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CHAPTER 1

INTRODUCTION

The objective of this thesis is to present a non-integral method to estimate the
mean, variance and probability distribution of the present worth of a lump-sum cash flow.
Specifically, this thesis studies the situation where there is a lump-sum probabilistic cash
flow that occurs at a probabilistic time at a probabilistic interest rate. Furthermore, this
thesis assumes that all three of these probabilistic variables are described by a beta
probability distribution.

Traditionally. when a decision-maker must evaluate an economic project based on
the maximization of wealth, a common approach is to estimate the cash flows, the cash
flow timing and the interest rate, and perform a net present worth analysis [40][14]. An
economic project with a positive net present worth is then accepted as a good investment
[40]. Unfortunately, some or all of the information may not be known with certainty.

An event is uncertain if the frequency distribution of the possible results of the
event is unknown [10]. An event involves risk if the probability distribution of the
possible resuits of the event is known [10]. This thesis assumes that the probability
distribution of an uncertain event can be estimated. Therefore, this thesis uses the term
risk to describe both situations.

If only the cash flow and/or the timing of the cash flow are under risk then

researchers provide methods that allow a decision-maker to calculate the expected



present worth of an economic project [1. 4.5, 8. 17, 19, 20, 28. 29. 26. 33. 34. 35, 36. 38.
40. 41]. However, if the interest rate is under risk. the decision-maker is directed to add a
risk premium to the market risk-free interest rate. Unfortunately. the literature does not
specify exactly how this risk premium should be derived.

This thesis proposes a method to assist a decision-maker in the case where all
three variables are under risk and can be approximated using a beta probability
distribution. To this end, and assuming that the independent variables are beta
distributed, this thesis predicts the mean, variance and probability distribution for the
present worth of a lump-sum cash flow. The goal is to give the decision-maker the ability
to estimate risk of an economic project when the cash flow. cash flow timing and interest
rate are probabilistic. Underlying this goal is the assumption that economic project risk is,
in part, determined by the mean. variance and knowledge of the probability distribution
of the expected present worth. This thesis does not attempt to quantify economic project
risk. It does. however, present estimates that a decision-maker can use in conjunction
with the firm’s risk situation to assist in determining an economic project’s risk.

This thesis adds to the knowledge base in engineering economics by showing that
the beta probability distribution will estimate the present worth of a lump-sum cash flow
when the cash flow. the cash flow timing and the interest rate are random beta probability
variables. Additionally, this thesis shows that the mean and variance of the present worth
under these conditions can be estimated without the use of integrals. This last point is
useful, since the integrals for the mean and variance of the present worth become very

complicated at even small values for the beta probability distribution parameters, a and

B.
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CHAPTER 2

LITERATURE REVIEW

The literature presents many studies concerning risky cash flows, cash flow
timing and interest rates. These studies include investigations involving probabilistic
single period and multi-period cash flows with probabilistic timing and time horizons.
Additionally, the Iiterature presents discussion concerning the use of a risk adjusted
interest rate in conjunction with probabilistic cash flows and cash flow timing. However,
the literature does not show the effect on the present worth when all of these variables are
probabilistic.

The first section discusses general investigations dealing with uncertainty and
risk. Sections two through four discuss rescarch in the areas of uncertain/risky cash flow
timing. cash flows and interest rate. The last section of this chapter summarizes the

literature in these three arcas and shows the need for this thesis’ research.

Uncertainty and Risk

Zinn and Lesso [41] state that there are three relevant factors regarding the
analysis of an economic project. The first two are the magnitude and the timing of the
cash flows. The third is the uncertainty of these cash flows. The magnitude and timing

analvsis is generally performed using the net present worth method. However. there is no



universally accepted method to analyze the cash flow uncertainty. Zinn and Lesso
generalize the approaches common in the literature by classifying them as either
determirustic or probabilistic. The four deterministic methods normally in use at the
present are the

1. Payback Period Method,

2. Risk Adjusted Discount Rate (RADR) Method.

3. Certainty Equivalent (CE) Method and the

4. Sensitivity Analysis Method.

The payback period is equal to the earliest time that the future cash flows
(discounted at zero interest) will recover the initial investment. The underlying
assumption for the Payback Period Method is that the shorter the payback period, the less
risky the economic project. However, this method does not account for the time value of
money and is considered an inadequate indicator of risk [41].

The risk-adjusted discount rate (RADR) is the risk-free discount rate plus an
arbitrary amount (risk premium) that accounts for the risk of a specific economic project.
The chief difficulty with this approach is deciding the correct value of the risk premium
[41].

The Certainty Equivalent (CE) Method uses the risk-free discount rate to discount
the period cash flows and accounts for uncertainty by multiplying the discounted period
cash flows by a risk adjustment coefficient. As in the case of the RADR method.
specifying this risk adjustment coefficient accurately is difficult [41].

Sensitivity analysis describes how sensitive the net present worth (or any measure

of merit) is to changes in the key economic elements. For example, a manager might



choose to use the minimum, most likely or maximum values of each key element. Zinn
and Lesso state that sensitivity analysis should not be used alone since it cannot
adequately describe the overall risk of the investment.

The main disadvantage of the deterministic methods is their use of a single value
or best estimate for future cash flows. Specifically, these single value estimates do not
show the uncertainty that is inherent in future cash flows. They mask the variability of the
investment data and completely avoid the problem of present worth risk [41].

The probabilistic approach overcomes the deficiencies encountered with the
determunistic approach. It provides a decision-maker the ability to use a probability
distribution instead of single value estimates for each key economic variable [41]. The
most important advantage of this approach is that it provides management with an
estimate of a projects probabilistic outcome. However, this approach has the
disadvantage of providing only statistical estimates rather than exact values.

Bierman and Hausman [5] take a different approach regarding cash flow risk.
They approach this problem by studying the resolution of uncertainty. Their argument is
that a decision-maker will view an economic project, with regards to its risk, based on
how quickly the risk is substantially removed over the project’s life. Park and Thuesen
[29] research this view in more depth in their 1979 paper. Smith [35] attempts to
incorporate borrowing and lending decisions into economic project evaluation models as
a means of further describing the resolution of uncertainty.

Park and Thuesen [29] also discuss four problems associated with using the
coefficient of variation [29. p. 111] to evaluate a risky economic project and give the

following equation.

th
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where.

CV, = coefficient of variation.

S: = square root of the variance of the NPW and

E[NPW] = expected net present worth.

The first problem caused by using the coefficient of variation is that it only
measures the relative dispersion of a set of data. Basically, the coefficient of variation
places the same level of importance on deviation above and below the expected value.
The second problem is that the S, and E[NPW] do not provide the shape of the cash flow
pattern to the decision-maker. It can be important to the decision-maker to know the
timing and magnitude of each cash flow. Third, there are no precisely defined decision
rules for using the coefficient of variation to evaluate economic projects. Finally, the
coeflicient of variation does not indicate the magnitude relationship of the cash flow as
compared to alternate cash flows (29, p. 112].

Saxena [33] presents an algorithm for obtaining the probability distribution of
discrete random variables when the probability range constraints are known. The
disadvantage of this approach is that it is difficult to estimate the probability range
constraints when the number of constraints is even of moderate size (see Greer [16]).

Buck and Askin [8] propose using partial means as a measure of economic project
risk. However. this approach is limited to the use of only one uncertain variable. For
example. a decision-maker can either evaluate cash flows with uncertain amounts and

fixed timing or cash flows with fixed amounts and uncertain timing.



Timing

Greer [17] discusses three methods that are used by industry decision-makers to
cope with uncertain timing of an economic project. The first method treats the decision-
maker’s estimate of the most likely time of the cash flow as certain knowledge. With the
second method, the decision-maker calculates the mean time from a set of probability
estimates. The theory behind this approach is that through repetition, this method will
produce a very nearly correct average of the true time. The third method allows the
decision-maker to break the uncertain time ranges into intervals and assign subjective
probability numbers to each interval. The probability numbers measure the likelihood that
a specific interval is the correct interval.

