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APPROXIMATIONS TO THE ELECTRIC MICROFIELD DISTRIBUTION 

FUNCTION IN IONIZED GASES

INTRODUCTION

The behavior o f  io n ized  g ases can b est  be p red ic ted  i f  th e  

m ic r o f ie ld  w ith in  the plasma i s  known. For in s ta n c e , th e  Stark th eory  of 

l in e  broadening by th e m ic r o f ie ld  perm its co n cen tra tio n  d e term in a tio n s , 

and the e v a lu a tio n  of tran sp ort c o e f f i c ie n t s  of v i s c o s i t y  and e l e c t r i c a l  

c o n d u c tiv ity  i s  com pleted through knowledge o f  the s c a t te r in g  m icro

p o te n t ia l  and i t s  g r a d ie n t. ’ An exam ination o f cu rrent s t a t i s t i c a l  

th e o r ie s  r e v e a ls  two d e fe c ts  which w i l l  admit th e m o d if ic a tio n  p resen ted  

in  t h is  paper.

C onsider a volume V occupied  by an assem bly of N e l e c t r i c a l  

system s, e . g . ,  io n s , in  therm al equilibrium ^ At an a r b itr a r y  p o in t 0 w ith 

in  V l e t  us ask  fo r  both th e in stan taneous magnitude o f  th e  e l e c t r i c a l  

f i e l d  Eq, and i t s  tim e v a r ia n t f lu c tu a t io n . I f  we tem p orarily  ignore the 

therm al m otion o f th e ensemble members, a g iv e n  c o n fig u r a tio n  o f  th e  swarm 

o f e l e c t r i c a l  perturbers produces a d e f in it e  m ic r o f ie ld  a t 0 , However, 

a g rea te r  number o f c o n fig u r a tio n s  may be com patib le w ith  t h i s  m ic r o f ie ld  

fo r  one value, o f Eq than fo r  another. In th e absence o f a c o n fig u r a tio n

^S. Chandrasekhar, A strophys, J . ,  97 ,̂ 255 (1 9 4 3 ).

^L. S p itz e r  and R„ Harm, Phys. R ev ., 977 (1 9 5 3 ).
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2
s p e c i f i c a t io n  one can c a lc u la te  on ly  a d is t r ib u t io n  of Eg a t 0 .  I f  each  

member i s  perm itted  i t s  thermal a c t iv i t y  one now c a lc u la te s  the v a r ia t io n  

o f  Eq in  time due to  th e  random m otions o f  the p ertu rb ers. P ro b a b ility  

a f t e r - e f f e c t s  encountered  in  such c a lc u la t io n s  were f i r s t  s tu d ied  by 

Smoluchowski^ and have more r e c e n t ly  been in v e s t ig a te d  by Chandrasekhar 

and von Neumann.^ Over long tim e in te r v a ls  one exp ects no c o r r e la t io n  

o f m ic r o f ie ld  v a lu e s  a t 0 , s in c e  the s ta t io n a r y  d is tr ib u t io n ,  computed by 

assumming im m ob ility , r ep re se n ts  the tim e average o f Eq . But i f  one i s  

in te r e s te d  in  o b serv a tio n s  at 0 over sm all tim e in te r v a ls  an a n a ly s is  o f  

th e  tim e v a r ia t io n  o f sou rce co n fig u ra tio n s  i s  in d ic a te d . We examine on ly  

th e  tim e averaged m ic r o f ie ld ,  and l e t  W(Eo)dE^ rep resen t th e p r o b a b ility  

th a t  th e  e l e c t r i c  f i e l d  a t a p o in t 0 p o sse s se s  a value E such th a t fo r  i t s  

components X, Y and Z

1. Xq -  1 /2  dXo ^  X Xq + 1/2 dXo, e t c .

A lte r n a t iv e ly  we s h a l l  exp ress t h i s  and s im ila r  in e q u a li t ie s  by say in g  

E l i e s  in  th e in te r v a l dEg about Eg. The fo llo w in g  o u t lin e  o f th e  most 

s u c c e s s fu l method fo r  e v a lu a tio n  of W(E^) i s  due to  Holtsmark.^

In 1919, prompted by the then  recen t experim ents o f  Fuchtbauer 

and Hoffmann^ on th e  s h i f t  and s p l i t t in g  o f s p e c tr a l l i n e s ,  Holtsmark 

c a lc u la te d  the p r o b a b ili ty  d is tr ib u t io n  o f  th e  s tren g th  o f th e f i e l d  pro

duced by a s t a t i c  random d is tr ib u t io n  of e i th e r  io n s , d ip o le s  or

Sraoluchowski, Wien. Her. 124, 339 (1 9 1 5 ).

0 ‘ s. Chandrasekhar and J . von Neumann, A strophys. J ,  97.» 1 (1943),

^J. H oltsm ark, Ann. Physik 58 , 577 (1 9 1 9 ).

^C. Fuchtbauer and U. W. Hoffmann, Ann. Physik 43 , 96 (1 9 1 4 ).



3
quadrupoles. We are in te r e s te d  on ly  in  io n s and w i l l  omit a review  

o f d ip o le  and quadrupole in te r a c t io n s ,  H oltsm ark’s  model c o n s is te d  of 

an assem bly of N id e n t ic a l  n o n - in te r a c t in g  "ions" o f  v a le n c e  Z j, e le c tr o n ic  

c h a r g e e ,  in  p o s it io n  r j ;  each c o n tr ib u tin g  to  th e  m ic r o f ie ld  a t 0 a 

v e c to r ia l  component

2 .  » ( e z j /r 3 )  r j  ;

th e  t o t a l  f i e l d  f lu c tu a t in g  su b jec t  to  th e  co n d itio n  o f  co n sta n t mean 

d en s ity  n , equal to  N/V. The t o t a l  f i e l d  at 0 i s  g iv e n  by

3 .  E = ^  E j ( r j ) .
3=1

S in ce th e  p a r t ic le s  were assumed n o n - in te r a c t in g , he w rote fo r  the pro

b a b i l i t y  th a t rj lay in  th e in te r v a l drj about rj

4 .  C fj(x j,y j,Z j)d X jd y jd 2 j = C 5 j(r j)d r j = d rj/V ,

H is a n a ly t ic  form ulation  o f th e problem was to  sum

5.

over  a range  of i n t e g r a t i o n  in c lu d in g  o n ly  th o s e  volume e le m en ts  compat

i b l e  w ith  t h e  c o n d i t io n  t h a t  ?  la y  in  th e  i n t e r v a l  dEg about To

f a c i l i t a t e  num erical c a l c u l a t i o n  and g r a p h ic a l  r e p r e s e n t a t i o n ,  Holtsmark  

put

6 . Eq = = 2 .6 len+^^^(b  ,

and e x p r e ss e d  th e  d i s t r i b u t i o n  o f  th e  a b s o lu te  v a lu e  o f  th e  m ic r o f i e ld  

i n  terms o f  as

7 .  W(Eo)dEo = W( (b)dp> .

H is r e s u lt  i s  g iven  in  F igure 1 . From i t  he computed th e  in t e n s it y  of
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5
s p e c tr a l l in e s  o f  hydrogen as a fu n c tio n  o f  r a d ia t io n  freq u en cy .

The experim ental con firm ation  o f  Holtsmark’s th eory  o f  l in e  

broadening has not been s a t is f a c t o r y .  Many i n v e s t i g a t o r s ^ h a v e  

compared th e o r e t ic a l  p r o f i le s  w ith  th o se  ob tained  in  a v a r ie ty  o f  

experim ents and found su b s ta n t ia l d isagreem ent; w h ile  experim ents a t the  

U n iv e r s ity  o f  Oklahoma^*^'^'^ have led  to  a fu r th er  d iscrep a n cy . Both th e  

th eory  o f Holtsmark and th e  H all^ e f f e c t  were u t i l i z e d  to  measure ion  

co n cen tra tio n  in  shock induced plasm as as a fu n c tio n  o f  d is ta n c e  along  

th e shock tube a x i s .  C a lcu la tio n s  based on th e H all e f f e c t  in d ica te d  

a m onotonie d ecrease  o f co n cen tra tio n  w ith  shock p r o g r e ss , w h ile  c a l

c u la t io n s  em ploying the theory  o f  Holtsmark in d ic a te  th e  e x is t e n c e  o f  

a co n cen tra tio n  maximum in  the neighborhood o f th e  a x is  c e n te r .

R ecent m o d ific a tio n s  o f  th e  th eory  o f  l in e  broadening have 

cen tered  about th e  tim e dependence o f  th e  m ic r o f ie ld .  I n te n s i ty  v a r i

a t io n s  are con sid ered  the consequence o f v e lo c i t y  or c o l l i s i o n  broaden-

H. A lle r ,  A strophy. J . ,  9 6 , 321 (1 9 4 2 ).

2h . Griem, Z. P h y s ik ., 280 (1 9 5 4 ).

^E, B. Turner and L. D oherty, A strcn . J , ,  158 (1 9 5 5 ).

^R. G, Fow ler, W. R. A tkinson and L. W. Marks, P h ys. R ev ., 87 , 
966 (1 9 5 2 ).

% . R. A tkinson , "Half I n te n s ity  Breadths o f  th e  Balmer Lines 
in  Pu lsed  Gas D ischarges"  (unpublished  M. S. t h e s i s .  U n iv e r s ity  of 
Oklahoma, 1950).

^B, E. C lo t f e l t e r ,  "Experimental S tu d ies o f  Transport Phenomena 
in  H ighly Io n iz e d  Gases" (unpublished  Ph. D. d is s e r t a t io n -  U n iv e r s ity  of 
Oklahoma, 1953 ).

^E. H. H a l l ,  Am. Jpur. o f  M ath ., 2 , 287 (1 8 7 5 ).



6
in g  by e le c t r o n s ,  and quantum th e o r e t ic a l  c a lc u la t io n s  are employed to  

determ ine t r a n s it io n  p r o b a b i l i t l e s . A s  none o f th e se  th e o r ie s  

have been d e c i s iv e ,  and th e  l a t e s t ,  most s u c c e s s fu l in v e s t ig a tio n ^  

depends fo r  i t s  development upon the s ta tio n a ry  m ic r o f ie ld  d is tr ib u t io n ,  

i t  i s  d e s ir a b le  to  seek  a c o r r e c t iv e  m o d ific a tio n  o f  Holtsmark*s th eo ry . 

