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CHAPTER 1
INTRODUCTION
1.1 Background

Much current research deals with incomplete knowledge using classical
logics such as First Order Logics. One problem with classical logics is their
monotonicity properties. In order to deal with this problem, there have been
several proposals for augmenting classical logics to allow nonmonotonic
reasoning. Some of these proposals are Nonmonotonic Logics [26], Default
Logics [39], Circumscription [30], Autoepistemic Logics [31], Probabilistic Logics
[33]. Default Logics, developed by Reiter in 1980, are based on an extension of
classical first order logics. In this approach, first order logics are augmented with
plausible inference rules, called defaults. However, these logics have several
disadvantages. In order to remedy these disadvantages, several authors conducted
some research to improve the original Reiter default logics for example [1, 2, 5, 8,
18, 24', 47].

- The motivation behind the development of classical logics some time ago
such as first order logics was to put mathematical reasoning on a precise, formal
foundation. The main reason was to establish a mathematical reason for us to deal
with. However, such reasoning is based on precise and complete knowledge. In
real life, humans rarely have precise and complete knowledge.

The main problem of first order logics in dealing with incomplete

knowledge is its monotonicity property. Monotonicity properties can be summed



up as adding new information to a system employing first order logics never
shrinking the system. For example, if a fact P is derivable from a set of premises
S, then P is also derivable from each super set of S. Therefore, adding a new fact
to the system never invalidates already derivable facts.

Dealing with incomplete knowledge problems requires another approach.
Incomplete knowledge reasoning is usually not monoton. In many situations,
humans are forced to draw conclusions even though they have little information.
The classic example is the flying ability of birds. If we are given information that
Tweety is a bird, we tend to conclude that Tweety can fly since a bird typically
flies. If further information is given that Tweety is a penguin, we certainly
withdraw our former conclusion, but without withdrawing any of our former
premises. However, we still have the ability to deduce that other birds can fly.
Such forms of reasoning in which the system has the ability to invalidate

conclusions whenever further information is given are called nonmonotonic.
1.2 Nonmonotonic Logics

Since monotonicity properties are fundamental to the concept of first order
logics, a new approach should be taken to deal with nonmonotonicity. Several
logics have been developed to deal with nonmonotonicity properties. Those logics
have some things in common. They are based on deriving conclusions in the
absence of some information to the contrary. These kinds of inferences are called
plausible inferences. Furthermore, when facts that are contrary to facts derived
using plausible inferences are found and added to a system, the only facts

"removed" from the systems are those that are contradictory. Other facts are not

affected.



1.2.1 Reiter Default Logics

Default Logics were initially developed by Reiter [39]. The purpose of
Default Logics is to extend first order logics to deal with incomplete knowledge.
Furthermore, these logics have nonmonotonicity properties.

Default logics are more attractive because of their simplicity and the
naturalness of their underlying ideas. This term is related to the process of
inducing conclusions based upon patterns of inferences of the form "in the absence
of any information to the contrary, assume . . ." [38]. These patterns represent
forms of plausible inferences. These patterns are needed to reason with
incomplete knowledge about a world being modeled.

The plausible inference rules in a default logic are of the form

4B

C
These forms are called defaults, noted 8. Such rules are read as, "If 4 is provable
and it is consistent to assume B, then infer C." These plausible inference rules may
be applied by inferring C in absence of information refuting B, that is, if we do not
have any evidence to believe —B. Therefore, using these kinds of forms of
plausible inference rules, it is legitimate to infer C for the given 4.

A, B, and C in a default 6 are closed well-formed formulae. They are called
the prerequisite, the justification, and the consequent of the default, respectively.
If C is logically equivalent with B, default d is called normal; otherwise default d is
called non-normal. If C can be logically inferred from B, default d is also called
semi-normal.

Reiter and Criscuolo [42] investigated some phenomena that can be
represented using defaults. They conclude that typical facts can be represented
using normal defaults [42]. For example, the fact "typically, birds fly" can be

represented using a normal default d of the following,



bird(x):fly(x)
fly(x)

This default is read as, "If a thing is a bird, and it is consistent to believe that it can

fly, infer that it can fly." Therefore, in the absence of information to the contrary,
if Tweety is a bird, then it is legitimate to conclude that Tweety can fly.
Furthermore, when we find that Tweety is a penguin, and penguins cannot fly, then
the plausible inference rule cannot be applied. So, we cannot infer that Tweety can
fly.

Formally, a default logic consists of a set of defaults and a set of closed
well-formed formulae of first order logics. The set of well-formed formulae
consists of facts known to be believed and called hard facts. A default logic is
called normal if all defaults are normal; otherwise it is called non-normal.

A default logic may result in sets of acceptable beliefs called extensions.
An extension for a default logic is defined using a fixed point of an operator. The
operator is defined in terms of three conditions: deductively closed in terms of first
order logic; a superset of the hard fact set; and plausible inference using defaults.
Moreover, it corresponds to a maximal consistent augmentation; i.e., no additional
defaults can be applied without violating the consistency of the extension. Since
several extensions may satisfy the three conditions and a maximal consistency, a
consequence of a default logic is any well-formed formula that belongs to an
extension. However, there is no mechanism for choosing among extensions for a
default logic, if they exist.

Reiter found a class of default logics that is very attractive [39]. These are
normal default logics. He found that an extension for a normal default theory is
guaranteed to exist. Furthermore, he also proved that these logics are semi-
monoton; that is, adding defaults to default theory may enlarge its extensions but

adding hard facts may not enlarge extensions.



However, default logics have some disadvantages, such as lacking an
extension. Most arbitrary default logics do not have an extension, for example,
non-normal default logics.

A theory that does not have an extension represents the worst form of
inconsistency since it does not define the notion of theorems or consequents.
Furthermore, an extension for a default logic is a set of beliefs that one may hold
due to incomplete knowledge of the world being modeled. So, an extension can be
viewed as a solution to an incomplete knowledge problem. Therefore, an
extension for default logics is essential.

Reiter [39] conjectured that all naturally occurring default logics are
normal. However, as Reiter and Criscuolo [42] pointed out, this guess seems not
to be true. They found that there are natural non-normal default theories.
Additionally, most of these theories do not have any extensions.

Several variations to Reiter default logics have been introduced such as
Free Default Logics [2], Conditional Default Logics [8], Modified Default Logics
[24], and Cumulative Default Logics [3].

1.2.2 Lukaszewicz Default Logics

Lukaszewicz developed another approach to building an extension [24].
The main idea is to make an arbitrary default logic have an extension. Building an
extension, called a modified extension for default logics in the Lukaszewicz
approach is formally more complex than in the Reiter approach. Lukaszewicz
defined a modified extension for a default logic using two operators. The first two
conditions of one operator for the Lukaszewicz versions are the same as for
Reiter's. The main difference is in the third condition, that is, in applying a
default. The second operator is used to control an application of a default to build

the extension.



Lukaszewicz also proved that modified extensions for arbitrary default
theories have similar properties to the Reiter normal default theories. Two of them

are existence of extensions and semi-monotonicity.

1.2.3 Disjunctive Fact Problems

Lukaszewicz proves that the new version has at least one modified
extension. Furthermore, he also shows that it has semi-monotonicity properties.

There are some problems in using both the Reiter and the Lukaszewicz
approaches to build extensions. They fail to deal with disjunctive facts concerning
prerequisites and justifications of defaults. Disjunctive facts consist of two or
more facts which we do not have sufficient evidence to believe except in their
disjunctive form. The first problem is disjunctive facts concerning prerequisites.
For example, suppose that we are given two birds and one of them has broken
wings. This example is formalized using a default logic with hard facts "two
birds" and "one of them has broken wings" and a default "typically, a bird can fly
in absence of evidence that it cannot fly and its wings are not broken," that is,

bird(x):fly(x) A —broken - wing(x)

fly(x) '

This problem has both an extension and a modified extension but both the

extension and the modified extension contain "both birds can fly." This is counter-
intuitive since we know that one of them has broken wings.

Another problem is that both Reiter and Lukaszewicz default logics cannot
deal with default logics that have disjunctive hard facts in which the applicability
of defaults is blocked due to no evidence to believe any of the prerequisites of the
defaults. These defaults have the same justification. For example, suppose that we
believe that either "John was born in the US," or "John was naturalized by the US

government" but we do not have sufficient evidence to believe either of them.



Formalizing this problem with two prototypical facts, "Typically, if a person is
born in the US, the person is a US citizen" and "Typically, if a person is
naturalized by the US, the person is a US citizen" using defaults,

born - in - US(john ): US - citizen( john)
US - citizen(john)

and

naturalized - by - US(john ):US - citizen( john)
US - citizen(john) ’

we cannot infer that "John is a US citizen," using either the Reiter or the

Lukaszewicz approaches.

1.2.4 Related Works

Much research has been done in order to improve the original Reiter work,
for example Free Default Logics [2], Conditional Default Logics [8], Ordered
Default Theory [14], Possibility Default Reasoning [11], Cumulative Default
Logics [3], and Disjunctive Defaults [18]. Free Default Logics developed by
Besnard supposedly deal with modus tollens. These logics let the system admit
inferences similar to contra-positive in First Order Logics, but they are
accomplished by using defaults, free defaults to be precise. However, these logics
have undesirable features, namely deriving facts without supporting facts.

" In 1987, Etherington conducted research in order to find a sufficient
condition for semi-normal default theories to have extensions [14]. First, he
defined an order to check whether "circularities" exist within semi-normal default
theories. He found that semi-normal default theories have at least one extension if
they are ordered; i.e., no circularity occurs. He also presented a procedure to
generate extensions based on a series of successive approximations. As Reiter

showed, Etherington also found that this procedure may or may not converge to an



extension. Furthermore, this procedure may not be computable due to first order
provability. However, he proved that the procedure will converge to an extension
for a class of default theories [14].

In 1991, Chen figured out some disadvantages of the Etherington approach
[5]. He found that the Etherington original work for orderedness of a default
theory depends on a particular representation of both the hard fact set and the
default set. To remedy these problems, first he defined a minimal form, and then
he defined a new approach to order a semi-normal default theory. In his approach,
a default theory is represented using a "canonical" form. A default theory q)' =
(&, A") is a canonical form of a default theory Q) = (&, A) if its hard fact set is
represented using a minimal form, and if for each default d = 42 A, there is one
O'=4£e A, where A', B', and C are minimal forms of 4, B, and C, respectively.
For semi-normal default theory which is in the canonical form, he presented a
well-defined order relation similar to the Etherington approach. He also proved
that every semi-normal default theory in the canonical form has an extension.
Furthermore, he also provided an algorithm that converges to generate an
extension for any ordered, finite, semi-normal default theory.

Brewka addressed the cumulativity of default theories [3]. The Reiter
Default Logics are usually not cumulative. Brewka developed logics called
Cumulative Default Logics in order make default theories cumulative. The
Brewka approach dealt with assertions instead of simple well-formed formulae.
(An assertion is a pair of well-formed formulae.) In doing so, he defined the
notion of derivability using assertions as an extension of first order derivability.
He found that the new approach has semi-monotonicity properties. In addition, he
also addressed inconsistency between justifications of defaults that may lead to a
counter-intuitive result [3].

In 1991, Gelfond et al. developed a totally new logic, called Disjunctive



Default Logics, to deal with "disjunctive information" [18]. The new approach not
only changes a default theory, the way of deriving extensions, but also changes the
way of representing defaults. The motivation behind this logic is that a difficulty
was found in attempts to use defaults in the presence of disjunctive information as
observed by Lin and Shoham in [22]. To handle disjunctive information, Gelfond
et. al. used a disjunctive default of the form

A:B

crel-16

instead of the Reiter simple default. A disjunctive default theory is a set of
disjunctive defaults. They defined an extension for disjunctive default theories as
follows. A set of sentences E is an extension for a disjunctive default theory Q) "if
it is one of the minimal deductively closed sets of sentences E' satisfying the
condition: For any ground instance of any [disjunctive] default in )," if 4 € E' and
—B¢ E, then C;e E' for some i, where 1<i<n. They demonstrated that a related
disjunctive default theory has a Reiter default theory. However, an extension for a
disjunctive default theory is not generally equivalent with an extension for the
related Reiter default theory. In other words, it is possible that a disjunctive
default theory has an extension but the related Reiter default theory does not have
an extension. So, the classes of extensions for both approaches are not similar. In
addition, there is an unintended result using this new approach as we see in
Chapter 3.

Besides default theories, there are several theories to deal with
nonmonotonicity properties. One of them is Nonmonotonic Logics [26]. In these
logics, NMLs for short, a language of first order theory is augmented with a modal
operator OK to capture the notion of nonmonotonicity. It is read as "is consistent."
So, an expression O A is read as "4 is consistent." For example, an expression

Vx bird(x) A Mfly(x) — fly(x),



10

is read as "For all x, if x is a bird and if the fact that x is able to fly is consistent
with everything else that is believed, then we infer that x is able to fly." One of the
main differences between NMLs and Default Logics is that in Default Logics, such
nonmonotonic expressions, called defaults, are rules of inferences, whereas in
NMLs, such a nonmonotonic expression is in the language. McDermott and Doyle
defined an extension for an NML, i.e., a set of all theorems, as the intersection of
all its fixed points. That is, if (N is an NML, then S is a fixed point of (N if

S =Th(N W {M4 | ~4eS}).

The intuition behind this is to capture the notion that if —A4 is not derivable, then
infer M4 which intendedly means "4 is consistent." Some problems can be solved
using NMLs. However, this approach has some disadvantages. One of the main
problems is that the operator O can be miscarried to capture the intuitive notion of
consistency. For example, an NML (N= {O P, —P} is consistent [40].

To remedy these problems, McDermott attempted to develop several
stronger approaches. These approaches are based on various standard modal
logics as opposed to the previous approach which is based on a first order logic.
Unfortunately, these attempts seem to result in a weak characterization for operator

M based on T and S4 and to result in a monotonic logic based on S5 [40].
1.3 Objectives

The main objective of this research is to develop a new approach to solving
problems with disjunctive facts concerning prerequisite and justification of
defauits. To solve disjunctive fact problems concerning justifications, we will
develop two kinds of sets of beliefs. The first is a consistent set consisting of
(1) hard facts, (2) all justifications and conclusions of applicable defaults, and (3)
all derivable facts in terms of first order logics. It is an assumption set for

applying defaults and is called an assumption set. The second set is a subset of the
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first set but without justifications. This set is related to a Reiter's belief set, that is,
an extension containing all facts that are to be believed. Assuming that the set of
hard facts is consistent, then both an assumption set and extension are consistent.

To solve disjunctive hard fact problems concerning prerequisites, we will
build sets of equivalence classes of defaults having the same justification. For
each set, we associate a set whose elements are disjunctive forms consisting of
prerequisites of the defaults. The applicability of defaults is associated to the sets.
For example, a default can be applied if its related set is not disjoint with an
extension. So, applicability of defaults does not depend on individual defaults but
on the sets of classes built from defaults having the same justifications. Therefore,
their applicability is not restricted to their prerequisites, but to the sets. Hence,
these defaults are more applicable than to those of both the Reiter and the
Lukaszewicz approaches. This new approach can be achieved by strictly
following the above development of the two sets: an assumption set and an
extension.

In adition, a survey of complexity analysis of the new approach will be
conducted.

The main benefit of the new approach is that every default logic has an
extension. Furthermore, the new logics have semi-monotonicity properties. In

addition, the logics can deal with disjunctive fact problems adequately.



CHAPTER II
OVERVIEW OF DEFAULT THEORIES
2.1 Introduction

Default theories are nonmonotonic theories developed by Reiter. In
general, the purpose of default theories is to enhance derivability of first order
theories to deal with incomplete knowledge. These theories extend the logical
language by using defaults as additional inference rules inducing the so-called
extensions of classical logical theories. The defaults are used to extend a logical
knowledge base to belief sets, called extensions, containing non-logically
derivable facts in terms of the first order theories from the "known-to-be-true"
knowledge base [39].

Default theories introduce kinds of non-logical derivable inference rules
called defaults. Such inference rules, sometimes called plausible inference rules,
are imbedded in first order theories to deal with incomplete knowledge. For
example, the problem "the ability of birds to fly" is represented using a form

bird(x):fly(x)

fly(x)

which is to be interpreted as: "If a thing is a bird and it is consistent to believe that

it can fly, we can infer that it can fly." The phrase "it is consistent to believe that"
is read as "there is no proof to the contrary." Therefore, if Tweety is a bird and
there is no proof in the knowledge base that Tweety cannot fly, the inference rule

can be applied by inferring that it can fly [39]. However, when the fact "Tweety

12
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cannot fly" is derivable, for example by adding facts "Tweety is a penguin" and
"penguins cannot fly" to the system, the plausible inference rule cannot be applied
any more. So, the fact "Tweety can fly" is not derivable further. This means that
adding facts to the knowledge base may invalidate some inferred facts using
defaults; i.e., this logic is not monoton.

Reiter finds an interesting class of default theories, called normal default
theories. He proves that every normal default theory has at least one extension.
Furthermore, he also shows that normal default theories have a semi-monotonicity
property. That is, adding some defaults to the system may augment extensions, but
it never shrinks the previous extensions.

In general, default theories, for example non-normal default theories, need
not have an extension. In order to make an arbitrary default theory have an
extension, Lukaszewicz restricts the applicability of defaults [24]. He proposes an
alternative approach to building an extension so that every default theory always
has an extension. He calls it a modified extension. He proves that modified
extensions have semi-monotonicity properties.

In the next two sections we will present and review both the Reiter and the
Lukaszewicz versions. Materials found in the next two sections are mostly taken
from the original Reiter and Lukaszewicz works [24, 39]. Furthermore, all proofs

to the theorems can be found in the references.

2.2 Reiter Default Theories

In this section, we present some definitions used to develop the formal
default theories in Reiter's original works. As Reiter found, a special class of
default theories will be identified. Furthermore, we also present some properties

that belong to this class such as the existence of extensions and semi-monotonicity.
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2.2.1 Formal Definitions

As previously mentioned, the purpose of default theories is to extend the
derivability of first order theories. In order to do that, the language used in default
theories is a first order language. All conventions in the first order language are
used. For example, plain capital characters like P and Q belong to the first order
language. They are well-formed formulae. Meanwhile, italic capital characters
like 4 and B belong to "meta-variables," denoting well-formed formulae.
Furthermore, terms in the first order theory are referred to, such as closed well-
formed formulae, subformulae, logical validity, logical implication, consistency.
In addition, Tth(S) denotes the well-formed formulae in a first order language q

that are consequences of or inferable from the set S. See the appendix for more

detail.

Definition: Default theory language
A default theory language is any first order language 9., All terms such as

terms and well-formed formulae are included in a default theory language.

In default theories, defaults are used to extend non-logical derivable

inference rules. Defaults are defined by the following.

Definition: Defaults
Defaults are of the forms:
5= A(x):B(x)
C(x)
where A(x), B(x), and C(x) are closed well-formed formulae of a first order

b

language 9, called a prerequisite, a justification, and a consequent of default o,

respectively.
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A default § = % is interpreted as: "If A(x) is believed and it is
X

consistent to believe B(x), then infer C(x)."

Example 2.2.1:
The ability of birds to fly can be represented using a default 3, where
5= bird(Tweety)fly(Tweety)
fly(tweety) '

The default & is read as: "If Tweety is a bird and it is consistent to believe

that it can fly, then infer that it can fly."

In the definition of defaults, their prerequisites, justifications, and
consequents are closed well-formed formulae. For convenience, we may need to
"classify" some defaults into a set of the same nature in forms of defaults. For
example, if we have some birds, we may want to abbreviate the default example
above as a group of defaults of the same nature as the following. Suppose that
there are some birds: Tweety, Clyde, etc. A default set for these birds is:

_ bird(Tweety):fly( Tweety) 5, = bird(Clyde): ﬂy(Clyde), Y
fly(Tweety) fly(Clyde)

These defaults can be represented using a set of defaults S,

{8,

5= {bird(x):ﬂy(x)
My

where x is a symbol that does not belong to the first order language. Of course, the

| x = Tweety,x = Clyde,...},

symbol x does not appear in any well-formed formulae 4, B, and C. For short, this

set of defaults is abbreviated using,

bird(x):fly(x)
fly(x)

and we will write § as a simple 8.

5=




16

From now on, by "a default" we mean a set of defaults unless otherwise
specified. However, when applying a default, the resulting well-formed formula is
closed.

In general, defaults can be classified into two classes: normal defaults and
non-normal defaults. A default 6 is called normal if its justification is logically
equivalent with its consequent, that is, C(x) = B(x). Otherwise, it is called non-
normal. For example, the default to represent the ability of flying birds above is
normal. A subclass of non-normal defaults can also be identified; if a consequent
of a default can be logically implied from its prerequisite, that is, B(x) logically

implies C(x). These defaults are called semi-normal.

Example 2.2.2: Non-normal defaults
A default §;, where

5= PQ

R

is non-normal, whereas a default &,, where

_ adult(x):student(x) A —married(x)

9, -
—married(x)

b4

is semi-normal.

According to Reiter and Criscuolo [42], typical facts such as "prototypical
facts" can be represented using normal defaults. For example, facts such as
"Typically, birds fly" known as the ability of birds to fly can be represented using
a normal default 8, where

5= bird(x): ﬂy(x).

fly(x)
A default theory consists of two sets. The first is a set of closed well-

formed formulae & of a first order language 9, This set describes all facts that are
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known about the world being modeled. It is called a hard fact set and is intended
to represent the "known-to-be-believed" knowledge. The second is a set of
countable, possibly finite, defaults A to be used to infer facts beyond first order
derivability. It is intended to express potential beliefs. The prerequisites,
justifications, and consequents of all defaults in the set A are closed well-formed
formulae of the same first order language 9, The following is the definition of a

default theory.

Definition: Default theories

A default theory Q) is a pair (&F, A) of a set of closed well-formed formulae
& of first order language 9_and a countable, possibly finite, set of defaults A
whose prerequisites, justifications, and consequents are well-formed formulae in

the same first order language 9,

A default theory is called normal if and only if its default set consists only
of normal defaults. Otherwise, it is non-normal. Normal default theories are an
important class of default theories. They have some interesting properties, as we
see later on.

In the Reiter approach, a default theory may result in a set. This set consists
of all facts derivable using first order theories and defaults. Reiter defines this set
in terms of a fixed point of a certain operator based on three conditions.
Furthermore, it is the smallest set satisfying the three conditions. The set is called
an extension for a default theory.

An extension is defined as follows.

Definition: Extensions for default theories [39]
Let P = (3, A) be a default theory and S be a closed well-formed formula
set of a first order language 9, Suppose that I'(S) denotes the smallest set
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satisfying the three following conditions:

D1 & cI(S)
D2 Thg@“(S)) =I(S); and
D3 ifd= %—2 € A, A(x) € I'(S), and —B(x) ¢ S, then C(x) € T(S).

A closed well-formed formula set € is an extension for Q) if and only if € = I'(E).

This definition provides criteria for a closed well-formed formula set E to
be an extension. The first criterion is that what is known about the world being
modeled is in any extension. The second criterion is that any extension is closed
under first order theories; i.e., it is deductively closed or Tth((E) = (. The third is
related to applicability of a default 8. It says that if 4 is in an extension € and it is
consistent to believe B (i.e., —~B& E), then C must be in the extension €. In this
case, the default § is called applicable. In addition, the smallness of the extensions
ensures that no fact is added into any extension for no reason, i.e., without

violating the three conditions.

Example 2.2.3:
Let P = (&, A = {8}) be a default theory, where
S = {bird(Tweety)},
and
5= bird(x):ﬂy(x).
fly(x)

That is, all we know is that "Tweety is a bird," and we have only one default, a

typical fact, that is, "if a thing is a bird and it is consistent to believe that it can fly,
infer that it can fly." Therefore, an extension for ) must contain "bird(Tweety)."
Furthermore, since 8 can be applied, it also contains "fly(Tweety)." An extension

for the default theory Q) is
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= Thy(F U {fly(Tweety)}).
Now, we prove that € is the only extension for ). Let E be another extension for

(. Then & c E, and fly(Tweety) € E since 0 is applicable. Furthermore, no other
default is applicable. So, E = E.

Furthermore, a fact that is believed, is in an extension, if and only if it is
either a hard fact, a consequent of applicable defaults, or monotonically derivable
from the set of hard facts and consequents of applicable defaults. In case of an
empty default set, an extension is the first order derivability. That is, € = M@
is an extension for default theory (&F, A).

The idea of the notion of extensions for default theories is that defaults may
result in some facts that cannot be derived in terms of first order theory due to
incomplete knowledge. In the definition above, there is no mechanism to
determine which defaults should be applied first. The applications of defaults in
different orders may result in different extensions. Therefore, an extension for a
default theory may not be unique. Furthermore, it will be interpreted as an
acceptable set of beliefs that one may believe about the incomplete knowledge

world being modeled [39].