Greer shows that the first method overestimates the present worth. The second
method produces a present worth measurcment that is incorrect due to an overly late time
estimate. The third method is theoretically sound and decision-makers use it with
confidence when the problem is simple, according to Greer. However. as the complexity
of the problem increases, the number of intervals necessary to adequately describe the
timing range estimate also increases. This increase in the number of intervals leads to an
increase in difficulty for the decision-maker to assign a subjective probability number to
each interval. Furthermore. the decision-maker must try to establish a relation between
the adjacent interval probability numbers, to produce a smooth and realistic statistical
distribution over the range estimate.

To reduce the effort necessary to analyze complex timing problems, Greer
suggests substituting a continuous statistical distribution for the discrete interval

probability numbers. He further suggests that the distribution selected should have the



four following features. First, the shape of the distribution should be flexible enough to
allow for either a skewed distribution or a symmetric distribution. Second, the conditional
probability of an event occurring during the next time interval, given that it has not
occurred by time . should be an increasing probability. Third, the distribution should
have a finite range. Finally, Greer suggests that ease of use is the fourth feature [17].
Greer proposes that the Beta distribution [17, p.107] (Equation 2) has all four of

the required features and should be the distribution of choice.

£ty = (K)t —a) (b-1* (2)

where.

K = constant (required to set the area under the curve equal to 1),

a, b = endpoints of the finite range of the Beta distribution and

a, B = Beta probability distribution parameters.

The beta distribution parameters, o and [3, can be estimated using a system
developed for the Project Evaluation Review Technique (PERT), with which many
decision-makers are familiar [17]. In the development of a PERT analysis, the decision-
maker provides only three subjective estimates (optimistic, most likely and pessimistic).
These estimates represent the best reasonable outcome, most likely outcome and worst
reasonable outcome that can be expected. In relation to a beta distributed cash flow, thesc
outcomes relate to the beginning of the Beta distribution’s range, a, the mode of the

distribution, M, and the end of the Beta distribution’s range. b.



To calculate the Beta distribution’s parameters o and . Greer assumes that the

Beta distribution’s standard deviation is equal to one-sixth of the range of the distribution

(equation 3).

b—a
6

g =

(3)

Next, he standardizes the Beta distribution {17, p. 109] by letting

(4)

where,
x = the standardized variable.
The mode and the variance of the standardized Beta distribution [17, p. 109] are shown in

equations 5 and 6.

M-a Q
m= = (3
b—a a+p
Var(x) = (a+l)f,8+1) (6)
(a+f+2) (a+ f+3)

Greer assumes that the standard deviation of the Beta distribution is one-sixth the
range and, since the range of the standardized beta distribution is equal to one. the
standard deviation of the standardized Beta distribution is one-sixth. Therefore, the
variance of the standardized Beta distribution is 1/36.

Equation 5 can be rewritten to solve for 3 [17. p. 109] as shown in equation 7.



m
Substituting equation 7 into equation 6 and rearranging gives the following cubic

equation [17, p. 109] in terms of the standardized mode. m and the Beta parameter a.
a’ +(7m—36m’ +36m™)a’ - 20m’a -24m* =0 (8)

Solving this equation for a and substituting the value of o into equation 7 gives the value
for the Beta parameter p.

Young and Contreras [40] state that the “maximization of expected present worth
is a widely accepted decision principle in engineering and economics (40, p. 257].” For
example, if F represents an independent single lump-sum payment that is paid at some
future random time V, at a continuous compound interest rate », then the present worth

PW(N) of the cash flow can be written as equation 9 [40, p. 259].
PW(N)=Fe ™ (9)

However, since the present worth does not relate linearly to tuming, Young and Contreras
show that using expected time to calculate expected present worth {40, p. 259] (equation

10) does not equal the expected present worth (equation 11) [40. p. 259].
E[PW(N)]= F*e ) (10}
does not equal

E[PW(N)| = F*E[e™™]. (11)

10



Young and Contreras also show that the same is true for an independent uniform
cash flow 4 that has random start and end times N and is discounted at the continuous

interest rate r [40. p. 264] (equations 12 and 13, respectively).

E[PW(N)]=§(]—e rE1 1y (12)
does not equal

BIPW(W)]= (- Ele™ . (13)

Young and Contreras support their argument for the above two situations by
computing the expected present worth with five different timing distributions. They are
the exponential, uniform. normal, gamma and arbitrary distributions. In each case, they
show that the expected present worth is not equal to the expected present worth using the
expected time. Rosenthal [31]. with corrections by McClintock and Chalmet [24],
furthers Young and Contreras® work by presenting calculations for the variance for each
of the scenarios.

Sivazlian [34] studies the expected present worth of uniform annual cash flows
with probabilistic lives. His studies show that using the expected life in the expected
present worth analysis overestimates the expected present worth.

Ancel and Griffiths {1] compare present worths of mutually exclusive economic
projects that have different lives and different risks. This research describes risk in the

following manner. If project A is riskier than project B then the interest rate for the



present worth analysis for project A will be greater than that for the present worth

analysis for project B.

Cash Flow

Harvey and Cabot [19] present a model for an economic project with risky multi-
period cash flows that does not require independent period cash flows. This allows the
decision-maker to make period cash flow estimates based on the previous period’s cash
flows.

Hillier [20] proposes a method to present a series of normal, periodic cash flows
with identical probability distributions as a single probability distribution. Hillier
describes the risk of the resulting single cash flow using the mean, variance and a graph
of the estimated probability distribution.

Perrakis and Henin [26] build on Hillier’s work by allowing the period cash flows
to occur at random times. Zinn and Lesso [41] follow Hillier’s [20] approach and
investigate cash flows with a probabilistic initial investment, economic life and salvage
value.

Tufekci and Young [38] investigate economic projects that have random lump-
sum payments, cash flow profiles and initial investments that occur at random times. The
key finding of this research is that it shows that there is a correlation between the present
worth of a lump sum payment and the present worth periodic cash flows if they are
discounted through the same random time.

Park [28] shows that the Meilin transform can be used to evaluate the present

worth of a cash flow profile that includes products and/or quotients of independent



random variables. Specifically, the Mellin transform provides a means of calculating the
statistical moments of the present value distribution. However. cash flow timing and
interest rate are exponents in the continuous compounding case and, therefore, the Mellin
transform method only applies to cash flows.

Spahr [36] investigates normally distributed cash flows with normally distributed
reinvestment rates. A key finding in this work is that if the same stochastic reinvestment
rate is used for different economic projects, there will be a non-zero inter-project

covariance.

Interest Rate

Benzion and Yagil [4] compare two discounting methods currently in use to
evaluate identical and independent over time, multi-period stochastic cash flows.
Specifically, they compare the single risk adjusted discount rate (SRADR) and the
certainty-equivalent-discount rate (CEDR). The difference in these two discounting
methods concerns the underlying assumption regarding the time pattern of the exchange
rate between risky and riskless income streams. The SRADR assumes a declining
exchange rate. The CEDR assumes a constant exchange rate.

Benzion and Yagil demonstrate that when the SRADR approach is used for a
multi-period project with independent risky cash flows the present worth is a function of
the first period risky interest rate and the risk-free interest rate. This result tends to bias in
favor of short-term projects. However. the CEDR assumes that the interest rate between

any two periods is the same as the one period interest rate. Benzion and Yagil's

13



conclusion to this study 1s that a combination of these two methods is probably a more
realistic approach.

Booth [6] proposes that the actual RADR will depend on the correlation structure
of the fimm’s revenues and costs and is an empirical. not a theoretical, problem. While,
Celec and Pettaway [11] and Lewellen [22] argue about whether the RADR should be
decreased or increased as the risk of a cash outflow increases. Robichek and Myers [30]
argue that if uncertainty is expected to be resolved at a constant rate over time then a
constant RADR does accurately describe the rate of income realization.

