribution — is

obtained.

0= (Swn)

where the function W (b) is given in Equation B.10 .

In operator notation Equation B.14 can be rewritten as:

Vo) = gt [s {7 [ chlamiae) b
%[/ﬂwqao'Wl(Q))dQ] ; (B.15)

where the operator O~ is defined by

_1ld

This operator is an inverse operator that works on the raw scattering data (x1(g))
such that the size distribution is produced after an integration over all ¢, the
scattering vectors.

Limiting Case for ¢ — oo

The convergence properties of the integral describing N(b) in Equa-
tion B.15 are of interest. To investigate the behavior at large scattering vectors

the (¢ — o0o)-limits of the spherical harmonics (Equations B.2 and B.9)

sin(ga)  cos(qa)

. _ _ _cos(ga) sin(ga)
D = ey T

ml99) = ~"0r T

can be used:

i1(qa) =3 __cos (ga) na(ga) =3 _sin (qa) .

B.17
p p» (B.17)
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Since there are no b-dependent functions behind the operator O~ in Equation B.15

the operator becomes

o- % 1d ,cos(gb)sin (gb) _ 1 d sin (2¢d) _
bdb (¢b)? bdb 2¢°
cos (2¢b)
o , (B.18)

where the definition of O~ in Equation B.16 was used. The first cumulant

(k1(q)) = /0 " é":g;q%ﬁp(qa)zv(a)da |

approaches the limit

-0 [ 8kgT ,cos?(qa
ra(a) =% [ G BN da (B.19)

where the limit

_ 9j1(qa) 1= 9 cos? (qa)
P = ey (et

was used in the calculation. Now the particle size distribution can be expressed

by:
a

N(b) = ‘/000 cos (2gb) cos® (qa) 7 dq , (B.20)
where Equations B.15 , B.18 and B.19 have been applied. This result is “something
like a Delta-function”. Only for a = b will this integral have a value, for all other
a # b the integral in Equation B.20 will be zero. Unfortunately Equation B.20
points out one disadvantage: the integrand is not converging and thus even large
g-values contribute to the integral. This means that the integral cannot be cut
off at some ¢ without losing considerable parts of the integral. Any experiment
however has one maximum ¢ determined by the maximum scattering angle (that
can not be larger than 180 degrees).

The Case of Polydisperée Samples

For a polydisperse sample, the total form factor is a sum of the individual
form factors corresponding to the different sizes. Since those form factors are only
sin- and cos-functions, the summation of these oscillating parts will average out

to zero. This argumentation leads to the limit

: 2 2
(sm:l: B cos:v) a0 1 or: a®P(qa) =3 aﬁ'i _ 2 (B.21)
q

z3 2 T4
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for the intensity weighted form factor. With this expression and the limit of the
inverse operator O~ (Equation B.18) the size distribution of Equation B.15 is:

N() = %g%/oqu‘(?'(m(q))dq

o ﬂ/w 3COS(2qb)?£l_2_ kBT qu
0

3kT gb  q* 6mna
~ 8a [®
= ), cos (2¢b) dg (B.22)

~ 40, . ”
= —plsin @2

which is not as badly defined as the single sphere case. It should be possible to

combine two techniques:

First fit the experimental results to a known size distribution that matches the
data well at the largest scattering angles down to an angle corresponding to the

wave vector ¢mqz.

Then apply the inverse operator technique to the nonmatching difference caused

by additional particle sizes in the sample.

If the experimental cumulant data, the calculated cumulants and the difference
between the two are denoted by (k1)esp , (K1) fit , and (K1)s respectively, then the
equation

(k1)s = (K1)ezp — (K1) sit (B.23)
should hold by definition of the quantities involved. The size distribution

160 [ g

Nez‘p(b) = 3T A q O_-(K'l)e:z:p dq (B.24)

is easily seen to be composed of two parts:
Newp(8) = Nyie(b) + Na(b) - (B.25)

The function Ny;:(b) was chosen to produce a good fit to the cumulant data for

scattering angles larger than a maximum angle corresponding to a wave vector
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gmaz- Thus Nyi(b) is known. Ns(b) on the other hand can be calculated without

any convergence trouble:

_ Lo =
~3kT J,

3 e 167] 9maz 3 v
O™ (k1)sdg = O™ (k1)sdq (B.26)

N;(b
() 3kT J,

because (k1)s is zero (or neglible) for wave vectors ¢ > ¢ma, - With Equation B.25

the measured particle size distribution is obtained without a ‘fit by eye’.



APPENDIX C

PMMA GEL DATA

Almost every sample of this study could be fitted somehow to a single or
double Schulz distribution. In this appendix, data for a sample entirely different
from the previous ones are presented. This sample consisted of polymethylmeth-
acrylate gel polymers. The particles are formed by crosslinked polymer chains
which do not form a solid ‘hard’ sphere but rather can be described as a ‘hair ball’.
These particles contain large amounts of solvent inside, they can swell (dependent
on volume fraction) and shrink. Nevertheless these model ‘soft’ spheres seem to
be fairly monodisperse. (They crystallize and are not charge stabilized.) The
experimental procedure was similar to the other samples. A dilute sample of these
gel particles in benzyl alcohol was investigated at different scattering angles. The
intensity and the correlation function were measured from 16 to 130 degrees in
2 degree steps. The duration of each measurement was 200 seconds — shorter
than for the other samples. The average intensity of the PMMA Gel particles
in benzyl alcohol is shown in Figure 25. Despite the shorter run time at each
angle, the correlation functions looked good. The results of the cumulant fit to
those autocorrelation functions are shown in Figure 26. The general behavior of
the dynamic radius of these particles is similar to the one observed at the other
samples: the apparent size shows a maximum when the intensity is at its minimum.
There is however one serious difference. The radius corresponding to the static
scattering is only 210 nm which is only half the radius of the average dynamic
light scattering fit! Because of that reason, the apparent size can not be fit nicely.
The size from the dynamic fit does not agree with the static. In Figures 25 and
26 the main fitting criterion was chosen to be the static scattering because both

static and dynamic scattering show an extremum in the same angle interval. This
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Figure 25. Form Factor of PMMA Gel in Benzyl Alcohol.The natural logarithm of
the scattered intensity is plotted versus sin (6/2). The fit (solid line)
is calculated using Ry = 210 nm, R; = 560 nm, & = 200, Z, = 1000,
and Z, = 1000.
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Figure 26. Dynamic Radius versus sin(6/2) of PMMA Gel in Benzyl Alcohol.
The fit (solid line) is calculated using R; = 210 nm, R, = 560 nm,
k = 200, Z; = 1000, and Z; = 1000.
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happened with all other samples as well. If the fitting emphasis is placed onto the
dynamic radii, this extremum can not be fit. (There are also other extrema where
the scattering data are constant, because a form factor for a larger size shows more
extrema.) The minima in the form factor do not match as well resulting in two
‘bad’ fits whereas, with the criterion chosen, only one fit is not good. However
this explanation of the scattering of this sample is by no means perfect. In the
derivation of the form factors and the apparent sizes, hard sphere properties were
used. These PMMA gel particles are not hard spheres. Starting from different
assumptions, it might be possible to explain the results quantitatively. It should
however be noted that even these particles show a higher apparent size at those

angles where the scattered intensity is small.
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