Our s ta r t in g  p o in t i s  th e  ob serva tion  th a t a s in g le  kind o f  non- 

in te r a c t in g  monopole as a f i e l d  source c o n s t itu te s  a p h y s ic a lly  u n rea l

i s t i c  assum ption. Any io n iz ed  gas must c o n s is t  o f  a t le a s t  two sp e c ie s  

o f  in te r a c t in g  m onopoles, and th e consequence of t h i s  fa c t  fo r  th e  m icro- 

f i e l d  d is t r ib u t io n  w i l l  be developed in  t h is  t h e s i s .

(1 9 4 5 ) .
^J. H. Van V leck and V. F. W eisskopf, Rev. Mod. Phys., 17 , 227

h i. K. K rogdehl, A strophys. J . ,  110, 355 (1 9 4 5 ).

K iv e l, S . Bloom, and H. Margenau, P hys. R ev ., 9^ , 495 (1933)

^A. C. K olb, ASTIA Document No. ADI 15040, U n iv ers ity  o f  M ichigan, 
Eng. R es. I n s t .  (1 9 5 7 ).

^ Ib id .



CHAPTER I

APPLICATIONS OF THE DEBYE-HUCKEL THEORY TO 

THE ELECTRIC MICROFIELD

1. P relim inary Remarks

I f  a Coulomb law o f fo r c e  i s  a sso c ia te d  w ith  each in te r a c t in g  

p a r t ic le  i t  i s  d i f f i c u l t  to  determ ine for  N v a lu es  o f  j ,  th e  p ro b a b il

i t y  d is tr ib u t io n  th a t a l l  N p a r t ic le s  s im u ltan eou sly  l i e  in  th e ir  

r e s p e c t iv e  neighborhoods drj about r j . However, t h i s  c a lc u la t io n  may be 

avoided  by making use o f  p r in c ip le s  f i r s t  in troduced  by Debye.^ One may 

choose a p a r t ic u la r  p a r t ic le  o f an assem bly and compute th e  mean p o t e n t ia l ,  

Y ^(r), in  th e  atmosphere surrounding i t .  T h is p o te n t ia l  i s  co n tr ib u ted  by 

th e  s e le c t  p a r t ic le  a t the cen ter  and the charge cloud  formed by th e  r e 

m aining members ( s e e  S ec tio n  2 ) ,  w h ile  i t s  g rad ien t i s  regarded a s  th e  

f i e l d  a s so c ia te d  w ith  th e  c e n tr a l p a r t ic l e .  The p r o b a b il i ty  d e n s ity  fo r  

t h i s  c o n fig u r a tio n  th en  may be shown to  be th e  volume r e c ip r o c a l ,  1/V.

We review  here th e  treatm ent o f  Debye which has been v e r i f i e d  by Fow ler, 

and Kramers^ u sin g  s t r i c t  s t a t i s t i c a l  m echanics.

^P. Debye and E. H uckel, Phys. Z . , 2 4 , (1 9 2 3 ) .

^R. H, Fow ler, P roc. Camb. P h il .  S a c . ,  2 2 , 861 (1 9 2 5 ) .

A. Kramers, P roc . Ansterdam, 3 0 , 145 (1 9 2 7 ).
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2 . The Io n ic  Atmosphere and A sso c ia ted  P o te n t ia l of a P oint Charge

Let a s p h e r ic a l plasma volume V co n ta in  s s p e c ie s  o f monopole;

ta k in g  th e v a le n c e , t o t a l  number and average p a r t ic le  d e n s ity  of th e  i*-h

sp e c ie s  as 2^, Nj and n  ̂ r e s p e c t iv e ly .  Then i f  N d enotes th e  t o t a l

number o f p a r t i c l e s  corresponding to  an average p a r t ic le  d en s ity  n ,
s  S

12.1  n -  N/V Y . Ni/V = H  nj .
x=i i=i

The v a len ce  Zj may be p o s i t iv e  or n e g a tiv e ;  th e  d ie l e c t r i c  con stant of 

th e  plasma i s  tak en  as u n ity ;  w h ile  e rep resen ts  th e v a lu e  of e le c tr o n ic  

charge ( i . e . ,  4 .8  x 10~^® e . s . u . ) .  Focusing our a t te n t io n  upon a p o in t  

0 a t f ix e d  d is ta n c e  r from a p a r t ic u la r  io n , we req u ire  the mean p o te n t ia l  

"y (̂r) at t h i s  p o in t .

A ccording to  Boltzm ann's theorem , in  a sm all elem ent of volume 

dV surrounding 0 ,  the number o f  th e i*̂  ̂ io n ic  sp e c ie s  i s  g iv en  by

12 .2  n i exp(-€ZiY ^/kT) dV.

Assuming iso tr o p y  o f  th e  plasma and n e g le c t in g  boundary e f f e c t s ,  a r a d ia l  

charge d e n s ity  fu n c t io n ,y y (r ) ,  about th e c e n tr a l monopole i s  then d e sc r ib 

ed by
s

12.3 ylL4(r) = z^njexp (-çziY ^/kT ) ;
i=l

where
s

12 .4  E ^  n^Zi ■= 0 .
1=1

Of c o u r s e ,^ ( r )  rep re se n ts  the lo c a l  tim e average charge d en s ity  about th e  

c e n tr a l io n . T h is i s  u su a lly  r e fe r r e d  to  as the Debye charge c lo u d .

S in ce  th e p r o b a b il i ty  fo r  approach o f p a r t ic le s  o f o p p o site  s ig n  i s  g r e a t

er  than fo r  th o se  o f  l ik e  s ig n ,  th e  tem poral mean over near neighborhoods 

o f  a g iven  p o in t charge should y ie ld  a n et n eg a tiv e  d e n s ity  fo r  p o s it iv e
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charge cen ters  and p o s i t iv e  d e n s ity  fo r  n eg a tiv e  c e n te r s .

The s o lu t io n  for  "Y (̂r) is  e f f e c te d  through P o isso n ’s equation  

fo r  l ^ ( r )  ;
5

12.5  -  4 TT/4 -  4TT6 n^zi exp ( -e z i \k /K T ).

In  order to  put eq u ation  (1 2 .5 )  in  more tr a c ta b le  form the ex p o n en tia ls  

may be expanded; r e ta in in g  term s on ly  t o  f i r s t  order one ob ta in s

1 2 . 6  ) 

where
g

12.7 IĈ = ( 4 T r 6 ^ /K T )  n^zi^ .
i=l

The most general s p h e r ic a l ly  sym m etrical s o lu t io n  to  (1 2 .6 )  i s

12 .8  y /( .r )  •= (A /r) exp (-K r) + (B /r ) exp (K r),

and s in c e Y '(r )  must van ish  fo r  i n f i n i t e  v a lu e s  o f r ,  B must v a n ish .

With a sp e c ie s  as charge c e n te r , th e  co n d itio n  th a t

12.9 Lim ■\^(r) = zjG /r
r-»- o

im p lies  th a t A i s  equal to  Zjfe .

From th ese  r e s u lt s  the fo llo w in g  s e t  o f  eq u ation s may be c o l le c t e d  fo r  

fu tu r e  referen ce:

12 .10 yw (r) " ( K.^6Zj/4TTr) exp (-K r) ,

12.11 “ (6 Z j/r )  -  ( e z j / r ) [  l - e x p ( -K r ) ]  = ( S Z j / r ) e x p ( - K r ) ,

12.12 E (r) = V V '(r )  = (€Zj/r^)(l + K r) exp (-K r )?  ,

g
12.13 K? = (47T€^/kT) ^ n ^ z ^  .

i= l

Thus, the neighborhood of a g iv e n  p o in t charge i s  exposed t o  th e  f i e l d  

of two sources: th e  f i e l d  of th e  c e n tr a l charge and an a d d itio n a l f i e l d
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being co n tr ib u ted  by th e rem aining charges which g e n e r a lly  opposes the 

f i e l d  o f th e  c e n te r . The n et e f f e c t  i s  eq u iv a len t to  a p o te n t ia l  w ith  

c u t - o f f ,  th e  range being determ ined by Debye’ s s h ie ld in g  con stan t 1C 

( s e e  eq u ation  12.11 and 1 2 .1 3 ) . Numerical v a lu e s  o f K fo r  a v a r ie ty  of 

tem peratures and d e n s it ie s  are g iv e n  in  Table 1.

TABLE 1

THE DEBYE SHIELDING CONSTANT t j *

n
( io n s /c c )

IC'j’

T 24 ,000

fc-p

T 12,000
IC-p 

T 6 ,000
IC-p 

T 2 ,000

IQlS 4 .3 0  104 6 .1 0  10^ 8 .6 0 10^ 1.49  10^

lO^G 1.36 10^ 1.93 10^ 2 ,7 2 10^ 4 .7 1  10^

IQl? 4 .3 0  10^ 6 .1 0  10* 8 .6 0 10^ 1.49 10&

10l8 1.36 10& 1.93 10^ 2 .72 10^ 4 .7 1  10®

10l9 4 .3 0  10^ 6 .1 0  10^ 8 .6 0 10^ 1.49  10?

1020 1.36 10^ 1.93 10^ 2 .72 io7 4 .7 1  10^

* (C'Y denotes th e v a lu e s  o f  C in  r e c ip r o c a l cen tim e ters  a t  
th e  in d ic a te d  tem perature T degrees K elv in ; and a t p a r t ic l e  con
c e n tr a t io n  n .
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3 . The Charge Cloud and the Probabl11t y  D en sity  o f  an Ion  

in  I t s  Role as Cloud Center

The charge c loud  i s ,  o f c o u rse , a s t a t i s t i c a l  concept and r e 

p resen ts  an average over th ose  c o n fig u r a tio n s  o f the p o in t charges which  

have p r a c t ic a l ly  th e  same in te r n a l energy and g iv e  s im ila r  co n tr ib u tio n s  

to  th e  m ic r o f ie ld  E^. Each charge Is  th e  ce n te r  o f i t s  own companion 

cloud  formed by a l l  the rem aining ch a rg es , and i s  a member o f a l l  remain

ing c lou d s as w e l l .  In  a plasma h av in g , by d e f in i t io n ,^  m acroscopic  

dim ensions

Lj ^ 1/IC , ( i  -  1 ,2 ,3 )

th e  form and energy o f a cloud  may be assumed to  be independent o f th e  

p o s it io n  o f i t s  c e n te r .