Gallagher and Zumwalt [16] state that the present value of an economic project is
“hypervolatile” (16, pp 105) when the RADR becomes negative. Furthermore, they argue
that the present value of an economic project is undefined when the discount rate is -1.
As a solution to this problem, Gallagher and Zumwalt propose that the certainty
equivalent (CE) approach should be used.

Haley [18] discusses whether using the constant RADR to evaluate an economic
project implies that the risk of the project’s cash is increasing with time. In answer to this
query. Haley states that, yes. a constant RADR in a multi-period economic project does
imply an increasing discount for risk over time. This increase in risk, however. is a result
of three factors.

1. The underlying cash flow uncertainty.

tJ

The uncertainty regarding future changes in the expected cash tlows.

‘o

The market price risk in each time period at and before the period in which the

cash flow occurs.
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In conclusion. Haley argues that the increasing risk may be due to future expectation
uncertainty and not due to an increase in cash flow uncertainty over time.

Ariel [2] states. “risk adjusted discount rates in capital budgeting is firmly
entrenched in business practice. There is agreement that the RADR method will yield the
right resuit if used correctly, but significant disagreement remains over what is correct [2,
p. 17].” The disagreement is centered on whether cash outflows (costs) and cash inflows
(revenues) should be discounted at the same RADR. The incorrect view, as Ariel argues,
is that cash outflows should be discounted at lower RADRs as they become more risky
and cash inflows should be discounted a higher rates as they become more risky. Ariel
shows that costs (negative cash flows) are no more or no less risky than revenues
(positive cash flows) and therefore both should be discounted by the same RADR. Stated
another way, the discount rate for risky cash flows is independent of whether the flow is a
COSt Or revenue.

Hull [21] discusses the CE method and the RADR method. He argues that the
RADR is a hyperbolic function of the product of a cash flow’s coefficient of variation
and its coefhicient of correlation with the return on the market. Hull concludes his study
stating that because of this hyperbolic relationship, it is very difficult to use subjective
judgment to determine the correct RADR for a given economic project [21].

Ferson and Locke [15] discuss the sources of errors encountered when estimating
the cost of capital through time. Their research shows that the errors in the estimation for
the risk measure (beta) are relatively small when compared to the errors arising from the

estimation of the risk premium. Ferson and Locke further state that their simulation



shows that a decision-maker can reduce the error in the risk premium by 40% if

indicators about the current state of the economy are used instead of historical averages.

SUMMARY OF THE LITERATURE REVIEW

The preceding sections show that there are several different viewpoints regarding
the correct method a decision-maker should use to evaluate an economic project. In some
instances the literature presents contradictory information (see the interest rate section).
This section highlights what this author believes is some of the essential findings of the
literature.

Evaluating economic projects using determunistic methods does not satisfactorily
describe the risk associated with uncertain key economic variables [41]. The probabilistic
approach provides the decision-maker with information such as the mean, variance and
probability distribution {20][26][41]. The distribution is important because it gives the
decision maker knowledge about deviation above and below the mean not just overall
deviation. Additionally, the probability distribution gives information about the
magnitude of the cash flow. Greer {17] argues that the optimistic, most likely and
pessimistic estimates developed for PERT analysis technique, coupled with the beta
probability distribution, has an important place in real world engineering economic
analysis.

The literature shows that the use of expected or most likely timing values to
compute the expected present worth results in a biased estimate of the present worth
[17][40]. Moreover, the use of the least likely (pessimistic) or most likely (optimustic)

values as a measure of project risk is unrealistic [17]. Also, the coefficient of variation
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does not provide a satisfactory measure of cash flow risk because it does not provide the
degree of variance above (below) the expected value and it does not provide the decision-
maker with any knowledge concerning the cash flow pattern [29].

Finally. the certainty equivalent method does not adequately account for risk.
Interest rate risk is “accounted for” in a NPW analysis by adding a risk factor to a defined
risk free interest rate. As is seen in the literature review, there are many opinions about

the correct value for interest rate under risk.

FINAL COMMENTS CONCERNING THE CURRENT RESEARCH

As stated at the beginning of this chapter, the literature presents many studies
concerning uncertain/risky cash flows, cash flow timing and time horizons, and interest
rates. However, the literature does not provide studies encompassing the situation where
all three of these variables are probabilistic. Furthermore, in the case of interest rate risk,
the literature is void of probabilistic interest rate risk studies. Instead, researchers
concentrate their efforts on discovering the “right” value.

Table 1 serves as an overview of the combinations of the current studies. As is
seen. the literature restricts its studies to where, at most, only two of the three possible
variables are probabilistic. However, the literature does provide the groundwork for the
next phase of study. The following list summarizes this groundwork.

1. The optimistic, most likely and pessimistic estimates developed for the PERT
analysis technique should be used to derive a beta probability distribution for the

independent variables of the present worth function [17].
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Table 1

Timing and Time Horizons

Areas of Investigation Concerning Uncertain/Risky Cash Flows, Interest Rates,

( Researcher(s) Cash Flow - | Interest Rate | Timing -
Uncertain/ | - Uncertain/ | Uncertain/
Under Risk | Under Risk | Under Risk
Ancel and Griffiths [1] NO YES YES
Ariel [2] NO YES NO
Benzion and Yagil (4] YES YES NO
Bierman and Hausman [5] NO NO YES
Booth [6] NO YES NO
Buck and Askin [8] YES NO YES
Celec and Pettaway [11] NO YES NO
Fama [12] NO YES NO
Ferson and Locke [15] NO YES NO
Gallagher and Zumwalt NO YES NO
_[16]
Greer [17] NO NO YES
Haley [18] NO YES NO
Harvey and Cabot [19] YES NO NO
Hillier [20] YES NO NO
| Hull [21] NO YES NO
Lewellen [22] NO YES NO
Park [28] YES NO NO
Park and Thuesen [29] YES NO NO
Perrakis and Henin [26] YES NO ~ NO
Robichek and Mvers [30] NO YES NO |
Saxena [33] YES NO NO |
Sivazlian [34] NO NO YES
Smith [35] ! YES NO NO
Spahr [36] ‘ YES YES NO |
Tufekci and Young [38] YES NO YES |
Young and Contreras |40] NO NO YES
Zinn and Lesso [41] YES NO YES




2. Interest rate risk is a highly debated topic of discussion in the literature. therefore
a probabilistic approach would provide a decision-maker the ability to describe
interest rate risk. The probabilistic approach does not require the decision-maker
to assume certain knowledge about the risk premium.

3. The decision-maker needs knowledge of the mean, variance and probability
distribution of the present worth to satisfactorily estimate the risk of an economic
project [20][26][41].

From the above list the following questions arise. How is the expected present worth

of an economic project affected when the cash flow, interest rate and cash flow

timing follow beta probability distributions? How can a decision maker estimate the
mean, variance and probability distribution of the present worth without resorting to

integrating the difficult probability distribution?
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CHAPTER 3

METHODOLOGY

Introduction

The literature shows several different situations regarding risky economic
projects. There are studies concerning random lump sum cash flows, random uniform and
non-uniform cash flows. random cash flow occurrences and random project lives
[T1[S)I8][171[19]128]1[291[33][35][36][38][4]1]. These random events are modeled using
uniform, exponential, normal, gamma or arbitrary distributions [20][24][26][31][34][40].
Risky interest rates are modeled by adding risk premiums to a risk free interest rate
[21[4][6][11][15][16](18][211[22][30]. In addition, researchers suggest that the mean.,
variance and estimated probability distribution of the present value of an economic
project are the foundation for determining the risk of an economic project [20][26][41].

However, the literature does not consider the situation where the value of a lump
sum cash flow. the timing of this cash flow and the interest rate are all under risk and
each is described by a beta probability distribution. If a decision-maker faces this
situation, due to the lack of research in this area, the decision-maker must address this
problem by one of the following methods.