Example 2.2.4:
Let D = (&, A= {9, 6,}) be a default theory, where
.5 = {student(john), adult(john)},

__ student(x).—married(x)
—married(x)

‘5‘

b

and

_ adult(x):married(x)

% married(x)

That is, the facts are "John is a student" and "John is also an adult" and defaults are



20

"Typically, students are not married" and "Typically, adults are married." It can be
shown that this default has two extensions, that is

E, = Thy(F  {-married(john)}),
and

&, = Thq( v {married(john)}).
In &;, default &, is not applicable; i.e., it is not consistent to believe
"married(john)" since "—~married(john)" is derivable in ;. A similar reason is

also applied to &,.

2.2.2 General Properties of Default Theories

Reiter presents a way of characterizing a closed well-formed formula set to
be an extension for a default theory. It can be used to characterize an extension.
However, this characterization cannot be used to construct an extension. It is

given in the following theorem.

Theorem 2.2.1: Characterization of Extensions [39]
Let P = (&, A) be a default theory and E be a set of closed well-formed
SJormulae of a first order language 9, Suppose that Ey, Ey, E,, ... is a sequence of

closed well-formed formula sets such that

Eo=3,
and, for i >0
Bi= Tha(Bin) U {00 1 5= S22 0e A, A(9<E,. and <2 E}.

The set E is an extension for Q) if and only if

€=UE..

i=0

fifen
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The beauty of this theorem is that it gives a more intuitive characterization
of an extension for a default theory. For a given closed well-formed formula set,
we can construct a sequence of closed well-formed formula sets. To check
whether the given set is an extension for the default theory, we need only to check
the union of all sets in the sequence. If the given set is identical with the union,
then the given set is an extension for the default theory.

The candidate set for an extension is involved in constructing the sequence
of well-formed formula sets, . That is, the candidate set is referred to in the
construction. (It can be seen in the occurrence of & in the construction of E;.)
Therefore, this theorem cannot be used to construct an extension since we need to

have an initial candidate set.

Example 2.2.5:
Let P = (&, A= {0}) be a default theory, where & = {bird(Tweety)} and
5= bird(x): fly(x)
fly(x)
extension E,
€ =Tha(g U {fly(Tweety)}).

The sequence for this extension is Ey, E;, E», ..., where

. As previously mentioned, this default theory has exactly one

Eq = {bird(Tweety)},

E; = Tha(Eo) L {fly(Tweety)},

E, = Tha(Ey) U {fly(Tweety)} = Thy(E), and
E; = Tha(E,), fori=3.

Therefore, verifying the result, we get

UE, = Thy(E,) = E.

i=0 sreusr

In general, default theories are not monoton. By the term "not monotonic,
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we mean is the following. Let Q) = (&F, A) be a default theory with an extension
E. Suppose that Q)' = (&, A") is a default theory with F c F and A C A'. Itis
usual that there is no extension &' for )" such that € < €'

The following example will show these nonmonotonicity properties more

precisely.

Example 2.2.6:
Let Q) = (&, A= {8}) be a default theory, where
o = {bird(Tweety)},
and
5= bird( x):ﬂy(x).
fly(x)
As shown previously, this default theory has only one extension €, where
= Tha(F U {fly(Tweety) }).
Now, consider a default theory ' = (&, A"), where

I =3 v {penguin(Tweety), Vx penguin(x) — —fly(x)}
and
A'=A.
That is, besides "Tweety is a bird," we also know that "Tweety is a penguin" and
"penguins cannot fly." An extension for Q) is €', where
€' = Tha(F),
since default § is not applicable in this default theory. Furthermore, there are no

other extensions for )'. Therefore, F 5 and AC A, but € ¢ E'.

Default theories may result in an inconsistent extension. In the Reiter
approach, the consistency of extensions relies on the consistency of the hard fact

set. Furthermore, defaults cannot introduce inconsistency.
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Theorem 2.2.2: Inconsistent extensions [39]
A default theory has an inconsistent extension if and only if its hard fact set

is inconsistent and it is a unique extension.

That is, if a default theory has an inconsistent extension, then it is the only
extension for the default theory. For this reason, we will not be concerned with an
inconsistent hard fact set from now on. Therefore, we assume that a hard fact set
is always consistent.

It is in question whether adding derivable facts from an extension for a
default theory can enlarge the extension. This question can be answered by the
following theorem, which is that adding facts that are derivable from an extension

does not expand the extension.

Theorem 2.2.3: [39]
If a default theory Q) = (&, A) has an extension &, then it is also an

extension for every default theory )' = (&, A), where F <3 C E.

2.2.3 Normal Default Theories

In general, default theories lack extensions. Those theories do not define
the notion of consequences. The following example is a simple non-normal

default theory that does not have an extension.

Example 2.2.7: A default theory not having extensions.
Let QO = (&F, A = {0}) be a default theory, where

o={P},

and
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5=2Q
-Q
That is, the fact is a proposition constant P and the default is "If P is believed and it
is consistent to believe Q, then infer —Q." Suppose that this default theory has an
extension. Therefore, a candidate set must contain P. There are only two
candidates: E; = Th({P}) and E, = Th(F v {—=Q}) = Th({P, —=Q}). E cannot be
an extension since the default is applicable, causing —Q in E,, though it is not.

Furthermore, E, cannot also be an extension since the default is not applicable,

causing —Q not in E,, though it is. Thus, ) does not have an extension.

Reiter found a class of default theories that has some interesting properties
[39]. This class consists of normal default theories. Recall that a default theory is
called normal if and only if its default set consists of normal defaults.

Some interesting properties are the existence of extension, semi-
monotonicity, and orthogonality of extensions. For normal default theories, the
existence of extensions is guaranteed. That is, every normal default theory has at
least one extension. Semi-monotonicity is another property of normal default
theories that can be used to deal with incomplete knowledge.

In the rest of this section will discuss those properties of normal defaults.
The most important property is the existence of extensions for normal default

theories. It is given by the following theorem.

Theorem 2.2.4: Existence of extension for normal default theories [39]

For every normal default theory, there is at least one extension.

As previously mentioned, default theories are not monoton. By "not
monotonic," we mean that adding facts to the hard fact set does not guarantee that

an extension will be enlarged. Therefore, it could be that adding facts causes an
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extension not to change, to "shrink," or to expand. However, adding defaults to a
default set will not shrink an extension. In other words, if Q) = (&, A) is a default
theory with an extension &, and Q) = (3§, )") is a default theory such that 5~
and PP, it could be that there is no extension €' for Q) such that ECE'. These
are called semi-monotonicity properties of an extension for a default theory.

As the following theorem concluded, normal default theories have semi-

monotonicity properties.

Theorem 2.2.5: Semi-monotonicity [39]
Let & be an extension for a normal default theory Q) = (&%, A). A default
theory ) = (&, A'), where A ¢ A', has an extension &' such that € < E'.

The proof of the existence of an extension can be seen as a direct
consequence of the semi-monotonicity properties. The extension for any default
theory Q) = (&, &), i.e., its default set is empty, is Th(Z), that is, the set of all
facts derivable from the hard fact set 3. This is true because it follows from the
first and second conditions for an extension plus no applicable defaults. Therefore,
using the semi-monotonicity properties, it follows that an extension for normal
default theories exists.

The next theorem will show the orthogonality of extensions for normal

default theories.

Theorc;i_n 2.2.6: Orthogonality of extensions [39]

The union of two distinct extensions for normal default theories is

inconsistent.

Therefore, if both &, and E, are two distinct extensions for a normal

default theory, then &\, is inconsistent.
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2.3 Lukaszewicz Default Theories

In 1988, Lukaszewicz developed a way of deriving an extension so that any
arbitrary default theory has an extension [24]. He defined so-called modified
extensions in terms of a fixed point of two operators. He found that these theories

enjoy some properties that normal default theories have.

2.3.1 The Need for Non-normal Default Theories

In 1981, the need for non-normal default theories was proposed by Reiter
and Criscuolo [42]. They found naturally occurring non-normal default theories.
Some of those default theories are caused by interaction among normal defaults
such as blocking the transitivity. Furthermore, most of them lack some properties
that normal default theories enjoy.

The following example is a normal default theory that has an unacceptable
extension. It can be modified so that its extension is well behaved. Some other

examples can be found Reiter and Criscuolo [42].

Example 2.3.1:
A problem with two typical facts "Typically, drop-out-students are adults"”
and "Typically, adults are employed" is formalized by a normal default theory Q) =

(&, A= {8;, 8,}), where

_ drop - out - student(x):adult(x)
adult(x)

)

and

5. = adult(x):employed(x)

2 employed(x)
Suppose that we know only that "John is a drop-out student." Then, by default 5;,
"John is an adult." Furthermore, the fact "John is also employed" is derivable



using default 8,. Therefore, drop-out students are also employed unless the

contrary exists.

This kind of behavior of extensions for default theories is not acceptable.
There should be a mechanism to block the applicability of default 8, as a result of
;. In order to remedy this problem, Reiter and Criscuolo proposed non-normal
default theories. They introduced semi-normal defaults.

In example 2.3.2 above, the source of a problem is the default §,. If §; is
applicable, it is likely that 8, is applicable. This is a kind of a transitivity. To
block a transitivity, a semi-normal default can be used [Reiter and Criscuolo,
1981]. For example, the default 3, is replaced using a semi-normal default &'5,
where

__adult(xyemployed x)A—drop-out-student(x)
employedx) '

5,
Therefore, §'; is no longer applicable for a given fact "John is a drop out student."

So, we can only infer, using the default 8;, that "John is an adult" but the fact

"John is employed" is not derivable.

2.3.2 Modified Extensions for Default Theories

In order to ensure that every default theory has an extension, Lukaszewicz
modified the applicability of defaults. His definition an extension is a little bit
complicated. He proposed and defined an extension in terms of a fixed point of
two operators. The first operator is the same as that of Reiter's. The second
operator is used to control the applicability of defaults by collecting all
justifications of applied defaults and checking the consistency of the consequents

and justifications of all already-applied defaults. In this approach, an extension is

warranted to exist.
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Following is the Lukaszewicz definition for building a modified extension.

Definition: Modified extensions for default theories [24]

Let P = (F, A) be a default theory and (S, T) be a pair of closed well-
formed formula sets of first order language 9, Suppose that (I'\(S, T), I'x(S, T))
denotes a pair of the smallest sets satisfying the three following conditions:

DI  FcIS, Ty

D2 Thg(I'y(S, T)) =T'\(S, T); and

_ A(x):B(x)
C(x)

then C(x) € T'|(S, T) and B(x) € T'y(S, T)).

A closed well-formed formula set m-E is a modified extension for ) with respect

to g if and only if (I'{(m-E, J), I';(m-E, §)) = (m-E, 9).

D3 if$ € A, A e IS, T), and SU{C(x)} H —F, VF € TU{B},

This definition provides criteria for a set E to be a modified extension for a
default theory with respect to a set J. The first two conditions are the same as
those of Reiter. The third condition gives a way to infer using defaults. In contrast
to the Reiter approach, the applicability of a default refers not only to the defaults
under consideration, but to the other defaults as well. So, a default is applicable if
and only if its prerequisite is believed, and adding its consequent to the modified
extension neither leads to inconsistency nor contradicts the justification of this and
other already applied defaults. Furthermore, a fact that is in a modified extension,
is believed, if and only if it is either an axiom, monotonically derivable from other

beliefs, or the consequent of an applicable default [24].

Example 2.3.2:
Let us consider the non-normal default theory above ) = (F={P}, A={3}),

where 6 = B—g This default theory does not have an extension but it has a

-
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modified extension m-& = Th( ) with respect to J= .

2.3.3 General Properties of Modified Extensions for
Default Theories

In this section we present some properties that belong to the Lukaszewicz
formalization. We present the same properties as Reiter's above.

The first property is the characterization of a modified extension.

Theorem 3.3.1: Characterization of modified extensions [24]

Let P = (5, A) be a default theory and m-E be a modified extension with
respect to 9. Suppose that Eg, E|, E,, ... and Jy, J;, J5, ... are two sequences of
closed well-formed formula sets such that

Ey =3,
Jo =0,

and, fori>0

E; = Thq(E;.))U{C | 6= fé’?-e A, A€E;., and m-EU{C} H —F, VFe JU{B}},

J =1 U{B| 8=A—‘C§eA, A€E; ; and m-BU{C} H—F, VFe GU{B}}.
Then,

m-E = f]Ei and = [“jJi.

i=0 =0 s

The next theorem is the semi-monotonicity property, i.e., monotonicity with

respect to defaults.

Theorem 3.3.2: Semi-monotonicity [24]

Let ) = (&, A) be a default theory and m-E be a modified extension with
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respect to g. A default theory Q)' = (5, A"), where A ¢ A, has a modified
extension m-E' with respect to J' such that m-E c m-E'and g J.

The next theorem is a warrant for existence of a modified extension for a
default theory. It can be proved using the semi-monotonicity properties of

modified extensions for default theories.

Theorem 3.3.3: Existence of modified extensions [24]

Every default theory has a modified extension.




CHAPTER 1
A NEW APPROACH
3.1 Introduction

As previously mentioned, non-normal default theories occur in nature.
However, most of them have no extensions. Furthermore, in default theories, an
extension is essential. In order to remedy this problem, Lukaszewicz developed a
new way of defining an extension, called a modified extension, so that every
default theory does have an extension.

In using both the Reiter and the Lukaszewicz approaches, we find some
disadvantages. Both fail to deal with disjunctive fact problems concerning
justifications and prerequisites.

Using the Reiter approach, besides having no extension, disjunctive fact
problems concerning justifications may cause default theories not to work
properly, resulting in unacceptable extensions. This is due to inconsistent
extensions that may arise during the application of defaults, for example,
applications of defaults that are based on inconsistent justifications. In the
Lukaszewicz approach, a modified extension for a default theory may result in
inconsistency with its justification set. That is, a default theory may result in
modified extensions that are consistent but they are inconsistent with their
justification sets.

Both approaches fail to deal with disjunctive fact problems concerning

prerequisites of defaults having the same justification. Disjunctive fact problems

31
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concerning prerequisites may cause a default theory to fail to derive facts even
though it is a normal default theory.

In this chapter, we will see these problems more clearly and develop a new
approach to overcoming the problems. First, we identify disjunctive fact problems
concerning justifications, propose a new approach to solving them, and investigate
the properties of the new approach. Second, we distinguish disjunctive fact
problems concerning prerequisites of defaults having the same justification. To
overcome these problems, we develop the first new approach by extending the
applicability of defaults by including disjunctive forms of prerequisites in applying
them. In doing so, we will follow conventions from the previous chapter for all
terms such as a language, a default, a default theory, and an extension.

All notations are also used as in the previous chapters. A well-formed
formula will be denoted using capital and italic characters like 4 and B. A special
black-chancerry character like 4 and . will be used to denote a special set such
as hard fact sets, extensions, and justification sets. Other sets such as a sequence
of sets are denoted by a plain character like A and B.

Furthermore, we assume that we are dealing with a consistent hard fact set

since an inconsistent hard fact set will result in inconsistent extensions.

3.2 Disjunctive Fact Problems Concerning

Justification

There are some problems in using both the Reiter and the Lukaszewicz
approaches to disjunctive fact problems concerning justifications. Disjunctive
facts consist of two or more facts such that we do not have sufficient evidence to
believe any of them individually but we only believe their disjunctive forms. For
example, we have two birds, for example bird(Tweety) and bird(Clyde). In

addition, we see that one of them has broken wings but we do not know which one.
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Therefore, we believe either Tweety or Clyde has broken wings, that is, —broken-
wing(Tweety)v—broken-wing(Clyde). The problems in both the Reiter and the
Lukaszewicz approaches are due to inconsistent facts that may result when

applying defauits in the presence of disjunctive facts.

3.2.1 Preliminary Discussion

Disjunctive fact problems concerning justifications of defaults usually arise
in non-normal default theories. In using both the Reiter and the Lukaszewicz
approaches, they may result in extensions that are counter-intuitive.

Consider the following example. In this example, neither approaches

properly work.

Example 3.2.1:
Suppose that all we know is "Tweety and Clyde are birds" and either

"Tweety has broken wings" or "Clyde has broken wings" but we do not know
which of them has broken wings. Furthermore, we have a semi-normal default "A
bird can fly in the absence of evidence that it cannot fly and its wings are not
broken." This problem can be formalized using a semi-normal default theory Q) =
(&, A = {6}), where

3 = {bird(Tweety), bird(Clyde), broken-wing(Tweety)vbroken-wing(Clyde)}
and
_ bird(x):fly(x) A —broken - wing(x)

fly(x)

Since both facts "—(fly(Tweety)a—broken-wing(Tweety))" and "—(fly(Clyde)a

3

—broken-wing(Clyde))" are not inferable, then the default  is applicable for both
"bird(Tweety)" and "bird(Clyde)" resulting in both "fly(Tweety)" and "fly(Clyde)"

in an extension. It can be shown that ) has exactly one extension E,
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E = Th(Z v {fly(Tweety), fly(Clyde)}).
Furthermore, a modified extension for q) is m-&,

m-E = Th(g v {fly(Tweety), fly(Clyde)})
with respect to

G={fly(Tweety)A—broken-wing(Tweety), fly(Clyde)Aa—broken-wing(Clyde)}).
Both extension and modified extension contain both facts "Tweety can fly" and
"Clyde can fly." Since an extension contains all the facts that a person may hold,
these results are counter-intuitive. A person should not be able to infer that both
birds Tweety and Clyde are able to fly since the person knows that one of them has

broken wings, and thus it cannot fly.

Another example is presented by Poole [35]. This example illustrates a
difficulty that arises in some attempts to use both Reiter and Lukaszewicz in the
presence of disjunctive facts. In both the Reiter and the Lukaszewicz approaches,
the default theory results in both an extension and a modified extension that are

counter-intuitive.

Example 3.2.2: Disjunctive fact problems concerning justification [35]

Suppose that we know that one of John's hands is broken but we do not
know which hand is broken. Suppose that by default, a person's left or right arm is
usable unless the person's left or right arm, respectively, is broken. This problem
is formalized using a semi-normal default theory ) = (&, A = {8, 6,}), where

& = {person(John), right-arm-broken(John)vleft-arm-broken(John)},

5 = person(x):left- arm - usable( x) A —left- arm - broken(x)
=
left- arm - usable(x)

H

and

5= person(x).right - arm - usable(x) A —right - arm - broken(x)
: right - arm - usable( x)
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Let us identify an extension for this default theory. Since 6, is applicable, the fact
"John's left arm is usable" is an extension. Furthermore, since &, is also
applicable, the fact "John's right arm is usable" is in the extension. The extension
for this default theory is

€ = Th(ZFr v {left-arm-usable(John), right-arm-usable(John)}).
It can be shown that it is the only extension for this default theory. Now, we see a
modified extension for this default theory. A modified extension for this default
theory is

m-E = Th(g v {left-arm-usable(John), right-arm-usable(John)} )
with respect to

g = {left-arm-usable(John)A—left-arm-broken(John),

right-arm-usable(John)A—right-arm-broken(John)}

since both defaults are applicable. Moreover, it is the only modified extension for
this default theory.

However, neither approaches agrees with the intuition. That is, both
approaches result in both of John's hands being usable. Since we know that at

least one of John's hands is broken, at most, only one of John's hands should be

usable.

These examples show that both the Reiter and the Lukaszewicz approaches
are unwell-behaved to deal with disjunctive fact problems concerning

justifications.

3.2.2 New Approach to Solving Disjunctive Fact

The Reiter approach cannot fully control the applicability of defaults. The
restriction on applying defaults in this approach is the derivability of their
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prerequisites in addition to consistency. Therefore, if a prerequisite of a default is
provable, it is more likely that the default is applicable. So, in default theories in
which the applicability of defaults leads to counter-intuitive results such as the
examples above, the approach does not work properly. It may result in default
theories having extensions that do not agree with intuition.

The same reasoning is applied to the Lukaszewicz approach. The
applicability of defaults in this approach is more complex. In contrast, it refers not
only to the default under consideration but also to other applied defaults.
Therefore, a default is applicable if its prerequisite is provable and adding its
consequent does not result in inconsistency nor contradict any justification of other
applied defaults including itself. However, the approach does not enforce
consistency among the justifications as a basis for applying the default. For
example, &, is applicable in example 3.2.1 since adding the consequent of &, to
m-E does not result in inconsistency (i.e., —fly(Clyde)¢ m-E) and contradict any
justification of 8; and 8, (i.e., —(fly(Tweety)a—broken-wing(Tweety))e J and
—(fly(Clyde)a—broken-wing(Clyde))e 9).

In other words, in the Lukaszewicz approach, the contradiction as a result of
applying defaults by adding their consequents is restricted to each individual
element of the justification set. So, the applicability of a default is checked against
an individual element of a justification set in addition to the provability of its
prerequisite and consistency of its justification.

In order to block inferring the fact "fly(Clyde)," we need to block the
applicability of &,. This can be done by enforcing the contradiction not only to
each individual element but to the whole justification set as well. This is the main
idea behind a new approach to dealing with disjunctive fact problems concerning

justifications.

This idea will be given formally in the following definition. This definition
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extends the restriction on applying defaults concerning their justifications. It uses
two operators, as in the Lukaszewicz approach, to define a pair of sets. This pair

of sets is called a pair of an alternative extension and an assumption set. We also

refer them as an alternative extension a-E based on an assumption set A for a

default theory Q).

Definition: Alternative extensions

Let Q = (3, A) be a default theory and (E, A) be a pair of closed well-
Sformed formula sets. Suppose that (I'\(E, A), I,(E, A)) is a pair of the smallest
sets satisfying the following three conditions:
R1. &cIiE, A), for i=1,2;
R2.  Thg(I{(E, A)) =T(E, A), for =1,2; and

R3. ifd= —‘%—Be A, AeT(E, A) and AU{B, C} consistent, then

e Cel'y(E, A),and

o B, CeTL(E, A).
A closed well-formed formula set a-E is an alternative extension for a default
theory Q) if and only if there is a closed well-formed formula set A, called an
assumption set, such that

a-E =T"j(a-E, A) and A =T5(a-E, A).

;‘This definition is more complex than those of the Reiter and the
Lukaszewicz approaches. It provides criteria for a closed well-formed formula set
to be an alternative extension a-E for a default theory q) based on an assumption
set A, A pair composed of an alternative extension a-E and an assumption set A is
a fixed point of operators I'; and I, based on three conditions; i.e., a-E = I'j(a-E,
A) and A = I'»,(a-E, A). The first condition insists that both alternative extension

and assumption set contain the entire hard fact set. The second condition requires
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that both alternative extension and assumption set be inductively closed; that s, all
facts derivable from an alternative extension or an assumption set in terms of first
order theory must be in the alternative extension or in the assumption set,
respectively.

The third condition is related to an applicability of a default 6. It extends
the derivability of first order theory. It requires that a prerequisite of a default be
inferable from an alternative extension a-E. In addition, its justification and
consequent are consistent with the related assumption set 4, If these requirements
are satisfied, then the justification and consequent of the default must be in the
assumption set A, and the consequent of the default must be also in the alternative
extension a-E. In this case, the default § is called applicable to an alternative
extension a-E based on an assumption set A, In addition, when applying a default,
its prerequisite, justification, and consequent are closed well-formed formulae.

In addition, the smallness of the pair assures that no more facts are added to
it without any reason. In other words, a fact is in an alternative extension if it is a
hard fact, a consequent of an applicable default, or a fact derivable from the set of
hard facts and the set of consequents of applicable defaults. Furthermore, a fact is
in an assumption set if it is a hard fact, a consequent or a justification of an
applicable default, or a fact derivable from the set of hard facts and the set of
consequents and justifications of applicable defaults.

There are some important notes to be identified in this definition. By
combining the first two conditions, we can conclude that all facts derivable from
hard facts are in both an alternative extension and an assumption set; i.e., Th(ZF) C
a-E and Th(g) < A. In addition, by condition R3, an assumption set contains
consequents and justifications of applicable defaults. Meanwhile, an alternative
extension contains all consequents of applicable defaults. Therefore, an alternative

extension is a subset of an assumption set; i.e., a-E < A. Furthermore, since an
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assumption set must be consistent, an alternative extension is also consistent.

To check whether a pair of sets is a pair composed of an alternative
extension and an assumption set, we need to verify the three conditions above in
addition to the smallness of the pair. Furthermore, a pair of closed well-formed
formula sets may satisfy one, two, or three of the conditions based on a default
theory Q) = (&, A) but not necessarily be a pair of an alternative extension and an
assumption set. So, A pair of sets (E, A) satisfies condition R1 if FcE and FcA.
It satisfies condition R2 if Th(E) = E and Th(A) = A. Finally, it satisfies condition
R3 if 6 = 42 is a default, Ae E and AU{B, C} is consistent, then Ce E and B, Ce A.
(Notice the characters used. The italic characters like 4 and B denote well-formed
formulae whereas the plain characters like A and B denote a set.)

The main reason in using an assumption set is that it assures that we apply
defaults by inferring facts based on consistent assumptions, that is, a consequent
and justification of an applicable default consistent with an assumption set. In this
approach, we assure that no inconsistency problems arise during the application of
defaults, for example in the previous examples. Therefore, the disjunctive fact
problems concerning justifications will not arise, as we will see later on.

The notion of consequences in the new approach is the same as in that of
the Reiter approach. A consequence of a default theory is a fact that belongs to an
alternative extension. So, to find out whether a fact is a consequence of a default

theory, we have to find an alternative extension containing the fact.