Thus i f  one s tu d ie s  a p o in t charge in  i t s  r o le  as a cloud  

c e n te r , the p r o b a b ility  fo r  fin d in g  i t  in  a volume elem ent dr cen tered  at

r i s  p rop ortion a l to  dr and i s  independent o f  th e  lo c a t io n  r  o f th e

volume e lem en t. Futhermore, i t  does not depend upon th e  c o n fig u r a tio n  

o f th e  o th er  charges which w i l l  always form a cloud  com patib le  w ith  

eq u ation s (1 2 .1 0 )  and (1 2 .1 1 ) .  C on trariw ise , i f  one in te r p r e ts  th e same 

p o in t charge as a member o f a cloud about some o th er  c e n te r ,  the p ro b a b il

i t y  depends upon th e  s ig n  o f  the charge and i t s  d is ta n c e  from the c e n te r .  

Hence, i f  O ^ (rj) d enotes th e norm alized p r o b a b il i ty  d e n s ity  th a t th e  j*-h 

charge i s  lo c a te d  w ith in  a volume elem ent d tj about r^ and i s  regarded as

th e ce n te r  o f  a charge c lo u d , then i t  has a c o n sta n t v a lu e  C and one may

w r ite  form ally

^I. Langmuir, P hys. R ev ., 3 3 , 954 (1 9 2 9 ),



12

1 3 . 1  |"c3j ( r j ) d r  j = Cdrj = CV » 1
>v IV

so th a t

13.2 C ^ (r j)  -  1/V

For em phasis, we rep eat th a t in  i t s  r o le  as charge c e n te r  w ith  

th e  corresponding p r o b a b il i ty  d e n s ity  ( 1 3 .2 ) ,  one must a s s o c ia te  w ith  th e  

e l e c t r i c  cen ter  a m ic r o f ie ld  c o n tr ib u tio n  g iv e n  by (1 2 .1 2 ) .  The c o n s id 

e r a tio n s  are important when applying H oltsm ark's method to  a system  o f  

in te r a c t in g  p a r t ic l e s  fo r  which the method i s  not a p p lica b le  w ithout 

m o d if ic a tio n .

S ince th e  mass o f  the p o in t charge does not appear in  form ula  

(1 2 .1 3 ) ,  t h i s  form ula should  be v a lid  fo r  both ion s and e le c t r o n s .  I t  i s ,  

however, p o s s ib le  t h a t ,  in  a h igher approxim ation . It i s  sm a ller  fo r  

e le c tr o n s  than fo r  io n s ,  a s  the p o la r iz a t io n  o f th e plasma may n o t com

p le t e l y  fo llo w  th e  f a s t  movements o f  th e  e le c tr o n s .  The fo llo w in g  argu

ment in d ic a te s  th a t  t h i s  r e la x a t io n  e f f e c t  i s  a c tu a lly  not very  s e r io u s .  

The p o la r iz a t io n  o f  th e  plasma i s  accom plished by d isp lacem ents (from  

random m otion) o f  ion s and e le c tr o n s  as w e l l .  The la t t e r  w i l l  respond  

even  t o  rap id  f lu c tu a t io n s  o f  th e  m ic r o f ie ld ,  th e  former w i l l  n o t .  How

e v e r , th e  ion s fo r c e  th e e le c tr o n s  to  move in  bent o r b i t a l s ,  thus produc

in g  a c o r r e la t io n  between th e  m otion o f  the e le c tr o n s  and t h e ir  companion 

c lo u d s .

4 . Two Approxim ations to  th e  M ic r o f ie ld  Employing 
Debye * s  Theory o¥~the P o la r iz e d  Plasma

With th e  h elp  o f  D ebye's charge c lo u d , th e  m ic r o f ie ld  in  a
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plasma may be tr e a te d  by two approxim ations. In the f i r s t  o f t h e s e ,  the  

e l e c t r ic a l  p o te n t ia l  '^ ( r )  and i t s  corresponding gra d ien t ? ( r )  i s  g iv e n  by 

equations (1 2 ,1 1 ) ,  and (1 2 .1 2 ) r e s p e c t iv e ly .  Furthermore, th e  p r o b a b ility  

th a t a s i t e  0 i s  exposed to  th e  f i e l d  E (r) i s  considered  equal t o  th e

p r o b a b ility  th a t 0 i s  a t a d is ta n c e  r  from th e  n ea rest charge. T his i s

th e n earest neighbor approxim ation and i c  w i l l  be f u l l y  d iscu ssed  in  the  

next ch a p ter . S ince eq u ation  (1 2 ,1 2 ) i s  s t a t i s t i c a l  in  ch aracter , tak in g  

in to  account the average e f f e c t  o f many in te r a c t in g  system s, and s in c e  a 

sh ie ld ed  fo r c e  has much sh o rter  range than th e  ordinary Coulomb fo r c e ,  

th e  n earest neighbor approxim ation i s  much more appropriate when working 

w ith  the former fo r c e  than  would be th e ca se  fo r  th e  la t t e r .

The n ea rest neighbor theory  f a i l s  when r  i s  large; i . e . ,  when

th e  poin t 0 i s  n ea r ly  e q u id is ta n t  from s e v e r a l f i e l d  producing ch a rg es.

In  t h is  ca se  one has to  acknowledge th e  dual r o le  o f a p o in t charge in  a 

plasm a, according to  w hich each p o in t charge i s  not on ly  a member o f  a 

sh ie ld in g  c lo u d , but i s  a ls o  a c e n tr a l source o f sh ie ld e d  fo r c e . Hence, 

th e m ic r o fie ld  may be tak en  as th e v e c to r  sum of th e sh ie ld ed  f i e l d s  pro

duced by each and every  p o in t charge:

14.1 Ê -  Ê  .  e f  îiiUJUl) e x p ( .» .r ,)? , .
J J diV J J

For binary monovalent system s (th e  on ly  ca se  con sid ered  in  th e fo llo w in g

work) 2N  ̂ i s  equal to  N, and

z i n + 1  whenever 1 ^  j ^  ,
14 .2

Zj X» -  1 whenever j ^  N .

Equation (1 4 .1 )  i s  th e  b a s is  fo r  what w i l l  be termed the s h ie ld 

ed force  approxim ation to  th e  m ic r o f ie ld .  H ere, as in  Holtsmark’s th eo ry .
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th e  on ly  v a r ia b le s  are th e  ^  . But one has to  r e a l iz e  th a t th e s p e c ia l  

form of th e sh ie ld e d  fo rce  (1 2 .1 2 )  and th e magnitude of the s h ie ld in g  

con stan t (1 2 .1 3 )  rep resen t on ly  an average behavior o f the plasm a. 

C o n sisten t w ith  th e  program d iscu sse d  in  th e in tro d u ctio n , f lu c tu a t io n s  

o f th e a n a ly t ic a l  form o f  th e sh ie ld e d  fo r c e ,  in  p a r tic u la r  o f  K. , are  

n e g le c te d  in  a l l  o f  our c o n s id e r a t io n s .



CHAPTER II

Thü NEAREST NEIGHBOR APPROXIMATION AND THE MARKOFF 

METHOD OF SUMMATION

1. The D er iv a tio n  of th e  N earest Neighbor D is tr ib u t io n  w (r)

The law o f d is tr ib u t io n  o f th e  n ea rest neighbor in  a random 

d is tr ib u t io n  o f  system s was f i r s t  con sid ered  by Hertz^ and su b seq u en tly

was p resen ted  in  the fo llo w in g  form by Chandrasekhar. Let w (r)d r denote  

th e  p r o b a b ili ty  th a t th e  n ea rest  neighbor to  a p o in t 0 l i e s  in  a s p h e r ic a l  

s h e l l  o f  th ic k n e ss  dr a t  r a d ia l  d is ta n ce  r from 0 .  This p r o b a b ili ty  must 

be equal t o  th e  p r o b a b ility  th a t  a l l  p a r t ic l e s  are e x te r io r  to  th e sphere  

o f rad iu s r ,  tim es th e p r o b a b ility  th a t a t  le a s t  one p a r t ic l e  i s  c o n ta in 

ed in  th e  sp h e r ic a l s h e l l .  Hence w (r) must s a t i s f y  th e eq u ation

2 1 .1  w (r) -  1- w (r)dr[ l -  fw( 4lrr^ n .
■'0

where n denotes the con stan t average number o f  p a r t ic le s  per u n it  volum e. 

From eq u ation  (2 1 ,1 )  we d erive

^  i m  -  [ . - ^ ]  •

The s o lu t io n  to  (2 1 ,2 )  i s  g iv e n  by

^P, H ertz , Math. A nn., 387 (1 9 0 9 ).

^S. Chandrasekhar, Rev. Mod. P h y s .,  15, 87 (1 9 4 3 ) .

15
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2 1 .3  w (r) = Airr^n exp 4jrr_n j  ^

s in c e  according to  ( 2 1 .1 ) ,

2 1 .4  w (r) —  4trr^ n a s  r  —*• 0 .

For a large number o f  p a r t ic l e s  N »  1 , u s in g  th e d is tr ib u t io n  ( 2 1 .3 ) ,  

an exact form ula f o r  th e  average d is ta n c e , <r>  , between p a r t ic l e s  may be 

d er ived .

By d e f in it io n

21 .5  < r>  “ I rw (r)dr » 4irn r expLlH LD^ d r ,
■Jo -0 ' 3 /

and w ith  s u ita b le  s u b s t itu t io n s  equation  (2 1 .5 )  reduces to

\l/3
21 .6  <r)> exp(-x)dx = P ( 4 /3 ) f - |— ) = 0.554n"^^^

W ¥n / V4.Trn/

T his v a lu e  may be co n tra sted  to  th a t d e f in e d  in  the l i te r a tu r e ^  by th e  

r e la t io n

2 1 .7  47T<r>'^n/3 -  I ;

so th a t

2 1 .8  <r>  = (3/4im )^^^ = 0.621n"^/3 .

However, to  f a c i l i t a t e  com parisons, we s h a l l  use d e f in i t io n  (2 1 .7 )  in  

subsequent work. According to  the d is c u s s io n  o f  Chapter 1 , S e c t io n  ( 3 ) ,  

th e  preceding r e s u l t s  apply t o  in te r a c t in g  charged system s i f  we m odify  

th e in te r p r e ta t io n  o f  w (r) as the p r o b a b ili ty  th a t th e system  i s  th e  near

e s t  neighbor to  0 and i s  th e c e n te r  o f  a Debye charge cloud  as w e l l .