1. The decision-maker assumes that expected values are known with certainty.
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2. The decision-maker uses his/her intuition and/or company knowledge to

address this issue.

This thesis investigates this deficiency in the literature and gives a decision maker
the ability to predict the mean, variance and the probability distribution of the present
worth of an economic alternative that has a probabilistic cash flow occurring at a
probabilistic time and discounted at a probabilistic interest rate. Furthermore, these
predictions are made using equations that do not require the decision maker to perform

the daunting task of evaluating the exact integrals for the mean and variance.
Overview of Methodology

This thesis uses the following procedure for this investigation. First, a left skew,
right skew and symmetric beta probability distribution is assumed for each of the
independent variables [B(ace, Pcr), B(or, Br) and B(an, Bn)], where, CF (lump sum cash
flow), N (cash flow timing) and R (interest rate) are the independent variables for the
respective distribution. The assumption of the distribution also includes certain
knowledge of the mean and range values of the independent variables. Second, assuming
that an economic alternative’s present value is described by equation 14, this thesis
predicts the mean and variance for each combination of the independent variables of the

present worth of the economic alternative.
Present Value = Cash Flow (g"'™'"8 " interest Ratey (14)

This thesis compares the predicted means and theoretical means by reporting the

percentage difference, the minimum difference and the maximum difference between the
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two values. Thus thesis then compares the predicted variance values to the theoretical
values using analysis of variance. Next. this investigation assumes that the resulting
present worth is represented with a beta probability distribution and computes two sets of
beta probability distribution parameters, o and f. using the theoretical and predicted
values for the mean and variance. Additionally. in both cases the theoretical minimum

and maximum values for range of the present worth are used.

This thesis simulates each combination of independent variables and generates a
probability graph and a cumulative probability graph. Then, this investigation performs
an analysis of variance on the sets of means and variances resulting from the simulations
and the set of theoretical means and variances to check that the simulation is accurately
modeling the present worth. Finally, this thesis compares the probability graph to the
derived beta distributions (the two distributions derived using the theoretical and

predicted means and variances) using a Chi-squared goodness-of-fit test.

Detailed Methodology

As Greer {16] states. the beta probability distribution is a good choice for
modeling. since it is flexible enough to allow for either a skewed or symmetric
distribution. In addition, it has an increasing conditional probabtlity and a finite range.

The fourth feature, that it is easy to use. is not true when applied to the timing and interest
rate independent variables of the present worth equation. The difficulty is how to evaluate
the mean and variance of the exponential term. Obviously, these values arc calculable by

integrating the distributions. However. these integrals are complex. This thesis gives



formulas to predict the mean and variance in this situation. Additionally, this thesis
presents an estimate of the probability distribution.

To test these formulas, this thesis introduces three Beta distributions, B(a., B), for
each of the three independent variables. The following constraints define the
distributions.

1. This thesis investigates only lump sum cash flows.
2. The lump sum cash flow has a mean value of $1000 and a range of $1000.
3. The cash flow timing has a mean value of 4 years and a range of 4 years.

4. The interest rate has a mean value of 12% and a range of 12%.

N

The difference between the three sample sets for each uncertain variable is in the
skew of the distribution. Spectfically, the first sample set describes a left skew
distribution (a > f3). The second sample set describes a symmetric distribution
(o = B). The third set describes a right skew distribution (a < 3).

6. The left skew Beta distribution parameters are oo = 6 and f§ = 2 (" = 0.02083).
The symmetric beta distribution parameters are o = S and B = 5 (6° = 0.02273).
The right skew beta distribution parameters are o = 2 and B = 6 (o” = 0.02083).
These values of six and two are chosen because they can show the effect of
skewness of each independent variable and they allow less cumbersome
calculations of the integrals for the theoretical means and variances.

7. Each sample set is independent of all other sample sets.
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Development of the Beta Distributions for the Lump-Sum Cash Flow, Cash Flow Timing
and Interest Rate

Based on the above constraints. this thesis generates the following Beta
probability distributions [27].

Lefi skew Beta distribution with parameter o = 6 and § = 2. B(6, 2)

I'(a+ B) (1 = x)P!

) = 1
TO=rarg ™

0<x<lLa>0,4>0 (15)
f(x)=42*x'(1-x) 0<x<] (16)

Symmetric Beta distribution with parameter « = 5 and 3 = 5, B(5. 5)

r(a+ﬂ) a-| g1
x)=—x""(1-x) 0<x<l.a>0,5>0 (17)
I(a)'(B) d
f()c):(>30‘*)c"(l—x)‘1 06<x<] (18)

Right skew Beta distribution with parameter o = 2 and p = 6. B(2, 6)

Ca+f) .. f-i .
=— 7 1- 0€x<1,a>0. 0 19
J(x) N ) x"(1-x) X a>0.p0> (19)
f(x)=42%x (1-x)° 0<x<] (20)
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0 0.25 05 0.75 1

Figure 1. Graphical Representation of Equation 16

BETA DISTRIBUTION - Symmetric

Figure 2. Graphical Representation of Equation 18

BETA DISTRIBUTION - Right Skew

Figure 3. Graphical Representation of Equation 20

While the above equations satisfy the constraints for the beta distribution

parameters. as is seen in figures 1 - 3. they do not satisfy the range and mean constraints.

Transforming the independent variable satisfies the range and mean constraints.



Let,

v=L+(H-L)x (21)

where,
L = the lower limit of the range and
H = the upper limit of the range.

Solving this equation for x gives equation 22.

(22)

Substituting equation 22 into equations 16, 18 and 20 results in equations 23, 24 and 25.

Left Skew:

42 5
SW)=—=*-Ly(H-v) L

- <y<H (23)
(H-L)

Symmetric:

f0r=—220 w(yo)(H -yt Lsys<H (24

: Ho y Sys )
Right Skew:

f(y)=4—2*( -L) (H-y)Y L<y<H

. 7 v y sys (25)

Equations 23 — 25 now satisfy constraints (Figures 4 — 12, shown at the end of this

section).
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Formulas for the Predicted Mean and Variance for the Present Worth

This thesis now presents the formulas for predicting the mean and variance of the
present worth. This presentation assumes that equation 26 describes the present worth of

a lump-sum cash flow, under continuous compounding [27].

PW = CFe ™" (26)

where,
CF = lump-sum cash flow.
N = timing of the lump-sum cash flow and

R = the interest rate at which the lump-sum cash flow 1s discounted.

Assuming that CF, N and R are all under risk, this thesis estimates the mean and
the variance of the present worth (equation 26) using a Taylor’s series expansion about

the means of the CF, N and R (equations 27 and 28) [27].

_ ClE L, 0 o' f
E[f(0)]= f(u)+ Egaﬁ " ), + Zo (W)“ (27)

Var[f(x)]*ZaA (c;xi)” +§ ‘,(g),,(

Ay (28)
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The covariance terms are zero in this study. since the CF. N and R are assumed 10
be mutually independent. Equations 29 and 30 show the estimated mean and variance in

terms of variables used in this thesis.
L | o 5 -
E[PW]= pcre ot +'2—[0',\‘/1}22P'CFe . +O'/2z/1‘v,ucf‘e S (29)

. 2 -2u, 2 2 2 -2 1 2 =24 Hy
Var[PW = o/ire " v ooppuie M + oppvpipe 2 (30)

where.
U, = Cash flow mean.
agp = Cash flow variance,
4, =Timing mean,
o, = Timing variance.
M, = Interest rate mean
and

0,2? = Interest rate variance,

Park and Sharp-Bette [27] present the following equations for the mean and variance of a

beta distribution.

u=Min_ _+(Range) 4 (31)
) a+p

__ (Range)'ap (12)
(a+ )y (a+p+1)

where.



o, B = the beta distribution parameters.
Range = the range of the beta distribution and

Mingang = the minimum of the range.