Example 3.2.3: The ability of birds to fly
Let O = (&, A= {8}) be a default theory, where
S = {bird(Tweety)}

and

5 = bird (x)-fly(x)
fly(x)
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It is easy to see that this default theory has only one alternative extension a-E,
a-E = Th({bird(Tweety), fly(Tweety)})
based on an assumption set A,
A = Th({bird(Tweety), fly(Tweety)}).
In addition, the fact "fly(Tweety)" is a consequence of ). Therefore, in the
absence of information to the contrary, "—fly(Tweety)," we can infer that "Tweety

can fly."

From this example, it can be seen that an alternative extension for a normal
default theory is identical to an assumption set. This can be seen in the following

theorem.

Theorem 3.2.1: Similarity of a-E and A for normal default theories

An alternative extension for normal default theories is identical to its

assumption set.

Proof: Theorem 3.2.1

Both alternative extension a-E and assumption set A contain the entire hard
fact set, and the difference between the two sets occurs during the application of
defaults. That is, if a default 6 = 42 is applicable, then C € a-E and B, C € A,
Hence, a-E < A and no other facts are in both a-E and A, Furthermore, since the
consequent of a normal default is logically equivalent with its justification, then
every justification and consequent of applicable defaults must be in both an

alternative extension and an assumption set. So, the two sets are identical.

However, it is not generally true for arbitrary default theories. Consider the
following example. The following example shows a non-normal default theory

having an alternative extension based on a non-identical assumption set.
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Example 3.2.4: Non-identical assumption set
Let P = (F, A= {3, 8,}) be a default theory, where & = {P}, §,=%, and

8,=%*. This default theory has an alternative extension a-E,

a-E=Th(F v {Q, S})
based on an assumption set 4,

A=Th(ZF v {Q R, S}).
That is, an alternative extension a-E for an arbitrary default theory is not identical

to its assumption set A,

Let us apply this new approach to the two problems in examples 3.2.1 and

3.2.2 above. The following is the first problem.

Example 3.2.5:

Let us examine the first problem in example 3.2.1, that is, the default theory
D =(3F, A), where
& = {bird(Tweety), bird(Clyde), broken-wing(Tweety)vbroken-wing(Clyde)}

and

_ bird(x):fly(x) A —broken - wing(x)
fly(x) '
Let us apply the default & to "bird(Tweety)" by inferring "fly(Tweety)," i.e.,

&

fly(Tweety) in an extension a-E; based on an assumption set 4 ;. It needs
justification facts "fly(Tweety)" and "fly(Tweety)A—broken-wing(Tweety)."
Therefore, fly(Tweety)e A and fly(Tweety)a—broken-wing(Tweety)e A ;. So,
—broken-wing(Tweety) is in .4 ;. Hence, the default 8 is no longer applicable to
"bird(Clyde)" since "broken-wing(Clyde)" is inferable from 4. It can be shown
that one of the extensions for this default theory is a-E,, where

a<E; = Th(F U {fly(Tweety)})

based on an assumption set A ;,
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A = Th(a U {fly(Tweety), fly(Tweety)a—broken-wing(Tweety)}).
The other extension for this default theory is a-&,, where

a-E, = Th(g v {fly(Clyde)})
based on an assumption set A, , where

Az = Th(F v {fly(Clyde), fly(Clyde)a—broken-wing(Clyde)}).

These are the only alternative extensions for the default theory. Both facts
"fly(Tweety)" and "fly(Clyde)" are not simultaneously in any extension. This
solves the first problem. So, in the new approach, the counter-intuition statement

does not arise.

In the new approach, there are two distinct extensions. The first extension
contains the fact "fly(Tweety)." Since a consequence for a default theory is a
sentence that belongs to an extension, the fact is a consequence of default theory
. Meanwhile, the second extension contains the fact "fly(Clyde)." So, the fact is
also a consequence of ). However, they are not simultaneously consequences of
. In other words, one may believe either of the facts but not both.

The next example shows how the new approach solves the second problem

in examples 3.2.2.

Example 3.2.6:

The problem is formalized using a semi-normal default theory P =(F, A=

{61, 82}), where
S = {person(John), right-arm-broken(John)vleft-arm-broken(John)},

5= person(x): lefi-arm -usable(x)A—left-arm -broken(x)
: left-arm -usable(x)

b

and

_person(x) : right-arm -usable(x)A—right-arm -broken(x)
right-arm -usable(x)

5,
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Let us see first the applicability of the default 8;. This default is applicable to an
alternative extension a-@, based on an assumption set ,4;, where
a~E; = Th(F v {left-arm-usable(John)})
A = Th(F v {left-arm-usable(John),
left-arm-usable(John)A—left-arm-broken(John)}),
since is not possible to derive both facts "—left-arm-usable(John)" and "left-arm-
broken(John)})." However, the default §, is not applicable since "right-arm-
broken(John)" is inferable from A ; i.e., both "right-arm-broken(John)vleft-arm-
broken(John)" and "—left-arm-broken(John)" in A ;. So, both facts "left-arm-
usable(John)" and "right-arm-usable(John)" are not in a-E;. Now, we see another
alternative extension for ). The default 6, is applicable in an alternative a-E,
based on an assumption set A, where
a-E, = Th(F v {right-arm-usable(John)})
As = Th(g v {right-arm-usable(John),
right-arm-usable(John)A—right-arm-broken(John)}).
But, the default §, is inapplicable since "—left-arm-broken(John)" is inferable from
Ay. Therefore, both facts "left-arm-usable(John)" and "right-arm-usable(John)"
are also not in a-&,. It can be shown that a-&; and a-&, are the only alternative

extensions for this default theory. Furthermore, both alternative extensions follow

intuition.

-The following example shows a pair of sets satisfying the conditions R1,

R2, and R3 but it is not necessarily a pair of an alternative extension and an

assumption set.

Example 3.2.7: The necessity for the smallest sets
Let P = (&, A= {9}, &,}) be a normal default theory, where
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P:Q R:S
={P ,51=—-—, dor=—.
o=1{P} 3 and & S

It is easy to see that a-& = Th({P, Q}) is an alternative extension for Q) based on
assumption set 4 = Th({P, Q}).

Now, let us examine a pair of sets (E = Th({P, Q, S}), A = Th({P, Q, S})).
Since FFcE and FCA, the pair (E, A) satisfies the condition R1. Also, the pair
(E, A) satisfies the condition R2 because Th(E) = Th(Th({P, Q, S})) = Th({P, Q,
S}) =E and Th(A) = Th(Th({P, Q, S})) = Th({P, Q, S}) = A. Lastly, the default
0, is applicable since Pe E and —Qg A, causing Qe E and Qe A. So, it satisfies
R3. However, S is in E but it is neither a hard fact, a consequent of an applicable
default, nor a fact derivable from the set of hard facts and the set of consequents of

applicable defaults. Therefore, E is not an alternative extension for ).

3.2.3 Basic Properties of the New Approach

In this section we will see some properties of alternative extensions for a
default theory. We will attempt to provide and prove some properties similar to
the Reiter and Lukaszewicz approaches.

In the Reiter approach, a similar theorem, which more intuitively
characterizes an alternative extension based on an assumption set for arbitrary
default theories, can be given. It is called the characterization theorem. In the
theorem, we construct a sequence of pairs, called a sequence of pairs related to a

pair of sets. The following theorem sums up this property.

Theorem 3.2.2: The characterization of alternative extensions for a default theory
Suppose P = (&, A) is a default theory, and a-E and A are closed well-
formed sets. Let (Eg, Ag), (E1, Ay), ... be a sequence of pairs of closed well-

formed formula sets, noted as (E;, A;), such that
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E0=g
A=
and, fori=>1

E,= ThE; v {CI 0= %Bie A, A€E,,, and AU{B, C} is consistent}

:B
A;= Th(A; ) v {B, clé= f%—e A, A€E; ¢, and AU{B, C} is consistent}

A set of closed well-formed formulae a-E is an alternative extension based on an

assumption set A for ) if and only if

a-E = fQJEi
=0

and

A= UA,
=0

This theorem provides a more intuitive way to check whether (a-E, A) of
closed well-formed formula sets satisfies as a pair of an alternative extension and
an assumption set for a default theory, that is, by constructing a sequence of pairs
of sets. The pair satisfies as an alternative extension and an assumption set if and
only if the pair is identical with the pair of the unions of all elements of the
constructed sequence, i.e., (a-E, A) = (ULE;, UZA,).

In this theorem, we characterize the difference between two consecutive
sets in the sequence. The next set in the sequence consists of a theory of the
predecessor set and all consequences of applicable defaults with respect to the
predecessor set; i.e., E;.1- Th(E;)= {C|Cs are consequents of applicable default ds
using the pair (E;, A)} and A;;1-Th(A))= {B, C|Bs and Cs are justifications and
consequents, respectively, of applicable default 8s using the pair (E;, A)}. In
addition, for normal default theories, E; = A;.

In the following, we will present a lemma that is very useful in the proofs of

theorems in the entire paper. It is related to the construction of a sequence as in
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theorem 3.2.2.

Lemma 3.2.1:
Suppose that a sequence of sets Ay, Ay, ... such that Th(A;.|)c A, fori=1.
Then, Th(UZ,A;) = ULA,.

Proof: Lemma 3.2.1
Assume that Th(A;.1)C A, fori=1. By the monotonicity properties,
=0A; cTh(UZ,A,). Suppose that Xe Th(UZ, A, ). By the compactness of first
order theory, there is a finite set S such that Xe Th(S). By the finiteness of S, there
is an A, such that ScA,. XeTh(A,) since Th(S)cTh(A,) by the monotonicity.
So, Xis in Th(A 1) and also in Ui, A;. Hence, Th(UL, A, )cUL A, . We
conclude that Th(U, A, )=UL A, .

In order to prove theorem 3.2.2, we need the following three lemmas. The
first lemma concerns the property of the pair (UZE;, UzA, ) satisfying R1, R2,
and R3. The last two lemmas concern the sufficient and necessary conditions for
(a-E, A) as a pair of an alternative extension and an assumption set for a default

theory related to the sequence.

Lemma 3.2.2:

Let a sequence of pairs (E;, A;) be constructed as in theorem 3.2.2 using a
pair (a-E, A). Then,

(€, A) € ULA; and I'y(a-E, A) < ULE..

This lemma says that the pair of the unions of all elements of sequences Eg,

E(, ... and Ay, A, ... satisfies conditions R1, R2, and R3.
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Proof: Lemma 3.2.2
Since (I'j(a-E, A), I';(a<E, A)) is a pair of the smallest sets satisfying the
three conditions R1, R2, and R3, it is enough to prove that the pair (UZE,, UnA,)
satisfies R1, R2, and R3.
R1. Both Ej and Ag contain &F. Therefore, the pair (UZE;, UzA, ) satisfies R1.
R2. By lemma 3.2.1, we conclude Th(ULE;) = UE; and Th(UZA; ) = UnA, .
So the pair (UZE,, UA, ) satisfies R2.
R3. We need to prove that if 8 = 42e A, 4e UE,, and {B, C}UURA, is
consistent, then Ce UL, Ei and B, Ce UgA, .
Suppose that § = 42e A, 4e U,E,, and {B, C}UUA., is consistent.
Since E; ;CE;, for i 2 1, there is an » such that 4e E,, by 4e UZE,. Since {B,
CYUULA, is consistent, then {B, C}UA,, is consistent. Hence, CeE,;; and
B, Ce Ap; by the construction of E; and A;. Therefore, Ce UZE, and B, Ce
A, .

Next is the second lemma. In the construction, no fact is added to the
sequence of pairs without a reason, if the construction is based on a pair of an

alternative extension and an assumption set.

Lemma 3.2.3:

Let a-&€ be an alternative extension based on an assumption set A4 for a
default theory. Suppose a sequence of pairs (E;, A;) constructed as in theorem
3.2.2 using a pair (a-E, A). Then,

UE, € Ti(a-E, A) and Uz A; c Iy (a-E, A).

Proof: Lemma 3.2.3

Assume that a-E is an alternative extension based on an assumption set A

for a default theory q); i.e., a-E =T'j(a-E, A) and A =T,(a-E, A). We prove that
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ULE,cl(a-E, A) and UZA, cI'>(a-E, A) by induction on / that E,cT'y(a-E.,A)
and A; c I')(a-E, A) for all 7.
Basis: Eqg =3 c I'i(a-E, A) and Ayg=F c [,(a-E, A).
Hypothesis: E;cT'j(a-E, A) implies E;;; cT';(a-E, A) and
A;c Iy (a-E, A) implies Ay cTh(a~E, A).
Step: Assume E, c I'j(a-E, A) and A, c T',(a-E, A). By the monotonicity
properties and R2, Th(E,) c I';(a-E, A) and Th(A,)) c T(a-E, A).
If E,+;=Th(E,), and so is A+, =Th(A,), we then finish the proof.
(Recall that, forn > 1,
E +1-Th(E,) = {C|0=4£€A, A€E, and {B, C}\UAis consistent}
Ap+1-Th(Ay) = {B, C|6=4£e A, A€ E, and {B, C}\UA is consistent}.)
Otherwise, suppose there are B, C such that CeE, ;- Th(E,) and B, Ce
Ap+1-Th(A,). So, there is a default d=42€ A such that A€ E and {B, C}uA
is consistent. By E, ¢ I'j(a-E, A), A E, implies A T"|(a-E, A). Since Ae
I'i(a-E, A) and {B, C}UA _is consistent, C is in I'}(a-E, A) and B, C are in
I';(a-E, A) by R3. Since B and C are arbitrary, E .| c I'j(a-E, A) and A,
c I's(a-E, A).

The following is the third lemma. It says that if the pair of the union of all
E;s and the union of all A;s in the sequence is identical with the pair that is used as

a basis for the construction, then no fact is added to the sequence of pairs without

any reasons.

Lemma 3.2.4:

Let a sequence of pairs (E;, A;) be constructed as in theorem 3.2.2 using a
pair (a-E, A). If a-F = ULE, and A = UZA,, then,

UsE; ¢ Ii(a-E, A) and ULA, C Ih(a-E, A).
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Proof: Lemma 3.2.4
We prove ULE, c T'j(a-E, A) and UZ,A, < I'h(a-E, A) by induction on i

that E; c I'i(a-E, A) and A; c T'»(a-E, A) for all ;.

Basis: Eg =3 c T'1(a~E, A) and Ag =F < I'x(a-E, A).

Hypothesis: E;cI'j(a-E, A) implies E;;; cT'j(a-E, A) and

A;cTy(a-E, A) implies Ay ch(a-E, A).

Step: Assume that E; c I'j(a-E, A) and A, < I';(a~E, A). By the monotonicity

properties and by R2, Th(E,))  I'i(a-E, A) and Th(A,) < I'(a-E, A).
IfE,+1=Th(E,), and so is A,;;=Th(A,), we then finish the proof.

Otherwise, suppose there are B, C such that Ce E, ;|- Th(E,) and B, Ce
Ap+1-Th(Ap). So, there is a default d=42€ A such that A€ E, and {B, C}uA
is consistent. A€ E,, implies 4e U E,=a-E. Since Ae a-E and B, CUA
consistent, Ce I'j(a-E, A) and B, Ce I',(a-E, A) by R3. Since B and C are
arbitrary, E;;c T'1(a-E, A) and A4 < I'y(a-E, A).

Now, we proceed to prove characterization theorem 3.2.2 above.

Proof: Theorem 3.2.2
We need to prove that: I'j(a<E, A) = ULE; and I';(a-E, A) = UZA,.
(if part)
‘Suppose that a-E is an alternative extension based on an assumption set A
. for a default theory Q); i.e., a-E =I';(a-E, A) and A = I';(a-E, A). So,
1. T((a-E, A) € ULE, and I'y(a-E, A) € ULA; by lemma 3.2.2; and
2. Ty(a-E, A) 2 ULE, and I'y(a~E, A) 2 ULA,; by lemma 3.2.3.
(if part)
Suppose that a-E = U,E; and A= UgA,. Therefore,
1. T'y(a-E, A) < UE; and I';(a-E, A) < ULA, by lemma 3.2.2; and
2. Ti(a-E, A) 2 ULE; and T5(a-E, A) 2 ULA, by lemma 3.2.4.
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Therefore, the theorem is proved.

Let us find a sequence of pairs for the first problem in example 3.2.1 above.

Example 3.2.8:

Consider the default theory Q) = (&, A) in example 3.2.1 above, where
T = {bird(Tweety), bird(Clyde), broken-wing(Tweety)vbroken-wing(Clyde)}

and

5= bird (x):fly(x) A —broken - wing(x)
fly(x) '

An alternative extension for q) is a-E;,

a-E, = Th({bird(Tweety), bird(Clyde), fly(Tweety),

broken-wing(Tweety)vbroken-wing(Clyde)}),
based on an assumption set A,

Ay = Th({bird(Tweety), bird(Clyde), fly(Tweety)A—broken-wing(Tweety),

fly(Tweety), broken-wing(Tweety)vbroken-wing(Clyde)}).
The sequence of pairs related to pair (a-&;, A ;) 1s (E;, Aj), where
(EOa AO) = (gs 5)’

(E1, Ap) = (Th(F)u{fly(Tweety)},

Th(g)u{fly(Tweety),fly(Tweety)A—broken-wing(Tweety)}),
and for i > 2,

(E;, Ay = (Th(u{fly(Tweety) Hu{fly(Tweety)},

Th(aru{fly(Tweety),fly(Tweety)A—broken-wing(Tweety)}) U

{fly(Tweety),fly(Tweety)A—broken-wing(Tweety)})
= (Th(gru{fly(Tweety)}),

Th(gu{fly(Tweety),fly(Tweety)A—broken-wing(Tweety)} ).

Let us verify the previous example 3.2.7 about the smallness of an
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alternative extension for a default theory using the characterization theorem.

Example 3.2.9:

Consider a default theory Q) = (F, A={9), 3,}), where & = {P}, & =22,
and 62.=%%. We prove by a contradiction that E = Th({P, Q, S}) is not an
alternative extension; that is, suppose that E is an alternative extension. So, there
is an assumption set A. Since ) is a normal default theory, then A = E by theorem
3.2.1. Let us construct a sequence of pairs (E;, A;) related to the pair (E, A). That
is,

Ey=Ao=3={P},

E,=A;=Th({P}) U {Q},

E; = Ay = Th(Th({P} L {Q}) U {Q} = Th({P, Q}),
and, fori >3

E; = Aj= Th(E;) U {Q} = Th(Th({P, Q}) U {Q} = Th({P, Q}) =E,
Therefore, ULE, = Th({P, Q}). But, E # UE. and A # U3A,. This is the
contradiction. So, it cannot be that E is an alternative extension. This is because
(E, A) is not a pair of the smallest sets; i.e., Se E but is neither a hard fact, a
consequent of an applicable default, nor derivable from the set of hard facts and

consequents of applicable defaults.

Now, we are ready to describe the relation of an alternative extension and
an extension for normal default theories; that is, every alternative extension for a

normal default theory is an extension for the default theory.

Theorem 3.2.3: Identity of alternative extensions for normal default theories
Suppose that a-E is an alternative extension for a normal default theory )

based on an assumption set A, Therefore, a-E is an extension for Q).
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Proof: Theorem 3.2.3
Let a-& be an alternative extension based on an assumption set 4 for a
normal default theory ) = (&, A). So, a-E = A by theorem 3.2.1. Now, by
characterization theorem 3.2.2, we construct a sequence of pairs (E;, A;), where
Ey=A¢=3
and, fori>1
E; = A; = Th(E;|)u{B| 8 = 42 A, 4€E, ;, and a-EU{B} is consistent}
such that a-E = ULE, and A= UzA,;. Construct a sequence of sets E'y, E'y, ...
related to a-E according to Reiter's characterization theorem, 2.2.1:
Ey=3,
and, for i > 1
E',=Th(E}.,) U {B|8=48e A, 4cE', |, and —Bg a-E}.
To prove that a-E is an extension for q) (i.e., a-& = U7, E, ), it is enough to show
E',=E, for i20. We prove it by induction.
Basis: Eg=E;=3-.
Hypothesis: (E;=E',))— (E+1=E'i+1)-
Step: Assume that E'; = E,. It implies that Th(E,)= Th(E',), and also, Th(E,)<
E.+; and Th(E'))cE',+; by the monotonicity properties.

We prove that E',;; = E,+1 by showing E ;| cE',+; and E'p 1 cE 4.
IfE,+,=Th(E,), then we have proven that E,,; cE',;; since Th(E,) =
Th(E',) < E'y+;. Otherwise, suppose there is B in E ;- Th(E,). By the
construction of E,,;, there is a default & = 42 A such that A€ E, and B is
consistent with a-E. Since E',=E,, 4e E', and since BeE,,{, —Bis not in
a-E. Therefore, B must be in E';; by the construction of E';4. Hence,
Eps1CE e since Th(Eg) =Th(E}) SEpsn-

If E',+;=Th(E'y), then we have proven that E',, |, cE . since
Th(E',)=Th(E,)E,+;. Otherwise, suppose there is B in E';,;-Th(E';). By



33

the construction of E',, there is a default 6 = 42 A such that A€ E',, and
—B¢ a-E. By assumption E',=E_, then, 4eE,. Also, B is consistent with a-
€. Therefore, B must be in E ;| by the construction of E,;. Hence, E', .,

CE,+; since Th(E'))=Th(E,)CE,.;-

In the next theorem, we will see the maximality of alternative extensions.
That is, if there are two pairs (a-E, A) and (a-E', A) of alternative extensions and

assumption sets, and a-E c a-E' and A C A, then the pairs are identical.

Theorem 3.2.4: Maximality of alternative extensions
Suppose that a- and a-E&' are alternative extensions for a default theory Q)
= (3, A) based on assumption sets 4 and A, respectively, such that a-F ¢ a-F'

and Ac A. Then, a-F =a-E'and A= A

That is, there is no pair of an alternative extension and assumption set such
that it properly "supersedes" another pair of an alternative extension and an

assumption set.

Proof: Theorem 3.2.4
Assume that (a-E, A) and (a-E', A)) are pairs of alternative extensions and

assumption sets for a default theory Q) = (&r, A) such that a-& C a-E' and A C A’
Suppose that the sequences of pairs (E;, A;) and (E';, A';) are related to the pairs
(a-E, A) and (a-E', A)), respectively, as in characterization theorem 3.2.2. By
hypotheses a-E < a-E' and A C A, we have

~E,c U E; and UzA,; c UnoA, .
So, it remains to be proven that

~E c ULE, and U A, S USA, .
We prove them by an induction on i that E,.c UZ,E, and A, ULA,.



54

Basis: E'g c Ejand A'g c Agsince Ey=Ey= Ay = Ay =5

Hypothesis: For all , (E',CE;) > (E';;;CE;i4).

Step: Assume that E',cE; and A',cA,. By the monotonicity property first order
theory, Th(E',) < Th(E,) and Th(A'",) S Th(Ay).

First, we show that E'|CE ;. IfE',;;=Th(E',), then we have
proven that E', ;| CE, ,; since Th(E',)c Th(E,)cE,,;. Otherwise, suppose
there is C such that Ce E',; but Cg Th(E',)). So, by the construction of
E'h+1, there is a default 6 = 42€ A such that A€ E', and {B, C}UAis
consistent. Since AeE';, 4 is in E; by assumption E',CE,. In addition, {B,
C} UAis consistent since {B, C}UA is consistent and AcC A'. So, C must
be in E,;; by the construction of E;,,. Since C is arbitrary in E',,,
therefore, E'y+ 1 CEp+1.

Now, we prove A 1AL+ If A+ 1=Th(A",), then we have proven
that A"+ 1CA L+ since Th(A')cTh(A,) CA,+;- Otherwise, suppose there is
an X such that Xe A’ - Th(A',). So, by the construction of A'|;, there is
a default & = 42 A, where either X=C or X=B, such that A€ E', and {B, C}
UA is consistent. So, 4 is in E,, and {B, C}\UA_is consistent. Therefore, B
and C must be in A, |, and so must X. Since Th(A',)cTh(A,)S A+
hence, A',+1SALH

Now, we present the semi-monotonicity properties of alternative extensions

for default theories. We will show that adding new defaults to a default theory

cannot shrink an alternative extension.

Theorem 3.2.5: Semi-monotonicity properties of alternative extensions
Let P=(&, A) and )'=( &, A') be default theories, where ACA'". For
every alternative extension a-E based on assumption set A for ), there is an

alternative extension a-E' based on an assumption set 4’ for Q) such that a-E <
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a-F'and A C A

Before proving this theorem, we will make some clarification. In the
definition of a default theory in Chapter 2, we assume that the number of defaults
in a default set is countable. Further, we also discussed partitioning defaults in A
into an equivalence class of sets of defaults having the same nature. The purpose
of partitioning is to abbreviate writing a lengthy default set. Therefore, it does not
change the meaning of each default. In addition, we can enumerate the default set
of a default theory; i.e., A = {8;, &,, 83, ...}. This set is possibly finite. Also, recall
that a union of two countable sets is countable.

