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Abstract

One of the most critical areas in a flight program for unmanned vehicles is getting the
feedback controls to the point that the vehicle can achieve stable flight reasonably well
so that the best tradeoff between flight performance and stability and the vehicle’s flight
envelop can be determined and finalized in actual flight conditions. Two basic methods
are most often used for this purpose. One is the extreme method of pilot assistance (i.e.
remote control) without the use of test stands. In this case, theory, experience, and pilot
assistance are used to develop an autonomous feedback controller. That is, a remote
pilot on the ground flies the unmanned vehicle high up into the air and flight behavior is
observed after the controls on board are switched from remote pilot to autonomous flight.
The feedback controller is modified through these observations to achieve stable flight.
The second method is pilot assistance with the use of test stands. In this case, theory,
experience, pilot assistance, and results from tests on flight stands are used to develop
an autonomous feedback controller. In this thesis, we explore the other extreme method
of only using test stands results without any pilot assistance to develop an autonomous
controller for unmanned vehicles. The main objective is to develop a method for deriving
an autonomous flight controller for a miniature scaled model helicopter by only using
test stands together with theory and previous experience, all without pilot assistance
and without damaging the vehicle.

In this work, we show how to computerize a helicopter to fly attitude axes controlled
hover flight without the assistance of a pilot and without ever crashing. We start by devel-
oping a helicopter research test bed system including all hardware, software, and means
for testing and training the helicopter to fly by computer. We select a Remote Controlled

helicopter with a 5 ft. diameter rotor and 2.2 hp engine. We equip the helicopter with a
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payload of sensors, computers, navigation and telemetry equipment, and batteries. We
develop a differential GPS system with ¢m accuracy and a ground computerized nav-
igation system for six degrees of freedom (6-DoF) free flight while tracking navigation
commands. We design feedback control loops with yet-to-be-determined gains for the five
control "knobs” available to a flying radio-controlled (RC) miniature helicopter: engine
throttle, main rotor collective pitch, longitudinal cyclic pitch, lateral cyclic pitch, and
tail rotor collective pitch.

We develop helicopter flight equations using fundamental dynamics, helicopter mo-
mentum theory and blade element theory. The helicopter flight equations include heli-
copter rotor equations of motions, helicopter rotor forces and moments, helicopter trim
equations, helicopter stability derivatives, and a coupled fuselage-rotor helicopter 6-DoF
model. The helicopter simulation also includes helicopter engine control equations, a he-
licopter aerodynamic model, and finally helicopter stability and control equations. The
derivation of a set of non-linear equations of motion for the main rotor is a contribution
of this thesis work.

We design and build two special test stands for training and testing the helicopter to
fly attitude axes controlled hover flight, starting with one axis at a time and progressing
to multiple axes. The first test stand is built for teaching and testing controlled flight of
elevation and yaw (i.e., directional control). The second test stand is built for teaching
and testing any one or combination of the following attitude axes controlled flight: (1)
pitch, (2) roll and (3) yaw. The subsequent development of a novel method to decouple,
stabilize and teach the helicopter hover flight is a primary contribution of this thesis.

The novel method included the development of a non-linear modeling technique for
linearizing the RPM state equation dynamics so that a simple but accurate transfer
function is derivable between the ”available torque of the engine” and RPM. Specifically,
the main rotor and tail rotor torques are modeled accurately with a bias term plus a
nonlinear term involving the product of RPM squared times the main rotor blade pitch

angle raised to the three-halves power. Application of this non-linear modeling technique
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resulted in a simple, representative and accurate transfer function model of the open-loop
plant for the entire helicopter system so that all the feedback control laws for autonomous
flight purposes could be derived easily using classical control theory. This is one of the
contributions of this dissertation work.

After discussing the integration of hardware and software elements of our helicopter
research test bed system, we perform a number of experiments and tests using the two
specially built test stands. Feedback gains are derived for controlling the following: (1)
engine throttle to maintain prescribed main rotor angular speed, (2) main rotor collective
pitch to maintain constant elevation, (3) longitudinal cyclic pitch to maintain prescribed
pitch angle, (4) lateral cyclic pitch to maintain prescribed roll angle, and (5) yaw axis to
maintain prescribed compass direction. Videos are taken of the tests showing that the
helicopter has been successfully taught to fly attitude axes controlled hover flight. Next
we teach the rotorcraft how to maintain attitude stability and track navigation commands
in x, y, z space without ever needing the assistance of a pilot. Furthermore, neither the
author nor his advisor knows how to pilot the helicopter, and all the work proceeds
without ever crashing the helicopter. To be sure, the training ”wheels” of the test stands
do save the helicopter many times from crashing until the helicopter learns how to fly
attitude axes controlled hover flight, and fly well. The development of the test stand
and related processes presented in this thesis work constitute a primary contribution
that can be applied to numerous real world projects. Another contribution is the entire

integration of the flight program by one single engineer (the author) and no technicians.
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Chapter 1

Introduction

1.1 Introduction

The bee hummingbird, measuring about two inches long and weighing about one-half
ounce, has incredible flight ability, hovering with absolute precision over flowers as he
feeds and darting with rapid flight from one target flower to the next. The hummingbird is
nature’s highest standard for aerospace engineering to mimic in building an autonomous
unmanned aerial vehicle (AUAV) that flies to a target in very tight quarters, hovers
in mission as long or as short as is needed, and then darts swiftly back to base. The
helicopter is aerospace engineering’s greatest marvel in trying to mimic the capability
of a hummingbird’s exemplary hover and darting flight. Our research herein focuses on
teaching a helicopter to fly autonomously, unmanned, without the assistance of a remote
pilot, and without crashing the vehicle. The helicopter treated in this work is 25 times
longer and 800 times heavier than the bee hummingbird.

Historically, someone teaching a helicopter to fly has met enormous challenges. The
history of helicopter flight is well covered in literature in the works of Gregory [60], Boulet
[10] and Liberatore [94] (to mention a few). Early helicopter work had to overcome many
problems related to mechanics and science [92]. On the scientific side, early work had
to overcome the problem of understanding the basic aerodynamics of vertical flight, the
need to compensate for rotor torque, and the need to provide proper helicopter stability

through individual blade control. On the mechanical side, early work with helicopters



had to deal with structural integrity and weight, engine size, available engine power, and
proper means to overcome machine vibrations.

The solutions to these early problems with helicopter flight created a large and vast
array of scientific literature that covers all aspects of full size helicopter flight. Therefore,
most of the research literature to this present day deals with full-size helicopters. Limited
research with model rotors and blades and scale helicopters were important for their use
in wind tunnel research as illustrated in the work done in the 1950’s by Castles and Gray
at Georgia Tech [83, 84].

Early work with miniature helicopters began in the 1960’s. One example were the
Schliiter Helicopter Meetings in Germany in the late 1960’s and early 1970’s [129]. Their
work consisted of small radio-controlled helicopters that varied much from one to the
other, mainly because the application of full-scale helicopter principles and know-how
did not directly apply or directly scale to miniature helicopters, and early results were
more art than science.

Early work with small scale-helicopters for autonomous flight began during the last
years of the 1980s and early 1990s. In 1990, the Association for Unmanned Vehicle
Systems International (AUVSI) created the International Aerial Robotics Competition
on the campus of Georgia Tech. The competition attracted mostly research institutions
whose early work used inexpensive radio controlled (RC) helicopters with a rotor radius
of 3 to 4 feet ( 1.0 m) with weight in the range of 10 Ib (4.5 Kg). The payload that
these helicopters could carry was limited, in contrast to the need for sensors and flight
computers required by autonomous helicopter flight [157].

The advent of sensor and flight computer miniaturization, as well as the availability
of powerful small engines, were enabling technologies that made rotary wing scaled aerial
robots possible. Fifteen years of aerial robotics research work is beginning to produce
results such as the work done by Amidi, Mettler and coworkers at Carnage Mellon [3, 50,

107] and Schrage, Johnson, Prasad and coworkers at Georgia Tech [59, 80, 81]. Currently,



there are three national Centers of Excellence (COE) for rotary wing research where a
large portion of helicopter research takes place. Each center manages multi-million dollar
programs, and each center is charged with advancing the state of the art for rotary wing

research.

e Georgia Institute of Technology Center of Excellence for Rotary Wing Aircraft
(CERWAT) [117]. This is the largest of the three national centers. The key research
areas in this center are aerodynamics, aeroelasticity, structures and materials, and

flight controls and mechanics.

e University of Maryland Alfred Gessow Rotorcraft Center of Excellence [116]. The
core program involves aerodynamics, dynamics, flight mechanics, CFD, acoustics,
transmissions, and composite structures. This center also works with the Army in

smart structures.

e Pennsylvania State Rotorcraft Center of Excellence Vertical Lift Research Center
[18]. Their work includes unsteady, turbulent, separated flow around helicopter
fuselages, tilrotor aeromechanical stability analysis, experimental and computa-
tional instrumentation for rotorcraft, carefree maneuvering control laws for rotor-
craft, simulation/control of helicopter shipboard launch/recovery, flight control de-

sign for future generation compound rotorcraft, and rotary-wing Unmanned Air

Vehicles (UAV).

Modeling of miniature helicopter dynamics has been a great challenge. In the case
of scale helicopters, the lower weights and lower inertias make miniature helicopters
extremely agile, unstable platforms that are difficult to model. Moreover, the helicopter
dynamics and rotor aerodynamics change considerably during hover, climb, descent and
cruise flight conditions [13, 82]. This is due to aerodynamic effects on the helicopter body
and the various working states of the helicopter rotor [92]. The difference in behavior

during the various flight conditions affects the helicopter modeling and control design



[124]. The assistance of a remote pilot has often been used to help overcome some of
these modeling challenges, but not without bringing some problems of its own along with
it.

It was the experience of the author, before coming to the University of Oklahoma, that
the method for flight automation included the use of an experienced remote pilot. Even
though remote pilot assistance was present, preliminary helicopter flight occasionally
resulted in the destruction of the helicopter, long before any useful research could be
done for control law development. In those occasions where research work proceeded, one
feedback loop was enabled at a time, and every one hoped for the best. On some occasions
the feedback control law would not work as expected, and on other occasions experienced
pilots reacted adversely to proper control and aided instability. Most of these failures
resulted in a helicopter crash and subsequent loss of flight hardware. Experimental
development flight testing had to be put on hold to tend to the mechanical issues of
replacing parts and understanding what failed. A fully instrumented aerial robot, which
is very expensive and difficult to repair or replace, can only be maintained in such cases
by richly funded research programs.

Current research programs for UAV based on a helicopter platform use remote pilots
for testing and for obtaining real-time flight data that can be used in system identifica-
tion and control development research [145]. It is the fast helicopter dynamics and the
dominance of the rotor in the vehicle dynamics what makes helicopter flight difficult. In
the case of small-scale aerial robot helicopters, the dynamics are very fast due to the
low weight and low inertias of the helicopter as well as the rigidity of the main rotor
hub assembly. The possibility of crashing a vehicle is eliminated if test stands are used
rather than remote pilot-assisted free flight. Therefore, there is an advantage to using
test stands to teach a helicopter to fly. The test stands remove the need for the remote
pilot. There are no crashes. And, there is no down time for repairs. The training can

be carried out by one test engineer. Furthermore, the tests are done without traveling



beyond the lab to remote field locations.

Goal of dissertation: To design and test control laws that will fly a miniature
(scale-model) helicopter with controlled attitude axes and track navigational commands
without skilled remote pilot inputs and with no loss of hardware at any point.

This thesis approach to attaining the goal of the dissertation is to use test stands
instead of the assistance of a pilot. We will now review in the literature the use of test
stands in the development of feedback control laws for helicopters.

Many programs use scale helicopters as testbeds for controls research. An instru-
mented helicopter crash -while testing controls laws in free flight- is very expensive be-
cause of the loss of the aircraft testbed and some or all of the sensors and actuators.
Many research programs have developed test stand technology as a step to validate the
control work. In many cases, validation of the feedback control is all that matters, and
the test stands are built indoors for easy access, independence from weather conditions,
as part of laboratory setup, and are able to operate within a more controlled environ-
ment. The indoors testing of helicopters very frequently necessitates the use of electric
motors to avoid the complexities associates with gas engines and exhaust fumes. The
simplest test stands are sold for hobby enthusiasts to aid with and build up flying skills
for pilots. Some examples of the use of test stands follow.

Weilenmann [156, 155] rigged a scale helicopter linked to a plate through a 3 degree
of freedom joint. This upper plate is joined to a ground plate via rods that flex. Prior
to takeoff, the rods carry the weight of the helicopter, and at one point, the helicopter
carries its own weight and the weight of the plate. The helicopter is powered by a
DC motor, and it is free to translate and rotate within certain limits. Weilenmmann
developed an accurate, non-linear differential equation model of the helicopter from full-
scale helicopter theory. Subsequent linearization about the hover flight condition resulted
in an 18 state model with a number of parameters that were directly measured, but

some were estimated. The effort was successful, but the applicability of the effort to



real systems is limited in that other flight conditions would have generated much more
complicated mathematical models.

Bendotti and Morris [7, 109] used a small scale helicopter (35 in rotor) attached to a
wrist with three angular degrees of freedom for system identification experiments. The
wrist rotates freely in roll, pitch and yaw, but cannot translate in any of the linear
directions. The small helicopter is powered by a DC motor, and the sensors are attached
to the structure and not the helicopter. The authors ensured that the helicopter remained
within the linear range of operation, and superimposed small signal excitations on top
of the trim signals. The authors used rigid body dynamics to identify the model which
produced a fair match with experimental data.

The Autonomous Helicopter Project headed by Amidi from the Carnegie Mellon Uni-
versity [123] developed a number of testbeds for indoor flight control systems. Their work
used incremental test beds that lead to full autonomous flight [2, 3]. The first testbed
used an electrical model helicopter mounted on a swiveling arm platform attitude control
in yaw, pitch and roll. A second six degree of freedom testbed was used to evaluate vari-
ous helicopter control schemes. A third indoor testbed used tethered flight that allowed
full six-degree of freedom limited motion. A progressive number of experiments led to
full autonomous flight. This program has been successfully demonstrated to perform
visual-based stability and control, autonomous trajectory following, aerial mapping, and
object recognition and manipulation.

Students at Southern Polytechnic State University developed a test stand that tests
the helicopter attitude control one axis at a time [17]. A student at The University of
Toronto developed a test stand for indoors use that can exercise all three angular axes
and one linear motion [95]. Researchers at the University of Toronto also developed a
three degrees of freedom testbed for testing formation flying [134].

As we have shown above, test stands have been used previously to teach a helicopter

to fly attitude axes in controlled hover flight. We also will use test stand, and will point



out the differences in our novel approach. Indeed, the test stand technology developed
in this present work is one of the contributions of the thesis.

The work done in this document uses an entry level small helicopter that weighs 11
Ib (5 kg) empty and has a rotor diameter of 4.86 ft (1.48 m). This helicopter is our base
platform for autonomous unmanned aerial vehicle research. The helicopter is structurally
modified to support the sensor suite necessary for instrumented flight. The key dynamics
and aerodynamics of the helicopter need to be simplified to make the problem tractable
with the intent of increasing the level of technical difficulty as the stability of the system
increases with the design of each control loop. The final control design needs to stabilize
the platform in flight to be ready for free flight without aid from a pilot. The method
developed to achieve controlled hover flight is a primary contribution of this thesis work.

A brief outline of the work presented in the following chapters follows.

Chapter 2 This chapter describes the components that make up the Helicopter Re-
search Testbed. A description of the basic helicopter gives an understanding of the
various components that make up the basic frame with components such as the main
rotor, the tail rotor, the engine, and the electro-mechanical servo mechanisms. A general
description of how the basic components work attempts to familiarize the reader with
the system that will become a UAV.

The sensor suite that instruments the University of Oklahoma Helicopter Research
Testbed (OU-HRT) is presented as well. This includes a brief description of the sensors
themselves and the signals that the sensors measure. An introduction to the onboard
processing unit follows as well as a brief description of the architecture framework with
regard to how the processing unit function. Finally, a description of the test equipment

utilized throughout the project gives a familiarization with the tools used in the project.

Chapter 8 The helicopter electromechanical actuators introduced in Section 2 on



page 12 in turn control the aerodynamic actuators (the main rotor collective and two
cyclic inputs, the tail rotor collective) and the engine throttle. This chapter explains
in great detail how the electromechanical actuators affect the throttle and aerodynamic
actuators. This information is necessary to understand the open loop helicopter dynamic

reaction to pilot inputs.

Chapter 4 This chapter points out the differences between the test stands used in this
dissertation and those used in other dissertations. Unlike all other uses of test stands in
other research projects, the test stands built for this dissertation are portable, and able
to operate indoors and outdoors. Such capability is highly valuable because it enables
the use of real flight hardware at all times during the development of the feedback control
laws. The test stands are an enabling technology that allows the researchers to teach
the helicopter hover flight without using a remote pilot and without crashing the scale

helicopter.

Chapter 5 An understanding of the math models that describe the fundamental be-
havior of the helicopter is very important for the development of the simulation tools and
the control laws that follow. First, models for each of the major helicopter components
bring to the front of the task at hand the need to understand the underlying physics,
dynamics and aerodynamics that influence the behavior of the individual components
and the system as a whole. The fundamental theories that describe the helicopter as a
flying machine help to identify key signals necessary for the operation of the helicopter
and their relation with other signals. A model for the rigid body dynamics provides
the framework for the development of simplified equations of motion. Trim models and
the corresponding perturbation models allow for the development of linearized dynamics
about a trim condition. In the present work, hover is by necessity the trim condition

that highlights the relevant dynamics.



Chapter 6 Autonomous flight necessitates the use of a complimentary sensor suite able
to cover a wide spectrum of signals. This chapter explores the sensors themselves along
with the signals that the sensors measure. Signals and sensors are intrinsically related
to the automation process, and therefore this chapter is a preamble to the development

of the feedback control laws.

Chapter 7 This chapter explores each of the relevant feedback control loops. Each
feedback control loop helps to stabilize the helicopter system, and therefore, each feedback
control loop takes away a layer of complexity by automating some part of the helicopter
operation. The engine governor and main rotor angular velocity feedback control loop
is the first and most important control loop to implement. This feedback control loop
takes away the complexities associated with the nonlinearities pertaining to the main ro-
tor angular velocity. In turn, the directional control loop automates the torque changes
involved in normal operation of the helicopter. As before, this feedback control loop peels
away another layer of non-linearities. Next, the roll and pitch attitude feedback control
loop put the final touches on the stability of the helicopter as a platform. From this point

onward, the helicopter is ready for stable free flight.

Chapter 8 The main rotor angular velocity is one of the most important parameters
that influence the helicopter behavior. The main rotor angular velocity influences rigid
body dynamics via gyroscopic moments, and in addition, torque and power needs are
directly affected by the main rotor angular velocity. This chapter explores the approach

to design an engine governor that maintains a constant angular velocity.

Chapter 9 Once the main rotor angular velocity is stable, a series of experiments help

with some simple parameter identification that validate the models obtained from first



principles. A good knowledge of the aerodynamic characteristics of the main and tail
rotor is very important at this point. The development of a set of non-linear equations of
motion for the main rotor from first principles is a contribution of this thesis work. The
results obtained in this chapter constitute the basis for a comprehensive aerodynamic

model of the helicopter.

Chapter 10 Yaw rate and heading feedback control loops compensate for the torque
needs of the main rotor. The main rotor torque, main rotor blade drag, the engine power
available, and the fuselage reaction torque are all intrinsically linked in non-linear ways.
Specifically, the main rotor torque and power requirements vary continuously because of
cyclic inputs to the rotor blades and other non-linear variations that take place at the
rotor. This very important control loop helps to stabilize the helicopter as a whole by

peeling away one layer of non-linearities from the overall helicopter platform.

Chapter 11 Once the helicopter operates with constant angular velocity, and once
the torque and power needs are automatically compensated with the yaw rate and head-
ing loop, then the helicopter rotor behaves as an aerodynamic actuator. Stabilizing the
aerodynamic actuator is difficult but very much feasible. This chapter describes the steps

needed to achieve stable hover flight.

Chapter 12 Concepts from System Engineering (SE) help with the development of
the overall University of Oklahoma Helicopter Research Testbed (OU-HRT) system ar-
chitecture. This chapter describes the hardware and software interface, and the hardware
and software integration. A description of the embedded code generation method empha-
sizes the advantages of current graphical simulation tools and the process of embedding

auto-generated code into the actual flight computer.
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Chapter 13 This final chapter summarizes results from the work effort, achieved goals
and contributions of this thesis work. The work effort is considerable and highly difficult
because it involves real hardware operating in a real environment where the laws of
physics test every mistake. The stated goal of developing a method to teach a miniature
helicopter to fly stable hover is accomplished. Finally, the primary contributions of this
thesis work are the derivation of a full set of equations of motion for the main rotor, the
development of a novel test stand enabling technology that allow for real-time Hardware-
in-the-Loop (HWIL) helicopter tests, and the ultimate development of a method to teach
a miniature helicopter hover flight with no remote pilot in the loop.

Appendiz A through Appendixz G provide necessary theoretical background. Work
in subsequent Appendices derive results from these fundamental principles and applied
science. Appendix H derives various mathematical tools used in modeling the helicopter
in flight. The emphasis is in understanding the underlying physics that allows for the
control of the vehicle. Appendiz [ documents the physical characteristics of the helicopter.
This Appendix details the systematic approach needed to calibrate and characterize
various physical quantities associated with the helicopter airframe, sensors and actuators.
Appendiz J explores the approach to design an engine governor that maintains a constant
angular velocity in the presence of disturbances. Feedback linearization mechanization
enables the engine governor to operate throughout the allowable flight envelope. Appendix
K details the approach for parameter identification of various aerodynamic quantities.
This work results in the aerodynamic characterization of the helicopter model. Appendizx
L documents the design and synthesis of the feedback control laws for roll, pitch and yaw
control. Finally, Appendiz M illustrates how this thesis work fits into widely accepted
system engineering framework currently utilized throughout government, academia and

industry.
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Chapter 2

Helicopter Research Testbed

2.1 Introduction

Figure 2.1 on the next page shows the basic helicopter frame. A number of attributes
that characterize the helicopter are tabulated in Table 2.1, and Appendix 1.1.2 on page

372 describes and tabulates the complete set of helicopter parameters.

Table 2.1: Basic Helicopter Parameters

unit description
R 074 m rotor radius (diameter ~ 4.86 ft)
Q 1571 rad/sec mnominal main rotor angular speed (1500 7pm)
Tyvr 106-7 N nominal hover maximum thrust (24 [bf)
Rrr 013 m tail rotor radius (diameter ~ 10.231in)
Ratap 031 m stabilizer bar radius (diameter ~ 12.21in)
Mheii 521 kg basic (empty) helicopter mass (11.46[bf)
M el 0-494 kg fuel mass (1.11bf)

2.2 Helicopter Research Testbed Components

The principal component of the University of Oklahoma Helicopter Research Testbed
(OU-HRT) is the basic helicopter shown in Figure 2.1 on the next page. The basic
helicopter comes equipped with five digital servo mechanisms and a Remote Control (RC)
receiver matched to a RC transmitter shown in Figure 2.6 on page 21. This transmitter-
receiver combination is the primary means of control for most RC pilots. Table 2.1

indicates that the basic helicopter has an empty mass of 5.21kg ( 11.46(bf). When fully
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Figure 2.1: Helicopter Research Testbed Mechanical Components.
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fueled, the mass of the helicopter increases to 5.7kg ( 12.6(bf). The addition of sensors
and various test apparatus completes the Helicopter Research Testbed, and Table 2.2
itemizes these additional components.

Table 2.2: Helicopter Research Testbed Components

basic helicopter

main rotor lift & locomotion

tail rotor torque compensator & heading

engine vehicle power source

RC receiver primary and back-up link

digital servo-mechanisms electro-mechanical actuators
motionPak linear acc, angular rates sensor
GPS inertial position
FreeWave primary digital link
ultrasound & infrared altimeters range to ground
electronic compass inertial attitude & heading
hall effect sensor main rotor angular velocity
on Board Computing Processing Units (CPU)

Ampro PC104 main on-board CPU

Motorola MC68332 actuator input/output CPU
ground station computer
rate table stand (RTS) angular rates measurements
linear and directional test stand (LDTS) lift /altitude, heading
rotational dynamics test stand (RDTS) roll, pitch, yaw, test stand

2.2.1 Basic Helicopter

The basic helicopter is a self-contained airframe capable of vertical take-off and landing.
As such it is a very versatile machine that has been used extensively and successfully in

a number of civil and military scenarios.

2.2.1.1 Main Rotor

The main rotor blades are attached to a main shaft that rotates the blades around
with a particular angular velocity, and in doing so, the rotating blades interact with the
flow. The governing principle responsible for helicopter lift is the change of momentum

that the rotating blades impart to a stream tube accelerated through the rotor. As
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a reaction to the air change of momentum, the accelerated flow imparts an equal but
opposite reaction that keeps the blades, and thus the helicopter, in the air. A penalty
for imparting momentum to the airmass passing through the rotor in exchange for lift
comes in the form of blade induced and profile drag, helicopter body parasite drag, and
the need for torque compensation via a tail rotor or comparable device. The primary
control inputs to the helicopter rotor are the rotor angular velocity and the blade pitch
angle. Figure 2.2 on the next page shows a top view of the main rotor with the fly-bar
or auxiliary rotor that augments both the main rotor blade pitch angle control input and
the main rotor damping.

Section C on page 202 explores the details of the Momentum Theory (MT), Blade
Element Theory (BET) and combined Blade Element Momentum Theory (BEMT). In
turn, Section D on page 234 details the development of the rotating blades equations of
motion, and Appendix E on page 316 looks into the rotor forces and moments. Finally,
Appendix J on page 398 together with Appendix K on page 418 apply previously devel-
oped theory to derive an aerodynamic model for this particular helicopter and a rotor

angular velocity controller.

2.2.1.2 Tail Rotor

The tail rotor thrust has three primary functions:

1. compensate for the fuselage reaction torque due to the main rotor dragging the

blades through the air.
2. provide lateral trim due to main rotor side forces
3. provide directional control for the helicopter

The tail rotor is an aerodynamic actuator, and control of the tail rotor thrust is done
via collective pitch of the tail rotor blades. Since a primary function for the tail rotor

is to compensate for torque and forces produced by the main rotor, then the tail rotor
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Figure 2.2: Main Rotor and Stabilizer Bar Dimensions.

thrust is a function of the main rotor angular rotation and main rotor blade collective and
cyclic pitch angles. The exception arises when the the tail rotor is used for directional
control. Appendix K on page 418 results in an aerodynamic model for the tail rotor, and

Section L.2 on page 434 in Appendix L generates closed loop directional feedback control

laws.

2.2.1.3 Helicopter Engine

Figure 2.3 on the next page shows the engine used for the operation of the research
helicopter. Table 2.3 on the following page tabulates the most important parameters
pertaining to the engine [37]. The engine maximum power output is about 2.2 horsepower,
but its useful output is less than the maximum rated output due to the losses that take

place within the various components of the helicopter power transmission.
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Table 2.3: O.S.61 Helicopter Engine

RPM 2,000 — 18,000

Output 2.2 hp @ 16,000 rpm
Torque 1.052 Nm @ 10, 720 rpm
Weight 600 g

Figure 2.3: O.S.61 Helicopter Engine

2.2.1.4 Transmission Gears

Figure 2.4 on the next page shows the transmission gear implementation for the Uni-
versity of Oklahoma Helicopter Research Testbed. The engine transmits angular motion
and torque via a belt gear to an interim main rotor transmission gear. The interim
transmission gear drives the main rotor gear via a clutch that engages when the clutch
has sufficient angular velocity of approximately 200 RPM or more. The tail rotor trans-
mission gear feeds directly from the main rotor gear at all times. Therefore, when the
main rotor rotates so does the tail rotor. Table 2.4 tabulates the gear ratios between the
engine and the main rotor, the main rotor and the tail rotor, and the engine and the tail

rotor.

Table 2.4: Engine, Main Rotor and Tail Rotor Gear

description
NMR 9-29 engine to main rotor gear ratio
NTR 4-667 main rotor to tail rotor gear ratio
NeTR 43-4 engine to tail rotor gear ratio
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Figure 2.4: Belt and Transmission Gears between the Engine, Main Rotor and Tail Rotor.
In the figure, (1) is the engine gear, (2) is the transmission belt-gear, (3) is an interim
gear between the engine and the main rotor, (4) is the main rotor gear with a clutch
inside (not visible), (5) is the tail rotor transmission gear. The clutch in the main rotor
gear engages when the clutch has sufficient angular velocity of 200 RPM or more.

2.2.1.5 Swashplate and Blade Pitch Angle Control Links

Figure 2.5 on the next page shows the swashplate and the main rotor blade pitch angle
inputs. The Bell input is a direct swashplate angle input to the main rotor blade. The
Hiller input link augments the Bell input with a component that is proportional to
the stabilizer bar flapping angle [88, 105]. The main blade pitch angle is therefore a
proportional mix of Bell and Hiller inputs, and the mixing mechanism is commonly

known as the Bell-Hiller cyclic mixer.

2.2.1.6 Digital Electro-Mechanical Actuator and Radio Control Transmit-

ter /Receiver

Figure 2.6 on page 21 shows a typical Radio Controlled (RC) helicopter transmitter, a
receiver, and two digital electro-mechanical actuators commonly known as servos. In a
normal flying scenario, a pilot commands the various digital actuators on the helicopter

via the transmitter stick and other control settings [73]. The on-board receiver decodes
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Figure 2.5: Helicopter Swashplate and Blade Pitch Control Links. In the figure, (1) is the
swashplate that tilts, (2) is the lateral cyclic control link, (3) is the longitudinal control
link, (4) is a direct swashplate input to main rotor blade pitch (Bell input), (5) is the
stabilizer bar input to main rotor blade pitch (Hiller input).
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the transmitted data from the carrier signal, and makes it available on various channels as
pulse-width modulated (PWM) TeleTYpe (TTY) level signals (fast-switching 0-5 volts,
10-30 mA). A main advantage of PWM signals is that the signal remains digital from
the receiver’s output to the servo’s transducers.

Figure 2.7 on the next page shows a picture of the five servos available for helicopter

control:

1. main collective (6): controls the main rotor blade pitch angle. This control input

is responsible for generating the necessary main rotor blade pitch angle to maintain

lift.

2. longitudinal cyclic (6,,,): adds a differential angle to the main rotor collective
blade pitch angle. This control input is responsible for longitudinal (forward and

backward) locomotion.

3. lateral cyclic (6;,;): adds a differential angle to the main rotor collective blade pitch
angle. This control input is responsible for lateral trim (counter tail rotor thrust),

and occasionally lateral cyclic inputs that provide sideways locomotion.

4. tail rotor collective (6y.): controls the tail rotor blade pitch angle. This control
input is responsible for generating the necessary trim setting that will compensate
the main rotor torque induced by the generation of lift and drag. This control also

provides directional control.

5. throttle input (f;,): controls the fuel flow rate into the carburetor as well as the

fuel/air mixture that the carburetor provides to the engine.

2.2.1.7 Helicopter Component Hardware Interface

Figure 2.8 on page 22 shows the hardware interface among the various components on the

helicopter. The servos connect to the helicopter hardware via adjustable mechanical links
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Figure 2.6: JR Pro PCM 10S Radio Control (RC) Transmitter.

Figure 2.7: Electro-Mechanical Digital Servo Devices and their respective Control Tasks.
In the figure, (1) is the main rotor collective, (2) is the longitudinal cyclic, (3) is the
lateral cyclic, (4) is the rudder or tail rotor collective, and (5) is the throttle servo.
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(shown in Figure 2.7 on the previous page). The main rotor collective and cyclic servos
connect to the swashplate via adjustable mechanical links. The same type of adjustable
mechanical links connect the throttle servo to the throttle arm on the engine carburetor,
and the tail rotor servo to the tail rotor collective link at the tail rotor hub. The engine
connects to the main rotor and tail rotor via a belt gear, a gear set and a clutch shown
in Figure 2.4 on page 18. The engine shaft motion engages the main rotor gear and shaft
via a clutch when the clutch as angular velocity is sufficiently large at 200 RPM or more.

The tail rotor is always engaged such that the tail rotor turns when the main rotor does.

tail rotor
collective
main rotor
collective
tail rotor gear & shaft . . main rotor

longitudinal cyclic

main rotor
shaft

main rotor
lateral cyclic

engine throttle

engine start
glow plug

Figure 2.8: Helicopter Components Hardware Interface. Red lines represent hard con-
necting links between the servos and the connecting hardware.
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2.2.2 MotionPak

Figure 2.9 shows a picture of the Systron Donner MotionPak, a six degree of freedom
sensor that measures the body inertial acceleration in three orthogonal axes u, ¥, w, and
the three body inertial angular rates roll p, pitch ¢, and yaw r. Section 1.2.1 on page 376
details the most important parameters pertaining to the MotionPak sensor. With a mass

of 1.1kg(2.431bf), this is the heaviest of all on-board equipment.

Figure 2.9: Systron Donner MotionPak.

2.2.3 Differential GPS System

The Differential GPS system (DGPS) is based on the ruggedized NovAtel ProPack II
technology as the ground reference unit and a stand alone MiLLennium L2 GSPCard as
the on-board kinematic and dynamic GPS unit. The MiLLenium L2 GPScard has an
integrated radio frequency (RF) and digital sections capable of receiving and tracking
the L1 C/A code, the L1 and L2 carrier phase, and the 1.2 P-code for up to 12 satellites

(63, 76]. Figure 2.10 on the next page shows a ProPack unit along with a stand alone
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GPScard unit with their respective antennas. Section 1.2.2 on page 378 contains some

additional information regarding this sensor package.

Figure 2.10: NovAtel GPS Ground Station Receiver, On-Board Card, Antenna, and
Reference Station Antenna.

2.2.4 FreeWave Wireless Data Transceiver

The FreeWave wireless digital transceiver shown in Figure 2.11 on the next page is a
robust and very reliable hardware component. The unit presents a serial port interface
to the host computer and to the ground station for seamless serial port communication
between the two for up to 20 miles. Section I.2.3 on page 381 presents more details about

the FreeWave wireless digital serial port.

2.2.5 Range Sensor

The Helicopter Research Testbed uses two complimentary range transducers for the esti-

mation of distance and altitude. Figure 2.12 on the next page shows the SHARP GP2D02
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Figure 2.11: FreeWave Wireless Data Transceiver On-Board Card and Ground Station
Unit.

infrared sensor, and Figure 2.13 on the following page shows the ultrasound sensor. The
infrared sensor has a range of 10 — 80 cm while the ultrasound sensor has a range of
15 — 120 cm. The infrared sensor is more sensitive for measurements of short range
distances, and the ultrasound sensor is more reliable at measuring long range distances.
As such, the two sensors complement each other in their operational envelope. The com-
plimentary range information for altitude estimation is useful for automated takeoff and
landing maneuvers. Section [.2.4 on page 382 and Section [.2.8 on page 388 provide more

detailed information pertaining to the infrared and ultrasound sensors respectively.

Figure 2.12: SHARP GP2D02 Infrared Distance Sensor.
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Figure 2.13: Ultrasound Sensors

2.2.6 Electronic Compass

Section 1.2.6 on page 384 details the various characteristics of the Honeywell HMR3000
electronic compass shown in Figure 2.14 on the following page. The HMR3000 measures
inertial roll ¢, pitch 6, and heading v. The HMR3000 automatically compensates for

pitch and roll attitude in its heading sensor signal.

2.2.7 Hall Effect Sensors

The Helicopter’s main rotor gear has three permanent magnets embedded at 120° to each
other as shown in Figure 2.15 on the next page. The permanent magnet swoops very
closely by a Hall effect sensor embedded in the helicopter’s frame as shown in Figure 2.16
on page 28. Each time the magnet is next to the sensor, the sensor activates a pulse that
is detected by an on-board computer. The estimation of the main rotor angular velocity
follows by counting the time lapse between pulse events. The angular velocity of the
main rotor is one of the most important measurements necessary for automatic control
of the various aerodynamic and electro-mechanical actuators as indicated in Section 6.2

on page 68.

2.2.8 On-Board Central Processing Units (CPU)

The on-board Central Processing Units (CPU) are responsible for the interface with

sensors via the available input/output ports and the implementation of the control laws
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Figure 2.14: Electronic Compass Honeywell HMR3000

Figure 2.15: Main Rotor Gear with Embedded Permanent Magnets

27



Figure 2.16: Hall Effect Sensor near the Main Rotor Gear with Embedded Permanent
Magnet

that stabilize and control the helicopter. There are two primary on-board CPUs

1. principal decision making CPU that plans and controls the mission: Figure 2.17 on

the following page

2. secondary CPU that interfaces with the various sensors and actuators: Figure 2.18

on the next page

2.2.8.1 Primary Mission Planning and Control CPU: Ampro PC104

The primary Mission Planning and Control (MPC) CPU in its current instantiation runs
on a platform based on the Intel x86 ship at 100 MHz. The MPC runs on the QNX
Real-Time Operation System (RTOS) [49, 93, 125].

2.2.8.2 Low Level Actuator Command and Sensor Input/Output CPU: Mo-
torola MC68332

The MC68332 is a highly-integrated 32 bit microcontroller that combines high-performance

data manipulation capabilities with powerful peripheral subsystems. This MCU is built
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Figure 2.17: Mission Planning and Command CPU: Ampro PC104

Figure 2.18: Actuator Command and Sensor I/O CPU: Dual Motorola MC68332
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up from standard modules that interface through a common intermodule bus (IMB).
The MCU incorporates a 32 bit CPU (CPU32), a system integration module (SIM), a
Time Processing Unit (TPU), a queued serial module (QSM) and a 2 Kbyte static RAM
module with TPU emulation capability (TPURAM) [45, 46].

2.2.9 Rate Table Stand

The Rate Table Stand in Figure 2.19 is a vintage 80’s device that rotates at a precise
rate. It is useful for testing rate gyros, angular orientation devices, and other transducers

that may need periodic triggering events.

Figure 2.19: Rate Table Stand (RTS).

30



2.2.10 Linear and Directional Test Stand

Figure 2.20 on the next page shows the Linear and Directional Test Stand (LDTS) with
the instrumented helicopter on top of the stand. The LDTS is primarily used to aid in
the test and design of rotor angular velocity testing (Appendix J), altitude and heave
mode testing, and directional control testing (Section L.2 on page 434). Section 1.4 on

page 395 presents more information related to the LDTS.

2.2.11 Rotational Dynamics Test Stand

Figure 2.21 on page 33 shows the Rotational Dynamics Test Stand (RDTS) with the
helicopter during a test run. The RDTS allows free movement about the roll, pitch and

yaw axis one at a time or all axes combined.
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Figure 2.20: Helicopter Research Testbed sitting on the instrumented, purposed built
Linear and Directional Test Stand (LDTS).
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Figure 2.21: Real-Time Run of the Helicopter on top of the Rotational Dynamic Test
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Stand (RDTS).



Chapter 3

Helicopter Electro-Mechanical Control Actuators

3.1 Introduction

Figure 2.7 on page 21 and Figure 2.8 on page 22 show the five electromechanical con-
trol servos available to the model helicopter. This chapter explores the mechanics of
each control servomechanism, and its influence in helicopter flight. The servos primary

functions are listed below:

Table 3.1: Helicopter Electromechanical Control Servos

primary function secondary function
main rotor collective 0 lift altitude control
main rotor lon. cyclic Oion  lon. stability lon. locomotion
main rotor lat. cyclic Oe  lat. stability lat. locomotion
tail rotor main collective drr torque compensation directional control
throttle 0y, engine power

3.2 Main Rotor Collective Control Servo

The main rotor collective control servo transducer uniformly changes the main rotor
blade pitch angle # during a complete blade revolution. That is, the main rotor collective
provides the same blade pitch angle at all blade azimuth. The collective servo achieves
uniform blade pitch angle input by mechanically raising and lowering the swashplate

while maintaining a constant swashplate angle with respect to the z,y plane of the
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0, =1200 psec 0, =1500 psec 0, =1900 i sec

0 A0 ~11°

0, ~ -3 0, ~3 0, ~11
Figure 3.1: Collective control servo settings with corresponding swashplate deflections
and main rotor collective pitch angle §. Left column corresponds to § = —3 deg. The

middle column corresponds to the idle setting of = 3 deg. The right column corresponds
to a maximum collective deflection of § = 12 deg.

35



helicopter body. The swashplate position determines the main rotor blade pitch angle
via mechanical links shown in Figure 3.1 on the previous page.

Section 1.3.1 on page 389 details the calibration whereby the main rotor collective
servo input dy maps to the main rotor collective pitch 6. Calibration results are plotted
in Figure 1.13 on page 389. The calibration curve is a direct function of the mechanical
links settings which have a direct effect on the main rotor blade pitch angle. The links are

set such that the main rotor blade pitch angle 8y = 3 deg for a stick input dy = 1500 psec.

3.3 Main Rotor Longitudinal and Lateral Cyclic Con-
trol Servo

Figure H.2 on page 370 shows the source of longitudinal ¢;,, and lateral ;; cyclic inputs

to the main rotor blade pitch. Bell cyclic inputs 0.y result from direct blade pitch

contribution from pilot stick, and Hiller cyclic inputs result from the teetering blade

angle (g4 of the stabilizer bar. Both contributions to cyclic inputs are given by equation
(H.2.4) in Section H.2.1 on page 367.

Bupe = 226, + —tLs

Ly Ly(Ly+ Ls)

ecyc = Kcyc (Scyc + Kstab ﬁstab

ﬁstab
(3.3.1)

Figure 3.2 on the following page shows the swashplate settings for the longitudinal cyclic
stick inputs. In turn, Figure 3.3 on page 38 shows the swashplate settings for lateral cyclic
stick inputs. Section 1.3.2 on page 390 details the calibration sequence for the longitudinal
and lateral Bell cyclic inputs, and the calibration results are shown in Figure .14 on

page 390 and Figure 1.15 on page 391.
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=1200 usec =1482 psec O, =1800 wsec
~21° g, ~0° 0, ~ 21"
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Figure 3.2: Longitudinal control servo settings with corresponding swashplate deflections
and main rotor Bell cyclic pitch angle 6,,,. The left column corresponds to positive
longitudinal cyclic inputs which result in positive pitch attitude or nose up motion. The
right column corresponds to negative longitudinal cyclic inputs which result in negative
pitch attitude or nose down motion.
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O.c =1200 zsec O, =1482 p1sec
elat ~ =21 9Iat ~0’

Figure 3.3: Lateral control servo settings with corresponding swashplate deflections and
main rotor Bell cyclic roll angle 6,,;. Left column corresponds to negative lateral cyclic
inputs which result in negative roll attitude or left-wing-up motion. The right column
corresponds to positive lateral cyclic inputs which result in positive roll attitude or left-
wing-down motion.
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3.4 Tail Rotor Collective Control Servo

The tail rotor blade pitch angle Orr has a single collective stick input drg. Section 1.3.3
on page 392 details the calibration results for the tail rotor servo inputs and its mapping
to the tail rotor collective pitch angle. Figure 3.4 presents a summary of these calibration
results. By convention, positive tail rotor blade angle of attack provides the necessary

torque that compensates for the main rotor torque.

s

0, =1100 zsec Oy =1300p5€C O =1700 psec
elat ~-9.7° Hlat ~0’ ‘9Iat ~15’

Figure 3.4: Tail Rotor collective settings and corresponding calibration results. The
right-most column corresponds to positive tail rotor thrust that compensates for the
main rotor torque.
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3.5 Throttle Control Servo

Figure 3.5 shows the engine throttle servo settings for the closed and opened servo set-
tings. Figure .17 on page 394 in Section 1.3.4 on page 392 shows the corresponding

throttle calibration settings.

Oy, =1000 zsec Oy, = 2100 psec
100% 0%

Figure 3.5: Throttle servo settings. The left column corresponds to a fully opened
throttle with 100% air-fuel mixture flow, and the right column corresponds to a fully
closed throttle with 0% air-fuel mixture flow.

3.6 Summary of Control Servo Settings

Table 3.2 on the following page summarizes the servo control inputs and corresponding

aerodynamic actuator settings. In most cases the calibration results are due to direct
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measurement of servo input and actuator deflection. The same estimates result from
careful consideration of mechanical links and kinematic constraints. Both methods are
equivalent, and both methods yield approximate servo input to actuator deflection map-
ping due to nonlinear effects such as mechanical links bending, loose play in the servo-link
attachments, non-linear relations between angular motion and linear motion of several
links, and others. The effects of non-linear mapping between servo inputs and actuator
deflection are equivalent to and of the same order of magnitude of gusts of wind and

other aerodynamic effects.

Table 3.2: Helicopter Servos Inputs and Corresponding Actuator Settings

d (-deg) servo input (usec)

main rotor collective O —-3-0 1200
3-0 1500

11-0 1900

main rotor lon. cyclic Oon  —21-0 1200
0-0 1482

21-0 1800

main rotor lat. cyclic Otat -3-0 1200
0-0 1482

21-0 1800

tail rotor main collective d7g —-9-7 1100
0-0 1300

15-0 1700

throttle Oth 100-% 1000
0-% 2100
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Chapter 4

Test Stand

4.1 Introduction

Many research studies related to miniature helicopter modeling and feedback control
development have used or currently use test stands to aid in the development and testing
of modeling techniques and related control work. The large number and wide variety
of different and ingenious test stand designs that are currently in use are a testimony
to the importance that researchers give to avoiding using a human pilot. But perhaps
more importantly, test stands used for helicopter research are indeed Hardware-in-the-
Loop (HWIL) testbeds that serve as teaching aids. The experience that newly mint
researchers obtain from working with real hardware is very valuable. The skills obtained
from HWIL experimentation carry over in very useful ways to work duties after the school
years are over. Some advantages of using a test stand for miniature helicopter research

are listed below.

e helicopters rigged to test stands allow for careful experimentation without the pos-

sibility of crashing the helicopter [2].

e instrumented test stands can provide ground truth to sensor data obtained during

the testing [7].

e test stands can isolate any number of degrees of freedom, and can operate in one

or more axes at the time
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e test stands offer an excellent platform for testing hardware and software interaction.

e test stands offer a controlled lab environment immune to weather conditions. This
is particularly important for researchers in extreme geographical latitudes during

winter time [95].

Equally important are some concerns that must be accounted for when using a test

stand.
e the test stand influences the inertias and weight of the experimental vehicle

e acrodynamic interactions between the helicopter and the test stand must be ac-

counted for with care

e mechanical interactions between the helicopter and the test stand must be ac-

counted for with care

e results obtained from the test stand experimentation must account for the test

stand effects on the data.

e results obtained from the test stand experimentation must be post processed to

yield real physical meaning

e experimental data is not equivalent to real flight data. Results obtained from a
test stand may not be suitable for system identification, unless the model explicitly

accounts for the influence of the test stand.

This chapter explores various test stand designs and the major characteristics of
these designs. Then an overview of the test stand developed for work on this dissertation
follows. Finally, the contribution of combining a test stand with real flight hardware is

well stated.
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4.2 Test Stand Survey

The simplest test stands are used by pilots of Remote Controlled (RC) miniature he-
licopters. These consist of a helicopter rigged at or near the center of mass to a light
rod that allows for six degrees of freedom movement. These stands are a great aid for
RC pilots to learn and share knowledge. The main disadvantage relates to the limited
weight that these stands can carry. The most involved test stands allow the helicopter six
degree of freedom hover motion. In research done at the Autonomous Helicopter Project
at Carnegie Mellon [3, 2], the use of different test stands allowed for incremental devel-
opment of helicopter autonomy. The following is a characterization of key parameters of

test stands found in the literature.

Table 4.1: Test Bed

DOF power  loc.
ref. (lin/ang) dc/gas in/out
2] 6 de in
[17] l-ang gas out
[95] 3-ang, 1-lin+1l-ang  dc in
[155, 156] 6 dc in
[134] 2-ang, 1-lin de in
[144] 2-lin (x,y), de in

A number of research facilities have indoor test stands for vibration, noise, perfor-
mance, and aerodynamic studies of blades and fuselage. Examples are the Active Aeroe-
lasticity and Structures Research Laboratory (A2SRL) at the University of Michigan and
the Fully Instrumented Helicopter Rotor Test Stand Facility at Pennsylvania State. These

test stands are not generally used for scaled helicopter research.

4.3 Test Stand for Helicopter Research

Three test stands were build to aid with this thesis research. The Linear Directional Test

Stand (LDTS), the Rotational Dynamics Test Stand (RDTS), and the Rate Table Stand
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(RTS). Each will be discussed in the following sections.

4.3.1 Linear and Directional Test Stand

Figure 4.1 on the next page shows the altitude axis with the attachment platform ex-
tended and compressed. When the helicopter generates thrust and lifts, the springs
exerts less force on the helicopter until a point when the helicopter starts to lift more
than its own weight. Figure 4.2 on the following page shows the range of rotation about
the z-axis when experimenting with the yaw rate and heading track and hold commands.
Figure 4.3 on page 47 shows the middle plates and the Lazy-Suzy arrangement. The
LDTS can operate the linear altitude command independent of the yaw rate command.
The two degrees of freedom can operate simultaneously as well.

The test stand built for this dissertation is unique in various aspects:
1. portable and easily transportable
2. can be used for indoors or outdoors tests

3. the test stand is robustly built, and it is therefore immune to helicopter forces,

moments or vibration environment.
4. the test stand can handle gas or electric helicopters.

To the authors knowledge, there is no single test stand in use any where that has the
characteristics listed above. Most of the test stands are built for indoors use, but no

stand has the versatility and wide rage of applications that the LDTS has.
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Figure 4.1: Side view of the LDTS. Note that in the left picture the altitude stand is at
its minimum point. On the right, the attachment plate is at its maximum height of 14
in (0.36 m).

Figure 4.2: Top view of the LDTS. Note the top-left against the red-stopper, and the top-
right against the stopper. The stopper prevented the test helicopter from winding around
when performing heading track and hold. The stoppers can be removed to perform 360°
yaw rate experiments.
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Figure 4.3: On the left, note the view of the two middle steel plates. On the right, note
the Lazy-Suzy attachment.

4.3.2 Rotational Dynamics Test Stand

The Rotational Dynamics Test Stand (RDTS) can operate on only one axis, or it can
operate in several axes simultaneously in any combination. Figure 4.4 shows various
attitude positions for the RDTS. The RDTS is portable, and can perform experiments

indoors or outdoors. The RDTS is robustly constructed, and can handle large payloads.

Figure 4.4: Rotational Dynamic Test Stand (RDTW). The RDTS can rotate freely about
the z-axis for yaw rate and heading track and hold commands. The RDTS can also
rotate independently or in combination rotation about the x and y axes for roll and pitch
attitude control.
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4.3.3 Rate Table Stand

The Rate Table Stand (RTS) is a 1980’s vintage hardware used to test angular rates and
angular acceleration components. The RTS has been very useful in this research to test
the various sensors available, and to validate models for sensor measurements. Additional
use of the RTS was to test yaw rate and heading command track hold experiments on
a device with very little friction. Figure 4.5 shows a picture of the venerable rate table

stand.

Figure 4.5: Rate Table Stand (RTS).

4.4 Conclussions.

This chapter has shown three test stands, two of which were designed and built by

the two members of the helicopter team. The test stands are valuable assets that are
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unique among those used in other research efforts. All three test stands, the Linear and
Directional Test Stand (LDTS), the Rotational Dynamic Test Stand (RDTS) and the
Rate Table Stand (RTS) are robust but portable test stands that can operate equally well
in the lab or in an outdoor environment. The LDTS is configurable and able to operate
in one or two degrees of freedom. The RDTS is also configurable and can operate in one,
two or three degrees of freedom. The RTS is a one degree of freedom device that can
rotate at precise rates for testing of angular rates and other measuring sensors. More
importantly, all three stands are enabling technologies fundamental to the operation
of helicopters with gas engines when outdoors. All these characteristics make the test
stands developed for this thesis work and their use one of the primary contributions of

this dissertation.
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Chapter 5

Math Models

5.1 Introduction

Dynamic modeling of scale helicopters is challenging because the small weight and related
inertias of scale helicopters results in higher natural frequencies and faster response of
the fuselage-rotor dynamics. Mathematical models for scale helicopters need to capture
the high bandwidth inherent in the physics of the vehicle. Two complimentary mod-
eling techniques exists, first principles and system identification, and both are widely
used in rotatory aircraft research. First-principle modeling uses the fundamental laws of
mechanics and aerodynamics to arrive at a physics-based model [13, 82, 119, 120, 135].
First-principle derived models where the aerodynamics, structures, and controls are mod-
eled explicitly can be daunting, and in general, simplification of these models is necessary
and adequate for the design of control laws. First-principle models can be put into mathe-
matical models that can be used in simulation programs [21, 68, 70, 74], but these models
require real flight data for their validation.

In contrast, system-identification modeling [97, 89, 147] requires the use of real flight
data, and is often used for flight control design because the model is based on rel0lgal
data. Often, system identification techniques are used to identify and validate models
obtained from first principles. An example of system-identification tools used in rotary
aircraft research is the Comprehensive Identification from FrEquency Responses (CIFER)
tool developed by the Army/NASA Rotorcraft Division [146].

Modeling related to small-scale helicopter is an active research area [30]. Until very

recently, available literature on small helicopters was limited, and the existing literature
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for full-scaled helicopters did not apply directly due to scaling factors and operational
Reynolds number [92, 104]. Mettler has studied scaling factors between full-sized heli-
copters and scale-model helicopters, and has extensively researched the area of modeling
and system identification [105, 106, 108]. Other existing work has also enriched the
literature on small-scale helicopters. [50, 87, 88, 91]

In the recent past, researchers have used system identification methods for modeling
of scaled helicopters with some measure of success [7, 16, 109]. Mettler [105] used real
flight data from two instrumented helicopters to perform system identification techniques
[108] that characterized open loop aircraft dynamics. Mettler developed a general he-
licopter model that describes key physical effects of helicopter dynamics, and used the
real flight data with system identification methods [147] to obtain abstract physical in-
formation from the identified model. His system identification model is applicable to
other small-scaled aircraft. More recently, Tischler and coworkers have successfully used
system identification techniques in a number of UAV programs [145, 147] which include
Northrop Grummans Fire Scout vertical takeoff unmanned air vehicle demonstrator; the
broad-area unmanned responsive resupply operations UAV based on Kamans twin-rotor
K-MAX helicopter; AeroVironments Pathfinder solar-powered stratospheric research air-
craft; Yamahas R-50 small-scale helicopter; and the class of small-scale ducted fan vehicles
developed separately by Allied Aerospace (formerly Micro Craft) and Honeywell [145].

As previously stated, first-principle modeling is not a substitute for system iden-
tification methods, and system identification methods utilize first principle results to
understand and analyze the data that is collected from the various experiments. The
two complimentary methods have their use for proper problems. Modeling based on first
principles is complex and results in a number of equations that describe the physics of the
helicopter. In developing equations from first principles, it is important to understand
they key aspects that influence helicopter behavior. A number of simplifying assump-

tions may be relevant, and with an understanding of the underlying physics, a simplified
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model may yield results useful for control applications.

This chapter presents results from first principles. Various mathematical models have
been derived for the OU helicopter. First, the main helicopter components are identified,
and subsequently, respective models are presented. The main rotor and the tail rotor
are both represented as aerodynamic actuators. The Momentum Theory, the Blade
Element Theory and the combined Blade Element and Momentum Theory are presented
along with their fundamental results. Following this, the main rotor blade equation of
motion is presented along with the first order Tip Path Plane (TPP) blade equations
of motion. The main rotor stabilizer bar is presented as a teetering rotor with modified
TPP equations of motion. The tail rotor model is presented as an extension of the main
rotor. The helicopter engine is also presented as an actuator, and a closed-feedback
control loop is presented. Other components of the helicopter are tabulated with a short
note on how these are accounted for in the various models. Following this, the six degree
of freedom rigid body equations of motion are presented along with the three inertial
position dynamics and three kinematic equations. The trim equations are presented as

well as the linear equations of motion about the trim condition.

5.2 Models of the Helicopter Components

Figure 5.1 on the following page illustrates the primary helicopter components and mech-
anisms. The main rotor is the primary aerodynamic actuator responsible for generating
lift and locomotion. The tail rotor provides torque compensation and heading control.
The engine converts chemical energy stored in the available fuel into mechanical power

necessary to drive the various helicopter components.

5.2.1 Main Rotor Aerodynamic Actuator Model

Section C on page 202 summarizes the theory that allows for the prediction of lift, torque,

and the necessary power to generate and maintain lift. Following this, Section H.1.2 on
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Figure 5.1: Helicopter Research Testbed Mechanical Components.

page 361 explores the main rotor contribution to the forces and moments. The tail rotor

is a specialized extension of the same main rotor analysis.

5.2.1.1 Momentum and Blade Element Theories for the Helicopter

Two theories provide the framework for the analysis of the main rotor forces and mo-
ments. Momentum Theory (Section C.1 on page 203) applies the conservation laws of
aerodynamics to predict basic performance factors of the helicopter. A fundamental as-
sumption in Momentum Theory is the presence of a stream tube through the walls of
which there is no fluid flux. The theory brakes down in flight regimes where the up-
ward velocity of the rotor equals the rotor induced velocity (slow descend), when the slip
stream expands and recirculating flow exists throughout the rotor (vortex ring state),
and when the wake above the rotor becomes turbulent and aperiodic (turbulent wake
state) [92, 124]. During axial-symmetric flight (hover, ascent, and high speed descent),
the necessary assumptions for momentum theory hold. In these cases, the governing
principle is the work done by the rotor on the flowing air. This work results in a sudden
increase of flow velocity as the flow passes through the rotor (induced velocity v;). The

change of momentum on the column of air imparts an opposite reaction force (thrust 7')
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given by equation (C.1.12) on page 206

T =2pTR* v} (5.2.1)

where p is the air density, R is the rotor radius and wR? is the rotor area. Equation
(5.2.1) is a fundamental result from Momentum Theory in the flight regimes in which
the theory applies. In hover case, the induced velocity v; = vy, and the general theoretical

results are listed in Table 5.1.

Table 5.1: Momentum Theory Applications

hover (V. =0, v, = \/T/2pmR?) Section C.1 on page 203

vertical climb (V./up > 0) Section C.1.1 on page 209
windmill break state (V./v, < —2) Section C.1.2 on page 213
forward flight (v; < Vo) Section C.1.3 on page 217

Section C.2 on page 222 discusses the Blade Element Theory (BET). The BET es-
timates the dynamic forces and moments associated with each blade element at a given
radius from the rotating axis and at a given position of the blade azimuth. A blade sec-
tion has a speed that is proportional to the local radius. If the blade section is sufficiently
small, conditions across the section are constants [92]. In this way, the drag and thrust
of the blade element can be readily computed, and the contributions of all the small
blade elements are added to generate the total or net rotor thrust, drag and moment.
Thus, a fundamental theoretical result from (BET) for lift is given in equation (C.2.10)
on page 226

dCy = %Cﬂ’QdT (5.2.2)

where C7 is the thrust coefficient defined in equation (C.1.17) on page 208, ¢ is the
solidity ratio defined in equation (C.2.11) on page 226, C; is the section lift coefficient,
and r = y/R is the blade section station where y is the distance to the blade section from
the rotational axis. This result does not depend on any specific rotor configuration, and

applies to all blade platforms.
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Section C.3 on page 229 follows on with results from the combined Blade Element and
Momentum Theories (BEMT). A primary result from BEMT is given in equation (C.3.7)

on page 231

dCr = %aa (07’2 — /\T) dr

ca Ao > sa oa Ao
Arao) =4/ (28 -2C) %%, (98 _~¢
(r,2¢) (16 2) TR (16 2)

where r = y/R is the blade station as given before, and A (x, A¢) is the inflow ratio as a

(5.2.3)

function of blade station and climb inflow Ac.