The equations for the mean and variance of the cash flow, cash flow timing and the

interest rate follow directly from equations 31 and 32.

U = Cash flow mean

a..
= Min,, + Range., ——<— (33)
Acr + Ber

4, = Cash flow timing mean

= Min, + Range, - (34)
Ay + Py

U, = Interest rate mean

=MinR+RangeR—a—R— (35)
ap + Py

ol = Cash flow variance

_ (Rangeqr)’ acp for (36)
(@pp + B )2(‘1(,‘/«' + B 1)

o = Cash flow timing variance

29



(Range )’ a [,

= - (37)
(ay+ B (a, + Py +])
o = Interest rate variance
_ (RangeR)zaRﬂR (38)
(ap +B,) (ag + Pr+1)
where,
a. = Beta distribution parameter alpha for the cash flow,
B+ = Beta distribution parameter beta for the cash flow,
a, = Beta distribution parameter alpha for the cash flow timing.
p. = Beta distribution parameter beta for the cash flow timing.

a, = Beta distribution parameter alpha for the interest rate and

B, =Beta distribution parameter beta for the interest rate.

Formulas for the Theoretical Mean and Variance for the Present Worth

This thesis calculates the theoretical values for the mean and variance of the
present worth following the skew combination table (Table 2) and equations 39, 40 and
41 [3]. In addition, because the predictions for the mean and variance concern the
exponential term of the present worth equation, this thesis also calculates the theoretical
value for this term (Equations 42 - 44) [32].

CF2N2R2

EPWI= tipe = [ [ [Blas, Ber)Blay. Bo)Blay fo)e ™ CF dRANACF  (39)

CELNME R
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Table 2

Skew Combination Table

| Distribution of Lump- | Distribution of Lump- | Distribution of Interest | Present Worth.

: Sum Cash Flow, CF |Sum Cash Flow Timing, Rate, R f(CF.N.R) -

| N | PWxyz

" Leftskew- B(6,2) | LeRskew- B(62) | Lefi skew - B(6.2) PW, ., |
Lefl skew -  B(6,2) Left skew - B(6.2) Symmetric - B(5.5) | PW, <
Left skew - B(6,2) | Leftskew- B(6.2) | Right skew-B(2.6) |  PWx

| Left skew - B(6.2) Symmetric - B(5.5) Left skew - B(6.2) PW, g
Left skew - B(6.2) Symmetric - B(5.5) Symmetric - B(5.5) PW, <
Lefi skew - B(6,2) Symmetric - B(S5,5) Right skew - B(2,6) PW, <x |
Left skew - B(6.2) | Rightskew- B(2,6) | Lefiskew- B(62) | PWa
Left skew -  B(6.2) Right skew - B(2.6) Symmetric - B(5.5) PW, s |
Left skew -  B(6.2) Right skew - B(2.6) Right skew - B(2,6) PW ke
Symmetric - B(5.5) Left skew - B(6,2) Left skew - B(6,2) PWg
Symmetric - B(5.5) Lefl skew - B(6.2) | Symmetric - B(5,5) ‘PV\T‘;
Symmetric - B(5.5) Left skew - B(6,2) Right skew - B(2.6) PWs, g J
Symmetric - B(5.5) Symmetric - B(5,5) | Lefiskew- B(6.2) PWsq, ]
Symmetric - B(5,5) Symmetric - B(5,5) | Symmetric - B(S.5) PWcs |I
Symmetric - B(5.5) Symmetric - B(5.5) Right skew - B(2.6) PWek
Symmetric - B(5.5) Right skew - B(2.6) Left skew - B(6,2) | PWqy ﬁ
Svmmetric - B(5.5) Right skew - B(2.6) Symmetric - B(5,5) PWops ‘
Symmetric - B(5,5) | Rightskew- B(2.6) | Right skew - B(2.6) PWere |
Right skew - B(2.6) | Lefiskew- B(6.2) | Leftskew- B(6,2) PWey |

T Right skew - B(2.6) | Lefiskew - B(6.2) | Symmetric - B(5.5) PW s

~ Rightskew- B(2.6) | Lefiskew- B(6.2) | Rightskew - B(2.6) PWain |
Right skew - B(2.6) | Symmetric- B(5,5) | Left skew- B(6,2) PWqs, {
Right skew - B(2.6) Symmetric - B(3.5) | Symmetric - B(5.5) PW e,

L Right skew - B(2.6) Symmetric - B(5.5) Right skew - B(2,6) PW ok |

' Right skew - B(2.6) Right skew - B(2.6) | Leftskew- B(6.2) PWgri |
Right skew - B(2.6) | Right skew - B(2.6) | Symmetric - B(5.5) PWins |
Right skew - B(2,6) Right skew - B(2.6) ! Right skew - B(2,6) PWan

CEANIRY
ELPW )= | [ [Blac, Ber)Bla, . By )Blag. By)e ™ ) CF? dRANICF (40)
CTINTRI
O',lz'u :E[PWQJ_IU;H (41)



The integrating limits, CF1, CF2, N1, N2, R1 and R2, are the minimum and maximum
values for the cash flow, cash flow timing and interest rate, respectively. This thesis

calculates these values using equations 42-43 [27].

Min = u, —(Range)u, and (42)

Mux = Min + Range (43)

Where,
Ly = the mean of the respective independent variable,
Range = the range of the respective independent variable and

s = the mean of the standard beta distribution

R

R
+
i)

Comparison of the Theoretical Mean and Variance to the Predicted Mean and Variance

This thesis compares the theoretical values for the mean and variance to the

predicted values by performing an analysis of variance test at a 0.05 level of significance.

Predicted Probability Distribution of the Present Worth

This thesis assumes that a beta distribution estimates the resulting distribution for
the present worth. To calculate the beta probability distribution parameters o and 3, this
thesis uses the following method. First. this investigation calculates the standardized beta

probability distribution mean and variance for the present worth (Equation 44 and 45)
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[26]. Then, this thesis calculates the minimum and maximum values for each independent

variable using equations 46 and 47 [27].

M= Min
Hsg =—F—— (44)
Range
2
2 O-
O-S = 2 {45)
Range’
The mean. p. and range are the assumed mean and range values for the respective
independent variable.
Max = Cash Flow,,,, *e " tmerestkacan (46)
Min — (/‘ash Fl()“’/\ﬂ,\r * e~7'm1e“_,_‘ ¢ lnterestRare (47)

Cash Flowmax, Timemax and Interest Rateymax are the maximum values for the cash flow,
timing and interest rate, respectively. Likewise, Cash Flowwmn, Timewn and Interest
Ratepmn are the minimum values for the cash flow, timing and interest rate.

Rearranging the equation for the mean for the standard beta probability

distribution (equation 48), results in the solution 3 [27] (Equation 49).

= (48)

Hs a+pf

g = ﬂ*a (49)
H



Substituting this expression for 3 into the standard beta probability distribution equation

for the variance (Equation 50, [27]) and rearranging to solve for o gives equation 51.

ol = Zaﬂ (50)
(a+ B) (a+p+1)
. 1 K 2 2

PO Sl U D (51)
(1+ K)o

where.

K:l;ﬂi. (52)

Hy

Given this expression for a, B is now known. The beta probability distribution for
the theoretical mean and variance values, and the predicted mean and variance values.
both use the procedure shown above. The difference is the use of the theoretical values
tor the mean and variance of the present worth and the predicted values for the mean and

variance worth.

Simulating the Present Worth

Finally. this thesis performs 20,000 simulation runs of each case and plots a
probability graph and a cumulative probability graph. This simulation uses equation 53

[32] to generate random beta variates that follow the necessary beta distribution.

v = —log T/, _ (53)
—log " U, —log Il TL,
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where.
n = the value of the beta parameter alpha (integers only),
m = the value of the beta parameter beta (integers only) and
U = a uniform random deviate.