To prove the semi-monotonicity properties, we need some tools. First, we
construct candidate sets for an alternative extension and its assumption set for q)'
based on construction 3.1. The construction is started with the alternative
extension a-E and assumption set A for ). Second, we prove that the candidate
sets are the alternative extension and assumption set for the modified default

theory )’ using characterization theorem 3.2.1.

Construction 3.1:

Let a-E be an alternative extension based on an assumption set A _for a
default theory Q) =(&F, A). Suppose D'=(F, A') is a default theory such that ACA'.
Suppose, further, that {§,=42, §,=%%, §,=%*, ...} is a fixed enumeration for A".
We construct a sequence of pairs (E;, A;) as follows:

Ey=a-F and Ay = A,
and fori> 1,

E; = Th(E;.)) L URE!

A;=Th(A;.) U URA!
where

E! =E;,,
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A=A,
and for j21, (we attempt to apply all default §;s, one by one, using E; ),

E! = EN'U{Cj|8=% €A 4;cE;,, and {B;, C;}UA'" is consistent}

Al=ANU{C;, Bj|8,="C €A, 4icE; |, and {B;, C;}UA" is consistent}.
Assign E = U E, and A = U, A,. Allsets E;s and A;s are consistent, and so are
sets E and A. Since Eqg=a-F and Ay=.4, we conclude that a<FE cE and ACA.

From this construction, we can apply lemma 3.2.1 to the pair (E, A)
resulting in Th(A) = A and Th(E) =E. In addition, we will construct a sequence of
pairs related to (E, A) according to characterization theorem 3.2.2 as in

construction 3.2.

Construction 3.2: A sequence of pairs using the characterization theorem.

Let ) and Q)' be default theories and a-E be an alternative extension based
on an assumption set A for ¢). Assume (E,A) is a pair of sets constructed as in
construction 3.1. Construct a sequence of pairs (S;, T;) related to the pair (E, A),

So=Fand Ty =3,
and forj = 1,

S;=Th(S;.)w {C] d=%LeA, Ae Si.1 and {B, C}UA is consistent},

T; = Th(T}.;) U {B, C|8=F€ A, 4€S;.; and {B, C}UA is consistent}.
Assign S = U;oS,- and T= UL T,.

To prove theorem 3.2.5, we will use one lemma. This lemma assures that S
and T in construction 3.2 contain a-E and A, respectively. It will be used as a

basis for an induction in the proof of theorem 3.2.5.

Lemma 3.2.5:

Let D=(&, A) and O'=(Z, A") be default theories, where ACA'. Suppose
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a-E is an alternative extension based on assumption set .4 for q). If the pair (S, T)

is constructed as in construction 3.2, then, a<E£ < S and ACT.

Proof: Lemma 3.2.5
Assume that a-F is an alternative extension based on assumption set A_for
D =(3+ A). Sand T are sets assigned in construction 3.2. Using characterization
theorem 3.2.3, construct a sequence of pairs (G;, H;) related to the pair (a-E, A)
using the default theory ()=(gF, A) such that a-E =U;, G, and A=U7,H,, where
Go=Hy=3, and fori>1,
G;=G; v {CI d=4Le A, Ae G, and {B, C}\UA is consistent},
H;=H;, U {B, C|8=42eA, 4e G, | and {B, C}UA_is consistent}.
We prove a-<EC S and AT by an induction on i that G;c S and H;cT.
Basis: Go=3=S¢cS and Hy=F=T,cT.
Hypothesis: G;cS and H;c T imply G;;+;<S and H;;,cT.
Step: Assume G,c S and H,cT. These imply that Th(G,)<S and Th(H,)cT
since Th(S)=S and Th(T)=T by lemma 3.2.1.
First, we prove that G, cS. If Th(G,)=G,+;, we have proven
Gp+1 SS. Otherwise, suppose there is C such that Ce G- Th(G,). C
comes from applying a default §€ A in the construction of G, ; i.e., =4,
Ae G, and {B, C}UA is consistent. These cause B and C in H,;; by the
construction of H,.|. B, CeH,;; implies B, Ce U H,=A=A,, causing B
and Cin Uz, A, and also in A, since A=U;A,. By assumption G, S, A€
G,, implies 4€S. Since UL,S;=S5, there is an m such that A€ S.,. Since de
S, and B, Ce A, then, Ce S41. So, CeS. Hence, G, S since Th(Gp) <
S and G, = Th(Gp)u{those Cs}.
Next, we prove that Hy ., < T. If Th(H,)=H,+,, we have proven
H, ., <T. Otherwise, suppose there is X such that Xe Hp ;- Th(H,). X

comes from applying a default 8 A in the construction of Hy; i.e., 8=,
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where X=B or X=C, such that 4e G, and {B, C}UA is consistent. These
cause B and C in Hyy). Band Cin Hy, implies Band Cin U, H.=A=A,,
causing B and C in U, A, and also in A. By assumption G, cS, 4e G,
implies 4€ S. Since U7,S,=S8, there is an m such that 4e S, Since 4e S
and B, Ce A, B, Ce Ty4. Therefore, B, Ce Uz, T, causing Xe UL T,.
Hp+&T since Th(H,) T and Hp,;; = Th(H,)w{those Xs}.

Now, we have enough tools to prove theorem 3.2.5.

Proof: Theorem 3.2.5
Let PD=(3- A) and P'=(3, A") be default theories, where ACA'. Suppose
a-E is an alternative extension based on assumption set 4 for ). Suppose,
further, that {§ =25, §,=%>, §,=%>, ...} is a fixed enumeration for A'. Construct
a pair (E, A) as in construction 3.1 and a pair (S, T) as in construction 3.2. Since
a-EcE and ACA, it remains to be proven that E is an alternative extension based
on A for ). By characterization theorem 3.2.3, we need to show E=S and A=T.
That is, U E, = ULS, and UZA,= Ui T,. First, we prove that SCE and TCA
by induction on j that S;cE and T;cA.
Basis: Sy=& cE and Ty=3"C A since Ey=3 and Ay=A,
Hypothesis: S;cE and T;c A imply S;+; CE and Tj;; CA.
Step: Assume S,cE and T,cA. So, Th(S,)cE and Th(T,,) c A since Th(E) =E
and Th(A)=A by lemma 3.2.1.

First, we prove S, CE=UE,. If §;+;=Th(S,), we have proven
that S, < U, E,. Otherwise, suppose there is Ce S;,.1-Th(S,). C comes
from applying a default & with respect to (S, T,) in the construction of
S.+1; i.€., a default 8=% € A’ such that Ae S, and {B, C}UUL A, is
consistent. By assumption S,cE, A€ S, causes 4 to be in E and also in

= E,since U E,=A. 4e Ui E; implies that there is an m such that 4e
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E,,. 0eA'implies 5=5j. Also, {B, C}UU, A, is consistent, implying that
{B, C}UA., is consistent. Hence, C must be in E!  and also in E,p, .
Sp+1€ UL E; since 11 =Th(S,)U{those Cs}.

Next, we prove T, ;cA=UA,. If T,+=Th(T,), we have proven
that T,,; € A. Otherwise, suppose there is Xe T, ;-Th(T,). X comes from
applying a default & with respect to (S,, T,) in the construction of T,,: i.e.,
a default =2 A', where X=B or X=C, such that 4 S, and {B, C}uU
Ui, A, is consistent. By assumption S,cE, A€ S, causes 4 to be in E and
also in U7, E;since U E,=A. 4e UE, implies that there is an m such
that A E,. e A’ implies 8 = §;. Also, {B, C}UUiL,A, is consistent,
implying that {B, C}UA?, is consistent. Hence, B, C must be in A’ | and
also in Ap.;. Since X = Bor X = C, then, X must be in A,,;. Therefore,
Ty+1€ UL A, and also Tj CA.

We have finished proving SCE and TC A. Now, we continue proving EcC S and

AT by induction on / that E;c S and A; T for all i.

Basis: Eyc S and Ajc T by lemma 3.2.5 since a-E=E and A=A,.

Hypothesis: E;cS and A;cT imply E;;; =S and Aj;; CT.

Step: Assume E,cS and A,cT. So, Th(E,)cS and Th(A,)cT since Th(S)=S
and Th(T)=T by lemma 3.2.1.

First, we will prove E,,; cS. IfE,;;=Th(E,), then, we have proven
E,+1 8. Otherwise, suppose there is CjeEp4; - Th(E,). C; comes from
applying a default §; using E,, in the construction of E],; i.e., 8 j=ﬁ;ifie A
such that 4;€ E, and {B;, C;}UAL, is consistent. These cause B;, Cje A,
and also, Bj, Cje Ap+1. 4j€E, implies 4j€ UL E,. Moreover, B;, Cje Ay
implies B;, Cje U A, , causing {Bj, Cj}uU;';oAi to be consistent. By
assumption E; S, and UL,S;=8S, 4;€ E, implies 4;e UrS;. Aje UrS,
implies there is Sy such that 4;€ S. Since 4je Sy and {B;, CiyOULA, 1s
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consistent, Cje Sy.y. Epy cULS, since Ep 4 =Th(E,)u{C;s}. Hence, E
cS.

Next, we will prove A, cT. If A\, =Th(A,), we proved that A_
cT. Otherwise, suppose there is Xe A, ;- Th(A,). X comes from applying
a default §; using E,, in the construction of A},,. That is, a default 6j='47f.j'9—'e
A', where either X=B; or X=C}, such that 4;e E,, and {B;, C;}UA?), is
consistent, causing Bj, Cje Ai ., and also, Bj, Cje A,+1- In addition, Bj, C i€
Ap+; implies BJ-, Cje U A, , causing {Bj, Cj}uU;“;OAi to be consistent. By
assumption E, 8, and U3,S,=S, 4;€E, implies Aje UiLS;. 4je ULS,
implies that there is Sy such that 4;€ Sy. Since 4je Sy and {B;, C;}U UL A,
is consistent, then, B; and Cje are in Ty, and so is X. So, Ap,;cU7,T.
Hence, A+ CT.

We have finished proving ECS and ACT, and so the theorem.

In the proof of theorem 3.2.5, we assume that a default set A' has a fixed
enumeration. We apply all defaults, one by one, following the sequence of the
fixed numeration to construct a sequence of pairs (E;, A;) as in construction 3.1. In
this construction, we will have a pair of an alternative extension and an assumption
for a default theory. If we have a different enumeration, we may have another
similar pair. Therefore, adding some defaults into a default theory may cause the
number of pairs of alternative extensions and assumption sets to increase. Each
pair will "supersede" its based construction pair.

The theorem is also saying that an alternative extension for a default theory
based on an assumption set is monoton when adding defaults.

However, the new approach is not monotonic.

Example 3.2.10: Not monotonicity of alternative extensions related to facts

Let Q) = (&, A= {38}) be a default theory, where & = {bird(Tweety)} and
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5= bird (x):fly(x)
fly(x)
one alternative extension a-E,

a-& = Th({bird(Tweety), fly(Tweety)})

. As seen before in example 3.2.8, this default theory has only

based on an assumption set A,

A= Th({bird(Tweety), fly(Tweety)}).

If we add facts "penguin(Tweety)" and "Vx penguin(x)——fly(x)" to this
default theory (i.e., )' = (&, A)), where

' = u{penguin(Tweety),Vx penguin(x)——fly(x)})
the new default theory will have an alternative extension a-&', where

a-E&' = Th({bird(Tweety),penguin(Tweety),Vx penguin(x)——fly(x)})
based on an assumption set 4’ = a-E'. The addition "shrinks" an alternative
extension; i.e., a-E @ a-E'.

[f we add facts "bird(Clyde)" to the original default theory, for example )"
= (7", A), where 3" = Fu{bird(Clyde)}, the default theory (D" has an extension
a-E", where

a-E£" = Th({bird(Tweety),bird(Clyde),fly(Tweety),fly(Clyde)})
based on an assumption set A" = a-E". The addition enlarges an alternative
extension; i.e., a-E < a-E".

Furthermore, if we add a fact "fly(Tweety)" to the original default theory,

the new default theory has an unchanged alternative extension based on an

unchanged assumption set.

Now, the existence of an alternative extension for default theories is

guaranteed by the semi--monotonicity properties.

Theorem 3.2.6: Existence of alternative extensions

Every default theory has an alternative extension a-E based on an
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assumption set A.

Proof: Theorem 3.2.6

Let P = (3, A) be a default theory. The default theory Q) = (I, &), where
& denotes the empty default set, has an alternative extension a-&' = Th(Z) based
on itself for )'. Since & CA, by the semi-monotonicity properties, there is an
alternative extension a-E based on an assumption set 4 for ) such that a-E'ca-F

and a-E'CA.

Let us consider an example in Chapter 2 which does not have an extension.

Example 3.2.11: Non-normal default theory

Let D = (5, A = {8}) be a default theory, where ¥ = {P} and 6=—1-)~'g—. This

|

default theory has an alternative extension a-& = Th(ZF) based on an assumption

set A= Th(g).

The next property of an alternative extension for a default theory is
orthogonality. In the Reiter works, the orthogonality property is relative to an
extension. In the new approach, the orthogonality property is relative to an
assumption set. In case of normal default theories, both approaches have the same
meaning. [t can be summed up as "the union of two assumption sets of two

distinct alternative extensions is inconsistent." It is concluded in the following

theorem.

Theorem 3.2.7: Orthogonality of alternative extensions

Let a-E and a-E' be two distinct alternative extensions based on assumption
sets A and A for a default theory ) = (&F, A), respectively. Then, AU A is

inconsistent.
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Proof: Theorem 3.2.7
Let (E;, A)) and (E'j, A'}) be sequences of pairs related to pairs (a-E, A) and

(a-E', A) using characterization theorem 3.2.2 such that a~F = U7, E, and a-E' =

=oE, and A= U,A,and A'= U,A . Since a-F and a-F' are two distinct
alternative extensions and Ej = E', there is an n such that E, =E', butE ., #
E',+1- Therefore, there is C such that Ce E,,, - E'1y; if there is no such C, assume
otherwise, CeE' 4 - E,4;. So, there is a default d = 42€ A such that A€ E, and A
U{B, C} is consistent by the construction of E ;. By the construction of A,
both B and C are in A, causing both B and C in 4, Since AeE', but CeE' ., A
U{B, C} is inconsistent. Furthermore, because of B and C in A and A'U{B, C}

being inconsistent, then A is inconsistent with 4. Thus, AU A’ is inconsistent.

It is not necessary that the union of two distinct alternative extensions be

inconsistent. The following is one example.

Example 3.2.12:
Let D = (F, A= {8,, 8,}) be a default theory, where & = {P}, 8, = 52,
and 8,=252. This default theory has two extensions a-E and a<E,, where
a-E; = Th({P, R}),
a-E, = Th({P, S})
based on assumption sets A | and A, where
A; = Th({P, Q,R}),
Az =Th({P, -Q, §})

respectively. It is easy to see that a-E;\a-E, is consistent but A | A, is not.
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3.3 Disjunctive Fact Problems Concerning

Prerequisites

3.3.1 Preliminary Discussion

Another problem that may arise in using both the Reiter and the
Lukaszewicz approaches is to deal with disjunctive facts concerning prerequisites.
These approaches cannot deal with default theories consisting of disjunctive facts
in which applicabilities of defaults are blocked due to no evidence to believe any
of their prerequisites.

Consider the following example. This artificial example is observed by Lin
and Shoham [22]. It shows that both the Reiter and the Lukaszewicz approaches

do not work properly to derive facts.

Example 3.3.1:
P:R

Let O = (&7, A={8;, 8,}) be a default theory, where & = {PvQ}, 6, = =

and 9, = —QB— This normal default theory has exactly one extension &, where

€ = Th(5).
It also has exactly one modified extension m-E, where

m-E = Th(&)
with respect to a justification set J = &, since there is no applicable default.
Therefore, all facts that can be derived are consequences of a hard fact set . This

is unacceptable. We should be able to derive the fact R by §; and &, using PvQ.

To see this more clearly, we present an example occurring naturally.

Example 3.3.2: Disjunctive fact problems concerning prerequisites

Suppose that all we know is that either "John was born in the US" or "John
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was naturalized by the US government." However, we do not have any evidence
to believe either of them. In addition, we use two typical facts to supposedly infer
the citizenship of a US person, i.e., represented using normal defaults. The typical
facts are "Typically, a person born in the US is a US citizen" and "Typically, a
person naturalized by the US government is a US citizen." This problem can be
formalized using a normal default theory Q) = (&, A) = (&, {8, 6,}), where

& = {born-in-US(John) v naturalized-by-US(John)},

born—-in—US(x):citizen-of -US(x)
citizen-of -US(x)

o, =

b4

and

naturalized -by-US(x):citizen-of-US(x)
citizen-of-US(x) '

0, =

Since we only know the disjunctive form of the prerequisites of both defaults, that
is, born-in-US(John) v naturalized-by-US(John), both defaults are inapplicable.
Hence, an extension for q) is &, where

€ = Th(®).
Furthermore, this default theory also has exactly one modified extension m-E,
where

m-E = Th(g)
with respect to a justification set J = J since there is no applicable default. So,
both approaches result in the same set, that is, all facts derivable from the hard fact
set & in terms of first order theory. Therefore, the consequences of the default
theories are all facts that can be derived from the hard fact set. This is

unacceptable since we should be able to infer that "citizen-of-US(John)"; i.e., John

is a US citizen.

From this example, even though we know a disjunctive fact (i.e., "John was
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born in the US" or "John was naturalized by the US government") we are not able
to use either defaults to derive any fact, even though no inconsistency has
occurred. So, both the Reiter and Lukaszewicz approaches should be revised in
order to deal with disjunctive fact problems concerning prerequisites.

The major problem concerning prerequisites is that we cannot apply
defaults due to no evidence to believe their prerequisites. Those defaults have the
same nature in the justification. They have the same justification. So, we can
construct a class of equivalence sets. Each equivalence set consists of defaults
having the same justification and is called a default set associated to a justification.
Since the number of defaults in a default theory is countable, we should have a
countable class of such associated sets. For any associated default set, we
construct a set of disjunctive forms consisting of prerequisites of the defaults in the
set. These forms come from defaults having the same justifications. In such a set,
we may find special disjunctive forms that may be useful in applying the related
defaults. Those disjunctive forms are called prime. So, by forcing consistency in
applying defaults using prime disjunctive forms consisting of prerequisites of some
defaults, we can infer some facts in the form of disjunctions consisting of
consequents of the related defaults. This approach should solve the disjunctive
fact problems concerning prerequisites as mentioned above. In addition, this new
approach should also solve the disjunctive fact problems concerning justifications
as mentioned in the previous section since we are forcing consistency in the
assumption set when applying defaults using a prime disjunctive form. This is the

idea behind the new approach.

3.3.2 New Approach to Solving Disjunctive Fact
Problems Concerning Prerequisites

As previously mentioned, we need to revise both the Reiter and the
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Lukaszewicz approaches in order to deal with disjunctive fact problems
concerning prerequisites. The main problem in dealing with fact problems
concerning prerequisites is that we cannot apply some defaults due to no evidence
to believe their prerequisite (though there is evidence to believe their disjunctive
form) even though consistency is guaranteed. So, a disjunctive fact can cause the
application of some defaults to be blocked.

These problems can be overcome by letting a system apply defaults using
not only their prerequisites but their disjunctive form consisting of their
prerequisites as well. In addition, we need to force consistency not only in a set of
the justification, the consequents, and the disjunctive forms consisting of
prerequisites of defaults under consideration, but in the whole set of hard facts and
justifications, consequents, and disjunctive forms consisting of prerequisites of all
applicable defaults as well. Therefore, the applicability of defaults is checked
against their prerequisites in disjunctive forms. By doing this, we extend the
applicability of default in terms of prerequisites.

This can be accomplished by generating a class of sets of disjunctive forms
based on prerequisites of defaults having the same justification. That is, for any
distinct justification, we define a set of disjunctive forms consisting of
prerequisites of defaults, which have the same justification. Therefore, in
applying defaults, we need to check against their associated sets. In doing so, we
extend the applicability of defaults.

. Before extending the applicability of defaults, we need some definitions.
First, we partition defaults into sets based on justification Bs. Each set, noted SB

and called a default set associated to justification B, consists of defaults having the

same B. It is defined in the following.

Definition: Associated default sets

Let A be a set of defaults. The set of defaults associated to justification B,
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noted 8, is as follows:

= A:B
53 = {8=—"C—'~'| oe A}

8, is called an associated default set to a Jjustification B.

A set SB is associated to B appearing in place of the justification of defaults.

So, the number of sets SBS depends on the number of distinct justifications in A.

Example 3.3.3:

_ __ bird(Tweety).fly(Tweety) __ pet(Tweety):fi Tweety) _
LetA= {3, = fiy(Tweety) » 0y = fiy(Tweety) .03 =
ird(Clyde):fly(Cl . e e . .
bir (Cﬂi(ce)lng) ydo } be a set of defaults. Since two distinct justifications appears in

defaults in A, there are only two default sets associated to them: "fly(Tweety)" and

"fly(Clyde)." They are Sﬂﬂww and SMCW), where
—Sﬂy('rweety): {815 82}

and

8ﬂ)(Clyde): {83}.

For each set 53, we generate a set of disjunctive forms consisting of

prerequisites of defaults in the set §,. Each form is called a disjunctive form

consisting of prerequisites.

Definition: Set of disjunctive forms consisting of prerequisites

Let Q = (&, A) be a default theory and 3, denote a default set associated to
a justification B. Construct a set noted Hp as follows:

Hp={V,4|5=42¢e 3, and A;s are distinct}.
M p is called a set of disjunctive forms consisting of prerequisites associated to a

Justification B. An element in the set, V| A, is called a disjunctive form consisting

of prerequisites.
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That is, a set of all disjunctive forms consist of prerequisites of defaults

having the same justification. The disjunctive operator V ; may take any number

of operands as long as all prerequisites, 4;s, are different. However, since a default

set 8, is countable, the generated set should be countable.

Example 3.3.4:

Let A= {5}, 8,, 83} be a default set of a default theory ), where 8,=53,
8,=%, and 8,=2%. There are two distinct justifications. So, there are two default
sets associated to justifications: 3Q= {8,} and &, = {5, 85}. A set of a disjunctive
form consisting of a prerequisite related to SQ is Hq = { P} and a set of disjunctive

forms consisting of prerequisites related to SR isHg = {Q, T, QvT}.

The word "distinct" means no duplicate prerequisite in any disjunctive form
V., A, For example, 4,vA,vA; is not a disjunctive form since 4{vA;VA =4 VA;.
In addition, Av1 is also not, since Av1=t, where 7T stands for verum as opposed to
the symbol L, falsum. So, T will not appear in another disjunctive form but itself.
It is related to a default without a prerequisite.

Before presenting a new approach to dealing with disjunctive facts, we need
to define a prime element in a set of disjunctive forms with respect to a set. Itis

needed to apply defaults and is called a prime disjunctive form.

Definition: Prime disjunctive forms
Let Mg denote a set of disjunctive forms consisting of prerequisites based

on a justification B. A disjunctive form V., 4 in Wp is prime with respect to a set

S ifand only if V', A€ S but V', 4, is not derivable from a set { #=V?, 4|4 e

i%)

Hp, A€ S, 1<j<n} inS. We call it a prime disjunctive form of prerequisites

In other words, a disjunctive form 4 = V_, 4, in Hp is prime with respect to
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a set § if and only if it is in S but cannot be derived from a set of disjunctive

forms 4's in § obtained by removing one prerequisite 4 jfrom 4: i.e., A=V 4.

If 4 is a prerequisite of a default, i.e., n=1, it is likely that it is a prime disjunctive
form. We only need to check its membership in S. Therefore, it is possible that
several disjunctive forms in Hp are prime but they are countable.
In addition, a special treatment should be taken for 1. This form t is always
prime. It is related to a default without a prerequisite, and it is likely applicable.
Also, for every prime disjunctive form V{, 4, there are B, C|, ..., and C,,
related to it. B is the related justification of the defaults. The related disjunctive

form V[, C is a disjunctive form consisting of the consequents of the defaults.

Example 3.3.5: Prime disjunctive forms

Let us see the previous example. Let H and Hy be sets of disjunctive
forms consisting of prerequisites, where

Ho= (P}
and

Hg = {Q, T, QvT}.
Suppose, further, that § = Th({P, Q, QvT}). Therefore, both P and Q are prime
disjunctive forms in Hq and Hg, respectively, with respect to S. Since Q isin S,
QT is not a prime disjunctive form in Hg with respect to S since it is derivable

from Q in S. Furthermore, T is not a prime disjunctive form since T¢ S.

The following lemma is very useful in the proof of theorems in the rest of

paper. It is related to the derivability of a disjunctive form.

Lemma 3.3.1:
Let V", 4 be a disjunctive form in a set Hp. Suppose that a set S is

deductively closed. If V', 4 in S, then Vi, 4 is derivable from a set of prime
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disjunctive forms in Hp with respect to S.

This lemma says that if a disjunctive form in Hp is derivable from a
deductively closed set S, then it is derivable from a set of prime disjunctive forms

in S; they are in Hp.