5.2.1.2 Main Rotor Blade Equation of Motion

Appendix D on page 234 derives the main rotor blade equation of motion which results

in equation (D.3.117) on page 298.

B+ 1ok + 0 (V2 + 1Kﬂu) 8= %QQKa@ - %QQKAA

8 8
—1—192qu (2 siny + 2 cos w>
8 Q Q (5.2.4)
P q .
+2Q2V§ (5 cos Y — Q sin 1/))

+U5 (Psint + Geos ) + 13 Bp

Equation (5.2.4) above is the fundamental equation of motion for the main rotor blade
as it rotates about the rotor shaft [13, 22, 68]. The equation applies for blades of uniform
mass attached to the main rotor via lead/lag and flapping hinges, and includes the
effects of the fuselage roll p and pitch ¢ rates and their derivatives. Given the above
expression for the Blade Equation of Motion (BEOM), equation (D.3.121) on page 299
and equation (D.3.124) on page 300 are the full expressions for the thrust and torque
coefficients respectively. Section D.3.7 on page 292 shows the application of the BEOM
to specific flight conditions which are summarized below in Table 5.2 on the next page.

The derivation of the above set of main rotor equations of motion is one of the
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Table 5.2: Blade Equation of Motion Application

simplified C7r and Cg Section D.3.7.2 on page 301
non-constant blade flap coefficients Section D.3.7.3 on page 302
low frequency dynamics p,§ — small Section D.3.7.4 on page 304
low translational speed p — small Section D.3.7.4.1 on page 306
no hinge offset e = 0, no precone 3, =0 Section D.3.7.4.2 on page 307
first order Tip Path Plane BEOM Section D.3.7.4.3 on page 308
teetering blade BEOM Section D.3.7.4.4 on page 310

forward flight with constant flap coefficients Section D.3.7.5 on page 311

contributions of this thesis work. Some researches and engineers derive main rotor blade
equations of motion with physics based arguments such as gyroscopic effects and angular
dynamics. While valid, these derivations are difficult to reproduce. Most researches and
engineers make reference to authors that have derived similar equations from hinge force
and moment equilibrium equations. While valid and insightful, such derivations do not
quite derive the full non-linearities associated with the complexity of a rotating blade.
In all cases, most of the linearities can be neglected, and even the remaining equations
of motion are burdensome. Many simplifications must be made to arrive to a set of
tractable mathematical equations. Even further simplifications may be needed to arrive
at the same results obtained from hinge force and moment equilibrium equations. The
work presented in this section and related appendices mechanizes the derivation of the
blade equation of motion such that a full non-linear equation for a given set of simplifying

conditions is readily available. This is one of the contributions of this thesis work.

5.2.1.3 Tip Path Plane Blade Equations of Motion

Section B.6.3 on page 200 defines the Tip Path Plane (TPP). A useful assumption re-

garding the main rotor blade motion is that the thrust vector is perpendicular to the
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TPP [82]. Equation (D.3.156) on page 309 describes the TPP BEOM

16 . 16 8 K
_ﬁlc - _ﬁlc + B - _g + _Q—BBIS - 815
~€2 Q v Q Q%
(5.2.5)
165_5 q 16p SKﬁﬁ—i—Q
")/Q 1s — 1s 0O ~ 0O 792[5 lc lc
where the main rotor time constant 7,5 is given by
16

The same time constant applies to the longitudinal 7);z ¢ and lateral 73,z p flapping

produced by the body pitching rate ¢ and rolling rate p respectively

16
qTMR = ——~(4

~€2

I (5.2.7)
PTMR = _’Y_Qp

These terms above are important in that they are a source of rotor damping. The terms
—p/Q and —q/ Q are, respectively, the longitudinal and lateral blade flapping produced

by aerodynamic cross coupling via the body roll p and pitch ¢ rates. Finally, the term

8 Kg
v Qg

(5.2.8)

results from hinge offset and flapping restraint. It is a source of cross-coupling and it is
related to the blade natural flapping frequency defined in D.3.101
8 Kg 8

ST (vi—1—¢) (5.2.9)

The main rotor aerodynamic forces and moments are described in Appendix E on page
316, and are summarized next in Table 5.3 on the following page.

In the case when T¢oy = 0, yoar =~ 0, and the body angular rate of change p, ¢ are
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Table 5.3: Blade Equation of Motion Application

aerodynamic rotor forces and moments Section E.1 on page 316
rotor forces Section E.2 on page 321
rotor hub moments Section E.3 on page 325
coupled rotor forces and moments Section E.4 on page 329

neglected, the non-dimensional rotor forces and moments are given by equation (E.4.3)

on page 329.
ao
Cortr = (RCr + T285) Bre + VA&
JO ) (5.2.10)
Coun = (RCr = J655) bre+ v

where the stiffness number Sz = 8 (1* — 1) /v is given by equation (D.3.19) on page 263,

and its value is tabulated in Table .4 on page 373.

5.2.1.4 Main Rotor Stabilizer Bar

Section H.2.1 on page 367 develops the equations of motion and associated model for the
stabilizer bar shown in Figure 2.2 on page 16. The stabilizer bar is a teetering rotor that
carries negligible force, but serves the very important dual purpose of augmenting the
main rotor cyclic pitch command and increasing the damping moment in the helicopter
attitude dynamic [88, 87, 105]. An application of the main rotor blade dynamics in
equation (5.2.5) on the preceding page results in the first order Tip Path Plane (TPP)

equation of motion for the stabilizer bar in equation (H.2.6) on page 368

16 . 16
_Bstab,lc = 6stab et = P - _2 - estab,ls
QO 0O 40
(5.2.11)
0O stab,1s — stab,ls Q ~y 0O stab,lc
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5.2.2 Tail Rotor Aerodynamic Actuator Model

The tail rotor is the primary mechanism for torque compensation for the helicopter in
its current configuration. The tail rotor is a two-blade rotor with symmetric airfoils
with collective pitch control. Adjustments to the collective tail rotor blade pitch angle
generates sufficient thrust to counter the main rotor torque and any side forces that may
result from main rotor Tip Path Plane tilt. The tail rotor also provides the means for
directional heading control. Appendix L in Section L.2 on page 434 details the design of
control laws for automated tail rotor torque compensation.

In full scale helicopters, the tail rotor consumes about 5 — 10% of the main rotor
power during normal flight, and as much as 20% during flights at the edge of the flight
envelope [92]. For model helicopters, the tail rotor power consumption is about 10 —20%
due to the lower Raynolds number involved which increases the profile drag considerably
[105]. During normal flight operations, the trim side force needed to compensate for
the main rotor torque is found from equation (F.1.15) on page 338 and augmented in

equation (L.2.9) on page 437.

(5.2.12)

Vor — {QMR + nTRQTR]
TR = ]
TR r=r=0

An equivalent formulation is found directly from the power required to operate the heli-

copters [92]
P+ PR+ P,

2.1
Vrr (5.2.13)

Yrr = Trr =

where the term P, 4+ P + P, is the total power of the helicopter which can be found from
equation (C.2.14) on page 227 with the addition of the tail rotor power and parasite
power Ac Cy

k 1
CPZCQ: EC;/2+§pCD+)‘CCW+CPTR (5.2.14)

where the term k is an empirical factor that accounts for nonlinear aerodynamic physics

such as non-uniform rotor inflow, blade tip loses, nonlinear slip stream and wake effects
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on the tail rotor, etc. For the OU research helicopter, the value for k£ = 1.2.

5.2.3 Model of Helicopter Engine

The University of Oklahoma Helicopter Research Testbed (OU-HRT) runs with a 2-cycle
engine with a fuel capacity of 0.61in3 or 9.9582 cc. Table 1.16 on page 387 summarizes the
primary characteristics of this engine which has a maximum power output of about 2.2
Hp [8, 37]. The engine has a three needle carburetor that provides fine tune adjustments
throughout the operational range.

Section J on page 398 explores in detail the experiments related to the coupled engine
and main rotor characterization. Table J.1 on page 416 summarizes the primary com-
ponents that relate the operation of the engine-carburetor to the helicopter rotational

elements. Equation (J.2.19) on page 411 is the main rotor control design shown in Figure

J.10.
5.2.15
/3 ( )
]ifp — T —kQ
k AQ)
00—k + o 5 |1 =
5 S _ rot S

R
o0

A

Figure 5.2: Closed Loop Control Design Diagram.

Finally, the continuous time control design and loop transfer function characteristics

are summarized in table J.2 on page 417.

60



5.2.4 Models of Remaining Components

Other components in the helicopter serve useful purposes. Table 5.4 tabulates the most

important of these components and how they are accounted for in the various models.

Table 5.4: Other Helicopter Components and their Models

equation description

cooling fan (5.2.14)  induced power factor k
transmission gears (5.2.14)  induced power factor k
semi-rigid blade equivalent flapping hinge

drag hinge dynamics (D.2.41) model not used

Equation (D.2.41) on page 250 indicates that when the blade only rotates about
the drag (or lead/lag) rotation axis ¢ with pure lead/lag motion, the blade does not
induce any feathering or flapping rotation. Therefore, the main rotor blade drag hinge
dynamics are mostly important for high fidelity models and for research concerned with
the main rotor overall vibration signature and associated higher order effects on helicopter
dynamics [53, 119]. For first order dynamic modeling, the drag hinge dynamics are

considered stable with a net zero average effect in the rotor dynamic behavior.

5.3 Rigid Body Dynamics

Section B.5.1 on page 191 derives that translational dynamics which results in the six de-
grees of freedom (6-DOF) rigid body equation of motion (EOM) given by equation (B.5.6)

on page 193. In turn, Section B.5.3 on page 194 derives the rotational dynamics given
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by equation (B.5.14) on page 196. The resultant derivations are summarized in equa-

tion (H.1.1) on page 359 in Section H.1.1 on page 358.

. i : . X
u:rv—qw+x(q2—|—r2)—|—y(pq—r)—|—z(pr—|—q)—gsm9+E

Y
@:pw—ru—i—y(pQ—i—rQ)+z(qr—p)—l—:E(PQ—I-?*)#—gsingbcosﬁ%-E

. . . A
w:qu—pv+z(p2+q2)—l—x(pr—q)+y(qr+p)+gcosgz§cos@+E

LI, L. ,. Ly . I,— L Bpi  (5.3.1)
p=I—+[L(q2—r2)+1—(r+pQ)+I—y(q—m)+(y] Jgr + 7
. M [ZCE [{E . [z . [z_]x BHZ
q=I—+I—(r2—p2)+[—y(p+qr)+[i(r—pQ)+( i i + —

Yy ) ) Yy ) Yy
. N ]xy 2 2 Iyz . Iza: . (Ix — Iy) BH;
PE T (p —q)+IZ (q+7"p)+lz (p—qr)+ Pt

where [X Y Z]T are the total forces acting on the vehicle, [L M N7 are the total moments
acting on the vehicle, and [PH. "H; PH!|" are the total moment contribution from all
rotating parts other than the main rotor and the tail rotor. In the above expressions,
the ) subscript applies to the main rotor, )rg applies to the tail rotor, )z applies to
the horizontal tail, the )yr applies to the vertical tail, )r applies to the fuselage. The

following simplifications apply:

1. the current helicopter configuration does not have a vertical and horizontal tail,

and the )gr and )y components drop.

2. the center of pressure coincides with the vehicle’s center of mass, and the fuselage

moment contribution Mz = 0, Np = 0 are zero.

3. the rotating engine components contribution to moment is negligible when com-

pared to the main and tail rotor moment contributions.

4. all the rotating moment contributions are accounted for by the main rotor and the

tail rotor, and the terms P H' are zero.

5. take the moments about the center of mass, and the x,y,z components of the
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moment arm are zero.

6. the cross inertias are much smaller than the principal inertias, and the cross product

moment of inertia can be neglected without loss of accuracy [91].

The resultant 6-DOF EOM are now

. : Xur+ X
u:rv—qw+—951n0+M
m

Yur+Yr+Yrr
m

U =pw —ru-+ gsin¢cosf +
Zymr+ ZF + Z1R

W = qu —pv + gcospcosl +

m
_ (Iy[_xIZ)qT+ LMR]‘: Lrr

i— ([Z[_y[z>7"p+ M[z\ym

P (le—zly)pq+ NMRI‘L‘ Nrr

(5.3.2)

Section B.5.2 on page 193 derives the position dynamics resulting in equation (B.5.8)

on page 194, and work in Section B.4 on page 189 yields the kinematic equations equa-

tion (B.4.6) on page 190. The two results are again summarized in equation (H.1.6) on

page 361

(;‘s_ | 1 singtand cos¢tand p
=10 cos ¢ —sin ¢ q
¥ 0 singsecd cospsech r
ip ] _ by spsbc) — copsy  copsbc) + spsip
Yp | = | st spslsip+ cocy  copstsy — spey
Zp —s6 spch coch
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5.3.1 Simplified Equations of Trim

Appendix F on page 331 explores the trim equations. Equation (F.1.12) on page 336
presents the most general equation of trim. Derivation of the trim equations use the

following considerations where they apply
1. the linear and angular trim velocity vector is constant or equal to zero
2. for symmetric flight, the trim velocities are set to zero
3. small angle approximation apply such that sinf =~ 6 and costheta ~ 1

4. the thrust generated by the main rotor 7" and the helicopter weight W = mg

dominate the force related dynamics.

5. small drag terms multiplied by small angles are of much less in magnitude than the

thrust 7" and the weight W

Given the above conditions, then equation (F.1.15) on page 338 present a set of trim

equations

O: W—TMR
0=D+ Hyr —TyrOr
0=Yyr+Trr+Yr+Tyur¢r
(5.3.4)
0= MyMR‘i_MyF"'W(hQF_l'CM) —hD
0= Myyr+ Mup+W (hoop —you) + Trr hrr

O:QMR_YTRZTR
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5.3.2 Linear Equations of Motion about Trim

Section F.1.2 on page 339 derives the linear equations of motion about the trim condition

. X
U+ quwy = —
m
. Y
VF+rug—pwy = —
m
. A
w—quy = —

m (5.3.5)
I,p—1,r=1L
I,g=M
Iv—1,.,g=N

The equivalent state space representation of the linear equations of motion is given by

Equation (F.1.21) on page 339
& = Ax + Bu(t) + d(t) (5.3.6)

where the state and control vector are given by Equation (F.1.24) on page 340

T
$={qu91}pr¢]
(5.3.7)

T
U= [90 015 0Oic Oorr }

The elements of the input control vector u are the main rotor collective, longitudinal and

lateral cyclic, and the tail rotor collective input.
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The respective longitudinal and lateral stability matrices are

Alon =

Xu Xw_qo Xq_w[)

The cross-coupling matrices are

XU—"_TO
Zv — Do

M,

0

Y. — 1o
L,
N,

0

—gcosth

Zu+ Qo Zw Zy+uy —gcos¢gsinb
M, M, 0
0 0 coS ¢ 0 |
Y, Y,+w Y, — ug gcosgbcos&o-
L, Ep + jpr(lo L, — 7pQ0 0
Nv Np - _TQO Nr - I_;DTQO 0
1 oS ¢ tan 0 |
X, X, + o 0
Zy — Z, —gsin ¢ cos b
e 0
—Igro — 2L..po  —1Igpo + 21,1
0 —sin ¢y K,
Yo + po Y, —gsin ¢ sin b ]
Lo f/q + _fp,,po — fpro 0
N, N, — Lpo— L,rg 0
0 sin ¢q tan 0 Ky |

The control matrix is given as
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where the longitudinal and lateral control matrices are

Blon =

Blat -

5.4 Stability Derivatives

Lelc
Nelc
0

Ys

T
Ls,

N,
0

(5.3.11)

Section G on page 342 looks into the stability derivatives that affect the helicopter coupled

rotor-fuselage equations of motion.

67



Chapter 6

Helicopter Sensors

6.1 Signals and Sensors
Table 6.1 summarizes the sensors available to the OU research helicopter.

Table 6.1: Sensors

main rotor angular velocity Q hall effect sensor

body inertial angular rates p, q, v pizo-elec rate gyro, MotionPak
angular attitude angles o, 0,1 electronic compass

body inertial linear acceleration w, v, w pizo-elec accelerometers, MotionPak
inertial position x,y differential GPS

altitude above ground z ultrasound /infrared transducers
on-board battery voltage Viat analog-to-digital transducer

blade pitch angles (static mea.)  Gyqaqe inclinometer

6.2 Main Rotor Angular Velocity Measurement

The engine, main rotor, tail rotor and transmission angular velocities are related via fixed
gears relations. The belt that transmits angular motion from the engine to the main
rotor is flexible, and thus the belt drive provides a degree of damping. The remaining
set of transmission gears are fixed. Therefore, measurements of the main rotor angular
velocity provides an estimate for the angular velocity of all rotating components. Table I.1
on page 372 tabulates various parameters that characterize the rotating components
including the overall rotational inertia I,,;. Equation (C.1.17) on page 208 indicates that

the main rotor angular velocity €2 is a most fundamental parameter due to the large
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magnitude of the angular velocity for model helicopters (2 ~ 1500 rpm) and it is being
raised to the second or higher power in each of the thrust 7', torque ) and power P

expressions.
T = prR*(QR)* CrQ = p7R* (QR)* RCoP = p7R* (QR)® Cp (6.2.1)

where Cr, Cg, Cp are the thrust, torque and power coefficients respectively. In turn, the
thrust 7" and the thrust coefficient C'r are necessary to compute the main rotor blade

pitch angle to generate the proper lift as indicated in equation (C.2.15) on page 227

6 3 |Cr
= &—pCT +5\ 5 (6.2.2)

The torque @ is necessary to compute the tail rotor compensating torque as indicated

by the trim equation equation (F.1.15) on page 338

0= QMR — YTR ZTR (623)

and the overall power P is necessary to compute the engine throttle setting as indicated

by equation (L.2.9) on page 437.

(6.2.4)

Voo [QMR + nTRQTR]
TR =
r=r=0

lrr

6.2.1 Main Rotor Angular Velocity () Measurement via a Hall

Effect Sensors

The Helicopter’s main rotor gear has three permanent magnets embedded at 120° of each
other as shown in Figure 2.15 on page 27. The permanent magnet swoops very closely
by a hall effect sensor embedded in the helicopter’s frame as shown in Figure 2.16 on

page 28. Each time the magnet is next to the sensor, the sensor activates a pulse that
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is detected by an on-board computer. The estimation of the main rotor angular velocity

follows directly by counting the time lapse between pulse events.

6.3 Fuselage Linear Acceleration and Angular Veloc-
ity Measurements

The Systron Donner MotionPak precision sensor suite measures the fuselage linear iner-
tial accelerations and the body inertial angular rates. Both the linear accelerations and
the angular rates where calibrated with the use of the rate table shown in Figure 2.19 on
page 30.

Section 1.2.1 on page 376 on Appendix I details the most important parameters per-

taining to the MotionPak sensor.

6.3.1 MotionPak Sensor Suite Location

The actual location of the MotionPak sensor suite is very important. Figure 6.1 on the
following page shows the MotionPak rigidly attached to a structure at the nose of the
helicopter. This position is far from the engine heat with cooling airflow from the main
rotor wake, but the location is not optimal due to excessive vibrations encountered at
this location. Figure 6.2 on the next page shows the relocation of the MotionPak sensor
suite rigidly attached beneath the engine, closer to the center of mass. A thermal cover
over the MotionPak (not shown) deflected the hot air pushed along the sides of the engine
by the cooling fan. Figure 6.3 on page 72 presents the MotionPak measurements of the
linear accelerations (i, ©) and angular rates (p, ¢) during a real-time test run when the
helicopter is constrained to move only along the z-axis. The acceleration and rates should
be nearly zero during this run, but both the measured accelerations and rates vary widely

in amplitude rendering the data useless for feedback control or navigation purposes.
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Figure 6.1: MontionPak Sensor Suite Location at front of the Helicopter.

Figure 6.2: MontionPak Sensor Suite rigidly attached to the fuselage and positioned
beneath the engine, close to the vehicle’s center of mass.
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Figure 6.3: MotionPak linear accelerations (4, v) and angular rates (p, ¢) measurements
with sensor suite positioned beneath the engine close to the vehicle’s center of mass.
Data collected during a test run with main rotor angular velocity €2 actively controlled
in real-time.
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Figure 6.4 on the next page shows the MotionPak sensor suite mounted on vibration
isolation pads, and Figure 6.5 on the following page is a close-up of the MotionPak
as mounted on the helicopter. Figure 6.6 on the next page is a photo montage that
shows the MotionPak position in the helicopter relative to the main rotor, tail rotor and
engine. Figure 6.7 on page 75 shows data collected during a test run with roll, pitch and
yaw actively controlled in real-time. The blue curve on the top graph is the measured
heading 1), the black curve is the command heading )¢, the red curve is the yaw rate,
the green curve is the measured main rotor angular velocity €2, the magenta curve is the
tail rotor autopilot command, and the dark-green curve is the main rotor blade pitch
angle  command. Figure 6.8 on page 76 shows the Gaussian distribution of the collected
data for runs with the MotionPak rigidly attached to the helicopter frame, and for data
collected with the MotionPak mounted on the vibration isolation pads. The plots indicate
that the data quality is more than one order of magnitude better than data measured
prior to mounting the MotionPak on vibration isolation pads. 6.2 tabulates the standard
deviation of two data runs. The first data run on the left column was taken with the
MotionPak rigidly mounted underneath the engine, and the second data run on the right

column was taken with the MotionPak mounted on isolation pads.

Table 6.2: Standard Deviation of MotionPak Measured Data.

Mounting Option — Rigidly-Attached Isolation-Pads
linear x-axis velocity « 0-0887 0-0191
linear x-axis velocity v 0-1501 0-0276
roll rate p 5-5546 0-0575
pitch rate ¢ 24315 0-0399
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Figure 6.4: Photo montage of the MontionPak Sensor Suite mounted on vibration isola-
tion pads.

Figure 6.5: MontionPak Sensor Suite mounted on vibration isolation pads and positioned
beneath the helicopter engine.

Figure 6.6: MontionPak Sensor Suite positioned beneath the engine and mounted on
vibration isolation pads.
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Figure 6.7: MotionPak linear accelerations (4, v) and angular rates (p, ¢) measurements
with sensor suite positioned beneath the engine and mounted on vibration isolation pads.
Data collected during a test run with roll, pitch and yaw actively controlled in real-time.

75



0.8} /

0.6} /o

PDF (normalized)

-05 -04 -03 -02 -01 0 0.1 0.2 0.3 0.4 0.5
acceleration (mg)

0.6F / / \ B

0.4r / / _

PDF (normalized)
Ve

0.2 ~ / N N 1

0 | — | il 1 |
-15 -10 -5 0 5 10 15
rates (deg/sec)
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gular rates (p, ¢). The dash-dash curves present data taken with the MotionPak rigidly
attached to the fuselage, and the solid curves present measured data with the MotionPak
mounted on vibration isolation pads.
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6.4 Center of Mass Position

Position information comes from differential GPS setup that uses the NovAtel ProPack
reference station and MiLLennium II RTK2 GPScard as the dynamic GPS engine (Sec-
tion 1.2.2 on page 378). The GPS latitude and longitude are converted to Earth Centered
Earth Fixed Coordinate (Section B.1.8 on page 181) system using the WGS-84 ellipsoidal

datum and the standard algorithm [].

X = (N + h) cos ¢ cos A
Y = (N + h)cos¢sin A

Z = [N(l—eQ)—i—h} sin ¢

N a (6.4.1)
V1 —e2sin? ¢
_a—b
/= a
& =2f — J?

and the following holds

e ¢, \, h are the geodetic latitude, longitude, and hight above ellipsoid.

X, Y, Z are the Earth-Centered Earth-Fixed Cartesian Coordinates.

e N (¢) is the radius of curvature in prime vertical.

a is the semi-major Earth axis (ellipsoid equatorial radius).

b is the semi-major Earth axis (ellipsoid polar radius).

f is the Earth flattening.

e? is the eccentricity squared.

Helicopter flight involves angular dynamics that are inherently faster than the Earth’s

rotation Q2g. Therefore a large number of helicopter flight missions neglect the Earth’s

77



rotation and assume a non-rotating earth approximation. In addition, the three dimen-
sional displacements and velocities involved in most helicopter maneuvers do not require
taking into account the curvature of the Earth. Therefore it is reasonable to accept
a locally flat Earth approximation for helicopter missions of short duration. For any
particular mission, the distance traveled is known by computing the differential ECEF
coordinates from the current position to the starting position. The differential ECEF
coordinates computed on board the helicopter correspond to a particular place on the
GPS antenna. Simple geometry transfers this knowledge to the helicopter’s center of

mass.

LAT N 35.21025° LONG W 97.44053°
-2000 -150.0 -100.0 -50.0 0.0 50.0 100.0 150.0 2000

500
IR IENa=
i

500 L B

-1000

Figure 6.9: Differential GPS Experiment at the University of Oklahoma. Portions of
differential data loss are the result of positioning the GPS antenna under a tree canopy.

6.5 Helicopter Body Attitude

Section 1.2.6 on page 384 presents the specifications related to the Honeywell HMR3000
electronic compass. The compass gives information at a rate of 10 Hz about the roll
¢, pitch 6 and heading angle ¢ attitude of the helicopter. The compass’s input stream

passes through non-linear filters that keep missed readings from corrupting the data.
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6.6 Center of Mass Altitude

Section 1.2.8 on page 388 presents data pertaining to the ultrasound transducers used in
the helicopter. The helicopter has three ultrasound transducers working in unison in an
attempt to provide redundant altitude information and attitude information. The ultra-
sound interfaces with a host CPU via digital input/output, and the host CPU controls the

sensitivity of the various ultrasounds by varying the setting on a digital potentiometer.
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Chapter 7

Design of the Helicopter Feedback Control Loops

7.1 Engine Governor and Main Rotor RPM Control
Loop

Figure 7.1 on the following page presents a block diagram of the the engine governor and
the main rotor angular velocity control loop. A component of the available torque .
generated by the engine is utilized to turn the main rotor and to drag the main rotor
blades through the air. When an equilibrium point exists, the difference between the
available engine torque and the summation of all required torques will be zero Q). — > =
0, and the angular velocity will remain constant. To ensure that this is the case in
all flight conditions, the main rotor angular velocity {2 is subtracted from a reference
or command angular velocity ¢ to generate an error signal equal to the difference
errorq = Q¢ — . The error signal errorq serves as an input to a proportional plus
integral (PI) compensator which will output a differential command dy, to the throttle
electro-mechanical digital servo. The end result is a control loop that will track a desired

main rotor angular velocity €.

7.2 Yaw Rate and Heading Control Loop

Figure 7.2 on page 82 shows a graphical representation of the torque equilibrium about
the Center of Mass (CM) along the z-axis. The engine generates torque to turn the main

and tail rotors and to drag the main and tail rotor blades. Since the engine is attached to
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Figure 7.1: Block diagram for the engine governor and main rotor angular velocity control
loop.

the fuselage, the fuselage responds with an equal but opposite reaction torque. The tail
rotor compensates by generating sufficient thrust Trg such that, when multiplied with
the moment arm Irg, the tail-rotor-compensating torque Irg - Trgr is equal but opposite
to the fuselage torque. Figure 7.3 on page 83 shows two instances of tail rotor collective
pitch angle. In the first case (1), the thrust generated by the tail rotor is in the negative
y-direction. In the second case (2), the thrust is in the positive y-direction and provides
proper compensation.

Figure 7.4 on page 84 presents a block diagram for the yaw rate and heading control
loop. The heading measurement v is subtracted from the desired heading setting ¥¢,
and the heading error error, is the input to the proportional plus integral (PI) heading
feedback control compensator. A proportional yaw rate measurement also contributes to
the output of the compensator that provides a differential input to the tail rotor collective

blade pitch angle command. The loop is designed to track the desired heading and to
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reject disturbances at the tail rotor.

Q main rotor
MR torque

tail rotor hub

-
" 4 Tir
\ \
d;- I /} ~ QTR
™ o
. fm&ﬂ QTR
engine = % ©
‘v_”m <0
I
engine Q CM R
shaft torque E /
fuselage Q tail rotor
reaction torque wr *+ NreQr L Trn = Qs + Ny Qi Eg;glzinsatmg

Figure 7.2: Torque Equilibrium about the Center of Mass (CM) along the z-axis. In
the figure, €2 is the main rotor angular velocity, Qrg is the tail rotor angular velocity,
Qr, Qur, Qrr are the engine available torque, the main rotor torque and the tail rotor
torque respectively. In addition, nyg is the main rotor to tail rotor gear ratio, and l7g is
the location of the tail rotor hub behind the CM.

7.3 Pitch Rate and Pitch Attitude Control Loop

Figure 7.5 on page 84 shows the swashplate longitudinal inputs ¢;,, to the main rotor
blade pitch angle #. In the first case (1), the longitudinal cyclic forces the main rotor
blade to reach a maximum angle of attack at the 90° blade azimuth station (positive
y-axis at the right side of the aircraft). At this azimuth point, the blade experiences
the largest thrust, which in turn forces the blade to flap upward. The blade reaches its

maximum flapping angle at the nose of the aircraft which has the effect of tilting the Tip
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e

Figure 7.3: Tail Rotor collective pitch angle. In the figure, the tail rotor collective pitch
angle (1) generates the least thrust as illustrated in Figure 7.2 on the previous page, and
the thrust may even be in the opposite direction. The tail rotor collective pitch angle (2)
is in the same direction as in Figure 7.2, and provides proper compensation.
Path Plane (TPP) and the rotor thrust vector rearward. A rearward tilt of the thrust
vector causes the nose of the aircraft to pitch up. In the same figure, the swashplate
longitudinal input (2) causes the blade to reach its maximum angle of attack at the
blade azimuth station of 270° degrees (negative y-axis at the left side of the aircraft). In
this case the maximum thrust at this location causes the blade to flap to its most upward
angle at the blade azimuth station of 0° degrees. The TPP tilts up at this location and
down at the nose of the aircraft, and the thrust vector follows soon thereafter. The result
is a nose-down fuselage attitude.

Figure 7.6 on page 85 shows a block diagram in which a pitch attitude error errory is
the input to a proportional plus integral compensator. A proportional pitch rate ¢ adds

to the output of the PI compensator to generate a differential input to the longitudinal

cyclic servo.
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Figure 7.4: Block diagram for yaw rate and heading angle control loop.

Figure 7.5: Swashplate longitudinal cyclic control input. In the figure, the swashplate
position (1) inputs longitudinal cyclic to the main rotor blade pitch angle that will result
in a nose-up tilt of the fuselage. The swashplate position (2) inputs longitudinal cyclic
to the main rotor blade pitch angle that will result in a nose-down tilt of the fuselage.
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Figure 7.6: Block diagram for longitudinal pitch rate ¢ and pitch attitude 6 control loop.
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7.4 Roll Rate and Roll Attitude Control Loop

Figure 7.7 on the following page shows the swashplate lateral inputs d;,; to the main
rotor blade pitch angle 6. In the first case (1), the lateral cyclic reaches maximum angle
of attack at the 180° blade azimuth station (positive x-axis at the nose of the aircraft).
At this azimuth point the blade experiences the largest thrust, which in turn forces the
blade to flap upward at this location. The blade reaches its maximum flapping angle
at the left side of the aircraft which has the effect of tilting the Tip Path Plane (TPP)
and the rotor thrust vector to the right. A positive tilt of the thrust vector causes the
fuselage to roll to the right. In the same figure, the swashplate longitudinal input (2)
causes the blade to reach its maximum angle of attach at the blade azimuth station of
0° degrees (at the rear of the aircraft). In this case the maximum thrust at this location
causes the blade to flap to its most upward angle at the blade azimuth blade station of
90° degrees blade azimuth station (positive y-axis at the right side of the aircraft). The
TPP tilts up at this location and down at the left of the aircraft, and the thrust vector
follows soon thereafter. The result is a left roll of the fuselage attitude.

Figure 7.8 on the next page shows a block diagram for the lateral roll rate ¢ and roll
attitude ¢ feedback loop. A proportional plus integral compensator takes as its input
the roll attitude error errorg, and a proportional component of the roll rate ¢ adds to

the compensator output to provide a lateral cyclic d;,; to the lateral cyclic servo.

7.5 Altitude Control Loop

Figure 7.9 on page 88 shows a photo montage of the swashplate with no cyclic inputs,
and therefore the swashplate remains horizontal with respect to the x-y plane of the he-
licopter. In this figure, position (1) corresponds to the lowest position of the swashplate
at which the rotor generates negative or downward thrust. In turn, position (2) is a mid-

way position where the rotor generates positive or upward thrust, while the swashplate
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Figure 7.7: Swashplate lateral cyclic control input. In the figure, the swashplate position
(1) inputs lateral cyclic to the main rotor blade pitch angle that will result in a positive
roll of the fuselage. The swashplate position (2) inputs lateral cyclic to the main rotor
blade pitch angle that will result in negative roll of the fuselage.
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Figure 7.8: Block diagram for lateral roll rate ¢ and roll attitude ¢ control loop.
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position (3) is at its highest where the blade pitch angle will be the largest.

Figure 7.10 on the next page shows a block diagram for the baseline altitude h control
loop. The vertical velocity w is estimated from the vertical acceleration measurement
and the collective blade pitch angle inputs. The proportional portion of the estimated
vertical velocity is added to the output of an altitude compensator that takes the altitude
error errory as its input. The output of the compensator provides the differential input

to the collective blade pitch angle servo.

Figure 7.9: Main Rotor Collective Blade Pitch Angle Input. In the picture, the swashplate
is at its lowest position at (1), mid position at (2), and highest position at (3).

7.6 Baseline Helicopter Feedback Control

Figure 7.11 on page 91 shows the baseline control design for the research helicopter. The
sensor models are ignored in this diagram. The main rotor angular velocity feedback
maintains a constant angular velocity {2 and decouples the rest of the control loops from
this measurement. The heading feedback control loop automatically compensates for the
torque induced when generating thrust. This loop decouples the engine and tail rotor
toque from the remainder of the control loops. The roll and pitch rate and attitude loops

stabilize the helicopter platform. The altitude hold loop provides the necessary inputs
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Figure 7.10: Block diagram for the altitude feedback control loop.
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to maintain a desired altitude above the ground. At this point, the helicopter is a stable
platform with the main rotor that serves as an actuator to provide locomotion at an

altitude.

7.7 Helicopter Position Feedback Control

Figure 7.12 on page 92 shows the baseline helicopter feedback control block diagram
with augmented controls to provide locomotion and position hold. The control loop is
designed for position hold and small displacements. The aircraft will navigate between

waypoints and hold altitude and position at the destination point.
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Chapter 8

Engine Governor and Main Rotor Angular Velocity
Experiment

8.1 Experiment Setup

The Linear and Directional Test Stand (LDTS) is restricted to move in the vertical
direction only with a lock on the angular motion about vertical. The tail rotor collective
pitch angle is disconnected to allow the tail rotor blades to spin freely to its equilibrium
position. This avoids unnecessary stress on the helicopter structure and on the LDTS

itself. The experiment consists of four parts
1. open loop engine and main rotor dynamics characterization
2. modeling of the open loop engine and main rotor dynamics
3. engine governor and main rotor angular velocity control design and implementation
4. testing and experimental results of closed loop feedback control

Appendix J on page 398 details the above steps, a summary of which follows.

8.1.1 Open Loop Engine and Main Rotor Dynamics Character-
ization

Figure 8.1 on the following page plots data characteristic of an open loop real-time test

run. The inputs consists of steps in throttle command, and the collected data yields
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information related to the engine-main rotor system time constant, rise time, and rotor
damping, throttle gain, etc. Figure 8.2 on the next page shows an example of data

extraction from open loop data. This work is detailed in Section J.2 on page 399.

dash-blue: throttle pulse-width (msec), solid—-red: rpm
1800 . . . . . . .

1600 : [N : : : = : = 7

1400f — — — — :

1200
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1000

800
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Il Il
20 40 60 80 100 120 140 160
time (sec)

400 | | | |
0

Figure 8.1: Sample Main Rotor Angular Velocity €2 data resulting from varying throttle
inputs and Main Rotor Blade Pitch Angle 6 set at 8 degrees.

8.1.2 Modeling of the Open Loop Engine and Main Rotor Dy-

namics

Figure 8.3 on page 96 presents simulation results superimposed on real-time data ob-
tained from open loop commands to the engine-main rotor system. The block diagram
in Figure 8.4 on page 96 shows the mathematical simulation model with the previously
obtained time constant, rise time, rotor damping and throttle gain. The simulated data
follows the collected data closely, with the caveat that the model lacks some drag terms.

In contrast, the rise time and the rotor damping are captured very well by the model.

94
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Figure 8.2: Time to Rise and Time Constant estimates for Engine/Carburetor-Main
Rotor dynamic system.
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This model is therefore suitable for control design. Section J.2.1 on page 404 and Sec-

tion J.2.2 on page 409 detail the steps taken to arrive at these results.
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Figure 8.3: Open Loop Simulation Result for Rotor Angular Velocity 2.
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Figure 8.4: Engine-Carburetor and Main Rotor Dynamics Model.
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8.1.3 Engine Governor and Main Rotor Angular Velocity Con-

trol design and implementation

Once the open model predicts the fundamental dynamics for the system that needs
control, the control design can readily take place. This is done in Section J.2.3 on
page 410, and Figure 8.5 shows the block diagram for the engine governor and main

rotor angular velocity feedback controller.

5Th throttle PWM

05 | Ad.
86 ] Th 50 trim throttle PWM
command - idle rotor angular velocity ()
rotor angular velocity I
e ki AQE 1 1 AQ
Q.- () k, te | 3 o+
rot
oQ |, Q,
oQ idle rotor
angular velocity
rotor damping

Figure 8.5: Closed-Loop Engine-Carburetor, Main Rotor Dynamics Model.

8.2 Testing and Experimental Results of Closed Loop

Feedback Control

Section J.3 on page 416 summarizes the results from the engine governor and main rotor
angular velocity experiments. This is the main result of the experiment; the closed loop
control on Figure 8.5 is able to maintain constant angular velocity in the presence of
disturbances (changing blade pitch angle) with model uncertainties. Figure 8.6 on the
next page shows real-time data obtained with the system operating under closed loop
feeback. The black curve present open loop changes in the main rotor blade angle of
attack, and the red curve is the measured angular velocity during the test flight. The

main rotor angular velocity remains constant even when the main rotor blade pitch angle
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changes.

Figure 8.6 also plots the simulated data. The simulated data matches the collected
data almost exactly, and the throttle command input obtained from simulation matches
the actual input very closely. This is a component of the main result for the experiment,
that the simulation model for the engine-main rotor system dynamics accurately predicts

the real system behavior.
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Figure 8.6: Engine-Carburetor model simulation results compared with real-time data.
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Chapter 9

Helicopter Aerodynamic Model Experiment

9.1 Experiment Setup

The Linear and Directional Test Stand (LDST) is allowed to move both in the vertical
direction and with angular motion about about vertical axis. The experiment consists
of two parts. The first part disconnects the tail rotor collective blade pitch input to
characterize the torque generated by the main rotor induced and profile blade drag.
During the second part of the experiment the tail rotor collective pitch angle is active,
and inputs to the tail rotor will result in torque generation of the tail rotor thrust times
the moment arm. This part of the experiment attempts to characterize the tail rotor
thrust and torque. A cantilever beam fitted with strain gages acts as a bending beam
load cell used to measure the reaction torque generated by the fuselage as a result of the
available engine torque.

Figure 9.1 on page 101 shows the torque equilibrium setup present in this experiment.
The engine generates sufficient torque to drag the main and tail rotor blades through the
air, and the fuselage reacts with equal and opposite torque. As said previously, the first
part of the experiment frees the tail rotor inputs such that the tail rotor blades find an
equilibrium position with minimum energy. This minimum energy equilibrium state for
the tail rotor corresponds to the torque consumed to overcome profile drag. In contrast,
the main rotor generates thrust which induces a component of drag in addition to profile
drag. This is the torque that the engine puts on the body, and the toruge that the

bending beam load cell measures. During the second part of the experiment, the lad
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cell beam measures the difference between the reaction force from the fuselage and the
torque generated by the tail rotor. This allows for the characterization of the tail rotor
torque.

The experiment consists of four parts
1. open loop main rotor torque characterization
2. open loop tail rotor aerodynamic characterization.

Appendix K on page K details this experiment. The main rotor angular velocity
remains constant throughout the duration of the experiments. Figure 9.2 on page 102

shows the helicotper on top of the Linear and Directional Test Stand (LDTS).

9.2 Open Loop Main Rotor Torque Characterization

Section K.3.1 on page 421 details the work done during this part of the experiment.
Figure 9.3 on page 104 shows data collected during this portion of the experiment. The
main rotor angular velocity remains constant for portions of the data run when the
collective blade pitch angle is varied to generate thrust. The torque measured by the
bending beam load cell measures the reaction torque from the fuselage. It is easy to see
that the fuselage reaction torque follows the main rotor collective blade pitch angle; this
is due to the torque induced by the generation of thrust (lift on the rotating wings or
blades). Figure 9.4 on page 105 shows a portion of the data presented in the previous
figure, and the measured average torque for a section of the flight data when the blade
pitch angle remained constant. The change of altitude of the helicopter (bottom graph)
helps determine the thrust generated by the helicopters as described in Section 1.4 on
page 395. With the thrust of the main rotor known, the related torque is also known.
These values are varied until the aecrodynamic model matches the data collected as shown

on Figure 9.5 on page 106.
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Figure 9.1: Torque Equilibrium about the Center of Mass (CM) along the z-axis. In
the figure, 2 is the main rotor angular velocity, Q7 is the tail rotor angular velocity,
QE, Qur, Qrr are the engine available torque, the main rotor torque and the tail rotor
torque respectively. In addition, nyg is the main rotor to tail rotor gear ratio, and Iy is
the location of the tail rotor hub behind the CM.
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"

Figure 9.2: Helicopter Research Testbed sitting on the instrumented, purposed-built
Linear and Directional Test Stand (LDTS).
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A fundamental non-linear model of RPM is derived in Section J.2 on page 399 and
proved experimentally in Section K.3.1 on page 421. Figure K.6 on page 427 shows
that the compound main rotor and tail rotor torques could be modeled very accurately
with a bias term plus a nonlinear term involving the product of RPM squared times the
main rotor blade pitch angle raised to the three-halves power. It follows that this model
(equation (J.1.3) on page 398) is key to developing a simple, but accurate transfer function
model of the open-loop plant for the entire helicopter system which is then used to develop
all the feedback control laws for autonomous flight purposes. In particular, the model is
used to linearize the state-equation for RPM dynamics and develop a simple but accurate
transfer function between the available torque of the engine and RPM (equation (J.2.5) on
page 403). Consequently, it is of paramount importance, then, that the data in the upper
graph in Figure 9.5 on page 106 matches the theory developed in Section J.2 on page 399.
This validation of the theory for developing a simple, but accurate transfer function of
the open-loop plant (Figure J.9 on page 409) paves the way for developing simple, but
robust feedback control laws for autonomous flight of the helicopter. Moreover, the model
in equation (J.1.3) on page 398 and experimental data in Figure 9.5 on page 106 are used
in a feedback linearization loop that estimates the trim engine torque very accurately for
all flight conditions. That is, for a given input RPM and main rotor blade pitch angle
Onr, equation (J.1.3) on page 398 and experimental results in Figure 9.5 on page 106
give a non-linear estimate of the trim throttle setting throughout the helicopter flight
envelope. The intrinsic and fundamental importance of this result cannot be overstated.
The development of accurate and robust open-loop transfer function for the helicopter
main rotor RPM and the development of a torque feedback linearization mechanism
valid throughout the allowable flight envelope are key milestones for and two primary

contributions of this thesis work.
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Figure 9.3: Torque Experiment with no Tail Rotor Inputs.
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Figure 9.4: Torque Experiment sample data €2 = 1400 rpm.
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Figure 9.5: Torque Measurements Experiment with free tail rotor inputs.
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9.3 Open Loop Tail Rotor Aerodynamic Character-
ization

Once the main rotor aerodynamic model and related torque characterization is complete,
then the tail rotor aerodynamic characterization use these results to arrive at a reasonable
model for the tail rotor. The tail rotor is particularly difficult to characterize because
of the complex airflow characteristics in which the tail rotor operates. The tail rotor
sees flow components from the main rotor wake which is turbulent and highly non-linear,
from the angular rotation of the body, and from its own rotatory related aerodynamics.
A characterization of the tail rotor will provide the necessary understanding to design
closed loop directional control laws. Section K.3.2 on page 431 details the work done in
this part of the experiment.

Figure 9.6 on the next page shows a data set from a real-time run in which the
tail rotor actively controlled the heading of the helicopter. The bending beam load cell
measured the difference between the reaction torque and the compensating tail rotor
torque. The tail rotor thrust and compensating torque are isolated from the data by
subtracting the component of main rotor torque. The residual torque is the torque
generated by the tail rotor thrust times the moment arm from the center of mass to
the tail rotor hub. In this figure, the red curve is the experimental measured data with
the model-theoretical main rotor torque subtracted from the data. The dark blue curve
is the tail rotor thrust times the moment arm. The light blue curve at the top of the
graph is the main rotor angular velocity in RPM units, the magenta curve is the tail
rotor collective input to the corresponding tail rotor servo. The green curve is the main
rotor induced torque. The graph shows that the model-theoretical computed (dark blue
curve) tail rotor torque closely matches the torque (red curve) estimated from real-time

data measurements.
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9.4 Experimental Results

The top graph on Figure 9.7 on the following page shows the measured torque (red curve)
and the computed torque (black curve). The blue curve is the total computed torque.
The difference between the measured torque and the total computed torque amounts
to losses in the system and in the experimental setup. The induced torque matches
the measured torque very closely. In turn, Figure 9.6 on the previous page shows close

agreement between measured data and estimated tail rotor data.
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Figure 9.7: Torque Measurements and Computed Torque.
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Chapter 10

Helicopter Yaw Rate and Heading Control
Experiment

10.1 Experiment Setup

The yaw rate and heading hold experiments were conducted in two steps. During the
first part, the yaw rate experiments utilized the Rotational Dynamics Test Stand (RDTS)
seen in Figure 10.1 on the following page. The second part of the experiments used the
Linear and Directional Test Stand (LDTS) shown in Figure 10.2 on the next page. The

following steps followed the development of the experiments
1. open loop tail rotor control input characterization
2. yaw rate control design
3. heading hold control design

Section L.2 on page 434 covers the development of this section in great detail.

10.2 Open Loop Tail Rotor Control Input Charac-

terization

The principal objective in this portion of the experiment is to find the trim settings
when the tail rotor operates in open loop. This empirical solution to find the tail rotor

trim bypasses a number of difficulties with the tail rotor aerodynamic model, principally

111



1

S 4 A

", F:-‘::
b

Figure 10.1: Helicopter on the Rotational Dynamics Test Stand (RDTS) during a real-
time yaw rate experiment.

Figure 10.2: Helicopter on the Linear and Directional Test Stand (LDTS) during a real-
time yaw rate experiment.
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as it relates to the tail rotor thrust prediction in the presence of the main rotor wake.
Figure 10.3 shows data from a real-time data run with the helicopter operating on the
LDTS. The heading of the helicopter is held constant over short periods of time at
various flight conditions indicated by the different main rotor angular velocity settings and
different settings in the main rotor blade pitch angle. Figure 10.4 on the following page
and Figure 10.5 on page 115 plot a collection of data taken during multiple real-time runs,
and the empirical trend in both figures show the relationship between the aerodynamic
model and the trim condition for the tail rotor. These empirical relations are bounded
within errors, and the general trend for tail rotor setting for various flight conditions is
sufficient to predict the corresponding tail rotor trim control setting. Section L.2.1 on

page 437 covers the details pertaining to this work.
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Figure 10.3: Real Time Run with Tail Rotor Inputs.
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Figure 10.4: Multiple Real Time Run with Tail Rotor Inputs.
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10.3 Yaw Rate and Heading Hold Control Design

Figure 10.6 in Section L.2.2 on page 438 shows the model for the yaw rate control design
while Figure 10.7 in Section L.2.3 on page 443 shows the overall design for the yaw rate
and heading hold control. The present control design leads to the general compensator

seen in Figure 10.8 on the next page presented on Section 7.2 on page 80

disturbance

actuator
command

r
aw rate gain
\VC y

Figure 10.6: Yaw Rate p Feedback Control Law.

d
6\41 v

s+b 1 1

o s > »@»
S+a

WC heading rate gain yaw rate gain \}
k k.
A

Figure 10.7: Yaw Heading ¢/ Feedback Control Law.

10.4 Experiment Results

Section [.2.5 on page 445 presents the results for both the yaw rate and heading hold
experiments. The heading hold experiment is shown in Figure 10.9 on page 118 for

convenience. The heading hold works with adequate performance which can be modified

by tuning of the proper control gains.
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Figure 10.8: Block diagram for yaw rate and heading angle control loop.
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Figure 10.9: Real-Time Data with Helicopter Heading Command. Red solid curve is the
heading command ¢, dark green curve is the yaw rate r measured data. The solid blue
curve is the helicopter measured heading 1, and the magenta curve is the scaled tail rotor
blade pitch command drg in pulse width units (usec/100). The light green curve is the
scaled main rotor angular velocity £2/100.
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Chapter 11

Helicopter Pitch and Roll Attitude Experiments

11.1 Experiment Setup

The roll 6 and pitch ¢ attitude experiments take place on the Rotational Dynamics Test
Stand (RDTS) shown in Figure 11.1 on the next page. This test stand can pitch, roll and
yaw in all three axis simultaneously or one axes at the time, or with any combination
of the three axes. As such, it is particularly useful for the testing of the pitch and roll

control loops of the helicopter. The experiments consist of three parts:
1. pitch rate ¢ stability and pitch command 6. tracking and hold
2. roll rate p stability and roll command ¢, tracking and hold

3. pitch and roll stability and command attitude command track while tracking and

holding heading commands ..

11.1.1 Pitch Rate Stability and Pitch Command Track and

Hold Experiment

Unlike previous experiments, the pitch rate stability and command track and hold exper-
iment does not require special test runs to determine the trim conditions. The control
loop is as shown in Figure 11.2 on page 121, and Section L.3 on page 448 presents the
derivation of the control laws. In this test run, the main rotor angular velocity €2 and

the main rotor blade pitch angle 0,4 remain constant. The RDTS is configured such
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Figure 11.1: Real-Time Run of the Helicopter on top of the Rotational Dynamics Test
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that only pitch attitude is possible to minimize damage in case the experiment does not
go as planned. Figure 11.3 on the following page presents data from test results. It
can be seen that the pitch control loop remains stable while tracking and holding the
pitch command. During free flight, the pitch command would not remain constant for
an extended period of time, but rather, the pitch command would track commands from

a performance locomotion loop as shown in Figure 7.12 on page 92.

*
> pitch angular attitude
link
desired
pitch
= 4 v attitude
/ O 9
\ + C
pitch rate
main rotor longitudinal cyclic angular velocity pitch
4 servo attitude
error
v
kq
main rotor 1
longitudinal K led = |e
blade pitch angle command 3 10 S
+
k, |

proportional + Integral
pitch rate and pitch attitude feedback control

Figure 11.2: Block diagram for longitudinal pitch rate ¢ and pitch attitude € control
loop.
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Figure 11.3: Pitch command 6, tracking with the helicopter on the Rotational Dynamics
Test Stand (RDTS). In the figure, the top graph plots the roll p and pitch ¢ rates and
the main rotor angular velocity 2.

122



11.1.2 Roll Rate Stability and Roll Command Track and Hold

Experiment

The roll rate and roll command track and hold control law design is as shown in Fig-
ure 11.4 on the following page, and Section L.4 on page 452 presents the derivation of the
control laws. Similar to the test run for the pitch control loop, in this test run, the main
rotor angular velocity €2 and the main rotor blade pitch angle 0,4, remain constant. The
RDTS is configured such that only roll attitude is possible to minimize damage in case
the experiment does not go as planned. Figure 11.5 on page 125 presents data from test
results. It can be seen that the roll control loop remains stable while tracking and holding
the roll command ¢.. During free flight, the roll command would not remain constant for
an extended period of time, but rather, the roll command would track commands from

a performance locomotion loop as shown in Figure 7.12 on page 92.

11.1.3 Simultaneous Pitch and Roll Stability Command Track
and Hold Experiment while Tracking and Holding Head-

ing Commands

The simultaneous roll and pitch attitude control laws operate as shown in Figure 11.6 on
page 127. The control laws are the same as those derived in previous sections. During
tests, the main rotor angular velocity €2 and the main rotor blade pitch angle 6,4, remain
constant. In this case, however, the RDTS is configured to move in all axis. Figure 11.7
on page 128 shows data results from a test run experiment with all axes free. During
the first part of the experiment, the pitch and roll loops track and hold a zero attitude
command. The loops remain stable during the complete flight even in the presence of
hard directional maneuvers. During the second part of the experiment, the heading loop
tracks and holds a constant command even when subject to a hard attitude maneuver.

All throughout the experiment, the roll rate p and the pitch rate ¢ remain bounded as
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Figure 11.4: Block diagram for lateral roll rate ¢ and roll attitude ¢ control loop.
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Figure 11.5: Roll command ¢, tracking with the helicopter on the Rotational Dynamic
Test Stand (RDTS). In the figure, the top graph plots the roll p and pitch ¢ rates and
the main rotor angular velocity €2. Notice the large time constant of the feedback control
loop during an experimental stability test.
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expected. At this point, the helicopter is a stable platform ready for free flight. Figure

11.7 tells us that the helicopter knows how to maintain attitude stability
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Figure 11.7: Simultaneous attitude command tracking and hold for roll ¢, pitch € and
heading ¢ with constant angular velocity 2. In the figure, the top-most graph presents
the heading command tracking and hold, the second graph shows the roll p and pitch
rate ¢ during the flight. The third graph down shows the pitch attitude 6 holing zero
for the first part of the run, and tracking commands for the second part of the run. The
same is true for the roll attitude ¢ in the fourth graph.
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Chapter 12

Helicopter Hardware and Software Integration

12.1 OU Helicopter Research Testbed: A Systems
Engineering Design Approach

Section M on page 459 details a System Engineering (SE) approach to the design of the
University of Oklahoma Helicopter Research Testbed (OU-HRT). The systems require-
ments originate from the customer or principal stakeholder. Careful consideration of the
Voice of the Customer (VOC) through the use of SE tools such as Affinity Diagrams,
Tree Diagrams and Quality Function Deployment (QFD) arrives at the need to develop
a computer based method for autonomous fight (the process) with a miniature helicopter
ad the testbed (the product). In this regard, the combined autonomous miniature he-
licopter and the method for autonomous flight is collectively named the OU Helicopter
Research Testbed. Figure M.11 on page 476 illustrates the top level functional decom-
position for the OU-HRT, and Figure M.12 on page 477 shows the OU-HRT subsystem
decomposition and related work break-down structure. Based on these results from the
SE analysis, Figure M.13 on page 478 shows the complete system architecture for the
OU-HRT. This system architecture is useful within the context of a much larger project
that the present. A simplified system architecture shown in Figure 12.1 on the follow-
ing page is suitable for initial autonomous flight research. Moreover, Figure 12.2 on the
next page illustrates an architecture suitable for Hardware-in-the-Loop (HWIL) work the
OU-HRT.
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Figure 12.1: Simplified system architecture for the University of Oklahoma Helicopter
Research Testbed for Autonomous Flight.
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Figure 12.2: Simplified system architecture suitable for Hardware-in-the-Loop real-time
tests with the University of Oklahoma Helicopter Research Testbed.
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12.2 Hardware Interface

Figure 12.3 on the following page shows the primary hardware interface among the various
components of the autonomous helicopter. Two sets of flight computers interface the
hardware to the software. A dual MC68332 uC! (Figure 2.18 on page 29) interfaces to the
aerodynamic actuators via electromechanical servomechanisms and related mechanical
links (Figure 2.5 on page 19, Figure 2.8 on page 22 and other details in Chapter 3 on
page 34). The interface to the engine is via a servo and a throttle that controls the air-
fuel mixture to the engine, and the engine interface to the rotating main and tail rotor
components is via a set of belt-gear and other related gears (Figure 2.4 on page 18). In
addition, the dual MC68332 uC' interfaces to some sensors via a digital bus.

A second (primary) flight computer in the PC104 form factor (Figure 2.17 on page 29)
interfaces to various sensors via analog, digital and serial bus, to the dual MC68332 uC
via a serial bus, and to the ground station via serial wireless link. Figure 12.4 on page 133
shows the data bus interface among the various hardware components, and Table 12.1

on page 134 itemizes the bus interface for the same hardware components.

'1uC' = microcontroller
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Figure 12.4: Hardware data bus architecture.
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Table 12.1: Hardware Interface to Flight Computers

bus interface component

dual MC68332 uC digital ultrasound sensor (z)
PWM? Hall sensor (£2)
PWM servo inputs (&g, 04, dg, OTr, O11)
serial main CPU (PC104)

main CPU (PC104) serial compass (¢, 0,1)
serial GPS (z,y, 2)
analog MotionPak (u,0,w,p,q, )
serial dual MC68332 uC

serial wireless link to ground

& PWM = digital pulse-width modulation

12.3 Software Interface

Figure 12.5 on the following page shows a UML? sequence diagram [9, 35, 128] with the
primary helicopter software components. The ground station provides the human inter-
face to the rest of the system. A wireless link provides a data path between the ground
station and the free flying helicopter. The flight code that executes on the primary flight
computer performs three main tasks: (1) gather sensor and ground station command
information, (2) perform data fusion and step the control software, and (3) send actuator
commands to the hardware actuators. The helicopter dynamics and the environment

actions are themselves software components during simulation runs.

2UML = Unified Modeling Language
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Figure 12.5: Software abstraction for data input/output across the various software com-
ponents.

12.4 Hardware, Software and Systems Integration

Figure 12.3 on page 132 shows the basic layout of the helicopter system. The various
onboard hardware sensors are itemized in Table 6.1 on page 68 and in Table 12.1 on the
previous page. Figure 12.4 on page 133 shows the hardware bus architecture used for data
collection and data transfer, and Figure 12.5 shows the primary software components that
glue together the control code with the various sensors and hardware actuators shown in
Figure 2.8 on page 22.

Figure 12.6 on the next page shows the top level simulation diagram for the helicopter
SIMULINK [101] simulation and control environment. The simulation block implements
a physics-based aerodynamic model of the helicopter’s main rotor, tail rotor, and the
helicopter rigid body six degrees-of-freedom (6DoF) equations of motions (EOM). The
control block, which operates in the primary flight control computer shown in Figure 12.3
on page 132, implements the helicopter flight controls and the guidance and navigation
scheme. The control block implements all the signals and integrates the various feedback
control loops (Figure 7.12 on page 92) and the bus management control logic (Figure 12.4

on page 133) into a single control module [136].
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main rotor
Results

Helicopter Controller

Figure 12.6: Helicopter SIMULINK simulation environment.