2 .  A F u n ction a l D e f in it io n  and Some N ota tio n a l C onventions

^R. G. B reene, J r . ,  Rev, Mod. P h y s .,  29 , 94 (1 9 5 7 ) .
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In  order to  ob ta in  r e s u l t s  which may r e a d i ly -  be compared w ith  

th o se  o f H oltsm ark, we s h a ll  throughout the remainder o f  our work measure 

th e  f i e l d  1  as th e  m u lt ip le  o f an n-dependent normal f i e l d  E^, where

2 2 .1  E -  E n ^  .

E^ i s  d efin ed  by eq u ation  (2 1 .8 )  and the r e la t io n

2 2 .2  En -  € /  <r>2 -  2 .6 ln 2 /3  .

We s h a l l  r e fe r  o n ly  to  a m onovalent-m onovalent plasm a, although in  the  

g en era l d e r iv a tio n s  use w i l l  n ot always be made o f t h i s  f a c t .  I t  w i l l  

th en  fo llo w  th a t th e  t o t a l  ion  co n cen tra tio n  i s  g iven  by

2 2 .3  n -  2n+ ,

where n* r e p r e se n ts  th e t o t a l  d e n s ity  o f p o s i t iv e  io n s used by Holtsmark. 

The p r o b a b il i ty ,  W(Eo)dEo, fo r  f in d in g  a f i e l d  o f  magnitude Eq a t the  

p o in t 0 w i l l  h e r e a fte r  be r e la te d  to  th e norm alized d is t r ib u t io n  fu n ction  

H(^) by th e  eq u ation

2 2 .4  WN(Eo)dEo -  HN(^)dp> -  En%CEo)dÇ> .

Thus H jg(^) r ep re se n ts  Wĵ CEq) measured in  u n its  of th e  normal f i e l d  

S tren gth  E^.

3 .  The D eterm ination of W(Eq) by th e N earest 
Neighbor Approximation

In  th e  approxim ation,

2 3 .1  W(Eo)dEo -  w (r)dr ,

c o n s is te n t  w ith  th e  d is c u s s io n  o f Chapter 1, S ec tio n  4 ,  w (r) i s  g iven  by 

th e  r e la t io n  ( 2 1 .3 ) .  The tra n scen d en ta l nature of e x p ress io n  (1 2 .1 2 ) ,

2 3 .2  E ( r ) .  .

p reven ts th e  t r a n s i t io n  from th e  p r o b a b ility  d e n s ity , w ( r ) , t o  H(Ç») v ia



18
W(Eo) i f  H ( ^ )  i s  req u ired  as an e x p l i c i t  fu n c tio n  o f  ^ . C onsequently,

(S and H (^ )  are ob tained  as param etric fu n c tio n s  o f  r ,  u sin g  a s c a le  

fa c to r  which r e la t e s  d i f f e r e n t ia l  increm ents o f  Ç» to  th ose  o f  r .  Thus 

w ith  the s u b s t itu t io n  o f eq u ation  (2 2 .1 )  in to  eq u ation  ( 2 3 .2 ) ,  th ere  i s  

deduced th e  e x p ress io n

,  J E n r^ ex p  ( - t r )

When use i s  made o f e x p ress io n  ( 2 3 .3 ) ,  to g eth er  w ith  a com parison of  

eq u ation s (2 2 ,4 )  and ( 2 3 .1 ) ,  one ob ta in s  the fo llo w in g  param etric equa

t io n s ;

2 3 -4  F> -  .

2 3 .5  e x p i e r - £ 1 ^ - )  .

H(p>) i s  a com plicated  fu n c tio n  o f tem perature and t o t a l  io n  

co n cen tra tio n  n , which approaches the n ea rest neighbor approxim ation fo r  

Coulomb f i e l d s  when th e r a t io  n/T and w ith  i t  IC. tends toward zero .

T yp ica l examples are g iv e n  in  F igure 2 . The tem perature, which in  most 

c a se s  of p h y s ic a l in t e r e s t  does not vary by more than a fa c to r  o f  te n ,  i s  

r e la t iv e ly  unim portant. The d if fe r e n c e  between an ord inary  Coulomb f i e l d  

and a sh ie ld ed  f i e l d  can be q u ick ly  estim ated  from th e  most probable v a lu es  

o f ^  . These v a lu e s  are sm a ller  fo r  the sh ie ld e d  f i e l d  than fo r  the  

Holtsmark d is tr ib u t io n  by fa c to r s  ly in g  between two and te n  in  th e  

examples shown. The shape o f  th e  d is tr ib u t io n  fu n c tio n  i s  d i s t in c t ly  

d if fe r e n t  from H oltsm ark’ s d is t r ib u t io n .
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4 .  The Markoff Method o f  Summation.

M arkoff’ s^ method i s  an ingen ious d ev ice  fo r  summing m utually  

dependent p r o b a b i l i t ie s  whose sum has to  s a t i s f y  c e r ta in  a u x il ia r y  con

d it io n s .  I t  has been d iscu sse d  by variou s authors; n o ta b ly  by 

Holtsmark,^ Bom ,^ and Chandrasekhar.^ The p r o b a b ility  d is tr ib u t io n  o f  

v e c to r  f i e l d s ,  e . g . ,  th e  e l e c t r i c  m ic r o fie ld  in  a p lasm a, rep resen ts  a  

problem o f  t h i s  ty p e . I t  w i l l  be f u l l y  review ed in  t h i s  s e c t io n .

Denote by

2 4 .1  Ej -  (X j ,Y j ,Z j)  , ( j  = 1 , 2 , . . . , N )

N v ec to rs  in  a th ree  d im ensional sp a ce , where the components X j, Yj and 

Zj are fu n c tio n s  o f th e  co o rd in a tes  x j , yj and Xj o f  th e  source o f  E j . 

We w ish t o  f in d  the p r o b a b ility

24 .2  %(Xo,Yo,Zo)dXgdYgdZq = % (Eo)dE^

th a t the r e su lta n t  v e c to r

24 .3  E =
J*

has components X, Y, and Z in  th e in te r v a ls

2 4 .4  Xg -  1 /2  dX  ̂ & X É Xq+ 1 /2  dX^, e t c .

For t h is  purpose, we in trod u ce

^A. A, M arkoff, W ah rschein lichkeitsrechnung, Liebman, L eip z ig
u . B er lin  (1 9 1 2 ).

^J. Holtsraark, P h ysik . Z . , 75 , 73 (1 9 2 4 ).

Born, O ptik ,  S p rin ger , B e r lin  (1933) p . 444 .

^S. Chandrasmkhar, Rev. Mod. P h y s ,, 15, 185 (1 9 4 3 ).
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2 4 .5  «JjCxj ,y j ,2 , ) d x j d y j d z j  -  t f j ( r j ) d r j ,

th e  p r o b a b ility  th a t  x j , yj and zj l i e  in  th e ranges x j , xj + dxj ;

y j ,  y j+  dyj ; and Z j, z^ + dzj r e s p e c t iv e ly .  I t  i s  norm alized such th a t  

»
2 4 .6  I ^ j ( r j ) d r j  = 1 , ( j  -  1 , 2 , . . , ,N) .

Jo

The d is t r ib u t io n ,  Wj}(Ejj)dEQ, may be w r it te n

24 .7  Wjj(Eo)dEo = | - | n < r j ( ? p d ? j  ,

where th e in te g r a t io n  i s  t o  be extended over th o se  reg io n s o f the 3N 

dim ensional c o n fig u r a tio n  space ( x j ,  y i ,  z i , . . . ,  x j , y j j  Zj) in  which the  

in e q u a l i t ie s  ( 2 4 .4 )  are s a t i s f i e d .

This c o n d it io n  can be form ally  handled by in trod u cin g  th e  fa c to r  

A  ( r i ,? 2 » . • . “ 1 whenever Xq-  l/2dX g 6  X — Xq + l/2dX o, e t c . ,
24 .8

A  ( ? i , r 2 , . . . , r p  = 0 otherw ise;  

thus transform ing equation  (2 4 .7 )  in to

24.9 Wi (̂Eo)dEo = (?^,^2 .̂ . .  ,rj^) g  (Tpr^dr^ ,

where in te g r a t io n  extends over th e  t o t a l  a c c e s s ib le  reg io n  o f  c o n fig u r 

a t io n  space V.

E x ten sio n  of th e  domain o f in te g r a t io n  to  a l l  r eg io n s  o f con

f ig u r a t io n  space i s  accom plished by th e  form al in tro d u ctio n  o f  the fa c to r  

A  . At f i r s t  s ig h t  t h i s  appears to  be a h e u r is t ic  form alism ; but i t  i s  

th e e ssen ce  o f M arkoff *s method th a t such a fa c to r  may be found.

The w e ll  known d iscon tin u ou s in te g r a ls  o f D ir ic h le t
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and cTg, o f which a ty p ic a l  r e p r e se n ta tiv e  i s

-TT /  exp ( iY x p x )d p x  ,24 .10  tfv -  =L r —

have th e  p ro p e r tie s

-  1 4 KL  ̂ °(x* e t c . ,
24 .11

cTx " 0  o th erw ise .

By means o f  the s u b s t itu t io n s

-  1 /2  dXq, and -  I Ï  Xj -  X^;

24 .12  OCy “ 1 /2  dYo, and Yy -  5 Ï  Yj -  Yo!

0 (.2  = 1 /2  dZo, and Yg -  I Ï  Zj -  Zq;

in to  cTjj, cTy, and cTg r e s p e c t iv e ly ,  i t  i s  c le a r  th a t  the fa c to r

24.13 A “ <̂ y cfj

s a t i s f i e s  th e  c o n d it io n  (2 4 .8 )  and perm its expansion  o f  the domain o f  

in te g r a t io n  to  Include a l l  c o n fig u r a tio n  sp ace .

The in tr o d u c tio n  o f th e  r e la t io n s h ip s  (2 4 .1 0 )  and (2 4 .1 3 ) in to  

equation  (2 4 .9 )  y ie ld s  the e q u a lity
too

24 .14  WN(Eo)dEo = ^  j -  J [ 1

«00

where

24.15  d p =  d p ^ d p y d p g ,

and

24 .16  p 'Y  =  fk%% + P y f y + f t f t  =  i p i i j r i c o s e .