Proof: Lemma 3.3.1

Let Vv A be a disjunctive form in a set Hp and S is deductively closed. If
V7, 4 is prime with respect to S, then we proved the lemma. Otherwise, suppose
that V[, 4 is not prime. Therefore, V", 4 is derivable from a set of 4's in § and
M, 1<j<n, each 4’ is resulted from removing one prerequisite from V", 4. Ifall
A's are prime with respect to S, then, we have proven the lemma. Otherwise,
suppose that there is an 4’ that is not prime. By the same reason, 4’ can be
derived from a set of smaller disjunctive forms in § and Hz by removing one
prerequisite from 4’. This continues until all smaller disjunctive forms are prime
with respect to S. This is guaranteed because the smallest disjunctive forms in Hpg

consist of one prerequisite. In addition, they must be prime with respect to S.

Example 3.3.6:

Let Hz be aset {P, Q,R, S, T, PvQ, PVR, PVv§, PVT, ..., PvQVRVSVT}.
Suppose that S=Th({P, PvQ, QVR, RvSvT}). Disjunctive forms P, QVR, RvSvT
are in S, and they are prime with respect to S. Disjunctive form 4 = PvQVRVSVT
is in S. However, it is not prime and is derivable from {PvQVR, RvSvT}inS. A
disjunctive form RvSvT is prime with respect to S but PvQVR is not. PvQVR
can be derived from {PvQ, QVR} in S. Also, QVR is prime with respect to S but
PvQ is not. PvQ is derivable from P in S, and P is prime. So, 4 is derivable from

a set {P, QVR, RvSvT} in S, and P, QvR, RvSvT are all prime with respect to




72

Before presenting a new approach, we need to make some clarification in
dealing with disjunctive forms. As Kautz and Selman observed, some defaults
may have the same justification but they may have prerequisites in the form of
complements to each other [19]. That is, their disjunctive form consists of
prerequisites of defaults, implying that is always true. For example, consider the
following two defaults &, and 8,, where 8 =53 and §,==2. The disjunctive form
consisting of prerequisites of both defaults, Pv—P, is always true. Therefore, we
are likely able to conclude that the disjunctive form is prime. So, we are likely
able to infer Q regardless of P. It seems weird. However, by looking at both
defaults, we can combine the two defaults into one default which does not have a
prerequisite. That is, a default §=". Therefore, it is more likely that this default
is applicable. So, it is reasonable to assume that the disjunctive form is replace by

1. Furthermore, T will not appear in another disjunctive form but itself.

Example 3.3.7:
Let Hp be a set of disjunctive forms consisting of prerequisites, where
Hp={1,P,Q R, PvQ, PVR, QVR, PVQVR},

and S be a set, where
S=Th({PVR, QVR, §})

Therefore, the forms T, PvR and QVR are prime disjunctive forms in Hz with

respect to S. However, PVQVR is not since both PVR and QVR are in S, and Pv

QVR is derivable from {PVR, QVR} in S.

Now, we are in a position to define formally a new version to deal with
disjunctive fact problems concerning prerequisites. In addition, it also can deal
with disjunctive fact problems concerning justifications. The main idea is to check
the applicability of defaults using their related set of disjunctive forms consisting

of prerequisites. A pair of sets defined in the definition is called an alternative
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extension and an assumption set for a default theory.

Definition: Alternative extensions
Let P = (F, A) be a default theory and (E, A) be a pair of closed well-
Jormed formula sets. Suppose that Wg denotes a set of disjunctive forms
consisting of prerequisites based on a justification B of defaults in A. Suppose that
(T'\(E, A), I,(E, A)) is a pair of the smallest sets satisfying the following three
conditions:
S1.  ScIyE, A), for i=1,2;
S2. Thc/@"i(E, A))=TyE, A), for i=1,2; and
S3. ifA =V, AeWUp is a prime disjunctive form with respect to T'|(E, A) and
AU{B, Cy, ..., C,} is consistent, then
o v Cisinl'|(E, A); and
e Band Cy, ..., C,are inTH(E, A).
A closed well-formed formula set a-E is an alternative extension for a default
theory Q) if and only if there is a closed well-formed formula set A, called an
assumption set, such that

a-E =TI'|(a-E, A) and A =T,(a-E, A).

This definition is a little more complex than that of the previous section. It
provides criteria for a closed well-formed formula set a-E to be an alternative
extension based on an assumption set A for a default theory ). A pair of an
alternative extension a-E and an assumption set A is a fixed point of operators I';
and I, a-& = T"j(a-E, A) and A =I'5(a-E, A), based on three conditions. The first
two conditions are identical with those in the previous section, that is, both an
alternative extension and an assumption set containing the entire hard fact set and
being inductively closed.

The difference is in the third condition, and it is related to the applicability
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of some defaults. It requires that there be a prime disjunctive form consisting of
prerequisites in Hp with respect to alternative extension a-E. In addition,
justification B and the related consequents Cy, ..., C,, are consistent with the
assumption set A. If these requirements are satisfied, then B and the related
consequents must be in assumption set 4. The related disjunctive form consisting
of consequents must also be in alternative extension a-E. In this case, the defaults
are called applicable to an alternative extension a-E based on an assumption set A_.
In addition, when some defaults are applied, a justification B and a disjunctive
form consisting of prerequisite, related consequents are closed well-formed
formulae.

In addition, the smallness of both alternative extension and assumption set
assures that no more facts are added to them without any reason. In other words, a
fact is in an alternative extension if it is a hard fact, a disjunctive form consisting
of consequents of applicable defaults, or a fact derivable from the set of hard facts
and the set of disjunctive forms consisting of consequents of applicable defaults.
Furthermore, a fact is in an assumption set if it is a hard fact or a justification or
consequents of applicable defaults, or a fact derivable from the set of hard facts,
justifications, and consequents of applicable defaults.

As already noticed in the previous section, by combining the first two
conditions, we can conclude that all facts derivable from a hard fact set are in both
an alternative extension and an assumption set; i.e., Th(&r) ca-E and Th(F) < A
In addition, by condition S3, an assumption set contains all justifications and
consequents of applicable defaults. Meanwhile, an alternative extension contains
all disjunctive forms consisting of consequents of applicable defaults. Therefore,
an alternative extension is a subset of an assumption set; i.e., a-E C A,

Furthermore, since an assumption set must be consistent, an alternative extension

is also consistent.
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To check whether a pair of sets is a pair of an alternative extension and an
assumption set for a default theory, we need to verify the satisfaction of the three
conditions above in addition to the smallness of the pair. In other words, a pair of
closed well-formed formula sets may satisfy one, two, or three of the conditions
with respect to a default theory Q) = (&, A) but not necessarily be a pair of an
alternative extension and an assumption set. A pair of sets (E, A) may satisfy
condition S1; i.e., 5*CE and rcA. It may satisfy condition S2; i.e., Th(E) =E
and Th(A) = A. Also, it may satisfy condition S3; i.e., if V., 4 is a prime
disjunctive form consisting of prerequisites in Hp, a set of disjunctive forms
consisting of prerequisites related to justification B, with respect to E, and AU{B,
Cy, ..., Cy} is consistent, then vV, CeE and B, Cy, ..., C,e A. However, (E, A)
may not be a pair of the smallest sets.

The main reason for using prime disjunctive forms in applying defaults is
that we assure that we derive all disjunctive forms whenever possible and
reasonable. By doing so, we do not have disjunctive fact problems concerning
prerequisites as mentioned early in this chapter. So, the new approach will handle
those problems adequately. Furthermore, we still force the consistency of the
assumption set in applying defaults. Therefore, the disjunctive fact problems
concerning justifications will not arise in the new approach. So, the new approach

will handle both problems adequately.

Example 3.3.8:
As mentioned early in example 3.3.1, default theory Q) = (&, A = {6y, d,}),

where = {PvQ}, 6, = B}%{-, and 9, = %B, has exactly one extension € and

also exactly one modified extension m-E with respect to J = &, where € = m-E =

Th( &). Now, we see an alternative extension a-E for this theory. That is,

a-E = Th(V{R})
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based on an assumption set 4,

A=Th(FU{R}).
It is easy to see that the pair (a-E, A) satisfies conditions S1 and S2. Now, we
need to check condition S3. This default theory has only one default set 5,
associated to justification R. So, the set of disjunctive forms consisting of
prerequisites related to 8, is Hg ={P, Q, PvQ}. Therefore, a prime disjunctive
form in My with respect to a-E is PvQ. It is the only prime disjunctive form in
Hg with respect to a-E. Since R is consistent with ,4, the related justification R
and the related disjunctive form consisting of consequents RvR = R, must be in
a-E. Also, justification R and the consequents R must be in 4. So, the pair
satisfies S3. In addition, (a-E, A) is a pair of the smallest sets satisfying S1, S2,
and S3. Hence, the pair satisfies as an alternative extension based on an

assumption set for ).

The concept of a consequence in a default theory is different from other
theories, for example, NMLs [26] and Disjunctive Default Theories [18]. A
consequence of NMLs is a closed well-formed formula that belongs to the
intersection of all extensions. For example, if 4 is a closed well-formed formula in
all extensions for an NML, then 4 is a consequence of the NML. A different
concept is also used in disjunctive default theories, DDTs for short. A
consequence of DDTs is a closed well-formed formula that belongs to all
extensions. For example, if 4; is a closed well-formed formula in a set E;, where
E; is an extension for a DDT, 1<i<n, V_, 4 is a consequence of the DDT.

In contrast, a consequence of a default theory is a sentence that belongs to
an alternative extension. Therefore, we need to check whether a closed well-
formed formula is in any extension before we can say that it is a consequence of
the default theory. For example, if 4 is a closed well-formed formula in an

extension for a default theory, then it is a consequence of the default theory.
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Let us see how the new approach solves example 3.3.1 occurring naturally.

Example 3.3.9: Disjunctive fact problems concerning prerequisite
Consider the default theory Q) = (&, A = {§,, 5,}), where
& = {born-in-US(John) v naturalized-by-US(John)},

born—in—-US(x):citizen-of-US(x)

o =
' citizen-of-US(x)

s

and

naturalized -by-US(x):citizen-of-US(x)

0, = Iy
citizen-of-US(x)

It is easy to see that a-E is an alternative extension based on an assumption set 4
for ), where
a-E = A = Th(gv{citizen-of-US(John)}).

In the new approach, we can conclude that "John is a US citizen" as intended.

The following example is a default theory involving a default without a

prerequisite. So, the symbol T is more likely to be a prime disjunctive form.

Example 3.3.10:

Let Q) = (&, A={5; | 1 <i<4}) be a default theory, where 3={PvQ}, 9, =%,
8,=%, 8,=%, and §,==%". The prerequisites of 8; and &, are complements. So,
there will be 7 in a set of disjunctive forms related to a justification B=T. Hence,
combining those defaults will result in a default without prerequisite. In addition,
there are two distinct justifications. So, there are two associated default sets: &,
and &,. The sets of disjunctive forms related to 3, and &, are Hg = {P, Q, PvQ}
and Hy = {1}, respectively. The candidate prime disjunctive forms are P, Q, PvQ
and 1. P and Q are not prime since we do not have evidence to believe P and Q,
respectively. Therefore, an alternative extension for ) is a-E based on A, where

a-E = Th({PvQ, R;VR,, T{vT,}) and A= Th({PvQ, Ry, Ry, Ty, T5}). Itis the
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only alternative extension for q).

Gelfond et al. developed a totally new theory, called Disjunctive Default
Theories, to deal with disjunctive facts [18]. Their approach is not only to change
the representation of a default theory and the derivation of extensions, but also to
change the representation of defaults. Their theory can deal adequately with
disjunctive problems. Furthermore, their approach is more general than the new
approach.

However, deriving facts using a disjunctive default theory is similar to that
of the Reiter approach. In their approach, the applicability of a default is checked
against the derivability of its prerequisite and the consistency of its justification.
So, it may lack extensions, as the Reiter approach may. Furthermore, this
approach may fail to derive facts, as we will see in the following example.

Consider the following example. This is an artificial example.

Example 3.3.11:

PR . —QR . P=S . —0Q=S
Let G = ((PI-Q, RO>S,8=.8,= g 8= 5, SS 1) be a

disjunctive default theory. (P|—=Q is to be understood as of a disjunctive default

according to the Gelfond et al. formulation.) This disjunctive default theory G has
exactly four extensions: &;, €,, €3, and €4, where
€; = Th({P, RS, R}),
€, = Th({-Q, RS, R}),
€5 = Th({P, RS, =8}),
and
E4 = Th({—Q, R& S, =8}).
Both &, and &, contain both R and S whereas both €; and €, contain both —R

and —S. Therefore, Rv—R, Rv—S, Sv—R, and Sv—S are consequences of the
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disjunctive default theory G. (A consequence for a disjunctive default theory is a
sentence that belongs to all extensions [18].) That is, nothing is additionally
derivable using defaults. So, R is not a consequence of (5; neither is S. This is not
acceptable since we should be able to derive R by applying defaults 9, and §,
using the disjunctive fact Pv—Q.

Let us consider a default theory Q) = (&, A), where & = {Pv—Q, ReSY,

‘R — — )
and A= {5="2 5" § PS5 Q=S
R R =S -S

alternative extensions: a-&, and a-E,, where

a-E; = Th({Pv—Q, RS, R})

}. This default theory has two

and
a-E, = Th({Pv—-Q, RS, —S}),

based on assumption sets .4; and A, respectively, where
Ay = Th({Pv—-Q, RS, R})

and
Ao = Th({Pv—-Q, RS, =S}).

Therefore, R is a consequence of the default theory Q) as intended.

The new approach should not destroy the ability to derive facts using a
default in the absence of information as Reiter intended. In the new approach, the
applicability of defaults is related to prime disjunctive forms consisting of
prerequisites. Furthermore, a prime disjunctive form is obtained from defaults by
making a disjunctive form of their prerequisite. So, a default could be applicable
since its prerequisite could be a prime disjunctive form. Hence, the new approach

does not destroy the capability of defaults in deriving facts as Reiter intended.

Example 3.3.12: The ability of birds to fly
Let P = (&, A = {8}) be a default theory, where & = {bird(Tweety)} and
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5= bird (x): fly(x)
fly(x)

Since there is only one distinct justification, there is only one default set associated
to justification "fly(Tweety)." The set is Sﬂﬂww= {8}. Furthermore, the set of
disjunctive forms consisting of a prerequisite related to Sﬂﬂm,y, 1S Hpy(Tweety)s
where Hay(tweety) = {bird(Tweety)}. So, "bird(Tweety)" is the only candidate to
be a prime disjunctive form in Hgy. It is easy to see that a-F is the only
alternative extension for q) based on an assumption set A, where

a-E = Th({bird( Tweety), fly( Tweety)}),

A = Th({bird(Tweety), fly(Tweety)}).

3.3.3 Basic Properties of the New Approach

In this section we will see some properties of the new approach for building
an alternative extension for a default theory. We will attempt to provide and prove
some properties similar to those of the previous approaches.

The characterization theorem for an alternative extension for arbitrary
default theories based on an assumption set will be given in the following. This
theorem provides a more intuitive way to identify a pair (E, A) satisfying as an
alternative extension and an assumption set for a default theory. According to the
theorefn, we can construct a sequence of pairs (E;, A;) that can be used to identify a
pair (E, A) satisfying the conditions for an alternative extension E and an
assumption set A. The sufficient and necessary condition for a pair (E, A)
satisfying as an alternative extension E and an assumption set A for a default
theory is that the pair is identical with the pair of the unions of all elements of the

constructed sequence; i.e., (E, A) = (ULE,, UnA,;). The following theorem sums

up this property.
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Theorem 3.3.1: The characterization of an alternative extension

Suppose Q) = (&, A) is a default theory, and a-E and A are closed well-
formed formula sets. Suppose that #Hp denotes a set of disjunctive forms
consisting of prerequisites associated to a justification B of defaults in A. Let (Ey,
Ay), (Ey, Ayp), ... be a sequence of pairs of closed well-formed formula sets, noted
as (E;, A;), such that

Ey=3and Ag=5F

and, forj > 1

E;= Th(E;.)) U {VL, C| Vi, 4€Hp is a prime disjunctive form with
respect to E;.;, Hp is associated to a justification B of
defaults in A, and AU{B, C, ..., C,} is consistent},

Aj= Th(Aj.) U {B, Cy, ..., Cy| VL, 4€Hp is a prime disjunctive form with
respect to E;. ), Hp is associated to a justification B of
defaults in A, and AU{B, C,, ..., C,} is consistent}.

A set of closed well-formed formulae a-E is an alternative extension based on an

assumption set A for ) if and only if

a-E = fJEj and A = ﬁAj.
0 0

To prove that a pair (E, A) of sets is an alternative extension and an
assumption set, we first construct a sequence of pairs (E;, A;) using a pair (E, A).
Then, we need to check whether the pair is identical with the pair of the union of
all members of the sequence. If so, the pair (E, A) is an alternative extension and
an assumption set.

To prove the theorem, we use three lemmas. The following is the first. It

says that the pair (ULE,, UrA,) satisfies S1, S2, and S3.
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Lemma 3.3.2:

Let a-E be an alternative extension based on an assumption set A for a
default theory D=(5, A); i.e., a-B=T"|(a-E&, A) and A=T,(a-E, A). Then,
I'i(a-E, A) < ULE, and I'y(a-E, A) € URA,

Proof: Lemma 3.3.2
Since (T'1(a-E, A), I';(a-E, A) is a pair of the smallest set satisfying S1, S2,
and S3, it is enough to show that the pair (URE,, URA)) satisfies three conditions
S1, S2, and S3.
S1. Both Ej and A, contain &F. Therefore, the pair ( ULE,, ULA)) satisfies S1.
§2. Since Th(E; ;) E; and Th(A;.;)c A for i2 1, then, Th(U%A) = UgA,and
Th(ULE,) = UiE, by lemma 3.2.1. So, the pair satisfies S2.
S3. We need to prove that if V| 4 is a prime disjunctive form in Hg with respect
to UxE,, and {B, C, ..., Ch}UULA; is consistent, then, V., € ULE, and
B, Cy, ..., C,e ULA;.
Suppose V[, 4, is a prime disjunctive form in Hp with respect to UE,, and
{B, C}, ..., Cu}UULA, is consistent. By the construction of Ej, there is an m
such that v} 4 is a prime disjunctive form in Hp with respect to E;;,. Since
{B, Cy, ..., Cu}UULA, is consistent, so is {B, Cy, ..., Cy}UAp,. Hence, Vi, C
€Ep; and B, Cy, ..., C;€ Apy+ by the construction of Ejy 4 and Apyg. So,
Vi, Ce ULE, and B, Cy, ..., C,e UA,. Hence, the pair (ULE;, URA;)

satisfies R3.

The following is the second lemma. It says that the necessary condition for
the construction not to add unnecessary facts to a sequence of pairs (E;, A;) is that

we use a pair of an alternative extension and an assumption set as a basis.
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Lemma 3.3.3:

Suppose that a-E is an alternative extension based on an assumption set A
for a default theory ); i.e., a-E =T'j(a-E, A) and A = I'5(a-F, A). If (E, Aj)isa
sequence of pairs constructed in theorem 3.4.1, then

ULE, € I'1(a-E, A) and ULA, C Th(a-E, A).

Proof: Lemma 3.3.3

We need to prove that ULE, ca-® and ULA; A We will first prove
UE, < a-& by a contradiction; i.e., suppose ULE, @ a-E. Since Ey C a-E and
E; | CE;forj21, there is an m such that E;, ¢ a-E but E;,,; @ a-E. By the
monotonicity property of first order theory, Th(E,) ¢ Th(a-E), and Th(E,,,) € a-E
by S2 since a-E& = I'y(a-E, A). Since E+| @ a-E, there is v, CeE ;- a-E. So,
v, CeTh(E,), and Vi C is a disjunctive form of consequents of applicable
defaults by the construction of E;,,,;. Therefore, there is V| 4 being a prime
disjunctive form in Hp with respect to E,, and {B, C|, ..., C;;}\UA is consistent.
So, Vi, A€E,,. By the assumption E, C a-E, A€ E, implies V] 4€a-E. We
need to find a contradiction; i.e., Vi, Cea-E. If vV 4 is a prime disjunctive form
with respect to a-&, by S3, v, Cea-E since {B, C|, ..., C;}\UA is consistent.
Otherwise, suppose V|, 4 is not a prime disjunctive form with respect to a-E.
Therefore, V', 4 is derivable from a set of prime disjunctive forms consisting of
prerequisites in a-E by lemma 3.3.1. Since {B, C}, ..., C;}\UA is consistent, {B,
Cx, - Ck }UA s consistent, where Gy = Cj, 1 <j < n, causing that those related
v,C, s are derivable and are in I'j(a-E, A) by S3. In addition, Vv, C, is derivable
from a set of the related v,C, s. By monotonicity, Vi, C; is in I'j(a-<E, A). The
contradiction is found. It must be U;,EJ.;I“](a-cE, A)-

We finish proving by a contradiction the lemma that Uz,A;CA; i.e.,
suppose ULA;ZA. Since Aoc Aand A; | CA; forj21, there is an m such that A,
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CAbut Ay @A: So, Th(Ar,) cTh(A4), implying Th(A,,) S A by S2 since A =
I'y(a-E, A). Since Ay A, there is Xe A, - A by the construction of A ,,,
implying X¢ Th(E,). So, Xis either a justification or a consequent of applicable
defaults. We need to find a contradiction; i.e., Xe A,

By the construction of Ap,.,, there is a prime disjunctive form V!, 4€Hp
with respect to E; and {B, C|, ..., C,}\UA is consistent, where X = Bor X = G;.
Since Vv, A€E, VI 4 in a-E by the assumption E, c a-E. If V[, 4 is a prime
disjunctive form with respect to a-E, then X must be in 4 by S3. Otherwise,
suppose V|, A4 is not a prime disjunctive form with respect to a-E. By lemma
3.3.1, therefore, Vi, 4, is derivable from a set of prime disjunctive forms
consisting of prerequisites in a-&. Since {B, C|, ..., C;}\UA is consistent, {B, Ckl,
-, Cx_}UA s consistent, where Cy = Cj, 1 <j < n, causing that those related B, C,
..., Cy are in [h(a-E, A) by S3. So, Xis in I'y(a-E, A). This is the contradiction.
It must be ULA; € I'(a-E, A).

The following is the last lemma used to prove theorem 3.3.1. It says that
the sufficient condition for the construction not to add unnecessary facts to a

sequence of pairs (E;, A;) is that we use the pair (ULE, UnA;)asa basis for the

construction of the sequence of pairs.

Lemma 3.3.4:
Let (a-E, A) be a pair of sets, and a sequence of pairs (E;, A;) be
constructed as in theorem 3.3.1 using default theory P=(, A). If a-E = ULE,

and A = UgA,, then
U;.:OEj c F](a'(E’ N and U;)AJ o FZ(a'(E9 7«)

Proof:
Assume that a-E = ULE, and A= UrA;. We will prove by induction on ;
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that E;CI'y(a~E, A) and A;cI(a-E, A) for all ;.
Basis: Eg =F cI'1(a-E, A) and Ay = F c T»(a-E, A).
Hypothesis: E; ¢ I'i(a-E, A) and Aj c I'y(a-E, A) imply E;y; < T'j(a-E, A) and
Aj+) ClH(a-E, A)
Step: Assumethat E; ¢ I')(a-E, A) and A, € T'5(a-E, A). Then, by S2 and
monotonicity, Th(E,,) c I'j(a-E, A) and Th(A,)) < T5(a-E, A).

First, we will prove that E,; < T'y(a-E, A). IfE+;=Th(E,,), we
have proven it. Otherwise, suppose there is a Vi C such that V!, Ce
En+1-Th(Ey). By the construction of E . and A, there is a prime
disjunctive form Vv, 4 consisting of prerequisites of applicable defaults
with respect to E;, and {B, Cy, ..., C,} UA is consistent. V[ 4 €E implies
v, A eTl'|(a-E, A) by the assumption E, cT"j(a-E, A). If V[, 4 is also
prime with respect to a-E, then V|, CeI'j(a-E, A) and B, Cy, ..., C,eI'y(a-
E, A) by S3. Otherwise, suppose that it is not. By lemma 3.3.1, vV, 4, is
derivable from a set of prime disjunctive forms in Hg and I'(a-E, A).
Since {B, C, ..., C,}UAis consistent, {B, Cy, ..., G }UA is consistent,
where Gy = Cj, 1 <j < n, causing that those related V;C, s are derivable and
are in ') (a-E, A) by S3. In addition, V[, C, is derivable from a set of the
those related v,C,_s. By monotonicity, Vi, C is in I'j(a-E, A). Since Epy
= Th(E,,) U {those Vi, Cs}, Ey 1 Cl'i(a-E, A).