12.4.1 Embedded Software Generation

The simulation environment shown in Figure 12.6 is implemented in SIMULINK [101].
This is a pictorial or diagram based simulation language that provides two major advan-
tages. The first advantage is that pictorial diagrams make complex information man-
agement and processing easier to understand and communicate. The second advantage
is that SIMULINK allows for automated code generation via the Real Time Workshop
(RTW) software suite. Once the diagrams have been debugged in simulation, the RTW
automated code generation tool exports error free C/C++ code that is easily integrated
within the helicopter embedded software architecture. The code that is used in simula-
tion is exactly the same code that is used in implementing the real-time embedded flight
code [136]. Figure 12.7 on the following page shows the process for embedding the control
code in the working hardware with the following steps:

1. design and test the control code in the SIMULINK simulation environment

2. generate automated C/C++ code from SIMULINK via the RTW tools.

3. interface the embedded control code with the real-time operating system (RTOS)

in a middleware (wrapper) code.
4. run the executable code within the real-time hardware-in-the-loop (HIL) environ-

ment.
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12.4.2 Hardware and Software Integration

The hardware and software integration takes place in the middleware or wrapper code.
The middleware code connects the various software components with the hardware via
input/output interface to sensors and actuators. The nature of the interface is dictated
by the hardware itself and can be digital, analog, serial or other related standards such
as CAN or 1553 standard interface. The abstract top-most middleware embedded code

takes the form in Listing 12.1 on page 138.

main ()
{
init ();
while( true )
{
read_sensors ();
step_control_code ();

update_actuators ();

Listing 12.1: Embedded runtime hardware/software integration code

The initialization code contained within the init () method contains the necessary
commands that set the hardware to a known initial state. Subsequent to this, an infinite
loop reads the sensor outputs, steps the embedded control code that generate the proper

actuator commands, and sends those new updated commands to the hardware actuators.

12.4.2.1 Hardware Initialization

The hardware initialization process is of paramount importance. The initial system state

defines a known starting point that define initial stabilization, guidance and navigation
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control inputs. Table 12.2 defines initialization actions for the various hardware compo-

nents, and Figure 12.8 illustrates the top-most level for the initialization state diagram.

Table 12.2: Hardware Initialization Action

hardware component signal initialization action
hall effect sensor Q initialize software filter
pizo-elec rate gyro, MotionPak p, q, v bias reading

initialize software filter
electronic compass ¢, 0, ¢ Dbias reading

initialize software filter
pizo-elec accelerometers, MotionPak 1w, v, w bias reading
initialize software filter

differential GPS x,y  establish differential link
read initial position
ultrasound /infrared transducers z initialize software filter
analog to digital transducer Viat initiate reading
electro-mechanical servos PW M initiate to neutral settings
(see Table 3.2 on page 41)
ground station init comm. with helicopter

ground commands ready

| set bias calculations

[ set differential GPS \

f | [ read sensors |
.%1 establish GPS comm: ground + RTK | ~Iaverage sensor readings |
establish 2cm Spherical Error Probable generate bias readings

init\

/ initialize systems \

/ reset \ | init filters \
| fault detection and identification <———— init actuator commands \
‘\ reset system states / error | init guidance and navigation

set Main Rotor iddle ang. vel: 700 RPM /

/

/ system ready \
| health moniotor ready | @
| ground commands ready | system ready

\  feedback control ready

error

Figure 12.8: Helicopter top level initialization state diagram.

12.4.2.2 Sensor Reading

Table 6.1 on page 68 summarizes the signals available to the various sensors. In turn,

Table 12.1 on page 134 summarizes the hardware interface to the sensors themselves.
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Figure 12.3 on page 132 and Figure 12.4 on page 133 illustrate the hardware interface
between the sensors and the flight computers. The sensor information is recorded asyn-
chronously from the respective sensors and stored in a universaly available data bus.
The data bus information is available to all software engines (i.e. the embedded control
executing in the main and secondary flight control computers and the ground station
software) at every control step. The sensor data record is obtained by low level drivers
which update the data bus at proper intervals. There is no direct control of the low level
input drivers from any of the supervisory control loops. This ensures modularity between
the system specific low level drivers and the more general supervisory control schemes

running in the distributed flight and control computers.

12.4.2.3 Step Embedded Controller

The embedded controller step takes place at 50 Hz which is the update rate for the
actuator pulse with modulation signals. The embedded control code is contained within
the SIMULINK Helicopter Control in Figure 12.6 on page 136. This embedded control is
designed, simulated and tested within the SIMULINK environment, and auto generated
into C/C++ code via the Real Time Workshop (RTW) SIMULINK tools. Figure 7.12
on page 92 illustrates the general control design for the stability augmentation control
(SAC) scheme implemented in the control step. Guidance and Navigation (G & N)
commands are executed at a higher level that feed position commands to the embedded

SAC controller.

12.4.2.4 Update Actuator Commands

The embedded controller generates a new set of actuator commands that are directly fed

to the five basic helicopter actuators (Figure 2.7 on page 21 and Figure 2.8 on page 22).
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Chapter 13

Summary and Conclusions

13.1 Summary

The work accomplished in this dissertation included building an entire experimental
flight program from scratch that encompassed (a) the instrumentation of a miniature
helicopter (4.86 ft. main rotor diameter, 11.5 Ibs. empty weight) with 6DOF accelerators
and gyros, telemetry, differential GPS system, compass, on-board computer, hall effect
sensor, (b) design and fabrication of test stands for testing flight controls, (c¢) development
of dynamics/aerodynamics models of main rotor, tail rotor, and main rotor stabilizer
bar, helicopter engine, and rigid body frame, (d) design and development of feedback
control for engine governor, main rotor RPM control, heading and yaw rate control,
pitch and pitch rate control, roll and roll rate control, (e) running numerous real-time
hardware-in-the-loop experiments with helicopter on test stands to test flight behavior,
(f) on-board software integration of sensors, actuators, telemetry, controls, and models,
(g) development of ground station interaction with helicopter, and (h) understanding
how main rotor longitudinal and lateral cyclic control works.

The hardware sensors installed aboard the helicopter included the Systron Donner
MotionPak (6DOF inertial system), NovaAtel ProPack II (Differential GPS), SHARP
GP2D02 infrared and Ultrasound sensors (short range and altitude), Honeywell HMR3000
electronic compass (direction), and Hall effect sensor (main rotor RPM). The performance

specifications for these sensors are detailed in Appendix I. Five servos were installed to
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provide control inputs to main collective (lift control), tail rotor collective (heading con-
trol), throttle input (RPM control of main rotor), longitudinal cyclic (pitch control), and
lateral cyclic (roll control).

The Ampro PC104 (Intel x86 chip at 100 MHZ) which runs on the QNX Real-Time
Operating System and the Dual Motorola MC68332 were selected as the two on-board
CPU systems for carrying out all mission planning, sensor, telemetry and control func-
tions. The PC104 is a 32bit microcontroller with 32 DIO, 32 TPU channels, and QSPI
communication between it and the MC68332. It served as the primary flight computer
and handled the FreeWave data link, the RTK GPS, compass sensor, and MotionPak as
well as communications between its serial bus and the serial bus of the auxiliary flight
computer (i.e., the dual MC68332). The two MC68332 microcontrollers are 32bit in
which one is the master and the other is the slave. The master does the ground station
i/0, handles the direct RC-safety link to the five actuators, and produces the five servo
inputs through its PWM bus as well as sensor i/o from the Hall sensors through its PWM
bus. The slave communicates with the PC104, handles GPS i/o, and handles sensor i/o
from the ultrasound sensor through its digital bus. The software packages used to pro-
gram the CPUs with embedded C/C++ code were MATLAB, SIMULINK, Real-Time
Workshop, QNX RTOS.

Two novel test stands were designed and fabricated so that the instrumented heli-
copter could be placed on them for experimental testing of feedback control behavior.
These were build from scratch. The first one is a linear and directional test stand (LDTS)
for testing elevation, yaw, and heading commands. The second one is a rotational and
dynamics test stand (RDTS) for testing pitch, pitch rate, roll, and roll rate commands.
These two test stands were designed and built so that the RDTS stand could be mounted
easily on top of the LDTS test stand making a combined LRDTS stand. The combined
LRDTS stand is a test stand for testing all the above in any combination as desired:

elevation, yaw, heading, pitch, pitch rate, roll, and roll rate commands. Finally, we made
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use of a third test stand - the rate-table test stand (RTS) for calibrating the compass
and MotionPak sensors as well as calibrating for horizontal position, ranging position,
and angular motion about axes of rotation. The calibration of all sensors and hardware
parameters (e.g., inertias) are presented in detail in Appendix I.

Next, the fundamental helicopter aerodynamic theory was fully developed for our
specific application to the helicopter system under study. Momentum theory and Blade
element theory were combined to provide the theory for blade element-momentum theory
(BEMT) and documented in Appendix C. This was used to develop the blade equations
of motion in Appendix D which in turn was used to develop the rotor force and moment
equations in Appendix E. The rigid body dynamics equations of motion were used to pro-
vide the trim equations about a flight conditions (Appendix F') and helicopter stability
derivatives (Appendix G) and these were used together with the rotor forces and mo-
ments equations (Appendix E) in deriving the coupled rotor-fuselage equations of motion
(Appendix H). These in turned were used together with the trim equations (Appendix
F) to develop the final set of linear rotor-fuselage equations of motion (Appendix H) for
the Helicopter model.

The open-loop dynamics model for helicopter engine and main rotor RPM control was
derived in Appendix J using the combined Blade Element and Momentum and Theory
(BEMT) of Appendix C, taking into account the coupled dynamics of the carburetor,
engine, main rotor and blade systems. Experimental data from test stand runs were
used to estimate parameters of our theoretical model and, therefore, estimate accurately
available power and main rotor torque. The non-linear throttle command input mapping
to fuel rate was obtained using this method. A very important development was made
at this step. We showed that main rotor and tail rotor torques could be modeled very
accurately with a bias term plus a nonlinear term involving the product of RPM squared
times the main rotor angle-of-attack raised to the three-halves power. This model was

then used to linearize the state-equation for RMP dynamics and develop a simple but
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accurate transfer function between the ”available torque of the engine” and RPM. This
transfer function was then used to develop a simple, but accurate transfer function model
of the open-loop plant for the entire helicopter system which was then used to develop
all the feedback control laws for autonomous flight purposes. Classical control methods
(e.g., Nyquist diagrams, Bode plots, pole placement, gain and phase margins) were used
to derive the feedback controller for controlling the main rotor RPM and achieve 60
degrees phase margin and infinite gain margin. An engine-carburator model was used
to perform simulation of the closed loop systems. The simulation results compared well
with the real-time data; see Figure J.14. Reliable control of the main rotor RPM is
very fundamental for subsequent control and performance work since this control loop
decouples the engine and the main rotor RPM from the remainder of the helicopter
dynamics. Consequently, the RPM could be taken as a constant in the development of
the other feedback controllers.

Combined Blade Element and Momentum theory was used to derive theoretical mod-
els for main and tail rotor aerodynamics of the helicopter. The parameters of these theo-
retical models were fine tuned using experimental data from runs on the test stands. The
identification results for these helicopter aerodynamic models are described in Appendix
K. The governing equations for yaw and heading angular motion were then obtained
by implanting these identified models into the rigid body equations of motion that had
been derived in Appendix B. Applying the appropriate trim conditions for the hover case
(Appendix F), the open loop plant dynamics are derived for the yaw and heading control
loops in Appendix L in Section L.2. Using the open loop plant and classical control, a
yaw rate feedback controller was designed. After its implementation into the helicopter’s
CPU, test stand runs were made. The experiments on the test stands demonstrated accu-
rate tracking of heading commands as well as holding a prescribed heading. Simulations
were also conducted. The simulation results were shown to agree well with the real-time

flight data obtained from the test stand experiments, Figures .9 and L.10. This closed
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loop decoupled another layer of non-linear dynamics from the overall helicopter equations
of motion. That is, the heading feedback control loop automatically compensates for the
torque and power changes due to the main rotor and tail rotor aerodynamics.

With RPM and heading loops well stabilized and with the helicopter tracking RPM
and heading commands accurately, we focused next on the pitch axis. Main rotor longi-
tudinal cyclic blade flapping theory (Appendix D) and the rigid body equations of motion
(Appendix E) together with the extended linearized equations of motion (Appendix H)
were used to derive a theoretical model for the open loop plant for the pitch axis, Section
L.3 in Appendix L. Parameters of the model were fine tuned using experimental flight
data from test stand runs. The application classical control techniques generated a closed
loop system that provides adequate performance and disturbance rejection and is illus-
trated in Figure L.15. Again, simulation runs were conducted and the results compared
well with real-time flight data gathered on the test stand, Figure L.15.

Next, we focused on the roll axis. The process for developing feedback control for
the roll axis was similar to that used for the pitch axis except that lateral cyclic was
used instead of longitudinal cyclic. That development was documented on Section L.4
of Appendix L. The application of classical control techniques generated a closed loop
system that provides adequate performance and disturbance rejection and is illustrated
in Figure 1..17. Again, simulation runs were conducted and the results compared well
with real-time flight data gathered on the test stand, Figure L.17. Coupled pitch and
roll axis behavior is shown in Figure L..18 and demonstrates that the feedback controllers
for the pitch and roll axes track commands very well in the presence of disturbances.

The experimental results that came from the test stands proved invaluable in devel-
oping stability and tracking capability for the helicopter to track RPM, heading, yaw
rate, pitch, pitch rate, roll, and roll rate commands in the presence of disturbances. This
was achieved with the execution of all the real-time hardware-in-the-loop (HWIL) experi-

mental testing on the test stands. The Real-time HWIL testing on the test stands proved
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valuable in every aspect of our work since such HWIL tests utilized actual flight hardware
to characterize the dynamic and aerodynamic behavior of the helicopter. The feedback
control law development in this dissertation demonstrates that helicopter stability and
its capability to track commands are completely achievable by using only test stands and
actual flight hardware in HWIL, all without pilot assistance and without crashing the
vehicle

Appendix M describes a modern system engineering approach to the design of the
overall helicopter system. Furthermore, Chapter 12 details the steps taken to integrate
all hardware and software. The hardware interface or hardware data bus architecture
between the various sensors and actuators and the flight computers were described in
Figure 12.4. Next, the integration of the relevant embedded software with the actual
hardware had to follow a specific process for proper system initialization and subsequent
operation. This process was described in Figure 12.5. Part of the embedded software was
auto generated from SIMULINK using the control laws that had been developed earlier
and that had been validated against the various models obtained from actual flight data.
This step was of great importance because the auto code generation process implemented
in this way, using only proven and validated software without any further (hand-coded)
human intervention, minimizes the possibility of human errors.

The hardware and software integration also included the development and integration
of the ground station with the flight hardware and flight software. The ground station
provided the flight vehicle with reference GPS information needed for differential GPS.
In addition, the ground station provided a proper engineering graphical user interface
(GUI) that enabled a necessary human-computer interface (HCI). The ground station,
therefore, was both a vital link and enabling technology that made the real-time HWIL
testing possible as well as a highly desirable data collection link.

In summary, the method developed in this thesis work consisted of at least four

fundamental steps. The first step was to achieve an in-depth understanding of how
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the complete overall system works. This step started with gaining a theoretical and
fundamental understanding of how the rotor aerodynamics interacted with the fuselage
and how that affected the control of the vehicle. Understanding this interaction indicated
how to decouple a highly non-linear system via feedback linearization techniques. That
is, the RPM feedback loop had to be closed first so that RPM could be treated very much
like a constant for the rest of the feedback loops. Next, it was beneficial to compensate
the tail rotor torque for tracking heading commands before proceeding to the pitch and
roll attitude axes. As a result, the feedback controllers for the pitch and roll attitude
axes could be easily derived using classical control techniques.

Second, the integration of the relevant sensor suite hardware with embedded soft-
ware necessitated an understanding of system engineering techniques that enabled the
encapsulation of a complex problem (generation of embedded real-time code) to be eas-
ily abstracted as part of the system characterization, simulation and validation work.
Third, the design of relevant real-time HWIL tests that are needed for proper system
identification, subsequent development of feedback controllers, and performance testing
served as a tool of great value to the engineer, since flight hardware is an essential part of
the package that is needed to fully characterize any real system. Fourth, the application
of control theory in the development of feedback controllers follows naturally and with
relative ease once the other steps have been done correctly.

In conclusion, the main contribution of this work is laying out every detail of what is
required to design and execute successfully a helicopter hover mode flight program based
on using only test stands without the assistance of a pilot and without ever crashing
the vehicle. The main point is that every unmanned helicopter flight program could
implement this method for flying autonomously in the neighborhood of the hover mode
before ever bringing in pilot assistance to do gain scheduled flight across an extended

flight envelop.
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Appendix A

First Principles

A.1 Notations

A summary of kinematics definitions follows [85]. In general the angular velocity “&G? of

body B in A is given by:

Adgg - - 'Adgs g T Adgl T

AJ)’B :gl dt .b3+b2 .b1+b3 dt .bQ (A]_]_)
and also:
ACUB:A(I]’X—FXQ_}Nl+"'+N7L71@Z+NCUB (A12>

where n is the number of auxiliary frames. The angular acceleration of B in A is such

that: M M
A =B B =B
ags _ T A0 (A.1.3)
dt dt

Given that 7 is a vector fixed in body B, then:

Ad~
d—tn — A8 % f (A.1.4)

If 77 is any vector, its time derivative in both frames A and B are related as:

Adn Bdan ,_,4

A

where AP is the angular velocity of B in A. Let vector p be a vector from a fixed

point O in A to any other point moving in reference frame A, then the velocity “#, and
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acceleration @, of §in A are given by:

Adﬂ
— p
AUp = E (A]_G)
A= AdAgp
Wy

Let P and Q be two points fixed on a rigid body B with angular velocity &8 in \A,
and also let 7 be the position vector from Q to P. Then the velocity “#, and acceleration
Ad, of P in A, and the velocity 7, and acceleration @, of Q in A follow the following

relation [85]:

Ao _Adﬁ A _AdAQ_fp
i =g
Ad (7 AgAZ  AJA=B A
_ @+ 1) _ A AR ags  CAT (A.1.7)
dt dt dt dt
= A5, + 435 x 7 =Aa,+ 435 x 7+ AP x (4GP x )

Let point P be moving in the rigid body B, while the body B is itself moving within the
reference frame A, then the velocity %, of P in A and the acceleration 4@, of P in A

are given by [85]:

A5, = 45, + 51, (A.1.8)

Az A= | B A=B . B
ap = "dp +"a, + 2707 X 71,

where “7; is the velocity in A of point P of B that coincides with P at the same instant

A

under consideration, and 5@, is the velocity of P in B. Similarly, the term 4@ is the

B

acceleration of P in A, 5d@, is the acceleration of P in B, and 24GP x 57, is the Coriolis

acceleration experienced by point P moving in frame B.
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A.2 Angular Momentum and

Moment of Momentum

The following originates from a variety of sources, mainly [39, 62, 96, 103].

Let ,7y,, be the position vector from point O to a differential mass element dm in

body B, and let £7g, be the velocity of the mass element dm in the inertial frame Z.

The moment of momentum H° of a rigid body B about a point O is defined as:

H° = /Ode XIUdmdm
B

(A.2.1)

where quantity £, dm is the momentum of the differential mass element dm, the quan-

tity o7am is the moment arm, and the cross product ,7um X ZT4m dm is the moment of

that momentum about point O in body B.

Using equation A.1.7 we have that the velocity 2@, is given by

7= 1= 7 -8B —
Udm = "VUp + W~ X oTdm

and equation A.2.1 becomes:

—

H’ = Ode X [IUO + IcUB X ofdm:| dm

|:0de X Iﬁo} dm + / |io77dm X (I&B X ode>:| dm
B

Next we use the triple product identity to get:

B T

-,

(@& —ca-b)y=bi-¢—ca-b

S

ax(bxa) =
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and reverse the order of dot products to get:

- T -8 - T-B - - > I-B o
oldm X ( wo X o'rdm> =W oTdm *oTdm — ofdm W * oTdm
(A.2.5)
- - TI-B - . T -8
=oldm * oTdm W~ — oTdm oTdm -~ W
We now use identity tensor operator such that:
IT-n=n-IT=mn
then
- S I-B_ = L 7 1-8 2 F I-B
oTdm * oTdm &° = oTdm * oFam L - ~&° = T3, L -~ & (A.2.6)
using A.2.5 and A.2.6 then equation A.2.3 becomes:
H° = / lofdm X IUO] dm + / [orgmz LGB — Fam oFam - I&B] dm (A.2.7)
B B

In the above equation A.2.7, both terms %4, and &P are constant with respect to the

variable of integration, and can therefore come outside the integral such that:

He = /Of’dm dm x 17, + / {Or?imf — oFdm ofdm} dm - TP (A.2.8)
B B
the term
o = / ot dm (A.2.9)
B

is the first moment of inertia about point O in body B, and the term
I° = / {Orgmf — Fim Ofdm] dm (A.2.10)

is the second moment of inertia about point O. Equation A.2.8 becomes

H° =C° x T, + I? - TP (A.2.11)
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In the case when the point O is the center of mass of body B, then the first moment
of inertia C° becomes zero (no distance ,7g,,). In this case the moment of momentum

about the center of mass (CM) of body B becomes:
HOM — [oM . 155 (A.2.12)

In turn, the angular momentum he about point O of a rigid body B is defined as:

—

he = / oFam X oFam dm (A.2.13)
B

Note that in the above equation A.2.13 the term o?dm dm is not the momentum of the
differential element dm. Making use of equation A.1.5 we have that
Idof’dm Bdofdm 7 -B

oFim = = oFim A.2.14
74 & & + 07 X LTy ( )

but

—

5 do Tdm

=0 A21
& 0 ( 5)

since ,Tgn, is fixed in body B. Substituting the above in equation A.2.13 we have:
he = / oFdm X (I(DB X Ofdm> dm (A.2.16)
B
Following the preceding development, equation A.2.16 above becomes:
he =1°. 158 (A.2.17)
It is worthwhile to notice that the moment of momentum H° and the moment of inertia

he are equal only when point O coincides with the center of mass of body B. Both

quantities are not equal in all other cases.
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A.3 Newton’s Law for Moment of Momentum

An application of Newton’s 2"¢ Law tells us that the sum of all moments Ge about point
O in body B equals the rate of change of moment of Momentum ﬁ ° about that point
such that:

Go = H° (A.3.1)

Since both the first moment of inertia C° and the second moment of inertia I° are constant

in the body frame, we have that
Ho =G0 x Ti, + 10 T8 4+ 78 « (fo : 1@5) (A.3.2)
Noticing that Iie =13, and rearranging the above equation we have:
Go—C°ox T, =118 + 158 x (fo : I&B) _ R (A.3.3)

Again, when point O coincides with the center of mass of body B, then the first moment

of inertia becomes zero (C° = 0) and:

GoM — e (A.3.4)

A.4 Newton’s Law for Linear Momentum

Derivations of Newton’s laws are seen in references [39)].
Let m be the mass of a rigid body with center of mass velocity vy, then the rate of

change of linear momentum mu is given by:

o dmvu
F = A4l
/ i (A1)

In the case when all internal forces occur in equal and opposite vector tuples, then the

internal forces cancel. In this case the term f F equals the resultant of all the external

forces acting on the system.
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A.5 Fluid Equations of Change

Figure A.1 illustrates a fluid region R at times ¢ and t + At. Let Q = Q (7,t) be a
property of a fluid volume dv at position 77 and time ¢, the general integral of the fluid

property for a region R (t) and its derivative are

- [[[awva
R(t)

dI(t) I(t+At)—I(t)

——~> = lim

dt At—0 (A5.1)

- | [l e o [ff e 5

(t+At)

Figure A.1: Differential fluid element volume dv with fluid velocityﬁ‘? in region R(¢)
delimited by surface S(t) with surface normal 77 and surface velocity V.

Figure A.2 on the next page illustrates equation (A.5.2) on the following page graph-
ically. Region R (t + At) result from @ (7,t + At)dv changes over the original region
R (t) and volumetric changes Q (7, ¢ + At) Vs - it At over the differential surface dS (t)
where dv = AS Vs - i At.
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Figure A.2: Differential fluid volume dv resulting from surface velocity V..

// Q (7t + At) dv—// Q (7.t + At)d

e (A.5.2)

+ #(Q (7t + At) Vg - ﬁAt) dS + O (At?)

S(t)
Substituting equation (A.5.2) into (A.5.1) yields
d I Q(Ft+ At dv— Q (7 1) dv | —
= Ao ™ v N
(A.5.3)
; L, 1 ,
+ (Q(r,t+At)VS~nAt>dS E+O(At>

S(t)
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After taking the limit, the above expression gives Leibniz rule of integral differentiation:

& [[fen- ] sane
) R(t)

R(t
+ ﬂ(@(ﬁt)%-ﬁ) ds

S(t)

(A5.4)

Equation (A.5.4) is a general expression for an open finite region R (¢) that does not have
knowledge of any physical concept. A specialization of the above equation takes place

when the surface is attached to the material such that

Vs =V (71), =~ B (A5.5)

In this case the general derivative operator d/dt becomes the material or substantial

derivative operator D/Dt. Application to equation (A.5.4) yields

%///Q(m)dv:///%Q(m)dwﬁ(@(m)mm).ﬁ)ds (A.5.6)
R(t) R(t)

S(t)

Equation (A.5.6) is the Reynold’s Transport Theorem for closed or material regions.

Next, taking the difference of the open region and the closed region gives

%4([)/@(?,15)(1@:%Zé/@(ﬁt}dv—#(@(ﬁﬂ (V-Vs)-i)ds (a57)

S(t)

Equation (A.5.7) says that the rate of change of an open region equals the rate of change

of a closed region minus the velocity of fluid relative to the material surface.
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A.5.1 Mass Equations of Change: Conservation of Mass

Let @ (7,t) = 1, and let p(7,t) be the mass density per unit volume. In this case, the

mass of region R is given by

///pQ(F, t)dv = ///p(F, t)dv , p(r,t) = mass per unit volume  (A.5.8)
R(t) R(t)

Application of equation (A.5.7) on the preceding page gives
d — — 7 7 —
%///p(r,t /// dv—ﬂ(p(r,t) <V—VS>-n)dS (A.5.9)
R(t) S(t)
but by definition of p as the mass density per unit volume,

e

R(t)

%///p(m) dv = — ﬂ(p(m) (V- V5) ) ds (A5.11)
R(t)

S(t)

then

Equation (A.5.11) is the expression for conservation of mass for an open region where
the density p can be discontinue. The term on the left is the time rate of change of mass
in the region R, and the term on the right is the net outflow of mass from region R.
Applying equation (A.5.10) to the Reynold’s Transport Theorem in equation (A.5.6) on

the previous page gives

0= // %p(ﬁt) dv + #pm V(7 t)-7dS (A.5.12)
R(t) S(t)

Equation (A.5.12) is the expression for conservation of mass when p is continuous and

belongs to the same material. Applying the divergence theorem

///dedv— ﬂA 7 dS (A.5.13)

S(t)
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to the right most portion of equation (A.5.12) on the previous page gives

///dw <p‘7>dvz #pff'-ﬁdS
R(1) S(t)

. —~ . 1 S
div <pV) = AI};IEO N ﬂpV -ndS
S(t)

(A.5.14)

Equation (A.5.14) gives the divergence theorem physical meaning in that div (pV) equals
the net outflow from region R as the region shrinks to a point. Application of the

divergence theorem to equation (A.5.12) on the previous page gives

0_///[ —i—dw pV)]dv (A.5.15)

For an arbitrary region , the integrand in (A.5.15) must be zero

0= % + div < ‘7> (A.5.16)

Equation (A.5.16) is the continuity equation, a conservative form for a point expression
for continuous mass conservation that holds at every point in the flow. The term p‘? is

the mass flux or flow of mass per unit time per unit area. For steady flow dp/0t = 0 and
div (pV) —0 (A.5.17)

Equation (A.5.17) is the continuity equation for steady flow. Expanding the term
div (pV) as
div (,0‘7) = pdz’v‘? + VV,O

and substituting in equation (A.5.16)
op
0=22+V Vp+p divV

ot (A.5.18)

D B}
o:ﬁ’mdwv
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where Dp/Dt = dp/dt+V Vp is the material or substantial derivative. Equation (A.5.18)
on the previous page is the non-conservative or particle form of the continuity equation.

For incompressible flows

S(t) (A.5.19)
Dp

=0
Dt

Equation (A.5.19) says that the density per unit volume p is constant or the density of a

fluid particle is constant but different particles in the fluid might have different densities.

A.5.2 Momentum Equations of Change: Conservation of Mo-
mentum

Let Q (7,t) = 1% (7, t), then mass flux vector pV represents the transport of mass through
space per unit time per unit area. For a fixed mass system, the time rate of change of

momentum equals the sum of the forces acting on the region R
o [ p7o =3 torces act ion)
— v = orces acting on region
Dt P g g
R(t)
:///pfdv— #pﬁds+#ﬁ-%ds
R(t) S(t) S(t)

where 7 is the viscous stress tensor. Substituting equation (A.5.20) into equation (A.5.7)

(A.5.20)

on page 171 gives

%///p?dv:///pfdv—ﬂpﬁds—i-ﬂﬁ'%dé'
) )

Rt Rt 5() s (A.5.21)
_ ﬁ(,ﬂ? (V= Vs)-it)ds
S(t)

where the right most term in the above equation represents the outflow of momentum.

Equation (A.5.21) on the previous page is the most general form of the equation of change
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for angular momentum for region R. It says that the time rate of change of momentum
of an open region equals the time rate of change of momentum of a closed region minus
the outflow of momentum from the region. Application of the gradient and divergence
theorems to the Reynold’s transport theorem in equation (A.5.6) on page 171 and to

equation (A.5.20) on the previous page to a flow in a continuous region R gives

%///p‘?dv:///pfdv—///gmd(p) dv—l—///div(?) dv
R(t) R(t) R(t) R(t)
= /// [pf— grad (p) + div (?)] dv (A.5.22)
R(t)

0 = . —
= /// {apv + div <pVV>} dv
R(t)

The integrand in the above equation must banish for an arbitrary region R, then

%pv + div <p17‘7> = pf — grad (p) + div (7) (A.5.23)

Equation (A.5.23) above is a differential equation for the conservative form of the time

rate of change of momentum. The term pV‘? is the momentum flux tensor such that
div (WV) - (dz‘v;ﬂ?) VooV -vV (A.5.24)
Substitution of equation (A.5.24) into (A.5.23) and expanding gives

0~ [0 iy - S = - _
paV + {a—[z + divpV} V+pV -VV =pf —grad(p) + div (T) (A.5.25)
where 0p/0t + divpV = 0 by virtue of the continuity equation (A.5.16) on page 173. In
addition,

ov. o 9L o
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and therefore equation (A.5.25) on the previous page becomes

o _
Par = pf — grad(p) + div (7) (A.5.26)

Equation (A.5.26) is the particle equation for continuous flow.

A.5.3 Energy Equations of Change: Conservation of Energy

The internal energy of a differential fluid volume dv with mass pdv is given by (pdv)e
where e is the internal energy per unit mass. The kinetic energy of the fluid volume is

(pdv) V2 /2. The total internal and kinetic energy of a fluid particle is therefore

V?
d _
pv(e+ 2)

For a continuous region R, the first law of thermodynamics says that the time rate of
change of internal plus kinetic energy following a closed region equals the rate of work
done by the forces action on the system plus the rate of heat going into the system from

the surroundings. Mathematically

D/// LV d—///fx?d +ﬂ* VdS—ﬂ**dS
o ple -5 v = P v n qg-n (A.5.27)
R(t) R(t)

5(t) S(t)

Qi

where & is the surface stress tensor. The term

fffor e
R(t)

is the total amount of work done by body forces. In turn, the term

#ﬁ-‘avczs

S(#)
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is the total work done by surface stresses. The term
— # q-ndS
S(t)

is the energy out of the system as indicated by the negative sign. The term

o fff (o)

is the time rate of change of energy in a fixed-mass system or closed system. In this case

() ] el )
///{ (pdv) (+‘g)+pgt (e+v72)dv] (A5.28)
)

since D (pdv)/Dt is invariant for a fluid particle. Applying the divergence theorem to
equation (A.5.27) on the previous page gives

0= /// [p% (e v V;) . <pf- V div (5— - \7> . div@)] dv (A.5.29)
R(0)

Since the region R is arbitrary, the above equation is true for any region, and the inte-

grand must be equal to zero. The resulting equation

D V2 — — 3 —_ — RN

p—le+— ) =pf V+div (a : V) — divg (A.5.30)
Dt 2

is the equation of change of energy for a continuous medium since the equation does

not specify the stress for solid or fluid or the material to which it applies. This is the

governing equation commonly known as the conservation of energy. For a fluid, the stress
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tensor ¢ takes the form

G=—pl+7

where I is the hydrodynamic unit tensor. Substituting into equation (A.5.30) on the
preceding page yields

p% (e + V?Z) — of -V —div <p17> + div <7:' : \7) — divg (A.5.31)

Equation (A.5.31) is the conservation of energy equation for a fluid mass in a continuous

region R.
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Appendix B

Helicopter Frames of Reference

B.1 Inertial and Earth Reference Frames

A first order tensor satisfies the transformation law [161]
By =BrA Az (B.1.1)

where the vector & describes the position of a point in space with respect to a reference
frame A or B respectively. The transformation 37 contains the mechanism necessary
to transform the description of the point from one reference frame A to another reference
frame B. Seven reference frames are of particular importance for flight mechanics [40,

161], and these are summarized in Table B.1.

Table B.1: Reference Frames in Flight Mechanics

Heliocentric: important for interplanetary travel
Geocentric: considers the rotation of the Earth,
important for orbital trajectories.
Earth-Centered origin at the Earth’s center, considers Earth rotation,
important for orbital flight
Earth-Surface: centered at a local horizontal plane,
reference frame for atmospheric flight
Vehicle-Carried: origin attached to the vehicle.
Atmosphere-Fixed: relevant for aerodynamic velocity and forces
Body frame: relevant for the position and orientation of a vehicle

B.1.1 Heliocentric Reference Frame

The Heliocentric frame H is located at the center of the Sun with its orientation defined

such that its h; axis points toward the Autumnal Fquinor on the plane of the ecliptic,
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the fzg axis points toward the Winter Solstice on the same ecliptic plane, and the Eg
axis completes a right-handed orthonormal set perpendicular to the ecliptic plane. The

Heliocentric plane is of importance for interplanetary travel[161].

B.1.2 Geocentric Reference Frame

The Geocentric G reference frame is located one astronomical unit from the center of
the Sun, and its orientation is given by the base vector [Zgc, Yrc, Zrc|. The vector g is
oriented toward the vernal equinox , the g;3 vector is oriented with the Earth’s rotational
axis, and the vector g completes the orthonormal right-handed vector. Notice that for
this frame to be truly an inertial frame, then the frame must define its position and
orientation with respect to a particular epoch [161]. Such a frame has been defined by

astronomers as the J2000 System [152].

B.1.3 Earth-Centered Reference Frame

The Earth-Centered frame E¢ is collocated with the Geocentric reference frame with
its origin at the Earth center, and is defined by the base vectors [Zgc, Yrc, Zec]. The
Earth-Centered Frame is similar to the Geocentric reference frame G except that the &¢
frame has its Zrc vector aligned with the equatorial vernal equinox. The orientation of
the &¢ frame differs over long periods of time with respect to the orientation of G and
J2000 systems. The &¢ frame is commonly used in Earth orbital flight since the duration
of these orbital flights are short with regard to the drift rate of its defining axis.

B.1.4 Earth-Surface Reference Frame

The Earth-surface € frame is located on the surface of the Earth, and its most impor-
tant characteristic is that it neglects the rotation &€ of the Earth. The base vectors
|Zg, JE, Zr] describe the orientation of this frame such that Zg is directed toward the
center of the Earth, Zg is directed toward the north, and iz completes the right-handed
orthonormal tuple [40].
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B.1.5 Vehicle-Carried Reference Frame

The vehicle carried frame V frame is attached to and is located at the center of mass
CM belonging to a vehicle. The base vectors [U}, ¥, U3] are oriented such that the v
axis is directed toward the center of the Earth along the gravity vector g. The v axis
is oriented toward the north, and its ¥, axis completes the right-handed orthonormal
tuple. The reference frame V is parallel to the reference frame € when the travel time

or distance is short.

B.1.6 Atmosphere-Fixed or Wind Reference Frame

The Atmosphere-fixed reference frame A is located relative to € through a distance
related to the average wind velocity ¢ in €. Let the vehicle velocity relative to the

atmosphere be 7, then the vehicle velocity relative to £ is given by

£

v =0+ Ay (B.1.2)

B.1.7 Body-Fixed Reference Frame

The Body-Fixed reference frame B is located at the center of mass C'M of the vehicle.
The orientation of this reference frame is such that the 53 axis is oriented downward, the
51 axis is oriented toward the nose of the vehicle, and the 52 completes the orthonormal
right-handed set of axes. In this frame, the velocity components relative to a suitably de-
fined inertial reference frame are given by [u, v, w] and the corresponding inertial angular

velocity is given by the [p, ¢, 7] vector [39, 119] .

B.1.8 Inertial Reference Frame

Consider a stationary or not moving coordinate system or inertial reference frame Z in
which Newton’s laws are valid for mass (m) particle motion such that

1. f = sum of all external forces acting on a particle

2. a = particle’s acceleration relative to Z

3. then f: ma
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The angular rotation of the Earth in an inertial frame is a superposition of several angular
rotations:

1. rotation on Earth’s axis,

2. rotation of Earth’s axis in its orbit around the Sun,

3. additional motion of the solar system and galaxy.
Space and hypervelocity flights need to account for all three angular motions, but atmo-
spheric flight is mostly concerned with Earth’s rotation about its axis when the flight
time is significant with respect to both distance and time. Local (less than 15° of Earth
radii) and relatively slow moving helicopter flight (such as hover flight with zero wind)
considers the Earth’s axis as an inertial frame fixed in space [39]. In this case, Earth’s
sidereal angular velocity Qg is constant with respect to inertial frame. The inertial

angular velocity of the Earth expressed in Earth Fixed frame &¢ is

Igte =1 (B.1.3)

Figure B.1: Earth-Centered Reference Frame and Earth-Surface Reference Frame
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In turn, the Earth’s inertial angular velocity expressed in Earth Surface frame £ is

= “T5° (Ap)2p
sin Ag COS \g 0 COS \g (B.1.4)
Tt = 1 0 | = 0 Qp
COS \g —sin A\g Qg —sin Ag

where (Ag, pug) are the latitude and longitude of a reference point og in the Earth frame
E (see Figure B.1 on the preceding page).

The inertial angular velocity Z&" of the vehicle frame V is
IV =2k 4 eV (B.1.5)

where the inertial velocity &€ of the Earth Centered frame in terms of the vehicle frame

VY is

= VT3¢ (\)Qp
sin A CoS A 0 CcoS A (B.1.6)
Ige = 1 0 | = 0 Qp
Cos A —sin A Qg —sin A

and the angular velocity &Y of the vehicle frame V relative to the Earth Centered frame

Ec takes the form

= — ATy + 1 Zgc

0 sin A cos A 0 [LCOos A (B.1.7)
= A |+ 1 0]=1 -A
0 cos A —sin A I —frsin A
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Substituting equations (B.1.6) and (B.1.7) into equation (B.1.5) gives the angular velocity

of the vehicle frame V expressed in the V reference frame

(Qg + 1) cos A
1oV = —\ (B.1.8)

—(Qg + 1) sin A

Helicopter flight involves angular dynamics that is inherently faster than the Earth’s rota-
tion 2. Whence a large number of helicopter flight missions neglect the Earth’s rotation
and assume a non-rotating earth approximation. In addition, the three dimensional dis-
placements and velocities involved in most helicopter maneuvers do not require taking
into account the curvature of the Earth. Whence it is reasonable to accept a locally flat
Earth approximation for helicopter missions of short duration. Heretofore, the devel-
opment of the equations of motion (EOM)are based on the following two fundamental
assumptions:

1. Local Flat Earth

2. Non-rotating Earth

B.2 Relations between the Body B and Vehicle V

Reference Frame

Figure B.2 on the next page illustrates the body-fixed reference frame B with body axis
[z,y, 2]", inertial body velocity [u,v,w]|”, inertial body angular velocity [p,q,r]|", and
corresponding inertial aerodynamic and propulsive forces [XY Z]T and inertial moments
[LMN]T. The angular attitude of the helicopter is most commonly specified by a set of
angular rotations about three independent directions. The standard rotation sequence
used in flight mechanics consists of a yaw 1 rotation about the v3 axis of the vehicle frame
V (equation (B.2.1)), a subsequent pitch 6 rotation about the new y-axis (equation
(B.2.2)), and a final roll ¢ rotation about the intermediary x-axis (equation (B.2.3))
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39, 119, 141].

costy  sinw
Iy (W) =| —sin¢ cosip (B.2.1)
1
cosf —sind
T3 (0) = 1 (B.2.2)
sin 0 cos 6

Figure B.2: Vehicle Body-Fixed Frame B

5TE(¢) = cosd  sing (B.2.3)
—sing cos¢

where the frames X and Z in the above equation are intermediary frames. The
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resultant transformation 27"V from Vehicle Frame V to body frame B is therefore

= BTE(0)* T3 () T3 (v)
cOer) Osi) —s0
BTV = | spsbcy) — copsih spshsh + coeh  spch
cosfe + spst) coshsib — spel et

(B.2.4)

where c(-) = cos(+), s(-) = sin(-). The transformation #TV is orthonormal such that
V)" = [P1V) 7 & VT8 = [PTV]" (B.2.5)

Figure B.3, Figure B.4 on the next page and Figure B.5 on the following page show
the standard nomenclature for helicopter flight with a view from the side, top and rear

respectively.

(x,X)

Figure B.3: Symmetric flight nomenclature and body frame axis. Side view.

186



v

reference direction

\

Figure B.4: Asymmetric flight nomenclature and body frame axis. Top view.

w

Figure B.5: Euler angles and frame rotations. Rear view.
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B.3 Relations between Wind Reference Frame YV

and Body Reference Frame B

The wind reference frame W is aligned with the free stream velocity vector. The aircraft
aerodynamic forces and moments are related to the velocity vector, and therefore, the
wind reference frame is of great significance in forward flight. The sideslip angle [ (see
Figure B.4 on the previous page) and the angle of attack o (see Figure B.3 on page 186)
relate the orientation of the wind reference frame W to the body reference frame B.

From Figure B.4 on the previous page and Figure B.3 on page 186 it follows

U V cos asin 3
v | = V sin 8
w V sin v cos 3
-z - (B.3.1)
1% (u? + v2 + w?)?
g | = sin™t (u/V)
a tan~t (w/u)

To align the vehicle with the relative wind, the aircraft performs a left-handed rotation
YTV (—p3) through sideslip angle 3, and a right-handed rotation T3 () through angle
of attack o such that

=T ()Y 13 (=)

- cos —sina cosf3 —sinpf

= 1 sinf3  cosf

sin a Ccos o 1 (B.3.2)

cacl —casff —sa

BTW _

sacl —sasf ca
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B.4 Euler Angle Rates

Rate gyros physically mounted in the body of the helicopter measure the absolute inertial

body rates Z&8 = [p, ¢,7]T. The angular velocity of the body frame B is

I8 =1V 4 VP (B.4.1)

where 23V is given by equation (B.1.8) and Y&P = [P, Q, R]T is the angular velocity of

the body frame B relative to the angular velocity of the vehicle carried frame V such

that
P p (Tw® + f1) cos(N)
I TV = gl = || - BTV 3 (B.4.2)
’l | (7w + ) sin(A)

Integration of the absolute inertial angular rates [p, ¢, 7|7 has no useful physical meaning
since the body rates are expressed in body axes. For the inertial rates measured in
the body frame to be useful, they must be related to the Euler angles [¢, 0, 1] used in
determining the body frame orientation in equation (B.2.4) [39, 119, 141]. The inertial

Euler rates expressed in body axes are related to the inertial body angular velocity as:

P ) 0 0
Ql=10|+5TE@) | 6 | +PTE(@)*T5 ) | 0
R 0 0 Y

- by (B.4.3)
1 0 —sb

¢
=10 cop socb 0
0 —s¢ coch ¥

Inverting equation (B.4.3) gives an expression for the Euler rates in terms of the relative

rates [PQR]”

b 1 singtanf cos¢otan6 P
= cos ¢ —sin ¢ Q (B.4.4)
¥ singsecf cos ¢sect R
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Using the flat non-rotating Earth assumption on page 184, the expression for Z&Y vanishes
such that equation (B.4.2) becomes
P p
TP -1V = Q| = |q (B.4.5)
R r

and the Euler rates in equation (B.4.4) are found by the following differential equations

gz5 1 singtanf cos¢tanf P
= cos ¢ —sing q (B.4.6)
¥ singsecf cos ¢sect r
W
> | > W
1 sinftand cosdtan & 5
0 Cos —sin @ L | > &
0 singsecd cosgeecd
@
body mounted " l > ¢
Rate Gryros
&
g

Figure B.6: Euler rates tracking.

The above equation (B.4.6) involves transcendental differential equations for the Euler
angles. This implies that in general, the above equation does not have a closed form
solution, and a solution may have to use numerical methods. The diagram in Figure B.6
illustrates an algorithm that keeps track of the body frame B attitude using Euler rates

and sensor information from the body fixed mounted gyros.
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B.5 Applied Newton’s Laws

The goal of this section is to develop a basic set of non-linear equations of motion that
describe the kinematics and dynamics that relate to the motion of a six degree of freedom
rigid body in atmospheric flight. Standard representation for kinematic equations can
be found in reports and papers by McFarland [102], Alderete [1], Heffley and Jewell [67].
Etkin [39] covers a wide range of topics related to atmospheric flight and flight mechanics
including the derivation of equation of motion for atmospheric flight. Other literature
such as Padfield [119], Seckel [132], Stevens and Lewis [143] and Stengel [141] are sources
for detailed flight mechanics derivations. Zipfel [161] covers the topic of flight mechanics
from a tensor transformation-invariant perspective. The linear form of Newton’s Second
Law is given by equation (A.4.1) on page 168, and the angular form of Newton’s Laws
are given by equation (A.3.1) on page 168. Newton’s law is applied to the force and

moment resolved into body axes, taking Coriolis and gravity forces into consideration.

B.5.1 Translation Dynamics

fw, 2

s
&

Figure B.7: Inertial Body Dynamics.
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Consider the Earth Centered ¢ frame an inertial frame. Further assume a flat, non-
rotating Earth (section §B.1.8 page 184) such that the Earth fixed € frame of reference
is also an inertial frame. Let point O in Figure B.7 on the preceding page be a reference
point in &, the vector ¢ be a vector from O to the center of mass of body B, and the
vector p be a vector from O to an arbitrary point p in B. Let 7 be the vector from the

body’s center of mass ¢ to the arbitrary point p. Then the following holds [85] :

pP=q+r
ldp_ldq a7
dt — dt  dt
I, =T1o, + 138 <
- " - o B.5.1
IdIUp Idlvq+IdeB y —'_i_Z—*BXIdT ( )
= F4+*a° x —
dt dt dt dt
Bq By,
= 4258 x By, + 7P x 7+ 138 x (P& x 7)
T, =P, + 7108 x P+ 7aP x 7+ 7aP x (P& x )
where 7= [z y 2]T, 70, = ¢TPluvw|T, Zd® = [p qr]" are expressed in terms of the body

frame B span vector [51, 52, Eg]T. Expansion of the inertial acceleration Za, gives

U qu — v z(g®+r*) +ypg—7)+ z(pr+q)
Iﬁp =l o |+ |ru—pw | — | y@*+r®)+z(gr—p) +z(pg+7) (B.5.2)
W U+ qu (PP + @)+ (pr—q)+y(gr+p)

In the case when point p coincides with the center of mass then the vector ¥ = 0. In this

case the above equation (B.5.2) reduces to

U qu — T
w U+ qu

Let Newton’s Second Law be valid in the Earth fixed € inertial frame and expressed
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in the body frame takes the form:

_, d(mZv,
T fipg = A Ter) (B.5.4)
dt
where the vector ZFp M is the sum of inertial forces external to body B
X 0
IFCM = Y —|—BTV 0 (B55)
Z g

The above equation (B.5.5) is expressed in body frame B axis where the gravitational
force is BTV [0 0 g]7, and the aerodynamic and propulsive forces are lumped into [XY Z]T.
Substituting equations (B.5.3) and (B.5.5) in equation (B.5.4) and expanding yields the

translation dynamic equations:

U=7rv—qw+ — —gsinf
m
. Y .
U =pw—1ru+ — + gcosfsing (B.5.6)
m
. Z
W = qu — pv + — + gcos b cos ¢
m
The forces [X Y Z]T originate form various components in the helicopter such as the main
rotor, the tail rotor, the fuselage, the horizontal and vertical tail, and others. These forces

are mostly aerodynamic in nature, but other dynamic effects also contribute, for example,

gyroscopic and Coriolis effects in the case of the main rotor rotating blades.

B.5.2 Position Dynamics

Consider the case when the Earth Fixed € frame is the inertial frame, then the time

derivative of vector ¢ in equation (B.5.1) and Figure B.7 on page 191 is

E = I’Uq = STB B’Uq (B57)
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where 57, = [uvw]?, ¢TF = [BTS}T and BT¢ = BTV is given by equation (B.2.4). The
position of the vehicle in the inertial frame Z = £ for a flat, non rotating Earth expressed

in Earth Fixed Frame & is

TE clcp  spsbc) — cosyy  cosbcy) + spsi u
Ug | = | s s@sOsy + coc)  cpsOsip — sope v (B.5.8)
ZE —s6 spct coc w

B.5.3 Rotational Dynamics

Section A on page 163 describes the rotational dynamics for a rigid body. The total
moment about the body center of mass Ge M and associated angular momentum fzc M are

given by:

L

éCM: M

N (B.5.9)

B = BIT58 + ZBB’i

The moments [L M N|* originate from various components in the helicopter such as the
main rotor, the tail rotor, the fuselage, the horizontal and vertical tail, and others. These
moments are mostly aerodynamic in nature, but other dynamic effects also contribute,
for example, gyroscopic moments. Equation (A.3.4) describes the rotational equations of

motion. Presently (A.3.4) takes the form

TdBhe
dt

_ M LTG5 Bhep+ Y Bl + > TEB x PR, (B.5.10)

dt

Go = BT +7a% + 705 x Bl + > Bl + > 738 x B,
i i
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where the term

B8]

0 B.5.11
pn ( )

since the body inertia does not change in the body axis. Also, the terms ZBhi +

S™ T8 x Bh; relate to the angular momentum of individual rotor components [39]. The

inertia tensor is given by

Br — I, I, —I, (B.5.12)

I, 0 —I,
Br= 0 I, 0 (B.5.13)
I, 0 I,

The standard helicopter does not have a plane of symmetry because of the tail rotor
and the main rotor rotation. But the assumption of a plane of symmetry is still useful
for first order approximations since symmetry simplifies the set of equations. Let the

helicopter be a rigid body with rotor terms and a plane of symmetry, then expanding
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equation (B.5.10) results in [39, 40, 103]:

o L Iyz 2 2 Izm . Ixy . ([y_[z)
p—[x+ 7 (a —r7) + T (7 +pq) + T (q+rp)+ T
1 Bii Bii Bii
T > °h, —l—rz by —a) Pk
. M [ZCL‘ Ix . Iz . [z_Ix
i=7+7 r —p°) + Iy(p+qr)+ji(r+pQ)+(I—)rp
Yy Yy ) )
] (B.5.14)
Bii Bii Bii
V[T
L N [xy 2 2 Iyz . [zx . ([m — Iy)
r—[Z+ 7w —q)+ [Z(Q+7“p)+ Iz(p+q7")+ —
1 Bi1i B B
AR RSO L

B.5.4 Solution and System Simulation

Equations (B.4.6), (B.5.6), (B.5.8) and (B.5.14) form a set of 12 ODE’s. Six of these
equations are dynamic in nature, and the six remaining equations come from kinematic

considerations. The state vector is given by:

T
X=|luwvwpqgr ¢ 0 ¢ g ys zp (B.5.15)

The forces and moments are created by the aerodynamics, gyroscopic, Coriolis forces and
other effects. Some of the components that contribute to the forces and moments are the
main and tail rotors, the fuselage, the vertical tail and horizontal stabilizer, and other
components. Figure B.8 on the next page shows a sketch for a simulation block diagram

that accounts for linear and angular dynamics.

B.6 Main Rotor Frame of Reference

Bramwell [11], Leishman [92], Padfield [119], and Prouty [124] each give descriptions
of the various reference frames used in the analysis of rotor dynamics . Four natural

rotor reference frames are most commonly used in the dynamic analysis of rotors, and
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no one reference is unique [92]. Rather, the selection of one frame over another is a
matter of choice and convenience. The most frequently used rotor coordinate systems
are [11, 92, 119, 124):

1. Hub Plane (HP): The HP is also known as shaft plane axis. In this reference
system, the rotor hub (a physical part of the helicopter) is perpendicular to the
rotor shaft, and it is oriented with respect to the body axis system. Both flapping
and feathering take place in this plane, and therefore the HP is significantly less
convenient for the calculation of forces and moments. However, such forces and
moments defined in this plane can be easily resolved along the body axis, and
consequently the HP is generally used for blade dynamic analysis.

2. Non Feathering Plane (NFP): The NFP is also known as the control plane. No
variations in cyclic pitch take place in this reference plane, but the blade flap angle
varies cyclically. Performance analysis uses this plane.

3. Tip Path Plane (TPP): The TPP is also known as the Disc Axis. For a rotor with
no hinge offset, the blade tips describe the boundary of this plane. In this plane
there is no first harmonic flapping. When there is a finite hinge offset, then there
is both feathering and flapping in this plane, but the flapping is negligible for small
hinge offsets.

4. Control Plane (CP): The CP is also known as the swashplate plane. This plane is
aligned to the cyclic pitch. In the absence of mechanical cross coupling between
flapping and feathering, the control plane is the same as the NFP. Coupling between
flapping and feathering is present when the blade is free to move about the drag
hinge via Coriolis effects, and when the flapping and drag hinges are deliberately
inclined to induce such coupling [120].

When coupling between blade flapping and feathering exists, the control plane lies be-
tween the NFP and TPP.

B.6.1 Hub Plane (HP) Reference Frame
0 =0y — 01.cos) — O15sin

(B.6.1)
ﬁ = BO - 51(:608?/1 - Bls Sinw
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X-axis runs along fuselage symmetry plane and is normal to Z.
Y-axis is perpendicular to fuselage symmetry plane and perpendicular to Z.

Z axis is normal to shaft.

-~ W o=

Less convenient to work in this plane, but more useful due to its orientation with

respect to the body axis system.

[ relative wind ]

< ¥ [advancingblade @ y = 90° ]

< * [viewtoward the rear of therotor @ y = 0°]

Figure B.9: Rotor Reference Frames [11, 92, 119, 124].

B.6.2 Non Feathering Plane (NFP) Reference Frame

1. Collective control moves the blades in pitch by the same amount.

2. Cyclic control tilts the swash-plate.
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4 = 0ol nrp
Onep = (0] (B.6.2)

Blxrp = [Bolyrp = [Brel ypp cost) — [Bis] yppsini

B.6.3 Tip Path Plane (TPP) Reference Frame

1. This plane is defined by two straight lines.
e The first connects the blade tips at azimuth angle ) = 0 and ¢ = 180 deg.
e The second connects the blade tips at azimuth angle v = 90 and ¢ = 270 deg.
2. The rotor thrust is roughly perpendicular to this plane. Whence, this plane is
commonly used in aerodynamic analysis.
3. When the flapping hinges are offset, flapping occurs in this plane. However, for
small hinge offset, the assumption of no blade flapping is valid.

4. In general, analysis in this plane sets flapping to zero.

017pp = 0ol rpp — [O1c)rpp o8ty — [O15]pppsin g

[ﬁ ]TPP = [ﬁO]TPP

B.6.4 Relations Among Main Rotor Frame of Reference

The amount of blade feathering and flapping depends on the rotor reference frame. For
a teetering type rotor, the amount of blade pitch in the TPP is equivalent to the amount
of flapping in the NFP. For other types of rotors, the feathering and flapping relations
between the TPP and NFP still hold [92]. The feathering/flap equivalence is illustrated
in Figure B.9 on the preceding page from where the following holds [11, 92, 119, 124]

Brc + 015 = constant = [Bic]ypp = [01s)ppp

Brs — bhe = constant = [Bis|ypp = O1c)rpp
[a]rpp =[] ypp = (Brc + 015) (B.6.4)
[a]rpp = on — Dic

[a]ypp = an + 01
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In the above equations ay is the angle of attack pertaining to the hub plane. In general, if
the swash-plate is tilted, then the blade chord remains parallel to the swashplate. As the
blade rotates, then feathering takes place in the Hub Plane perpendicular to the shaft.
The swashplate defines the plane of no feathering, and the axis of no feathering passes

through the hub and is perpendicular to the swashplate plane.
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Appendix C

Helicopter Momentum Theory and Blade Element
Theory

Helicopters operate in a number of flight regimes that include hover, vertical, and forward
flight, and also perform maneuvers which combine elements from the aforementioned
and more basic flight conditions. Hover flight involves upward or downward vertical
flow through the rotor, and as such hover is of axial type. In contrast, forward flight
introduces a component of the free stream velocity which adds a cyclic element to the
rotational blade velocity. Therefore, the flow distribution that the blade encounters in
forward flight as it rotates around its rotational axis varies with blade azimuth and results
in asymmetric flow through the rotor. Whence, in forward flight regime, the free stream
velocity combines with varying blade pitch angle and blade flapping to produce non-
linear induced inflow through the rotor. In turn, the rotor inflow affects the blade angle
of attack and the resulting blade lift distribution, rotor thrust and power consumption.

References [26, 27, 53, 82, 92, 124, 133, 154] treat the subject of helicopter rotor
aerodynamics to great depth. This appendix compiles the basic theory and mathematical
models of rotor aerodynamics, and summarizes the main results derived from Momentum
Theory and Blade Element Theory. These two theories combined explain the fundamental

physics involved in helicopter flight mechanics:
1. Simple Momentum Theory:

e Based on an actuator disk concept.

e Provides basic relationships for induced velocity and power required to produce

thrust

e Theory is adequate for hover and vertical flight.
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e Theory does not dwell in the mechanisms that allow the helicopter to produce

thrust.
2. Blade Element Theory:

e Provides a framework for the analysis of the physical mechanisms that keep

the helicopter in the air.

C.1 Simple Momentum Theory in Hovering Flight

Hover flight consists of axisymmetrical, mostly uniform flow through the main rotor. The
flow through a rotor also contains complicated vortice patterns which result from con-
centration of aerodynamic forces at the blade tips due to the existence of high dynamic
pressure at that location. The mathematics that involve modeling of vortice in rotor
aerodynamics is an important active research topic since vortice analysis helps predict
rotor flow effects with greater accuracy [92]. These more elaborate analysis tools are nec-
essary for helicopter and rotor design studies as well as for maneuver flight performance
prediction of main rotor thrust, torque and overall power consumption. Momentum The-
ory is a simpler mathematical approach to the analysis of hovering flight that results in
first order prediction of helicopter performance.