Interchange o f  in te g r a t io n  order g iv e s

24.17  WN(E%)dEo = - L  f f f  f... f  smKsPa) m K z M
P* P3 Pz

I t  w i l l  be dem onstrated in  the succeed ing development th a t the
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c o n tr ib u tio n  to  th e  Integrand fo r  a b so lu te  v a lu e s  of p  g r e a te r  than te n  

I s  n e g l ig ib le ;  thus J u s t ify in g  the approxim ation o f s in  (otp ) by o(pwhich 

transform a eq u ation  (2 4 .1 7 )  In to

24 .18  % (^o)<^o “ [ f j   ̂  ̂GN(p)dp ,
-00

where
N

24.19 G*,(p) -  J - -J  0 5 (r j)d ? j .

«■■■■
The problem o f  f in d in g  W(Eo)dEo Is  In t h is  manner reduced t o  

th e  s o lu t io n s  o f  eq u ation s (2 4 .1 8 )  and (2 4 ,1 9 ) by th e  method o f  M arkoff, 

No fu rth er  c a lc u la t io n  can be made u n t i l  s p e c i f i c  forms o f  th e  v ec to r  

components X j, Y j, Z j, and p r o b a b ility  d e n s i t i e s ,  d \ ( r j ) ,  are Icnown. 

However, a ca se  o f  g rea t in t e r e s t  a r is e s  in  many p h y s ic a l problems when 

from s p e c ia l  symmetry p r o p e r tie s  i t  i s  known th a t

C Jj(rj)drj -  d " (r j)d rj,
2 4 .2 0  J J J J

Ej (r j  ) = ± E (? j )  ,

fo r  a l l  v a lu es  j .  E quation (2 4 .1 9 ) then  may be w r it te n

r  r i p ’f
24 .21  Gn(P) = I j  ® c f ( r ) d r j

where in te g r a t io n  ex ten d s over th e  volume V a v a ila b le  t o  th e  sou rces o f  E,

5 . The Markof£- HoItsmark Method fo r  E va lu a tion  o f  th e  M ic r o fie ld  
D is tr ib u t io n  and th e  Sh ielded  Force Approximation

According t o  th e  d isc u ss io n  o f Chapter 1 , S e c t io n  4 ,  when th e

n ea rest neighbor approxim ation f a i l s ,  we must co n sid er  ^ j , th e  v e c t o r ia l

co n tr ib u tio n  to  th e  m ic r o f ie ld  Eq o f  each source system . In  t h i s  case

th e  p r o b a b ility  d e n s ity  o f  a g iv e n  va lu e Eq i s  p ro p o rtio n a l t o  th e  sum
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o f th ose  w eigh ted  sub-volum es o f c o n fig u r a tio n  space w hich are occupied  

by the so u r c e s . Of c o u r se , th e se  sou rces are su b je c t  t o  th e  a u x ilia r y  

c o n d it io n  th a t th e sum o f  t h e ir  v e c to r  c o n tr ib u tio n s  p la c e s  in  a range 

dE(j, S in ce t h i s  i s  p r e c i s e ly  the typ e  o f problem which th e  Markoff method 

i s  designed  t o  s o lv e ,  th e  d is t r ib u t io n  fu n c tio n  W(ÏÏq)  may be obtained  

im m ediately (a t  le a s t  in  p r in c ip le )  when th e p r o b a b il i ty  d e n s ity  g j ( r j )  

and v e c to r  c o n tr ib u tio n  E j , o f  each source i s  known.

The m ic r o f ie ld  a t  a  p o in t o f  o b serv a tio n  0 in  a plasma may be 

r ig o r o u s ly  rep resen ted  as th e  v e c to r  sum o f th e  Coulomb fo r c e s  produced 

by a l l  th e p o in t ch a rg es .

2 5 .1  E -  Ej -  r j  .
3=1 3=1 ^

As a lread y  remarked in  th e  in tr o d u c tio n , Holtsmark assumed th a t CJjCrj) i s  

independent o f  "rj and th e  c o n fig u r a tio n  o f th e  o th er  charges and has th e  

con stant v a lu e  1/V . T h is assum ption , which i s  v a l id  f o r  n o n -in te r a c tin g  

p a r t ic l e s ,  s im p l i f i e s  th e  c a lc u la t io n s  d e c i s iv e ly ,  but i t  i s  not adm iss

ib le  fo r  system s o f  p a r t ic l e s  w ith  long range in t e r a c t io n s .  However, a 

con stan t p r o b a b ili ty  d e n s ity  (3 j(r j)  w ith  th e  v a lu e  1/V can be form ally  

used fo r  c a lc u la t in g  th e  f i e l d  d is t r ib u t io n  i f  eq u a tio n  (2 5 .1 )  i s  rep laced  

by eq u ation  ( 1 4 .1 ) .  T h is fo llo w s  from th e d is c u s s io n  o f  Chapter 1,

S ec tio n  4 ,  which showed th a t < 3 j(^ ) i s ,  in  f a c t ,  eq u al t o  the volume 

r e c ip r o c a l i f  th e  sou rce  charge i s  in te r p r e te d  as th e  cen ter  o f  a 

charge c lo u d ; h en ce , as th e  source o f  a sh ie ld e d  Coulomb fo r c e . Thus, 

Holtsmark*s o r ig in a l  method can be used  i f ,  th rou gh out, th e  Coulomb fo r c e  

i s  rep laced  by th e s h ie ld e d  fo rce  ( 1 4 .1 ) .

For th e  sh ie ld e d  fo r c e  approxim ation , we may determ ine th e  d is -
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tr ib u t  io n ,  Wfj(E{,)dE(j, by em ploying eq u ation  (2 4 .1 8 ) re in trod u ced  as

2 5 .2 % ( E o ) <  -  ^  j j je "  ’ % ( p ) d p
- 0»

S in ce th e  fu n c tio n a l dependence upon th e  coord in a tes o f a m onovalent 

sou rce i s  id e n t ic a l  fo r  a l l  so u r c e s , and th e p r o b a b ility  d e n s ity  o f any 

sou rce i s  1/V, eq u ation  (2 4 .2 1 )  i s  a p p lic a b le . I t  may be w r it te n  as

r  !• ip'Ê iW
2 5 .3  G^(p ) -  jT e r  dZ j  ,

where according to  equation  ( 1 2 . 8 ) fo r  a monovalent source

2 5 .4  E (r) = ± _ § . (1 + K.r)e'"*^^r.

The v e e t a ï ia l  b a s is  fo r  p  has as y e t  been l e f t  a r b itr a r y . I f  

we in trod u ce p o la r  coord in a tes  w ith  p o la r  a x is  along th e  d ir e c t io n  o f Eq , 

eq u ation  (2 5 .2 )  i s  transform ed to

.TT .21T - i l p l I E o l c o s Q
2 5 .5 Wu(Eo)dEo = j L E |/ / I e  Gu(p) sin ©  dpd© d p ,

(£it) Jq Jq

w hich can be reduced to

2 5 .6  Wjj(Eo)dEo = J  p s i n ( p  p ) d p .

We are in te r e s te d  on ly  in  th e  a b so lu te  v a lu e  o f  the m ic r o f ie ld ,  hence in  

W{^(Eo)dEo. I t  i s  derived  by m u ltip ly in g  Wjj(Eo)dEo w ith  the appropriate  

w eig h tin g  fa c to r ,  4TTEq, t o  o b ta in  from eq u ation  (2 5 .6 )  the r e la t io n

09

2 5 .7  WN(Eo)dEo = 4nE^^(Eo)dEo = f p  sin(pEo)G jj(p)dp
•'o

In  accordance w ith  th e  con ven tion  in troduced  in  S ec tio n  2 , l e t  us fu r th er  

e x p r e ss  th e  p r o b a b ility  d e n s ity ,  Wjj(Eg), in  u n it s  o f th e  normal f i e l d
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str e n g th  E^, i . e . ,  by in trod u cin g  d efin ed  in  eq u ation  ( 2 2 .4 ) .  Then

Hfj(p>) i s  w r it te n  as

25 .8  %(e>)d(i -  Ej,Wu(Eo)d(i -  J* ^ s in (E n ^ f  )Gjj(p)dp j

or f in a l l y ,

2
25 .9  % (p,) -  I p s i n  (Ej^Ç>p) G^(p)dp ,

'O

where

r  ‘ ?  -|N
2 5 .1 0  GijCp) “ | j 7  j* ® dr J ;

w h ile  Ç> and a re  d efin ed  by eq u ation s ( 2 2 . 1 ) and ( 2 2 . 2 )  r e s p e c t iv e ly .  

The v a r ia b le  o f  in te g r a t io n  p  i s  a d im en sion less parameter appearing v ia  

th e  D ir ic h le t  in te g r a ls  in troduced  in  S ec tio n  4  o f  t h i s  c h a p te r .

The e v a lu a tio n  o f  th e  in te g r a ls  (2 5 .9 )  and (2 5 .1 0 )  c o n s t i tu te  

th e  com plete s o lu t io n  to  th e  sh ie ld e d  fo rce  approxim ation , and t h i s  

problem w i l l  be con sid ered  in  th e  fo llo w in g  c h a p ters .



CHAPTER I I I

THE LIMIT AND INTEGRATION OF THE FUNCTION Ĝ C p  )

1. The G eneral P ro p er tie s  of Gn ( P )

An exam ination o f eq u ation  (2 5 .1 0 ) shows th a t G^Cp ) i s  a 

d im en sion less  q u an tity  which:we s h a l l  w r ite  as

,N
3 1 .1

where

GnC ) -  |^G( p

xplElcos© o
3 1 .2  G ( p )  -  3 l i f e  r^  s in e d G  d f  dr .i ï FV  47tr3 ^  Vp .Q

The lim it in g  form o f eq u a tio n  (3 1 .2 )  as N, V, and R tend toward i n f in i t y  

has c e r ta in  sim ple p r o p e r t ie s ,  independent of th e  nature o f  th e  fo r c e  

law , which w i l l  f i r s t  be d e sc r ib e d . From i t s  d e f in i t i o n ,  G(yo) has th e  

dim ension o f a volume which i s  sm a ller  than V because o f th e p e r io d ic  

nature o f th e  in tegran d . Furtherm ore, G(^p) i s  on ly  s l i g h t l y  sm aller  

th an  V when E tends r a p id ly  toward zer o }  the in tegran d  sim u ltan eou sly  

approaching u n ity  as r  approaches i n f i n i t y .  In troducing  th e  a u x il ia r y  

q u a n tity  V*( p )  «  V, one may w r ite

3 1 .3  f v - v » ]" =  r , - 9 i £ . f =
L V L \ /  L N /n  J|v|-.ei) L N J

where n i s  th e  t o t a l  c o n cen tra tio n  o f  charges and i s  equal to  tw ice  th e

27
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number o f p o s i t iv e  io n s . S ince th e  p r o b a b ility  d is tr ib u t io n ,  W(Eq) ,  o f  

th e  m ic r o f ie ld  i s  independent o f th e  volume o f th e  plasm a, the same must 

be tru e  fo r  g ( p )  which i s  the on ly  parameter in  th e form alism  which i s  

c h a r a c te r is t ic  fo r  th e  p h y s ic a l nature o f  th e  system . Thus g (p  ) i s  f u l ly  

determ ined by the fo r c e  law and by the co n cen tra tio n , n , o f  p o in t ch arges. 