Next, we prove that A+ C I'(a-E, A). If Ap=Th(Ap,), we have
proven it. Otherwise, suppose there is X such that Xe E,+| - Th(Ep,). By
the construction of A+, there is a prime disjunctive form Vi, 4, consisting
of prerequisites of applicable defaults with respect to Ey, and {B, Cy, ..., Cp}
UA is consistent. Vi, 4 € Ey, implies Vi, 4 eT'j(a-E, A) by the assumption
E,,cTy(a-E, A). If V1,4 is also prime with respect to a-E, then Vi, Ge
Ii(a-E, A) and B, Cy, ..., C,eT5(a-E, A) by S3. Otherwise, suppose that it
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is not. By lemma 3.3.1, VL, 4 is derivable from a set of prime disjunctive
forms in Hp and I'y(a-E, A). Since {B,C, ...,C,}UA is consistent, {B, C,
..» G }UAis consistent, where Cx,= Cj, 1 £j < n, causing that those related
B, Cy, ..., Cyare in I'y(a-E, A) by S3. So, Xis in I'y(a-E, A). Since
Ap+1=Th(Ap)U{those Xs}, AL,y (a-E, A).

Using these three lemmas, it is easy to prove theorem 3.4.1. This is the

proof of the theorem.

Proof: Theorem 3.4.1
(if part)
Suppose that a-E is an alternative extension based on an assumption set 4
for a default theory Q; i.e., a-& = I'j(a-E, A) and A = I'»(a-E, A). Then,
e I'j(a-E, A) < ULE, and I'y(a-E, A) € UiA; by lemma 3.3.2; and
e TI(a-E, A) 2 ULE, and I';(a-E, A) 2 UgA; by lemma 3.3.3.
(only if part)
Suppose that a-E = U;OEJ. and A= UgA;. Then,
e T'y(a-E, A) c ULE, and Iy(a-E, A) € UpA; by lemma 3.3.2; and
e T(a-E, A) 2 ULE, and I'y(a-E, A) 2 UpA; by lemma 3.3.4.

Hence, we prove the theorem.

" Let us verify the pair of an alternative extension and an assumption set in

the example 3.3.8 using the characterization theorem.

Example 3.3.12:
We will prove using the characterization that a pair (a-E = Th(FV {R}), A

= Th(3ruU {R})) is a pair of an alternative extension and an assumption set for the

default theory ) = (F, A = {81, &,}), where F = {PvQ}, 8, =%, and 8,=%".
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Since there is only one distinct justification, there is only one default set associated
to the justification: 8,. Hence, the set of disjunctive forms consisting of
prerequisites related to &, is g = {P, Q, PvQ}. So, a prime disjunctive form
consisting of prerequisites in Hg with respect to a-& is PvQ. It is the only prime
disjunctive form consisting of prerequisites in Hg. Now, let us calculate the
sequence of pairs (E;, A;) related to the pair (a-&, A).

Ey=Ao=3"

E, = Th(E)U{RVR} = Th(F)U{R},

Aj =Th(A)U{R, R, R} = Th(3){R},

E, = Th(EU{RVR} = T(TR(F)U{R}U{R} = Th(GUR}),

A; =Th(A)U{R, R, R} = Th(Th(F)U{R}DU{R} = Th(F'U{R}),
and, forj >3

E; = Th(Ex)U{RVR} = Th(E)),

A;j = Th(A)U{R, R, R} = Th(Aj).
It is easy to verify that (ULE,, ULA ;) = (Th(Ey), Th(A2)) = (a-E, A)-

From the examples above we can see that an alternative extension is
identical to its assumption set for a normal default theory. This property is

summed up by the following theorem. We will use characterization theorem 34.1

to prove the theorem.

Theorem 3.3.2:

If a-F is an alternative extension based on an assumption set A for a

normal default theory ), then a-E = A.

Proof:
Let (a-E, A) be a pair of an alternative extension and an assumption set for

a normal default theory Q) = (&, A). Construct a sequence of pairs (E;, A;) related
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to the pair. Recall that
Ey=3 and Ay =3,
and, forj > 1
E; = Th(E; ) U {V}, C | Vi, 4€Hp is a prime disjunctive form with
respect to E;_;, Hp is associated to a justification B and A
U{B, Cy, ..., C,} is consistent},
Aj= Th(A;.) Y {B, Cy, ..., G| VL, 4€Hp is a prime disjunctive form
with respect to E; |, Hp is associated to a justification B
and AU{B, Cy, ..., C,} is consistent}.
Let SB be a set of defaults having the same justification B; i.e., SB = { 8=%B |8 e

A}. Since Q) is normal, C; = B for all §'s in §,. So, Ej= A,

3.4 Properties of the New Approach

In this section, we will investigate further the properties of an alternative
extension for a default theory. We will also look for the relation between an
extension and an alternative extenstion, especially for normal default theories. We

expect to see that an alternative extension for a default theory is a natural extension

of that of the Reiter approach.

First, we will see the behavior of alternative extensions when adding some
facts to a default theory. It is expected that, as seen in section 3.2, the new
approach will not have monotonicity properties. However, adding facts derivable
from an alternative extension does not cause any changes to the alternative
extension. In addition, it may affect other alternative extensions. In other words,
for every alternative extension a-E for a default theory q) = (&, 4), then a-E is
also an alternative extension for Q) = (FUS, A), where Sca-E. For example, if

we add "fly(Tweety)" to & in example 3.2.5, it does not change a-E, but does
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cause no other alternative extension.

Theorem 3 .4.1:
Let a-E be an alternative extension for a default theory Q) = (&F, A) based
on an assumption set 4. Then, a-E is also an alternative extension for a default

theory )’ = (5FUS, A), where Sca-E.

Proof:

Assume that a-E is an alternative extension based on an assumption set 4_
for a default ) = (&, A). Now, consider a default theory q)' = (FFUS, A), where
Sca-E. We need to check the three conditions S1, S2, and S3. The pair (a-E, A)
satisfies S1 and S2; i.e., FUS ca-E and FUS C A and Th(a-E) = a-E and Th(A4)
= A. In addition, suppose that Vv 4 is a prime disjunctive form in Hg with
respect to a-E and {B, Cy, ..., C;}UAis consistent. Then, v, Cea-E and B, C,,
.., Che Aby S3. T'\(a-E, A) < a-E and I'y(a-E, A) < a-E by the smallness of
I'(a-E, A) and I';(a-E, A). We need to check the smallness of the pair (a-E, A).
(T'y(a-E, A), I'x(a-E, A)) is a pair of the smallest sets satisfying S1, S2, and S3
with respect to Q) and ). Recall that (a-E, A) is a pair of the smallest sets
satisfying S1, S2, and S3 with respect to ); i.e., a-E=I";(a-E, A) and A=T,(a-E,
A) with respect Q). So, it must be a-E=I"|(a~E, A) and A=T"»(a-E, A) with

respect to )'. Hence, the pair is an alternative extension for )'.

Next, we will investigate the behavior of alternative extensions when
adding some defaults. Adding some defaults to a default theory will not shrink

any extension. This means that the new approach is monoton in terms of adding

defaults.

The following theorem shows the semi-monotonicity properties of an

alternative extension for a default theory.
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Theorem 3.4.2: Semi-monotonicity properties of alternative extensions
Let D = (T, A) be a default theory. For every alternative extension a~E
based on an assumption set 4 for ), there is an alternative extension a-E' and an

assumption A for ' = (&, A"), where A ¢ A, such that a-F ¢ a-F' and A c A

This theorem guarantees that when adding defaults to a default theory ),
for any alternative extension a-E for ), there is an alternative extension for the
newly added default theory such that it supersedes a-E. In other words, adding
defaults will not shrink any extension. Therefore, default theories are monoton in
terms of defaults.

To prove the theorem, we first construct a pair (a-E', A") of sets based on
an alternative extension a-E and an assumption set A_for q). See the construction
3.3. Since the pair (a-E', A') is based on the pair (a-E, A), then, a-Eca-F' and A
< A'. So, we only need to prove that (a-E', A") is a pair of an alternative extension
and an assumption for )'. To prove it, we use characterization theorem 3.4.1 by
constructing a sequence of pairs (S;, T;) as in construction 3.4.

Construction 3.3. is similar to construction 3.1. However, we apply defaults
using their disjunctive forms consisting of prerequisites. Therefore, we need to
check the consistency of their justification and consequents, in addition to the

derivability of the disjunctive forms.

Construction 3.3:

Suppose a-E is an alternative extension based on an assumption set A for a
default theory Q) = (&, A). Suppose A' is countable, possibly finite, where A C A'.
So, a set of distinct justifications of defaults in A' is countable, possibly finite: {5,

By, B;, ... }. Let Sj denote a set of defaults having the same justification By,
5,={8;;= 22 | §;€A).

Therefore, we have a countable, possibly finite, class of such sets. Suppose that 5
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= {Sl, 3,, ...} is a fixed enumeration of the class. H; is a set of disjunctive forms
consisting of prerequisites of defaults in Sj. This set is countable. Suppose that
H={ AJ | 4] is a disjunctive form consisting of prerequisites of defaults in SJ.}. So,
A=V" 4,;, where 4; ;s are prerequisites of defaults in Ej, and the set of the related
consequents is C)={C; j»-Cnj}» and the related disjunctive form consisting of
consequents is V e C. Let us construct a sequence of pairs (E;, A;) as follows:

Ep=a-E and Ay = A,
and fork>1,

Ey = Th(E,.;) U ULE], and

Ay = Th(Ay1) U URA],
where

E, =, and

Aj = A,
and for j = 1, (we attempt to apply defaults in Sj)

E! = Uz, B and Al = Al' U Ugey AY,
where

Af= AL,
and for 4’e @, (we attempt to check all disjunctive forms in ;)

E' = {v cet C | 4] is a prime disjunctive form with respect to E_; and {B;}

u C) UA¥ is consistent}
AP = AP U {B;, Ce C] | 4] is a prime disjunctive form with respect to E.
yand {B;} U C} UA} is consistent}.

Assign E = Up E, and A = Up,A, . All Ays are consistent causing A to be
consistent, and so is E. Since Ep=a-F and Ag=A, a-ECE and ACA.

Let us attempt to apply construction 3.4.3.
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Example 3.4.1:

Let Q' = (&, A'={§;] 15i<9}) be a default theory, where F = {PvQ},
O,=", 6,=%%, 6,=52, 8,=%, §,=%, §,=%7, 8,=%Y, §,=%¥ and §,=%¥.
There are five distinct justifications of defaults in A": B;=R, B,=S, B;=T, B,=U,
Bs=V, and B¢=W. So, we have §,= §,= {5,, 8,}, 8,= ;= {83, 8}, 0,= d,= {55},
8,= 8,= {8}, 8,= 8,= {87}, and &,= 8, = {83, &}. Also, H, =Hg = { 4'=P,
4=Q, 4=PvQ}, My = Hs = {4’=P, 4'=Q, A}=PvQ}, By =Hr={4'=T}, Hy =
Hy = {4'=S}, Hs =Hy = {4’=S}, and Hs = Hw = { 4°=U, 4=V, £=UvV}.

Suppose a-E = F and A =F. Construct a sequence of pairs (E;, A;) as in
construction 3.3. Initially, we have

Ey=Ao=3F = {PvQ}.
For k=1, we have

E'=Cand A = Ay =5
For j = 1, we attempt to apply defaults in §, and to check the three disjunctive
forms in ¥, = {4', 4], 4'}. Set A= A’. For h=1and h = 2, since 4 is not in
Ey, E'=0 and A}"=A}". Forh=3,E"’ = {VeC} = {RVR} = {R}and A =
A U{B}UC, =& U {R} since 4, = PvQ is prime in E;. So,

E, = UzwE"= {R}

Al= A’ U Uzen AP=3F U {R).
Next, for j = 2, we attempt to apply defaults in 82 by checking the three disjunctive
forms' in M, = {42, 42, 4’}. Set A¥ =Al. Forh=1and h=2,then E*' = J
and A2 = A since 4 is not in Ey. For & =3, since 4 = PvQ is prime in E,

then E¥ = v__C={Sv8} ={S}and A¥ = A> U {B,} U T} =F U {S}. So,

e
E} = UzanE" = {8}
Al =AU Uz A'=F U (R S}

Forj > 2, we will have E} =@ and A} = A’. Thus,
E; = Th(Eg) U UE;} = Th() U {R, 8} = Th(z) U {R, S}, and



93

Ay =Th(Ag) U UpA! =Th(F) U F U {R, 8} = Th(F) U {R, S}.
For k=2, we have

E, =@ and A)=A,=Th() U {R, S}
and get the same result forj =1 andj=2: E} = E} and A} = AJ. Forj =3, we
attempt to apply defaults in 8,={8s} by checking the only one disjunctive form in
M3 ={4’}. Set A)= A2. Forh=1,since 4’ =T is prime in E, then E* =
{VeC}={T} and A = A¥U{B;}UC = Th(F)U{R, S, T}. So,

E, = Uz E;' = {T}

A} = A} U Uges A?=Th(F) U {R, S, T}.
Next, for j = 4 , we apply a default in §,= {84} by checking the only one
disjunctive form in Hy = {4*}. Set A3° = A3, For h =1, since 4' =S is prime in
E,, Ei" = {VeesC} = {U} and A = AY°U{B,;}UC, = TR, S, T, U}. So,

E} = Uz E;"= {T, U}

A=Al U Upa A¥=Th(F) U {R, S, T, U}.
For j = 5, we attempt to apply a default in 5,= {8,} by checking the only one
disjunctive form in H5 = {4’}. Set A}*= A}. Forh=1,since 4’ =SisinE}, E}’
csCY={V} and A} = AYU{Bs}UC; = Th()U{R, S, T, U, V}. So,

E = UgeE?={R,S, T, U, V} and
A=Al U Ugen AV=Th(F) U {R, S, T, U, V}.

Continuing calculation for j > 5, we will get the same result: E; = & and A} = A],

={V

So, we get, fork =2,
E, = Th(E|)UUE!= Th(E)UFU{R, S, T, U} = Th(E;){T, U, V} and
Ay = Th(ADUURAI= Th(A)UFU(R, S, T, U} = Th(A | )U(T, U, V}.
For k= 3, we have
E] =@and A; =A, =Th(A;) U {T, U, V}.
Forj=1,2,3,4,and 5, we will have the same result: E} = E and A} = A;. Forj
= 6, we attempt to apply defaults in 5, = {8g, 89} by checking the three disjunctive
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form in #g = {4°, 4, 4’}. Set A%= A. For h=1and h=2, we get E*"= &
and A}"= A}, Forh=3,E¥ = {VeC} = {WVW} = (W} and A}’ = AU
{Bs}UC; = Th(A)U{T, U, V, W} since 4°=UvV is prime in E,. So,

E$ = Uxen, E = (W} and

Aj = A U Uz, AS"=Th(Ay) U {W}.
Continuing calculation for j > 6, we will get the same result: E} = & and A} = AS.
Consequently, we get, for k =3,

E; = Th(E,) U UE! = Th(E;) U {W} and

A; =Th(Ay) U UgAl = Th(A,) U {W}.
For k= 4, we will get the same result: E} = E} and A} = Al. Therefore,

E, = Th(E;) U UxE} = Th(E;) and

A4 =Th(A3z) U UgA} = Th(Aj3).
Continuing calculation for £ > 4, we will get the same thing,

Ex =Th(E4) =E4 and Ay = Th(A4) = A4.
Hence,

E=UE, =E;4=Th(F U {R,S, T, U, W}) and

A=UA, =A;=Th(F U {R S, T, U, W}).
It is easy to verify that (E, A) is a pair of an alternative extension and an

assumption set for the default theory q)'.

The following construction is similar to construction 3.2 but uses

disjunctive forms consisting of prerequisites of defaults.

Construction 3.4:

Suppose Q' = (F, A') is a default theory. Let 5, denote a set of defaults
having justification B'. Since A'is countable, there is at most a countable class of
such set 8,s. Now, construct a sequence of pairs (S;, T;) based on characterization

theorem 3.3.1 related to a pair (E, A). (In the proof of theorem 3.4.1, this pair is
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related to the pair constructed in construction 3.3.) Thatis, Sy = F and Ty = &,
and fork'> 1,
Sk = Th(Sy. )V{ VL, C | VL, 4 € Hp is a prime disjunctive form with respect
to Sy._;, Hp is associated to a justification B' of defaults in
A', and {B', Cy, ..., C,'}UA is consistent},
Ty = Th(Ty )AB, Cy, ..., Cy' | VI, 4 € Hp is a prime disjunctive form
with respect to Sy._;, Hp- is associated to a justification B'
of defaults in A', and {B', C{, ..., C,'}UA is consistent}.

Assign S = UrS, and T = Ug,T..

To prove theorem 3.4.1, we will use the following lemma. Construction 3.4
based on the pair (E, A) constructed in construction 3.3 will result in pair (S, T)

superseding the pair used to construct the pair (a-E, ,4) in construction 3.3.

Lemma 3.4.1:

Let D = (&, A) be a default theory, and let a-E be an alternative extension
based on an assumption set A for ). Suppose that (S, T) is a pair of sets
constructed as in construction 3.4 related to a default theory )’ = (&, A') and to a

pair (E, A), where ACA', a<EcCE and ACA. Then, a-EcS and ACT.

Proof: Lemma 3.4.1

Assume that a-E is an alternative extension based on an assumption set A
for ). Using characterization theorem 3.3.1, we construct a sequence of pairs
(Gy, Hy) related to (a-E, A) and ). So, a-E = Ui4G, and A = U H,, where

Go=Ho =3
and fork>1,

Gy = Th(Gy.{VLC, | Vi 4,€Hp is a prime disjunctive form with respect

to Gy, Hp is associated to a justification B of defaults in
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A, and {B, Cy, ..., C,}\UA_is consistent},

Hy = Th(Hy_1)U{B, Cy, ..., C,| V., 4 € Hp is a prime disjunctive form with
respect to Gy_;, Hp is associated to a justification B of
defaults in A, and {B, Cj, ..., C;}\UAis consistent}.

Suppose that Q) = (3, A") is a default theory, where ACA'. Construct a pair of sets
(S, T) as in construction 3.4 related to pair of consistent sets (E, A) and to ),
where a-ECE and Ac A. We will prove a-E ¢ S and A cT by induction on &
that G, S and Hy T for all £.

Basis: Gy=F =Sy Sand Hy=F =T, T.

Hypothesis: Gy c S and Hy < T imply G4y < Sand Hy 4 cT.

Step: Assume that G, S and H,, cT. By monotonicity and lemma 3.2.1,

Th(Gp,) < S and Th(H,,) c T.

First, we prove G+ © S. If Gy = Th(G,,), we have proven it.

Otherwise, suppose there is Vv, C, such that VI, C € G4 -Th(Gy,). By the

construction of G4, there is a prime disjunctive form v}, 4 € Hg with

respect to G, and {B, Ci, ..., C,}\UA is consistent, causing B, Cy, ..., C, to
be in Ui H,. B, Cy, ..., C; in U H, = A implies that {B, C|, ..., C,}UA is
consistent. By the assumption G, € S, Vi, 4 € G, implies Vv, 4€S. If

VL 4; is a prime disjunctive form with respect to S=U;_S, ., then there is &'

such that Vv, 4 is a prime disjunctive form with respect to Sy.. So, V[, Ce

Sy+1 and B, Cy, ..., Che Tyey since {B, Cy, ..., C}UA is consistent. These

imply that v, C €S and B, v,C e T. Otherwise, suppose V., 4 is not a

prime disjunctive form with respect to S. By lemma 3.4.1, vV, 4 is

derivable from a set of smaller prime disjunctive forms in Hg and in S.

Since {B, Cj, ..., C,}\UA is consistent, B, Cy, -+ Cy }UA is consistent,

where Gy, = Cj, 1 <j<n, causing those related Vv, C, s to be derivable and in

S by S3. In addition, V|, C, is derivable from a set of the related v,C, s.

i=1
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By monotonicity, Vi, C isin S. Since G4} = Th(G,) U {those V™, Cs},
consequently, Gp,4; < S.

Next we prove Hy,,; € T. If Hp,y= Th(H,,), we have proven it.
Otherwise, suppose there is Xe H,,-Th(H,,). By the construction of
Hp+1, there is a prime disjunctive form V., 4 € Hp with respect to G, and
{B, Cy, ..., Ch}UAis consistent, causing B, Cy, ..., C, to be in U H, . B,
Cy, ..., Cyin U H, = A implies that {B, C|, ..., C,}\UA is consistent. By
the assumption G, € S, V[, 4 € G, implies Vi, 4 €S. If V[, 4 is a prime
disjunctive form with respect to S = U;_S, ., then there is k' such that V7, 4
is a prime disjunctive form with respect to Sy.. So, V,C € Sy and B, C),
s Cy€ Tiot1 by S3 since {B, Cy, ..., C,}\UA is consistent. These imply that
B, Cy, ..., C,eT. Otherwise, suppose that v}, 4 is not a prime disjunctive
form with respect to S. By lemma 3.4.1, Vv, 4, is derivable from a set of
prime disjunctive forms in Hp and S. Since {B, Cj, ..., C,}UA is
consistent, {B, Cyp - Ck“}u,a\is consistent, where Cki= Cj, 1<j<n,
causing those related B, C, ..., Cytobe in T by S3. So, Xisin T. Since

Hp+; = Th(Hy,) v {B, those Xs}, Hy,4; < T.

Next, we will prove the semi-monotonicity theorem 3.4.2.

Proof: Theorem 3.4.2
Let a-E be an alternative extension for a default theory ) = (&, A) based
on an assumption set 4. Since A' is countable, we have a countable, possibly
finite, set of justifications of defaults in A": {B;, B,, ... }. Let Sj denote a set of
defaults having the same predicate symbol By in place of justifications; i.e.,
5,={5,=2"2 |8, A}.
Therefore, we have a countable, possibly finite class of such sets, and let 8= {S, ,

3,, §,, ...} be a fixed enumeration of the class. H; is a set of disjunctive forms
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consisting of prerequisites of defaults having the justification B;. Using
construction 3.3, construct a pair (E, A). We know a-E c E and A C A.
Therefore, we only need to prove that (E, A) is a pair of an alternative extension
and an assumption set for a default theory ). We will use characterization
theorem 3.3.1 to prove it. Using construction 3.4, construct a pair (S, T) based on
the characterization theorem related to the pair (E, A). (Note that in constructions
3.3 and 3.4, there is a j such that B' = B and Hp = Hp). Toprove Eis an
alternative extension based on A for q)', we show
E=SandA=T
or
UE, =Ur,S,. and UpLA, =Up T
First, we prove S c E and T < A by induction on £ that Sp. c E and Ti. C A.
Basis: Sp=F cEjcEand To=F c ApC A.
Hypothesis: Si. € E and Ty € A imply Sy4; € E and Ty € A.
Step: Assume S, c Eand Ty € A. So, Th(S,,) € E and Th(T,,) €A by
monotonicity and lemma 3.2.1.

First, we prove that S;.,; c E. If S;,; = Th(S,;) , we have proven
it. Otherwise, suppose that there is V., C € Sy, - Th(S,). By construction
of Sy, there is a prime disjunctive form Vi, 4 in Hp: with respect to
S+, and {B', C{, ..., Cy'}\UA is consistent. By assumption S, c E, VI, 4 e

'S, implies V. 4 is in E. There are two possibilities for V7, 4 :
| » A is prime with respect to E, v}, 4 € E implies that there are E,_,
and ®; containing A, where Hg = H;, A} = Vi, 4, B;=B,and C} =
{C}, ..., Cp}, such that A’ is prime with respect to E,_;, and {B'} U C}

o [fV]

U A}™ is consistent in the construction of E}. So, v _,C = V,C must

be in E*, EJ, and E;. So, VL,CeE.

e Otherwise, suppose VI, 4 is not prime with respect to E. By lemma
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3.4.1, v, 4 €E implies that V", 4 is derivable from a set of smaller
prime disjunctive forms, A’s, in H; = Hp and E. Since A/ is prime with
respect to E, there is Ey such that the related C, is {C'y , ..., C 'm,}> and

Ve € must be in E}', B, Ey, and E. In addition, V7, C, is derivable

from the set of those Vea Cs. By monotonicity, V2, C is in E since

=&
o CsareinE.
Next, we prove that T;,..; < A. If Tyy = Th(T,,) , we have proven
it. Otherwise, suppose that there is Xe Ty4; - Th(Ty,). By construction of
Tpy+1, there is a prime disjunctive form Vi, 4 in g with respect to S,
and {B', Cy, ..., C,}UA is consistent, where X = B' or X=C;. By
assumption Sy C E, V], 4 € S implies VI, 4 is in E. There are two
possibilities for Vi, 4
e If V! 4 is prime with respect to E, Vi, 4 €E implies that there are Ey_,
and H; containing A/, where g =H;, A/ = Vi, 4, B;=B,and C} =
{C, ..., C,y}, such that A/ is prime with respect to Ey_;, and {B'} U C!
w A!™ is consistent in the construction of Ey. So, B, C'y, ..., C are in
A, Al Ay, and A.
e Otherwise, suppose V[, 4 is not prime with respect to E. By lemma
3.4.1, v, A €E implies v, 4, is derivable from a set of smaller prime
disjunctive forms, AJs, in H;=Hp and E. Since A is prime with
respect to E, there is Ey such that the related C| is {C ‘mp > C'm,}, and
B, C'ys s C'y are in A, Al Ay, and A. In addition, the union of
those C)s is {C{', ..., Cy'}. So, B, C',, ..., C are in A.
We have proven that S c Eand T c A. Now, we will provethat EC Sand AC T
by induction on k that E, c Sand A c T.
Basis: Eg =a-FE ¢ U;_S, and Ag=Ac U;T. by lemma 3.4.2.
Hypothesis: E,_;cSand A c Timply ExcSand A cT.
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Step: Assume that By ; < S and A, ¢ T causing Th(Ey_;) € S and Th(A_;) = T
by lemma 3.2.1 on sequences E, and A, and by monotonicity.
First, we prove that E, ¢ S. IfE, = Th(E,_,), we have proven it.