This investigation checks the accuracy of the simulation in two ways.

1. By comparing theoretical B(6,2), B(5,5) and B(2,6) distributions to the
simulation results using a chi-squared goodness-of-fit test at an a level
=.05.

2. By comparing the theoretical means and variances for each combination
of independent variables are compared to the simulation means and

variances using analysis of variance.

This thesis performs a chi-squared goodness-of-fit analysis for the simulation
frequency data versus the derived beta probability distribution that is based on the
theoretical mean and variance values for the present worth. Additionally, this thesis
performs a chi-squared goodness-of-fit analysis comparing the simulation frequency data
to the derived beta probability distribution that is based on the predicted mean and

variance values for the present worth.
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Figure 4. Left Skew Beta Density Distribution
for a Lump-Sum Cash Flow
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Figure 5. Left Skew Beta Density Distribution
for Lump-Sum Cash Flow Timing
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Figure 6. Left Skew Beta Density Distribution
for a Lump-Sum Cash Flow Interest Rate
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Figure 7. Symmetric Beta Density Distribution

for a Lump-Sum Cash Flow
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Figure 8. Symmetric Beta Density Distribution

for Lump-Sum Cash Flow Timing
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Figure 9. Symmetric Beta Density Distribution

for a Lump-Sum Cash Flow Interest Rate
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LUMP SUM CASH FLOW - Right Skew
Beta Distribution
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Figure 10. Right Skew Beta Density Distribution
for a Lump-Sum Cash Flow
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Figure 12. Right Skew Beta Density Distribution
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Example

This section gives an example of using a left skew beta probability distribution (a
= 6, B = 2) for the cash flow (CF), the cash flow timing (N) and the interest rate (R), to
calculate the predicted. and theoretical, mean and variance of the present worth. In
addition, this section shows how to use the procedure in the last section to estimate the
present worth using a beta probability distribution.

‘To predict the mean and variance of the present worth, first calculate the variance
of the independent variables. The reader should note that the mean and range of the
independent variables are known with certainty in this thesis. Therefore, the mean and
the range of the cash flow are 1000 and 1000. The mean and the range of the cash flow

timing are 4 and 4. And, the mean and the range of the interest rate are 0.12 and 0.12.

o/. = Cash flow variance

B (Range .- Y &, Brr _ 1000°(6)(2) (54)
(@r + B V(s + fop +1) (6+2)(6+2+1) o
=20833.33
¢ = Cash flow timing variance
{Range Yo . f., 4(6)2) (55)

T+ Borila, + B+l (6264241
=033333

o = Interest rate variance



(Ranges) apBe  _ 012°(6)(2)
(ap +Pp) (ag+ B +1)  (6+2)1(6+2+1)

(56)
=0.0003000

The predicted mean and variance of the present worth is equal to equations 57 and 58,

respectively.

s 1 - o
E[PW]= pepe ™™ +E[0'12vﬂ;2eﬂcpe I+ O Ry Here ) (57)

E[PW]=1000e """ +%[0.3333*0.122 *1000e "2 +

0.0003 * 4% *1000e "*"?]

E[PW]=621.75
Var|PW )= olre ™" + o"i,u;uéFe_z"”'“ + a,ze/lf,ﬂépe_z"””" (58)

Var[PW ] = 208333 +£0.3333*%0.122 *1000% 4012 4
0.0003 * 42 * ]Oooze—?d‘o.lz

Var[ PW]=11653

This thesis calculates the theoretical mean and variance for the present worth
using the following equations.

Mean:
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CF2N2R2

E[PW1=tty = | [ [Blacr:Ber)Bl@y. B)B(ay, Br)e ™ CF dRANACF  (59)

CF1 N1 Ri
where,
42 . s
B(acpsﬂcf) =7 (CF - MmCF) (Ma.xCF — CF)
(Range.;)

(60)

Min.. < CF < Max,

Ming = CFl= p - (Rangec,_.)L =1000 —1000L =250 (61)

Acr + Per 6+2
Max . = CF2 = Min.. + Range = 250 +1000 = 1250 (62)
42 x s
B(ay,By) = ———=*(N~-Min,) (Max, — N)
(Range, )

(63)

Min, < N < Max,

: , a, 6
Min,, = N1 = u,, —(Range, ) =4-4——=1 (64)
ay + By 6+2
Max, = N2 = Min,, + Range, =1+4 =15 (65)
42 N NS
B(ag, Bg) = —— *(R - Min,)’ (Max, - R)
(Rangey)

(66)

Min, < R < Max,
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ag 6

Min, = Rl = u, — (Range,,) =0.12-0.12 =0.03
a, % +2
Max , = R2 = Min, + Range, =0.03+0.12=0.15
E[PW]=62138]1.
Variance:
CF2N2R2 _
E[PW?]= _[ J JB(aCF,,BCF)B(aN,,BN)B(aR,,BR)(e'RN)ZCFz dRANACF
CF1 N1 RI

E[PW?]=1398623

ol = E[PW?]- 1, =398623—621.81° = 11973.70

To summarize, the results thus far are shown in table 3.

Table 3

(67)

(68)

(69)

(70)

Theoretical and Predicted Mean and Variance Values for the Present Worth and

the Exponential Term of the Present Worth Equation

| Mean (Present Variance
Worth) (Present
Worth)
Theoretical 621.81 11973
Predicted 621.75 11653
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Next, this thesis calculates the beta probability distribution parameters o and
B using the theoretical and predicted values. Equations 71 and 72 show the standardized
beta probability distribution mean and variance for the present worth using the theoretical

mean and variance for the present worth.

Theoretical:
- Mi 81-118.
oy = Ming, 6218111809 an
Range,,, 1094.97
2
o= e MOIBTO_ 4 009¢7 (72)

5 Rangel, 109497

Equations 73 — 75 show the minimum, maximum and range values for each present

worth.
Min,, = Ming *e "™ = (250)e ™" =118.09 (73)
Max,,, = Max, *e™m ™™ — (1250)e0® ~1213.06 (74)
Range,,, = Max,, — Min,, =1213.06—118.09 =1094.97 (75)

Equations 76 and 77 show the standardized beta probability distribution mean and

variance for the present worth using the theoretical mean and variance for the present

worth.
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Predicted:

_ My —Ming, _ 621.75-118.09
s Range,, 1094.97

=0.46 (76)

;o 11653
*  Rangel, 1094.97

o =0.009719 (77)

The minimum, maximum and range values are same as computed above.
The beta probability distribution parameters o and B, using the theoretical mean

and variance of the present worth are calculated below.

Kzl‘/‘s =1'°'46:1.17391 (78)
H 0.46

_K-(+K)’o; 1.17391-(1+1.17391)?0.009719 _

TS - 11.3 (79)
(1+K) ol (1+1.17391)20.009719

B=K*a=1.17391(11.3) =13.26 (80)

Equation 81 shows the resulting beta probability distribution.

[(113+1326)

B(10.982,12.891) =
I'(11.3)['(13.26)

WIO.J(]_PW)]2.26 (81)

The beta probability distribution parameters a and B, using the predicted mean

and variance of the present worth are calculated next.
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ko T#s 170457 | eeis (82)

H 0.457

K—(1+K)o? _ _ ) 20.
_K-(+K)os 1.18818-(1+1.18818)°0.0096916 ., ,,,

(1+K)'o; (1+1.18818)°0.0096916

(83)
[ =K*a=1.18818(11.244) =13.360 (84)
Equation 85 shows the resulting beta probability distribution.

r(] ].244 + 1 3.360) PW 10.244 (1 _ PW)IZJ& (85)
I'(11.244)I°(13.360)

B(11.244,13.360) =

Figures 13 and 14 show the beta probability and cumulative distribution derived
from the theoretical mean and variance compared to a simulation of the present worth.
Figures 15 and 16 shows the beta probability and cumulative distribution derived from

the predicted mean and variance compared to a simulation.