For an u n sh ie ld ed  Coulomb fo r c e , g ( p )  can be r ig o r o u s ly  c a lc u la te d  w ith 

out u sin g  s é r ie s  exp an sion s or s im ila r  approxim ations. A proof o f  t h is  

statem ent i s  g iv en  in  an appendix.

In  the c a se  o f  a sh ie ld e d  fo r c e , g ( p ) i s  a com plicated  fu n c tio n  

o f th e s h ie ld in g  co n sta n t R ; h ence, as in  Holtsm ark’ s work, th e  in te g r a l  

(3 1 .2 )  can on ly  be handled by num erical and gra p h ica l m ethods.

2 . The Form o f G( p )/V  in  th e Sh ielded  
Force Approximation

To f a c i l i t a t e  th e  a n a ly s is  o f  th e  fu n c tio n  G( p  ) /V , i t  i s  con

v e n ie n t to  f i r s t  in te g r a te  eq u ation  (3 1 .2 )  over th e  a n g les Ô a n d p  to  f in d

3 2 .1  G(p) » _ 3 _  f  s in  ( p lE l )dr .
V p r 3 p lE l

By making th e  s u b s t itu t io n s

, 1 / 2
3 2 .2  “ (€ p  ) itx = k r ,

3 2 .3  E -  6 (1  + k.r)e~'̂ *̂

3 2 .4  F(t)x) = (1  + T)x)e
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and

3 2 .5  R* -  R / ( e p

one deduces th a t

R*
32 .6  G( P ) ” _3_ f s in  f~ F( h x ) l  dx

V J o  F(nx) L x z  J'o Ftn*)

For ease o f  r e fe r e n c e  we fu r th er  put

3 2 . 7  I ( t) , x) “ s i n  |~ F(Y)x)J4-

F(t)X)

so  th a t eq u ation  (3 2 ,6 )  may be w r it te n

r**
3 2 .8  GCP)  -  _ 3 _  I (n ,x )d x  .

V Jo '

In  order to  an a lyze th e  in tegrand  I  we s h a ll  f i r s t  stu d y  th e  behavior o f

F(r|x) and in trod u ce  an a s so c ia te d  v a lu e  o f  th e  v a r ia b le  x .

3 .  The Behavior o f  F( Y] x) and th e D e f in it io n  o f  Xg( t] )

An e x c e l le n t  approxim ation to  G (p )/V  may be ob ta in ed  through  

d eterm in ation  o f  i t s  upper and lower bounds. But b efo re  doing so  i t  i s  

d e s ir a b le  t o  examine the behavior o f  F (r |x )  fo r  n o n -n ega tive  v a lu es  o f  

rj X, and t o  d e fin e  a u se fu l v a lu e  fo r  x .

C onsider

3 3 .1  F ( n x )  -  (1 + iyx )e~ ^ *  à 0 ,

and

3 3 .2  F̂  (t  ̂ x ) = -  T| X e ~ 0

fo r  n on -n ega tive  v a lu e s  o f rjx . The fu n c tio n  p o sse s se s  a maximum a t the  

o r ig in  an4  c o n s ta n t ly  d ecrea ses  w ith  in cr ea sin g  r |x , so t h a t ,  fo r

3 3 .3  >yx > qx ,

F( rjx) 4  F( r|x) .
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Let us fu r th er  d e fin e  X g (rj) by th e  r e la t io n

3 3 .4  F (n  Xa) -  a > 0 .

Then *

3 3 .5  l / x |  > F (T jX a )/x | -  a ,

and

3 3 .6  Xg < a ” *'̂ '̂  , 

w h ile

3 3 .7  x^ < Xgj b > a o

For convenience in  th e  subsequent c a lc u la t io n s  i t  i s  im portant 

t o  have a quick method o f determ ining Xg( rj ) as a fu n c t io n  o f  rj when some 

v a lu e  o f  "a" I s  s p e c i f i e d ,  and con seq u en tly  a nomograph may be prepared  

based on the fo llo w in g  c o n s id e r a t io n s .

Let the va lu e  o f "a" be f ix e d ,  and w r ite  eq u ation  (3 3 .4 )  as

3 3 .8  a'^^ Xa(rj) = [ l  + TjXg(rj) e"'’ .

With "a" equal to  u n ity ,

3 3 .9  x i(rj) = [ l  + nxi(Tj)]  ̂ g ^X,(r))/a ^

D efin e  Tjg by th e  r e la t io n

3 3 .1 0  ^*Xa( l a )  "

and s u b s t i tu te  t h is  e x p r e ss io n  in to  eq u ation  ( 3 3 .8 ) ,  D iv is io n  o f th e  

r e la t io n  so  obtained  by eq u ation  (3 3 .9 )  then  y ie ld s  th e  r e s u lt

3 3 .1 1  Xg( ria) “ a"'^  ̂ ,
" W i T

or

3 3 .1 2  Xa(Tja) “ a"'^ x i(r |)
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I f  eq u ation  (3 3 .1 1 )  i s  s u b s t itu te d  in to  eq u ation  (3 3 .1 0 )  then

3 3 ,1 3  T| -  a"'^^ r\a .

To co n stru ct th e  nomograph i l lu s t r a t e d  in  F igure 3 , one prepares a graph

o f  eq u ation  ( 3 3 .9 ) ,  and on i t  one a ls o  p lo t s  th e  lin e a r  eq u ation  (3 3 .1 3 )

f o r  th e  d e s ir e d  v a lu e  o f  "a". Choosing th e  va lu e r)a* hhe corresponding  

v a lu e  o f  Î] i s  read d ir e c t ly .  The v a ^ e  o f  corresponding to  i s  

th en  ob ta in ed  by read ing  x i ( t |  ) and d iv id in g  by the square r o o t  o f  "a*. 

To in c lu d e  in  one d isp la y  a s u f f i c i e n t  range fo r  t] ,  th e  i l lu s t r a t e d  

nomograph i s  double s c a le d .

4 .  The Geometric Character o f G(P  )/V  

With th e  h e lp  o f th e  Xg and F igure 4 ,  th e  fo llo w in g  p r o p e r tie s

o f  th e  in tegran d  I and G(/J ) /V  can be e a s i l y  s ta te d :

^ . 1
A) I  -  x^ in  the in te r v a l x .̂ . ^ x R*

B) 0 < I  < x^ in  th e in te r v a l x^ c  x 4 Xg  ̂ »

fXmn

C) j  I(T^,x)dx j  I(T |,x)dx  
Xr)k

f

hence th e  in te g r a l from zero  to  Xtt over  th e  o s c i l l a t in g  p art o f  I  i s  

n e g a t iv e ;

D) Because o f  th e  p r o p e r tie s  l i s t e d  under (C ), th e r e  e x i s t s

an  Xg g rea te r  than x^ such th a t

f " *  rI I(T j,x)dx -  / I (V ] ,x )d x  ;
A) /xa

.R**"

E) In  th e  in te r v a l (x^ c x  < Xq^j) ,  F ( r |x ) /x ^  i s  l e s s  than  

o n e -te n th  and g r e a te r  than  tv ,  so  th a t  th e  s in e  o f  t h i s  fu n c tio n  i s  le s s  

than  th e fu n c tio n  i t s e l f .  H ence, th e r e  e x i s t s  an Xg in  th e  in te r v a l
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to  th e  case tj = 5.
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(Xg< Xg< Xg 2 ) such th a t

R- ^
I I ( ï ] , x ) d x  “ I x^dx “ 3 [r*^ -  Xg]

Jo /Xg

Xg I s  a fu n c tio n  o f  Tj and rep re se n ts  t h is  s p e c ia l  v a lu e  o f  th e  v a r ia b le  x

which d iv id e s  the shaded a rea  in  F igure 4 in to  equal h a lv e s .

With th e  help  o f  Xg( ï) ) one can w r ite

3 4 .1  ^ (p )  = 1  _ :4(T)) " 1 -  4 ir (e /)f^ :^ (7 ,)  .
V 3 v

Comparing eq u ation s (3 4 .1 )  and (3 1 .3 )  one f in d s  th a t

3 4 .2  g (p ) .  4p(€jO)®^^x|(Tj) .

U t i l i z in g  th e  geom etrica l in te r p r e ta t io n  d iscu sse d  under (E ) ,  Xg(Tj) and

w ith  i t  g ( p ) can be e a s i l y  e stim a ted  by g ra p h ica l m ethods.

5 . ^  E xp ression  o f G(p)/V as a Stan o f I n te g r a ls

S in ce th e  f in a l  in te g r a l (2 5 ,9 )  i s  ra th er  s e n s i t i v e  a ga in st

erro rs  in  g(p ) ,  we s h a l l  u se  th e  more accu rate method o f  c a lc u la t in g  upper 

and low er bounds fo r  3^ (T |). With s l ig h t  m o d if ic a t io n , t h i s  method i s  

adaptable fo r  machine program ing. We put

3 5 .1  G(p) = A i(p ) + A2 (p) + A3 (p ) ;
V

where

,Xir
3 5 .2  A i(p ) = ^ ^ j l ( r | , x ) d x  ,

3 5 ,3  A2 (p ) -  l(Yj ,x )d x
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and

3 5 .4

Jx.
3The bounds fo r  X g(r|) w i l l  be determ ined through exam ination of th e  

fu n ctio n s  A i, A2  and A3 .

6 , Bounds fo r  A\ ( p  )

AjCp ) may be expressed  as an ih f I n i t e  s e r ie s  by employing th e

n o ta tio n

3 6 .1  A i ( p >  -

where

,XynTr
3 6 .2  Urn = j  I ( t ]  ,x )d x  .