Otherwise, suppose there is Vv cees C € Ex - Th(Ey_;) by the construction of

Ey. So, there is a prime disjunctive form A/ in H; with respect to Ey, {B;}
UC)UA[™! is consistent, and B;, Ce C} are in Al", Al, A, and A. By
assumption Ey_; S, A’e E,_; implies A’e S, and B;, Ce C] arein A
implies {B;} wCIUA is consistent. If Al is a prime disjunctive form with

respectto S, v___ CeS. Otherwise, suppose it is not prime. By lemma

ceC}
3.4.1, A} is derivable in S from a set of smaller prime disjunctive forms,
noted A, in H; and S. A in S implies there is an Sy..; such that 4’ S,
and A’ is prime with respect to S..;. Since {B;} UCJUA is consistent, the

related Bj, (Ce Ef) are in Ty, and v_ -, C in Sy, where a;a;. So,

Cng

C in S. In addition, V___, C is derivable from {those Ce ;(f,fs}. By

AV .
et} CeCy

monotonicity, vV cet C isin S. Since E,=Th(E,_;)u{those Vv o) Cs}, EycS.
Next, we prove that Ay < T. If Ap.= Th(Ay.;), we have proven it.
Otherwise, suppose there is an Xe Ay, - Th(A_;). By the construction of
Ay, there is a prime disjunctive form A’ in H; with respect to Ey, {B;} v
ClUAJ™" is consistent, and B;, Ce C] are in A}", A}, Ay, and A, where
X=B, or Xe C,. By the assumption E}; C S, AJeE, | implies A’e S, and
B;, (Ce C]) are in A implying that {B;} wCJUA is consistent. If A is a
prime disjunctive form with respect to S, then, B;, (Ce C}) are in T.
Otherwise, suppose A/ is not prime. By lemma 3.4.1, A is derivable in S
from a set of smaller prime disjunctive forms, noted z‘, in and in S. Z,"
in S implies there is an Sy._; such that ;q;,fe Sy and Z} is prime with respect

t0 Sy.;- {B;} UCJUA is consistent, and so is {B;} UCJUA, where C,cC!.
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Then, the related B;, (Ce aj) are in Ty In addition, the union of those as
is C}. So,B;, (Ce C}) are in T. Since Ay = Th(Ay;)U{those Xs}, A, C .

We have now proven that E — S and A ¢ T, and so the theorem.

Using the semi-monotonicity properties above, we can easily prove that
every default theory has at least one extension. The idea is to construct an
alternative extension from a hard fact set. A set of all facts derivable from a hard
fact set in terms of first order theory is an alternative extension for a default theory
without defaults. So, by adding defaults to every default theory having no
extension, we will always have an alternative extension for the newly added
default theory. These properties are summed in the following theorem. The proof

is similar to 3.2.6 and will not be given here.

Theorem 3.4.3: Existence of alternative extensions

Every default theory has at least one alternative extension a-E based on an

assumption set A.

Now, we are ready to describe the relation between an extension and an
alternative extension for normal default theories. That is, for every extension &

for a normal default theory there is an alternative extension a-E for the default

theory such that Eca-E

Theorem 3.4.4:

For every extension & for a normal default theory ), there is an alternative

extension a-E based on an assumption set A for Q) such that € c a-E.

This theorem assures that the new approach is a natural extension of the
Reiter approach for normal default theories. The idea is that the result of the new

approach will be that, all consequences of a normal default theory using the Reiter
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approach are preserved in the new approach. In other words, all consequences of
the Reiter normal default theories are also consequences in the new approach. In
addition, there are some additional consequences derived due to the applicability
of defaults using disjunctive facts. So, the applicability of defaults is extended
using disjunctive facts.

The proof of this theorem is based on the existence of an alternative

extension for a default theory.

Proof: Theorem 3.4.4

Let & be an extension for a normal default theory ) = ( &, A). Consider a
default theory q)' = (€, A). According to theorem 3.4.2, there is an alternative
extension a-E based on assumption set A _for ¢)'. By theorem 3.3.2, a-& = A_.
Furthermore, €ca-E by S1. It is easy to see that the pair (a-E, a~F) satisfies
conditions S1, S2, and S3 with respect to ). In addition, it is a pair of the smallest
sets satisfying I'y and I'; with respect to )', Since no other facts are involved in
S3, it is also pair of the smallest sets satisfying I'y and I'; with respect to ). So,

we have proven the theorem.

However, theorem 3.4.4 cannot be extended into an arbitrary default theory.
In other words, there is a default theory that has an extension but does not have an
alternative extension. For example, we have an extension & for q), where E =
Th(z v {fly(Tweety), fly(Clyde)}), in example 3.2.1, and alternative extensions
a-F, and a-E, based on assumption sets 4; and A, for ), respectively, where
a-E; = Th(F v {fly(Tweety)}), a-E; = Th(F v {fly(Clyde)}), Ay = Th(F v
{fly(Tweety), fly(Tweety)a—broken-wing(Tweety)}), and A, = Th( F v
{fly(Clyde), fly(Clyde)a—broken-wing(Clyde)}). However, there is no alternative
extensions for q) such that € ¢ a-E.

In addition, the new approach may have some more alternative extensions
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for a default theory that do not have the related extensions. It is easy to find a
counter-example that shows that an alternative extension for a default theory may
not be always an extension. That is, we may have an alternative extension that is

not an extension. One is in example 3.3.8. This is another artificial example.

Example 3.4.1:
Let P = (F = {PvQ}, A = {J;, 1<i<5}) be a default theory, where 8, =%,

8,=%, 8,="2, 8,=%, and §,=%. This default theory has exactly one
extension &, where € = Th({PvQ, S, —R}). There are four distinct justifications
of defaults in A. So, there are four sets of disjunctive forms consisting of
prerequisites based on those justifications. They are Hg={P, Q, PvQ}, H_r={S},
Hg={PvQ} and B_g={R}. The default theory Q) has exactly three alternative

extensions a-&; based on a-E;:
a-E, = Th({PVQ, S, R}),
a-E, = Th({PvQ, 8, —R}),
and
a-E3 = Th({PvQ, R, =S}).

We can see that €=a-F,. However, there is no extension for D such that it

supersedes either a~E; or a-&;.

In the next theorem, we will see the maximality of alternative extensions.
The maximality of an alternative extension means that if there are two pairs (a-E,
A) and (a-E', A) of alternative extensions and assumption sets, and a-E ¢ a-E'

and A C A, then the pairs are identical.

Theorem 3.4.6: Maximality of alternative extensions

Suppose that a-E and a-E’ are alternative extensions based on assumption

sets A and A, respectively, for a default theory P = (&, A) such that a<E ca-E'
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and A C Al Then, a-E=a-E'and A=A

The theorem says that we cannot have a pair of an alternative extension and
an assumption set such that it properly supersedes another pair of an alternative

extension and an assumption set.

Proof:

Assume that a-E and a-E' are alternative extensions based on assumption
sets A and A, respectively, for a default theory P=(g, A) such that a-F ca-F'
and ACA'. Let sequences of pairs (E;, A;) and (E';, A';) be related to the pairs (a-
E, A) and (a-E', A)), respectively, as in the characterization theorem. It is enough
to prove that ULE, ¢ UE, and UA; € A= ULA,. We prove them by
induction on i that E', c E; and A", € A;.

Basis: For i=0, E'g c Egand A'g c Agsince E'lg=Eg=A'y = Ay =95
Hypothesis: E'; c E;and A", A, imply E';4; € Ei+j and A'jy € Aj4
Step: Assume that E', cE, and A", cA,. So, Th(E',)) cE;+; and Th(A', ) CA;41-
First, we prove that E', c E,. IfE';; = Th(E',), then we have
proven it. Otherwise, suppose that there is Vv, C such that v ,CeE',, -
Th(E',). By the construction of E' 1, there is a prime disjunctive form
Vi, 4 in ®p with respect to A'y, and {B, Cy, ..., C;}UA is consistent. So,
VL 4 is in E| by assumption E', cE;, and {B, C|, ..., C;,}\UA is consistent
"since ACA'. Hence, V",C, isinEp,;. Since E'j; = Th(E';) U {those
'VL,Gs}, then Elpy1 By
Next we prove that A',; € Ay IFE', = Th(E')), we have proven
it. Otherwise, suppose there is an X such that Xe A',;; - Th(A',). By the
construction of A',,;, there is a prime disjunctive form V[, 4, in #p with
respect to A", and {B, Cy, ..., Cp}\UA is consistent, where X = B, or X = C;.
So, VI, 4 is in E; by assumption A"y cAp, and {B, C, ..., Cy}UAis
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consistent since AC A'. Therefore, B, Cp,...,Charein A .}, and so is X.

Since A'py = Th(A")) U {those Xs}, then A'_,, C Apil-

Next, we will present the last properties of an alternative extension for a
default theory. The last properties are about the orthogonality. The orthogonality
properties for alternative extensions mean that the union of two assumption sets is
inconsistent. The orthogonality properties of an alternative extension for a default

theory are summed up in the following theorem.

Theorem 3.4.7: Orthogonality of alternative extensions
Let a-& and a-E' be two distinct alternative extensions for a default theory
D = (&, A) based on assumption sets A, and A, respectively. Then, AU A’ is

inconsistent.

Proof:
By characterization theorem 3.3.1, let (E;, A;) and (E';, A";) be sequences of

pairs related to alternative extensions a-E and a-E' based on A and A' for ),
respectively, such that a-& = U, E,, A= UZA;, €' = UL E; and A' = UL, A,.
Since a-E and a-E' are two distinct alternative extensions and Eg = E'y, there is an
nsuchthat E, =E', but E . #E' 4;; i.e., thereis Vi ,CeE,,-E' 4. By
construction of E 4, Vi, C is a disjunctive form consisting of consequents of
defaults, and there is a prime disjunctive form VvV, 4, in Hp with respect to E;, such
that {B, C|, ..., C,}UA s consistent. So, B, Cy, ..., and C; are in A, causing
both B, Cj, ..., and C, in A, Since E, =E';, V[, 4 is prime with respect to E; and
to E',. Since VL, C €E+1-E'h4p, then V,CgE'y . So, AU{B, Cy, ..., Cy} is
inconsistent by S3. Furthermore, because B, C, ..., and C, are in A and AU{B,

Cy, ..., C,} is inconsistent, then A is inconsistent with A_.
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As previously mentioned in section 3.2, the union of two distinct alternative

extensions may be consistent. It can be seen in example 3.2.12.

3.5 Survey of Complexity Analysis of the New
Approach

This section completes the discussion of the new approach for a default
theory dealing with disjunctive fact problems. In this section, we will conduct a
survey of a complexity analysis of the new approach. Therefore, we do not expect
to have a detailed analysis.

In a default theory, we deal with first order theory. As known, the
computability of first order theory is semi-decidable. So, we do not expect the
computability of the new approach to be more than that. In most cases, as Kautz
and Selman observed, checking the membership of extensions may be intractable
[19]. However, constructing an extension for a default theory could be tractable
for some areas of interests.

There are two sources of complexity in default theories. First is the
inherent complexity of first order theory. Second is the checking of consistency in
applying defaults. The inherent complexity of first order theory cannot be
avoided. However, by restricting the set to deal with, we may find some decidable
problems, for example by using propositional logic. Since the derivability of a
propositional logic is decidable, we can expect a better result if we use a default
theory consisting of propositional logic.

To simplify the analysis, we will not consider the disjunctive fact problems
concerning justifications. As Kautz and Selman noticed, these problems are more
complex [19]. They restricted their analysis to disjunctive free default theories.
Furthermore, the analysis is based on the Reiter approach.

As Kautz and Selman observed, there are three problems concerning default
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theories [19]. The first is to find an extension. Finding an extension is "easier"
than the other problems. The second is to determine whether a proposition is
derivable from an extension. The last is to determine whether a proposition is
derivable from all extensions. The last two problems seem to be intractable even
for a very simple default theory. Therefore, in the rest of this section, we will
conduct analysis for finding an extension.

The basis of our survey is construction 3.1. The idea is that construction
3.1 will result in an alternative extension for a default theory as theorem 3.2.1
concluded. However, as the theorem required, we need to calculate an infinite
sequence of pairs of sets to complete the construction.

To conduct a survey, we will make some assumptions to deal with. First is
that the number of defaults in A of a default theory is finite, say n. We enumerate
them and suppose that {J;, §,, ..., 8,} is a fixed enumeration for A. Second is that
the set of hard facts is consistent. Because if a given inconsistent hard fact set is
inconsistency, the result is an inconsistent alternative extension. In addition,
during the survey, we will attempt to identify some areas of interest.

The following procedure is a modification of construction 3.1. Since this
procedure is based on the construction, we should have a proof that it will
converge to an alternative extension, especially dealing with constant propositional
well-formed formulae. However, we have not succeeded in proving this
procedure. Also, we have not found a counter-example to this procedure. So, we
conjecture that this procedure will converge to an alternative extension a-E based
on an assumption set A for a default theory.

This procedure will terminate if two consecutive approximations give the
same result. The input for this procedure is a default theory O = (&F, A). Set F is
hard facts consisting of finite sentences known to be believed. A is the set of

defaults representing potential beliefs. The main step is step 3. For one
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approximation, it is done in » iterations, each is for a default in A. So, if the
procedure 1 converges in m approximations, the procedure will terminate in n X m

x the amount of time to check the applicability of a default .

Procedure 1: Finding-alternative-extension(g, A).
Input : A set of hard facts F and a set of defaults A.
Output : A pair of sets (E, A) such that Th(E) and Th(A) are an alternative
extension and an assumption set for a default theory O = (T, A).
Method : 1. AssignEg=3F, Ag=3,andk=1.
2. Ex=Erjand A=Ay ,.
3. Fori from 1 to n, do the following.
If applicable(d;, Ey.;, Ay), then,
Ey = Ex U {con(8;)} and Ay = A U {jus(d;), con(d;)}.
Otherwise,
Eyx =Ey and Ay = Ay.
4. If E, = E,_; and Ay = Ay, then stop and return E = Ey and A = A,.
Otherwise, assign k=k+1.
5. Repeat steps 2, 3, and 4.

The following procedure is central to construction 3.1 It appears as a true-
false value function in procedure 1. It is related to the applicability of a default
with respect to two sets: a set to check the derivability of a prerequisite of a given

default and a set to check the consistency of a justification and a consequent of the

default.

Procedure 2: applicable( §, E, A)

Input : A default§, asetE, and a set A.

Output : Return yes, if the default d is applicable; otherwise, no.

Method : 1. Check whether the pre(8) of 8 is derivable from E. If not, return no.
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2. Check whether the jus(3) and the con(8) are consistent with A.

If not, return no. Otherwise, return yes.

Note: pre(8) = the prerequisite of default §;
jus(d) = the justification of default §; and
con(d) = the consequent of default 8.

As previously mentioned, this procedure 2 is central to the construction to
check the applicability of a default. It consists of two steps: checking the
derivability of the prerequisite and checking the consistency of the justification
and the consequent. These steps are the sources of problems in dealing with a
default theory in order to find an alternative extension. The first step is referred to
as the inherent complexity of first order theory. Generally, this step is semi-
decidable. However, by restricting the area of interest, we may find a better resuit,
for example, dealing with constant propositional well-formed formulae. The
derivability in propositional logic should be obvious.

Another area of interest is observed by Kautz and Selman [19]. The area
uses Horn clauses. As Dowling and Gallier found, the satisfiability of
propositional Horn clauses can be decided in linear time [10]. So, in this area, we
may find default theories shining.

The next step is to check the consistency. For an arbitrary first order
default theory, checking the consistency is undecidable [19]. By restricting the
area of the problem, we may find some interesting results. However, we are not
going to conduct a further survey.

We close this section by presenting some examples to find an alternative

extension and an assumption set for a default theory using procedure 1.

Example 3.5.1: This default theory is taken from Chen [5].
Let Q) =(&, A= {8';, 85, 83, 84}) be a default theory, where F = {AVG, ],
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—Bv—Cv—Pv—Q}, § =ATCEIA | § —vah § =BS1Q ang § =Lipac
Let us calculate an alternative extension and an assumption set for q) using
procedure 1 with an enumeration: {3, = §';, 8, = 85, 8; = 8'3, 54 = 8'4}.

Eo=Ap= &= { AVG, ], -Bv-Cv—-Pv-Q}

E;={AvG, J, -Bv—=Cv—-Pv-Q, —A}

A= { AvG, ], - Bv-Cv—-Pv—Q, —A, (=Cv-])A-A}

E, = { AVG, ], -Bv—Cv—-Pv—-Q, =A} =E,

A, ={ AVG, J, =Bv—Cv—Pv=Q, —A, (=Cv-l)aA-A} = A,
(E3, Aj3) is a pair of an alternative extension and an assumption set for ). Let us
calculate for another enumeration: {§; = §'5, 8, = §'j, 83 = 8’3, 84 = &4}

Ey=A¢= &= {AVG, J, -Bv-Cv—-Pv-Q}

E, ={ AVG, J, -Bv-Cv—-Pv—Q, B}

A ={ AVG, ], -Bv—-Cv—-Pv—Q, B, AAB, Q, PAQ}

E, = { AVG, J, -Bv-Cv—-Pv=Q, B, Q}

A, = { AvG, J, =Bv=Cv—-Pv—Q, B, AAB, Q, PAQ}

E; = { AVG, J, -Bv—=Cv—-Pv—-Q, B, Q} = E,

As;={ AVG, J, -Bv—=Cv=Pv=Q, B, AAB, Q, PAQ} = A,

(E3, A3) is another pair of an alternative extension and assumption set for ).

Let us calculate another example taken from Etherington [12].

Example 3.5.2:
" Suppose P = (T, A = {8}, &, 83, 8'4}) is a default theory, where F =
{P} and §'=22, §,=E&, §;=%", and & =%=%=R et us calculate using procedure
1 with an enumeration: {8; = &', 8, = 8', 85 = 8'3, 84 = 84}
Eo=Ao == {P}
E,=A;={P,QR}
E;=A;={P,QR,S}
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E;=A;={P,QR,S}=E,=A,
(E3, A3) is a pair of an alternative extension and an assumption set for q). Also,
we get the same thing with an enumeration {§, = &', 8, = 8'5, 8; = &', 8, = 8'5}.
Next, we calculate with an enumeration: {8, = &', 8, = 84, 8; = §'5, 8, = &'3}

Eg=Ag=F={P}

E;={P,Q —R}

A;={P,Q, R, =SA-R}

E; ={P,Q,—R} =E,

Ay ={P,Q,—R, =SA—R} = A,
(E5, A,) is also a pair an alternative extension and an assumption set for §). We

get the same thing with an enumeration {8, = &'y, 8, = §'4, 6; = &'3, 8, = &'5}.

Lastly, we will calculate a default theory similar to example 3.4.13.

Example 3.5.3:
Let Q) = (&, A={5; | 1<i<7}) be a default theory, where & = {P}, §, =52,

5,=2R §,=%%, 8,=%1, §,=20Y, §,=%%, and §,=23¥. Let us calculate an
alternative extension and an assumption set for q).

Eg=Ao=F={P}

E;=A;={P,QR}

E;=A;={P,QR,S,T}

E;=A3;={P,QR,S, T, U}

E4=A;={P,QRST,U,V}

Es=As;={P,Q RS T,U,V, W}

E¢=Ag={P,QR, S, T,U,V,W} =Es=A;
It is easy to see that the pair (Eg, Ag) is a pair of an alternative extension and an

assumptionsetforp.



CHAPTER IV

SUMMARY AND SUGGESTED FUTURE
RESEARCH

A default theory is a formal system logic that deals with incomplete
knowledge. A system employing a default theory permits us to infer facts using
the so-called defaults in the absence of information to the contrary. There is much
research to improve the capability of default theories. The Reiter and Lukaszewicz
approaches have some problems in dealing with disjunctive fact problems
concerning both prerequisites and justifications. In this paper, we propose another
approach to dealing with those problems.

Disjunctive fact problems concerning justifications may result in an
extension and a modified extension that are counter-intuitive. The Reiter and the
Lukaszewicz approaches let the system employing default theories infer some facts
that are unacceptable. The system may derive some facts using defaults based on
inconsistent justifications. It may result in an extension and a modified extension
that are unwell-behaved.

Disjunctive fact problems concerning prerequisites may cause the
applicability of some default to be blocked. These defaults have the same
justifications. The applicability of these defaults is blocked due to no evidence to
believe their justification but their disjunctive form. It may result in an extension
and a modified extension that are unacceptable.

To deal with disjunctive fact problems, we propose a new approach. To

deal with disjunctive fact problems concerning justifications, we make the new
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approach enforce consistency not only with an individual justification of a default
under consideration but also with a whole set of justifications of already applied
defaults. By doing this we will not have those problems concerning justifications.
To deal with disjunctive fact problems concerning prerequisites, we develop the
new approach to extend the applicability of some defaults using their disjunctive
forms. These defaults have the same justification. These disjunctive forms consist
of prerequisites of defaults having the same justification. A disjunctive form may
be applicable. If so, it is called prime and we may apply it by inferring the related
disjunctive form consisting of their consequents. In addition, we also enforce
consistency with their justification and consequents as mentioned before. In other
words, we apply defaults by inferring the related disjunctive forms consisting of
consequents and check their justification and any individual consequents. We do
not check the consistency with the related disjunctive form. This is to guarantee
that disjunctive fact problems concerning justifications will not arise. The new
approach will result in an alternative extension and a consistent assumption set for
a default theory.

In doing so, we do not lose the properties of the Reiter and the Lukaszewicz
approaches. The new approach will always have an alternative extension and an
assumption set for an arbitrary default theory. Also, we still have the
characterization theorem that characterizes an alternative extension and an
assumption set more intuitively. Furthermore, the new approach also has the semi-
monotonicity properties and maximality. In addition, the new approach has the
properties of orthogonality with respect to the assumption set. Lastly, we have an
important result: for every extension for normal default theory, we can find an
alternative extension for the default theory such that it supersedes the extension. It
means that the new approach is a natural extension of the Reiter approach.

We also conducted a survey of complexity analysis for the new approach.
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However, it is not a complete and detailed analysis.
There are two benefits of the new approach:
1. It can deal with disjunctive fact problems concerning justifications; and
2. It can deal with disjunctive fact problems concerning prerequisites of defaults
having the same justification.

Further research to improve the new approach is possible. One
improvement would be to find a proof of or a counter-example to the conjecture
about the convergence of procedure 1. Second, we need to find another approach
to dealing with disjunctive fact problems concerning justifications in which the
applicability of defaults that may have the same symbol in the place of

justification, but perhaps different terms, is blocked.
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APPENDIX
FIRST ORDER THEORIES

Introduction

First order theory is by far the most important and commonly used logical
system. It is known that first order theory is adequately powerful for complete
knowledge classical mathematics. It extends propositional calculus in two ways:
providing an inner structure for well-formed formulae that are viewed as
expressing relations between things and giving the means to express and to reason
with. The first concerns the syntactic part, whereas the second concerns with the
semantic part.

The concept of a formal theory should be clear. A formal theory consists of
a set of countable symbols from which are built expressions called well-formed
formulae, a set of axioms, and a set of rules of inference. For example, rules of
inferences in first order logics are modus ponens and generalization.

The notion of the syntax of a formal theory is the concept which describes
the formal theory as a symbol system. It starts with defining the symbols used and
then defines the language consisting of well-formed formulae. The well-formed
formulae denote an assertion in which their truth or falsehood depends on the
interpretation used.

The semantic part of a formal theory deals with a model of the theory. It
provides the meaning of well-formed formulae that emerges from various

interpretations that may be given. The interpretation supplies a meaning for each
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of the symbols in a formal theory such that any well-formed formula can be
understood as a statement that is true or false in the interpretation. Such
interpretation is a model for a set of well-formed formulae if every well-formed
formula in the set is true under the interpretation and we say that the interpretation
provides a model for the formal theory.

The study of first order theory will be given in the next several sections.
The sequence is first order language, first order interpretation/model, and first
order properties. Most materials of first order theories are taken from and proofs

of theorems and corollary can be found in, Mendelson [28].
First Order Language

The first requirement for description of a formal theory is to describe the
syntax of the language. Therefore, for first order language, we need to describe
the symbols of the language and the rules for generating well-formed formulae of
the language. The set of well-formed formulae is the first order language.

First, we need to define an alphabet used for the language. It consists of
several symbol sets. Then, we define rules of creating well-formed formulae based
on those symbols. In order to do that, we need some formal definitions.

An alphabet consists of four symbol sets. The first symbol set is usually the
same for a formal theory. It is called a logical symbol set and is usually finite.