Figure C.1 on the next page illustrates a control volume of air used for analysis of
a helicopter in hover flight [92]. This control volume surrounds the rotor and the air
stream with surface area S and unit vector dS , and includes the free stream velocity V.

and wake velocity V. + w such that
# pV -dS =0 (C.1.1)
s

where p is the local fluid density and V is the local fluid velocity. The above equation
governs the mechanics of conservation of fluid mass (Section A.5.1 on page 172), and
it says that the mass flow entering the control volume must equal the mass flow that
exits the same control volume. With the reasonable assumptions that the streamlined

flow within the rotor wake does not mix with flow outside the wake, and that the flow
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through the rotor behaves in a quasi-steady manner, then the mass flow rate m remains
constant throughout the stream tube that includes the rotor wake. In this case the mass

flow rate m of air within the wake is given by

mz// pv.dgz// oV - d§ (C.1.2)
@4 @3

With the added assumption that the stream tube is one-dimensional and incompressible,

then equation (C.1.2) becomes a one dimensional equation with the form

m = pAsW = pAstation,Vi = pAv; (C.1.3)
V.  station 1
—>> R TTTTTTTT Tt oTT T oToToToTomomomomomomomoes It
\\\\ VC /,,/
\\\ /l/\A
- « ' streamtube it -
dsS | K ds
+ station 2 +
VetV station 3 | |'
station 4
— D |
Ve +kv, V, =V +w

Figure C.1: Actuator disc concept for rotor in vertical flight (for hover case V. equals
7Z€ero)

The force exerted on the control volume shown in Figure C.1 equals the rate of

change of momentum of the air mass flowing through S. This mechanics takes the form
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(Section A.5.2 on page 174):

- ﬁspdm Zj{ (o7 -a5) v (C.1.4)

where the net pressure force on the fluid inside the control volume is zero [56, 92].

# pdS =0 (C.1.5)
S

In a hovering helicopter, the main rotor blades form a disk that behaves as an actuator;
that is, the rotor imparts energy to the air mass by accelerating air downwards over
the rotor or actuator disk region. The rotor therefore imparts the force Fin equation
(C.1.4) above. By virtue of Newton’s third law, the air flow exerts an equal and opposite
force (or thrust T ) on the rotor. The quasi-steady, one-dimensional, incompressible flow

assumptions simplify the above equation to the form

F=f=//@®4p<V-d§>V—//@Ip<X7-d§>I7 (C.1.6)

Equation (C.1.6) is the net change of momentum between station 1 and station 4 in

Figure C.1 on the previous page. In hover flight however, the velocity far above the rotor

//@lp<‘7~d§>v':0
T=//@4p(‘7~d§>17:mw (C.17)

The rotor or actuator disk imparts energy to the airflow passing through the rotor with

is zero such that

and therefore

the effect of increasing the flow’s kinetic energy. This mechanism in which work W done
on the system per unit time (or power consumed by the rotor) is conserved takes the

form (Section A.5.3 on page 176):

W= ﬂ% (oV - a5) V2 (C.1.8)

With the quasi-steady, one-dimensional, incompressible flow assumptions, the work done
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by the rotor per unit time W, or equivalently, the power P consumed by the rotor is

P—W =Ty~ # (V- a8) 72 - ﬁ (o7 a8) 7 (C.1.9)

In hover flight, the free stream velocity far above is at rest with respect to the rotor, in

ﬂ@ %(pV~d§>X72:0

this case the term

and equation (C.1.9) becomes
1/ 2 ANy 1.
Tv; = = (pV-dS)V = —1Thw (C.1.10)
o, 2 2
Substituting equation (C.1.6) into the above equation (C.1.10) yields
w=2v; (C.1.11)
Rearranging equations (C.1.3), (C.1.6) and (C.1.11) gives

T = mw = (pAv;) (2v;) = 2pAv;

(C.1.12)
\/QpA 2,0

In the above equation vy, is the hover induced velocity, and DL = T'/A is the disk loading

ratio. The above equation (C.1.12) along with equation (C.1.9) gives the ideal power

that is required to hover as

T3/2

e (C.1.13)

P =Tv; = (2pAv}) v; = 2pAv} =
Equation (C.1.13) assumes that the air flow behaves as a quasi-steady, one dimensional
fluid, and does not take into consideration viscous effects or non-linear flow patterns
such as blade tip vortices. The above equation does indicate that for a helicopter to

hover at minimum power for a given thrust (or aircraft weight) it is necessary to keep
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the induced velocity of the rotor at a minimum, with a large mass flow through the disk.
Both conditions for minimum power require a large rotor disk area, and as such, the
main rotor disk area is a major design feature for helicopters.

The above development and results from momentum theory consider the main rotor as
an actuator disk. The above basic laws of physics say that when the actuator disk imparts
energy to the airflow passing through the rotor, this actuation changes the momentum
of the air mass, and the resulting reaction force keeps the helicopter in the air. Basic

assumptions regarding momentum theory and helicopter rotor are [53, 154]:

1. An infinite number of blades forms an actuator disk or rotor.
2. Across this actuator disk there is a sudden increase of pressure.

3. To satisfy conditions far above or below the actuator disk, the pressure gradient

must be decreasing except at the actuator disk.
4. No thrust loss at the blade tips.
5. Vortices generated at blade tips are not directly accounted for.
6. Viscosity effects are not directly accounted for.
7. Velocity across the actuator disk is continuous.
8. Clearly defined stream tube above and below the disc.
9. Air flow is constrained to the stream tube and does not mix with the outside air
10. Rotor disk does not disturb the air outside the stream tube.

11. The actuator disk does not impart flow rotation.

The governing principle is the work done on the column of air by the actuator disk
or rotor. The rotor imparts velocity (kinetic energy) to a column of air downwards
through the rotor plane. As the air accelerates toward the actuator disk with continuously
increasing velocity, the pressure falls and the air tube contracts to conserve the air mass
and energy. At the instant when the air passes through the actuator disk, the flow energy

increases with a resultant increment in flow velocity known as induced velocity v;. This
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change of momentum of the air column in turn produces a reaction force or upward
thrust. Limitations of the simple momentum theory are that the theory only accounts
for losses that originate from producing thrust (induced drag), neglects viscosity and
blade tip losses in the form of vortices, and considers the profile drag to be zero.
Quasi-steady assumptions on the flow imply that the continuity of mass flow ((C.1.3))
in the stream tube imparts the condition that the velocity is continuous through the disc.
One-dimensional flow assumptions allow for the application of the Bernoulli’s equation

to streamlines of the flow above and below the disc respectively such that

1 1
POOJFEpVC2 :P1+§p(vc+vi)2 (C.1.14)

1 1
P2+§P(Vc+vi)2:Poo+§P(Vc+w)2 (C.1.15)

The disk loading T'/A equals the pressure jump across the disk. Subtracting (C.1.14)
from (C.1.15) gives
T

1
G= (= P)=5p@Vetw)w (C.1.16)

As expected, manipulations of the above equation (C.1.16) yields equation (C.1.12) again.
Define non-dimensional coefficients pertaining to thrust, power and induced velocity

(for the hover case when V. = 0):

T
thrust coefficient: Cr = ———
pA (QLR)
. P Q
pressure and torque coefficients: Cp = 5 = 5 = Cq (C.1.17)
pA(QR) pAR (QR)
o . Ve + v
lized induced velocity: N\, =
normalized induced velocity: \; oR

where €2 is the angular velocity of the rotor and R is the rotor radius. Substituting

equation (C.1.17) into equation (C.1.12) yields (V. =0, hover case):

1 /T 1 [pL | T [Cr
Qr\/ 204~ QR\ 2 2pA (QR)? 2 (C.1.18)
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where the term T'/A is the disk loading (DL). Also

Tv, T v ey
Cp, =Crhi= Oy = 5 (C.1.19)

Equations (C.1.18) and (C.1.19) are direct results of the application of momentum theory
for hover case when climb velocity is zero. These results are mainly used to obtain first

order performance values.

C.1.1 Momentum Theory: Vertical Climb

In vertical climb the fluid can be considered quasi-steady and one-dimensional since the
flow properties are uniformly distributed at each cross section and vary only in the axial

dimension [92]. Referring back to Figure C.1 on page 204 and equation (C.1.2)
i [[ o7eas= [[ o7 -as
@4 @s (C.1.20)
= pAa, (Ve +w) = pA(Ve +v;)
In turn, the momentum equation (C.1.6) becomes
[ o(v-as) v~ [[ o(7-as)V
0 ® (C.1.21)
T =11 (Vo 4+ w) — 1V, = rw

The work equation yields

_ 1//@4% (oV-a5) V2 - //@ % (o -a5) V* (C.1.22)

1 1
T(Vo+v) = 3 (V, —w)* — §me = §mw (2V, + w)
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Equations (C.1.21) and (C.1.22) combined yield w = 2v; as in equation (C.1.11). Using
equations (C.1.20) trough (C.1.22) results in

T =2pA (V. + v;) v, (C.1.23)

Given that thrust in hover is the same as the thrust in un-accelerated climb gives

T = 2pAv; = 2pA (Ve + v;) v; (C.1.24)

where vy, is the hover induced velocity for the same thrust T in both hover and un-

accelerated cases. Then

solving for v; /vy,

v,% = (Vo + vi) v

> (C.1.25)
0= + UZZC -1
Vp2 Uy,
(% VC VC 2
- =—— — 1 C.1.26
Up, 2Uh <|:2’U;J + ) ( )

The ratio v; /v, must be positive for a real flow, and therefore the only valid solution is

the one with the positive sign for the squared root [92]

U’L

Up,
; 1%
O
U, 2Uh

v; Ve Vel

—=—— — 1 C.1.27

Up, 2Uh ( |:2Uh:| + ) ( )
Ve | Ve : Ve

—_—+ — 1 — 1.2
2o 20 0 given ( < QUh> (C.1.28)

= v XU — % given (QLUC; < 1) (C.1.29)
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Figure C.2: Variation of induced velocity for climbing rate

Equation (C.1.28) shows that the induced velocity decreases asymptotically towards
zero as the climb velocity v, increases. In turn, equation (C.1.29) says that for a low
climb rate, then the induced velocity behaves as a linear function of the climb rate.
Figure C.2 below shows the behavior of functions (C.1.28) and (C.1.29). Notice that the
climb solution described by equation (C.1.27) is only valid for flight conditions for which
the climb velocity is greater than or equal to zero. All other flight conditions violate the
flow model used thus far, and the results are therefore not valid.

The required power to climb is related to the rate of change of kinetic energy in the

stream tube.

o Aenergy L. re ey e

= %pA (Ve +v;) (V2 +20,.Vio)

and using equation (C.1.24) yields

P, =2pA (v, + Vo) v (v + Vi) =T (v; + Vo) (C.1.31)
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Figure C.3: Effects of climb speed on induced power

It is convenient to see the how the hover induced power relates to the climb induced
power. Combining equations (C.1.13), (C.1.27) and (C.1.31) gives

P; T(Vc—f‘vz‘)_& (2

Ph n TUh Uh Uh
Vo Ve \?
== = 1
2Uh + (2vh> +

The above equation (C.1.32) (see Figure C.3) says that the induced power increases

(C.1.32)

as the climb speed itself increases. Equations (C.1.27) and (C.1.28) show that at very
high speeds of climb, the induced velocity approaches zero and the induced power also

approaches zero. In this case, equation (C.1.32) becomes

P Ve Vo

—~—+1 = P~ P,+—PF
Ph 2Uh * ht 21}h &
TUhVC
~ P 1.
bt (C.1.33)
Tv. . Vi
:Ph+—v given | 1 << <
2 21)h
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C.1.2 Momentum Theory: Vertical Descent

In vertical descent the climb velocity is less than zero (Vi < 0, V¢ is positive in the down-
ward direction), and the axial flow through the rotor disk is such that the slipstream and
rotor vortex are above the rotor. During some descend states the flow pattern is not well
defined or recirculating in a non-linear fashion, there is no clearly defined slipstream, and
therefore there is no well defined control volume. Under these circumstances, momentum

theory is not applicable. Four different descend states are of interest [92, 124]:
1. windmill brake
2. low descend rate
3. vortex ring state

4. autorotation

C.1.2.1 Windmill Break State (V¢ /v, < —2)

In this case, the rate of descent is large, the flow is smooth, and the slip stream exists. The
flow goes up through the rotor, and due to the induced velocity, the velocity decreases
as the flow approaches the rotor. This results in the slip stream expanding above the
rotor. In the Windmill brake state, power is transferred from air to rotor, and simple
momentum theory is applicable once again [124]. Figure C.4 shows the axial descent flow
model along with the control volume used to develop results from momentum theory
[92]. This flow model works as long as the the slipstream remains well defined. The sign
convention for V¢ indicates that the flow well below the rotor has magnitude |V |, at the
rotor disk the flow velocity has magnitude |V¢| — v;, and the flow well above the rotor
has magnitude |V| — w. During this type of descent the net flow within the slipstream
above the rotor is less than Vi and, as previously said, the flow above the rotor expands.

The mass flow rate 1 is constant within the stream tube:

m:// pv.dng/ oV dS
@ @ (C.1.34)

= pAa, (Ve +w) = pA (Ve + vy)
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Figure C.4: Actuator disc concept for rotor in axial descent

In this case, the momentum equation (C.1.6) becomes

LT ] () 1

T = —1in (V, + w) — (=) V, = —rhw

where the flow rate m is negative during descent. The corresponding work equation is

// pV - dS V2 - // pV - dS V2
a 2 (C.1.36)

T(Ve+v) = —mV2 - §m (Vo4 w)* = —§mw (2V. +w)

The negative work indicates that the flow does work on the rotor, or conversely, equation
(C.1.36) above says that the rotor extracts power from the flow. Thusly, when the
descend speed Vi /v, < —2, then the descend region is known as the windmill break state.

Equations (C.1.35) and (C.1.36) yield the usual result w = 2v;. Following a development
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similar to that of section §C.1.1 gives

T = 2pA (—VC — 'Ui) v = —2pA (VC + Ui) V; (0137)

Similar steps leading to equation (C.1.27) result in

v = — (Ve +vi) v

S =0
Vp2 vy,
solving for v; /vy,
v; Ve Ve
—=—-—4 —| —1 C.1.39
U 2Uh ( |:2Uh:| ( )
In this case the only physically possible solution is the one for which Vi /v, <0, then
v; Vo Ve ?
—=——— — =1 C.1.40
U, 2Uh ( |:2Uh:| ( )

=~
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v
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Figure C.5: Theoretical and empirical induced velocity profiles
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Figure C.5 on the preceding page shows the theoretical and empirical induced velocity
curves for the axial climb (normal working state) and large descend rates (windmill break
state). As previously noticed in equations (C.1.27) and (C.1.40), the results from momen-
tum theory only work in the normal working state and the windmill break state. Dashed
curves indicate when the momentum theory does not work. Moreover, the Figure C.5 on
the previous page shows the variation of the induced velocity with vertical flight. Notice
that in the vortex ring state, the induced velocity increases to as much as twice the
induced velocity during hover. Equation (C.1.40) indicates that when V,./2v, < 1 then

the model generates an invalid solution. There is one special case:

U4 V. V. V. V.
N e j 1 << —= C.1.41

Up, 2Uh 21)h Up, geven ( th) ( )
Equation (C.1.41) along with Figure C.5 on the preceding page show that the induced

velocity asymptotically decreases to zero as the descend velocity increases to large values.

C.1.2.2 Vortex Ring State

In the case of low descend rate, the flow is dominated by the induced velocity. The
upward velocity of the rotor is close to or equal in magnitude to the induced velocity. In
this mode the tip vortex filaments are closer to the plane of the rotor and move radially
outward away from the rotor [92]. As a consequence, the expansion of the slipstream is
very large, and there is recirculating flow in the rotor [83, 124]. As mentioned before, both
the expansion of the slip stream and the recirculating flow invalidate the assumptions
necessary for momentum theory, and therefore the momentum theory does not work.
The momentum theory also breaks down when the upward velocity equals the induced
velocity with a zero net velocity through the rotor which results in no thrust. In real
life, the rotor still is able to develop thrust in these circumstances. The vortex ring state
is an unsteady state which causes erratic fluctuations in lift such that the helicopter is
subject to severe vibrations as well as pitch and roll attitude changes with some loss of
rotor control [92, 124]. When the tail rotor experiences a state similar to the vortex ring
state (when flying sideways and hovering in a cross wind), the helicopter may experience

loss of directional control. A healthy research in the subject is on-going as seen in Chen
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[19]. For a more in-depth treatment on the subject matter, references [92] present a good

modern and actualized exposition of this and other working states.

C.1.2.3 Turbulent Wake State

In this state (with higher descent rates) of air flow through the rotor, the wake above

the rotor becomes more turbulent and aperiodic than during the vortex ring state [92].

C.1.2.4 Autorotation

If the collective pitch of the main rotor is set such that the helicopter begins to fall, the
inflow through the rotor reverses and the rotor takes momentum from the air. The source
of energy is the potential energy lost due to the falling machine, the change of momentum
causes the blades to rotate, and the blade rotation at a suitable angle of attack produces
sufficient thrust to slow the rate of descent of the machine. [124]. This condition takes
place at a point when P/P, = 0 for a given Vi /vy, and thrust. The topic of autorotation

is covered to a great level of detail by the literature, especially references [92, 124].

C.1.3 Momentum Theory: Forward Flight

A helicopter in forward flight develops a well defined slip stream which allows for a control
volume necessary to apply momentum theory. As previously stated, momentum theory
allows for development of first order performance estimation of forward flight with useful
insight into the physics of forward flight [124]. A simple derivation of momentum theory
results to forward flight can be found in [92]. The original development for application
of momentum theory to forward flight was done by Glauert [54, 57] and referenced by
Leishman [92].

Application of the mass flow rate equation (see equation (C.1.1)) gives

= pA\/(Voo cos )’ + (Vo sina + v;)°
(C.1.42)

m = pA\/VO%3 + 20; Voo sin o + v?

Momentum exchange (see equation (C.1.4)) between the flow through the rotor and the
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rotor takes the form:

=m (Ve sina +w) — m (Vy sin «)
(C.1.43)
T =mw

Energy exchange between the rotor and the flow (see equation (C.1.9)) yields an expres-

sion for power as

1 1
P=TVysina+v;) = §m (Ve sina 4 w)* — §mV°20 sin® o
(C.1.44)

= %m (QwVOO sin a + wz)

where T % V, sin «v is the required power for climb and propulsion, and 7T'v; is the power
required for lift. Equations (C.1.43) and (C.1.44) yield w = 2v;. Whence from equations
(C.1.42) and (C.1.43)

T = 2mw; = 2pAvi\/(Voo cos oz)2 + (Voo sina + vi)2
(C.1.45)

= 2pAvi\/V020 + 20; Vo sin v + v?

In the case when V., = 0, then equation (C.1.45) reduces to the hover case in equation
(C.1.12). In forward flight when v; < Vi, equation (C.1.45) becomes equal to the lift of
an elliptically loaded wing [55, 92] as

T =2pAv;Vy (C.1.46)

Using hover results from equation (C.1.12) and the above equation (C.1.45) gives

2pAv; = QpAU,'\/a/oo cos )’ + (Voo sina + v;)?
v? (C.1.47)

\/(Voo cos )’ + (Vo sina + v;)?

V; =
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Define tip speed ratio or advance ratio p as

Vo cos
= C.1.48
p OR ( )
For forward flight, the normalized inflow velocity or inflow ratio A is
Voo I [
\ = YeoSINQ i = ptana + \; (C.1.49)

QR

were \; = (Vo +v;)/(2R) is given by equation (C.1.17). Rearranging equation (C.1.47)

such that
. v} (QR)”
i = 2
\/(VOO cos )’ + (Voo sina + v;)° (QR)
becomes
)\2
= — e (C.1.50)
/N2 + >\2
In equation (C.1.18) A\, = \/Cr/2 and equation (C.1.50) is now
Cr
A = —— C.1.51
2/ + N2 ( )
Substituting (C.1.51) in equation (C.1.49) gives
A= ptana + Cr (C.1.52)

2/ p? + N2

which in general requires numerical procedures to solve for the inflow A. Equation
(C.1.52) can only be applied when the momentum theory itself is valid. Small upward
or descent axial flow contributes a small normal component of the velocity that passes
through the rotor. As seen in section §C.1.2.2, when this axial low component is such
that —2v; < Vosina < 0, then the flow direction through the rotor can be in two di-
rections and there is no well defined slipstream. Under these conditions results from

momentum theory are not valid.
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C.1.4 Momentum Theory: Power Consideration in Forward

Flight

Equation (C.1.44) gives an expression for the propulsive and lift power estimates (viscous

effects are not accounted for in this expression). With regard to the power necessary to

hover P, = T'v; given by equation (C.1.13), equation (C.1.44) becomes [92]:

P T (Vesina +wv;)  Vesina+v;
th T’Uh N Up,

P A A
—:—zﬂtana—F d

Ph >\h )\h '/M2+)\2

In straight and level flight, the equilibrium of forces are such that

Tcosawu =W

Tsinawa= Dcosa~ D

; D drag
ano X — =
YT T T R
Equation (C.1.53) is now
P . 1% D )\h

B T JEia

In the case when there is climb or descent, equation (C.1.53) becomes

A
—:)\Ccosoz+ﬁtanoz+ h

Py An V24 A

where \. is the climb velocity ratio.

C.1.5 Summary of Results from Momentum Theory

(C.1.53)

(C.1.54)

(C.1.55)

(C.1.56)

Momentum theory captures first order rotor performance characteristics while in hov-

ering, climbing, large descent rate axial flight and forward flight. As such, momentum

theory gives insight into some of the factors that influence basic helicopter performance.

Among the most important contributions of momentum theory are (92, 124, 140]:
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1. provides means for quantification of first order rotor performance (thrust and

power) in hover, forward and axial (climb and decent) flight.
2. insight into the importance of inflow velocity through the rotor.
3. shows importance of disk loading as a parameter that influences rotor performance
4. physical insight into the relation between low disk loading and hover performance

5. allows for empirical modifications to momentum theory to account for viscous and

other non-linear effects
6. momentum theory is intrinsically simple to develop and apply

Momentum theory does not, however, capture viscous effects such as profile drag, and
dynamic effects such as blade tip vortex and wake flow field dynamics. An example of
momentum theory shortcomings are the vortex effects on power. Momentum theory fails
to account for the effect of the flow conditions due to one blade following the next as the
rotor rotates. The net result of this particular nonlinear effect is a change in the rotor
upwash velocities that for small climb rates, the required power to climb is somewhat
less than the required power to hover. Some additional issues associated with simple

momentum theory are:

—_

. ignores profile drag losses
2. ignores performance of rotor wake vortex
3. provides no information regarding blade load distribution

4. no insights on how to design rotor blades to produce a given performance (thrust

and related power)

5. does not deal with development of thrust in the individual blade elements

(=]

. analysis breaks down in the vortex-ring state

Blade element theory and combined momentum and blade element theory address many

of the above shortcomings.
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C.2 Blade Element Theory

Leishman [92] provides an excellent historical perspective and a straight forward devel-
opment on the subject of Blade Element Theory (BET). Prouty [124] gives a complete
exposition on BET and its application to rotor design, performance and control. Ref-
erence [26] explores a preliminary engineering approach that uses BET in the design of
helicopter rotors. This appendix summarizes the main results from the blade element
theory compiled from the previous citations.

Blade Element Theory (BET) estimates the dynamic forces and moments associated
with each blade element at a given radius from the rotating axis and at a given position of
the blade azimuth. A blade section has a speed that is proportional to the local radius. If
the blade section is sufficiently small, conditions across the section are constants. In this
way, drag and thrust of the blade element can be readily computed, and the contributions
of all the small blade elements are added to generate the total or net rotor thrust, drag

and moment. Blade element theory has the following characteristics:
1. accounts for profile drag losses
2. gives insight into conditions at the rotor and in the wake
3. deals with thrust in the individual blade elements

The following are reasonable assumptions that can be made with blade element theory

26, 92, 124]

1. the radial (out-of-plane) velocity Up and the tangential (in-plane) velocity Ur are

such that Up < Ur = U = \/U% + U3 ~ Ur.
2. Up < Ur is not valid at the root, but forces close to the root are small.
3. considers each blade element independently from other elements

4. thrust and torque result from integration of the individual contributions of each

element along the rotor radius

5. blade is rigid due to large centrifugal forces
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6. induced flow angle ¢ is small such that

¢ — small = sing ~ ¢, cos¢p ~ 1 — tan"1(Up/Ur) =~ Up/Ur
7. blade incidence angle 6 is small such that sinf = 6, cosf ~ 1

8. L/D is large. That is, drag is one order of magnitude less than the lift such that
dDsin¢g ~ dD¢ < dL = dD¢ — negligible

9. when appropriate, BET necessitates the use of vortex theory to assess the inflow

at the root and tip of the blades.

For a given blade element, the incremental lift and drag are given by

“ee b g

8
2.

e
¥

4
¥

Figure C.6: Velocity, angles and parameters associated with a rotor blade element.
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1
dL = ¢ 1S = §pU2 C)cdr

— o () + (o + Vo) Culedy

2 . (C.2.1)
dD = ¢, CyS = §pU2 Cqcdy
1
= 5P [(Qy)z + (v; + VC)Q} Cq[cdy]

where c is the local blade section chord, S is the blade section unit area, C;, Cy are the
lift and drag coefficients. Also, since y = eR + r = R(e + x), then dy = dr = Rdx. The
effective local angle of attack « is a function of the blade pitch angle 6 (i.e. the angle
between the chordline and the disk plane or disk of rotor angular motion) and the local
inflow angle ¢ (i.e. the angle between the effective velocity U and the disk plane), and it
is given by

Up Up

az@—gbz&—tan’lU—T%G—U—T (C.2.2)

where (x =r/R)

Up=Vo+u
Ur =Qy=QR(e+x)
P vt Ve wtVe Up (C.2.3)
- Qu ~ Qy  Ur
U? = (0; + V.)? + Q%% = (1, + V.)* + (QR)? (e + 2)?
The inflow ratio in equation (C.1.17) on page 208 now takes the form
Vot (Qy Ve+wvi (y Up

QR (Qy) Qy (R) oy et e =dleta) (C24)
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For small angles

= 8—0[0—’5&11_1E ~ () Q—QO—E
o UT a UT
oV (C.2.5)
Cl—Cla(Q—ao— ! c)
Qy

where (), is the two-dimensional lift-curve-slope of the airfoil section, and «y is the zero-
lift angle of attack. For incompressible flow, C;_ is a function of Reynolds and local Mach
numbers , but a constant average value for Cj will not result in significant error [92]. In
this case let a = Cj,, and substituting back in (C.2.1)

dL = 1pac [(Qy)2 + (v; + Vc)z} (9 — g — vi VC) dy

2 (C.2.6)

1
dD = SPe [(Qy)2 + (v + Vc)2] cpdy

in the case when (v; + V,)* < (QR)? , and when aqy = 0 for a symmetric airfoil, then

1 .
dL = pac (Qy)? (9 - Uzg VC) dy
y (C.2.7)

1
dD = Pe (Qy)? epdy

where the term 6 — ag — (v; + V) /(Qy) is the effective angle of attack given by equation
(C.2.2). From Figure C.6 on page 223, for a number of blades b, the thrust, torque and

power are given by:

dT = b(dL cos ¢ — dD sin ¢)
dQ = by (dLsin ¢ + dD cos ¢) (C.2.8)

dP =Q dQ) =b(dLsin¢ + dD cos ¢) Qy
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Using the set of assumptions in page 222, equation (C.2.8) becomes (y¢ = RA):

dT ~ bdL

i+ Ve
dQ ~ yb (¢dL + dD) = y (¢dT + b dD) :udTery dD

+
Q (C.2.9)
AP = Q dQ =~ b(¢dL + dD) Qy = (¢dT + b dD) Qy

~ (v; +V.)dT +bQy dD

Equation (C.1.17) on page 208 defines the Thrust, Torque and Power coefficients. In
terms of the expression for dL in equation (C.2.1) on page 224 and for dT in equa-
tion (C.2.9), along with the aforementioned definition for the thrust coefficient Cr, the

incremental thrust coefficient takes the form

bdL bpU2C; edy) 1 [be ][] /y
= 5 = 3 = — _— _— d (—>
prR? (QR) 2pmR? (QAR) 2 |7R]| | QR

R (C.2.10)
dOT = %Cﬂ“ZdT’

where o is the blade solidity o is defined as the ratio of the total blade area to the rotor

disc area

blade area bcR be
— - C.2.11
disk area mR? 1R ( )

Equation (C.2.10) is a fundamental result from Blade Element Theory [92]. This result
does not depend on any specific rotor configuration, and applies to all blade platforms.
Continuing with the integration of the above set of equations (C.2.9) along the rotor

blade gives

1 1 1v; 1 1 1
T = épabc (QR)2 (—HR — —UZ + VVC) = —paJA (QR)2 <§9 — 5)\)

3 2 Q 2
1 1
D = —pbcR (QR)* Cp = —poA(QR)? Cp
6 . ) 6 : (C.2.12)
Q= %T + gpbc(QR)2 R*Cp =ART + GPoAR (QR)* Cp

1
P=(v+V)T+ %pbc (QR)’RCp = AQRT + SPoA (QR)® Cp
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where \; = (V. + v;)/(QR) is given by equation (C.1.17) on page 208 and revisited in
equation (C.2.4) on page 224 and the rotor disk area is given by A = 7R?. In terms of
the results in equation (C.2.12) then

aoc (1 1
ot (10 1)

ao 1 1 1 1
Cp=Cq= 7)‘ (50_ §>\> +§UOD = /\OT"‘gO'CD

(C.2.13)

Using results from simple momentum theory in equation (C.1.18), then equation (C.2.13)

above becomes

(C.2.14)
ci? o1

Cp=0Cq= /o +§PCD

where the thrust coefficient C7 results from an iterative solution of the above equation.

6 3 /Cr
= — —\/— 2.1
0 apCT + 9 7 (C 5)

In the above equation, the term 6Cr/(a p) is the blade pitch angle required to generate
thrust, and the term 3/2,/C7/2 is the blade pitch necessary to compensate for the

Solving for pitch angle 0

induced flow. The above equations are valid for rotors with uniform inflow velocity A
across the rotor, for a constant rotor lift-curve-slope Cj_, and for a symmetric airfoil with
no tip loss. Other additional non-ideal and non-linear effects such as flow and thrust at
the blade root and tip vortex shading may be accounted for by introducing a first order

induced power loss factor k in the C),, Cg equation such that
3/2
CP = CQ = _CT + —pCD (C216)

where the factor k is approximately equal to 1.2 to 1.5 [13, 92].
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C.2.1 Tip-Loss Factor

The BET allows for the blade tip to generate finite thrust which is physically unrealistic
[92]. Leishman points out that original work by Gessow [52] and Gessow and Myers
[53], and work by Payne [120], Johnson [82] account for the blade tip not to carry thrust
by introducing the concept of effective blade radius R, = BR where B ~ 0.95 — 0.97.
Integration of the thrust equation (C.2.9) from 0 to B results in

_ 0 (Ll 1
Cr =B <3 0B 2)\) (C.2.17)

The above effective rotor blade radius concept in equation (C.2.17) indicates that the
R— R, portion of the blade does not contribute to thrust generation. A more appropriate
interpretation by Bramwell [11] and Leishman [92] considers an increment of the induced

flow for a given thrust such that equation (C.1.12) would become

[ T 1 /T

where the effective rotor area A, = AB? = m(RB)?. In this case integration of equations

(C.2.9) result in
(C.2.19)

The above equation (C.2.19) says that for a given thrust, the induced flow will be higher
for results from BET than the induced flow obtained from simple momentum theory.
Similarly, the induced power increases in results from BET as those obtained from mo-

mentum theory.
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C.3 Combined Blade Element and Momentum The-

ory

Combined Blade Element Momentum Theory (BEMT) uses Blade Element and Momen-
tum theory principles to find the inflow distribution as function of blade element. This
method was first explored by Gustafson & Gessow [61] and Gessow [51] for hovering
rotors. The main reference for this section is given by Leishman [92] which explores the
subject from a modern vantage point. Figure C.7 shows a rotor disk annulus at a dis-
tance r from the rotating axis and with differential area dA = 27rdr. Simple momentum
theory gives the thrust given by this annulus, and from BET we re-use the assumption

that one rotor annuli does not have an impact on the neighbor sections.

i

Figure C.7: Rotor annulus used in local momentum analysis for hovering [53, 92].

The differential mass flow driv through the rotor annulus, the resulting differential

thrust dCr generated by the rotor annulus, and the differential induced power coefficient
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dCp, are

din = p (Vo —v;)dA =2mp (Vo — v;) rdr
dT =2p (Vo — v;) vidA = 4mwp (Vo — v;) vrdr

0= = o () (R) () = e ©an

dCr = 4N (A = \¢) xdx

dCp, = AdCr = 4X> (A — A¢) z dx

where \c = Vo /(QR), \i = v;/(QR) = A\; = A — A¢ and = = r/R. For the hovering case

Ac = 0 and the differential thrust coeeficient Cr and induced power coefficient are

dCyr = 4\*zdx
(C.3.2)
dCp, = AdCr = AN xdx

Following the development in [92], the inflow A can be expressed as a function of blade
station x = r/R such that
Ax) = Agpa™ Vn=0 (C.3.3)

Substituting equation (C.3.3) in (C.3.2) and integrating gives

1 1
1

_ 21 A)2 Ml g 2

CT—4/0 A $d37—4)\tz‘p/0 rt d$—42n+2)‘n‘p

(C.3.4)

1 1
1
Cp, = 4/ Nardr = 4/\5’2»[)/ ¥ dr =4 ¥
0 0

3n 4+ 27

Solving for A, in the above expression for Cr and substituting back in the expression

for Cp,

C
/\tip =vn-+ 1 TT
(C.3.5)

2(n+2%2Ci? O 2 (n+2)%?
Cp; = kL == T
In+2 2 V2 3n + 2
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When the flow through the rotor is uniform n = 0 — k = 1. Whenn >0 — k > 1
and the flow becomes less ideal and more biased toward the blade tip [92]. A related

approach equates results from BET and momentum theory. From equations (C.2.7) and

(C.2.9)

_ (dT =~ bdL) _ 1 pabe (Qr)2 0 —X(R/T)) -
p(rR2)(QR? 2 p(nR%)(QR)? (C.3.6)

dCr = %pa (9302 — )\x) dx

where as before a = (), and x = r/R. Equating the above expression for the incremental

thrust coefficient dC7 to the momentum result in equation (C.3.1) gives

1
dCr = 300 (02° — Az) dz = 4N (A — X¢) wda

1 1
= gaaﬁx — gaa/\ =22 -\

1 1 C.3.7
=Nt (-ca—M|N—=0cabzx=0 ( )
8 8
B oa Ao > ga oa Ao
Az, o) = \/(E 7) gl (E 7)
For the hover case when Ao = 0 then
¢(1 )2 1 1
= —oa | + —cablx — —oa
16 8 16
(C.3.8)
M) = ~oa [(J1+320 01
T = 16 oa oa .

Equations (C.3.7) and (C.3.8) provide the means to compute the inflow distribution as
a function of blade station z = r/R and for a given airfoil and blade pitch 6. Once A is

known, then integration of equations (C.3.2) across the rotor disk gives the total thrust
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and induced power as [90, 92]

1

Cr = 4/ Nrdr
o (C.3.9)

Cp, = 4/ Nrdr
0

The profile power comes from equations (C.2.7) and (C.2.9) as

(dP, ~ brdD) 1 pbcSdr (Qr)?ep

p(7R2) (QR) 2 p(nR2) QR (C.3.10)

dCp, = §acDx3da;

The airfoil section drag coefficient can be approximated as

= dyd® + dyo + Cdy

A\ A
CD:dQ ((9—;) +d1 (9—§>+Cd0

where the section angle of attack « is given by equation (C.2.2) together with equation

(C.3.11)

(C.2.4). Substituting the above into equation (C.3.11) and integrating gives

1 1 1 2
e [ewran= [ (0-2Y v (0-2)
2 Jo 0 x T

1 1
Cp, = —0/ [dg (Ox — )\)2 r+dy (0r — \)2* + cdoxﬂ dx
0

22dx

(C.3.12)

2

The above equation is for an untwisted blade. In the case when the induced velocity A

is not a function of blade station, then

Cp, =2N°
i ) , (C.3.13)
CPO = 5 Z_l (d26’2 +d0 + Cdo) — g (ngg + dl) A+ §d2)\2
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C.3.1 Other Effects

Blade Element Theory accounts for profile drag as a driving force that requires torque

to be included in the equations. Other effects include:
1. blade twist
2. variations in induced velocity
3. inflow variations
4. three dimensional flow effects
5. vortex flow effects
6. tip loss and non-uniform flow
7. compressibility effects
8. ground effects

Johnson [82], Prouty [124], Padfield [119], Leishman [92], and other authors cover
the various aspects of non-linear aerodynamic effects on helicopter flight, rotor-fuselage

interaction, vorticity effects, etc.
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Appendix D

Helicopter Rotor Equations of Motion

D.1 Preliminaries and Motivation

Figure D.1 shows that while in forward flight, the helicopter’s advancing blade of the
rotor encounters a higher free stream velocity (Vy;, = RQ + V) than the retreating
blade (Vi;, = RQ — V). A direct consequence is that the dynamic pressure on the
rotating wing varies both radially and azimuthally. This creates an asymmetric lift in

the rotor which will induce a significant rolling moment.

w=90

V,,= QR
~ =0

| Reverse Flow |
- Region '

Figure D.1: Helicopter rotor in forward flight.

Commonly, the following standard and equivalent solutions counter the asymmetric
lift and resulting rolling moment:
1. blades hinged at the root: lift transfers to the shaft, but no moment is transmitted

to the hub. Hub tilting achieves the desired thrust vector.
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2. blades rigidly attached: cyclic feathering of the blades decreases the pitch in the
advancing blade, and increases the pitch in the retreating blade. Lift is equalized,
and no rolling moment results.

3. lead-lag hinges: mitigate the forces and stresses created by Coriolis effect. This
motion turns out not to have significant aerodynamic effect, and in most cases it
is ignored.

The main difference in the above methods resides in the reference axis. Also, rotors with
hinges have the hinges located with a small offset from the root. It is then important to
study both the effects of blade hinges and feathering with regard to helicopter stability

and control as well as performance.

D.2 Fundamental Rotor Equations of Motion

The hub reference frame H shown in Figure D.2 on the next page rotates along with
the blades with angular velocity 7/30Q(rpm) = w(rad). In this case every point at a
distance r from the hub axis of rotation experiences an acceleration —(w? x r)ﬁl. As
the blade rotates, its mass appears to be located at a distance p called the center of
gyration. This inward or centripetal (latin: center seeking) force accelerates the blade
into a circular path. Moreover, when the blade flaps up or down, the blade center of mass
moves toward or away from the axis of rotation. When the blade flaps in the upward
direction, its center of mass moves closer to the axis of rotation which causes the blade
to accelerate to conserve angular momentum. That is, as the blade flaps upwardly, it

will also accelerate with corresponding forward motion in the off-plane direction|[154].
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where

R = rotor radius
eRR = hinge offset
w = rotor angular velocity
(6 = blade flap angle
ay = acceleration of blade hinge origin at distance eR from the rotor shaft
H = rotor central angular momentum
G = rotor total moments
I, = position vector from blade hinge to blade c.g.

M, = rotor blade mass

I = rotor inertia dyad

feathering axis

+ --""'.flappmg up
g

lagging

flapping down

F

PO

Figure D.2: Rotor blade nomenclature.

The transformation from the rotating hub reference frame H to the body frame B
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through azimuth angle 1 is:

by —costy siny hq
STRW) = | by, | = | sing  cose hy (D.2.1)
b3 —1 h3

where azimuth blade angle v is measured from the retreating blade. The transformation
between the rotating hub frame H and the drag frame D (in the blade lead/lag direction)

about the drag hinge through an angle ( is:

dy cos( sin( hq
PIIO) = | dy | = | — sin( cos( ha (D.2.2)
d3 1 hg

The transformation between the drag frame D and the blade flap F about the blade flap

hinge through the angle [ is:

fi cos 3 sin 3 dq
PO = | f | = 1 ds (D.2.3)
f3 —sin 3 cos 3 ds

Finally, the transformation between the blade flap frame F and the blade frame &€

through the feathering or blade pitch angle 6 is:

€1 1 S
TVO) = | ey | = cosf sind fo (D.2.4)
es —sinf cosf f3

The governing equation of motion of rotor blades as they rotate around the rotor axis is
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given by equation (A.3.3), and it is reproduced below for convenience.
Go— (o x T, = [0 T35 4 15 (fo . w) iy (D.2.5)

In the above equation, the term Ge represents the resultant aerodynamic blade moments

and takes the form:

feathering moment

flapping moment (D.2.6)

9
|
=z 2 =
[

drag (lead/lag) moment

Moreover, for a blade of uniform mass, the first moment of inertia term C° in equation

(D.2.5) takes the form:

(1-e)R
éoz/ofdmdm = / mrdr €
B 0 ( )
D.2.7
1_ ¢)2
:mRQQ &,

2

= Myggerem B €1

where the reference point o is the flapping hinge axis, the mass of the blade is Myuq. =
mR(1 — e), and the blade center of mass is Rrey = R (1 — e)/2 as measured from the
flapping hinge axis. Note that Rxzcy = R (roa + €) is the distance to the blade center
of mass as measured from the rotational axis. Also, the acceleration term 2@, takes the

form (see Figure D.2 on page 236)
Ta, ="ady + 10" x (Fa" x 4F,) +1a" x 4T, (D.2.8)

where 7@, = 0 when the helicopter itself does not accelerate. In the most general case,

the rotor blade angular velocity Z&¢ takes the form:

T8 _TgB | BgH | HD | DGF | FE (D.2.9)
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and:

7 = inertial reference frame

B = helicopter body reference frame
‘H = rotating hub reference frame

D = drag or lead/lag reference frame
F = flap reference frame

& = blade reference frame

The rotor hub angular velocity is,

— Iu—)»B + Bu—}"H

(D.2.10)
TG = pby + qby + Qhs
where (r = 0). In terms of the rotor hub frame H
= M"TP () [p b +q 52} +Qhy
—cosY siny P 0 —pcost + gsiny (D.2.11)
Tt = siny  cosv g+ 0| =] psiney+qgcosy
1 0 Q Q

The main rotor hub angular acceleration Za™ is (w = 0,0 = 0) expressed in terms of

hub frame H follows

Q (psinty + gcosy) — (pcosyp — ¢sina)
Ta" = | Q(pcosth — gsine) + (psine + §cos ) (D.2.12)

0

Provided the helicopter body is not accelerating (Y@, = 0), and substituting equations
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(D.2.11), (D.2.12) in equation (D.2.8), Z@, becomes

:I&'}'H % (I&'}’H % o’f'o) +I&H % o’f'o

—pcos + gsin —pcosy + gsiny eR
= | psiny 4+ qcosv x psiny 4 qcos X 0
Q Q 0
Q (psint + gcosh) — (peosyy — ¢sin) eR (D.2.13)
+ | Q(pcosyy —gsiny) + (psiny + geosyp) | X | 0
0 0

Q%+ (p sinth + ¢ cost))?
td, = —eR (p siny + ¢ cost)) (p cosh — q siny))

2Q (pcosyp — gsine) + psin + §cosy

where the above equation (D.2.13) is given in terms of the hub frame H. In the particular
case when the body rates are zero (p = 0,q = 0), and when the rotor angular velocity is

constant (Q = 0), then Z&™ = 0. In this case equation (D.2.8) becomes,

Ta, =" x (PO x 4T,)
0 0 R —Q%R
‘ ‘ (D.2.14)
=10 |x]0x o0 |= 0
Q Q 0 0

where 4T, = eR ﬁl. Moreover, with no loss of generality, the second moment of inertia

-

I1° can take the form of a thin actuator disk such that

I’ = I, (D.2.15)

where for a thin disk I, = I, + I, and I, = I,.
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D.2.1 Pure Blade Flap Equations of Motion

Pure blade flap motion analysis begins by restricting the blade to up and down motion

only (an unrealistic assumption in practice, but useful for the present analysis). In this

case, Z&¢ in equation (D.2.9) takes the form

T8 =18 + B - "ge (D.2.16)

where for the case when the helicopter is in stable hover (¢ = 0,¢ = 0,7 = 0)

T3¢ =04 Qhy — 36 (D.2.17)

or in terms of the blade frame &€

l
—
|

(D.2.18)

) sin 3
| -
Q cos 3

the term £ is therefore (for Q = 0)
Qf cos3
T3¢ _ _j (D.2.19)

—Q 3 sinpg
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Similarly, expressing the terms in equation (D.2.14) in terms of frame & gives

—02%eR

cos (3 sin 3

—sin 3 cos 3

—Q%eRcos 3

= 0

O%eRsin 8

—02%eR
0
0

(D.2.20)

Substituting the various terms in equation (D.2.5) from equations (D.2.6), (D.2.7), (D.2.14),

(D.2.15), (D.2.18), (D.2.19), (D.2.20) gives (expressed in terms of frame &):

L Myiage rom R
M | = 0
N 0

I,

—02%eR cos 3
X 0
O%eRsin
Qﬁ cos 3 ]
5
1. —Q B sinf

242

Q sin 3

Q cos 3

(D.2.21)



which results in

L 0
—M | = | Myggeron eQ?R? sin 3+ I, <92 COSﬁSiHﬁ-{-B)
—N 21,03 sin 3
- (D.2.22)
feathering moment

= | M, = aerodynamic moment

drag moment

In the above equation (D.2.22) the term Mpyaqe roar e Q2 R? sin 3 is the first moment of
inertia effect about the flap hinge. This contribution arises from both (1) the center of
mass being at a distance r¢y R from the flapping hinge, and (2) the hinge itself being
a distance eR from the rotation axis and experiencing an acceleration —O%Rh; as a
consequence. The term I,/3 is the inertial moment about the flapping hinge, and the term
1,92 cos 3sin 3 is the centrifugal moment acting on the same hinge. The term —M = M,
is the resultant aerodynamic moment. By convention, a positive aerodynamic moment
causes the blade to flap upwardly, but such a moment equals a negative total moment
about the blade flapping hinge. Equation (D.2.22) indicates that when the blade flaps
upward there is no resultant feathering moment, but there is a resultant reward moment
of magnitude 21,93 sin 3. In the absence of this restoring moment, an upward blade flap
induces a blade forward motion in the plane of rotation. This resultant in-plane Coriolis
moment arises from conservation of angular momentum [92, 154]. As the blade flaps
upward, the blade center of mass moves closer to the rotation axis, and the energy stored
in the rotating blade induces a forward motion on the blade to keep the total momentum
constant. The presence of a drag (i.e. lead/lag) hinge allows the blade to move in the
plane of rotation to relieve the induced in-plane Coriolis moment [27, 92, 154]. For small

angles 3, the governing equation for blade flapping in equation (D.2.22) takes the form

(D.2.23)

D, M a 6R2 Maero
ﬁ—l—QQ(l—'—erCM blad )ﬁ:

Iy Iy
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Equation (D.2.23) above is the fundamental equation of motion for blade flapping. For
the equilibrium condition when 8 = 8 = 0, equation (D.2.23) reduces to

-M 0?2 (1 L Mylade TCMeR2) 3

MII’ Iy (D.2.24)
aero — Q2 (1 +€)5
I
where the term e
_ Mytade Tom e R? _ static moment
N I " inertial moment (D.2.25)
V=1+c¢

is the ratio of the moment due to the mass of the blade and the inertial moment due to the
blade flapping motion itself. The term 22 is the nondimensional blade flap frequency. The
blade flapping equation (D.2.23) assumes small flap angle and is due to aerodynamic and
inertial moments. Assumptions needed to arrive at this equation include a thin blade with
uniform mass distribution, or equivalently, a rotor modeled as a thin disk. In addition,
the blade center of mass is aligned with the blade axis and passes through the flap
hinge. These are reasonable assumptions which result in a representative blade flapping
equation. In turn, the aerodynamic term M,,,/I, depends on a specific flight condition
(i.e. hover vs. forward flight) and other dynamic terms such as body acceleration and
body pitch and roll rates. The effects of the aerodynamic term M.,/ I, will be expanded

in coming sections.

D.2.1.1 Pure Blade Flap Equilibrium Equations

Figure D.3 on page 246 below shows the distribution of forces acting on a flapping blade

in equilibrium. In this case ﬁ = 0, and for a blade with constant mass the centrifugal
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force Fr takes the form

(1—-e)R
For = / O? (rcosf + eR)(m dr)

0
(1-e)R (1-e)R

= Q%cosf3 / mrdr + Q%eR / mdr
0 0

(1-e¢)
2

(D.2.26)

= %m R’ +eR(1—¢€)R

cosf3

2
= Myiade ToM Q°R

where the small angle assumption gives cosf ~ 1. Also Rzcy = R(1 + e)/2 is the
distance to the blade center of mass when measured from the axis of rotation, and

Myjaqe = mR(1 — e) is the blade mass. Equivalently

R
1
Fep = /(92 y)(m dy) = QZmR2§ (1-¢)
eR

1 (D.2.27)
= QQmR2§(1 —e)(l1+e)
= Myiage tons °R
Equations (D.2.26) and (D.2.27) yield the same result since
rcosf = (y —eR) = y = (rcosf + eR)
r=>0 y=-eR
(D.2.28)
r=(1—-¢eR y=~R
dy = dr

Notice that when the flap hinge offset e = 0, then the centrifugal force reduces to Fop =
%MbladeQ2R'

The centrifugal moment Msr about the hinge equals the component of the centrifugal
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Fotational Axis

iy A ALift = dL

Alcentripetal force) =dF,z
Jﬁ?;n"”‘ =(mdr)[:Q:r:]
............................................... + P_Il

— Kﬂapping
el hinge

- Y >

Figure D.3: Rotor blade rotating about the flapping hinge.

force (m dy)(y Q%sin 8) acting at a distance r from the flap hinge.

(1—-e)R
Mep = / [(r + eR) 2 sinf3] r (m dr)

1 1
= *msing [5(1 —e)’R* + 5(1 - e)QRQeR}
2 s 1 2 P2 1 2
=0 Slnﬂ gMblade(l - 6) R + 5 Mblade(l - 6)6R

= QQ sinﬂ [Ib + Mblade oM €R2]

(D.2.29)

where Rroy = R (zoy — €) = R(1 — e)/2 is the distance to the point of action of the

centrifugal force (i.e. center of mass of the blade) as measured from the flapping hinge

(note that xcy = (14 €)/2 is the distance to the blade center of mass as measured from

the rotational axis). Also, the mass of the blade is My, = mR(1 — e). In like manner,
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using equation (D.2.28), recast equation (D.2.29) as

R

Mep = / [(Q%y)sing] (y — eR) (m dy)

eR

R
= Q2sz’nﬂ/my(y —eR)dy
eR

R
- stinﬁ/m [y* — yeR — yeR + yeR — (eR)* + (eR)*] dy (D.2.30)
eR
R R
= 2sin | [ mly - Ry + e [ mly - cR)dy
eR eR

= ?sinf [Ib +eRm(1 — e)RQ%(l — e)}

= Q2Sinﬂ [Ib + Myade TCMeRﬂ

The above equations (D.2.29) and (D.2.30) yield the same answer as expected. The
aerodynamic moment M., acts in the opposite direction to the centrifugal moment

such that for small angles

— 2
M _ Maero _ Q2 6 1+ Mblade TCMeR (D231)
Ib Ib [b

As expected, equation (D.2.31) yields the same result obtained in equation (D.2.24) when
the equilibrium condition 3 = 3 = 0 holds. Moreover, assuming that [ is a small angle,
and solving for f in equation (D.2.31) gives

M,

= D.2.32
ﬁo Vg QQ ]b ( )

where 1/5 is the non-dimensional natural frequency of the flapping rotor such that

2
Myiage reme R

Ly (D.2.33)
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and € = Myjaqe ropreR? /1, as given in equation (D.2.25) which together with equation

(D.2.29) yields

w

e

€=~ R

(1—-e)

Equation (D.2.32) indicates that the rotor conning angle (3, decreases with increasing

e (D.2.34)

\)
NN GV

blade rigidity and angular velocity ).

D.2.2 Pure Blade Drag Equations of Motion

This time we restrict the blade to lead/lag motion about the drag hinge. In this case,

157 in equation (D.2.9) takes the form

I5P =258 4 Bgh 4 "gP (D.2.35)
where for the case when the helicopter is in stable hover (¢ = 0,9 = 0,7 = 0)

TGP = 04+ Qhs + C dy (D.2.36)

or in terms of the blade frame D

TGP — § 4 PTH(C) [Q 53} +¢d,

i cosC sin( 0 0
= | —sin{ cos( 01+10
1 Q ¢ (D.2.37)
| 0
= 0
Q+¢
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the term Z&? is therefore (forQ = 0)

P = | o (D.2.38)

Similarly, expressing the terms in equation (D.2.14) in terms of frame D gives

—Q%R cos¢  sin( —Q%R
ta, = DT?Z{(C) 0 = | —sin( cos( 0
0 1 0
g (D.2.39)
—02eRcos(
= Q%eRsin(
0

Substituting the various terms in equation (D.2.5) from equations (D.2.6), (D.2.7), (D.2.14),
(D.2.15), (D.2.37), (D.2.38), (D.2.39) gives (expressed in terms of frame D):

L Myiade rem R —Q%eRcos(
M | = 0 X O?eRsin ¢
N 0 0
_ I, 0
+ Iy 0 (D.2.40)
L| |¢
B I, 0
+ 0 X I 0
Q+¢ I, Q+¢
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which results in

L 0
M | = 0
N Mblade TCMGQQRQ sinC + [CC

- (D.2.41)
feathering moment

= | M, = aerodynamic moment

drag moment

Equation (D.2.41) indicates that when the blade only rotates about the drag rotation
axis ¢ with pure lead/lag motion, the blade does not induce any feathering or flapping

rotation.

D.2.2.1 Pure Blade Drag Equilibrium Equations

Figure D.4 shows a rotor blade in pure drag motion about the drag (lead/lag) hinge. At

each position on the blade we have [92]:

tan({) y—eR

tan (¢) Y

& Drag Sl

Figure D.4: Rotor blade rotating on a drag (lead/lag) hinge.

from where (using small angle approximation):

c-o=" (D2.42)
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The centrifugal force of mass mdy and acceleration yQ? is

For = / (492) (¢ — €) (mdy) (D.2.43)

where (yQ?) (¢ — €) is the component of the acceleration perpendicular to the blade. This

force acts at a distance y — eR from the drag hinge. Thus the centrifugal moment takes

the form:
Me= [ (492) € = )(w -~ eR) (mdy) = R [ m(y~ eR)dy
= eRQ*Cm B(R2 —e*R?*) — eR(R — eR)]
(D.2.44)
= eRO*¢mR? B(l —e)(l+e)—e(l— e)]

1
= MbladeGQ2R2<§(1 —e)

= Myiade T’CMGQQRQC

where blade mass is Mpyaq. = mR(1—e) and the distance from the drag hinge to the blade
center of mass is reyrR = 5(1 — e)R. Equation (D.2.44) must equal the aerodynamic
moment N such that

N = Mblade TCM692R2 Sing (D245)

Equation (D.2.45) gives the same result as in equation (D.2.41) when the equilibrium
condition C = 0 holds.

D.2.3 Pure Blade Feathering Equations of Motion

Feathering motion takes place about the blade axis through the blade angle 6. Effects of

feathering motion are evident when flapping and drag motion are restricted to zero. In

€
@

this case, in equation (D.2.9) takes the form

T8 =28 B 4 M¢ (D.2.46)
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where for the case when the helicopter is in stable hover (¢ = 0,9 = 0,7 = 0)

Iu—jf

0+ Qhs+0é (D.2.47)

or in terms of the blade frame D

T3 = § 4 ST(0) [Q ﬁg} S

B 0 0
= cosf sind 0|+1]0
—sinf cosf Q 0 (D.2.48)
[0
= | Qsiné
Q cos

the term Z&? is therefore (for ) = 0)

i
wo = 0 cosd (D.2.49)
—0Q sinf

Similarly, expressing the terms in equation (D.2.14) in terms of frame D gives

—O%eR 1 —QO%R
1d, = ngH(Q) 0 = cosf siné 0
0 —sinf cos® 0
- (D.2.50)
—QO%R
= 0
0
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Substituting the various terms in equation (D.2.5) from equations (D.2.6), (D.2.7), (D.2.14),
(D.2.15), (D.2.37), (D.2.38), (D.2.39) gives (expressed in terms of frame &):

L Mhyiage rem R —0?%R
M | = 0 X 0
N 0 0
- . ' -
+ Iy | 09 cosh (D.2.51)
I —0Q sind
[ A
+ | Qsinf | X I | Qsinf
Q cos 6 1. Q cos 6

which results in

L 1,0 +1,92sin6cosd
M | = 0
N —21,Q0sin 6

- (D.2.52)
feathering moment

= | M, = aerodynamic moment

drag moment

Equation (D.2.52) says that pure feathering blade motion induces a small dragging mo-

ment on the blade. This drag moment is usually very small.
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D.2.4 Combined Blade Flap and Drag Equations of Motion

This time we restrict the blade to lead/lag motion about the drag hinge. In this case,

15P in equation (D.2.9) takes the form

IgP =258 £ BgH 4 HgP 4 Pge (D.2.53)
where for the case when the helicopter is in stable hover (p = 0,9 = 0,7 = 0)

TGP =0+ Qhy + Cdy — 36 (D.2.54)
or in terms of the blade frame £

TGP = 0+ TP (BT (Q) [Uhs| + TP (B)C do — B

cosfFcos( cosfBsin( sinf 0

—sin ¢ cos ( 0
—cos(sinf3 —sinfsin( cos( Q

cos (3 sin (3 0 0 (D.2.55)
+ 1 0|—1|p
—sin 3 cos 3 C 0
Qsin 3 + ésinﬁ
- -
Qcos B+ (cos 3
the term 2P is therefore (for Q2 = 0)
QBCOSﬂ—f—ﬁ.éCOSﬁ-‘rgSinﬁ
5D _ _j (D.2.56)

—QBsin B — ¢ Bsin B+ Ccos 3
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Similarly, expressing the terms in equation (D.2.14) in terms of frame & gives

—Q%R
d, = Ty (B)T3(C) 0
0
i cosfFcos( cos@sin( sin( —O2%eR
= —sin ¢ cos C 0 0 (D.2.57)
—cos(sinf3 —sinf@sin( cosf 0
i —eRO? cos Bcos
= eRO? sin ¢
eRO? sin B cos ¢

Substituting the various terms in equation (D.2.5) from equations (D.2.6), (D.2.7), (D.2.14),
(D.2.15), (D.2.37), (D.2.38), (D.2.39) gives (expressed in terms of frame &):

L Myaae rem R —eRO? cos Bcos
M | = 0 X eRO? sin ¢
N 0 eRO? sin B cos ¢
-Ia Qp cos 8 + 3¢ cos B+ Csin 8
+ Iy : -f
1. —Qfsing — ¢ Bsin B+ Ccos
i Qsin 8 + Csin 3 I, Qsin 8+ Csin 3
+ - X I ' -3
Qcos+ (cosf3 I, Qcos+ (cosf3

(D.2.58)
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which results in

L 0
M | = | —ercyMyaq2?R?sin B cos ¢
N ercn MyageQ? R? sin ¢
Iaf sin 3
+ | -1 <Q2 +20¢ + C2> cos Bsin 8 — I, (D.2.59)

20, (sin 3 <Q n c’) 4 (I + L) € cos B
feathering moment

— M, = aerodynamic moment

drag moment

Assuming small angles and letting the higher order terms go to zero we have:

L 1,3¢
M | = | =18 — ercaMypa 2R3 — 1,923 — 21,QC 5
N e e Myraae PP R?C — 20,0653 + 1.