»̂n+Oir

I f  one w r ite s  th e  in tegrand  as

3 6 .3  I (t) ,x )  = s in  /  F(r^x)  ̂ ^  ,
 ̂ X2  /  F(nx)

i t  i s  c le a r  t h a t ,  fo r  sm all argum entai v a lu e s  o f  th e  s in u so id a l fu n c t io n ,  

I (  T |,x) approaches x^; m o n oton ica lly  approaching zero w ith  x so  th a t

36.4 I ^  I > ! Um+ll .
But

,4-
3 6 .5 Uj =» r  —2 — s in  dx ,

j  FCt]X)
X2ir

3 6 .6  Xy^  ̂ X h X2yj- ,

3 6 .7  yt -  F ( r | x ) / x 2  6  2TT
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and

3 6 .8  -1  6  s in  j^ F (r |x )/x^ 3  é  0 .

I t  th e r e fo r e  fo llo w s  th a t

. %Tr
3 6 .9  I

■  ^  'X .,
or

r x%dx ^ Ui < 0

 ̂̂ 9yr

3 6 .1 0  ^ III < 0  .

Combining th e  r e s u l t s  ( 3 3 .6 ) ,  (3 6 .4 )  and (3 6 .1 0 )  it; i s  concluded th a t the  

a b so lu te  v a lu e  o f  each term of A%( p )  i s  l e s s  than u n ity . The v a r ia t io n  

o f th e s in e  fa c to r  in  I (r j  ,x )  fo r  argumentai in te r v a ls  o f  TT im p lies  th a t

3 6 .1 1  %  6  0  whenever m i s  odd ,

and

36 .12  Uf[, è  0  whenever m i s  even:

th e r e fo r e  e x h ib it in g  A j ( p )  as an a lte r n a t in g  s e r ie s  which m eets the

u su a l c r i t e r i a  fo r  convergence and approxim ation . Thus,

36 .13  3Uj ^  Ai(p)  éi  3(U i+  U2 ) ,

and

3 6 .1 4  C ^ tt"  ^2tt3 ^ ^ l(p )  ^ °  •

7 . Bounds f o r  A^Cp )

For our conven ience, l e t  us d iv id e  th e  in te r v a l

x ^  < X < x^

in to  th e  fo llo w in g  e le v e n  s u b - in te r v a ls :

^ 3{ A XMTT/ 1 6  (m = 6 , 7 , . . . , 1 5 )  ;
3 7 .1

X67r/ |6  ^  X ^  X|
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W ithin  th e se  r e s p e c t iv e  in te r v a ls  one has th e corresponding r e la t io n s h ip s

s in  (mTT/16) f  s in  [^ F (t)x)/x^ J  -  s i n [  (m+l)TT/16 ]  ,
37 «2 P _

s in  ( 1 ) £ s in  |_ F (r |x )/x ^ J  -  s in  (6tr/16) ;

and

16/(nn^l)pr -  x^ /F (nx) A 16/mTT ,
3 7 .3

16/tt ^ x^/F(r]x) 6  1  .

One may now w r ite
-X, , Xmv/I6

, ,, J6  x^dx + 7  x^dx < ^ A d p )

and

J
- A J

x ^ d x  + 7  ]
*1 , p  ^

x ^ d x

whence,

3 7 .6  ' I B M  [ x f - x ^ / , . ]  +  7  J É S ü ip ld ^  [ x l v » - X ( » .O x ]  < A^(p) ,6-nrR^3 Z _  (m+i)rrR*5 ^
m=o

and

3 7 .7  A ifp ) < [ x f -x L /'x ]  + 7  K . A -
R*3

8 ,  Bounds fo r  A]( p )

For c a lc u la t in g  th e l im it s  o f  Ag( / ) ) ,  use i s  made o f  th e s in u s 

o id a l approxim ation

3 8 .1  o c -  cc^ / 6  6  since. £: <X -  oc. ^ / 6  120 .

The l e f t  member o f eq u ation  (3 8 .1 )  s u b s t itu te d  in to  eq u ation  (3 5 ,4 )  y ie ld s  

th e  r e la t io n
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3 8 .2  j  ^  .

w hich may be reduced to

_ 2LT)X „ aH* .  -  -R

X| x%

The su b stitu tio n .

3 8 .4 V 2T]3

3 8 .5

perm its one to  ex p ress  eq u ation  (3 8 .3 )  as

3 .V
1 - ^  j [ i / v ^  4 - i / y  4 i / 4 - ] e  d v  c  A ^C p)

4r)X,

C onsidering assym p totic  v a lu es  as R* a p p r o a c h e s ,'in fin ity , and n e g le c t in g  

in f in i t e s im a ls  o f  order g rea te r  than 1/R*^, eq u ation  (3 8 .5 )  may be w r it te n

38 .6 I - ,* 3
X, +  2i±  

4

_ 2 T)X, _2 T)
+

2 X1 1 ^ AsCp),

thus bounding Ag ( p ) from below .

By u sin g  th e r ig h t  hand member o f in e q u a lity  ( 3 8 .1 ) ,  and by per

forming a c a lc u la t io n  p r e c is e ly  as in  the preced ing c a s e ,  th ere  r e s u lt s
R*/2 ^

3 8 .7 A ,( p )  <  I -  - i
■ 3  - 2 nxi -z-nxr
x , + n e  +. _e_ ' -h fIZOK*̂  J x5

X,
4  2X,

For e v a lu a tio n  o f  th e  in te g r a l appearing in  the r ig h t  hand member o f  

eq u ation  ( 3 8 .7 ) ,  use i s  made o f th e fa c t  t h a t ,  accord in g  to  th e  d e f in it io n  

of A ^ i p ) ,

3 8 .8  T|x — î Xĵ  .

Then
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throughout th e  range of In te g r a tio n , which im p lie s  

RV2»J

3 8 .1 0  - 3 f .  3  dx <
I )(6 I20R*3 I  Ü Ô ft^  I X®~~

*'X| A ,  /X)

Once more by n e g le c t in g  in f in ite s im a ls  o f  order h igh er than 1/R*3 and con

s id e r in g  th e l im it  a s  R approaches i n f i n i t y ,  eq u ation  (3 8 .1 0 )  i s  tr a n s 

formed in to

I 5 -
.200X, 40X7 20Xp 2.0X* 40X| J ,

+

Employing th e d e f in i t io n  (3 3 .4 )  fo r  x j ,  th e  form o f eq u ation  (3 8 .1 1 ) may

be changed to  read
R*/&q

3 8 .1 2  3 I p \ r }x)  ^
I20R>*3 I x6  200R«3

/X |
A g(p  ) i s  now bounded from above.

I + 5 i")X, + + fOrj^+4yp^

( r+-

9 . The Bounds fo r  Xg( ?] ) and G( p ) /V
3

The id e n t i f i c a t io n  o f  bounds t o  Xg( Tj ) i s  com pleted by c o l l e c t 

in g  r e s u l t s  ( 3 6 .1 4 ) ,  ( 3 7 .6 ) ,  ( 3 7 .7 ) ,  ( 3 8 .6 ) ,  (3 8 .7 )  and ( 3 8 .1 2 ) .  Sub

s t i t u t i n g  them in to  eq u ation  ( 3 5 .1 ) ,  one o b ta in s

3 9 , 1  XgyCq) 4  4  > yL (n ) )
R 3 V R 3

3 3where and Xĝ _( T| ) are exp la in ed  through th e  preced ing o p era tio n s .

From eq u ation s (3 9 .1 )  and (3 4 .1 )  i t  i s  then  deduced th a t

an d , in  th e  l im it  as V and w ith  i t  N approaches i n f i n i t y .
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where

3 9 .4

39.3 exp[iEIL ^ < exp ^6(P)
V

_N

H*oo

,3/2 3

,N
=  exp | 4 n n (fep) Xg(Tj)J .

Thus upper and lower bounds fo r  th e l im it  o f  [G( p )/v] have
3

been  determ ined a s  fu n c tio n s  of  p  . A graph o f th e  fu n c tio n s  x^^C rj )
3

and ) i s  g iv e n  in  F igure 5 . Reasons advanced in  th e n ext ch ap ter

j u s t i f y  th e  om issio n  o f v a lu e s  fo r  Tj g rea ter  than  1 0 .
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CHAPTER IV

THE ASSOCIATED MICROFIELD DISTR.IBUTION H((2»)

IN THE SHIELDING FORCE APPROXIMATION

1. The Method o f  Evaluatlxig H (fi )

For quick re fe r e n c e  i t  i s  u s e fu l to  re in tro d u ce  th e equations  

( 2 5 .9 ) ,  ( 3 2 .2 ) ,  and (3 9 .4 )  r e s p e c t iv e ly  as eq u ation s

4 1 .1  Hn (&) = 2.En^ psin(En_Pp)G ^(p)dp

0

4 1 .2  r) = (ep)^/^k. ,

and

Kl
4 1 .3  Lim G^(p) = LimN**e» N-*<»

G(p) 1- 3/2. 3  -1
= exp 4irn(ep) Xg J.

D enoting by H((^ ) the lim it in g  va lu e o f  H^((3 ) as N approaches 

i n f i n i t y ,  s u b s t itu t in g  eq u ation  (4 1 .3 )  in to  eq u a tio n  ( 4 1 .1 ) ,  and u sin g

th e  change o f  v a r ia b le  ( 4 1 .2 ) ,  one o b ta in s

2

4 1 ,4  H (& ) -  J  J  s i n  j - ^  .

The fu n c tio n

42
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i s  ex trem ely  com plex, p erm ittin g  o n ly  d eterm ination  o f upper and lower 

bounds. S in ce  even th e se  are a n a ly t ic a l ly  unmanagable, th e  in te g r a tio n  

o f  H(Ç>) i s  performed g r a p h ic a lly  u s in g  th e bounds o f  e x p r e ss io n  (4 1 .5 )  

as en velop es fo r  th e  s in u so id a l fu n c tio n . Numerical work th en  shows th at  

fo r  v a lu es  o f  T) g r e a te r  than te n  (correspond ing  to  v a lu e s  o f p  l e s s  than  

1 0 "^) th e  c o n tr ib u t io n  to  th e in te g r a l  by th e  in tegrand  i s  n e g l ig ib le .