The second set is a denumerable number of variable symbols. In first order theory,
a quantification is allowed only over these variables. The third is a countable set
of constant symbols. The next is a countable set of function symbols. The
constant and function symbol sets are possibly empty. The last is a countable set
of non-empty predicate symbols. An alphabet of a first order theory will be

precisely defined in the following definition.
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Definition: Alphabet
An alphabet consists of four symbols sets:
. a logical symbol set:

{T, —L, =, A, V! '_)7 Hy v’ 3 }’

. a denumerable individual variable set:
. {X1, X9, X35... }3
. a countable, possibly empty, function symbol set:

{f, £, £, €, £,..};and
. a countable, non-empty, predicate symbol set:

{P), P, P, PP} ..}

The symbol T reads verum, as opposed to symbol L, called falsum. The
logical symbols V and 3 are called universal and existential quantifiers,
respectively. The subscript on individual variables, function symbols, and
predicate symbols is just an indexing number to distinguish different symbols.
The superscript on function and predicate symbols indicates the arity of the
symbol being superscripted, that is, the number of arguments. As this notation is
very cumbersome, the superscript will be dropped if there is no danger of
confusion. Function symbols of arity zero are also called individual constants,
and they will also be noted as c;. Predicate symbols of arity zero are called
propositional symbols or propositional constant symbols to be precise.
Somei_imes, the words constant and variable mean an individual constant and an
individual variable unless otherwise specified.

To avoid getting symbols cluttered with parentheses, the precedence
hierarchies among the logic symbols are taken on. The highest to the lowest
precedence hierarchy is listed as the following: T, 1, A, v, =, <3, V, and 3.
Parentheses are used to change the grouping of logical symbols in terms of the

highest precedence. Square brackets are sometimes used in order to improve
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readability instead of parentheses.

The informal semantics of the connectives and quantifiers is as usual. That
is, the connective symbols L, A, v, —, and <> mean negation, conjunction (and),
disjunction (or), implication, and equivalence, respectively. Also, the quantifier
symbols V and 3 mean "for all x," and "there exists an x," respectively.
Furthermore, it is unnecessary to define the existential symbol 3 as a primitive
logical symbol since it can be defined as an abbreviation as follows:

x4 stands for —(Vx—4).

Next, some definitions are presented in order to define the first order
language over a given alphabet. First, a term is defined, followed by an atomic
formula, a well-formed formula, and so on.

A term is generated by applying individual variables and individual

constants to function symbols. It is defined inductively as the following definition:

Definition: Terms
Terms in first order language q are defined as follows:
. X; is a term for all individual variable x;; and
. £ (ty, t, ... ty) is a term, if £ is an n-ary function symbol and t}, t,, ..., t,

are terms.

Terms include all individual constant symbols since they are zero-ary

forms.

An atomic formula is generated by applying terms to predicate symbols

applied. It is defined inductively as follows.

Definition: Atomic formulae
Atomic formulae are defined as follows:

o T and 1 are atomic formulae; and
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o P'(ty, by, ..., ty) is an atomic formula if P" is an n-ary predicate symbol and

ty, ty,..., t, are terms.

Atomic formulae include all propositional constant symbols. Well-formed

formulae are of forms using logical symbols as defined by the following.

Definition: Well-formed formulae
Well-formed formulae are defined as follows:
o Atomic formulae are well-formed formulae;
o If A is a well-formed formula, so is —A; that is, the denial of a well-formed
Jormula is also a well-formed formula;

. If A and B are well-formed formulae, then so are ANB, AvB, A—>B, and A

©B; and

o If A is a well-formed formula for each individual variable X, then so are
Vx4 and 3IxA.

Example:

The following forms are well-formed formulae: Vx Jy (P(x, y) = Q(x)) and
—3xP(x, )AQ(f(x))-

Definition: First Order Language < |
The first order language 9_for a given alphabet consists of a set of all well-

formed formulae that can be constructed from the symbols in the alphabet.

The scope of a quantifier is a well-formed formula to which it applies. For
example, in Vx —4 VB, the scope of the quantifier VVx is ~4vB. Furthermore,
consecutive quantifying occurrences of variables of the same nature can be
attached to a single quantifier. So, for example, Vx,...Vx, 4 can be abbreviated

by Vx;...x, 4.
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Definition: Subformulae
A subformula is defined as follows:
. A is a subformula of a well-formed formula A, —A, VxA, and 3xA4; and
. A and B are subformulae of well-formed formulae AAB, AvB, A—B and
A&B.

A subformula is also a well-formed formula.
The occurrence of a variable in a well-formed formula can be classified into

two: bound and free. The scope of quantifiers determines the classes of variables.

Definition: Bound and free occurrence

An occurrence of a variable x is bound in a well-formed formula A if and
only if it is either the variable of a quantifier, VXA or 3xA, or it is the same
variable that is quantified and is within the scope of the quantifier. Otherwise, the

occurrence is said to be free in A.

Definition: Free variables
A variable x is said to be free or bound in a well-formed formula A if and

only if it has a free or bound occurrence in the well-formed formula, respectively.

It is possible that a variable may have both free and bound occurrences in a
given well-formed formula. Therefore, a variable may be both free and bound in a
well-formed formula. For example, in a well-formed formula A(x, y) = VxB(x),
the first occurrence of x is free, and the second and third are bound and the

occurrence of y in the well-formed formula is free.

Definition: Terms free for variables

A term t is free for a variable X; in a well-formed formula A if and only if no

Jree occurrences of X; in A lie within the scope of quantifier, Yx;A or Ix;A.
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The definition of "a term free for a variable" is quite complicated. The idea
is that a term t is free for a variable x unless there is a free occurrence of x within
the scope of a quantifier binding a variable in t. For example, in a well-formed
formula

Vx5 (B (X}, X, X3) A VX B(£(%y), %, X3) A P(x3))

a term f(g(c, x,)) is free for x, and z but not for x, since it is within the scope of
binding variable x5 of the term f.

The definition of free and bound variables makes clear that a bound variable
of well-formed formula 4 is one that has only bound occurrences in 4 meanwhile a
free variable of 4 is one that has free occurrences in 4. That definition results in a
set of free variables of a well-formed formula. Furthermore, well-formed formulae
without a free variable have an important role in first order theory. They are called

closed well-formed formulae.

Definition: Set of free variables
A set of free variables of well-formed formula A is defined as follows:

o FV(A) is the set of all free variables occurring in A, if it is an atomic

Sformula;
. FV(—4) =FV(4),
o FV(A4) = FV(B)UFV(C), where A is either BAC, BvC, B—C, or B&C; and
o FV(4) = FV(B) - {x}, where A is either VxB or 3xB.

The notion of free variables results in a well-formed formula called a closed

well-formed formula.

Definition: Closed well-formed formulae
A closed well-formed formula A is a well-formed formula that has no free

variable; i.e., FV(A) = O, the empty set. A closed well-formed formula is also
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called a sentence.

Example:
The well-formed formula ¥x 3y (P(x, y) A Q(x)) is closed but 3y (P(x, y) A

Q(x)) is not since the variable x is not a free occurrence.

A closed well-formed formula can be obtained by adding a universal
quantifier for every free variable occurring in a well-formed formula. This closed

well-formed formula is called the universal closure of the well-formed formula.

Definition: Universal closure

The universal closure of a well-formed formula A whose FV(4) = { xy, ...,

Xy} is of the form: Vx,..Vx, 4.

Other important well-formed formulae are ground formulae. They have no
occurrence of variables and can be obtained by substituting all variables occurring

in well-formed formulae.

Definition: Ground formula

A well-formed formula A is ground if and only if it has no occurrence of

variables.

All propositional constant symbols are ground formulae.

Example:

P(f(c,, ¢2)) — P(cy) is a ground formula, where ¢; is an individual constant

symbol, for each i.
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First Order Interpretation/Model

Well-formed formulae have a meaning when an interpretation is applied to
the symbols; that is the semantic part. First order theory is concerned with the
formal description of the constructs that provide an interpretation for symbols of
the language. Rules are given to check whether a particular construct correctly

reflects the meaning of a given well-formed formula of the language.

Definition: First order interpretation
An interpretation of a well-formed formula or a set of well-formed
Jormulae of first order language consists of:
. A non-empty set D, called a domain of the interpretation;,
. An assignment to each n-ary function symbol {* of an n-place operation
closed over the domain D; i.e., £*: D — D; and.

. An assignment to each n-ary predicate symbol P" of an n-place relation on

the domain D.

Intuitively, the notion of interpretation is as follows. Given an
interpretation, variables are thought of as ranging over its domain, and logical and
quantifier symbols are given as their usual meaning. Furthermore, an n-ary
relation in D can be thought of as a subset of Dn; i.e., the set of n-tuples of
elements of D. For example, if domain D is a set of integers, then the relation
"less fhan" can be identified by the set of all ordered pairs (x, y) such that x < y;
le.,

R={(x,y) | x<y, where x, y € D}

For a given interpretation, a closed well-formed formula stands for a proposition
which is true or false whereas a well-formed formula with free variables represents

a relation on the domain which may be true for some values in the domain of the
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free variables and false for the others. For example, let a domain of an
interpretation for a well-formed formula be the set of positive integers and P"(y,z)
be interpreted as y < z. Then the well-formed formula P"(x,,x,) represents the
relation x; < x, which is satisfied by all the ordered pairs (c;,c,) of positive
integers such that c; < c¢,, and well-formed formula 3x, Vx; P"(x,,X,) is a true
sentence; i.e., there is a smallest positive integer. Of course, if the domain is
changed to the set of all integers, the well-formed formula will be false.

For a given interpretation, the notions of satisfiability and truth of well-
formed formulae are in question. For that reason, the definition of satisfiability
and truth will be given precisely. Doing that, we first construct a set X of
denumerable sequences of elements of the domain D; i.e.,

X={0=(dy, dy, ...)|d;e D}
and then define the meaning of a sequence o satisfying a well-formed formula 4
under the given interpretation. To do that, a function 6* will be defined. Itis a
function of one argument, with terms as arguments and values in the domain D,
associated to ©.

Since a term could be a variable symbol, an individual constant symbol, or

a function symbol, o* will be defined inductively. The function 6* is defined as

the following.

Definition: Interpretation for terms

Let 6 be a sequence in  and 6* be an associated function of one argument

applied to terms such that:

e ©*(t)=by, iftis a variable x;. So, a sequence G can be considered to be a
symbol table, and 6* applied to a variable simply assigns the associated value

in the table;

e o*(t)=b, ift is an individual constant, where b is a fixed element of D

assigned by the interpretation; and
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o o f(t,....t,)) = £ (o*(t)), ..., oX(ty)), if £ is an n-ary function symbol,
where £ is the corresponding operation in D assigned by the interpretation

andty, ..., t, are terms.

The function 6* is associated to the sequence ¢. It maps a syntactic
expression onto its intended value. In other words, for a sequence ¢ = (dy, d,,...)
and a term t, 6*(t) is a value in D by substituting d; for all occurrences of variable
x; in t for each 7, and then performing the corresponding operation of the
interpretation to the function symbol f. So, if a sequence G is considered as a
symbol table containing values for variables in the language, then 6* is an

interpreter that evaluates a term t in the context of the symbol table ©.

Example:

Let term t be f5(x3, f(X;, ¢;)), the domain D of an interpretation be the set
of integers, and ¢ be the constant 10. If f; and £, are assigned to integer addition
and integer multiplication, respectively, then 6*(t) = d; (d; + 10) for any sequence

of integers ¢ = (d;, dy, ...).

The previous definition provides a way of interpreting terms for a given
interpretation. The next definition will provide a way of interpreting well-formed

formulae for a given interpretation.

Definition: Interpretation for well-formed formulae
Let 6 be a sequence of elements of a domain of an interpretation. A well-

formed formula A is interpreted as the following:

o if A is an atomic formula and A is the corresponding relation in the
interpretation, then G satisfies A if and only if the n-tuple (G*(t;), 0*(t), ...,
o*(t,)) is in the relation A;

o if A = —B, where B is a well-formed formula, then o satisfies A if and only if
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O does not satisfy B;

° if 4 = BAC, where B and C are well-formed formulae, then 6 satisfies A if
and only if G satisfies both B and C;

. if A= BvC, where B and C are well-formed formulae, then o satisfies A if
and only if © satisfies either B or C,;

o if A= B—C, where B and C are well-formed formulae, then G satisfies A if
and only if either o does not satisfy B or © satisfies C,

o if A= B&C, where B and C are well-formed formulae, then G satisfies A if
and only if 6 satisfies both B—>C and C—B,;

° if A is a well-formed formula, then © satisfies Vx; A if and only if every
sequence in X that differs from G in at most the i-th component satisfies A,
and

. if A is a well-formed formula, then G satisfies 3x; A if and only if there is a

sequence in X that differs from G in at most the i-th component satisfies A.

Intuitively, a sequence ¢ = (d;, d,, ...) satisfies a well-formed formula 4 if
and only if, when d; is substituted for all free occurrences of x; in 4 for every i, the

resulting proposition is true under the given interpretation.

Example:

Let 4 be a well-formed formula P( x{, x5) — Q(x;), the domain of an
interpretation D be the set of integers and P(x, y) and Q(x) be interpreted as "x =
y" and "x > 1," respectively. Therefore, the sequence ¢ = (2,3,...) satisfies 4; i.e.,
"2 =3"— "2>1"is true. Furthermore, for any sequence in which the first

element is greater than 1, the sequence will satisfy. However, the sequence 6 =

(1,1, ...) does not.

The definition above also applies to an individual propositional constant
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symbol. For example, let P and Q be individual propositional constants interpreted
as "Snow is white" and "Sugar is a hydrocarbon", respectively. Then, any
sequence of elements of a domain of an interpretation satisfies the well-formed
formula PAQ.

Now, we define the truthness of a well-formed formula.

Definition:
A well-formed formula A is true for a given interpretation if and only if for
every sequence G in X, © satisfies A. A is false if and only there is no sequence in

X satisfying A.

For a given interpretation, a well-formed formula is true if and only if it is
true for all possible assignments of values for its free variables and it is false if and
only if it is false for all possible assignments of values to its free variables. Thus,
it is possible for a well-formed formula to be neither true nor false for a given
interpretation.

The following properties of well-formed formulae are direct consequences

of the previous definition. All these properties can be easily proved.

Corollary:

The followings are some properties of well-formed formulae.

. A is false for a given interpretation if and only if —4 is true for that
interpretation. Furthermore, 4 is true if only if —4 is false.

. A well-formed formula 4 is true for a given interpretation if and only if its
closure is true for that interpretation;

. If A is a closed well-formed formula, for a given interpretation either 4 is

true or —4 is true.

. If A and 4 — B are true for a given interpretation, so is B; 4 — B is false if
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and only if 4 is true and B is false.

The first property says that for a given interpretation, both a well-formed
formula and its denial cannot be true at the same time. The second ensures that an
arbitrary well-formed formula is true if and only if Vx; 4 is true. Since a well-
formed formula may be true for some interpretations and false for others, the next
property insists that either a closed well-formed formula 4 is true or its denial is
true, that is A4 is false. The last property is one of the most important results in first
order theories. It is the modus ponens inference rule.

Now we will present the notion of the logical validity of well-formed
formulae and then define the relationship between two well-formed formulae

called logical implication.

Definition: Logically valid
A well-formed formula A is said to be logically valid if and only if it is true

in every interpretation.

A well-formed formula A4 is logically valid if and only if it is true for every
interpretation. Note that this definition requires 4 to be true in all interpretations.
Therefore, it is possible that well-formed formulae may be satisfied but not true for

any interpretation. These well-formed formulae are said to be satisfiable as

defined by the following.

Definition: Satisfiable
A well-formed formula A is said to be satisfiable if and only if there is an
interpretation such that A is satisfied by at least one sequence of elements of the

domain of that interpretation. Otherwise, it is called unsatisfiable or

contradictory.
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Combining the last two definitions, we have 1) 4 is logically valid if and
only if —4 is unsatisfiable; and 2) 4 is satisfiable if and only if —4 is not logically
valid. Therefore, for a closed well-formed formula A4, A4 is either true or false for
any given interpretation. In other words, 4 is satisfied by all sequences in X or by
none. Furthermore, 4 is satisfiable if and only if 4 is true for some interpretation.

The next definition will give the relationship of two well-formed formulae.

This relationship is called to "logically imply".

Definition: Logical implication
Let A and B be well-formed formulae. A is said to logically imply B if and
only if any sequence in X satisfying A also satisfies B. Furthermore, A and B are

logically equivalent if and only if they logically imply each other.

The definition of "logical implication" can be easily extended to a set of

well-formed formulae.

Definition:

Let S be a set of well-formed formulae and A be a well-formed formula. S
is said to logically imply A if and only if any sequence satisfying any well-formed

formula in S also satisfies A for every interpretation.

| The following properties of well-formed formulae are simple consequences

of the definitions above.

Corollary:
Let 4 and B be well-formed formulae.
o A logically implies B if and only if 4 — B is logically valid.
. A and B are logically equivalent if and only if 4 <> B is logically valid.

U If A is a logical consequence of a set S of well-formed formulae, and any
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well-formed formula in S is true in a given interpretation, so is 4.

First Order Proof

In the previous section, the symbols and the well-formed formulae of a first
order language are presented. Then, to those well-formed formulae, we define an
interpretation. To get a complete formal theory, we need to furnish the theory with
the axioms and rules of inferences. Since there are numerous theories, in this
paper we will follow the Church framework.

In the Church framework, there are five axioms and two rules of inferences.

Those axioms and rules are given below.

Definition: First order theory
First order theory T consists of a set of well-formed formulae of first order
language q over an alphabet, a set of axioms, and a set of rules of the following:
. A set of axioms is schemas: (A, B, and C are well-formed formulae of T)
(Al) A>(B—-4A4)
(A2) A (B—C)—>((4—>B) (4->0)
(A3) (=B—>—4)—> ((-B—>4)—B)
(A4) (Vx; A(xp) — A(Y), if A(x;) is a well-formed formula and t is a term
free for x; in A(x;). Note that ift is x;, we have the axioms Vx; A(x;)
— A(x;).
(AS5) (Vx4 = B) > (4 > Vx;B), if A is well-formed formula such that X;
FV(4).
. A set of rules of inferences: (4 and B are well-formed formulae of T):
(R1) Modus ponens: A,A—B | B
That is, B follows from A and A — B.
(R2) Generalization: A Vx4
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That is, Vx A follows from A.

The Church axiomatization for first order theory T does not have a set of
proper (or non-logical) axioms.

An instance of a schema is a well-formed formula obtained from the
schema by substitution. For example, an instance of the axiom schema Al is

(Vx; PI(x1)) = (V%) 3x; PX(X), %) = Vx; P (x7))
with 4 and B as well-formed formulae Vx; P'(x,) and Vx; 3x; P’(x,, x,),
respectively.

A model for first order theory T is an interpretation in which all the axioms
of T are true. Therefore, the rules of inferences such as modus ponens and
generalization can be applied to well-formed formulae. Such rules are truth
preserving. So, if the application of these rules to well-formed formulae in a given
interpretation is true, the results are also true. In other words, every theorem of a
first order theory T is true in any model of T. This can be guaranteed due to
properties of well-formed formulae for a given interpretation.

The purpose of the logical axioms of a first order theory S is to ensure that
all logical consequences of T are precisely the theorems of T. Especially, all
theorems of a first order theory T are those well-formed formulae of T that are
logically valid.

In applying of A4 and AS, we need extra care. That is, if term t is not free
for x; in a well-formed formula 4, applying A4 would get an unexpected result.
For example, let 4 be a well-formed formula —Vx, P?(x,, X,), and let t be x,. An
instance of A4 with 4 will result in

(Vx) 2Vxp PH(X1,%0)) = —Vxp B (X0,%)).

Consider an interpretation whose domain has at least two distinct elements and the
predicate P’ is interpreted as the identity relation. Therefore, Vx;(=Vx, P(x,X;))

is true but =V'x, P(x,,X;) is not. So, the instance does not result in a logically valid
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well-formed formula because the term t is not free for x,.

This is the right place to make some important notes. A schema is a
statement form. It provides a template to form a well-formed formula while
leaving some parts unspecified. The unspecified parts use "meta-variables" which
do not belong to first order language. In this paper, the distinctions between meta-
variables and variable are kept in the notation. The symbols P with superscript and
subscript belong to the first order language. Sometimes, symbols like P, Q, and R
are used instead. They are well-formed formulae. On the other hand, symbols like
A, B, and C belong to the meta-language of first order logic denoting well-formed
formulae. Notice that symbols used for meta-language are italic. Moreover,
symbols like X, y, and z are sometimes used for individual variables instead of
unwieldy supercripted and subscripted symbols whereas symbols a, b, and ¢ are
sometimes used for individual constants for the same reason.

When seeking suitable premises of an inference rule, the axiom schemas
can be used since they define some laws. Therefore, an instance of an axiom
schema is a consequence of the theory.

The notion of theorems and consequences in first order theory is defined in
terms of a proof, that is a finite sequence of well-formed formulae. The last
element of the sequence is the consequence. The other elements of the sequence
are either a sentence, an instance of an axiom schema, or the results from

application of one rule of inference: modus ponens and generalization.

Definition: Proof
A proofin a first order theory T is a finite sequence Ay, Ay, ..., A, of well-
formed formulae such that, for each i, either A; is an instance of an axiom schema

of T or it is a result from an application of either generalization to A; where j < i

or modus ponens to Aj and A, where J, k<i.
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Definition: Theorems
A well-formed formula A is a theorem of a first order theory S if and only if
there is a proof such that the last element of the proof is A; that is, A= A,,. Sucha

proofis called a proof of A.

Definition: Consequences

A well-formed formula A is said to be a consequence of a set S in a first
order theory T if and only if there is a finite sequence Ay, Ay, ..., A, of well-formed
SJormulae such that A = A, and for each i, either A; in S, it is an instance of an
axiom schema of T or it is a direct consequence by rule of inference of some of the
preceding well-formed formulae in the sequence. Such a sequence is called a
proof or a deduction of A from S, denoted A € Thy(S), and S is called the

hypothesis or premises of the proof.

Thr(S) is the set of well-formed formulae in T that are consequences in T
from S. It includes all well-formed formulae in S. If a well-formed formula 4 is
in Thy(S), it is said to be derived or deduced in T from S, denoted S |} 4 and
Thp(S)= {4|S | 4}. Itis also called the deductive closure in T of S.

Of course, a set S can be a first order theory itself. Thatis, S=T. In this
case, the subscript T in the Th can be omitted. Furthermore, if S is a set of closed
well-formed formulae, then Thp(S) is the set of closed well-formed formulae in T
that can be derived from S.

The notion of the deductive closure of a first order theory results in the

concept of consistency. It characterizes whether all sentences are in a theory.

Definition: Consistency
A first order theory S is inconsistent if and only if Th(S) contains all well-

formed formulae of the language. Otherwise, S is consistent. A set S' of well-
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Jormed formulae is consistent with S if and only if their union is consistent.

Properties of First Order Theory

In this section, we will present some fundamental properties of first order
theory. Proofs of these properties will not be given and can be found in numerous
references such as Mendelson, 1964.

The following properties are useful in the study of nonmonotonic theories.

Theorem: Idempotence for first order theory

Let T be a first order theory. Then, Th{(Th(S)) = Thy(S).

Theorem: Deduction theorem for first order theory

Let T be a first order theory. If 4 and B are closed well-formed formulae,
then S U {4} } Bifand only if S }F 4 — B.

This theorem says that if there is a proof of B from S U {4} if and only if
there is a proof of 4 — B from S. As previously noted, an instance of A4 and AS
for arbitrary well-formed formulae may bring an unpleasant result. This can
happen if the term t is not free for the variable being substituted. Therefore, it is

important that both 4 and B be closed well-formed formulae.

Theorem: Soundness of first order theory

If a closed well-formed formula 4 is a consequence of a first order theory S,

then A4 is true in all models of S.

Theorem: Completeness of first order theory

If a closed well-formed formula A4 is true in all models of a first order

theory S, then 4 is a consequence of S.
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Theorem: Undecidability of first order theory

There is no decision procedure for a first order theory.

Theorem: Semi-decidability of first order theory
There is a proof procedure for a first order theory that provides a proof of a
sentence entailed by the theory in a finite number of steps and a finite amount of

time.

Theorem: Compactness of first order theory
A first order theory S has a model if and only if every finite subset of S has

a model.

Theorem:

A closed well-formed formula 4 can be deduced from a first order theory S

if and only if there is a finite subset T of S such that T | 4.

The notion of a proof of a well-formed formula from a first order theory S

lets the system employing first order theory deduce using axiom schemas and rules

of inferences.

To close the discussion of first order theory, an example of a proof will be

given.
Example:
“Prove that {Vx A—B} | Vx4 — Vx B, for x is not a free occurrence.
1.  (Vx4—B)— (A - B) A4
2. Vx(4 - B) hypothesis
3. A—>B modus ponens 1 and 2
4. Vx4 hypothesis
5. VxA— A4 A4



VxB
Vx A4 — VxB
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modus ponens 4 and 5
modus ponens 3 and 6
generalization 7

deduction theorem 4 and 8
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