Theoretical Density vs. Simulation ’
Frequency Distribution [PW 62-62-62-
20000]

2500 —————
2,000 -

¢ Simulation

Theoretical

0 500 1,000 1,500
Present Worth Range ($)

Figure 13. Graph Showing the Simulation Frequency Values versus the
Theoretical Density Values for the Present Worth when the Lump-Sum Cash
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Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B{6,2) and the Interest
Rate ~B(6,2)

Theoretical vs. Simulation Cumulative |
Distribution [PW - 62-62-62-20000] '

1.00 ——
0.80 -

2 0.60 - . |

&_, 0.40 A ® Snulatnén |
0.20 - —— Theorstical |
0.00 - ] : i

0 500 1,000 1.600
Present Worth Range ($)

Figure 14. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2),
the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)

Predicted Density vs. Simulation
Frequency Distribution [PW - 62-62-62-

20000] I
| 2,500 |
2,000 & Simulation
- Z 1,500 4 Predicted
-2 4,000

‘ 500 -

0 500 1,000 1,500
Present Worth Range ($)

Figure 15. Graph Showing the Simulation Frequency Values versus the
Predicted Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest
Rate ~B(6,2)
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| Predicted vs. Simulation Cumulative
Distribution [PW - 62-62-62-20000]

1.00 —— -
. 080
E 0.60 4 o Simulation |
= 0.40 - C
w Y Predicted | .
0.20 - |
' 0.00 : , : —
0 500 1,000 1,500
Present Worth Range ($)

Figure 16. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2),
the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)
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CHAPTER 4

RESULTS

Introduction

This chapter presents the results of this thesis’ investigation and consists of six
major sections. The first major section is this introduction. The second major section has
five subsections and discusses the predicted and theoretical means and variances of the
present worths of the 27 combinations shown on Table 2 in Chapter 3. Subsections 1 and
2 present the predicted and theoretical mean and variance values of the 27 combinations
shown on Table 2 in Chapter 3. Subsections 3 and 4 compare these mean and variance
values using ANOVA. Subsection 5 shows the beta distribution parameters for the
assumed beta distributed present worth derived from the theoretical means and variances
of the present worth and derived from the predicted means and variances of the present
worth.

Major section three presents the results from testing the simulation program. The
first subsection in the third major section performs three simulations for the B(6,2),
B(5,5) and B(2,6) probability distributions defined in Chapter 3. This subsection then
compares the results of these simulations to a theoretical B(6,2), B(5,5) and a B(2,6)
probability distribution using a chi-squared goodness-of-fit test at an alpha level of 0.05.

The second and final subsection compares the mean and variance of a simulation of each
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of the 27 combinations shown in the skew combination table to the theoretical mean and
variance using a chi-squared goodness-of-fit test at and alpha level of 0.05.

The fourth major section shows the resuits of comparing the simulation data to the
theoretical and predicted data. The two subsections in major section four compares the
simulation results for each of the above 27 combinations to the beta probability
distribution derived from the theoretical and predicted present worth mean and variance
values. Each subsection uses a chi-squared goodness-of-fit analysis at a 0.05 level of
significance for the comparison. The last major section provides a discussion of the

results shown in the preceding four major sections.

Mean and Variance Values for the Present Worth

Table 4 shows the predicted values for the present worth mean and variance for
each of the 27 combinations. Table 5 shows the theoretical mean and variance values for
the present worth mean and variance for each of the 27 combinations.

Table 6 shows that there is no significant difference between the predicted present
worth mean and the theoretical present worth mean at a level of significance of 0.05 (p-
value = ().76). Table 7 shows the comparison between the theoretical variance values of
the present worth and the predicted variance values of the present worth using ANOVA
(oo = 0.05). The analysis of variance shows that there is no significant difference between
the theoretical and predicted variance values at a 0.05 level of significance (p-value =

0.17).
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Table 4

Predicted Mean and Variance for the Present Worth

Skew Predicted | Predicted
Combination| Mean Variance
PWiiL 621.75 11653
PWis 621.88 11820
PWiir 621.74 11653
PWyst 621.89 11820
PWyss 622.02 11987
PW_sk 621.89 11820
PWire 621.75 11653
PW_rs 621.89 11820
PW_igrr 621.75 11653 |
PWgiL 621.75 12378
PWsis 621.89 12545
PWsir 621.75 12378
PWss1 621.89 12545
PWsss 622.02 12712
PWgsr 621.89 12545
PWsri 621.75 12378
. PWss 1 42180 12545
[ PWsrr 621.75 12378
| PWa | 2175 11653
PWris 621.89 11820
PWrik 621.75 11633
PWrst | g21.89 11820
PWass | @202 | 11987
PWrse | 2180 | 11820

| OPWree | §21.75 11653

PWres | g21.89 11820

PWerr 62175 | 11653

s
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Table §

Theoretical Mean and Variance for the Present Worth

Skew Theoretical | Theoretical
Combination Mean Variance
PWiL 621.81 11974
PWi g 621.92 12051
PWy ;g 621.76 11790
PW.sL 621.92 12051
PWyiss 622.03 12127
PWisr 621.87 11867
PWirL 621.76 11790
PWrs 621.87 11867
PWigrgr 621.71 11606
PWs 1 621.81 12713
PWq s 621.92 12791
PWg r 621.76 12529
PWser 621.92 12791
PWgss 622.03 12868
PWssr 621.87 12606
PWsgri 621.76 12529
PWags 621.87 12606
PWsrr 621.71 12345
PWgir 621.81 11974
PWeis 621.92 12051
PWrir 621.76 11790
PWhgsL 621.92 12051
PWhgss 622.03 12127
PWgsk 621.87 11867
PWgre 621.76 11790
PWhgrs 621.87 11867
PWrgr 621.71 11606
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Table 6

Analysis of Variance Comparing the Predicted Present Worth Mean Values for the
27 Skew Combinations and the Theoretical Present Worth Mean Values for the
Same Skew Combinations

Anova: Single Factor - alpha = 0.05

SUMMARY
Groups Count Sum Average | Variance
Predicted Mean | 27 16790 621.84 0.0085
Theoretical Mean| 27 16790 621.85 0.0093
ANOVA
Source of
Variation SS Df MS F P-value F crit
Between Groups | 0.0008 1 0.0008 0.10 0.76 4.03
Within Groups | 0.4625 52 0.0089
Total 0.4634 53
Table 7

Analysis of Variance Comparing the Predicted Present Worth Variance Values for
the 27 Skew Combinations and the Theoretical Present Worth Variance Values for
the Same Skew Combinations

Anova: Single Factor - alpha = 0.05

SUMMARY
Groups Count Sum | Average | Variance
Predicted Variance 27 324157 | 12006 134247
Theoretical Variance 27 328018 ‘ 12149 151123
ANOVA
Source of Variation SS df MS F P-value F crit
Between Groups 276047 1 276047 1.93 0.17 4.03
Within Groups 7419621 52 142685
Total 7695668 53
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Assumed Beta Probability Distribution Parameters

Columns 3 and 4 in Table 8 show the beta probability distribution parameters o
and P for the assumed beta distribution when the predicted mean and variance values of
the present worth are utilized. Columns 5 and 6 in Table 8 show the beta probability
distribution parameters when the theoretical mean and variance values of the present

worth are utilized.

Testing the Simulation

Chi-Squared Goodness of Fit Test for Theoretical vs. Simulation for a B(6. 2). B(5. 5).
and a B(2, 6) Probability Distribution.