To determ ine th e p r o f i le  o f  H ( ^ ) an e x p l i c i t  ch o ice  o f  n  and
3

i s  made. One then  p lo t s  th e  in tegrand fo r  extrem al v a lu e s  o f Xg(T| ) 

and a s u ita b ly  chosen  v a lu e  o f . The area under the integrand i s  

determ ined p la n im e tr ie s l ly .  Corresponding t o  th e  extrem e a r e a l v a lu es  

so  o b ta in ed , one f in d s  upper and low er bounds fo r  H( (5 ) fo r  th e v a lu e  of 

s e le c t e d .  A p lo t  o f  th e in tegrand  of th e  in te g r a l (4 1 .4 )  fo r  sev era l 

v a lu e s  o f ^ i s  shown in  F igure 6 .

P o in ts  determ ined in  th e range g r e a te r  than  th ree  are n ot as 

r e l ia b le  as th o se  fo r  le s s e r  v a lu e s ,  due t o  th e  rap id  o s c i l l a t i o n  o f  the  

Integrand. An a id  to  th e  p r o f i le  d eterm in ation  i s ,  o f co u rse , the normal

i t y  o f  H(^ ) ,  and was employed to  e s t im a te  th e  behavior o f  th e  d is tr ib u 

t io n  w ing. Futherroore, th e  assym p totic  behavior o f  H (^ )  a s  ^  tends to  

i n f i n i t y  must be governed by th e  n ea rest  neighbor o f  a t e s t  p o in t and con

seq u en tly  i s  found from c a lc u la t io n s  d iscu sse d  in  Chapter 2 ,  S ec tio n  3 ,
3

S in ce  th e  d if fe r e n c e  between th e upper and lower l im it  o f  Xg(^ ) 

was sm aller  than  th e  error in  the g ra p h ica l e v a lu a tio n  of H (f5 ) , i t  was 

d isreg a rd ed . The r e la t iv e  error  in  g ra p h ica l in te g r a t io n  in cr ea se s  w ith  

in c r e a sin g  f i e l d  because o f  th e  numerous o s c i l l a t io n s  o f  th e  integrand o f  

eq u a tio n  (4 1 .4 )  ; it .m a y  be as la r g e  a s  t h ir t y  percent fo r  g rea ter  than  

tw o, and as large as te n  percent in  th e  r e g io n  o f most probable f i e l d .
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The p r o f i l e s  fo r  H(Ç») g iv e n  in  F igure 7 were chosen  because they corre

spond to  th e  s itu a t io n  fr e q u e n tly  met in  gas d isch arge  tu b es and s t e l l a r  

atm ospheres.1 * 2 ,3

2 ,  D isc u ss io n  o f  R esu lts

The curves shown in  F igure 7 dem onstrate th e  fo llo w in g  proper

t i e s  o f th e  m ic r o fie ld :
*

A ). The most probable f i e l d  p  i s  much weaker th an  p red icted  

by H oltsm ark, For ion  co n cen tra tio n  o f  lO^^cm”^, ^  has a v a lu e  0 .3 ,  

i . e . ,  a t  le a s t  f iv e  tim es sm a ller  than Holtsmark*s r e s u l t  o f  1 .6  fo r  . 

T his i s  tru e  over a w ide range o f  tem perature. Even fo r  moderate io n  con

c e n tr a t io n s ,  e . g . ,  n  approxim ately lO^^cm"^, i s  o n ly  o n e -h a lf  o f  

Holtsm ark»s v a lu e .

For a q u a n tita t iv e  com parison w ith  Holtsmark*s o r ig in a l r e s u lt s  

one has to  co n sid er  th a t  we c h a r a c te r is e  th e  plasma and d e fin e  th e  normal 

f i e l d  Eĵ  by means o f th e  t o t a l  io n  c o n cen tra tio n  n (eq u a l t o  2 n^) o f  the  

p o s i t iv e  and n e g a tiv e  charge c a r r ie r s .  H oltsm ark, on th e  o th er  hand, 

co n s id e r s  o n ly  c a r r ie r s  o f  one s ig n  and form a lly  i d e n t i f i e s  n  w ith  n"*" » 

T his d if fe r e n c e  has p h y s ic a l s ig n if ic a n c e  when the l in e  broadening by th e  

m ic r o f ie ld  i s  in v e s t ig a te d ,  s in c e  th e  r a p id ly  vary in g  e le c tr o n  f i e l d  and 

th e  s lo w ly  vary in g  ion  f i e l d  a f f e c t  th e  l in e  w idth  in  a d if f e r e n t  manner.

^H. Griem, Z. P h ysik , 137, 280 (1 9 5 4 ) .

Shao-Chi L in , E, L. R e s le r ,  and A. K antrow itz, Jour. Applied  
P h y s ic s ,  2 6 , 95 (1 9 5 5 ).

^G. E l s t i e ,  J .  Jugaku, and L* H. A l le r ,  P u b l. o f  th e  A stron. 
S o c . o f th e  P a c i f ic ,  6 8 ,  23 (1 9 5 6 ) .
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HOLTSMARK 

n « lu . T» 10 000" K
NEAREST NEIGHBOR APPR 

n= 2x I0‘®, T= 12 OOd^ K

n « 2x 0 , T - 12 000 " K 

, T» 6 0 0 0 " K

0.5 1.0 1.5 2.0 2.5 3.0

FIGURE 7 . --THE DISTRIBUTION FUNCTION, H(Ç>)
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B ). The h a lf  w idth  o f th e  d is t r ib u t io n  H (& ) i s  sm a ller  than

th a t o f th e  Holtsmark d is t r ib u t io n ,  e . g . ,  by a fa c to r  o f th r e e  fo r  th e

18case o f an ion  co n cen tra tio n  2  x 1 0  cm" and tem perature 6 , 0 0 0  degrees  

K elv in , T his should  enhance th e e f f e c t  o f  th e  s h i f t  o f (3* on th e shape 

o f  s p e c tr a l l i n e s ,

C ), The w ings o f  th e  d is tr ib u t io n  H ((3) in  re g io n s  where

i s  g rea ter  than  u n ity  are much lower than in  th e  Holtsmark d is t r ib u t io n .  

Form ally t h i s  i s  a consequence o f  th e  n orm aliza tion  co n d itio n

4 2 ,1  f H (p )d &  .  1 ,
'o

and o f  th e  f a c t ,  m entioned under (A ), th a t  th e  sh ie ld in g  e f f e c t  fa v o rs  

weak f i e l d s ,  A q u a n tita t iv e  com parison w ith  th e  Holtsmark d is tr ib u t io n  

i s  n ot v ery  m eaningful a t p r e se n t , because o f  th e  large erro r  in  comput

a t io n .

D ). In c o n tr a s t  to  th e  sim ple behavior o f the Holtsmark d i s 

t r ib u t io n ,  H (p ) fo r  sh ie ld e d  fo r c e s  i s  a com plicated  fu n c tio n  o f  n.

There i s  not on ly  th e  im p lic it  dependence v ia  th e  sh ie ld in g  con stan t It, 

but a ls o  an e x p l i c i t  c o r r e la t io n  because o f th e  com plicated  form of th e  

fo r c e  law . Thus, system s w ith  th e  sameR. but d if fe r e n t  n and T may d i f f e r  

co n sid era b ly  in  t h e ir  m ic r o f ie ld  p r o f i l e .  The curves fo r  c o n cen tra tio n s  

2,10^®cm"^ and lO^^cm”  ̂ in  F igure 6  i l l u s t r a t e  t h i s  sta tem en t,

E ) , A ll  th e  r e s u l t s  quoted above agree in  a s e m i-q u a n tita t iv e  

fa sh io n  w ith  th e  r e s u l t s  ob ta in ed  by th e n ea rest  neighbor approxim ation  

i l lu s t r a t e d  in  F igure 2 , The agreement w ith  th e  la t t e r  i s  e x c e l le n t  in  

th e c a se  o f  h igh  io n  co n cen tra tio n s  and low tem peratures. For low con

c e n tr a t io n , th e  n ea rest neighbor method ex aggera tes the d e v ia t io n s  from
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th e  Holtsmark d is t r ib u t io n  caused  by th e sh ie ld in g  e f f e c t  (se e  F igure 6 ) .

F ) .  The s h ie ld in g  c o r r e c t io n  should m odify th e  shape of 

s p e c tr a l l in e s  as s tr o n g ly  as the tim e dependence o f th e  m ic r a fie ld  which  

was a ls o  n e g le c te d  by H oltsm ark, However, th e  s h ie ld in g  e f f e c t  and th e  

v e lo c i t y  c o r r e c t io n  can c e r t a in ly  ca n ce l each other on th e  wings o f the  

sp e c tr a l l i n e .  T heir combined e f f e c t  on th e  shape o f  sp e c tr a l l in e s  i s  

com plicated  and no attem pt w i l l  be made to  d isc u ss  i t  in  t h is  t h e s i s .
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APPENDIX

CALCULATION OF g (p  ) FOR THE UNSHIELDED COULOMB FORCE

In se r t th e  u n sh ie ld ed  Coulomb fo rce  

A .1 E ze/r^

in to  eq u ation  ( 3 1 .2 ) ,  and in te g r a te  over th e  angular dependence. T his  

g iv e s  •

,R
A .2 G(p) = 4 tt I _r^ s in (z e p /r ^ )d r  .

V V J. Po

Let

2
A.3 h (p ) = p G(p) = ^  I r  s in ( z e p /r  )dr ;

V V

th en , i f  prim es denote d if fe r e n ta t io n  w ith  r e sp e c t  t o  p  ,

.3 /2  rR
A .4 h"(p) = -  ------- I sin(ze/>/r^)dr .

■'o

With the new v a r ia b le
2

A .5 u = z ep /r

equation  (A .4 ) transform s in to

A.6 h " ( p )  - s in  u du

We co n s id er  th e asym ptotic ex p ress io n  fo r  h" as R approaches 

in f in i t y  and f in d

51
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,3/a  l/a
A .7 h " ( p )  -  f

which in te g r a te s  to

3/a 5 /a
A . 8  h (p ) = 4-(2 t t z 6 ) /> + c^p + Cg ;

o r  u sin g  the d e f in i t io n  (A .3) o f  h

A.9 G(p) _  4 n (2 ? z e )3 /2  + Cgp*^ .
/ " 15V “

S in ce from i t s  d e f in i t io n  

A, 10 Lim G (p) = 1
P-o ~T~

i t  fo llo w s  th a t

A ,11 = 1 , Cg = 0 .

Comparison o f  th e  eq u ation s (A .9) and (3 1 .3 )  g iv e s  

A .12 g (p ) = 4 .2 1  n(zGp)^/^