- (D.2.60)
feathering moment

= | —M, = aerodynamic moment

drag moment

were the moment of inertia of a thin rotor disk is given by equation (D.2.15) and I. =
I, + I,. The flap and drag blade equations are coupled by the Coriolis moments terms
21,Q6¢ and 21,Q63. This coupling is induced by the change of the radial distance to the
blade center of mass which results when the blade bends, flaps and/or drags about the
respective flapping and dragging hinges [27, 92, 154]. The coupled blade flap equation of

motion in equation (D.2.60) can be rewritten as

2
ercm Mpaae R
Iy

M,=—-M =1, [B + (1 + ) O%3 + 29@&} (D.2.61)
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The term Vg =1+ (ercy Myaae R?) /1, is the non dimensional flap frequency in terms of
the rotational frequency € [92]. This is the same term present in equations (D.2.29) and
(D.2.30). Also

% Mblade(l — €>€R2

3 Miage(1 — €)? R?

2
v =1+
(D.2.62)

Vg = 1+

where ¢y = (1 — €) as before and v is the undamped natural frequency of the uncou-

pled flapping blade. Equation (D.2.61) now takes the form

]\]4“ = 3+ V3023 +2Q(p (D.2.63)
b

In like manner, the coupled drag equation of motion in equation (D.2.60) is

.. 2 .
N=1|¢+ ”CMAf““"eR 02| — 1OJS (D.2.64)

where the term l/g = (ercar Myaae R?)/I.. is the non-dimensional drag frequency in terms

of the rotation frequency 2, and I. ~ 21,. In this case, for an individual blade

1 Mblade(l — €)€R2

e = +Mpjaae (1 — €)? R?
=\ 3 3] \/> (D.2.65)
Rewrite equation (D.2.64) as
N ¢+ 12028 — QBB (D.2.66)
I ¢

C

257



D.3 Rigid Blade Flapping Equations of Motion

Equation (D.2.60) shows that the induced Coriolis moment is the only coupling mech-
anism for a flapping and dragging blade. Equation (D.2.52) shows that pure blade
feathering does not induced flapping, and the blade feathering induced drag moment
is sufficiently small that it can be ignored . Whence the following two assumptions hold

[27]:

e blade drag (lead/lag) motion induced by blade feathering does not affect the blade
flap dynamics significantly (see equations (D.2.41), (D.2.52) and (D.2.60))

e blade feathering motion does not create significant feedback that can affect the

blade flap motion (see equation (D.2.52) )

D.3.1 Blade Flapping Disturbance at Constant Feather Angle

Figure D.5 on the next page shows a rotor at steady hover with Q=0,g=0,p=0 and
no body accelerations. In this case the blade flapping with angular velocity 3 about the

flap hinge induces a down velocity r3 such that [27):

—rﬁ
Ao ~ Ao~ ————
a = tan Ao Q (eR n r)
1 7‘5
0L = —=capQ? (eR L —,)
5 Cap (eR+1) O(eR+1) r
1 )
= —§capQ (eR+r)rpor
(1—-e)R
Maero :/ rdL
0

(D.3.1)

1 ) (1-e)R
= —§cap§26/ (eR+r)r?dr
0

= —éCGPQBR4 (1—e)® (1 + E)

3
Maero Y - 3 e
— 1o - (1 -)
Thiage 8 fl-e) * 3

where d L is the blade element lift which results from the flapping motion disturbance,
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Figure D.5: Blade Flapping Disturbance at Constant Feather Angle.
Mo is the resultant aerodynamic moment, and v is Lock’s inertial number defined as

o capR* _ aerodynamic term (D3.2)

Tviade inertial term

The non-dimensional Lock’s number or mass factor represents the mass constant of the

blade [53]. The aerodynamic moment coefficient about the flapping hinge n is

n=(1-e*(1+ g) (D.3.3)

Substituting (D.3.1) and Lock’s number v into equation (D.2.23) yields
. 1 _ 3 E . 202 _
B+i00-¢ (1+3>ﬁ+uﬁ§z B=0 (D.3.4)

or in terms of Lock’s number and the aerodynamic moment coefficient about the flapping
hinge n

B+ ”—8795 + 12028 =0 (D.3.5)

Equation (D.3.5) is a second order differential equation with natural frequency w,, and

damping ratio ¢ given by

2
() -
2un = 201 - ¢) (1+ g) (D.3.6)
¢ = ’}/(1—6)3(1+6/3) oy
B 16v;5 16

where n is as given in equation (D.3.3). When the hinge offset e = 0, then vg = 0, w,, = Q
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and the system is in resonance. In this case feathering input drives flapping with a phase

shift of 90°.

D.3.2 Flapping Motion with Cyclic Feather Angle

Figure D.6 shows that the angle of attack o = (#—¢) and Ur = (eR+ R)S). The resultant
lift is given by [27]

1
0L = §ca,0U% (0 — @) dr

1 U

~ 5capU% (0 - U-j) or (D.3.7)
1

~ écapG Q% (eR+7)7or

where
e U

Ur ~ Ur

T

T

UP<<UT:»%<<1:»U%(9—?) ~ U2 =002 (eR + 1)

Figure D.6: Blade Flapping Disturbance at Constant Feather Angle.

The blade feathering angle with respect to the hub axis takes the form:
0 =0y — 0.cost — b58in (D.3.8)

where 6 corresponds to collective blade pitch input, and (., ;) correspond to lateral and
longitudinal cyclic input respectively. From the pilot’s perspective, the lateral cyclic pitch
input 6. produces a rolling rate and lateral attitude changes while the longitudinal cyclic

input 0, produces pitch rate and attitude motion. The sign convention in equation (D.3.8)
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produces steady state blade flapping angles that are consistent with the body attitude
sign convention in Figure D.1 on page 234. The pilot longitudinal d;,, and lateral ;4

stick inputs correspond to the blade cyclic inputs via a direct gear transformation such

that
elc = Klatalat
(D.3.9)
615 = Klonél(m
The resultant aerodynamic moment M, is
(1-e)R
Maero = / rdL
0
1 (1—-e)R )
~ §cap§22 (0g — 0. costp — O, sin ) / (eR+ 1) rdr
0 (D.3.10)

1 1—e)’ 2 1
= écapff (6g — O, costp — Ossin)) R4% {1 + 3¢ + 562:|

MCLCTO . 2 1
— T2 (0 — 0, cosh) — O,sinep) (1 —e)® |1+ e + =€
Tyiage 8 3 3

The total flapping moment is given by adding the results from equation (D.3.1) and
equation (D.3.10) above

M, 2 1
acro T2 (6g — 0. costp — B sin)) (1 — 6)2 [1 +—e+ —62}
fbtadc ° 33 (D.3.11)
ny . -
Mg
g {0
Substituting (D.3.11) into equation (D.2.23) yields
3+ %Qﬁ + 1/5925 =
o (D.3.12)
%92 (0 — 0. cosp — O,sin ) (1 —e)” [1 + 3¢ + geﬂ

The above blade flapping equation (D.3.12) includes the effects of constant and cyclic
blade pitch. Considering the periodic nature of the cyclic input with respect to blade

261



azimuth angle ¢, the change of variable ) = (2t results in

=0t

,_dB _dfdy _ Jdf

P=— dwE_de (D.3.13)
s B &8

B_W_Qd_w?

Application of (D.3.13) to equation (D.3.12) gives

ey (By — 010 cos ) — b5sin ) (D.3.14)
where €y takes the form
2 1
gg=(1—¢)’ |14 e+ - (D.3.15)
3 3
The first harmonic steady state periodic solution for a blade flapping angle, as the blade

completes one revolution is given by

B = By — Prccos ) — PBissiny

gZ = Piesiny — fiscosyp (D.3.16)

;%é = (1 cos P Pssin

Substituting (D.3.16) into (D.3.14) gives

Biecost) + PBigsiny + % (Biesint — (s cos )

+ 13 (Bo — Brecosp — B sing)) (D.3.17)

= % 9 (6o — 01, cos ) — 015sin 1)
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Harmonic balancing of the constant and periodic terms on both sides of the above equa-

tion results in the following relations

Vf;ﬁo = %5090
Sﬂﬁls - nﬁlc = 66915 (D318)

Sﬁﬁlc + nﬁls = é0010

Define the stiffness number Sg
8(v?—1)

S:
’ Y

(D.3.19)

The stiffness number Sz provides a measure of the ratio of the hub stiffness to aerody-

namic moment [119, p. 35]. Rearranging the above expression (D.3.18) takes the form

_1&
ﬁO - 3 l/é 00
(n* + Sé) Brc = €9 (Spbic — nbs) (D.3.20)

(n2 + Sg) ﬂls =€y (n 910 + Sﬁ 015)

In the case of zero hinge offset (e =0 = vg=1, 55 = 0), equation (D.3.20) reduces to

Bo = %90
Bre = —01, (D.3.21)
518 - ‘910

Substituting (D.3.21) in (D.3.16) gives the flap response in terms of cyclic inputs

= [o — Biccos — [issiny

= Bo + 015co8¢ — O1.sin7 (D.3.22)

B =By = brecos (¥ = 5 ) = brsin (v = 7 )

Equations (D.3.21) and (D.3.22) say that for the case of zero hinge offset and the absence
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of any blade restraining mechanism, the blade flap lags the aerodynamic blade pitch input
by 90°. This is the behavior of a resonant system exited at its natural frequency, which
in this case equals (2, the angular velocity of the main rotor. When the hinge offset is
finite or a blade restraining mechanism exists, then the system is no longer in resonance,
in which case equation (D.3.20) describes the relation between the blade aerodynamic

pitch input and ensuing blade flap [92, 119].

D.3.3 Flapping Motion with Body Pitch Rate

In this case, the rotor hub angular velocity Z&™ takes the form

IQH :IC—JA_f_Au—)»H

(D.3.23)
= qdy + Qhs
where (p = 0,7 = 0). In terms of the rotor hub frame H
= M"TA(¢)qds + Qs
cosy  sin 0 0 qsin (D.3.24)
Th = —sinvy cosvy gl T+ 0] =1 qcosv
1 0 Q Q
Whence the main rotor hub angular acceleration Za™ is (Q = 1))
Qq cos
0
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Reusing equation (D.2.8), £d@, becomes

(D.3.26)

—eRO? — eRq? cos?
oy = eRq?sin1) cos v

2e RQ)q siny

Equation (D.3.26) above expresses the inertial acceleration of a point coincident with the

flapping hinge in terms of the Hub frame axis. In terms of the blade frame £ we have

— £77(3) [P,

cos 3 sin 3 —eRO? — eRg? cos?
= 1 eRq?sin 1) cos v
—sin 3 cos 3 2e RgQ sin ¢ (D.3.27)

— (eRQ? + eRq? cos® 1) cos B + 2e RQq sin v sin 3
= eRq?sin 1) cos 1

(eRQ? + eRq* cos® 1)) sin 3 + 2e RQq sin v cos 3
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Using equations (D.2.6) and (D.3.27), the term C° x 7@, in equation (D.2.5) takes the

form

— (eRQ? + eq®R cos® 1) cos B + 2eq RS sin ¢ sin 3

eq? R sin cos (D325

(eRO? + eq?R cos? 1) sin B + 2eqRQ sin 1 cos 3
C° x %, ~ Myage ron R?
0
— (2 + eq? cos? 1)) sin B — 2eq€2sin cos 3

eq? sin 1) cos

Using small angle assumptions and neglecting higher order terms (eq® ~ 0, ¢?sin 3 ~ 0),

equation (D.3.28) becomes

0
C° x T, ~ Miyjage rorns B2 —eQ?B3 — 2eQqsin (D.3.29)
0

The inertial angular velocity of the blade frame £ expressed in terms of frame &€ is

= ET]4(B3) [T () qdz + Qhs| — 56,
Qsin B + gsin cos 3

b = geost) — 3
Qcosf — gsintsin 3

(D.3.30)
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and the corresponding inertial angular acceleration Za¢ takes the form

Qqcostpcos S+ (Qcos 5 — gsinysin 3) 5

—Qqcossin f — (Qsin B + gsinip cos ) 4

The term I° - 7€ + T x (fo : I&‘S) in equation (D.2.5) takes the form

IO-ILUE—FIQ(S % (IO-I(I}'S) —

I,Qqcospcos B+ 1, (2cos f — gsinysin 3) B
—L,Qgsiny — I,

—1.Qqcosysin 3 — I, (2sin B + gsine cos () 5

Qsin B + gsin cos 8 1, (2sin G + gsin ) cos [3) (D.3.32)
+ geos — 3 X ]b(qcos¢—ﬁ)
Qcosf — qsinysin I, (2cos 8 — gsintsin 3)

1, (202 cos 8 — gsin sin 3) g cos ¥
= | =1, (2Qgsintcos B + (Q* — ¢*sin®¢) sin ) cos § — I3

—1.Qqcostsin f — 1. (Qsin B + gsin cos 3) B

where Zaf = Z€. Using small angle assumptions and neglecting higher order terms

(¢*sin 8 — small, 83 — small), equation (D.3.32) becomes

21,Qq cos
P T38 + T8 (f"-zcﬁg) ~ | —2I,Qqsind — 1,028 — I3 (D.3.33)

—1.Q06qcosvy — ICBq sin vy
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Equations (D.3.29) and (D.3.33) give

L 0
—M | = Myagerer e R | Q28 + 2Qgsin
N 0

21,Qq cos v
+ | 20,Qgsiny + L,Q%3 + 1,5 (D.3.34)
—1.OBg cosp — I Bgsin
gyroscopic + feathering moment
= | gyroscopic + (M, = aerodynamic) moment

drag moment

Equation (D.3.34) says that a steady pitch rate induces both blade pitch and drag mo-
ments. The induced drag moment is relieved by the drag (lead/lag) blade hinge, and the
induced blade pitch moment is sufficiently small and can be ignored. The resultant blade

flapping equation takes the form

b, Mae'ro
B+ QP56 + 2Qqui siny = 7 (D.3.35)
b

where 1/% is the non dimensional flap frequency previously defined in equation (D.2.62)

such that
1—e
Tom = 5
(1-e)R M,
Tyiage = / mridr = %RS (1—e)’ = l’?l)“de (1—e)*R?
y . (D.3.36)
_ MyageremeR?  3e  static moment
B I ~ 2(1—e) inertial moment
1/2 =1+¢

Figure D.7 on the following page shows the perturbation to the angle of attack A«

due to a combination of flapping rate TB and pitch rate rqgcosvy. The corresponding
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Figure D.7: Blade Flapping Disturbance due to Body Pitch Rate.

differential lift 0L and resultant aerodynamic moment M,.,, are respectively

AUp =13 — (r + eR)qcos )

Aa = —tan™! Ap~ —Ap = _AUP _ (r+eR)qgcosy —rp3

Ur Q(eR+r)
1 1 (r+eR)gcosy —rf3
L= -pV2sCp = = pQ? 2
) 5P 7sCr 57 (r+eR)” (cor) (a O (cR11)

= %pacQ (r+eR) <(r +eR)gsiny —r ﬁ) or (D.337)
ipacQ (r +eR) (q sin) — ﬁ) ror
(1-e)R (1—-e)R
Mero = /o rdL = %pacQ(q cosy) — 3) /0 r* (r + eR) dr
% acQR*(qcostp — B) (1 —e)® (1 + %e)
Maero Y 3 1 nry .
T gﬁ(qcoszﬁ 3)(1—e) (1 + §e> = §Q(q cos ) — [3)

where €2 — small, reR < 2, and n = (1 —e)” (1 + ¢/3). Equating equations (D.3.35)
and (D.3.37) yields

B+ %Qﬁ + QP38 = %Qq cos 1 — 207 g sin 1 (D.3.38)

Applying the change of variables in (D.3.13), equation (D.3.38) becomes

d? d
@3 mdy

nyq
PIERR I/éﬂ =5 q°¢ cosp — 2yﬂ—smw (D.3.39)
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Expanding the periodic terms

(B1ecos ) + Brgsinty) + 7;—7 (Bresiny — PBiscos )

+ 13 (By — Precosth — By siny) (D.3.40)
= %% cos ) — 21/2% sin ¢

Harmonic balancing of the periodic steady-state solution (D.3.16) to the above equation

(D.3.39) gives

16
nﬁlc - Sﬂﬁls - —Vé—%

" (D.3.41)
Sﬁﬁlc + nﬁls = - %

where the rotor stiffness number S = 8 (v? —1)/v is given by equation (D.3.19) on
page 263. Solving for (3.1, 3¢ results in the following set of equations

16 q
(459 e = —n (55+ 23) &

) , . 16, . (D.3.42)
(n®+83) frs = — (n — 7%55) R
For the case of zero hinge offset (e = 0, ¢ = 0), the above equations become
fro=——1
v & (D.3.43)
B=—5

Equations (D.3.42) and (D.3.43) indicate that a non zero steady pitch rate induces lateral
cross-coupling flapping which result on a rotor tilt to port (down at station 1 = 270)
regardless of whether the blade has a flap hinge offset. In addition, a positive steady body
pitch (body nose-up) results on downward blade flapping and corresponding nose-down
rotor tilt at blade azimuth station 1 = 180°. Such rotor tilt produces a moment that
opposes the original nose-up moment of the vehicle. This behavior is a source of stable

longitudinal aerodynamic dampening response of the rotor to body pitch rate [27, 92].
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The longitudinal flapping damping factor

—ﬂ1cg _ E ~ inertia or. rotor (D.3.44)
q v aerodynamic forces

is inversely proportional to the Lock’s number. Equivalently, the longitudinal flapping
damping factor is directly proportional to the inertia of the rotor due to gyroscopic
effects and inversely proportional to the aerodynamic forces generated by the rotor. The
interaction of inertial and aerodynamic effects with the hinge offset is an important factor
to consider for the design of rotor control laws which may depend on flight conditions
such as flight altitude. For example, at high altitude, the rotor inertial response due
to gyroscopic effects will tend to be greater due to the diminishing relative effect of

aerodynamics forces at altitude [27].

D.3.4 Flapping Motion with Body Roll Rate

A development similar to the one presented in the previous section follows. In this case

however, the rotor hub angular velocity Z&™ is given by

Z—-H —IQA+ALUH

w't =
(D.3.45)
= —pc?l + Qh3
where (¢ = 0,7 = 0). In terms of the rotor hub frame H

=T () — pdy + Qhs

cosy  sinty —p 0 —pcos (D.3.46)
Th = —sinvy cosvy 0O |+ 0 /|=1| psiny
1 0 Q Q
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Whence the main rotor hub angular acceleration Za@™ is (Q = )

Qpsiny
Ta" = | Qpcost (D.3.47)

0

Reusing equation (D.2.8), £d@, becomes

— I x (P X gF,) + T3 X g,

—pcosy —pcosy eR

= psiny X psin X 0

Q Q 0
Qpsiny | eR

(D.3.48)
+ | Qpcosyy | X 0

0 0

—eRO? — eRp? sin®)

ap = —eRp? cos 1 sin

—2eRQp cos

272



Equation (D.3.48) above expresses the inertial acceleration of a point coincident with the

flapping hinge in terms of the Hub frame axis. In terms of the blade frame € we have

—174(9) [Fa,)”
cos (3 sin (3 —eRO? — eRp? sin® )
1 —eRp? cossin
—sin cos 3 —2eRQp cos ) (D.3.49)

— (R + eRp? sin® ) cos f — 2eRQp cos ¥ sin 3
—eRp? sin ) cos

(eRQ2 + eRp? sin? ¢) sin 8 — 2e RS)p cos 1 cos B

Using equations (D.2.6) and (D.3.49), the term C° x 7@, in equation (D.2.5) takes the

form

Myigde o R
0 X
0

— (eRQ?* + eRp? sin®¢) cos 8 — 2e RQp cos ¢ sin 3

—eRp? sin cos
o (D.3.50)
(eRO? + eRp? sin®¢) sin 3 — 2e RQp cos 1 cos 3

~o o T2 2
C X aONMbladeTCMeR

0
— (% + p? sin®) sin 8 + 2Qp cos ¢ cos 3

—p?sin 1) cos
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Using small angle assumptions and neglecting higher order terms (eq® ~ 0, ¢?sin 3 ~ 0),

equation (D.3.28) becomes

0
60 X Iao ~ Mblade rToMm 6R2 —QQﬁ + QQp COS’¢ (D351)
0

The inertial angular velocity of the blade frame £ expressed in terms of frame &€ is

— “TH() [HTAW) (—p)is + Qs | — B
Qsin 3 — pcoscos B (D.3.52)
W = psiny — 5

Q cos 3+ pcostpsin B

and the corresponding inertial angular acceleration Za¢ takes the form

Qpsiny cos f 4 (Qcos 4+ pcossin 3) B
a” = Qpcosth — f3 (D.3.53)

—Qpsinysin f — (2sin § — pcosip cos §)
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The term I° - Z5¢ + T x (fo : 1(35) in equation (D.2.5) takes the form

IO‘I&g+IC3£ % <[O.IJ)"€) —

I.Qpsintcos f+ I, (2 cos B+ pcostpsin 3) B
1,Q2p cosy — ]bﬁ
—1.Qpsintsin § — 1. (Qsin f — pcosp cos F) 3

Qsin 3 — pcos) cos 3 I, (Qsin 5 — pcos ) cos ) (D.3.54)
+ psinz/J—B X I (pSinw—B)
Qcos 3+ pcosisin 8 I. (2 cos B+ pcosipsin ()

I, (2Q cos B + pcossin B) psin @
= | I, (2Qpcos v cos 3 — (22 — p? cos? ) sin ) cos 3 — 1,3

—I.Qpsinysinf — 1, (2sin § — pcosyp cos B) B

£ I5E

Ia¢ = 25°. Using small angle assumptions and neglecting higher order terms

where

(p*sin 8 — small, 83 — small), equation (D.3.54) becomes

21,Qpsiny
o T8 1 T58 <f"~2¢65) ~ | 2I,Opcost — [,Q023 — I, (D.3.55)
—1.Q0psiny + I.Bp cos
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Equations (D.3.51) and (D.3.55) give

L 0
M | = Myagerere R | Q28 — 2Qp cos i
N 0
21,Qpsiny
+ | —20,Qpcosv + L,Q23 + 1,5 (D.3.56)
—1.Q06psiny + Lﬁp cos Y
gyroscopic + feathering moment
= | gyroscopic + (M, = aerodynamic) moment

drag moment

Equation (D.3.56) says that a steady pitch rate induces both blade pitch and drag mo-
ments. The induced drag moment is relieved by the drag (lead/lag) blade hinge, and the
induced blade pitch moment is sufficiently small and can be ignored. The resultant blade

flapping equation takes the form

I Maero
B+ Qngﬁ — 2Qy§p cos = 7 (D.3.57)
b

where 1/% is the non dimensional flap frequency previously defined in equation (D.2.62)

such that
1—e
Tom = 5
(1-e)R M,
Tyiage = / mridr = %RS (1—e)’ = l’?l)“de (1—e)*R?
y . (D.3.58)
_ MyageremeR?  3e  static moment
B I ~ 2(1—e) inertial moment
1/2 =1+¢

Figure D.7 on page 269 shows the perturbation to the angle of attack A« due to a

combination of flapping rate 3 and roll rate rpsint. The corresponding differential lift
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Figure D.8: Blade Flapping Disturbance due to Body Roll Rate.

0L and resultant aerodynamic moment M,.,, are respectively

AUp =13 — (r + eR)pcos

Aa = —tan™! Ap~—Ap = _AUP _ (r+eR)pcost) —rf3

Ur Q(eR+)
1, 1, 9 (r+eR)pcost) — rf3
6[/ - QPVTSCL ~ 2,09 (T + €R) (C5T> (CL Q) <€R+ T)
1 . :
= —pacQ) (r + eR) ((7" +eR) psiny — Tﬁ) or
% (D.3.59)
5,0(109 (r+eR) (psinib — ﬁ) ror
(1-e)R 1 . (1-e)R
Maero = rdL = —pCLCQ(p Sin¢ - 6) / 7‘2 (T + GR) dr
0 2 0
é pacQR (psiny — 3) (1 —e)? (1 + %6)
Maero _ ZQ(p sing)— B) (1 —e)* [ 1+ 16 = mﬁ(p sintp — 3)
1 8 3 8

where €2 — small, reR < 2, and n = (1 —e)” (1 + ¢/3). Equating equations (D.3.57)
and (D.3.59) yields

3+ —Qﬁ + 0228 = L Qpsing + 2002p cos ¥ D.3.60
) B

Applying the change of variables in (D.3.13), equation (D.3.60) becomes

d? d
5 i

TR siny + QVﬁ cos (D.3.61)

_np
+ 50 8 N
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Expanding the periodic terms

(B1ecos ) + Brgsinty) + 7;—7 (Bresiny — PBiscos )

+ 15 (B0 — Precos ) — Brssin ) (D.3.62)
— %% sin ) + QVE% cos 1

Harmonic balancing of the periodic steady-state solution (D.3.16) to the above equation

(D.3.61) gives

nﬁlc - Sﬂﬁls = n%

D.3.63)
16 (
SpPic +nPis = —V§7%
Solving for (3., 415 results in the following set of equations
1
(n® + S3) Brc = — <n2 - —6V§Sﬁ) %
7 (D.3.64)

16 p

2 82 = S 2y £
(n® +53) Bis =n( Ss 5 s ) Q
where 7 = nvy/8. For the case of zero hinge offset (e = 0,e = 0), the above equations

become

(D.3.65)

Equations (D.3.64) and (D.3.65) indicate that a non zero steady starboard roll rate
induces longitudinal cross-coupling flapping which result in a rotor tilt to the rear (down
at blade azimuth station ¢» = 0°) regardless of whether the blade has a flap hinge offset.
In addition, a positive steady body roll results in blade flapping which corresponds to
port rotor tilt (down at blade azimuth station v = 270%). Such rotor tilt produces a
moment that opposes the original rolling moment of the vehicle. This behavior is a

source of stable lateral aerodynamic dampening response of the rotor to body roll rate
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[27, 92]. The lateral flapping damping factor

_ﬁlsg _ E o~ inertia or' rotor (D.3.66)
P v aerodynamic forces

is inversely proportional to the Lock’s number. Equivalently, the lateral flapping damping
factor is directly proportional to the inertia of the rotor due to gyroscopic effects and
inversely proportional to the aerodynamic forces generated by the rotor. The interaction
of inertial and aerodynamic effects with the hinge offset is an important factor to consider
for the design of rotor control laws which may depend on flight conditions such as flight
altitude. For example, at high altitude, the rotor inertial response due to gyroscopic
effects will tend to be greater due to the diminishing relative effect of aerodynamics

forces at altitude [27].

D.3.5 Flapping Motion with Body Angular Roll and Pitch Rates

and Angular Rates of Change

The rotor hub angular velocity &%, corresponding angular acceleration, and resulting
flapping hinge acceleration are given by equations (D.2.11), (D.2.12) and (D.2.13) re-
spectively in terms of the rotor hub frame H where (@D =Q0,0= 0)

—pcosy + qgsiny

T = psiniy + qcosy (D.3.67)

Q

Q (psiny + gcos)) — (pcosth — ¢siny)
Ta" = | Q(pcost — gsin ¥) + (psiny + G cosv) (D.3.68)
0

Q% + (p siny + ¢ costh)’
T4, = —¢R (p siny + q cosv) (p cosy) — g sin)) (D.3.69)

2Q (pcosth — gsinh) + psin + ¢cos
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Equation (D.3.69) above expresses the inertial acceleration of a point coincident with the
flapping hinge in terms of the hub frame axis H. Equation (D.3.69) can be written in

terms of the blade frame € as

— *13(p) [Fa,) "
cos 3 sin 3
= —eR 1
—sinf8  cosfB

Q%+ (p siny 4+ ¢ costp)’
(b sint + g cost) (p costp — g sin)

2Q) (pcosth — gsineh) 4+ psin) + §cosp

[2Q (pcostp — gsint)) 4+ psin + Geosy|sin B+ . ..
[+ (p sing + g cosv)’] cos 3

fa,)" = (p sindh + g cose)) (p cos) — ¢ sine)

292 (pcostp — gsint)) + psine) 4+ Geos|cosf— ...

[Q2+ (p sinty + ¢ costp)’] sin B |

(D.3.70)

Using equations (D.2.7) and (D.3.70), the term C° x 7@, in equation (D.2.5) takes the

form
_ Myagercm R + eRcos 3
= 0 x [Fa.)*
—eRsin 3
C° x Td, ~ — Mygae rors €R . .. (D.3.71)
- 0
023 — 2Q (pcosp — gsiny) — (psiny + ¢ cos )

0
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where equation (D.3.71) includes small angle assumptions and drop of higher order terms
of the form ( p*> — 0, ¢*> — 0, pg — 0, eq> — 0, ¢*sin 8 — 0, etc). The inertial angular

velocity of the blade frame € expressed in terms of frame £ is

= ST3B) [T (W) (~piiy + o) + s — 32
Qsin § — (pcosty — gsin) cos 3
wo = psint + geostp — 3

Qcos B+ (pcosyy — gsiny)sin 5

(D.3.72)

and the corresponding inertial angular acceleration Za¢ takes the form

Q (psint + geos ) — (peosth — gsiney) + ...
Qf + (pcos ) — gsing) 55
Tae = Q (peosth — gsing) + (psin e + geos ) — 3 (D.3.73)
Q2 (psing + geos ) §+ (peost) — gsing) f— ...
QB3+ (peosth — gsiny) B

Equation (D.3.73) includes the usual small angle and higher order neglect simplifications.

The term I° - Z5¢ + T x (f" : Iaf) from equation (D.2.5) takes the form

-7 75 x (P75 =
21,9 (psin ) + gcos ) — I, (peost — gsin))
Iy |20 (peos s — gsin ) + (psin e + Geos ¥) — 26 —
I |[(peos ¥ — qsin®) § — Q (psin + geos ) 8+ peosts — gsin |

(D.3.74)

where equation (D.3.74) results from applying small angle assumptions and neglecting

higher order terms (p?> — 0, ¢> — 0, pqg — 0, p*sin§ — small, B3 — small). Next,
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substituting equations (D.3.71) and (D.3.74) in equation (D.2.5) give

2
—M | = Myaderom eR” ...

N
i 0
028 —2Q (pcosy) — gsinyy) — (psinyy + geosvp) | + -
0

- (D.3.75)
21,9 (psiney + qcosvp) — I, (pcosyp — ¢sina))

Iy [B+926— 2Q) (pcostp — gsiny)) — (psinw—i—q'cosw)}
I, [(pcosw — qsin@b)ﬁ — Q(psiny + gcosyp) f+ pcosh — stinw}

gyroscopic + feathering moment
= M, = aerodynamic moment

drag moment
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D.3.5.1 Flapping Motion with Body Angular Roll and Pitch Rates

When the angular rate of change p = 0,4 = 0, equation (D.3.75) becomes

2
—M | = Mpjggercm eRR” ...

0
0?3 —2Q (pcosyy — gsinyp) | + ...

0
- (D.3.76)

21,9 (psiney + qcos )
Iy [ﬁ + Q23 —2Q (pcost) — qsin@/z)]
—1. [(pcosw — qsinw)ﬁ' — Q(psiny + qcosw)ﬁ]

gyroscopic + feathering moment
= | gyroscopic + (M, = aerodynamic) moment

drag moment

Equation (D.3.76) says that a steady pitch rate induces both blade pitch and drag mo-
ments. The induced drag moment is relieved by the drag (lead /lag) blade hinge, and the
induced blade pitch moment is sufficiently small and can be ignored. The resultant blade

flapping equation takes the form

Maero

D.3.
7 (D.3.77)

3+ QQVEﬁ — 291/2 (pcost) — gsiny)) =

where I/g is the non-dimensional flap frequency previously defined in equation (D.2.62)

on page 257 such that
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Figure D.9: Blade Flapping Disturbance due to Body Roll and Pitch Rates.

1—e
T =
oM 5
(1-e)R M
Totade = / mr’dr = %R‘O’ (1—e)’= % (1—e)’R?
y . (D.3.78)
_ MyageremeR* 3e  static moment
B I ~ 2(1—e) inertial moment
Vg =1+¢

Figure D.7 on page 269 shows the perturbation to the angle of attack Aa due to a

combination of flapping rate 73 and roll rate rpsint. The corresponding differential lift
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0L and resultant aerodynamic moment M,.,, are respectively

AUp =7 — (1 + eR) (pcosy) + qcos 1))
Aa = —tan ' A¢
~ A= _AUp _ (r+eR)(pcost) + gcosy) —rf

Ur Q(eR+r)
1 1
oL = §pV7%SCL s §pQ2 (r + eR)? (¢cor) a Aa
1 .
~ §pacQ (r+eR) (psiny + qcosyp — B)rér
(1-oR (D.3.79)
Mero = rdlL

0

) (1—e)R
pacd(psiny + qcos — [3) / r* (r +eR)dr
0

i

= gPGCQR4(psinw +qcosp — () (1 —e)? (1 + %e)

Maero . Z : _ 7 _ )3 1
A SQ(psmw—i—qcosw B)(1—e) (1+ 36)
Z%Q(psinzlﬂrqcosw—m

where €2 — small, reR < 2, and n = (1 —e)” (1 + ¢/3). Equating equations (D.3.77)
and (D.3.79) yield

3+ %Qﬁ + 0228 = %Q (psin® + qcos) + 2003 (pcosy) — gsin) (D.3.80)

In the case when there is no blade offset e = 0, € = 0, vg = 1, the above expression takes

the form
B+ %Qﬁ + Q%3 = %Q (psint + gcos ) + 2Q (pcostp — gsin)) (D.3.81)
Equation (D.3.80) above applies for slender, uniform mass blades that form a thin disk

when they rotate, for small flapping angles 3, and for hover case undergoing pitch and

roll angular rates. Also we assume that the blade center of mass does pass through the
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axis along the flap hinge. The term
3 2 2
B+ Qv

is the contribution due to inertial forces and moments about the hinge which include the
static moment due to the mass of the blade and the inertial moment due to the blade
flapping motion itself. The term € is in essence a ratio of these two moments as shown
in equation (D.3.78). The term

ny . -

—Q

g 0

is caused by the blade flapping and the effect that this flapping has on the angle of attack
that the blade sees as it rotates around the rotor shaft. This terms adds damping to the
flapping motion of the blade; whence, a major role played by aerodynamic terms is to

add damping to the rotor system [119, p. 34][124]. The term

%Q (psint + gcos 1))

corresponds to pitch and roll rate contributions due to aerodynamics effects and the term

291/?; (pcosty) — gsin))

corresponds to contributions due to gyroscopic effects. For a scaled-model helicopter
the flapping undamped natural frequency is approximately that of the rotorspeed at
) & 157 rad/sec ( 1500 rpm), and the damping ratio is approximated by /8. The time
to settle within 5 % of the steady state value would be —8[n(0.05)/7€2 ~ 0.05 seconds
for a Lock number v ~ 3. At a rotorspeed of 157 rad/sec this corresponds to about one
revolution. Then the blade flapping needs about one revolution of blade rotation in about
0.05 seconds to settle. Based on this approximate calculation, the forcing term dynamics
(on the right hand of equation (D.3.80)) of the body pitch and roll are much slower
that the blade flapping dynamics, and therefore, the rotor behaves as a quasi-steady
actuator [119]. Also, the above equation says that body pitch and roll rates will force
blade flapping via aerodyanmic and gyroscopic effects. Applying the change of variables
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n (D.3.13), equation (D.3.80) becomes

d*p dp
e + %’y@ + yéﬁ % ( S sin) + 2’/6 cos 1/1) % <£ cos — 2’/6 sin ¢> (D.3.82)

Expanding the periodic terms

IQ

(B1ecos ) + [rssine) + (616 siny — (5 cos )

+

I
D DI §w oo

(BO - ﬁlc COS@D - ﬂls Sin¢)

(n—; sin ) + QVg cos w> +

(n—; cosY — 2V§ sin ¢>

(D.3.83)

Harmonic balancing of the periodic steady-state solution (D.3.16) to the above equation

(D.3.82) gives

16
nﬂlc - Sﬁﬂls - ng - VQ_E

B
2916 ) R 2 (D.3.84)
Spbic +nbis = —V575 e}
Solving for [3;., 41 results in the following set of equations
1 1
(n* + S3) Brc = n? — —6V§Sﬂ 2 _q Ss + —61/5 g
7 2 v (D.3.85)
16 P 16 q o
2 2 2 2

For the case of zero hinge offset (e = 0, = 0, without loss of generality), the above

equations become

3 p 16¢
lc ~ A
€@ 7@ (D.3.86)
By, = _6p ¢
1s v Q Q

The above results in (D.3.85) and (D.3.86) are consistent with results in equations

(D.3.42) and (D.3.64). As expected, non zero roll and pitch rates induce respective
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longitudinal and lateral cross-coupling flapping which result in a rotor tilt to the rear
(p/2) and to port (¢/€2) directions due to aerodynamic effects. This happens regardless
of whether the blade has a flap hinge offset. In addition, gyroscopic effects work such
that a positive steady body roll results in rotor tilt to port (16p/v/Q2), and a positive
steady pitch rate results in a nose-down rotor tilt (16¢/~/€2). These rotor tilt produce
a moments that opposes the original rolling moments of the vehicle, and are therefore
sources of stable aerodynamic dampening response of the rotor to body rates [27, 92].

The rotor roll and pitch damping factors

Q 16 inertia or rotor
_Blc_ = — X N
q 7y aerodynamic forces (D.3.87)
Q 16 inertia or rotor e
—fis— = — .
P v aerodynamic forces

are inversely proportional to the Lock’s number. These are directly proportional to the
inertia of the rotor due to gyroscopic effects and inversely proportional to the aerodynamic
forces generated by the rotor. The interaction of inertial and aerodynamic effects with
the hinge offset is an important factor to consider for the design of rotor control laws
which may depend on flight conditions such as flight altitude. For example, at high
altitude, the rotor inertial response due to gyroscopic effects will tend to be greater due

to the diminishing relative effect of aerodynamics forces at altitude [27].

D.3.5.2 Flapping Motion with Body Roll and Pitch Rates Rate of Change

Equation (D.3.75) gives the contribution of pitch and roll angular rate of change

I, (pcosty) — ¢sine)
— (Mjage rem €R* + 1) (psin g + g cos ) (D.3.88)

I (peost — gsiny)
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which augment equation (D.3.80) such that

3+ n%Qﬁ + Q2V§ﬁ = n%Q (psiney + qcos )
+2§2V§ (pcost — gsine)

+y[2.3 (psiney + ¢ cos )

Applying the change of variables in (D.3.13) equation (D.3.89) becomes

g yds P
a2 "5 0= g (g 2eosy)
907 costs— 22 s
+Q (nSCosw 2v5 smw)
v (d d
B 9P “q
+Q (dwsmw—l—dwcosw)

(D.3.89)

(D.3.90)

Let the following expression for 5(¢) be a solution to (D.3.90) above with non-constant

coefficients as function of blade azimuth angle v

B () = fo () = bre(¥) costp — frs (¢) sin e

such that
P O e cosp— S sin g+ esin g — o
PB ) By 0B OBis .
g0~ aue — 302 cos Y — 9072 sin v
+2 6055 sin) — 28(5; cos Y + P cos ) + Bigsin
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Substituting (D.3.92) into (D.3.90), and performing harmonic balancing of the periodic

solution gives

0*p 9B
5ur * g gy VA () =0

2
8 510 + 28ﬁ15 —+ n,Y <8§IZC + ﬁls) + (l/g — 1) 610
V5 dgq ()

o2 o 8
— —90)? 2P 1922 __F
o' AT Q ay

2
b 0B <aﬁls - BM) + (3 =1) By

+n

o2 oy 8\ ay
2
TP 2 22_@829(@5)
= n8QQ+QQ I/ﬂQ 0 o0

(D.3.93)

With no loss of generality, let the hinge offset be zero (e = 0), the roll rate p = 0 and

the pitch rate p be sinusoidally varying

p=0

. 0
q () = qosinvy — % = oV COS VY

The resulting coupled equation is now

aQﬁlc 8ﬁ13 Y 8ﬁlc o Y 4o . 4o

8¢2 —|—2 aw +§ ( aw +ﬁls) —-gaSIHV¢—I/5COSV@ZJ
82515 aﬁlc Y aﬁls o qo .

a2 Yoy s ( 00 _610) = 2q sinvy

An approximate solution for ;. and [y, is:

_ 164¢ 16> 1 dq
=25+ |(3) 1] Qdy
g 241dg
515_ Q‘{‘,}/de

(D.3.94)

(D.3.95)

Typical values for longitudinal and lateral oscillation of the helicopter body are in the

range of 10 seconds as compared to a rotor frequency 2 = 1500 rpm for a model helicopter

(and 240 rpm for a conventional helicopter). In all cases, the ratio 1/Qdgq/dv is much
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less than one and of the order 0.025 such that the terms involving 1/Qdgq/dy can be
discarded [119, p. 35]. The results would again be those given in the case of steady pitch
and roll rates in equation (D.3.86). When the helicopter encounters transient states, the
longitudinal and lateral blade flapping is proportional to the pitch and roll rates, and the
rotor behaves as if the transient instantaneous values were the steady values instead. This
rotor behavior is known in literature as quasi-steady behavior [124]. Under quasi-steady
assumption, the rotor behaves such that a sequence of steady state values adequately

describes continuously changing motion.

D.3.6 Flapping Motion for Semi-rigid Rotors with Hinge Offset,
Hub Precone and Spring Restoring Moment

The blade flapping contribution of a hub precone 3 — (p, and spring restoring moment

K proprotional to the blade flap angle is given by

K (B — Bp) (D.3.96)

The fundamental equation of motion for blade flapping is given by equation (D.2.23)

) M a, €R2 Maero
B+0%(1+ € oM Vblad g =— (D.3.97)
I I,
where ¢ in equation (D.2.25) is
o Miigae o € R? _ .stati.C moment (D.3.99)
I inertial moment
Substituting the restoring spring and hub precone in (D.3.96) into (D.3.97)
b K Maero
B (1+e)B+ S0 (8~ Bp) =~
B B
. K M, K
02 (1424 K)o Moo | Ko 3
i ( +s+921ﬁ>ﬁ e (D.3.99)
a2ﬁ 2 Maero 2
8_77[)2+V6:QQI/5+V05P
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where the nondimensional rotating flap frequency v? and the non-rotating, nondimen-

sional blade flap frequency 1 take the form

K
V¥ =1+e+ QQ_[;
7 (D.3.100)
2 Kp
Vn =
002,

The term  in the /2 expression is the nominal rotor angular velocity. Also, the coefficient

of the 3 term relates to the blade natural flapping frequency such that [105, 119, 124]

2

K w
A (D.3.101)

2 _
v _1+6+]ﬁ(22 0z

D.3.7 Blade Equation of Motion for Forward Flight Including
Body Pitch and Roll Rates

Figure D.10 on the next page and Figure E.1 on page 318 show the rotor and blade
conditions in forward flight. During forward flight, the following takes place :
1. the air loads have higher harmonic content (imposes safety limit on forward motion)
2. the advancing blade encounters higher dynamic pressure which may cause shock
waves. Cyclic feathering flapping and/or cyclic feathering alleviates this effect.
3. the retreating blade encounters low dynamic pressure. Flap down or increased
angle of attack alleviates this effect, but stall may occur.
4. all of the above works to decrease total lift as forward speed increases. Lift will
impose a limit on forward speed.
To find the rotor forces and moments during forward flight, the velocities at a blade
section airfoil determine the angle of attack seen by the blade section. In general, the
angle of attack that the rotor blade sees depends on
1. pilot collective and cyclic pitch input
2. blade twist (if any)
3. free stream advance ratio y and rotor inflow ratio A

4. blade flapping
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5. anhedral and dihedral effects due to rotor conning

6. body pitch and roll

Following traditional methods for helicopter aerodynamics [82, 92, 105], the collective
and cyclic pilot inputs are given by equation (D.3.8) on page 260, and the blade flap angle
B is given by equation (D.3.16) on page 262

B :ﬁO —51CCOS¢ _ﬁlsSinw

0 =0y — 01.cosy — O5siny

(D.3.102)

The free stream advance ratio p and rotor inflow ratio A\ are given by equation (B.6.4)

and subsequently by equation (E.1.1) above.

= V cosa
QR (D.3.103)
)\:vi—i-Vsma: Y
OR a i

At any blade azimuth angle ¢, the anhedral and dihedral effect due to blade flapping
and consequent rotor conning is the component of the free stream radial velocity normal

to the blade at a flap angle (8

Vo cos asin 3 cos

QR (D.3.104)
= pcosysinf ~ Bucosyp

anhedral /dihedral effect =

As the blade section airfoil flaps up and down, the airfoil experiences a downwash equal
in magnitude and opposite in direction to the blade angular velocity about the flapping
hinge

blade flapping effect = T% =3 (D.3.105)

The steady state body pitch and roll also contribute to the U, component of the blade

velocity

steady body pitch and roll effect = (eR + ) (p sin) + ¢ cos ) (D.3.106)
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Referring to Figure D.10 on page 293, the total velocity encountered by the blade section

airfoil in forward flight is then

U |
UT—ﬁ—($+€)+MSIH¢
UP ﬂ p . q
up = =A+x—=+ pfcosty — (e+x)(=siny + = cose)
QR Q <Q Q ) (D.3.107)
z/\+xé+ﬁucos¢—x(BSin¢+gcos¢))
Q Q Q
Ug
Uy = QR—ucosw

where x = r/R, ep — small, eq — small and eR is the blade flap hinge offset. Also

Ut = (x4 e) + p2sin® o
ur (x + €) (%sinw+%cosw>
—(e+1x) [(x—l— e) + psiny <£ sinv + 26081/1)}

—x (r+ e+ psiny) <— sin ) + —COS@/}) (D.3.108)
upfBpcost = Bucos (x 4+ e+ psin )
uTxg =z(x+e+ pusiny) g
urA = A (z + e + usiny)
The blade aerodynamic moment about the flapping hinge takes the form
(1—-e)R
Maero = / rdL
0
1 ) (1—e)
= gpac (QR) Rz/ (e + z) [Ouf — urup] dz
0 (D.3.109)

Myero  1pac(QR)?R? 079
7 5/) ( f,8> / (e+ ) [fuf — urup| do
0

NI
— 592/ (e + ) [Ouf — urup] dz
0
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where I is the blade moment of inertia about the flapping hinge and the Lock number
7 in equation (D.3.2) is

_ pacR*

=

Substitution of (D.3.108) into the above equation (D.3.109) and integrating

%ZEZD =(e—1)? (1 + (€§2) (e—|—2,usin¢)> (%sinw%—%comﬁ)

\ .
—(1—e)? (1 + g + gusinw) g
2

(D.3.110)
—(e+2)+ 2,usin¢> (Burcost) + N)

—~(e—17 (3

(
e —1) (1 Ll J?: 2) (e + 4psing) + 421 + cosw]) 0

For the case when the flap hinge offset e = 0 the above expression becomes
8 Maero 4 :
;W = <1 + g,usmw) <£ siny + %comﬁ)

- (1 + g,usinv,b) g - (% + 2usin¢) (Burcosyy + A) (D.3.111)

+ <1 + g,usinw + 1+ cos2w]) 7

Moreover, if in addition the advance ratio y = 0 then

8 Myero 3 4 p q
° Sy W + L D.3.112
v 1502 b=q 3 (Qsmw QCOS@ (D3.112)

Rearranging the terms in the the general expression (D.3.110) above

8Ma€7"0 /B p . q
; 1,02 = Ky — K)\ — KBQ — K, B+ Ky (5 siny + q COS@D) (D.3.113)
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where the following non-constant terms are functions of blade azimuth angle v

Ky, = (e —1)? (1 + @ (e + Qusimp)>

Ky =(e—1)? (g (e+2)+2,usinl/z>

Kp, = (e —1)? (; (e +2) peosty + p? sin2¢) (D.3.114)
Ky=(1—e¢) (1 + g + %usiw)
Ko =(e—1)? (1 + @ (e + 4psin) 4 2 sin? ¢)

The blade flapping equation of motion with flap hinge offset, hub precone, blade restoring
spring, and body pitch and roll rates and pitch/roll rates of change in forward flight is
given by equation (D.3.75) and equation (D.3.77) on page 283, and equation (D.3.99) on
page 291

M,
B+ Q%28 ="L4 QQVE (pcostp — gsin))

Is (D.3.115)
+ V3 (psine + g cos ) + v 6p
where as before in equations (D.2.25) and (D.3.100)
_ Myjageren e R* static moment
N I, ~ inertial moment
yg =14¢
% (D.3.116)
2 _ B
vo=14¢e+ L
K
2 _ B
T L0
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Substituting equation (D.3.113) into (D.3.115) and rearranging yields the following ex-

pression

5,7 : 2(.2 7 _ Y02 Y 2
B+20K6+9 <u n gKm) 8= SO0 — 202K
Yorw (P snns 4
+8Q K,, (Qsmw—i—QCOSw)
+2QQV§ (% cos P — %Sin w)
+j (psing + g cos ) + 15 6p

(D.3.117)

Equation (D.3.117) is the fundamental equation of blade flapping [13, 22, 68] since it
defines the stability of the blade flapping dynamics. Exact analytical solutions are not

possible and numerical methods must be used.

D.3.7.1 Thrust and Torque Coefficients in Forward Flight

From Blade Element Theory (BET) in Section C.2 on page 222, the differential thrust
and torque coefficients are given by equation (C.2.9) on page 226

1
dL = geosCy = §pU2 [cdy] C
1 Up
= QpU [cdyla (9 U—T)
1
dT =~ bdL

dQ ~ by (dL¢ + dD) = [bdL] [¢y] + bydD = RX\AT + bydD
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where R\ = ¢y. Using the following integration formulas

2w 2w

sinydy = /cos Ydyp = /Sin2 Y cosydy =0

0 0

2w

2
/
2
/sin¢cos¢d¢ =0 (D.3.119)
027r
/sin2 Ydyp = /(3082 Ydp =

0 0

Integration over the length of the blade and through one revolution gives the thrust

coeflicient Cr

1—e
T~ —pabc QR / / GuT — uTuP] dxdi)
T 1,0abc QR /2” /1 ¢
Cr=————= 9u — upup|dxd D.3.120
T p(QR)Qﬂ_RQ 2 R2 27T T T P:| w ( )

ao 1 27 l1—e
= 7%/ / [Qu% — uTuP] dx dy
0 o

Given the velocity expressions in equation (D.3.107) on page 295, the thrust coefficient

is then

2 1—¢é3 1— 21
e =
oa 3 2 2
(1— ) (D.3.121)
—e
+ ((62_1) 015+ (1 —e)efie + 5 %) g
For the case when the hinge offset is zero e = 0, then
_oa (1 1, 1p oA
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The corresponding torque coefficient Cy is

Q
2)
p(UR)° (n) R (D.3.123)
—Ual/ﬁ/ee—l—:c uu—u—irc dxdy
Co = 2 27 e P a
After integration the torque coefficient becomes
2CQ Cp A4 A2
22 .y _Z
oa 4a (1+:u )"f_ 4 (390+(251c ls)M) 5
2
+/f_6 (ﬁlselc + ﬁlcels - 4/80 3ﬂlc ﬂls)
p L 2
6 (2 Bo — 590 + Bo (2615 — 91c)> 3 (516 + 513)
0 0. /4 (D.3.124)
1s (P lc
5 (g me) 5 (g + o)
1/p q L(p* ¢
+1 (g —5%) —3 (Q T
e o2 o3 4
+E( )+1_6( )+E< ')ﬂLﬂ( )
For the case when the hinge offset is zero (e = 0), the above becomes
2CQ Cp 9 A4 A2
oca  4da (1+4%) + 4 (590 + (261 = 1) M) 2
2
‘I‘IM_ (ﬁlselc + ﬁlcels - 463 - 3ﬁ%c - ﬁ%s)
1
(2 Bo — 90 + Bo (2615 — 91c)> 3 (5?0 + 5123) (D.3.125)

) et
1
8

+i <§ﬁ1c - 5515> -
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For the case of steady symmetric flight the body rates (p, ¢) are small and can be ne-
glected resulting in the following
A2l

(1+4°) + A (%90 + (2610 — 015) u) - = -

2C  Cp
N 4 2 8

oa 4a

2
+% (Brsbre + Brcbrs — 463 — 362 — B2) + % (Bo (261s — 01,))  (D:3.126)

(8% + B3,)

1
+§ (01515 — O15P1c)

Neglecting squared terms and products of small flapping angle with cyclic inputs yields

oa |Cp o A (4 A2
- 2222 Z 20 281, — b5 - — D.3.12
Ca 5 4a(+ﬂ)+4(30+(ﬁ1 1s) J 5 (D.3.127)
An approximation to the latest expression uses equation (D.3.118) on page 298 to arrive

at a simpler form for the torque coefficient

1 2m 1—e
= \Cr + UTQIQ— / (6 + $) u%dxdw
mJo Jo (D.3.128)

CQ:)\CTJr%Cd(lnL/f)

D.3.7.2 Simplified Thrust and Torque Coefficients in Forward Flight

Substituting equation (D.3.107) on page 295 for ur,up while neglecting fast dynamic
contributions of the flapping blade £ and body angular rates (p, ¢ — small) such that

ur ~ (e +x) + psiny

Vsina + v;

oR =ptana + A\, = A

Uup =~
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Integrating first with respect to azimuth blade angle v results in

CT:% [2(1_(3) ((e+1)2—e+§u2) —(GZT_D)\l

. ) (D.3.129)
CQf)\CT—l—% ((e+x)2+%>(e+x)dx
0
& 2 2
—)\C’T—§(e—1)(e+1)(1+e + 1?)
For the case where there is no flapping hinge (e = 0)
aoc |0 3 A
= Z(1+22) =2
=y 3 (rae) -3
aoc | A0 3 )\2 Cd
= 20 (122 L 22 D.3.130
Co 2{3<+2ﬂ) 2+4a(+u)} ( )
C
:ACT+%(1+ 2)

D.3.7.3 Blade Equation of Motion for Forward Flight: Non-Constant Blade

Flap Coefficients

Using the transformation equation (D.3.13) on page 262, the flapping equation (D.3.117)

on page 298 becomes

vy Yy g _ 7
6] +8 (1/ + = K ) 8K9 8K>\)\
+ %qu <% sin ) + 5 cos w> + 2V6 <% cos — = smz/;) (D.3.131)
+v <£2 siny + — Costb) + 12 6p

Assume that the following expression for 3(¢) is a solution to (D.3.131) above, and the

expression for 6 represent the blade pitch input

0 =0y — 01.cosp — O14sin1)
(D.3.132)

B () = Bo(¥) — Bie(¥) cosp — B, (1) sing
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such that

8%1(;@ = 885? — a@fzc cos 1) — 3531/115 sin + Biesint) — P cos
0? 0? 0 P .
aﬂw(;m = 8520 - 85; cos 1) — 852 sin ¢ (D.3.133)
—l—ZaaBJ sin ) — 2885128 cos ) + Precost) + Bigsinp

Substituting expression (D.3.133) into (D.3.131), expanding the periodic terms, and per-

forming harmonic balancing with first harmonic terms gives [22]
[A] 8" + [D] 3" + [K] 8 = [F (0,w, \)] (D.3.134)
where ' = 03/0y

r T
ﬁ: 60 ﬁlc ﬁls:|

- T
=106, 6. 918} (D.3.135)

T
w_pqu}

The matrix [A], the damping matrix [D] and the stiffness matrix [K] are

8/
A= 8/
8/
—x3ny —223u/3
D= —23ny  16/y (D.3.136)

43u/3 —16/y  —adny

8v% /v —z%ep
K = —ngu/Z Sg —ny —|—562,LL2/2
ny + 22’ /2 Ss
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The components of the forcing function [F| = [C]6 + [R] w + [O] take the form

[ no + 222 0 —2nsp
C= 0 ny + 22u? /2 0
—4dngp 0 ng + 322 pu?
ngp/Q
R= —16v3/7Q  —(1—4e/3) /Q —83/70? (D.3.137)
— (1 —4e/3) /02 1613/v8 —8uv3/vQ?
_ —2n3 8vg Bp /vy
0 = A+
2221

and the rotor stiffness number S; = 8 (1> — 1) /7 is defined by equation (D.3.19) on
page 263. Also the following convenient definitions apply

r=(e—1)
2e €2 9 2e €2
S (24 — -1 (1+2+C 3.
(e <3 3 > ny = (e —1) (+3+3) (D.3.138)
2 e (1+e>
ng=-—e+ — Ny = -
1737073 ! 3

D.3.7.4 Blade Equation of Motion for Forward Flight: Low Frequency Dy-

namics

Following results from section §D.3.5.2, equation (D.3.95), terms involving the rate of

change of roll p/{2 — small and pitch ¢/ — small are discarded such that equation
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(D.3.131) becomes

1 1
8+ L1K;0 + (1/2 + ZK@ B = S = 27N

8 8 8
ik, (3 sing + <L cos ¢)
8 & Q (D.3.139)
+2V§ (% cos ) — %sin 1/))
+15Bp

In this case, the [R] matrix of the forcing function in equation (D.3.134) on page 303

becomes

np/ 2 0
R= —1603/7Q (1 —4e/3) /Q (D.3.140)
—(1—4e/3) /Q 16v3/v8
Since the rotor dynamics are much faster than the body dynamics [22, 68, 105], further

simplification discards the blade dynamic second order terms 3”. Moreover, inasmuch as

the following assumption within terms in the damping matrix [D] hold

(1—e)®(1+e/3) < 16/
(D.3.141)

(1—e)’4u/3 < 16/~

then the cross coupling terms and the conning mode can be discarded from the longitu-

dinal and lateral flapping dynamics resulting in the following simplified expression

0 16/~52 Bre N Sg — (m — 2*p?/2) Bie
16/7Q 0 B —ny — 2222 —S; B
no + w2 u*/2 0 01,
0 — (ng + 22u?) 01
N —16v3/7Q  — (1 —4¢/3) /Q p N 0
(1—4e/3)/Q  —16v3/79 q =222\
(D.3.142)
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where z, ny,ny are defined in Equation (D.3.138) on page 304. In the time domain the

above expression takes the form

(D] 3/Q+ [K] 8 = [F (6,w,\)] (D.3.143)
In an expanded form

16 . 2
— B — (nl +x —) Biec — Spbhis

~<2
4 1
- (n2 +x2,u2) 015 + (1 — Ee) % — 1/2—62 —22% pA
7 (D.3.144)

) 12
— Pis — (m - —> Brs + SpPic

Equation (D.3.144) describes the Tip Path Plane (TPP) first order blade flapping dy-

namics.

D.3.7.4.1 Blade Equation of Motion: Low Translational Speed
In this case the advance ratio u — small, the rotor inflow ratio A ~ \; and equation

(D.3.139) takes the form

ﬂ”+7K 328 = LEK,0 — LI\,

8 8
v
L £z D.3.145
+8K <Qsm¢+Qcosw> ( )
+ I/g (% cos P — %sinw) + v 8p

where the constant coefficients are defined as

_ _ ) 2 e?
Ky=Ky=ny=(e—1)"(1+-e+ —
3 3
— 1
Ky=(1-e)’ (1 + ge) (D.3.146)
_ 4 2
Ky=(—1?*(=-+=
A (6 )(3+3€)
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In this case equation (D.3.144) on the preceding page becomes

16 . 4e
mﬁlc —n1fie — Spbhs = —n2bis + (1 — ?) L V§75 — 227 pA

16 16 de
7—Qﬁ — n1fis + Spbie = nabic — e g (1 - —> 4

D.3.7.4.2 Blade Equation of Motion: No-Flapping Hinge Offset and no Hub

Precone
For a rotor that hinges at the hub the hinge offset is zero e = 0, ¢ = 0, with a hub
spring K such that v = Kj3/I30Q? with no hub precone Sp = 0. Equation (D.3.145)

becomes

K
ﬁ”+%ﬁ’+ (1+Q2§ )Bz%e—%&-
(D.3.148)
%<ﬁsmw+5c08w> (%comﬂ—%simﬁ)

Substituting expression (D.3.133) in the above equation, and performing harmonic bal-

ancing results in the following coupled equations

ry D = Jp, — 1,

v ~ v q P
ilc + 26{5 + g (610 + ﬁls) QQ_[ 610 = —016 — gﬁ — 26 (D3149)
1/5_2ﬁ£c+§<ﬁ£s_ﬂlc) QQI =57 D1s = 915—§§+25

Discarding the rotor conning dynamics and transformation back to the rotating coordi-

nate axis

Qﬁlc—i__ﬁlc /813+/815 5 ﬁlc: 1e g__g

Q % U (D.3.150)
8 8 Kps p  16¢
925 ﬁlc + ﬁls ﬁlc QQI ﬁls — Vls — ﬁ + 75
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In matrix form

8 Blc n 1 1 16/7 Blc
" B, ~16/y 1 Brs
Ky /1502 8 .
L8| Felle g h (D.3.151)
T8 K/l || B
1 01, 1| —16/y —1 p
1 01 -1 16/y q

As previously stated in equation (D.3.134) on page 303, the above equation has the form

[A]B + [D]3 + [K]3 = [F] (D.3.152)
Neglecting second order terms [22, 105], the equation (D.3.150) becomes
16 . 1. 8 K, 16
_ﬁlc ﬁls + Blc Q—Bﬁls - 915 p _2
’yQ Q Q Is Q v Q
16 . ¢ 16p (D.3.153)
— 0 _—
610 Qﬂls + ﬁls QQI 61(: le — Q ~ 0
In matrix form
1| 1 16/y | | Bie | 8| Ko/l /8 Bre
16/y -1 Bls v v/8 —Kp/159° Bis
(D.3.154)

Similar results were obtained by Chen [22] and utilized in practice by Mettler et. all

[50, 105, 107, 108].

D.3.7.4.3 Simplified First Order Tip Path Plane Blade Flapping Equation
of Motion
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Discarding the cross coupling effects as suggested by equation (D.3.141) on page 305,
the expanded form of equation (D.3.154) on the previous page is

16 - 8 K 16
—= B+ Pre— = gﬂ Pis = =015 + P_224
v v Q214 Q ~vQ
(D.3.155)
’VQ 1s 1s ’79215 lc — Vlic ~ 0O 0O
Rearranging some terms
16 - 16 8 K
_ﬁlc _ﬁlc + P - _g + _Q—gﬁls - 913
2 Q v Q Q%
(D.3.156)
Eﬁ 3 g 16p §ﬁ5 +9
’)/Q 1s 1s 0O v 0O ’79215 lc lc
In equation (D.3.156) above, the term
16
= D.3.157
TMR ~Q ( )

is the rotor time constant which depends on the rotor angular speed and corresponding
Lock number. The same time constant applies to the longitudinal 7),r ¢ and lateral 73,5z p

flapping produced by the body pitching rate ¢ and rolling rate p respectively

16
4TMR = ——QCI

“{6 (D.3.158)
PTMR = _’Y_Qp

These terms above are important in that they are a source of rotor damping. The terms
—p/Q and —q/ Q are, respectively, the longitudinal and lateral blade flapping produced
by aerodynamic cross coupling via the body roll p and pitch ¢ rates. Finally, the term

8 Ky
v 21

(D.3.159)
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results from hinge offset and flapping restraint. It is a source of cross coupling and it is

related to the blade natural flapping frequency defined in equation (D.3.101) on page 292

(vF—1-¢) (D.3.160)

Inasmuch as the term Kp relates to the flapping blade natural frequency w% /Q? via
equation (D.3.101), then Kj relates directly to the phasing of the flapping response
[105, 119].

D.3.7.4.4 Blade Equation of Motion: Teetering Blade
In this case there is no restoring spring K3 and equation (D.3.148) becomes

n D _dp Oy LT (P q P _ 4.
I} -1—85 -1—5—89 8)\Z+8<QSIH@Z)+QCOS¢>+2<QCOS¢ Qsmzb) (D.3.161)

In turn, the set of coupled equations (D.3.149) takes the form

v g 74 p
te T 201+ g (Bie+ i) = b — 0 — 2

i y TP q
/! o 2 / a — 8 _ & 2_
1s ﬁlc + ] (ﬁls ﬁlc) 1s XY t 0

(D.3.162)

After discarding the second order blade dynamics and transforming to the time domain

16 . 1. 16

—Qﬁlc - 5613 + B = =015 + g —%

7 7 (D.3.163)
lﬁ + Eﬁ + ﬁ = 0 (] Eg

Q lc ')/Q 1s 1s — lc — Q v Q

Applying the simplifications suggested by equation (D.3.141) on page 305, the above

expression becomes

16- p 1l6g¢q

- 2221 _ 9

(D.3.164)
Eﬁ = B — q _16p +0
~Q7 T P Q le
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Equations (D.3.156) and (D.3.164) differ by the term

8 Kj
v Qg

which is a cross-coupling term due to the presence of a flapping restraint, in this case
a blade flap restoring device with spring constant Kg. A teetering rotor does not have
a hinge offset and flaps about the main rotational axis, and therefore a teetering rotor
cannot develop hub moments, in which case Kz = 0. Equation (D.3.163) describes the
first order equation of motion for a teetering blade in the rotor hub reference frame.
When steady state conditions apply (Blc =0, s = 0) with no body angular motion
(g =0, p=0), then

B1e + 015 = constant
(D.3.165)

(s — 01, = constant

The above is the same as equation (B.6.4) on page 200.

D.3.7.5 Blade Equation of Motion for Forward Flight: Constant Blade Flap

Coefficients

The fundamental equation of motion for a flapping blade in forward flight is given by

equation (D.3.117) on page 298, and is reproduced below for convenience

B + %Kﬂﬂ’ + (u2 + ZK@ 5= Lr,0 - %KA)\

8 8
+ (%qu% — 02 (%)) sin 4 (D.3.166)
+ (21/2 (%) + %qu%> cos ) + 13 Bp
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where the transformation equation (D.3.13) on page 262 is used. Discard slow body rates

of change dynamics (¢, p — small) and the hub precone [p to obtain

gl gl v v
ﬁ” + Kﬁﬁ + (" + KBM ﬁ ng — =K\
8 ( 8 ) 8 8 (D.3.167)

Y 20 2P 7
+ (§ K — 2 sinv + (28 + g Hogy) cos

Substituting equation (D.3.114) and equation (D.3.116) on page 297 into (D.3.167), and

after performing trigonometric reduction and harmonic balancing gives

(1-5) (o)~ (2 (3-5))

In an effort to make the math tractable, the above expression discards higher powers of e
and p which restrict results to low advance ratio p but with no loss of generality. Solving
for the flap coefficients still results on very cumbersome and long expressions. To once
again make the algebra tractable, the resulting flap coefficients are given for the case when

the hinge offset is zero e = 0, and € = 0, v5 = 1, v* = 14+ K;3/150? (see equation (D.3.116)

312



on page 297). Use the definition for stiffness number in equation (D.3.19) on page 263

Sy =2 (12— 1)
7 it (D.3.169)
S, = (1 — Z) + 55

The resulting flapping coefficients are then

gl o 4 2 p
-1 lg, (1 (b, N+ EE
Bo 8y2[0( + 1) 3(le+ )+3Q]

4
u 8 g 3
(1 - SE) Ou = S (2A - g%) + (1 + §u2> Spbhs

4
20 + (S, = Sp) buc

16 1 q 16 (2 P
+(756+7 1>5 (5 - <2 g (D.3.170)

4 2
(1 — MZ + Sé) ﬁlc =4 (1 + §M2) ,LLQ() — (1 +4[L2) 915
2
M 8 Ap 2
1+ = (2 (E) B - (4 A
() s (3) (5) -t
16 4 P 16 2 q
— =S+ =1 =—(Ss+—(1+=)|=
(75+3u )Q <5+7(+2)>Q
For the case when the advance ratio is zero p = 0 the flapping coefficients become

y 4
50:@[90‘?}

16 16
(14 53) Brs = Sgbis + 01 + (783 - 1) 4 _ (Sﬁ + —)

p
= D.3.171
16 p 16 ¢

For a teetering rotor (e = 0) in forward flight (x # 0) when the hub or blade spring is zero
(K5 = 0), then v* = 1 and the constant flapping coefficient solution to equation (D.3.167)
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on page 312 becomes

50:% [(1+u )90—§(u013+A ?”%}
( ﬂ)ﬁlczgueo—zw— <1+3—2) 01, + %—%%
(1+%2)613=§uﬁo+ <1+%2) 916‘%‘%%
For small advance ratio p < 1
Bo=12 {90 -2 (1b1s + A) + _ug}
8 3 3 Q
B = gifo — 2\ b+ § — L
Bis = g,uﬁo + 01 — % - 1-%

For hover flight the advance ratio is zero u = 0 and the above simplifies to

D.4 Summary of Blade Equations of Motion

p 164¢
e = —bhs - —=
B 1 +Q o)
q 16p
518 lc Q ’YQ
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Table D.1: Summary of Blade Equations of Motion

Fundamental blade EOM Equation (D.3.117) on page 298

thrust coefficient C'r in forward flight Equation (D.3.122) on page 299
torque coefficient Cy in forward flight Equation (D.3.124) on page 300
teetering rotor e = 0 Equation (D.3.125) on page 300
symmetric flight Equation (D.3.126) on page 301

q, ¢, p, p — small
Non-constant blade flap coefficients Equation (D.3.134) on page 303
low frequency dynamics Equation (D.3.142) on page 305

q, p — small
low translational speed p — small Equation (D.3.147) on page 307

e=0,0p=0 Equation (D.3.149) on page 307
no hub precone
discard conning dynamics Equation (D.3.151) on page 308
discard higher order terms Equation (D.3.154) on page 308
Simplified 1st order TPP Equation (D.3.156) on page 309
teetering rotor Equation (D.3.162) on page 310
simplified teetering EOM Equation (D.3.164) on page 310
Constant blade flap coefficient Equation (D.3.168) on page 312
discard higher order terms Equation (D.3.170) on page 313
e, u? — small
no advance ratio yu =0 Equation (D.3.171) on page 313
teetering rotor e = 0 Equation (D.3.172) on the preceding page
small advanced ratio Equation (D.3.173) on the previous page
1w — small
hovering =0 Equation (D.3.174) on the preceding page

315



Appendix E

Helicopter Rotor Forces and Moments

Section B.6 on page 196 explores the relationship among the various reference frames
for the helicopter rotor. Figure E.1 on page 318 and Figure D.10 on page 293 show
the relevant parameters pertaining to the rotor forces and moments with the hub plane
(HP) as a reference plane. Work related to rotor forces and moments are fundamental
for the development of helicopter dynamic models and control laws. FEarly work by
Glauert [54, 55, 57|, Goldstein [58], and Lock [98] established a theoretical basis for
the physics based modeling of the helicopter aerodynamic. More contemporary work
resulted in the development and application of standard models for rotor forces and
moments [21, 22, 23, 25, 68]. Modern references to the subject can be found in Johnson
[82], Leishman [92], Padfield [119] and Prouty [124] which detail derivations of the rotor

forces and moments.

E.1 Aerodynamic Rotor Forces and Moments

The advance ratio g and the inflow ratio A are defined in section §C.1.3 (page 217) by

equations (C.1.48) and (C.1.49), and are reproduced below for convenience

V cos
M:
QR (E.1.1)
yo utVsine
OR H i

where the above inflow value for the main (and tail) rotor result from momentum theory

in equation (C.1.52) (page 219)

Cr

2/u% + N2
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For small angle of attack @ — small, the advance ratio up = Vcosa/QR ~ V/QR is
independent of the reference frame. Also, the thrust Th;r is an order of magnitude
larger that the other rotor forces, and in this case, the rotor thrust Ty, r is approximately
independent of the reference plane. Based on the relations among the various rotor

reference frames in equation (B.6.4), section §B.6.4 (page 200) the following holds [13, 92]

Bie + b1s = constant = [Bic] ypp = [01s]7pp
Brs — b1 = constant = [Bi|ypp = [O1c)rpp
[Wlyp = ltlrpp =~ [ ypp = 1
MNugp == [Ngppp + 161 = [N ypp — 1015
[drpp = [a]ypp = (Brc +01s) (E.1.3)
[alyp =a=[alppp + bie= [a]ypp — bhs
[Crlyp = [Crlrpp = [Crlypp = Cr
Culyp = Cu = [Culyrp — 01sCr = [Culrpp + F1.Cr
[Cylyp = Oy = [Cylypp + 0101 = [Cylrpp + BisCr
In section §C.2, Figure C.6 on page 223 illustrates the relationship between the various
parameters associated with forces on rotor blades. A summary of results [82, 92] from
equations (C.2.1) through (C.2.12) follows. Based on diagrams in Figure E.1 on the next

page and Figure D.10 on page 293, and rearranging equations (C.2.6) and (C.2.8) results
in the following set of equations [13, 11, 82, 92]:
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1 1
dL = §pU2cCldr = §pU%cCla (9 — E) dr

_ %ch’la (0U2 — UrUp) dr
dD = %pU%C’ddr = %pCCdU%dT
dF, =dLcos¢ — dD sin ¢ ~ dL
~ %ch’la (0U2 — UrUp) dr (E.1.4)
dF, =dLsin¢ + dD cos ¢ ~ dLp — dD
~ %chla <0UTUP ~ Uz + CC‘, UT) dr
dF, = —dF,sin 3 + D,qgiqt = [dL cos ¢ — dD sin ¢| sin 3

~ —%pcﬂCla (0U7 — UrUp) dr

Multiply times the number of blades to obtain loads on the entire rotor, and integrating

from 0 — 27 to find the average over one revolution to get [13, 92]

TMR_—/ / . edFdzp

R(1—e)
HMR——/ / [dF, sint + dF, cos ] di
21 R(1—e)
YMR—— / —dF, cosp + dF, sine| dy

. o (E.1.5)
QMR—_ / (r + eR) dF,di

Myyr = —/ Mg sinypdyp
2 Jo
b 2
MyMR: —_ MMRCOS'Lbdw
2 Jo
where Mj,r is the main rotor moment about the hub. A non dimensional version of
equation (E.1.5) requires non-dimensional velocities such that

g—]T%,UPZg—;,CLZCla, = pacR*, a_b_]c% b = # of blades

ur =
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The non-dimensional force equations become

O — Tur
" p (R (QR)?
pabe QR / / (1=e)
9u — urup) dxd
2p (mR?) ( QR) 7~ urup) dedy
2 r(l—e)
/ / 9uT - uTuP) dxdy
Hyr
C - MR
fur = (rR2) (QR)?
(1-e) <0uTuP up + Ca uT) sin) - - (E.1.6)
/ / dxdy
-0 (QuT — uTuP) cos
Yur
Cy,p=——"""—
Mo (o) (QR)?
( )
o p(i—e) | | Oupup — up + —ur cos - -
__ao / dzdip
+3 (9uT — uTuP) sin ¢
The aerodynamic rotor torque takes the form
2r prR(1—e)
QMR— — / (eR+ 1) dF,dy
b 2 Q (1—e)
pa;R F) / / (e+ x) (GuTup—up+£uT) dx dip
E.1.7
Qun (EL7)

Co =

93)2

p(TR?) R
Cq
/ / (e + ) (HuTuP—quL?uT)d dyp

320



A general expression for the velocities seen at each blade element is given by equa-

tion (D.3.107) on page 295 and reproduced below for convenience

Ur
ur = op = (x+e)+ psiny
up = Ur /\+xé+,uﬂcosw (e—l—ﬁ)(gsin@b%—gcosw)
QR 70 L L (E.1.8)
~ s P q
N)\—l—xﬁ—i—ﬁ,ucosw x<§smw+§cos¢>
Ur

Uy = an = [ cosy

E.2 Rotor Forces

After integration of equation (E.1.5) on page 319 and equation (E.1.6) on the preceding
page with the velocity at each blade element given by equation (E.1.8), the following
expressions give results for the average steady state forces. The thrust coefficient Cr is

given by equation (D.3.121) on page 299 and is reproduced below for convenience

2CT 1-¢e%) (1—e) , (e —1)
:(3 +2u)90+ 2A

oa
E.2.1
+{(e=1) b+ (1—e€)ep +(1_e2)£ L ( |
’ T )2
The longitudinal force coefficient C'y takes the following form
2CH _ /’LCD 90
oo = =€) - +((4_36_6>510+2(6_1)Q>12
_ P (I—e)A
+ <(6 3) ﬁlc + (6 + 1) (29 915> + 2#00) —4
(e —1) pbs ((e— 2) 3(e+1)p
+ 4 ﬁlc 4 0
+(1—e)916 2(1+e+e)5_%ﬁ +(€+1)ug (E.2.2)
4 3 0ol 4 Q
(€ —Dppep , (201, (2=1)n q
T af g Mot e ) g
2 + 3e + €2 e e _|_ 2
—ﬁoﬁls —( 1 ) <(e—i— 1) 32+ ( >/610+ 615)
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For a teetering rotor the hinge offset is zero (e = 0) then
2CH

MCD <4ﬁlc - 2= ) —(2) ( 31 + 2100 — 015 + 2%) 2
9

,u@ls 2
= (ta )+ 5 (5o 53)
Wb p

9 .
0 (3ﬁo+ ﬁls)%—ﬁogl +§(ﬁ§+ﬁi)

(E.2.3)

For a teetering rotor in hover (e =

2Cy

o (251c - %) % - <3ﬂlc + 015 — 2%) % + <91c

- 613) bo (E.2.4)

The corresponding average steady state lateral force coefficient Cy takes the form

2 (=) ot oo —2(e+ 1) ) LA

N 4
(4 2(1 2 1—e?
+( +e+e? +6u)515_3(€+1)/w0+ ( +e+e)g)( e?) by
3 Q 4
(e+Dpup\ (1—e?)bh
, (E.2.5)
N +e+e +3u)ﬁ (@ +3e)pbs (et Dpg\ (1—e)bs
2 4 Q 4
N 26—1 5(62—1),uﬁ p T =Dpbe g
4 )40 16 40
e+ e+ 12u% — 2 c
( 3 i >50—M515>( 4)ﬁ1
For a teetering rotor the hinge offset is zero (e = 0) then
20y g\ A (44 6p2) 24\ b
oa —<6M60—3515— 5)1 ( 3 B 310 3071
ppy e | (2(143p%) B g\ b
+(A Hore 49) 4 +< 3 2100 =5 ) (£:2.6)
5 2 P Tpbic g (2—124%) .\ Brc
+ ( 4 ﬁls 3ﬁ0> 40 16 Q + ﬁls 3 60 4
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For a teetering rotor in hover (e = 0, u = 0)

20y g\ A 4 2q\ 0o  Bobis  Bobie Bop
E_(910_3515_2§>Z+(ﬁﬁls+§§)z+ s V76 “a &2

E.2.1 Simplified Rotor Forces

The disc incidence and blade flapping arrangement are given in Section §B.6.4 by Fig-
ure B.9 on page 199 and equation (B.6.4) on page 200. From these, the rotor hub forces
are given by [82, 119]

a=agp =anpp — 015 = arpp + Pic
Hyp = Hypp —Tbs = Hrpp + TH1c (E.2.8)
Yup =Ynpp +T01. = Yrpp + T s

where the force X = —H in which case an equivalent expression for the longitudinal force

would be

Xugp = Xnpp +T01s = Xrpp — TBie (E.2.9)

The fundamental assumption is that the thrust vector has the same magnitude in all
three rotor axis frames [119], and remains orthogonal to the TPP. This assumption
usually holds true for hover and low speed flight [13, 105]. Under this assumption, the
Tip Path Plane (TPP) forces in (E.2.8) and (E.2.9) are zero (Xrpp = 0, Yrpp = 0) such
that the projection of the thrust vector (in Figure E.2) onto the hub plane gives

XMR = —T'cos ﬁls sin ﬁlc ~ _Tﬁlc
Yur = Tcosfesinfis~ T P (E.2.10)

Zyr = —T1 cos (315 cos B =~ =T
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[TPP]

Figure E.2: Forces and Moments with Blade Flap Angles
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/ mQ? (eR+r)dr
''''''' mgdr

- .
\«A b =00 [m=mass per unit length]

Figure E.3: Blade force equilibrium

E.3 Rotor Hub Moments

The main rotor moment My,;r about the hub center results from the sum of all forces
acting on the blade element dm as shown in Figure E.3. The blade weight r mg is usually
very small compared to the other forces, and can be neglected. The forces acting on a
blade element m and the moment arm associated with the relevant force are summarized

in Table E.1 The moment about the hub center is given by

Table E.1: Moment contribution about the hub

force moment arm
inertial: m Brdr eR+r
centrifugal: ~ Q2?(eR + r) mdr r3
aerodynamic: F, eR+r
R(1—e) R(1—e)

My = — / (eR+r) (mﬁrdr) — / [Q*m (eR + ) dr] (rB)

o

(E.3.1)
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The terms B, (3,€) do not take part in the integration and can come outside the integral

such that

R(1-e) R(1—e)

My = —Q? (% + 6) / m(eR+r)rdr| + / (eR+r)dF, (E.3.2)

0 0

In addition, the term 6 is given by the fundamental flap equation (D.2.23) on page 243

e, Maero
B+ Q3 = (E.3.3)
Is

or in a more general case, the flap equation for a rigid rotor modeled as a rotor with

hinge offset, hub precone and blade flap restoring spring as given by equation (D.3.115)

on page 297
2 2 M,
B+ Q% ﬁ— (pcosg/)—qsmv,b)—l—Vﬁ(psm@b—l—qcosd})—kyoﬁp
B g Maero | (E.3.4)
Q2 0214
Vs Bp
00:21/§< cosY — —smzﬁ)—i—yﬁ(gzsmw—k cosw) 02

where v? and v¢ are given by equation (D.3.100) on page 292. Substituting equation
(E.3.4) in equation (E.3.2) gives

R(1—e)
My, = —$? / m (eR + r)rdr {(1 - 7)) B+ ‘m; + CO]
159
0
R(1—e) (E35)
+ / (eR+r)dF.
0
where the blade mass moment of inertia about the hub center is
R(1—e)

1)y = "Iy = / m (eR+r)rdr (E.3.6)
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and the blade aerodynamic moment about the hub center

R(1—e)

Mooy — / (R + 1) dF. (E.3.7)
0

The resultant moment about the hub center is [27, 82, 92, 110, 119, 120]
Mhub = IbQ2 (V2 - 1) ﬁ - Iszco (E38)
The average pitch and roll moment about the hub center are

b 21 )
MxMR - % / Mhub sin wdw
0 (E.3.9)

b 2m
Mymr = —%/0 Mpp cos pda)

and the corresponding pitch and roll moment coefficients are

MxMR
p(wR?) R (QR)*
1,2 ac b

(k) R(QR)Q%%/O (v =1) B~ Cy) sinydy

Ca?MR =

Cac (VP —1) [T
= o /0 B sin di) (E.3.10)

C _ MyMR
T ) (7R?) R (QR)?
ao 2m

— “om |, ((V* = 1) B = Cy) cospdyp
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Substituting the blade flap angle 3 = [y — fi.cosy — f1ssiny in the above equation
(E.3.10). Using the following integration formulas

2 2 2

sindy = [ costpdip = | sin® e cospdip =0
A
2m
/Sinwcoswdw =0 (E.3.11)
027r 2

sin®dyp = [ cos®dip =7
[rtve]

and integrating equation (E.3.10) gives [27, 82]

ao )
R )

aoc ]
CHyMR = —5 <(V2 - 1) 510 - 2V§ (g + %))

Equation (E.3.12) above says that the hub moment results from the tilt of the Tip Path
Plane (TPP) relative to the Hub Plane (HP) [82]. The hub precone Gp has no effect on

(E.3.12)

the hub moment, and the blade restoring spring K is part of the nondimensional rotating
frequency v? as given by equation (D.3.100) on page 292. The above equation indicates
that as the TPP tilts, the rotor thrust vector tilts as well. This thrust vector tilt causes
an offset of the thrust vector relative to the helicopter center of mass (CM) which results
in additional moment about the body’s CM (see Figure E.1 on page 318). Articulated
rotors obtain half of the hub moment from hinge offset and half from rotor thrust tilt
[82]. In contrast, a hingless or semirigid rotor obtains direct hub moment contributions
from the blade centrifugal stiffness and a smaller portion from blade compliance under
the presence of aerodynamic forces. The blade centrifugal stiffness can be modeled with a
restoring spring, and the blade bending first harmonic mode can be modeled as a virtual
hinge offset. Options for a model of a rigid rotor with no flap hinge range from a central
hub spring [137], a virtual effective hinge offset and hub spring [159], and an effective
flap hinge offset [12]. For a hingless rotor, the hub moment is 2 to 5 times the moment

due to thrust tilt [13].
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The various quantities in equation (E.1.5) would apply to the main rotor and the tail
rotor correspondingly. The set of equations presented in this section can be solved via
nonlinear computational methods. A number of strategies are available in the literature,

most notably by Prouty [124] and Padfield [119] among others.

E.4 Coupled Fuselage-Rotor Forces and Moments

The in-plane longitudinal and lateral forces produced by the tilting of the rotor forces in
equation (E.2.10) on page 323 as shown in Figure E.2 on page 324 induce a moment on

the fuselage center of mass such that

Ly =hYur+yem (—Zyr) = hT061s +youT = (hbis +you) T (B4.1)

Mr =h(—Xyr) +2cmZyur = hT B — zomT = (hfre —xom) T

Using the result in equation (E.3.12) on the previous page, the resultant non-dimensional

rotor moment coefficients acting on the fuselage are then

Lr
Comr = + Cha
MR o (7 R2) (QR)QR HzMR
- ao )
= (hﬁls + gCM) CT + 2— ((V2 — 1) 615 + 2V§ <% — %))
Y 7 (E.4.2)
Cymr = L + Crymr

p(nR?) (QR)* R
_ (Bﬁh: _ :fCM) Cr — % ((V2 — 1) Bre — ZVE (% + 2;;22)>

where h = h/R, Zoy = vom /R, Jour = yem /R, and the nondimensional rotating flap
frequency v? is given by equation (D.3.100) on page 292. In the case when Tcy ~

0, youm =~ 0, and the body angular rate of change p, ¢ are neglected, the above becomes

- ao ao
OzMR = (hCT + —Sg) ﬁls + Vé—g
16 v Q
7 s oy (E.4.3)
CyMR = (hCT — 1—68ﬁ> ﬁlc + Vﬂ7§
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where the stiffness number Sz = 8 (1 — 1) /v is given by equation (D.3.19) on page 263.
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Appendix F

Helicopter Trim Equations

Steady helicopter flight requires equilibrium of forces and moments in all three axes of
the helicopter. For a given flight condition, a helicopter trim solution converges on rotor
and body orientation and corresponding control settings that archive equilibrium of all
forces and moments. The collective and cyclic blade controls are necessary to impart the
appropriate rotor and fuselage orientation for trim conditions. A number of solutions to
the trim problem exist, and in essence, all trim solutions attempt to find the controls
that are necessary to achieve a set of forces and moments that will achieve equilibrium.
Figure F.1 on page 333 and Figure F.2 on page 333 show a simplified version of the forces
and moments acting on a standard helicopter. Such a simplified approach is suitable for
level 1 mathematical modeling and subsequent dynamic analysis [119]. Trim analysis is
fundamental to the understanding of flight dynamics and control of aerospace systems,
and as such, trim analysis is a basic tool for dynamic simulation and control synthesis
and implementation. Many examples abound in the literature regarding trim equations
of motion for the helicopter, more notably Prouty [124] examines the helicopter in trim
and presents methods to determine the stability derivatives corresponding to the different
helicopter components. Bramwell et. all [13], Cooke et. all [27] and Padfield [119]
each provide fundamental analytical expressions for the trim equations. Leishman [92]
sketches the helicopter trim solution as it relates to blade motion and associated collective
and cyclic pitch of the blade.

Without loss of generality, the shaft incidence angle is set to zero in Figure F.1 on

page 333 and Figure F.2 on page 333. These two figures show the longitudinal and lateral
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trim forces and moments where

Tem = distance from shaft to center of mass (CM).
Positive if x4is ahead of the shaft
h = distance from CM to the hub center along the shaft.
Or = ay, is the shaft angle. Positive if shaft is tilted forward.
Note: assume zero shaft incidence angle with respect to the fuselage
a = angle of attack with respect to the fuselage or the hub plane
Orp = flight path angle such that (pp = 0 for straight and level flight) and
a; =o—0pp
Yeg = distance from shaft to center of mass (CM).
Positive if y.4is ahead of the shaft
¢r = shaft angle with respect to vertical. Positive if shaft is tilted forward.
Note: assume zero shaft incidence angle with respect to the fuselage

hrr = distance from CM to the tail rotor hub center along the shaft h = h — hpp

F.1 Small Perturbation Theory and Trim Equations

The non-linear rigid body force equations of motion are given by equation (B.5.6) on

page 193

. : X
U=1rv—qw-+ —gsinf + —
m
: : Y
U =pw—ru+ gsinpcosl + — (F.1.1)
m

. A
W= qu —pv+ gcospcoslh + —
m
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[TPP]

Tyr

Figure F.1: Longitudinal Forces and Moments.

[TPP] T,

Figure F.2: Lateral Forces and Moments.
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The moment equations are given by equation (B.5.14) on page 196

Lp=L+ L, (r+pq)+ (I, —I.)qr

Ig=M+ L, (r" —p°) + (. — L) rp (F.1.2)
Iz"; =N + [zx (p - qr) + (I:L‘ - [y)pq
Solving for p, ¢, r gives the following alternate expression
I, I,
) = L N
Y R )
(I, —I,+ 1) [prq B (I, —1,) I+ IZ,
LI, —12, LI, —12,
M I, 2 (I, — 1I,)
_ " _ A7 F.1.3
q I-+I( p*) + T (F.1.3)
I,
. _ N zT
(R A I Y A )
(Iy _ ]z) Iy — ]:3;; (]z — I+ [z) Lo
L1z, " LI - I2,
Define the following terms
- I, - (ILL-I1)L+1I? - (I, -1,
I - " I = Y Tz I
PRI — 12, P LI, — I2, ‘ I,
- I - I,—1,)I,—1I? I
]rN - = Ir - ( Y I) = = Izac ==
LI, —12, LI, — 12, I, (F.1.4)
T Iza: T (Ix_ly+]z) ]z:c o
Iy = pr =
LI, — 12, LI, — 12,
L _ M L _
L=1,,L+I,xN M:I_ N =1I.yN + I;nL
Rewrite equation (F.1.3) as
p= L+ Lypg— Lar
G= M+ L, (7 — ) — Lpr (F.15)
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The kinematic rigid body motion is described by equation (B.4.6) on page 190

¢=p+qsingz§tan«9+rcosgbtan9

) = gcos¢ — rsing (F.1.6)

1 = gsin ¢ sec + r cos ¢ secl

Equations (F.1.1), (F.1.5) and (F.1.6) are non-linear equations that describe the six
degrees of freedom motion of a rigid body. Dynamic stability analysis and control design
require the linearization of these non-linear equations about a trimmed flight condition.
Once the aircraft is in a trimmed state, then the behavior of small disturbance forces and
moments and the resulting motion should be linear. In this case, the forces involved in

the deviation from trim can be described as a Taylor series expansion about the trimmed

point [119].
Z:Zo+a—Z(5u+a—Z(5w+---+a—Z(56+---
ou ow 00 (F.1.7)
= Mo+ Py Py Mgy -
0T oy “ ow v 060

In general, the linearization consists of a first order variation addition dx to a trim state

xo such that x = xg 4+ dx. In like manner, the control inputs e are expressed such that

T =x9+0x
(F.1.8)

e=¢ey+ de

Substituting the trim plus variation in the non-linear equations yields a system of equa-

tions such that

6t = (1o + 07) (Vo + 00) — (g0 + 6q) (W, + dw)
(F.1.9)

—gsin (0, + 60) + Xo + X, 0u + X,ow + -+ - + X0 + - - -
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Let the variation dz = z in the above equations, then upon expansion

0= 1,0, — gow, — gsinb, + X,
U= 0ry + 10, — WGy — qU, (F.1.10)
—gbcosb, + X, 0u + X,0w—+ -+ Xg00 + - -
where the product of perturbation terms has been neglected and small angles assumption

is implicit in the derivation. Also, the force derivatives are semi-normalized such that for

the mass of the aircraft Mj,; then

—ou = u= Zyu (F.1.11)

as is customary in aerospace literature [13, 119, 120, 124]. The context of the equation

will tell weather Z, is semi-normalized as in the above expression.

F.1.1 Symmetric Flight Equilibrium Equations

Expanding the non-linear equations as done in equation (F.1.10) and selecting the equi-

librium equations yield

: Xo
0 = roug — Qowo — gsinfy + —
m
. Y
0 = powo — roug + g sin ¢g cos g + —
m
Z
0 = qouo — povo + g cos g cos by + —
m (F.1.12)
0= Lo+ Lupogo + (I, — I.) qoro
0= Mo+ La (15 = p3) + (I — L) ropo
0= No — L.qoro + (L. — 1) poqo
where the subscript ) denotes the equilibrium condition in trim. The previous equation

shows that the most general trim conditions require that the trim velocity vector (both

linear and angular) be constant or equal to zero.
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For the case of symmetric flight, the trim rates are set to zero. In this case, the
summation of the equilibrium forces and moments for the longitudinal and lateral cases

in Figure F.1 on page 333 and Figure F.2 on page 333 are set to zero for trim conditions:

0=W —TyprcosOpcos¢r + DsinbOpp
—Hyrsinfp + Yygrsin ¢r + Yrgsin ¢op
0= DcosOrp + Hyprcosbp — Ty rsinbOp cos ¢p
0 =Yuyrcosop + Trrcos¢p + Yrcos¢p + Thr cosOp sin op (F.1.13)
0= Mympr+ Myp — W (xcpcosOp — hsinfp) — D (hcosOp + xon sinOp)
0= Mymr + Myp + Trrhrr + W (hsin gp — yon cos ¢r)
0=GQmr — Yrrlrr

where the aircraft weight is W = mg. Applying small angle approximations to the above

set of equations (F.1.13) gives

0=W —Tygr+ DOpp — Hyrbr + (Yur + Yrr) ¢r
0=D+ Hyr —TyrOr
0=Yyur+Trr+Yr+Tyuror

(F.1.14)
0= MyMR + MyF -W (xCM — h@p) - D (h + wCMeF)
0= Mymgr+ Myp + Trrhrr + W (hép — your)

0=Qugr — Yrrlrr

The terms (Yy r+Y7rr)0r, HyrOr, DOrp are all much less than Ty, g and weight W' = myg.
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Similar approximations with other terms result in the following simplified trim equations

O:W—TMR
0=D+ Hyr—TurOr

0=Yyr+Trr+Yr+Tyuror
(F.1.15)

0= MyMR—i-MyF—FW(hQF—CL’CM) —hD
0= Myyr+ Mup+W (hoop —your) + Trr hrr

O:QMR_YTRZTR

Equations (E.1.3) through (E.1.2) in section §E.1 contain the necessary expressions to
solve the above set of equations (F.1.15). The equilibrium equations must be solved along

with the inflow equation (E.1.2) which now takes the form below

Cr

2\/m
- MR (F.1.16)
Cr

2/p% + 22

0= |[\—ptana +

0= |A—ptana +

TR

In the numerical solution, the trim process adjusts the main rotor blade pitch 6 defined

in equation (B.6.1) on page 198 as

0 =0y— 0i.cos¢ — O1,8inY (F.1.17)

Bramwell’s et. all [13], Johnson [82], Leishman [92], Padfield [119], and Prouty [124] are

examples of literature that explore the helicopter trim solutions.
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F.1.2 Linearized Equations of Motion about a Trim Condition

Expanding the non-linear equations as done in equation (F.1.10) and selecting the equa-

tions that describe the linear motion about the trim point yield

U = Vry + TV — WG, — qU,
(F.1.18)

—gbfcosb, + X, 0u+ X, 0w+ ... + Xpd0 + ...

During trimmed symmetric flight conditions described in Figure F.1 and Figure F.2 on

page 333 the body B linear and angular velocity vector have the form

T = (o + ) by + vby + (w, + w) by
(F.1.19)

W :pgl + qu + 7"53

where [by by b3)T are the body unit vectors as described in Section B.2 on page 184. Given
that the perturbations from trim are small, then the second order quantities produced by
squares and products are small also. Setting higher order terms to zero and substituting

the above expressions in the equations of motion (F.1.1), (F.1.5) and (F.1.6) gives [13]

. X
U+ quwy = —
m
. Y
VFTU) — PpWy = —
m
. A
wW—quy = —

m (F.1.20)
I,p—1.,7=1L
I,g=M
It —1,,q=N

An equivalent method for the linearization of the non-linear equations of motion yields

a first order trim set of equations that can be represented as [119]

i = Az + Bu(t) + d(t) (F.1.21)
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where d(t) represents disturbances to the model. Let F' represent the set of non-linear

equations of motion (F.1.1), (F.1.5) and (F.1.6), then

OF oF

The stability matrix A can be divided in longitudinal and lateral dynamics such that

Aion A
A= | T (F.1.23)

A21 Alat

where the submatrix Ay, is the coupling of lateral states into the longitudinal modes,
and the submatrix Ay is the coupling of longitudinal states into the lateral modes. The

state and control vector are

T
37:|:qu9va¢:|
(F.1.24)

u

T
|:60 618 910 GOTR:|

The control input vector u consists of the main rotor collective, longitudinal and lateral
cyclic input, and the tail rotor collective inputs. The respective longitudinal and lateral

stability matrices are

X Xuw—q X;—wp —g cos by
y Zu+ Qo Zw Zg+uy —gcos@sinby
lon — _ _ _
M, M, M, 0
0 0 cos Qg 0
- . (F.1.25)
Y, Y,+w Y, —ug g cos ¢ cos bt
Ev Z_'Jp + [_prqo [_Jr - I_pqo 0
Alat = _ B _ B B
Nv Np — 1rqo Nr - ]pTQO 0
1 cos ¢ tan 0
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The cross-coupling matrices are

Xv—f-TO

Zv — Do
M,

0

Yu —To
Ly
N,

0

Y + po
Ly
Ny,

0

The control matrix is given as

Blon =

Xoy Xo,, Xy,

Zy, Lo, Zp,

My, My,, My,
0 0

Yy

_jqu + sza:?”o

— sin ¢0

Ly + Lypo — Lyro

Nq - _rp0 - I_p’I‘TO

sin ¢0 tan 60

Blat =

341

0

—gsin ¢ cos b

0
0

Ky

K,

—gsin ¢ sin 0y

(F.1.26)

(F.1.27)

(F.1.28)



Appendix G

Helicopter Stability Derivatives

The goal in this section is to develop the stability derivatives that describe the motion of
the helicopter due to a perturbation from a trim condition. The static stability derivatives
describe the initial instantaneous reaction to a perturbation, and say something related
to the direction of the actuation control. If the initial reaction opposes the disturbance,
then the static stability is stable. The moments generated due to changes in the velocity
components along the body axis are a metric for static stability. The most important
terms that describe the helicopter static stability are

1. M,, longitudinal static stability with respect to forward speed wu.

2. M,, longitudinal static stability with respect to angle of attack. Vertical velocity
is used instead of rotor incidence angle a because a = 0 in hover flight.

3. L,, lateral static stability or dihedral effect.

4. N,, directional static stability or Weathercock stability. N, is used for a measure
of the Weathercock stability because sideslip is not defined in hover. In fixed wing
airplanes, this stability is given by Cp,,.

The dynamic stability derivatives describe the subsequent behavior after a perturba-

tion has taken place.

Bramwell [11, 13|, Cooke et. all [27], Padfield [119], and Prouty [124] derive and

develop analytical and experimental methods for obtaining the various helicopter stability
derivatives. The work in this appendix is based on the previous mentioned literature and

other references are noted where appropriate.
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G.1 Main Rotor Stability Derivatives

The thrust coefficient in forward flight is given by equation (D.3.129) on page 302 for the
case when the flap hinge offset e # 0,

CTZ% [2(1—6) ((e+1)2—e+g,ﬁ) - (622_%} (G.1.1)

The rotor inflow is given by equation (C.1.49) on page 219,

A:‘/S”‘Q;';”:utanwmi (G.1.2)

Use equation (C.1.51) on page 219 together with (C.1.49) to obtain

A\ = Cr — Cr (G.1.3)

2(u2 + A2 g (12 + (N + uz)z)”2

Consider the following approximation

= V2 cos® a + (Vg sina + v;)°
= V2 cos® a + V2 sin® a + v; (2Vae sina + v;) (G.14)

(QR)* V2 = V2 + 02
then equation (G.1.3) takes the form

i & Cr (G.1.5)

2 (V2+22)"2

where the hover induced hover velocity vy, is related to Cp by equation (C.1.18) on

page 208 such that [13]

X =Cr —  202=(QR)’Cr

Vv
V:—:_ oL
STt (G.1.6)
- (%
V; = —
Uh
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Moreover, it follows that

Ai:? for p =10
)\i:ﬁ for > 0.08
2p
N _Or ()7
Z_vh_)\h_2,u 2 (G17)
Vool (e
?JhN)\h_N 2

VN (2 (G (CrY T e
o)\ ) “HF\ 2 2 ) T o2
G.1.1 Main Rotor Forward Velocity Stability Derivatives

Differentiation of thrust coefficient C'r with respect to the advance ratio p in equation
(G.1.1) gives
2 0Ct

oCy (@ - 1o
aoc Ou

=(1—e)fu®—
(1—e)bu > o

(CG.1.8)

The corresponding change of the rotor inflow A with respect to the advance ratio pu as

given by (G.1.2) is

(32 O\
— 1.
o a on (G.1.9)
and from equation (G.1.5)
o~ Cr (2&-)2 1
(7242 Cr) (V2 +X)
o\ 1 oC C — o\
S o r__ Cr 7 (V+ /\i—) (G.1.10)
O 2(V2422)"7 O 2(V2 4 X2) I
O\ N OCT AN [ o\
=5 | V+ =
ouw  Cr op  C% ( * 8u)
Using the expressions in (G.1.6) yields
a)\z )\Z aCT "y ~3 ~4 a)\z
= LT g gl G.1.11
alu CT a,LL Y Y; alu ( )
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where the terms #; and V are readily available or can be obtained from experimental
data. Solving for d\;/Ou and substituting back into (G.1.9) and subsequetly into (G.1.8)

gives

O\ 2a0(1—e)0u—ao(e* —1)a—4(Cp/\) Vi
ou ao (e2 — 1) +4(Cr/N\) (1 4+ o)
OCr  2(1—e)buac — ao (e? — 1) o — 2V idao/ (1 + o)

o A+ao(e? = 1) (\i/Cr) /(1 +7))

(G.1.12)

An equivalent result can be found in [13, p. 151]. The above expression does not take
into account aerodynamic augmentation to the rotor system such as a stabilizing bar
[50]. Equation (C.1.46) on page 218 is valid in forward flight when v; < V. then 0} < 1,
and \; = Cr/2p. In this case equation (G.1.12) becomes

ONi  2a0(1—e€)0p—ao (e —1)a—4C7/p
ou ao (e? — 1) + 8

— _ (p2 _ _ 2
oCr a0 2(1—e)pu—(e*—=1)a—Cr/2u
op 8u+ ao (e? — 1)

(G.1.13)

Bramwell [13, p. 151] gives equivalent results to equation (G.1.13) for the case when the
hinge offset e = 0.

Equation (D.3.173) on page 314 represents a simplified expression for steady state
blade dynamic coefficients for flight conditions with small advance ratio ;4 < 1. The lon-
gitudinal blade flapping coefficient ;. and its partial derivative with respect to advance

ratio is given by

8 16
Bre = Spflo — 20\ bt o - —5
7 (G.1.14)
Dic By 500
o 370 ou
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where OX/Ou is given by equation (G.1.9) and G.1.13 above. For cases when pu < 1

o\
~ K\« , p<1
o
o\ o\
—— '~ (1+ K G.1.15
9 o+ on (1+K))« ( )
8ﬂlc 8
~—0)—2\(1+ K
alu 390 )\( + )\)OJ

The above is a first order approximation for a hingeless rotor with no restraining devices.
The effects of advance ratio on a expressed in the term 2\ (1 + K))« can be lumped

together with other un-modeled effects in the following simpler expression [50]

8/610 8
~ K, | =0y — 2\ G.1.16
e~ (500 -2 (G110
To accomodate blade restraining mechanisms such as a hub spring and blade hinge offset,
inspection of equation (D.3.170) on page 313 suggests the following modification to the

above stability derivative

8610 Sﬁ 8
~ K, (26, -2 1.17
op ~ 1+83" (390 A) (G-1.17)

Given rotor symmetry, the response to in-plane velocities is similar in magnitude and

behavior regardless of the direction of the incoming wind [50, 105]. In this case

8/610 _ aﬁls
o o

(G.1.18)

The above equation for the lateral dihedral derivatives indicates that the rotor flaps away

from the incoming air. Whence

aﬂlc Sﬁ 8
= K, (26 — 2
o 1+83°" (3 0 )

8613 Sﬁ 8
- K, (26, -2
o 1+83°" (390 A)

The scaling factor K, can be estimated from steady state cyclic input in constant forward

(G.1.19)
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flight. [50].

G.1.2 Main Rotor Vertical Velocity Stability Derivatives

Consider the inflow through the rotor A given by the following expression

A= Vﬁsina—l—)\i =Vsina+ )\ =Vsina+ \

QR
0A =V da Ccos & + O\, (6120
Op.  Op g
The change of rotor angle a due to a disturbance dp, is
sa = O
7
da 1
o, V
and equation (G.1.20) is
O\ O\
=1 1.21
O - Opz (G.1.21)
Using the previous expression with equation (G.1.1) the following holds
4 9CT 5 O\ 9 O\
— = —1 = —1)(1 1.22
wop, — g =@ {1rgr (G.1.22)
Use (G.1.3) to obtain
C
Ai = - o 1/2
O\ 1 oC Ai + ) C ON;
o= R GRID) 7 (Ha ) (G.1.23)
Heo 2 (24 (N +pe)7) 7 9 2(p2 + (N + 1)) px

o\ N OCr 4N o\
= 2L (s (1
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Let the vertical hub velocity ., be the result of a velocity variation in the vertical axis z

such that du, — 0, then the above expression for d\;/du, becomes

. 4 .
N OCr 4N <1+ ml)

T Crop.  C2 o
NOCr (. 0N

_ it (1 1.24
Cr on, ”Z( +aﬂz) (G-1.24)

@)‘z /\Z ao 2 a/\Z ~4 8/\1
= — —-1)(1 —0; (1
Op Cr 4 (e ) ( i aﬁbz) o ( i a:uz>

where 4v! = (QR)* C2 in (G.1.6) and

<

3 JOR) 4 4
T B
Cr Cr (QR)"CZ v,

Solving for O\;/Jp, in equation (G.1.24) and substituting in (G.1.20) and (G.1.22) gives

o\ (M\/Cr)ao (e* —1) — 40}
Ou. 4—ao(e2—1)(\/Or) + 402

O : (G.1.25)
o, O, 4—ao(e2—1)(N\/Cr) + 40} o
oCr O\ ao (e* — 1)

o O, 4 —ao(e?2—1)(N/Cr)+ 40}
In the hover case =0, 9; = 1, C7 = 2)\? then (G.1.25) becomes

o\ ao (e —1) —8\
Ou,  16); —ao (e2 —1)

O\ 8\

8uz - 16)\1'_&0- (62—1) (G126)

OCr  2a0 (e —1)\

Ou. 16X\ —ao (e2 — 1)
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In the case when the advance ratio u > 0.08, 77 < 1, Cr = 2u)\; then (G.1.25) becomes

o\, aoc (e —1)
O,  Sp—ao(e2—1)
O\ 8

Ot - 8p — ao (€2 — 1) (G.1.27)

OCr  2a0(e*—1)p
O,  Su—ao(e2—1)

Bramwell [13, p. 154] and Padfield [119, p. 219] give similar results for the case when
the hinge offset e = 0. The above results do not account for the cases when the rotor
exhibits aerodynamic augmentation via a stabilizer bar. Finally, care must be taken
when considering the sign convention as it relates with the direction of flow through the

rotor and direction of the main rotor angular motion.

G.1.2.1 Main Rotor Heave Damping

The variation of vertical motion from equilibrium is given by

wo + ow

and the simplified variation of vertical acceleration due to changes in vertical force is

given by equation (F.1.20) on page 339 as
0z 0z

Mper; (o + 0w) = Z, + —06 —00 4+ - -- G.1.28

hl(w0+ U)) +aw w+a€ + ( )

where Mj,; is the mass of the helicopter. Following the convention in equation (F.1.11)

on page 336, let the current context be such that Jw — w be a small perturbation

from equilibrium, then for the case when body rates are zero, the w component of equa-

tion (F.1.20) on page 339 takes the form

1 0z 0z 0Z 0z
ow 00 ow 00

- i —o0w + —00 | = —dw + —90
heli (G.1.29)

w = wa—f—de
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The heave damping Z,, follows [119, p. 188]

_0Z _ 9Tyr _ p(QR)’7R? 0Cr
T ow . 0w M (QR)Op
p (QR) 7 R? 9Cr
Mperi  Op

(G.1.30)

Ly =
Using results from equation (G.1.26) and equation (G.1.27) on the preceding page gives

for the hover case u =0

_ p(QR)TR? 2a0(e* — 1)\
M 16\ —ao (2 —1)

G.1.31
7 - 2ap Ap(QR) (2 — 1)\ ( )
Y My [16); — ao (e2 — 1))
For the forward speed case 1 > 0.08
_ p(QR)TR? 2a0 (e* — 1) p
Mheli 81“ —ao (62 - 1) (G 1 32)

_ 2appAy(QR) (e — 1)
Mpei; 810 — ao (e? — 1)]

Zw

where A, = bc R is the total blade area. The ratio of helicopter mass to total blade area
Mpe1i/ Ay is the rotor blade loading, and equations (G.1.31) and (G.1.32) show that it is

an important parameter in the definition of heave damping [13, 119].

G.1.3 Main Rotor Control Derivatives

Differentiation of thrust coefficient C in equation (D.3.121) on page 299 with respect to
collective blade pitch input 6y gives

2 9C; ((1 —¢) (- e);f) L (=1 oA (G.1.33)

oa 00y 3 2 2 00,
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The corresponding differentiation of the rotor inflow A from equations (G.1.5) and equa-

tion (G.1.2) on page 343 is

o _ o
00y 00,

90 2 (V2 + )\12)1/2 90 2 (V2 + )\?>3/2(‘9_9()
M0 0N,
~ Cr 06, 00,
oNi N OCr

90y~ Cr 06,

(G.1.34)

~4
(1 + v; )
where as before in previous sections

= A—Zz =)\ (2_’\’)2
(V2+22) "\ COr

7 7

(G.1.35)

<

— 1 _ g

4
2724 x)” GF - @R)ICGh = v

Solving for d\; /00, and OCr /06, gives

o\ _oa (1—¢e%)+3(1—e)p?/2
00, 6 (1+3})(\/Cr) — (e2—1)0a/4
dCr  oa (1—¢*)+3(1—e)u?/2

90y 6 1—oa(\/ACr) (2 —1) /(1 +0})

(G.1.36)

For hover case y =0, 0} =1 and 2\} ~ Cr

Y
ol

OC
D6,

(1—e€®)oa);
4—(e?2—1)oa)

(1—e3)oa)
16\, —oa(e? —1)

(G.1.37)

Wl oo Wl

For forward speed case when p > 0.1, 9 < 1, and Cp ~ 2u)\;

O\ 20ap (1—e*)+3(1—e)u?/2
o0, 3 2—(e?2—1)poa
OCr doap(l—e*)+3(1—e)pu?/2
o8, 3 8u —oa(e? —1)

(G.1.38)
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As before, the vertical force derivative is given by

p (QR)* TR2 0Cy
Ty = — 1.
% Mhei 060 (G.1.39)

where 0CT00, takes the form in expression (G.1.37) and (G.1.38) resulting in the follow-

ing expression

_8 Ablade pa (QR)2 (1 — 63) )\z

Ly = —— = 0
o 3 Mpei 16\ —oa(e? — 1) (n ) (G.1.40)
4Ablade (1—63)+3(1—€)[L2/2 2 o
Ty = —— Q 1
"= 3 P p— pa (QQR)"p (p> 0.1)
A similar development, this time with respect to #;, yields
i(‘?C’T _ (e2—1) <M+ 8)\i>
oa 8915 2 8013 (G 1 41)
(1+274) o\ N OCr o
00, Cr 00y,
From which the general solution is
o (e —1)cau
0CT (e —1) (14 0}) oau o

901,  4(1+0)) — (e2—1)oa(N/Cr)

For the hover case p = 0, the above two derivatives are zero (Zp,, = 0), and for forward

flight the following approximation applies

o\ (e —1)oau

001, S8(1+3H)2u— (e2—1)oa
oCr  2(e* —1)oap?

001,  8u—(e2—1)oa

(G.1.43)
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The corresponding control derivative is then

p (QR)* TR? dCr
 Mur 96y,
. Apiade  2pa pi? (QR>2
" My 0a — 8u/ (€2 — 1)

(G.1.44)

Zols n > 0.1
In equations (G.1.40) and (G.1.44), the tip speed (2R)? and the blade loading Ayade/ Mheis

are the dominant factors.

G.1.4 Main Rotor Blade Flapping Derivatives

Section §D.3.7.5 gives expressions for the flapping coefficients under several flight con-
ditions. In particular, equation (D.3.170) and equation (D.3.171) on page 313 give the
results for forward flight (1 > 0.1) and for hover flight (1 = 0) conditions. The following
set of rotor control derivatives result directly from the previously mentioned equations.

The collective pitch longitudinal blade flapping derivatives are

85021(1+,u2) B0 _ OB 96, 0

800 8 V2 8&15 6 V2 8910

OBre _ (1+24°/3) — (1 +p?) /302

0y 1+ 52 — pt/4 (4p) (G.1.45)
0B _ (v/61%) (14 p?) — (8/3) Ss )

ol 1+ 83— pt/4 a

Change in the blade collective pitch setting influences the rotor thrust which results in
a moment about the aircraft center of mass. In addition, any change in collective pitch
setting changes the blade flapping angles, which induces a rotor hub moment proportional
to the new flap angles [119]. The corresponding flapping blade behavior to cyclic control
inputs is given by following direct 931./001., 0P1s/001s and coupled 0B,/ 0015, OB/ 001

responses
b (1+p2/2)5s OBs (14 3p%/2) Sg — 2yu? /92
001,  1+5%—put/4 00, 1+ 52— pt/4
1 2 f/ N, L w (G.1.46)
Obre _ 16p7 /907" — (1 +4p%) Ops _ 1—p'/4
8015 1+S[23—M4/4 8610 1+S[23—,u4/4
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In moderate forward flight when there is a finite but small advance ratio such that y < 1,

Sp

1

then
9o ~ 7
0, ~ 8v°
Obre _ (Bv® —1)4pu
00, 3u2
e . Obs _
0.~ 00, 1+53
0B _ O _

00, 00 1+5S3

O a1
01, 612
O N_aﬁo ~ K
00y 061, 612

(G.1.47)

The direct and coupled blade flap derivatives due to cyclic control are almost independent

of forward speed at low advance ratios, and are a function of stiffness number Sz. The

above equations indicate that hingeless rotors with a low stiffness number flap in much

the same way as teetering rotors [119]. The blade flap rate derivatives originate from the

same set of equations (D.3.170) and (D.3.171) from which

b

96

dp T 832 0q =0
o2 (168, ap 1 e
7 op v Q T30 Q) om?
0B (Sp 16 (2 ol
Cap - (Q . (2 )+ (G.1.48)
= aBlc Sﬁ 16 :u2
Ca e = - (Q TRy
e (165 1
7 0q v 20 Q

where Cj3 = 1 + Sé — pt/4. As previously done, for moderate forward flight when the

advance ratio is finite but small (4 < 1), then

9 _ v 2u
dp 832
aﬁlc ~ _8613 —~
op ~  0q
s e
op ~  0q

By
g
1—(16/7) Ss
B Sﬁ + 16/”}/
Q (1+53)
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For a teetering rotor K3 = 0, v = 1,53 = 0, then the above simplifies to the classi-
cal result shown in equation (D.3.43) on page 270, equation (D.3.65) on page 278 and
equation (D.3.86) on page 287

aﬁlc ~ _8615 —~ l
op ~ 9qg — Q

a615 ~ a610 ~ 16
op ~ 9q 9

(G.1.50)

G.1.5 Main Rotor Force and Moment Derivatives

Equation (E.2.10) on page 323 presents the simplified rotor in-plane forces as

XMR = —T cos ﬁls sin ﬁlc ~ _Tﬁlc
(G.1.51)

YMR = TcosﬂlcSinﬂls ~ Tﬁls

The derivatives follow directly [105]

1 ox . T W
Mipel; 0B1c e Mheii Mper;
1 0Y T w

— Y s — ~ — g
Mieli OB1s T Myes . Mhers

(G.1.52)

Equation (E.4.3) on page 329 presents the simplified moment at the fuselage center of

mass

- ao ao
CxMR = (h CT + 1—655> 615 + I/g—%
s a’ff ) (G.1.53)
Cymr = (h Cr — 1_655> Bic + 1/275
The corresponding derivatives follow

1 0L hT bl
Tog =la. =t QR (-1
LMy KT bl g e .
1,06, e I, 21,
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For the case when the hinge offset is zero e = 0, the above expression reduces to

hT  bEK,

Ly — = 4208

T (G.1.55)
hT  bKg o

where b is the number of blades, and Kz is the hub retaining spring.
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Appendix H

Helicopter Model

Examples of work related to helicopter models abound in contemporary literature. For
example, mathematical modeling R. T. Chen [21, 22], helicopter modeling and handling
qualities Heffley et al. [66, 68], system identification Tomashofski and Tischler [148],
Mettler et al. [108, 107, 106]. A number of research centers across the United States are
actively engaged in modeling aspects for both full scale and scaled miniature helicopters.

The area of helicopter modeling is both wide and deep. Gavrilets et al. [50] explore the
development of a low order dynamic model of a miniature helicopter that is suitable for
dynamic simulation and control synthesis. Metter and other coauthors explore modeling
and system identification of miniature helicopters [105, 106, 107, 108]. A small sample
of work related to mathematical modeling and identification of miniature helicopters
includes work by Cvetkovic et al. [30], Kim and Tilbury [87, 88|, Kodak et al. [91],
Perhinschi and Prasad [121].

H.1 Helicopter Model

Work by Gavrilets et al. [50], Mettler et al. [105, 108, 107] and Kondak et al. [91] have
shown that the main rotor forces and moments dominate the dynamic response of small
helicopters, and that the tail rotor can be considered a source of force. The main reason
for such conclusions are due to characteristics unique to scaled model helicopters that
fundamentally change the dynamic behavior of the helicopter system [50, 91]. In general,

model helicopters have the following characteristics
e high ratio of the main rotor mass to the fuselage mass

e hight thrust to weight ratio (2 to 3)

357



e very high main rotor angular speed with dominant inertial effects (gyroscopic ef-

fects).

e main rotor hubs are very stiff and have no flapping hinges. This allows for large

rotor control moments.

The above characteristics of small scaled helicopters are very significant, and the body
of literature related to the dynamics of full-scaled helicopters does not apply fully to
scaled model helicopters [105]. Given that rotor dynamics are dominant in small scaled
helicopters, the interaction between the tail rotor, fuselage and rotor wake, vortex sheet,
and other physical characteristics of helicopter flight are of second and higher order.
Therefore the primary flight conditions for first order small-scaled helicopters simulation
are accurately modeled by

1. 6-DOF rigid body dynamics and 3D kinematics

2. first order main rotor and stabilizer bar dynamics

3. sensor and actuators modeling
Once a mathematical model is developed, model parameters need estimation. Model
parameter estimation necessitates performing experiments that will yield best fits to

unknown model parameters.

H.1.1 Rigid Body Equation of Motion

The six degrees of freedom (6-DOF) rigid body equation of motion (EOM) are given by
equation (B.5.6) on page 193 and equation (B.5.14) on page 196 and are summarized

below
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. . . X
u:rv—qw+x(q2+r2)+y(pq—r)+z(pr+q)—gsm9+g
. 2 2 . . . Y
v—pw—ru+y(p +r)—|—z(qr—p)—|—x(pq+r)+gs1n¢cos«9+—

) Z
w:qu—pv+z(p2+q2)+3:(pr—cj)+y(qr+p)+gcos¢cos€+a
L I

I I, (I, — L) Bpi  (H.11)
) — — _Yz 2_ .2 =t Ty o Y Z T
p=r 4T (q 7‘)+]z (?”+pQ)+] (G—rp)+ ot
. M I, I, I,. (I, — I) PH,
=7+ I—(r —p)+]—(p+q7’) ]—(T—p(JH Pt
. N 1, I,: L, . (L—1,) ~ PH!
T—I—Z+I—(p q)+[ (+Tp)+lz(p ar) + et
The total force is itemized as
X =Xur+ Xr
Y =Yupr+Yr+Yrr+Yur (H.1.2)
Z:ZMR+ZF+YTR+YHT
The total moments acting on the helicopter are
L=Lyr+Lrr+ Lyr+ Lp
M = Myg + Myt + Mg (H.1.3)

N = Nyr+ Nrp+ Ngr + Np

The total moment contribution of the various rotating parts are

PHL =Y Phl+rY Phi—q> Ph
PHy =3 Phytp) PH-r ) Ph
BHI =Y Phi+q) Phi—p)> "hy

(H.1.4)
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In the above expressions, the )yg subscript applies to the main rotor, )rg applies to
the tail rotor, )gr applies to the horizontal tail, the )+ applies to the vertical tail, )p
applies to the fuselage. Some simplifications are possible. If the helicopter does not have
a vertical and horizontal tail, then the )7 and )y components drop. Also, the fuselage
moment contribution Mr = 0, Ngp = 0 are zero when the fuselage center of pressure
coincides with the vehicle’s center of mass. All the rotating moment contributions are
accounted for, and therefore the terms ZH? are zero. Moreover, by taking the moments
about the center of mass, the z,y, 2 components of the moment arm are zero. In addition,
the cross product moment of inertia can be neglected without loss of accuracy since the
cross inertias are much smaller than the principal inertias [91]. The resultant 6-DOF

EOM are now

Xup+ Xp
m
Yur+Yr+Yrr

U=1rv—qw+ —gsinf +

U =pw —ru-+ gsingcosf +
Zymr+ Zr + Z7R

W = qu — pv + g cos ¢ cos b +

_Uy=L) . Lunt L (H.1.5)
- ! 1.

. (.- 1L) Mg

q= [y rp 4+ [y

. I, — 1 N + N

;= ( - y>pq+ MRI TR

The inertial velocities are given by a standard transformation expressed by equation (B.5.8)
on page 194 from body B reference frame to the inertial Z reference frame. In turn, the
rotational kinematic equations are given by equation (B.4.6) on page 190 with the as-
sumption of a non-rotating flat earth as the inertial reference frame (see Section B.1.8

on page 181). The three inertial velocity and three rotational kinematic equations are
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summarized below in matrix form for convenience

) 1 singtanf cos¢tanf D
=10 cos ¢ —sin¢ q
¥ 0 singsect cos@psect r
- - (H.1.6)
TE clcp  spsOcy) — cosyy  cosbcy) + spsi u
Up | = | s spslsi) + coc)  cpshsy — spcy v
ZE —s6 spct coc w

H.1.2 Main Rotor Forces and Moments

Wind tunnel tests by Harris [65] cited by Bramwell [13] and later used by Gavrilets et al.
[50] have demonstrated that momentum theory (see section §C.1 on page 203) predictions
are valid for steady state and over a wide range of advance ratio and blade collective pitch
angles [50]. From Simple Momentum Theory (SMT) (section 'C.1") the trust coefficient
C'r is defined by equation (C.1.17) on page 208, the normalized flow through the rotor or
induced inflow )\; is given by equation (C.1.49), and equation (C.1.52) on page 219 gives
the rotor inflow A for forward flight

Ve sina + v;
= ——— = utana+ \;

QR
. (H.1.7)

A=putana + —————
: 24/ p? + A2

From Blade Element Theory (BET) (Section C.2 on page 222), the thrust coefficient is
given by equation (D.3.130) on page 302

1 0 3 A

Cr=cao |- (1+zp®)—= (H.1.8)
2 3

Equation (H.1.7) resulting from SMT says that the rotor inflow A depends on the thrust,

while equation (H.1.8) resulting from BET indicates that the thrust depends on the

rotor induced velocity. The inflow rotor A and associated induced velocity field across

the rotor disk depend on knowledge of the individual blade tip vortices and consequent
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rotor wake, which in turn depends on the rotor thrust, airload distribution and blade
pitch and flapping dynamics [92]. From equation (H.1.8) above, the rotor inflow A\ can
be approximated in hover (1 = 0) and in high speed forward flight (1 < V cos a/QR)

as
C
Ai = 7T =0
- (H.1.9)
A= —L . 0.2<u
24

The above expression is valid for steady flight conditions when the rotor is trimmed
and the flow is slowly varying [119]. For forward velocities between 0 and p = 0.15
(=2 < p/A; <0), the inflow transients are nonuniform and non-linear. During this low
speed regime and during slow descent flight (—2 < Viz/v, < 0) when the vertical velocity
approaches the rotor induced velocity, the slip stream breaks and becomes unsteady with
the generation of toroidal vortex rings caused by blade tip vortices interacting with other
blades [92, 119, 124]. To model these unsteady and non-linear effects, researchers use
empirical results that accommodate both the causal physics and resulting dynamic effects
of the vortex ring state portion of the flight envelope. Numerous experimental results have
laid a rich body of literature related to the subject of rotor inflow modeling. Johnson [82],
and Leishman [92] provide a good summary related to inflow models based on work and
results by Brotherhood and Stewart [15], Heyson and Katsoff [69], Coleman et. al. [25],
Drees [36], Mangler and Squire [99]. Bramwell [11], Stepniewski and Keys [142] and Payne
[120] also summarize work on rotor inflow models. Other related literature includes early
work by Lock [98], Goldstein [58], and Azuma [6], contemporary work by Castles and De
Leeuw [84], R. T. Chen [23], and more recent work by Chen et. al. [19, 20], and Zhao et.
al. [160]. Padfield [119] gives an iterative solution for the rotor inflow calculation, and
Gavrilets [50] adapts this iterative solution to a scaled model helicopter. In this work,
the thrust coefficient and inflow ratio are found given an airspeed, rotor angular speed

and blade pitch collective setting. The modified Padfield [119, p. 123] iterative method
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[50] augmented by [92, p. 66] includes the following fixed point algorithm

)\n:0 == >\h = %

Cr

20w/ 17+ AL

A1 = ptana +

. Tmax
T,max o (QR)2 7TR2
1 0 3 A
C = = —(1+Zu2) ==
T.BET = 500 {3 ( +2M) 2}
(
—Crmax  Orper < —Crmax
Cr = 4 Creer —Crmax < Creer < Crmax
kCT,max CT,maX < C'T,BE‘T
where
e = ’ )\n+1 - )\n
>\n+l

T
Tmax = (W) - mg

W — Wyind

He=""0R

Nw — coefficient of non - ideal wake contraction

(H.1.10)

(H.1.11)

The term ¢ is the error estimator which indicates convergence when ¢ < 0.05%. The

term (7T/W )max is the maximum thrust to weight ratio for a particular helicopter, and

the term Cr gpr is the thrust coefficient result from BET in equation (H.1.8). The term

1w accounts for non-ideal slipstream and wake contraction and for power loss due to tip

vortex and unsteady pressure distribution [50, 92, 119]. The above fixed point algorithm

can be modified to use a Newton-Raphson iterative process such that from equation
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(H.1.7)

f(A)=X—ptana SRR TN 0
P =1 () [ARE
N

Results from the above algorithms rely on momentum theory, but momentum theory does
not apply in the vortex ring state during flight conditions when (=2 < p/\; < 0). In
this case, the fixed point algorithm will not converge when p = 0. In turn, the Newton-
Raphson method will converge in this range of flight conditions, but the solution may
be non-physical. Leishman [92, p. 58] proposes an empirical approximation to results

obtained from various experiments given by

2 3 4
e (en @) () ()
U Up, (3 Uh Up,

with
C
ko = 7T
ky = —1.125 ks = —1.718 (H.1.14)

ky = —1.372 ks = —0.655
The above empirical expression (H.1.13) is valid for the range (-2 < Viz/v, < 0). The
rotor torque is given by equation (D.3.130) in section §D.3.7.1

Co = ACr + %Cd (144 (H.1.15)

The full expression for the rotor in-plane forces C'y, Cy are found in equation (E.2.2) and
equation (E.2.5) on page 322. Using the fundamental assumption that the rotor thrust
remains perpendicular to the rotor Tip Path Plane [13, 82, 119], then equation (E.2.10)
on page 323 represents a simplified set of the in-plane forces Xr, Yarr. In turn, equa-

tion (E.3.12) on page 328 gives the rotor hub moments due to blade flapping, blade spring
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restraint and flap hinge offset. The corresponding rotor moments at the fuselage center of
mass are summarized in equation (E.4.3) on page 329. These equations are summarized

below for convenience.

XMR = —T cos ﬂls Sinﬁlc ~ _Tﬁlc

Yur = T cos Bicsin Bis = T (s

Zyur = —T cos B, cos B, =~ =T (H.1.16)
_ ao
CeMmr = <hCT + ESﬁ) Bis
. ao
Conin = (hCr = T295) Bre

H.2 Extended Linearized Rigid Body Equations for

Motion

Equation (H.1.1) through equation (H.1.4) on page 359 represent the full six degrees of
freedom (6-DOF) non-linear equations of motion (EOM) of a rigid body in atmospheric
flight. Equation (F.1.1) through equation (F.1.6) on page 335 represent a simplified set
of the 6-DOF rigid body EOM where it is assumed that the helicopter has a plane of sym-
metry, some of the rotating components have been dropped, and which also include three
kinematic equations and three translational equations. Also the angular rate of change
equations have been rearranged to make the set of equations suitable for linearization.
The full linearized equations of motion are given by equation (F.1.21) through equa-
tion (F.1.28) on page 341. Table D.1 on page 315 presents a summary of the flapping
blade equations of motion. Equation (D.3.144) on page 306 presents a first order ap-
proximation of the Tip Path Plane (TPP) blade dynamics while equation (D.3.147) on
page 307 presents a simplified version of the same TPP blade dynamics for the case of
low translational speed p — small. This first order TPP blade dynamic augments the 6-
DOF rigid body equations of motion along with equation (G.1.52) and equation (G.1.54)
on page 355.
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The augmented linearized longitudinal EOM is

[ X Xuw—q Xg—wp —g cos b Xs,.
Zu+ Qo Zw Zg+ug —g cos g sin by
Ajon = M, M, Mag,,
oS ¢
i —v3 n1y/16 |
[ X, + 70 X, X, + v ]
Zy — Do Zp — o Zy —g 5¢g cty
A = M, M, —Iyo—2L.py M, — Ipo + 21,79
—sin ¢p Ky
i (1 —4e/3)~/16 82/16S5 |
(H.2.1)
The corresponding augmented linearized lateral EOM is
[ Yo—ro Yu+po Y, —g s¢ sty ]
Eu Zw Eq + fprpg — [_pro
Ay = Nu Nw Nq - 7rp0 - fpﬂ‘o
sin ¢q tan 6, Ky
—(1—4e/3)~/16 —~82/16S;3
3} ) ) (H.2.2)
Y, Y,+wp Y, — ug g cos ¢ cos b Ys,,
I/u jprqo Lr - 7p<10 Lﬁls
At = | Ny N, = Lgo  No = Lpgo
1 cos ¢ tan
—v3 n172/16 |

The above A, Ajar equations differ from equation (F.1.25) on page 340 in that the roll

and pitch damping derivatives Ep, ]\7[q are now captured by the rotor damping 7p, 7¢q
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where 7 = 16/7€2 is the main rotor time constant. In addition, the rotor forces and

moments are represented by the rotor flapping derivatives Xg,,, Ys,., Lg,., Mgz, [104].

H.2.1 Flapping Motion for Semi-rigid Rotors with Stabilizer
Bar

A model helicopter stabilizing bar and cyclic control mechanism is shown in Figure H.1
on page 369. The main rotor collective pitch results from the weighted sum of Bell cyclic
input 0.y originating from pilot stick inputs and the indirect Hiller input contribution

from the stabilizing bar flap angle B such that

5cyc = _Klatélat COs w - Klonalon sin w

§stab = 5cyc(w + g) = _Klat6lat sin w + Klon(slon COS w

= —0Ostab1c COS Y — Ospap 15N Y (H.2.3)
estab,lc = _Klon5lon

estab,ls = Klat(slat

where the constant f(lat,long differs from the unbar version by some gear elements. Fig-
ure H.2 on page 370 illustrates the cyclic contributions by the pilot stick inputs d.,. and
the augmented contributions by the stabilizer bar flapping angle Ggq

L L L
Hcyc:_Q(s =3

CC+—
Lo ¥ Lyi(Ly+ Ls)

ecyc = Kcyc 6cyc + Kstab ﬁstab

6stab
(H.2.4)

Similar results are given by [87, 88]. The stabilizing bar is a teetering rotor that carries
no thrust, and therefore has no conning angle. The paddle blade motion is then the same
as the first order TPP equation of motion for a flapping rotor minus the conning angle
[105]

Bstab W) = —ﬁsmb,k cos 1) — 5stab,1s sin v (H-2-5)

367



Equation (D.3.161) is an expression for the equation of motion for a flapping blade when
neglecting effects due to advance ratio (1 — small, i.e. ignore translational dynamics)
and fast blade dynamics ([5, P, G| — small, fast). Moreover, in the case of the stabilizer
bar there is no hinge offset (e = 0,6 = 0) and no blade restoring spring (K3 =0). In

this case equation (D.3.164) is an appropriate first order approximation of the teetering

rotor.
16 . 16
_ﬁstab,ls = _6smb,ls + 2 - _2 + estab,lc
2 Q vQ (H.2.6)
165 _ 5 _q_16p+9 o
’YQ stab,lc — stab,1c O ~ O stab,1s
Let the stabilizer bar flapping time constant be 744, = 16/
. B D _
Tstabﬁstab,ls - _ﬁsmb,ls + 5 — Tstabd — Klon(slon
q (H.2.7)
7—stabﬁstab,lc = _ﬁstab,lc - 5 — TstabD T Klatdlat
The cyclic inputs to the main blade are now [105, 108]
018 - Klon (Kcyc 5l0n + Kstab ﬁstab,ls)
(H.2.8)

010 - Klat (Kcyc 5lat + Kstab ﬁstab,lc)

Equation (D.3.147) on page 307 is the a general expression for the main blade flapping
dynamics. After rearranging some terms
. de
7—/8610 = nlﬂlc + Sﬁﬁls - n2015 + <1 - —> £ - VgTﬁq — 2]72/1,)\
3/ Q
(H.2.9)
4q

. de
78015 = n1P1s — SpBic + nabhc — VETBP - (1 - 3) %)
where the main blade flapping time constant 73 = 16/vQ and x, n, ny are defined in
Equation (D.3.138) on page 304.. Equations (H.2.7), (H.2.8) and (H.2.9) comprise the
first order Tip Path Plane (TPP) dynamics of the rotor-stabilizer bar system. Mettler and

coworkers [50, 105, 108] have demonstrated that the rotor-stabilizer bar can be lumped

to reduce the order of their model to only two states.
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Appendix I

Hardware Parameters and Sensor Calibration

I.1 Helicopter Parameter Estimation

A number physical helicopter parameters listed below need estimation. To do so, physical
principles along with work done by previous researchers are used extensively and are so
noted where appropriate. Some parameters (such as the moment of inertia of the main
rotor shaft) follow directly from applied physics and do not need explanation.

1. rotational inertia.

2. other.

1.1.1 Rotational Inertia

The helicopter rotational inertia I,,; can be estimated from the total kinetic energy

1,2 /2 associated with the various helicopter rotating components

(Tnup + 2In1R) Q% + Lony (narrQ)? + 2Irg (nrrR)? = Lu$ ( )
I.1.1

2 2
Inr + IengnMR +Irr Nrrp = Lot

where I/ is the main rotor blade inertia about the rotating axis, Irg is the corresponding
inertia for the tail rotor blades and tail rotor rotating parts, I.,4 is the engine and other
inertia components associated with the engine such as the ducted fan and transmission
gears, Iyr is the shaft and hub inertia, and nyg, nrr are the engine-to-main rotor and
engine-to-tail rotor transmission gear. Estimates for the engine and tail rotor inertias
are borrowed from previous work done on similarly sized helicopters [50, 105]. These

quantities are tabulated in Table 1.1 on the following page.
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1.1.2 Helicopter Testbed Platform Parameters

The helicopter inertial properties were determined using a two step approach:
1. tortional pendulum [32, 64] on the basic helicopter structure made up by
tail boom
main rotor
engine
2. itemized inertial contributions from the varioud components
CPU boards
GPS system and GPS antenna
wireless digital modem
IMU
Table Table 1.2 on the next page shows the inertial characteristics of the helicopter, while
Table 1.3 on the following page shows the relevant helicopter dimensions as illustrated in
figure F.1 and figure F.2 on page 333.
Table 1.4 on the following page tabulates the main rotor components, Table 1.5 on
page 374 tabulates the stabilizer bar parameters and Table 1.6 on page 374 tabulates
the tail rotor parameters. Finally, Table 1.7 on page 375 tabulates the various mass

components for the Helicopter

Table 1.1: Rotational Inertial Parameters

unit description

1o 0-117  kgm? rotating inertia

Iyr 0-0852 kgm? main rotor blade, shaft and hub inertia
Irr 0-0044 kgm? tail rotor blade, hub and shaft inertia
Ieng 0-0003 kgm? engine-related rotating inertia

NMR 9-29 engine-to-main rotor gear ratio

nrR 4-667 main rotor-to-tail rotor gear ratio
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Table 1.2: Helicopter Mass and Inertial Parameters

unit description
My, 8-3 kg helicopter mass
1. 0-074 kg m? roll moment of inertia
I, 0-34 kg m? pitch moment of inertia
L. 0-27 kg m? yaw moment of inertia
Table 1.3: Helicopter Dimensions
unit description
lvr 001 m main rotor hub location behind the cm
hyvr 0-285 m main rotor hub location above the cm
lTr 0932 m tail rotor hub location behind the cm
YTR —0:057 m tail rotor hub location sideways from the cm
hrr 0-093 m tail rotor hub location above the cm
Sa, fus 0-1 m?  frontal fuselage drag area
Sy fus 022 m?  side fuselage drag area
S fus 0-15  m?  vertical fuselage drag area
Table 1.4: Main Rotor Parameters
unit description
R 0-74 m rotor radius
c 0-062 m blade cord
e 0-083 m geometrical hinge offset
b 2 number of blades
Ivur 0-0855 kgm? rotor hub inertia
I 0-0299 kgm? blade flapping inertia
Q 1571 rad/sec nominal rotor speed (1500 rpm)
Tvr 106-7 N nominal hover maximum thrust (24 [bf)
CTomaznr 0-0055 main rotor maximum thrust coefficient
€ 0-5 ratio of blade first to second moment of inertia
o 0-0529 rotor solidity
v 4-31 rotor Lock number
Kjp 54-0 N -m/rad hub torsional stiffness
Ss 1-07 rotor stiffness number
NrR 4-667 main rotor to tail rotor gear ratio
NMR 9-29 engine to main rotor gear ratio
Ci, 57 rad=1 blade lift curve slope
Cp, 0-024 blade zero lift drag coefficient
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Table 1.5: Stabilizer Bar Parameters
unit  description

Raap 031 m stabilizer bar radius

Rstan,i 023 m inside stabilizer bar radius
Cstab 006 m paddle cord

Qstab 2:67 rad~' paddle lift curve slope
Mepaddie 0-028 kg paddle mass

Myod 0-048 kg rod mass

lrod 0-483 kg rod length

15 stab 0-005 kgm? paddle and rod inertia
Ystab 0-5 stabilizer Lock number

Table 1.6: Tail Rotor

unit  description

Rrgr 0-13 m tail rotor radius

CTR 0-029 m tail rotor cord

argr 5-0 rad—! tail rotor lift curve slope

Coyr 0-024 tail rotor zero lift drag

Otrim, 0-1 rad tail rotor trim offset

CTmazy s 0-05 tail rotor maximum thrust coefficient

374



Table 1.7: Helicopter Mass (Weight) Parameters

Mengine
Mtaz'l

Mmrgear

Megear

Meachaust
Mmpak
Mbatt

521
1-902
0-600
0-464
0-26
0-236
0-202
0-114
0-108
0-096
0-080
11
0-652
0-62
0-6
0-57
0-494
0-230

9-5

unit  description

kg  basic (empty) helicopter mass (11.46bf)
kg  main frame (4.21bf)

kg  engine mass (1.321bf)

kg  tail boom + tail rotor mass (1.02bf)
kg  main rotor gear mass (9.1202)

kg  rotor hub mass (8.3202)

kg  mass of one (1) blade (7.20z)

kg  main rotor shaft mass (4.0 0z2)

kg  fly-bar assembly mass (3.8 0z)

kg  engine gear + pulleys mass (3.40z2)
kg  exhaust pipe mass (2.820z)

kg  MotionPak mass (2.431bf)

kg  battery mass (1.441bf)

kg  GPS + FreeWave mass (1.371bf)

kg  main CPU mass (1.321bf)

kg  auxiliary equipment mass (1.26 [bf)
kg  fuel mass (1.11bf)

kg  GPS antenna mass (8.10z)

kg  total mass ( 21.01bf)
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1.2 Sensors and Actuators

[.2.1 Systron Donner MotionPak

Figure 1.1 shows the solid state Systron Donner MotionPak, a six degree of freedom
(6dof) inertial sensing system used for measuring linear accelerations and angular rates
in instrumentation and control applications. It is a highly reliable, compact, and fully
self-contained motion measurement package. It uses three orthogonally-mounted solid-
state micro-machined quartz angular rate sensors, and three high performance linear
servo accelerometers mounted in a compact, rugged package, with internal power regula-
tion and signal conditioning electronics [33, 34]. Table 1.8 on the next page summarizes
the mechanical and electronic specifications for the MotionPak. In addition, Table 1.9 on
the following page tabulates the MotionPak’s specifications regarding angular measure-
ments while Table 1.10 on the next page tabulates similar information regarding linear

measurements.

Figure [.1: Systron Donner MotionPak.
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Table 1.8: Mechanical and Electrical Specifications

Input Current (+15

Input Current (-15 Vdec):

Package Weight:

Temp. Sensor (AD590):

+252 mA
-198 mA
888 g

1 A/K

Vde):

Table 1.9: MotionPak Angular Measurements Specifications

Range

Scale Factor
Temp Performance
Bias (@ +22°C)
Temp Performance
Alignment
Bandwidth (-90°)
Damping

Noise (100-100Hz)

X-AXIS
+£200°/s

12.469 mV /°/s

< +0.03%/°C
+0.06 °/s

< 3°/s (1 +22°C)
0.83 °

77 Hz

0.70

1.0 mVRMS

Y-AXIS
+200°/s

12.500 mV /°/s

< £0.03%/°C
+0.21 °/s

< 3°/s (] +22°C)
0.12°

77 Hz

0.66

1.1 mVRMS

Z-AXIS

+500°/s

5.014 mV/°/s

< £0.03%/°C
-0.03 °/s

<3°/s (1 +22°C)
0.09 ©

78 Hz

0.72

0.4 mVRMS

Table 1.10: MotionPak Linear Measurements Specifications

X-AXIS
Range * (max) £15 g
Scale Factor 2.966 mA /g
Temp Performance +0.001 %/°C
Bias (@ +22°C) +1.22 mg
Temp Performance -14 pg/°C
Alignment 0.11°
Bandwidth (-90°) 1632 Hz
Damping 0.44
Noise (100-100Hz) 2.0 uARMS

Y-AXIS

* (max) £15 g
2.961 mA/g
+0.001 % /°C
+0.54 mg

-6 pug/°C
0.11°

1496 Hz

0.32

2.3 pARMS

Z-AXIS

* (max) £15 g
2.867 mA/g
10.001 %/°C
+9.37 mg

-46 pg/°C
0.32°

1648 Hz

0.46

1.9 pARMS
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I.2.2 NovAtel Global Positioning System

Figure 1.2 on the following page shows the NovAtel [63] Global Positioning System (GPS)
components. The NovAtel GPS system consists of a ground base waterproof unit called
ProPack, on-board GPS card called MiLLennium GPScard, a ground reference antenna
with multipath elimination technology, and an on-board active antenna. The ProPack
ground station GPS unit knows its geological position very accurately, and as it receives
updated GPS information, it forms a message which it passes on to the on-board GPS
card. The ProPack and MiLLennium units work together to provide differential GPS
information with an accuracy of 2em Circle Error Probable (CEP). Figure 1.3 on the
next page shows a set of measurements taken with the differential GPS system from
NovAtel, and Figure 1.4 on page 380 shows the setup of the GPS reference antenna on
top of the Sarkey Energy Center at the University of Oklahoma. Table 1.11 tabulates
relevant data related to the MiLLennium GPScard [75]. The ProPack card performance
is equal to that of the MiLLennium card.

Table I.11: GPS MiLLennium GPScard Selected Performance Parameters

Frequency 1575.2 MHz & 1227.6 MHz (L2)
Codes Tracked C/A and P codes

Channels 12 L1/L2 channel pair

Time to First Fix 70 sec typical (cold start)
Re-acquisition L1: 3 sec, L2: 40 sec, typical

Computed Data Update Rate 4 solutions/sec
Measured Data Update Rate 4 data records/sec

Differential Pseudorange GDOP < 4,CEP < 0.75m,SEP < 1.00m
Position Latency 175 msec

Differential Velocity Latency  0.03 m/sec

Acceleration 6g max.

Power 7.5 watts

Weight 0.175kg(6.20z)
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Figure 1.2: NovAtel GPS Ground Station Receiver, On-Board Card, Antenna, and Ref-
erence Station Antenna.

LAT N 35.21025° LONG W 97.44053°
-5.0 6.0 -4.0 <20 00 20 4.0 6.0 8.0
40

20

-0.0

20

4.0

Figure 1.3: Differential GPS measurements with 2.0cm Circle Error Probable (CEP)
position accuracy at a location on the University of Oklahoma Campus.
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Figure I.4: GPS Reference Antenna on top of the Sarkey Energy Center at the University
of Oklahoma.
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1.2.3 FreeWave Wireless Data Transceiver

Figure 1.5 shows the on-board card and the ground station version of the FreeWave
wireless digital data transceiver, and Table [.12 on the next page tabulates selected
parameter pertaining to the device. The FreeWave tranceiver sports the following features

[47, 48]. The FreeWave performance has been robust and flawless at all times.
e Frequency Hopping
e High Speed - 115.2 Kbps true throughput.

e Long Range - 20 mile range with clear line of sight, ability to extend through

repeaters
e Error Free Communications - 32 bit CRC with automatic retransmission
e Repeater and simultaneous Slave and Repeater function all in a single radio
o RS232 Interface
e Noise Immunity - Superior performance in noise congested environments

e UL Approved

Figure 1.5: FreeWave Wireless Data Transceiver On-Board Card and Ground Station
Unit.
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Table 1.12: FreeWave Selected Technical Specifications

Frequency 902 — 928 MHz

Range 20 miles

RS232 Data Throughput 1200 Baud - 115.2 KBaud
Modulation Type Spread Spectrum, GFSK
Spreading Code Frequency hopping

Hop Patterns 15 user selectable

Output Power 1 Watt

Error Detection 32 Bit CRC with packet retransmit
Power 180mA average

Weight 0.340kg(120z)

1.2.4 SHARP GP2D02 Infrared Sensor

Figure 1.6 shows a SHARP GP2D02 infrared distance sensor with a range of 10 — 80 cm.
The sensor uses a digital interface to a microcontroller to provide measurements at 10

Hz. A number of calibration runs resulted in the general formula for distance estimation

1560

=— —0. 1.2.1
dec — 47.7 0-5 ( )

where L is the range distance in cm and dec is the output of the infrared sensor [28, 29].

The infrared sensor provides complimentary range information for altitude estimation.

Figure 1.6: SHARP GP2D02 Infrared Distance Sensor.
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1.2.5 AccuStar II Dual Axis Clinometer

Figure 1.7 shows the AccuStar II Clinometer. The AccuStar clinometer is a capacitance-
based sensor with an output proportional to the tilt of two orthogonal axis. Table 1.13

shows typical performance numbers for the AccuStar clinometer device.

Figure 1.7: Dual Axis Clinometer AccuStar II.

Table 1.13: AccuStar II Performance

Range +20°
Threshold / Resolution 0.01
Linearity

Null to 10° +0.2°

10° to 12° +25 %

12° to 15° +3.0 %

15 to 20° Monotonic
Null Repeatability +0.1

Frequency Response (—3db) 0.25 Hz

Figure 1.8 on the next page shows the calibration curve for the AccuStar clinometer
device. The clinometer is set to generate a pulse width modulated (PWM) output with

a duty cycle given by
to
to — 11

output =

where t; and t, varies from 0.2 to 0.7 msec. The simple calibration exercise consisted of
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measuring the inclinometer output when subject to a known inclination. The calibration
curves for the various clinometer devices are all consistently linear, and the small varia-
tions between the various curves amount to a master curve with a particular slope plus

some small offset.

AccuStar clinometer Calibration

20 T T T T
clin 1 (red): @ =2.0340 [incOut] + -100.2157
154 clin 1 (green): 6 = 1.9541 [incOut] + -97.7807 )
10f .
5 - -

angle (deg)
o

_5- .
_10_ .
clin 2 (blue): @ = 2.0637 [incOut] + -100.9944
_15- .
clin 2 (mag): 8 = 2.0703 [incOut] + —103.5062
-2 i 1 1 1 1
35 40 45 50 55 60 65

inclinometer output = 100 * t,_ /(t, + )

Figure 1.8: Calibration Curve for the AccuStar II Dual Axis Clinometer.

1.2.6 Electronic Compass

Figure 1.9 on the following page shows a picture of the Honeywell HMR3000 electronic
compass module [72]. The compass provides heading, pitch and roll output for pitch
and roll control, navigation and guidance. It is a solid state strapdown compass able to
provide rate information up to 20 Hertz with accuracy of about 0.5° with 0.1° resolution.
Table 1.14 on page 386 and Table .15 on page 387 tabulate the most relevant operational
specifications related to the HMR3000.

The HMR3000 communicates with an external host via RS-232 or RS-485 electrical
standard through simple ASCII character strings. ASCII characters are transmitted and
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received using 1 Start bit, 8 Data bits, (LSB first, MSB always 0), no parity, and 1 Stop
bit. Baud rate is user configurable to 1200, 2400, 4800, 9600, 19,200 or 38,400. HMR3000

responds to all valid inputs received with correct checksum value.

Figure 1.9: Electronic Compass Honeywell HMR3000

I.2.7 0O.S.61 Helicopter Engine

Figure .10 shows an illustration of the O.S. 61 Max engine. In turn, Table 1.16 on

page 387 tabulates the engine specification along with basic performance numbers [8, 37].

Figure 1.10: O.S.61 Helicopter Engine
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Table 1.14: Honeywell HMR3000 Specifications [72].

Heading
Accuracy (1) < 0.5° RMS (2) Dip <50°, Tilt <20° *
< 1.5 RMS Dip <75°, Tilt <20° *
Repeatability +0.3°
Resolution 0.1°
Units Degrees/mils User Selectable
Pitch and Roll
Range +40°
Accuracy +0.4° Tilt <20°
+0.6° Tilt >20°
Repeatability +0.2°
Resolution 0.1°
Units Degrees/mils User Selectable

Dynamic Range

Magnetic Field
+1.0 Gauss max

+0.5 Gauss Range

Resolution 1 mGauss
Interface

Serial RS-232 Half Duplex
RS-485

Baud Rate 1200 to 38400 bps

Standard NMEA 0183

Update Modes  Continuous < 20 Hz per Sentence
Strobed Selectable Averaging
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Table 1.15: Honeywell HMR3000 Physical Characteristics [72].

Flectrical
Supply Voltage

Power
Physical
Weight
Dimensions

Environment
Operating Temp

Storage Temperature

Shock
Vibration

Manufacturing

PCB
Assembly

5.0 Vdc,

6-15 Vdc unregulated

35 mA @ 6 Vdc
13 mA
2.0 mA

0.75 oz (22g)
3.25 oz (92g)

1.2 x 2.95 x 0.760
1.5x4.2x0.88

-20 to 70° C

-35 to 100° C

30 inch drop
20-2000 Hz
Random 2 hrs/axis

IPC 6012
IPC 610

Normal Operation
STOP Mode
SLEEP Mode

Circuit Card Only
Housed

Circuit Card Only
Housed Compass

MIL-STD-810E; TM 516.4
MIL-STD-810E; TM 514.4

Class II or Better

Table 1.16: O.S.61 Helicopter Engine

Displacement  9.95 cc

Bore 24.0 mm
Stroke 22.0 mm

RPM 2,000 — 18,000
Output

Torque

Weight 600 g

2.2 hp @ 16,000 rpm
1.052 Nm @ 10, 720 rpm
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1.2.8 Ultrasound Altimeters

Figure 1.11 is an ultrasound sensor used to find the range from the helicopter to the
ground. This ultrasonic transducer has an approximate range of 3 — 24 inches that
can be modified from software. A logic line triggers a pulse and the echo is returned
on a second line. It is a compact, low weight sensor (86 grams) with minimal power
requirements, and a self contained design. Figure 1.12 shows the location of two of three

ultrasound sensors in the helicopter.

Figure 1.12: Ultrasound Sensors Location in the Helicopter
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1.3 Calibration

I.3.1 Helicopter Main Rotor Blade Pitch Angle Calibration

Calibration of the main rotor collective blade pitch angle 6, takes place by positioning
the AccuStar II inclinometer device (see section Section 1.2.5 on page 383) in lieu of
the main rotor blades. Subsequent commands to the main rotor blade collective inputs
generate the calibration curve seen in Figure 1.13. After generating a number of similar
calibration curves, the conversion from pulse width to main rotor blade pitch angle takes

the form

0y = 0.0186 6, — 24.63 (1.3.1)

where the dy is the command servo pulse width input.

12 T T T T T T T

101 b

8t 6=0.018 66 -23.8422 .

O

-4 | | | | | |
1100 1200 1300 1400 1500 1600 1700 1800 1900
Collective Main Rotor pulse-width input (59’ psec)

Figure 1.13: Calibration curve for main rotor collective blade pitch 6 from collective stick
inputs dy .
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I[.3.2 Helicopter Main Rotor Cyclic Angle Calibration

A similar process to the one described above in Section 1.3.1 on the previous page gen-

erates the calibration curves for the cyclic inputs shown in Figure 1.14. The resultant

calibration equations take the form

Ouye = 0.07 8y — 103

Ocye = 14.2 0.y + 1482

where 0., is the Bell cyclic input in degrees, d,. is the cyclic stick input in pulse-width
units (microseconds), and cyc is either lat for lateral inputs, or lon for longitudinal inputs.
Figure 1.15 on the next page shows the range and effect of the longitudinal and lateral

cyclic stick inputs. Equation (H.2.4) on page 367 gives the final form to the main rotor

cyclic inputs.

30 T T

201

10

ang = 0.08007 pw + -118.7
pw = 12.17 cycAng + 1481

angle (deg)
o

blue = long cyclic @ 90°

green = lat cyclic @ 180°

O
red = lon cyclic @ 270°

O

_lo- .
magenta = lat cyclic @ 0°
-20 / J Y .
-3 I I I I I I
1100 1200 1300 1400 1500 1600 1700

1800

input pulse-width

Figure I.14: Calibration Curve for longitudinal 9., and lateral §;,; cyclic main rotor blade

stick inputs.
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Hlon,bell = 210
0,,, =1200 psec

lon

.\ [blade over the tail ]
-» Y =0°

’ Hlat,bell = 210
O, =1200 psec

¥ = 180° -
[ nose ]

[ retreating side ]

glon,bell = 210
0,,, =1200 pzsec

[nose up] {
lon
Hlat,bell = 210
O, =1200 usec

Hlat,bell =20 < 5|
O, =1800 wsec t

elon,bell =-21°
0,,. =1800 usec

lon

} [nose down]

Figure 1.15: Bell cyclic stick input range for longitudinal d;,, and lateral §;,; main rotor
blade pitch angle.

391



1.3.3 Helicopter Tail Rotor Collective Angle Calibration

Figure .16 on the next page records the calibration run for the tail rotor collective pitch
angle Org. The inclinometer described in Section 1.2.5 on page 383 provides the measured
angle data. The graph plots the inherent hysteresis present in the input mechanism for
the tail rotor pitch angle 6rr = f(drg). The bottom graph in Figure 1.16 plots the best

estimate for the data (red curve) as a second order polynomial.

Orr = 0.0387 6y — 50.2917
(1.3.3)

Srp = 24.3 075 — 1310

I.3.4 OU Helicopter Throttle Fuel Flow Rate Calibration

The helicopter engine manufacturer (O.S. Engines) provides a set of instructions on how
to operate the engine [37]. Figure I.17 on page 394 shows a map from throttle servo
pulse-width command to throttle opening. Subsequent fuel and air mixing is a function
of the throttle opening, carburetor inlet temperature, and fuel back-pressure generated

by the engine.

I.3.5 Cantilever Beam Strain Gage Calibration

The cantilever beam in Figure 1.18 on page 394 has a set of strain gages on each side of
the beam surface set up in a Wheatstone Bridge configuration. The strain on the beam
surface is the ratio of the change in length to the initial unstressed reference length. A
strain gage senses the change in the beam’s length by converting a variation in the strain
gage resistance into a measurable voltage []. In the current setup, the details of the
theory of elasticity are bypassed in favor of a simpler calibration setup. In this setup, a
number of known masses are applied at carefully chosen locations in the cantilever beam.
Then the voltage of the gage circuit is measured and correlated to the applied bending
moment which include the mass and weight of the beam itself. Figure 1.19 on page 395
shows the calibration curve for the cantilever beam. Subsequent use of this device as a

bending beam load cell.
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tail rotor: average inclinometer data
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ang (deg)
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tail rotor angle hysteresis
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Figure 1.16: Calibration curve for tail rotor collective pitch angle 67r. Top graph plots
tail rotor servo input pulse-width drg (usec, dashed black curve) along with inclinometer
data (deg, blue curve) and best-fit estimation curve (red curve). The bottom graph
plots the measured tail rotor angle against the input pulse width. The data shows input
hysteresis due to mechanical slop in the linkage.
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0.S. Max .61 Helicopter Engine Carburator
1® T T T T T
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Figure 1.17: Calibration Curve for throttle d7j servo pulse-width command to throttle
opening.

Figure 1.18: Cantilever Beam with strain gages.
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torque (Nm)

-10 -5 0 5 10 15

Figure 1.19: Calibration Curve for cantilever beam with strain gages.

1.4 Helicopter Linear and Directional Test Platform

Figure 1.20 on the following page shows a picture of the test Linear and Directional
Test Stand (LDTS) or Helicopter Test Platform (HTP) with the helicopter on top. The
LDTS is an apparatus conceived to aid in the development, testing and experimenting
of the the various helicopter experiments. It is of particular importance for performing
parameter estimation since it can operate in any combination of its two independent
degrees of freedom at any one time. The first degree of freedom is along the vertical
axis, while the second degree of freedom is rotation about the vertical axis or heading.
The LDTS consists of a base supported by four shafts in which four springs sustain the
weight of the helicopter. When the helicopter is placed in the LDTS, the springs deflect
to an equilibrium position. When the helicoter lifts and raises, the force exerted by
the helicopter can be computed with the help of the HFP calibration curve shown in
Figure .21 on page 397.
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Figure 1.20: Helicopter Test Platform.
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Figure 1.21: Calibration curve for vertical force exerted by the HTF springs.
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Appendix J

Helicopter Engine Controller

J.1 Introduction

Equation (J.1.1) below shows previous results from the combined Blade Element and

Momentum and Theory (BEMT) presented in equation (C.2.14) on page 227.

ac [0 1 |Cr
Cr="5 (5—5\/7)
ci?o
L+ —pC

(J.1.1)
Cp=Cq=

The relevant control term in the thrust coefficient expression Cr is the main rotor blade

pitch angle 8. The thrust and torque coefficients take the approximate form

Cr ~ ke,0 + Cq (J.12)

Co ~ ke 0% + Cq,

Using the thrust and torque coefficient definition in equation (C.1.17) the corresponding

main rotor thrust Ty,r and torque Q)y;g approximation are given by

T ~ krQ20 + kg, 013

Q ~ koQ%0°% + kg,

Equation (J.1.3) says that when the main rotor angular velocity is constant, both the
main rotor thrust and torque are simple functions of the blade pitch angle which is the

main rotor primary control variable.
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J.2 Main Rotor Characterization Experiment

This experiments has as it main goal the characterization of the coupled dynamics of the
carburetor, engine, main rotor shaft and blade systems. The result of the experiment is a
first order characterization of the aforementioned system that would lead to a preliminary
design of the engine controller. Once a preliminary engine controller maintains a constant
main rotor angular velocity 25z, then the identification of the main rotor aerodynamic
model follows via equations (J.1.1) through equation (J.1.3) on the previous page.

In this first experiment, the blade pitch angle remains constant while the main rotor
angular velocity 25,z varies. The helicopter configuration is such that there is no yaw
movement, and the helicopter is only allowed to move along the vertical axis. Figure J.1
on the following page illustrates one such run with main rotor blade pitch angle set at 8°.
The green curve is the command input to the throttle servo, while the red curve is the
measured main rotor RPM. The corresponding throttle opening and estimated fuel flow
rate result from data presented in Figure 1.17 on page 394. Similar experiments with the
main rotor blade pitch angle set at 2,3,4,5,6 degrees yield the necessary data for first
order system identification.

Data in Figure J.1 includes rotor dynamics, and carburetor dynamics, as well as losses
incurred from fuel energy conversion to torque delivered to the main rotor. A first order
estimate of the complete system dynamics is directly inferred from the step responses.
Figure J.2 on page 401 is a snapshot of the data presented previously. These data sets
yield approximate estimates for time to rise and time constant for the complete dynamic
system. Figure J.3 on page 402 shows the time constant mean value from the experiments
aforementioned. As expected, the time constant varies about a mean value which value
is equal to 2.2 sec. Data in Figure J.1 indicates that the engine/carburetor-main rotor
dynamic system could be expressed, in its most simple form as a first order lag transfer

function of the form

Q(S) . P o Ksl

5:5) = P(s) = ] (J.2.1)

where wy is the fuel flow rate. Given that change in main rotor angular velocity is
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Figure J.1: Sample Main Rotor Angular Velocity {2 data resulting from varying throttle
inputs and Main Rotor Blade Pitch Angle € set at 8 degrees.
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proportional to the total main rotor shaft torque, then

1

QO—7r=
" [rot

(Qe — Qur — nTrQTR) (J.2.2)

where I,.,; given in Table I.1 on page 372 is the combined rotational inertia which includes
the main rotor blades, hub and shaft, the tail rotor, engine and transmission rotational
inertias [50, 119]. The term @, is the torque generated by the engine, Qysr is the main
rotor torque, nyg is the main rotor-to-tail rotor gear in Table 1.4 on page 373, and 7 is

the fuselage angular acceleration.

solid-red = rpm, dash——blue = throttle pwm (usec)
1600 —————— T T . T

1500} : ; : R LI I

1400f o SERRE SEREE R

1300} i R e T
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X:116.8

1200t Y: 1255

1100}

1000}

X:110.9
Y:987.7
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104 106 108 110 112 114 116 118
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Figure J.2: Time to Rise and Time Constant estimates for Engine/Carburator-Main
Rotor dynamic system.

In the current experiments the fuselage remains stationary with motion along the
vertical axis alone, in which case 7 = 0. Substitute equation (J.1.3) on page 398 in place

of Qyir + nrrQTr to obtain

(Qe — k@Q%0%% — kq,) (J.2.3)
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Figure J.3: Time Constant Estimation for Engine/Carburetor-Main Rotor dynamic sys-
tem.
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According to equation (J.1.3), the damping torque 9Q /92 has the form

0Q 3/2
75 = 2k Q0 (J.2.4)

Substituting back in (J.2.3) and taking the Laplace transform of the resultant linearized

equation yields

~ 2koQoQ(s)6%2 1

SQ(S) * Irot B [rot Q€($>
2koQ00%?\ - 1 -
(s + Q—°> Q(s) = —Q.(s) (J.2.5)
[rot [rot
1/2k$060%/?

s) = (Tyot/2k0Q00%72) s + 1 Qels)

where kg, is neglected momentarily. In the above equation (J.2.5) the term 63/2 remains
constant for any given data run. The term 2 is substituted by a linearized equivalent
2002 where € is a priori known rotor angular velocity about which 2 varies (as shown in
Figure J.3 on the previous page). In a closed-loop system this term would correspond to
the command (desired) angular velocity. In reality, for the current batch of experiments
in which the rotor angular velocity varies, the term (2 is not a constant. The penalty
for setting kg, = 0 and {2y to a constant will result in open loop offset. Equating terms

from equation (J.2.1) to the corresponding terms in the above equation (J.2.5) gives

1
Kg = o3/
LT 2k

_ [rot 0_3/2
2 ko

(J.2.6)

Ts1

The above equation suggests that the time constant for the engine-carburetor and rotor
system is a nonlinear function of main rotor angular velocity and main rotor blade pitch
angle. In particular, the term kg is a function of both angular velocity and blade pitch

angle:

ko = f(€,0)

Therefore, any linear approximation to a time constant will only be true for the given
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rotor angular velocity, main rotor blade pitch angle and corresponding main rotor torque.
The transfer functions in equation (J.2.1) and equation (J.2.5) on the preceding page

suggest a linear model as shown in Figure J.4.

aP Power 8P

avvf Losses o0

v

rot

Q
50

A

Figure J.4: Main Rotor Dynamics with Fixed Shaft Engine.

J.2.1 Estimation of Simple Engine-Rotor Dynamics from Ex-
perimental Data

The simplest approach for the estimation of the Engine-Rotor Coupled dynamics uses
the transfer function in equation (J.2.1) on page 399. The estimated time constant is
derived from results shown in Figure J.3 on page 402. The engine torque is a function of

the fuel flow and maximum engine power such that [50]

Pe = Pe,max wy
P, P
— _¢ _ _&max J.2.7
Qe 0 Q wy ( )
wy = f (07n)

where wy is the fuel flow and 7y, is the throttle opening in Figure 1.17 on page 394. The

estimation of the gain from fuel flow rate w; to torque ) follows the following steps:
1. estimate total power P

2. estimate total torque @)
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3. estimate the relation between the engine generated torque and available power

(263: 8(Q/£huf s Wy

J.2.1.1 Estimation of Available Power and Main Rotor Torque

Based on data presented in Figure J.1 on page 400 for a number of main rotor blade
pitch angles, when the change in rotor angular velocity is zero (Q = 0), the engine power
available equals the total power required by the complete system. The total required
power is given by equation (C.2.14) on page 227. Equation (C.3.5) on page 230 modifies

the induced power coefficient by a factor £ such that

k
—C’;ﬂ

Cp; =
V2

and the resultant power coefficient is given by

k

C:
Vo)

32 4 g(JD (J.2.8)
The power loss factor k£ accounts for a number of non-linear effects which include tip
losses and nonuniform rotor air inflow [92, 119]. The engine power available is in this

case

P, = prR? (QR)’ Cp (J.2.9)

The main engine torque follows directly

Co = Cp
(J.2.10)

QMR = PWR3 (QR)2 Cp — nTRQTR

where Q)7 is the tail rotor torque and nrp is the main rotor to tail rotor gear presented
in Table 1.4 on page 373. In the experiments run to this point, the tail rotor is set to zero
blade pitch angle, and therefore the data does not include any tail rotor effects other than
parasite drag and transmission losses. This facilitates the engine-carburetor parameter
identification in that the total power computed accounts for transmission and profile tail

rotor power with no need for complex and error prone estimation of the tail rotor power
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and torque components. Figure J.5 shows data for runs with 2 (red dots), 3, 4, 5, 6, and
8 (cyan dots) degrees of main rotor blade pitch angle and varying throttle settings. The
torque and power are computed for places when the rotor angular velocity was stable

and non-varying for which Q =0, Q=0 in equation (J.2.3) on page 401.

Main Rotor Torque (N m)
N
T

1 | | | | | | |
100 200 300 400 500 600 700 800 900
Estimated Total Power (Watts)

Figure J.5: Estimated engine power available for required main rotor torque.

J.2.1.2 Relationship between Available Power and Main Rotor Torque Re-

quired

Figure J.5 suggests a linear relationship between the total required power and corre-
sponding torque for cases when changes in rotor angular velocity are small (AQ ~ £500,
see Figure J.6 on the following page ). This linear relationship between available power
and required torque indicates that the simplest linear transfer function between throttle
command input and the resulting torque delivered to the main rotor is linear for a vari-
ation of angular velocity and blade pitch angle settings about a trim point. In this case

a linearized version of (J.2.7) would take the form

9Q

Qe = wa

wy (J.2.11)
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Figure J.6: Change in Main Rotor Angular Velocity (2 and related throttle inputs d, to
a Fixed-Shaft Engine.

Figure J.7 on the next page together with Figure J.6 plot experimental data that
confirms equation (J.2.11) above for the case when the rotor angular velocity changes are
small. The engine-carburetor mechanics can now be modeled as a lead/lag system with

a transfer function of the following form [119]

Q. _ 9Q (1 +Ted5) (J.2.12)

wy N 8wf 1+ 7.,s

where the time constants are estimated from Figure J.2 and Figure J.3 on page 402. In
turn, Figure J.7 on the following page shows data that allows for computation of an esti-
mate for the engine torque control derivative 0Q)/0wy. This graph of experimental data
shows that the engine torque control derivative is non-linear, and tapers to a maximum
as fuel flow increases. However, the control derivative 0Q)/0w; can still be estimated

with a linear approximation of the data.
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Figure J.7: Engine Torque Control Derivative Q) /0w, derived from estimated fuel flow

rate.
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Figure J.8: Engine-Carburetor and Main Rotor Dynamics Model.
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J.2.2 Engine-Carburetor and Coupled Main Rotor Dynamics
Open-Loop Modeling Results

Figure J.8 on the previous page shows the modified open loop engine-carburetor and main
rotor coupled dynamic model. Illustrated in figure J.8 is the non-linear throttle command
input mapping to fuel flow rate in Figure .17 on page 394 with throttle input. The non-
linear map generates estimated fuel flow rate ranging from 0 to 1. Subsequently, data
in Figure J.7 on the previous page results in the carburetor mixing and chemical energy
conversion to engine power and corresponding engine torque Q.. Figure J.9 shows the
result of the open loop simulation. In this graph, the rotor angular velocity €2 exhibits the
same time constant and rise time as that of the real data. The estimated rotor damping
is not sufficiently adequate for this run, but as a first approximation, the current results

indicate that the model is adequate for subsequent engine-governor control design and

synthesis.
open loop engine — main.rotor model
1800 T T T T T T T
! " x
1600r - . — = - — L
: - L L. : ' P L
_ .l o

14001 i
L 1200¢ .
2
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£ 10001 .

gool black (dash-dot) —> throttle pulse width §
blue (dash—-dash) —> open-loop sim rpm
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Figure J.9: Open Loop Simulation Result for Rotor Angular Velocity €.
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J.2.3 Synthesis of the Engine Control Law Based on Experi-
mental Data Parameter Estimation

The current set of experiments (of which Figure J.1 on page 400 is an example) provides
the necessary data for the estimation of the various system derivatives. Figure J.10
on page 412 shows a linearized version of Figure J.8 on page 408 in which the nonlinear
terms related to throttle dpy, fuel flow rate wy, power losses and torque control derivative
0Q) /0wy have been dropped. The integral (k;) plus proportional (k,) control gains have
replaced the non-linear open-loop dynamics instead. Standard manipulation of the single-

input/single-output (SISO) system leads to the the loop transfer function L

- (8 +’<?ka) (kp ’ ’%) (J.2.13)

o ks + k)
 s(s+ kkq)

The standard closed loop form of the complimentary sensitivity transfer function Q(s)/Q.(s)

_ ( j%) (k ; ’i) (9u(s) — 9(s))

_ k(sk,+ k) _
55+ kko) + k (ki + sk) 2els) (J.2.14)
Q(S) = k (S kp + kz) Q (S)

s+ sk(ka+ky) +kk ©

where k = 1/1,, is the lumped rotational inertia of the engine-shaft-rotor system, and
ko = 0Q/0. The corresponding sensitivity transfer function é(s)/Q.(s) for the closed
loop is given by

— Qu(s) — (S +kkk9> (’“P + k?) els) (J.2.15)

_ s(s+kkq) ~
= Q
) = Tk b 1 k) 4 Rl )
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Application of the Final Value Theorem (FVT) [31, 111] to the complimentary Q(s)/Q.(s)
and sensitivity €(s)/Q.(s) transfer functions (J.2.14) and (J.2.15) give

lim Q () = limsQ (s) = 1

fee 0 (J.2.16)
tlim e(t) = liII(l) se(s)=0

The above result indicates that, as expected, a simple proportional plus integral control
design should deliver unity tracking and should reject disturbances adequately. The

characteristic equation is given by
s>+ sk (ka +kp) + kk (J.2.17)
Let

k (ko + k) = 2wy
(J.2.18)

ka:CUEL

where ( is the damping ratio, and w,, is the system’s natural frequency. For good control
quality, choose ¢ = v/2/2 and w, = 7 where w, = 7 < /10, and Q = 157rad/sec ~

25H z is the main rotor natural frequency. Then

(J.2.19)
ky = —— — ke

=N

Substituting k = 1/, and kg = 0Q/0S2 then the above equation (J.2.14) becomes

Q(s) 1 s (]mtﬂ'\/é - 8@/89) + I

_ = J.2.20

Qc(s)  Lrot s2+ smy/2 4 w2 ( )
This controller design is stable with poles at
2

go V2 (—1+4) (J.2.21)

2
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Figure J.10: Engine governor and main rotor angular velocity closed loop control design
block diagram.

Figure J.11 on the following page plots the frequency domain characteristics of the
loop transfer function L in equation (J.2.13) on page 410. The infinite gain margin
and the 60° phase margin give the control design sufficient margin for adequate stabil-
ity and performance even in the presence of disturbances and parameter uncertainties.
Figure J.12 on page 414 presents the data collected with the the helicopter running with
the implementation of the above controller. The main rotor angular velocity €2 was com-
manded in steps of 1100, 1200, 1300, 1400, 1500 rpm, and during every step, the main
rotor blade pitch angle was varied from 2 to 8 degrees. For each commanded step in
rotor angular velocity, the controller kept a constant angular velocity even when in the
presence of changing flight conditions due to the varying blade pitch angle.

Figure J.13 on page 414 shows the full linear engine-carburetor and main rotor simu-
lation diagram. Figure J.14 on page 415 plots simulation data obtained using the actual
command data utilized to run the real-time vehicle test presented in Figure J.12 on
page 414 in the simulation scheme in Figure J.13. In these graphs, the simulation data
overlays the experimental data. In the top graph, the throttle command input (in pulse-
width) estimated from the simulation run (dashed blue line) closely matches the actual
throttle used in the real-time run. Similarly, the main rotor angular velocity simulation

data closely matches the actual real-time data.
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Figure J.11: Bode and Nyquist diagrams for the open-loop engine governor controller.
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Figure J.12: Real-Time data for a run of the engine operating in closed loop control .
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Figure J.13: Closed-Loop Engine-Carburetor, Main Rotor Dynamics Model.
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Figure J.14: Engine-Carburator model simulation results compared with real-time data.
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J.3 Summary of Main Rotor Characterization Re-

sults

The main rotor characterization consists of two parts:
1. open loop characterization
2. closed loop control design and synthesis

The open loop characterization exercise uses a number of experiments such as the
one presented in Figure J.1 on page 400. In these experiments a step command of main
rotor angular velocity drives the dynamic of the coupled engine-carburetor and rotatory
elements in the helicopter. Each step command experiment is set at a different constant
setting for the main rotor blade pitch angle. A constant blade pitch angle allows for an
estimate of the rotor damping derivative 0Q/0S) via the power absorbed and measured
rotor speed. The real-time data collected generates the necessary information to estimate

the system parameters listed in table J.1.

Table J.1: Engine-Carburetor and Main Rotor Rotational Dynamic Characteristics

rise time 2:5 sec

time constant 1-14 sec

carburetor control derivative 0Q /0wy 11-44 Nm

main rotor damping 9Q/0S2 0-00037 Nm / rad/sec

throttle PWM to fuel flow (wy) see Figure 1.10 on page 385

The original system was inherently stable, but with no engine governor control, the
main rotor angular velocity would vary nonlinearly when the main rotor blade pitch
angle changes due to command inputs necessary to maintain stability and deliver per-
formance. The continuous time control design and loop transfer function characteristics
are summarized in table J.2 on the next page.

Data collected in the real-time run of the engine in closed loop control presented in
Figure J.11 on page 413, and subsequent simulation results presented in Figure J.14 on the
previous page indicate that the initial first order engine governor control implementation
is capable of maintaining a constant main rotor angular velocity {2 in the presence of

varying flight conditions. Moreover, the simulation setup in Figure J.13 on page 414
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Table J.2: Engine-Carburetor Control Characteristics

system damping ( V2/2

system natural frequency w,

proportional gain k, L2, equation (J.2.19) on page 411

integral gain k; LioymV/2 — 0Q /09

system poles s = m/2/2(—1 =+ 1), equation (J.2.21) on page 411
gain margin 00

phase margin 60 deg

models the behavior of the engine-carburetor and main rotor adequately, and can be

used for subsequent simulation efforts.
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Appendix K

Helicopter Aerodynamic Model Identification

K.1 Introduction

Equation (C.3.6) and equation (C.3.7) on page 231 are fundamental results from Com-
bined Blade Element and Momentum Theory [92]. The equations are reproduced below

\/1+ 3217“ — 1]
aa (K.1.1)

dCr(r) = 5 (6r> = Ar) dr

for convenience

ga
)\(T):E

where r is a given blade station. The torque coefficient can be estimated from equa-
tion (C.2.14) on page 227
k 3/2 1
Cp=Co=—7=C"+ -pC K.1.2
p=Co="75Cr +3rCp (K.1.2)
where k ~ 1.5 is a power loss factor that accounts for non-uniform inflow, tip losses and
other nonlinear effects. Empirical approximations for the thrust and torque are given by

equation (J.1.3) on page 398

T ~ kpQ20 + kg, K13

Q ~ koQ%0°% + kg,

Equations (K.1.1) through (K.1.3) provide the bases for first order parameter identifica-

tion of the helicopter aerodynamic terms. This time the main rotor angular velocity (and
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therefore the angular velocity off all rotating elements) remains constant with the use of
the engine controller in equation (J.2.19) on page 411 as implemented in Figure J.13 on

page 414.

K.2 Helicopter Thrust Experimental Setup

The experimental setup uses the Helicopter Test Platform (HTP) shown in Figure 1.20
on page 396. The helicopter thrust experiment setup allows for vertical motion only and
locks the heading motion of the HTP. The tail rotor is disconnected from any control
inputs and it is free to rotate in its equilibrium state. This in effect decouples any tail
rotor effects on the thrust experiments. The ultrasonic range sensors shown in Figure 1.12
on page 388 keep track of the height of the helicopter which can be correlated to the
weight that the helicopter is lifting via the HTP calibration curve shown in Figure 1.21
on page 397. Figure K.1 on the next page shows data from a real-time data collection run
with the engine controller engaged to keep the rotor angular velocity constant. The solid
red line is the altitude data, the dashed blue line is the main rotor blade pitch angle, and
the green dash-dot line is the rotor angular velocity 2. The altitude readings become
noisier as the angular velocity increased. This is an artifact of the helicopter being
constraint to the HTP with structural vibration feedback recorded in the ultrasound
signal. Wavelet analysis and other signal filtering techniques allow for the estimation of
the altitude in this portion of the data collected.

Figure K.2 on the following page plots the measured and computed force exerted by
the helicopter. The computed force uses equation (K.1.1) on the previous page with the

model parameters shown in Table K.1.

Table K.1: Aerodynamic Model Parameters for the Main Rotor

lift curve slope C, 57 rad~1
drag coefficient Cy 0-024

zero-lift angle of attack ay —1-2 deg
maximum thrust coefficient Cr 0-0057

air density p 11840 kg/m?
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K.3 Helicopter Experimental Setup for Power and

Torque Characterization

The power and torque experiment uses the Helicopter Test Platform (HTP) with the
axial (altitude) and rotational (heading) enabled. The first portion of the experiment
does not issue control commands to the tail rotor, and the tail rotor is free to rotate in
its stick-free equilibrium trim setting. This portion of the experiment has as its main
goal the identification of the main rotor induced power and rotatory profile power. The
second part of the experiment engages the tail rotor, and the previous results are then
utilized to estimate the tail rotor aerodynamic parameters.

In both cases, the experiment is set with a cantilever beam restraining the heading
motion as shown in Figure K.3 on the next page. When the main rotor angular veloc-
ity increases, the resulting torque increases as per equation (K.1.2) on page 418. The
cantilever beam, acting as a bending beam load cell, senses the strain in the device and
records it as a voltage change. Figure 1.19 on page 395 shows the calibration curve that

correlates the sensed voltage to the applied bending moment.

K.3.1 Main Rotor Induced and Profile Power Experiment
The particulars related to this experiment are summarized below:

1. the tail rotor is free to rotate in its stick-free equilibrium state. This setup item
decouples most of the tail rotor dynamics from the main rotor acrodynamics, with
the notable exception of the associated profile power signature of the tail rotor and

related transmission gear.

2. the helicopter is free to lift and sink along is vertical z-axis. This enables a coupled

optimization of the thrust and toque aerodynamic parameters.

Figure K.4 on page 425 plots the results of a real-time run. The angular velocity €2
is constant for a short time while the blade pitch angle 6 varies. Subsequent to this, the
angular velocity increases, and the experiment repeats. Figure K.5 on page 426 shows
a subset of this data for a run with constant rotor angular velocity €2 = 1400. The top

graph in this figure plots the recorded torque @) for various blade pitch angle 6 plotted in
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Figure K.3: Torque Experiment with Helicopter on the HTF with cantilever beam as a
torque measuring device.

422



the bottom graph. Thus, the measured torque average for each step in blade pitch angle
and rotor angular velocity becomes a point in Figure K.6 on page 427. The top graph in
this figure plots the measured torque data (o) and the derived induced torque () from

equation (C.2.16) on page 227 and equation (K.1.3) on page 418

ko 32
Cor = =¥
V2 (K.3.1)

Qi = ko Q2 0%/2

The solid red line in this Figure K.6 is a best fit to the measured data, the x-axis
corresponds to the term Q2 - §3/2) and the term kg = f(€2,60) in the above equation is
a non-linear third order polynomial. The bottom graph in Figure K.6 plots the total
torque from the previously mentioned equations (C.2.16) and (K.1.3)

k 1
Op = CQ = EC;/Z + ngD

Q ~ koQ%0°% + kg,

(K.3.2)

The circles (o) in the bottom graph correspond to the profile drag kg,, and it is mostly
constant for any tuple (€22, 0%?2). The asterisks () correspond to the computed torque Q
in utilizing the above equation, and the solid blue line is a best fit to this data. The solid
red line (below the solid blue) is the best fit to the measured data from the top graph
in this Figure K.6. The bending beam load cell in Figure K.3 on the previous page is
mostly sensitive to the induced torque since the constant profile torque serves to prime
the spring that makes up the flexible cantilever beam setup. Figure K.7 on page 428
plots the blade pitch angle  and estimated angle of attack « against measured torque.
The torque is linear and then tapers off indicating that the torque available is less than
the torque required. Equation (K.3.2) suggests that the torque should be linear to /2
which can be seen in the bottom graph of Figure K.7. The top graph in Figure K.8 on
page 429 plots the measured torque (solid red line), the computed induced torque (solid
black line), and the computed total torque (dashed blue line). The bottom graph plots
the input blade pitch angle (solid red line), the measured rotor angular velocity (dashed
blue), and the input engine throttle (dash-dot line).
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Figure K.9 on page 430 presents data related to engine torque as per equation (J.2.7)

on page 404
Pe — Pe,max wy
Pe P@max
Q. = o= 5o (K.3.3)
wy = f(6rn)

where wy is the fuel flow and 7y, is the throttle opening in Figure I1.17 on page 394, and
the maximum engine power P, is tabulated in Table I.16 on page 387.

Figure K.6 on page 427 shows that the compound main rotor and tail rotor torques
could be modeled very accurately with a bias term plus a nonlinear term involving the
product of RPM squared times the main rotor blade pitch angle raised to the three-
halves power. This data corresponds well with the model in equation (J.2.5) on page 403.
Moreover, Figure K.6 on page 427 indicates that the model in equation (J.2.5) is valid
throughout the helicopter flight envelope. That is, equation (J.2.5) provides an accurate
non-linear estimate of the trim throttle setting throughout the helicopter flight envelope
as a function of both RPM and main rotor blade pitch angle. This is a fundamental

result of this thesis work.
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Figure K.4: Torque Experiment with no Tail Rotor Inputs.
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Figure K.5: Torque Experiment sample data €2 = 1400 rpm.
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Figure K.6: Torque Measurements Experiment with free tail rotor inputs.
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K.3.2 Tail Rotor Aerodynamic Model Identification Experiment

Figure K.10 on the following page shows the data taken during a real-time experimental
run. During this experiment the tail rotor was actively engaged and the helicopter was
free to rotate about its z-axis. In the graph, the dashed blue curve is the rotor angular
velocity €2/100 in rpm, the solid magenta curve is the throttle input pulse-width d74/200
in microseconds, the solid dark green curve is the blade pitch angle 6 in degrees, the solid
light green curve is the computed induced torque @; via equation (K.1.3) on page 418
in Nm, the solid yellow and red curve are, respectively, the raw and filtered measured
torque Qneq in Nm measured by the bending beam load cell, and the solid blue curve
is a composite that contains the estimated tail rotor torque (Q7r and reaction torque for

equilibrium points when Q. = 0

Qi +nrrQrr = lrrTrR
(K.3.4)

Qi +nrrQ1r — lrrRTTR = Qmea

The measured torque )., matches very well with the computed torque Q;+nrrQrr—
lrrTrr which indicates that the Tail Rotor aerodynamic model is adequate for the present
first iteration. It can be seen that the bending beam load cell experiences a hysteresis,
but for the most part, both the magnitude and the trend match to an acceptable degree.
More detailed data requires the use of a torque load cell which is not available, and the
trade off between the resources needed to acquire or manufacture such torque load cell is
not commensurate to the small gain of obtaining slightly more accurate data. The tail

rotor aerodynamic data is given in Table K.2

Table K.2: Aerodynamic Model Parameters for the Tail Rotor

lift curve slope C}, 5-0 rad~1
drag coefficient Cy 0-024
maximum thrust coefficient Cr,.p 0-05

non linear torque factor krg 1-146
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Appendix L

Helicopter Stability and Control

L.1 Introduction

The result of Section §J is an engine governor that keeps a constant angular velocity in
the presence of parameter uncertainty and environmental disturbances. The parameters
in the aerodynamic models were identified in Section §K via a series of experiments in
which the engine governor in equation (J.2.19) on page 411 maintained a constant main
rotor angular velocity. The rotor angular velocity is prominent in all the fundamental
aerodynamic terms such as thrust and torque and many stability derivatives, and it is
therefore important to simplify the control laws of the helicopter by keeping the rotational
dynamics at a constant angular speed.

The helicopter equations of motion (EOM) are summarized in equation (H.1.1) on
page 359. Under the set of simplifying assumptions in Section H.1.1 on page 358, the
governing rigid body EOM reduces to equation (H.1.5) on page 360:

Xur+ Xp
m
Yur+Yr + Yrr
m

Uw=1rv—qw+ —gsinf +

U =pw —ru-+ gsin¢cosf +
Zyur+ Zp + Zrr

W = qu —pv+ gcospcosf +

m
s ([y _ IZ) "+ LMR -+ LTR (Lll)
b= 1 I,
. (.- 1) Mg
q= Iy rp 4+ ]y
. I, —1 N + N
;= ( - y>pq+ MRI TR

For the sake of completion, the kinematic equations are presented in equation (H.1.6) on
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page 361, and reproduced in equation (L.1.2) for convenience.

é 1 singtanf cos¢tanf P
=10 cos ¢ —sin ¢ q
¥ 0 singsect cos¢psect r
- - (L.1.2)
TE ey spsbcy) — cosyy  cpsbey)y + spsy u
U | = | c0sy s@psOs + copc)y  cpsfsh — spe) v
ZE —s6 spcl cocl w

L.2 Experiment: Yaw Stability and Heading Control

The Helicopter Test Platform (HTP) is described in Section 1.4 on page 395. When the
helicopter is mounted on the HTP, the ensuing linear motion of the helicopter is restricted
along the vertical axis and the angular motion is restricted about the vertical axis. In

this case, the governing EOM for the helicopter system becomes

m (L.2.1)

W = gcos¢cosh +

P Nuyr + Nrg
I,

where the u,v,p,q and related terms are dropped from the equations. The tail rotor
blade does not have cyclic pitch control, and the primary control of the tail rotor thrust
is via the tail rotor blade pitch angle #rg. In this case, the fuselage force Zr and tail
rotor force Zrg contribution to the vertical equation of motion (L.2.1) are small and can
be ignored safely. In turn, the linear w and angular 7 equations are coupled through
the main rotor torque Qn;r. The angular velocity controller developed in Section J.2.3
on page 410 decouples the rotor angular velocity €2 from the above equations, but the
main rotor blade pitch angle 6,z appears in both equations via the primary force Zy/r
and moment N,;r components. The tail rotor torque Nygr = Irg - T'rr is the primary
control mechanism utilized to control body yaw attitude and maintain desired heading.
Figure F.2 on page 333 shows the lateral forces and moments acting upon the helicopter.

Figure L.1 on the following page presents an abstraction of the tail rotor hub as it relates
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to the helicopter center of mass C'M.

[tail rotor hub]

Figure L.1: Tail Rotor Hub referenced to the Center of Mass C'M.

Based on the previous assumptions and on the force representation in Figure L.1 the

following holds

XTR - O
Yrr =Trr
ZTR - 0

(L.2.2)

Lrr = hrrYrR
Mrgr = lrrZrr — Qrr
Nrr = —lrrYrR

For the helicopter sitting on the HTP, only the Npgr has relevance. The tail rotor side

force Yrr = Trgr and torque Qrg are given by

Yrr = p (7 R%r) (nrrarrRrr)’ Cryy
(L.2.3)

QTR = pRTR (WR?%T) (TLTRQMRRTR)2 C’QTR
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The tail rotor operates in a very complex flow field, and the velocities present at the tail
rotor hub are equally complex. An estimation of the tail rotor thrust coefficient follows
from direct application of the results obtained for the main rotor thrust and torque
coefficients. The tail rotor has no flapping hinges and no cyclic inputs, and in this case

equation (D.3.130) on page 302 holds such that

_(GO')TR 0 3 2 )\—,UZ
Crn =" |3\} 2" 2 |n

C
CQTR = )\CTTR + |:u (1 + luz)]

(L.2.4)

TR

Following development by Padfield [119], the tail rotor aerodynamic velocity and rotor

inflow are approximated by

1/2
[w? + (w — kxrrATR + qlTR)Z] /

HTR =
(QR)7p
(TlTR — phrg — U)
MZTR = (L25)
(QR)7p
ArR = Cron

1/2
2 [t + (zrr — Arr)’]
where kyrg is a scaled factor of the main rotor inflow at the tail rotor [119]. For the

helicopter test on the HTP, the above equation for the aerodynamic velocity reduces to

LR = — k)\TR)\TR
(QR) g

1R
HzTR = (QR)TR

(L.2.6)

Equation (C.3.7) on page 231 is a numerical approximation that uses results from momen-
tum and blade element theory [92]. This discrete approximation sidesteps the iterative

approach of equations (L.2.4) and (L.2.5). In this case, \.rr = pzrr together with
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equation (D.3.129) on page 302 which results in

oa 8 232 8
A, pzrr) = i (1 — E,UZTR) + %9 (x)x — (1 — %#ZTR)

2
ACrrn =% [9 (352 + %) - a:A] Az

(L.2.7)

where all relevant variables apply to the tail rotor with the subscript (-)rg.

L.2.1 Trim Tail Rotor Blade Pitch Angle

Equation (1..2.1) on page 434 together with equation (L.2.2) indicates that a trim con-

dition occurs when the yaw rate » = 0. In this case

—Nrr = Nur = Yrr =

(L.2.8)

lrr
Equation (L.2.4) on the preceding page together with equation (L.2.6) suggest that an
important equilibrium case happens when the yaw angular rate » = 0. Then the case
when 7 # 0 could be treated as a perturbation of the primary flight condition r = 0.
Figure L.2 on the next page shows results from a real-time data run with open loop tail
rotor inputs d7g in pulse width (dash-dash black curve). Multiple runs similar to the one
in this figure allow for the selection of data points where the yaw rate » = 0 at different
set points for the main rotor angular velocity €25,z and for different values of main rotor
blade pitch angle 0,,z. Results are shown in Figure L.3 on page 439.

Given the empirical relation for main rotor torque @y pr in equation (K.3.2) on
page 423 along with equation (1..2.8), it is reasonable to expect that the trim value
for the tail rotor blade pitch angle is a function of the main rotor angular velocity /g
and the main rotor blade pitch angle 6;,5. This assumption matches the results in Figure
L.3 and Figure L.4. This last Figure L.4 on page 440 presents the aforementioned trim

equilibrium condition for the case when 7 =r =0

(L.2.9)

Vi — |:QMR + nTRQTR]
TR =
r=r=0

lrr
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Figure L.2: Real Time Run with Tail Rotor Inputs.

Notice that the results presented in this section differ from those in Section K.3.2 on
page 431 in that the helicopter is not constrained in the yaw axis as it was constrained
by a torque measuring device in Section K.3.2. The total torque and the tail rotor trim
torque presented in the bottom graph in Figure L.4 are those resulting from Section K.3.1

on page 421 and the previously mentioned Section K.3.2.

L.2.2 Helicopter Yaw Rate Control Design

Equation (L.2.1) on page 434 is the governing equation for the dynamic behavior of the
helicopter sitting on top of the Helicopter Testing Platform (HTP). Coupling effects are
accounted for by the engine governor derived in Section J.2.3 on page 410 and by the
trim condition in equation (1..2.9) on the previous page. In this case, the perturbation

yaw dynamics in the frequency domain can be simplified to

- (L.2.10)
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Figure L.3: Multiple Real Time Run with Tail Rotor Inputs.
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A simple gain with unit feedback allows for a design of a first order feedback loop as

shown in Figure L.5. In this case

k. 1
r= ]ZZ;(TC —r)

r k./I,. 1

= = L.2.11

re s+k /L, T.s+1 ( )
[ZZ

Ty = —=
a

where 7. is the time constant for the augmented system, and k, is the control gain that
will provide acceptable performance. The final value theorem [44, 118] says that for a

step command input

actuator
command

disturbance

yaw rate gain

Figure L.5: Yaw Rate p Feedback Control Law.

1/k, 1
lim r(¢t) =limsr(s) =s /

-=1 (L.2.12)
T—00 s—0 TeS + 1s

where r(s) = L{r(t)} is the Laplace transform of r(¢). The corresponding transfer
functions from command input to error e/v¢, from disturbance ry4 to error e/ry, and

from disturbance to yaw rate r/r, are give by

e S/ Te
re  T.s+1

r e 1/k,

T4 Tqg TS+ 1

(L.2.13)
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The steady state value of the above transfer functions are

(L.2.14)

As expected, the constant gain for yaw rate feedback can not reject disturbances entirely,
but yaw rate command is seldom used as a performance measure in its own right. There-
fore, the non-zero steady error induced by a disturbance input to the plant (gust wind
affecting the tail rotor and fuselage) is not as relevant for the current flight regime under

consideration. The time constant is related to the rise time as given by

1 9
1 o 7t1/tc I 1 o 7t2/tc -
‘ 10 ‘ 10
e—tl/tc — 3 e_tQ/tc = i (L215)
10 10
131 to
— =In10—-1n9 —=In10—-1In1
tC tC
from which the time to rise ¢, results in
tr = tc In9 = tg - tl (L216)

The time constant 7. is related to the yaw rate gain k, via equation (L.2.11) on the

previous page as 7. = I, /k,. In this case the yaw rate control gain k, is then given by

Izz
t'r = tch’lg = k—1n9
; " (L.2.17)
k, = %1n9

r

For a desired rise time of ¢, = 1 sec, then the time constant t. &~ 0.45 seconds and the
control gain is then k, = 0.593. In contrast, a desired rise time one-tenth the previous
one such that ¢, = 0.1 sec will result in a control gain equal to k. = 5.93. According to
equation (1..2.14) the disturbance rejection improves by an order of magnitude as well.

The final design choice takes into account other control design considerations that will
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be presented momentarily.

L.2.3 Helicopter Heading Control Design

Figure L.6 shows the heading control loop which wraps the rate control loop shown in
Figure L.5 on page 441. In turn, Figure L.7 shows the same loop with the stability yaw

rate feedback control collapsed as given by the transfer function in equation (L.2.11) on

page 441.
@<
d
Sw v
s+b 1 1 »@D
S+a s Ll s Lt
WC heading rate gain yaw rate gain \}
Kk k.
\)

Figure L.6: Yaw Heading ¢/ Feedback Control Law.

e
\}
s+b k1l 1
- > P el
s+a s+kl
heading rate gain
WC kg g v
W

Figure L.7: Yaw Heading ¢ Feedback Control Law with collapsed inner stability yaw
rate loop. In this case, the constant ky = k,./I,.. The inner loops are equivalent to the
transfer function equation (L.2.11) on page 441.

The compensator design for the heading loop follows a lead-lag formulation

u_¢:kws+b

(L.2.18)
€y sS+a

where u,;, is the output of the heading compensator, and e, is the heading error signal.

The first part of the compensator design follows by equating the numerator s + b in the
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lead-lag portion of the compensator (shown above) to the stable form of the denominator
s+ k, /I, of the augmented plant in (L.2.11). The zero in the lead-lag controller cancels
the inner rate controller pole, and the loop transfer function L(s) and the closed loop
transfer function v /¢ become

R,
s(s+a)
Y kky, B kky,
Yo s(s+a)tkky 82+ sa+ kky

L(s)=
(L.2.19)

where k = k, /Izz for convenience. The characteristic equation s? + sa + kiky in the
above closed loop transfer function /1 has the standard form of s? +2¢w, s +w? where
wy, is the undamped natural frequency and ( is the damping ratio of a second order

system. Select ¢ = v/2/2, w, = 7 or good flying qualities to obtain

s+ sa+ Kky = ° + 2Cw,s + w2

2 2 \/§

W, =T (=—
2 (L.2.20)
a=20w,=7V2
2
7 ‘[ZZ
Fky = w? — ky = Wk

This choice of controller yields a heading compensator design wu,/e, with a transfer
function as given in equation (L.2.18) on the previous page of the form
u 7wk s+ k /1.

- = L.2.21
€y Izz S +7T\/§ ( )

The choice of value for the yaw rate gain k, in the above transfer function determines
whether the heading compensator is a lead or a lag type. The choice for k, is determined
by performance considerations of the inner yaw rate loop since the heading performance
is not sensitive to this factor. To illustrate this point, it is of benefit to realize that given
the control choice in (L.2.20), then the performance transfer function ¢ /¢¢ in (L.2.19)
becomes

Y wy

—_— = L.2.22
Yo o 8%+ 2Cw,s + w? ( )
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L.2.4 Helicopter Yaw Rate and Heading Control Synthesis

The Helicopter mass properties are tabulated in Section 1.1.2 in Table 1.2 on page 373.
Choose a yaw rate rise time of 0.2 seconds for good disturbance rejection, and the yaw
rate time constant becomes t. = 0.09 seconds with a feedback gain k, = 2.97. According
to equation (L.2.14) on page 442 this design gives good disturbance rejection with 1/kr =

0.337. The resulting yaw rate and heading control gains are summarized in Table L.1.

Table L.1: Yaw Rate and Heading Control Design

vehicle inertia I, 0-27  kgm?
design choice for rise time t, 0-2 sec
yaw rate proportional control gain k, = In(9) - I,,/t, 2:97

heading proportional control gain k,, = w21, k. 0-897
heading compensator zero k,/Izz 11-0

heading compensator pole 7 - /2 4-443

phase margin PM 65-5 deg
gain marging GM 00

closed loop heading performance damping ratio ¢ ~ v/2/2 0-707

closed loop heading performance bandwidth wy, ~ 7 314  rad

After the zero cancellation of the heading compensator with the pole of the augmented
yaw rate stabilized plant, the loop transfer function L(s) in Figure L.7 on page 443
becomes

 keky 1 2

L(S>_ I.. s(s+7r\/§) - s(8+7r\/§)

Figure L.8 on the following page presents the Bode and Nyquist plot for the control

(L.2.23)

design summarized in Table L.1.

L.2.5 Test Results for Helicopter Yaw Rate and Heading Con-
trol

Figure L.9 on page 447 plots data measured during a real-time test run of the helicopter
with the yaw rate r control loop enabled. The rate command loop from a run time of
250 seconds to 320 seconds was disabled and the helicopter was operating in open loop
mode with Radio-Control (RC) inputs providing commands. Toward the end of the run

at simulation time of 888 seconds, the main rotor angular velocity 2 was varied while the
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Bode Diagram

Gm = Inf dB (at Inf rad/sec) , Pm = 65.5 deg (at 2.02 rad/sec) Nyquist Diagram
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Figure L.8: Frequency plots for the heading compensator loop including inner yaw rate
stability loop.

yaw rate controller maintained the commanded zero rate. From simulation time equal
to zero to the simulation time of approximately 250 seconds, the commanded yaw rate
is set to zero. During this time the helicopter heading drifted very slowly due to bias
measurements. A similar behavior takes place from simulation time of 525 seconds to
about 726 seconds. The heading (solid blue curve in the graph) wraps around 360° to
zero. The heading control loop is disabled during runs in which the yaw rate command
is enabled.

Figure L.10 on the next page plots data measured during a real-time test run of
the helicopter with the heading control 1 loop enabled. The heading control loop was
engaged at a simulation time of approximately 937 seconds. The controller is able to hold
a heading in spite of large overshoot. This data is from an earlier data run presented
with the intent to illustrate initial results. The large overshoot is due to inadequacies
of early modeling efforts and subsequent initial heading control designs which where
subsequently improved resulting in the heading control design presented in the previous
section. Adequate control response to heading commands are shown later in the the
appendix. It is important to note that had this controller been utilized in a free flying

vehicle, it is probable that the loss of the aircraft would have taken place.
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Figure L..9: Real-Time Data with Yaw Rate Command. The red solid curve is the yaw
rate command r¢, dark green curve is the yaw rate r measured data. The solid blue
curve is the helicopter heading v, and the magenta curve is the tail rotor blade pitch
command drg in pulse width (u second). The light green curve is the scaled main rotor
angular velocity €2/100. The outer loop for Heading performance is disabled.
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Figure L..10: Real-Time Data with Helicopter Heading Command. Red solid curve is
the heading command ¢, dark green curve is the yaw rate » measured data. The solid
blue curve is the helicopter measured heading 1/, and the magenta curve is the scaled tail
rotor blade pitch command d7R in pulse width (u second/100). The light green curve is
the scaled main rotor angular velocity €2/100.
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L.3 Experiment: Pitch Rate Stability and Pitch At-

titude Hold Control

The experimental setup for the pitch control loop involves the use of the Rotational
Dynamic Test Stand (RDTS) as shown in Figure L.11 on the following page. The RDTS
is a three degrees of freedom test stand able to pitch, roll and yaw at the same time.
The RDTS can be constrained to tilt in only one axis by setting stops on the second
axis, and the yaw motion can also be constrained. The equations of motion for this setup
involve the rotational dynamic equations Equation (F.1.5) on page 334 and the kinematic

equations Equation (F.1.6) on page 335

p=L+ L,pqg— Lqr

M —+ I;z (7’2 —p2) — 7qp’r’

.
Il

71.

N - jrpq - jprCIT

(L.3.1)
¢ =p+qsingtanf + r cos p tan
0 = qcosp —rsing

1 = gsin ¢ secl + rcos ¢ sec

For this particular experiment, the yaw axis and the roll axis are restrained, and motion

is only allowed about the y-axis or pitch angles only. The above equation simplifies to

Iyi=M
(L.3.2)

6 = q Cos ¢g

where ¢y = 0 is the flight condition of choice and therefore § = ¢. Equation (E.4.1) on

page 329 provides the coupled rotor moment equations

Ly = (hfis +yom) T
(L.3.3)

Mp = (hﬁlc - ZECM) T
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The resultant equations of motion for the helicopter mounted on the RDTS become

Iyg=(hBic—2cm)T

(L.3.4)

Figure L.11: Real-Time Run of the Helicopter on top of the Rotational Dynamic Test
Stand (RDTS).

The main rotor longitudinal blade flapping ;. is given by solving the coupled blade
flapping equations of motion Equation (H.2.9) on page 368. Given the restrictions of the
experiment, for simplicity, let the blade flapping angle be such that 6 ~ 3., then the

equilibrium condition is simply

x
bre = 0 = —ZM (L.3.5)

which provides the trim pitch angle command. The approximation 6 ~ ;. yields the
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perturbation equation

(L.3.6)

Figure L.12 shows a model of the perturbation equations. Taking the term AT 6 as a
disturbance to the linear model, the yaw rate control loop follows directly as shown in
Figure L.13 on the following page. The transfer function from input to pitch rate ¢ takes
the form

kg /Ly

pr— L-3-7
I 5+ kq/[yy ! ( )

The above equation suggests a value for the gain k, as

I, 16
2 — TC [—
Ko QVQ (L.3.8)
—
by =k ey

where k is a proportional design gain to be decided later in the process, the term 16/7€
is the time constant of the flapping blades as given by equation (D.3.157) on page 309,

and the main rotor Lock number is tabulated in Table 1.4 on page 373.

0
9 > >@D
u theta

Figure L.12: Pitch Rate and Attitude Perturbation Model for the Helicopter on the
Rotational Dynamic Test Stand (RDTS).

Qo
Qo

(2
[ZEN

A simple compensator design for command pitch attitude 6. follows in Figure L.14

on page 452. A direct design choice is to let

k
s—i—b:s—i-]—q (L.3.9)

vy
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nlk

theta

Figure L.13: Pitch Rate Feedback Control Loop for the Helicopter on the Rotational
Dynamic Test Stand (RDTS).

The loop transfer function L(s) and the transfer function from desired pitch angle 6. to

pitch attitude 6 is then

1 Kk
L(s)= - Mt
Ly s(s+a) (L.3.10)
i — kg ko /1y — kg ko /1y
O s(s+a)+keke/lyy s>+ sa+kqke/Ly,
The characteristic equation has the form
s>+ sa+kky =5+ 2(w,s + W (L.3.11)
Then it follows
w2 = 72
V2
)
(L.3.12)
a = 2(w, = ™2
7l
kyko/Lyy = wy, — ko = k—yy
a

Equation (L.3.8) on the preceding page and the previous equation (L.3.12) yield the
design for the pitch rate feedback control loop. The choice of k in (L.3.8) is done for
stability and good flying qualities during the testing period. Figure L.15 on page 453

plots data collected during a real-time data run for pitch command tracking.
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Figure L.14: Pitch rate and pitch attitude Feedback Control Loop for the Helicopter on
the Rotational Dynamic Test Stand (RDTS).

L.4 Experiment: Roll Rate Stability and Roll Atti-

tude Hold Control

The experimental setup for the pitch control follows the setup for pitch experiment very
closely. The setup involves the use of the Rotational Dynamic Test Stand (RDTS) as
shown in Figure L.11 on page 449. As before, the equations of motion for this setup
involve the rotational dynamic Equation (F.1.5) on page 334 and the kinematic Equa-

tion (F.1.6) on page 335

(L.4.1)
¢ =p+qgsinptand + rcosptand

0 =qcos¢ — rsing

1 = gsin ¢ sec + r cos ¢ secl
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Figure L.15: Pitch command 6, tracking with the helicopter on the Rotational Dynamic
Test Stand (RDTS). In the figure, the top graph plots the roll p and pitch ¢ rates and
the main rotor angular velocity €.
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For this particular experiment, the yaw axis and the pitch axis are restrained, and motion

is only allowed about the x-axis or roll angle only. The above equation simplifies to

(L.4.2)
¢=p
Equation (E.4.1) on page 329 provides the coupled rotor moment equations
Ly = (hfis + you) T
(L.4.3)

Mr = (hpre —xem) T

The resultant equations of motion for the helicopter mounted on the RDTS with the roll

loop enabled become

[x:rp: (hﬁls +yCM)T

o=

(L.4.4)

Following the work done previously for the pitch loop, let the blade flapping angle be

such that ¢ =~ (314, then the equilibrium condition is simply

bic = ¢o = —y%M (L.4.5)

which provides the trim pitch angle command. The approximation ¢ ~ (i, yields the

perturbation equation

L.p~hT¢ (L.46)

p=p

Figure 1..16 on the next page shows the closed loop design for the roll rate. Following a
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similar procedure as done before for the pitch loop yields

kp/lm w
N s+ky/l.
1 kyk
L(s) = — "%
(5) Iy s(s+a)
¢ kpke/ e B kpke/ s

pc  s(s+a) +kpky/ Ly g2 +sa+kyky/Ly

The control design yields

~<2
k, = _]x$
P16
w2 =7
V2
‘=3
a=2w, =71V2
2
Ixx
kp ko) Low = wyy — ky = 7Tk’

P

(L.4.7)

(L.4.8)

Figure L..17 on the following page plots data collected during a test run with the roll

attitude control loop engaged. The roll tracks the signal with a large time constant

designed as such for tests with roll stability and performance. In general, the roll loop

should react very slowly to commands to avoid becoming unstable. Later control designs

improved upon roll performance (see Section L.5 on page 457)

ol

2N

compensator

Figure L.16: Roll Rate Feedback Control Loop for the Helicopter on the Rotational

Dynamic Test Stand (RDTS).
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Figure L.17: Roll command ¢, tracking with the helicopter on the Rotational Dynamic
Test Stand (RDTS). In the figure, the top graph plots the roll p and pitch ¢ rates and
the main rotor angular velocity 2. Notice the large time constant of the feedback control
loop during an experiment stability test.
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L.5 Experiment: Roll and Pitch Stability with Yaw

Rate and Heading Control

This last experiment tests all three axis roll ¢, pitch # and heading v under closed
loop control with the main rotor angular velocity tracking its commanded setting. As
previously done, the experimental setup involves the use of the Rotational Dynamic Test
Stand (RDTS) as shown in Figure L.11 on page 449. Figure L.18 on the next page shows
data collected during a real-time data run during which the three attitude loops where
engaged simultaneously. In the top graph the heading v tracks and holds the command
during the duration of the flight. The pitch attitude 6 plotted in the third graph down
tracks and holds a zero command during the heading maneuvers, and during the later
part of the experiment the pitch attitude tracks and holds the commanded values. The
roll attitude ¢ does likewise on the last graph. This experiment demonstrates a stable

platform able to remain stable while holding performance commands.
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Figure L.18: Simultaneous attitude command tracking and hold for roll ¢, pitch § and
heading ¢ with constant angular velocity 2. In the figure, the top-most graph presents
the heading command tracking and hold, and the second graph shows the roll p and pitch
rate ¢ during the flight. The third graph shows the pitch attitude 8 holding zero for the
first part of the run, and tracking commands for the second part of the run. The same
is true for the roll attitude ¢ in the fourth graph.
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Appendix M

Helicopter Systems Design

M.1 Systems Engineering and Integration

Systems Engineering (SE) is an interdisciplinary framework suitable for the complete
and accurate definition of systems requirements, analysis of the system as a whole with
a top-down engineering approach with focus on the entire system Life Cycle, and design
processes that focuses on system optimization and balance through the management and
integration of multiple scientific and technical disciplines. Similarly, System Engineering
and Integration (SE&I) is a mature engineering practice that brings together applied
science with current or emerging interdisciplinary technologies within an integrated envi-
ronment suitable for the creation and support of complex systems and related processes
and products. Relevant SE&I processes include project management, quality assurance
and hardware and software engineering. Relevant SE&I activities include system defini-
tion and design, manufacturing and production, operation and maintenance and other

life-cycle support activities that include logistics, phaseout and disposal [41, 71, 122].

M.1.1 Systems Engineering Standards

The practice of Systems Engineering and Integration varies in form and practice among
leading industries and research institutions. The United States Department of Defense
(DoD) along with industry at large has established systems engineering standards since
the 1960’s. The first widely accepted SE standard MIL-STD-499A was released in May
1974, and the updated draft MIL-STD-499B was issued in 1994 [115]. Table M.1 on the
following page tabulates various Systems Engineering standards that have been imple-

mented throughout the years [41].
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Table M.1: Systems Engineering (SE) Standards

standard year reference

MIL-STD-499 1969

MIL-STD-499A 1974

MIL-STD-499B (draft) 1994 [115]

- EIA /1S-632 1994
ANSI/EIA-632 1999 [4]

- IEEE-1220 (trial) 1994
[EEE-1220 1998 [138]

ECSS-E-10A 1994  [43]

M.1.2 Configuration Management Standards and Capability Ma-
turity Models.

Configuration Management (CM) deals with the specification and coordination of the
conceptual and preliminary systems design, follow on detailed design and development
and overall system engineering management. Capability Maturity Models (CMM) com-
pliment SE standards in that CMMs determine and rank how well the SE processes are
defined and implemented [5, 41]. CMMs evaluate the SE processes with the objective
of providing insight into improving the processes based on industry-wide best practices

24, 77, 78]. Table M.2 summarizes relevant CMM standards.

Table M.2: Configuration Management (CM) Standards

standard year reference

MIL-STD-973 1992 classic CM standard, [114]
SECMM-95-01 1995 [149]

ANSI/EIA-649-1998 1998

EIA/IS - 731.1 1998 |5

]

13]
8]
9

[
MIL-HDBK-61A(SE) 2001 |1
CMU/SEI-2002-TR-011 2002 [7
CMU/SEI-2002-TR-012 2002 [7

Capability Maturity Models Integration (CMMI) encompasses current efforts to inte-
grate several CMM products. CMMI attempts to put under one umbrella four engineering
disciplines: System Engineering (SE), Software Engineering (SW), Integrated Product
and Processes Development (IPPD), and Supplier Sourcing (SS) [24, 41, 86].
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M.1.3 Systems Engineering Processes

SE encompasses the practice of both system engineering management and the system
engineering processes. Three broad categories of SE tools allow for the implementation
of the actual systems engineering processes [41].

1. Analysis Tools: tools that focus on formal and systematic ways of gathering system
requirements. The practice of system requirements is essential to system engineer-
ing and product development, and is generally known as Requirements Engineering
(RE). Examples of RE tools are Six-Sigma Techniques (6 —o) and Quality Function
Deployment (QFD).

2. Synthesis Tools: these tools take the form of schematic tools (e.g. Unified Modeling
Language (UML) tools), physical modeling tools (e.g. Computer Aided Design
(CAD) tools), and physics based, mathematical modeling and simulation tools (e.g.
Mathematica [126], Maple [100], Matlab [101] and other Finite Element Analysis
(FEA) tools).

3. Evaluation Tools: decision-making aiding tools which include trade-off analysis
tools for the evaluation and selection of alternative feasible solutions. QFD and 6—o
are examples of tools that provide for weighing criteria selection and identification

of alternative solutions.

M.1.4 Definition of Integrated Product and Processes Devel-
opment (IPPD)

According to Dr. William Perry, U. S. Secretary of Defense in 1995, IPPD is defined
below [153]

IPPD is an expansion of concurrent engineering utilizing a systematic ap-
proach to the integrated, concurrent development of a product and its asso-
ciated manufacturing and sustainment processes to satisfy customer needs.
Integrated Product and Process Development (IPPD) is a management tech-
nique that simultaneously integrates all essential acquisition activities through

the use of multidisciplinary teams to optimize the design, manufacturing and

461



supportability processes. IPPD facilitates meeting cost and performance ob-

jectives from product concept through production, including field support.

The key tenets of IPPD methodology are summarized below [153]

Customer Focus

Concurrent Development of Products and Processes

Early and Continuous Life Cycle Planning

Maximizing Flexibility for Optimization and Use of Contractor Unique Approaches
Encouraging Robust Design and Improved Process Capability

Event-Driven Scheduling

Multidisciplinary Teamwork

Empowerment

R A s B

Seamless Management Tools
10. Proactive Identification and Management of Risk
One of the focuses of the IPPD methodology is the capture of systems requirements
through the voice of the customer. The customer is an active participant in the SE process
throughout the life-cycle of the system at large. This practice ensures that the customer
needs are better satisfied within schedule and within budget. Various SE processing tools
(Section M.1.3 on the preceding page) implement the IPPD tenets mentioned above [127].
1. The Seven Management and Planning Tools
(a) Affinity Diagram
) Tree Diagram
) Inter-Relationship Digram
d) Matrix Diagram
) Prioritization Matrices
)
(g) Activity Network Diagram
2. Quality Function Deployment (QFD)
3. Robust Design Simulation (RDS)
(a) Design of Experiments (DOE)
(b) Taguchi PDOM
(¢) Response Surface Methodology (RSM)

462



4. Six Sigma Methods

M.1.5 IPPD Case Studies

Integrated Product and Processes Development (IPPD) is a SE&I practice recommended
(and in some instances mandated) by the United States Department of Defense (U.S.
DoD) [112]. IPPD is also one of the four multidisciplinary engineering disciplines of
CMMI [41, 86]. Some case studies on the use of IPPD in the literature include the
New Attack Submarine (NSSN) [158] and the McDonnell Douglas Corporation (MDC)
design and subsequent procurement of the F/A-18E/F [139]. The Autonomous Scout
Rotorcraft Testbed (ASRT) program at Georgia Tech was a pilot program for the testing
of the IPPD practice from 1994 until 1997 [131, 150, 151].

M.2 Application of Integrated Product and Processes
Development (IPPD) to the University of Ok-

lahoma Helicopter Research Testbed

The University of Oklahoma Helicopter Research Testbed project is a small, focused and
fixed-cost ($50 K dollars) project sponsored by the Oklahoma Aeronautics Commission
(OAC). The original customer requirements are listed below.

1. identify available custom off-the-shelf technology applicable to autonomous minia-

ture helicopter flight

2. develop computer-based method for autonomous miniature helicopter flight

3. demonstrate autonomous hover flight

The development of a computer based method for autonomous flight with a miniature
helicopter requires the simultaneous development of a product (autonomous miniature
helicopter) and processes (method for autonomous flight). Application of the IPPD
methodology allows for customer satisfaction by capturing the voice of the customer
(VOC) and translating this established need into a set of design requirements that define
the problem. To this effect, a subset of The Seven Management and Planning Tools and
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the Quality Function Deployment (QFD) provide the means to translate the established
need (customer requirements) into a defined problem (design requirements) [14, 59, 42,
130]. The combined autonomous miniature helicopter and the method for autonomous
flight is collectively named the University of Oklahoma Helicopter Research Testbed
(OU-HRT).

M.2.1  Voice of the Customer (VOC)

Systems requirements originate from the customer needs or from an established need.
Capturing systems requirements is a fundamental step in systems engineering, and the
collective efforts of capturing systems requirements is in the realm of Requirements En-

gineering.

M.2.1.1 VOC: Mission Profile Requirements

Figure M.1 illustrates the mission profile for the OU autonomous helicopter. The he-
licopter must climb to an altitude and maintain stable hover flight for a short time.
Thereafter, the helicopter should navigate to a selected site a few feet away from the

takeoff site, and loiter for a short time before landing at the site.

M@/

Take-off and i_,_JA‘L__.\
climb to 10 ft b o

Loiter for 3 min

Hover for 5 min

Land 10+ ft
from take-off site
with 3-5 min fuel reserve

Figure M.1: Mission profile requirements for the OU autonomous miniature helicopter.
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M.2.1.2 VOC: Affinity Diagram

The principal program objective is to identify enabling technologies suitable for miniature
helicopter flight and to develop a method that automates the helicopter flight, all at a
fixed cost to the customer. The affinity diagram organizes available data into natural
groups that facilitate the identification of relationships among the various systems needs.
Figure M.2 illustrates the affinity diagram for the University of Oklahoma Helicopter
Research Testbed.

General Requirements Mission Requirements Syséirgzi(r:eargzgigty
acquisition cost 20 ft range stable flight platform
operating costs Mission Equipment Payload system redundancy

safety communication equipment maintenance
schedule endurance of 10 min reliability
enabling technologies autonomous flight flight computer
aut&%trz%%:(ﬁight test equipment ground computer

Figure M.2: The Affinity Diagram, Voice of the Customer (VOC).

M.2.1.3 VOC: Tree Diagram

Figure M.3 on the next page illustrates the tree diagram tool that refines the voice of the
customer into finer levels of detail from the general to the more specific. In the figure,
the cost breakdown portion of the tree diagram helps communicate to the customer the

various sources of one-time and recurrent costs.

M.2.2  Voice of the Engineer (VOE)

Once the primary task of capturing the voice of the customer has been initiated, the

engineer acts on the customer needs and further expands the set of requirements in an
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iterative manner. In doing so, the engineer communicates back to the customer the
engineering significance of the established need and related requirements. The voice of

the engineer (VOE) uses the same tools that capture the customer requirements.

M.2.2.1 VOE: Affinity Diagram

Figure M.4 on the following page illustrates the voice of the engineer in an Affinity Dia-
gram. The VOC drives the initial systems requirements process, and the VOE expands
upon the requirements with engineering data that pertains to the system domain. This

process is repeated interactively until the requirements converge.

M.2.2.2 VOE: Tree Diagram

Figure M.5 on page 469 illustrate the engineer’s Affinity Diagram. As before, the VOC
drives the initial systems requirements process. The VOE adds pertinent engineering

details.

M.2.3 Quality Function Deployment (QFD)

Quality Function Deployment (QFD) focuses on identifying the products and services
that best meet the customer needs and delivers the best value to the customer. Figure M.6
on page 470 shows the overall QFD design resulting from the analysis of the Voice of
the Customer (VOC) (need) and the Voice of the Engineer (VOE) (design requirements)
obtained from previous sections. Details for the different portions of the Quality Function

Deployment (QFD) are shown in subsequent sections.

M.2.3.1 QFD: Functional Deployment Matrix

Figure M.7 on page 471 illustrates the actual QFD. Here, the VOC (the established need)
is deployed onto the VOE (design requirements). In doing so, the process identifies the
most relevant systems requirements and their correlation to the various engineering ac-
tivities. This VOE for the University of Oklahoma Helicopter Research Testbed indicates
that the development of a method for autonomous flight, actual autonomous flight and

safety are the requirements that will deliver the best value to the customer. In turn, the
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VOE matrix also identifies the helicopter gross weight, thrust and drag, and the devel-
opment of flight control laws as the most relevant engineering activities that will best

satisfy the customer needs.

QFD1 1 engine |2 aiframe 3 rotor syst... 4 flight controls 5 integrated syste

.00 strong correlation
.00 some correlation

® 9
© 3
A 1.00 possible correlation

2.2 modifications
3.1 rotor complexity
3.3 Figure of Merit

1.1 power

~ [Number of significant relationships

O 5.3 sensor location

O
e o
@ @ O @ @ D D @ @ O @ 5.4 ground station

[> 5.2 component location

1 method for autonomous flight
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2 enabling technologies

3 safety

> O
> >
= @ @ @ O @ @ @ @ O 3.2 thrust and drag

4 autonomous flight

5range

O O O O D 1.2 control

= @ @@ O@ @ @ O @ D 2.1 gross weight
> O D>

B> O®O 0O ®O ® ®1arcs
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6 endurance

®O> > ®® O ®|51operational procedures
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@ O o @ o @ @ 4.5 flight computer
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7 comm. equipment

> O> 0O 00O ® ®|43actuators

O]
O]

8 acquisition costs

O|0\>
>

o)e)
AAO®AA

2|45 |5

9 operation costs

> D>

10 test equipment

-[0®> 00®O0>

Significant relations

Figure M.7: Quality Function Deployment matrix for the University of Oklahoma Heli-
copter Research Testbed.

M.2.3.2 QFD: Voice of the Customer Prioritization

Figure M.8 on the following page illustrates the customer prioritization of the system
requirements. The development of a method for autonomous flight, autonomous flight
and safety are the top selling points for the customer. The University of Oklahoma
Helicopter Research Testbed is a fixed cost project, and therefore costs are not high on
the requirements priority list. Demonstrating range and endurance are at the bottom of

the customer requirements priority list.
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4% 5 VOC Importance
O Dc_n Importance %
je! = 4 : —— Cost %
= = Importance
¥Ro 2 ﬁ Customer %
& o
g £}
= 5 D'l% 20|% 4C:% Gq% 80|%1D‘D%
1 method for autonomous flight 10.00 (@
2 enabling technologies 9.00 @
3 safety 10.00 (®
4 autonomous flight 10.00 @
5 range 4.00 O
6 endurance 30 O
7 comm. equipment 2.00 O
8 acquisition costs 7.00 @
9 operation costs 5.00
10 test equipment 3.00

Figure M.8: Voice of the Customer Prioritization. In the graph, the symbol ® is a
strong selling point for the customer. The symbol () indicates some selling point for the
customer.
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M.2.3.3 Quality Function Deployment (QFD): Voice of the Customer Bench-

mark

Figure M.9 on the next page illustrates the benchmark results for the established need
(VOC) and related design requirements (VOE) and engineering activities. The current
solution for the University of Oklahoma Helicopter Research Testbed method for au-
tonomous flight meets the customer needs in totality, and therefore this need displays
total compliance in the benchmark. The safety record for the duration of all tests is
100%, and therefore this need is also fully met. The fixed cost for the project means
that the enabling technologies and the operational costs are fully compliant. The heli-
copter gross-weight exceeds the thrust developed by the rotor, and the requriement for
demonstrating autonomos flight remains unfulfilled. Similarly the range and endurance
capabilities are also unfulfilled. The original acquisition costs are inadequate for a pro-
gram of this magnitude, and therefore, the project did not meet the original budget. The
communication equipment or digital remote communciations between the flight platform
and the groundstation outperforms the expectations. Finally, the test equipment used

to achieve the various systems requirements outperformed the customer expectations.

M.2.3.4 QFD: Interaction Matrix for Design Requirements (VOE)

Figure M.10 on page 475 illustrates the interaction matrix for the various design require-
ments. This correlation matrix helps the engineers identify likely coupling among the

various systems design requirements.

M.3 Modular Functional Decomposition

The affinity and tree diagrams have established the need (VOC) and the primary systems
requirements (VOE). The QFD tool has helped identify the most important needs and
related engineering requirements that will result in the best value for the customer. Engi-
neering needs defined this way facilitate the functional decomposition of capabilities that
the University of Oklahoma Helicopter Research Testbed needs to perform. Figure M.8
on the previous page illustrates the Voice of the Customer prioritization, and the de-

velopment of a method for autonomous flight and a safe environment are the top-most
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2 enabling technologies O O 9.00 @
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7 comm. equipment @ 0 2.00 O
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Figure M.9: Voice of the Customer Benchmarking. In the graph, the VOC Benchmark
column folows the following convention: 1 = no compliance (empty circle), 2 = partial
compliance, 3 = general compliance, 4 = full compliance, 5 = total compliance (full dark
circle).
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priorities. Figure M.11 presents the result of the top level analysis in a functional decom-

position breakdown. In turn, Figure M.12 on the next page illustrates the University of

Oklahoma Helicopter Research Testbed work breakdown structure.

Develop Method
For Autonomous Flight

Using a miniature Helicopter

Aerial Vehicle

Flight Testing

Flight Control
and Simulation (FCS)

Mission Planning

and Control (MPC)

Mission Sensors
and Payload

B E——

S —

flight
capability

airframe
components

develop testing
environment

stabilize
the vehicle

control
the vehicle

plan
the mission

command
the mission

Figure M.11: First level functional decomposition.

M.4 System Architecture

The modular functional decomposition (Figure M.11) and related subsystems decompo-

sition with a related work breakdown structure (Figure M.12 on the next page) helps

with the definition of the various architectural modules that make up the system. This

modular design facilitates identification and formalization of the interface between sub-

systems, and allows for clean maintenance and upgrade road of the various subsystems

components. Figure M.13 on page 478 shows the full system architecture suitable for

autonomous flight for the University of Oklahoma Helicopter Research Testbed. This

system architecture is a modified version of work done by Thornhill et. all [38] and

Gordon and Schrage et. all [59, 131].
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Ground Station Mission Planning and

v

Human Computer Interface (HCI) Control (MPC)

» Teleoperation » Mission Planning and Control

Embedded Vehicle *« HWIL real-time test control * Way-Point generation
Control + Real-Time Telemetry » Operator’s Model and Expert System
o : Exteroceptive
Mission Control Unit

* Operator Command Processing

* Sensor Fusion (Exteroceptive and
Proprioceptive Features)

* Behavior State Machine Based Eault Detection and

» Execute Mission and Obstacle avoidance Identification Control Unit

* Guidance and Navigation

Vehicle Control Unit

Perception Control Unit

e Stability

* Read Mission and Sensor Inputs
* Process Mission State Machine
« Command and Actuate

Intelligent Systems
Interactions

Sensors Mission Equipment Unit

[ Proprioceptive

« Command Mission Subsystems

Figure M.13: System Architecture for the University of Oklahoma Helicopter Research
Testbed for Autonomous Flight.
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Appendix N

Nomenclature

static moment

. . . 2 .
ratio of blade mass to inertial moments, Myaqe ronr e R?/ 1, = T

Lock number, capR*/ Iyqqe

normalized induced velocity, (positive downward through rotor disk), (Ve + v;) /QR
advance ratio, V., cosa/QR

nondimensional rotating flap frequency, 1 + ¢ + Kz3/Q%I;
blade solidity, bc/m R

rotor disk area, mR?

number of blades

blade chord

dimensionless power coefficient, P/pA (QR)?
dimensionless torque coefficient, Q/pA (QR)* R
dimensionless thrust coefficient, T/pA (QR)?

stiffness number, 8 (12 — 1) /v
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Appendix O

Glossary

C

Computer Aided Design (CAD) Computer Aided Design tools, p. 461.

F

Finite Element Analysis (FEA) Mathematical modeling techniques used to study static,

dynamic and thermal behavior of systems, p. 461.

Q

Quality Function Deployment (QFD) An organized, disciplined process for determin-
ing the product or service requirements necessary to achieve customer-perceived

expressed or unexpressed quality., p. 461.

S

Six-Sigma Techniques (6 — 0¢) An approach to reduce process output variation so that
six standard deviations lie between the mean and the nearest specification
limit. This will allow no more than 3.4 defect Parts Per Million (PPM) op-
portunities, also known as Defects Per Million Opportunities (DPMO), to be
produced., p. 461.

Systems Engineering (SE) Interdisciplinary framework suitable for the complete and

accurate definition of systems requirements, analysis of the system as a whole
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with a top-down engineering approach with a focus on the entire system Life
Cycle, and with a design process that focuses on system optimization and
balance through the management and integration of multiple scientific and

technical disciplines., p. xv.

U

Unified Modeling Language (UML) Abstract, general-purpose object modeling spec-
ification language., p. 461.
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Appendix P

Acronyms

6

six degree of freedom (6dof) , p. 376.

A

Autonomous Scout Rotorcraft Testbed (ASRT) Autonomous Scout Rotorcraft Testbed,
Georgia Tech, p. 463.

B

Blade Element Momentum Theory (BEMT) | p. 15.
Blade Equation of Motion (BEOM) | p. 55.

Blade Element Theory (BET) , p. 15.

C

Comprehensive ldentification from FrEquency Responses (CIFER) | p. 50.
Configuration Management (CM) See Glossary, p. xv.

Capability Maturity Models (CMM) See Glossary, p. 460.

Capability Maturity Models Integration (CMMI) See Glossary, p. 460.

Control Plane (CP) , p. 198.
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G

Global Positioning System (GPS) , p. 378.

H

Hub Plane (HP) , p. viii.

Hardware-in-the-Loop (HWIL) | p. xxiii.

I

Integrated Product and Processes Development (IPPD) See Glossary, p. xii.

L

Linear and Directional Test Stand (LDTS) , p. vi.

M

McDonnell Douglas Corporation (MDC) McDonnell Douglas Corporation, p. 463.
Mission Planning and Control (MPC) | p. 28.

Momentum Theory (MT) |, p. 15.

N

Non Feathering Plane (NFP) . p. 198.

@)

University of Oklahoma Helicopter Research Testbed (OU-HRT) | p. xii.

Q

Quality Function Deployment (QFD) , p. xii.
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R

Remote Control (RC) | p. 12.
Rotational Dynamics Test Stand (RDTS) | p. vi.
Requirements Engineering (RE) See Glossary, p. 461.

Real-Time Operation System (RTOS) | p. 28.

S

System Engineering (SE) See Glossary, p. 10.
System Engineering and Integration (SE&I) See Glossary, p. 459.
Supplier Sourcing (SS) See Glossary, p. 460.

Software Engineering (SW) See Glossary, p. 460.

T

Tip Path Plane (TPP) | p. 52.

Time Processing Unit (TPU) , p. 30.

A%

Voice of the Customer (VOC) |, p. xii.

Voice of the Engineer (VOE) | p. xii.
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Index

Ss, see stiffness number

g, see inertia blade ratio

A, see rotor, inflow ratio

Ai, 208

1, see advance ratio

v, see flap frequency, see stiffness number

o, blade solidity, 226

Linear and Directional Test Stand (LDTS)
31

Rotational Dynamics Test Stand (RDTS)
31

Voice of the Customer (VOC), 464

advance ratio, 219, 316

angular rates, see reference frames

main rotor
collective, 34
lateral, 36
longitudinal, 36
setting, 40
tail rotor collective, 39

throttle, 40

?

dynamic stability, see stability
dynamics
7 position, 193
rotational, 194

translation, 191

electronic compass, see sensors

embedded software, see systems integration

BEMT, see combined blade element theory experiments

BEOM, see rotor

BET, see blade element theory

blade element theory, 222
tip-loss factor, 228

central processing unit, 26
clinometer, see sensors
coefficient
power, 208
thrust, 208
torque, 208
combined blade element theory, 229

control servo

main rotor
thrust, 419
torque, 100
pitch and roll, 123
pitch rate and pitch attitude hold, 119,
448
roll rate and roll attitude hold, 123,
452
pitch, roll and yaw hold, 457
tail rotor
aerodynamic identification, 107
trim collective, 437

yaw rate and heading hold, 116, 434
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heading hold, 443 linearized, 365
yaw rate, 438 rigid body, 358

hardware interface, 20
feedback control loops

altitude hold, 86
pitch rate and pitch attitude hold, 82

main rotor, 14
torque and power models, 421

servos, 18
position hold, 90
swashplate, 18
roll rate and roll attitude hold, 86
tail rotor, 15
RPM and engine governor, 80
' aerodynamic model, 431
yaw rate and heading hold, 80
transmission gears, 17
flap frequency

rotating induced velocity, see rotor

nondimensional, v?, 244, 248, 268, inertia

284, 292 blade ratio, €, 244, 248, 268, 284, 292
fluid equations, 169 inflow ratio, see rotor
conservation of energy, 176 infrared sensor, see sensors

conservation of mass, 172 Lock number, 259

conservation of momentum, 174
momentum

Global Positioning System, 378 forward flight, 217

helicopter power, 220
University of Oklahoma Helicopter Re- hovering flight, 203
search Testbed (OU-HRT), 14 simple momentum theory, 202
calibration vertical climb, 209
bending beam load cell, 392 vertical descent, 213
main rotor collective, 389 autorotation, 217
main rotor cyclic, 390 turbulent wake state, 217
tail rotor collective, 392 vortex ring state, 216
test stand, 395 windmill break state, 213
throttle fuel rate, 392 MotionPak, see sensors

engine, 16, 385 nondimensional rotating flap frequency, 292

equations of motion
OU-HRT, see helicopter
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power coefficient, 208 FreeWave wireless transceiver, 381
GPS, 378
Hall effect, 26

rate table stand, 30

reference frames, 179
MotionPak inertial measurement unit,

376
SHARP GP2DO02 infrared sensor, 382

atmosphere-fixed or wind , 181
body-fixed, 181
Earth-Centered , 180

ultrasound altimeter, 388
Earth-Surface , 180
SMT, see momentum
Euler angle rates, 189
stability
geocentric, 180
dynamic, 342
heliocentric, 179
static, 342
inertial, 181
static stability, see stability

stiffness number, 263, 313, 330
swashplate, 198, 201

main rotor, 196
hub plane, 198

non feathering plane, 199
systems engineering, 459

tip path plane, 200
CM & CMM, 460

vehicle-carried , 181
functional decomposition, 473

IPPD, 461

rotor

Blade Equation of Motion (BEOM), 235
processes, 461

QFD, 467
standards, 459

summary, 314

forces and moments, 316, 361
coupled fuselage-rotor, 329
forces, 321
hub moments, 325
simplified, 323

system architecture, 129, 476
systems integration
embedded software, 136

hardware and software, 138
induced velocity, 208

hardware interface, 131
A, inflow ratio, 219, 316

_ ) ) software interface, 134
rotational inertia, 371

o, blade solidity, 226 test stand, 42
Linear and Directional Test Stand (LDTS),
Sensors
45

AccuStar IT Dual Axis Clinometer, 383

electronic compass, 384
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Rotational Dynamics Test Stand (RDTS),
47
Rate Table Stand (RTS), 48
survey, 44
thrust coefficient, 208
torque coefficient, 208

ultrasound altimeter, see sensors

wireless transceiver, see sensors
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