Three simulations were performed for each of the three beta distributions
presented in Chapter 3 (B(6.2), B(5.5) and B(2,6)). Tables 9, 10 and 11 show the results
of a chi-squared goodness-of-fit test, at a 0.05 level of significance, for the simulated
distributions versus the theoretical distributions. All of the tests show that there is no
significant difference between the simulated data and the theoretical distribution.
Appendix B shows the chi-squared goodness-of-fit data sheets and the frequency/density

graphs for this analysis.
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Table 8

Beta Probability Distribution Parameters o and B for the Assumed Beta
Distribution when the Predicted Mean and Variance Values of the
Present Worth and the Theoretical Mean and Variance of the
Present Worth are Utilized

Skew Predicted | Predicted | Theoretical | Theoretical
Combination | Alpha Beta Alpha Beta
PWiie 11.30 13.26 11.10 13.01
PWuis 11.34 12.10 11.11 11.86
PWiir 11.58 11.29 11.44 11.15
PWisy 11.34 12.10 11.11 11.86
PWiss 10.92 9.89 10.78 9.77
PWise 10.58 8.10 10.53 8.07
PWiri 11.58 11.29 11.44 11.15
PWrgs 10.58 8.10 10.53 8.07
PWige 9.50 5.60 9.54 5.62
PWsii 7.90 17.08 7.68 16.61
PWsis 8.79 16.60 8.61 16.27
PWsir 9.73 16.31 9.61 16.11
PWssi 8.79 16.60 8.61 16.27
PWsss 9.43 14.77 9.31 14.58
PWssr 10.00 13.15 9.95 13.08
PWsr1 9.73 16.31 9.61 16.11
PWegrs 10.00 13.15 9.95 13.08
PWsgg 10.05 10.38 10.08 10.41
PWei 4.72 18.99 4.59 18.46
PWris 6.26 20.26 6.13 19.86
PWrir 7.83 21.31 7.74 21.06
PWest 626 2027 6.13 19.86
PWhss 7.79 19.72 7.69 19.48
PWesr 9.20 18.88 9.16 18.80
PWeere 7.83 21.31 7.74 21.06
PWras 9.20 18.88 9.16 18.80
PWrrr 10.25 16.29 10.29 16.36
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Table 9

Chi-Squared Goodness-Of-Fit Results for the Simulated B(6,2) Distribution Versus
a Theoretical B(6,2) Distribution.

Simulation Run #
1 Test Statistic 15.7
Critical Value (a = 0.05) 26.3
2 Test Statistic 9.9
Critical Value (a = 0.05) 26.3
3 Test Statistic 206
Critical Value (a = 0.05) 26.3

Table 10

Chi-Squared Goodness-Of-Fit Results for the Simulated B(5,5) Distribution Versus
a Theoretical B(5,5) Distribution.

Simulation Run #
1 Test Statistic 22.1
Critical Value (a = 0.05) 26.3
2 Test Statistic 11.6
Critical Value (a = 0.05) 26.3
3 Test Statistic 17.5
Critical Value (a = 0.05) 26.3

Table 11

Chi-Squared Goodness-Of-Fit Results for the Simulated B(2,6) Distribution Versus
a Theoretical B(2,6) Distribution

Simulation Run #
1 Test Statistic 12.3
Critical Value (a = 0.05) 26.3
2 Test Statistic 12.2
Critical Value (a = 0.05) 26.3
3 Test Statistic 18.9
Critical Value (a = 0.05) 26.3




Comparison of Simulation Mean and Variance to Theoretical Mean and Variance

Tables 12 —14 show the comparison of the mean and variance of a simulation of
each of the 27 combinations shown in the skew combination table to the theoretical mean
and variance using ANOVA at an alpha level of 0.05. The analysis of variance shows that
there is no significant difference between the simulation results and the theoretical
results. The p-value for the mean comparison is 0.28. The p-value for the variance
comparison is 0.85.

Simulation Results

The input data for the simulation are the beta distribution parameters for the
lump-sum cash flow, lump-sum cash flow timing and interest rate distributions and, the
range and mean value of each variable. The values and assumptions for these variables
are presented in Chapter 3 and are repeated below for convenience.

1. This thesis investigates only lump sum cash flows.

2. The lump sum cash flow has a mean value of $1000 and a range of $1000.

3. The cash flow timing has a mean value of 4 years and a range of 4 years.

4. The interest rate has a mean value of 12% and a range of 12%. The difference
between the three sample sets for each uncertain variable is in the skew of the
distribution. Specifically, the first sample set describes a left skew distribution

(o0 > B). The second sample set describes a symmetric distribution (o = B). The

third set describes a right skew distribution (a < B).
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Table 12

Simulation Mean and Variance Values and Theoretical Mean and Variance Values
for the Present Worth of the 27 Combinations Shown in the Skew Combination

Table
Skew Theoretical | Simulation | Theoretical | Simulation
Combination Mean Mean Variance Variance
PWiiL 621.81 621.83 11974 12130
PWuiis 621.92 622.72 12051 11932
PWiig 621.76 621.96 11790 11619
PWist 621.92 620.94 12051 12132
PWiss 622.03 621.75 12127 12296
PWisk 621.87 622.23 11867 11759
PWipe 621.76 623.17 11790 11740
PWigrs 621.87 621.08 11867 11879
PWige 621.71 622.80 11606 11546
PWsii 621.81 622.16 12713 12719
PWsis 621.92 620.71 12791 12911
PWsir 621.76 622.09 12529 12422
PWsst 621.92 622.46 12791 12868
PWsss 622.03 623.09 12868 12862
PWssr 621.87 621.82 12606 12636
PWsri 621.76 621.32 12529 12509
PWers 621.87 622.02 12606 12569
PWsre 621.71 621.87 12345 12293
PWeur 621.81 621.13 11974 11772
PWees 621.92 621.96 12051 12067
PWeir 621.76 622.18 11790 11626
PWest 621.92 622.62 12051 12014
PWhss 622.03 621.07 12127 12154
PWesr 621.87 622.49 11867 11832
PWrat 621.76 622.17 11790 11769
PWres 621.87 622.50 11867 12026
PWegr 621.71 621.56 11606 11371
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Table 13

Analysis of Variance Results for the Simulation Mean Values for the 27
Combinations Versus the Theoretical Mean Values for the Same Combinations

Anova: Single Factor - alpha = 0.05
SUMMARY
Groups Count Sum Average Variance
Theoretical Mean 27 16790 621.85 ! 0.0093
Simulation Mean 27 16794 621.99 | 0.4228
IANOV A
Source of Variation SS df MS F P-value | F crit
Between Groups 0.26 1 0.26 1.21 0.28 | 4.03
Within Groups 11.24 52 0.22
Total 11.50 53

Table 14

Analysis of Variance Results for the Simulation Variance Values for the 27
Combinations Versus the Theoretical Variance Values for the Same Combinations

Anova: Single Factor - alpha = 0.05
SUMMARY
Groups Count Sum Average Variance
Theoretical Variance 27 328018 12149 151123
Theoretical Variance 27 327453 | 12128 191150
ANOVA
Source of Variation SS df MS F P-value | F crit
Between Groups 5913 1 5913 0.03 0.85 !4.03
Within Groups 8899101 52 171137
Total 8905014 53
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S. The left skew Beta distribution parameters are oo = 6 and p = 2 (o = 0.02083).
The symmetric beta distribution parameters are ¢ = 5 and B = 5 (c® = 0.02273).
The right skew beta distribution parameters are o = 2 and B = 6 (c* = 0.02083).
These values of six and two are chosen because they can show the effect of
skewness of each independent variable and they allow the calculations of the
integrals for the theoretical means and variances to be less cumbersome.

6. Each sample set is independent of all other sample sets.

Each simulation consists of 20,000 runs. The reported simulation mean and
variance values are the average and sample variance of the 20,000 present worth values
resulting from the 20,000 runs. Appendix C shows the data sheets for these tests, the
associated frequency/density graphs and the associated cumulative distribution graphs.

Comparison of the Simulation Results to the Assumed Beta Distributions that are Derived
from Theoretical Mean and Variance Values

Table 15 shows the comparison between the assumed beta distributions for the
present worth of all 27 combinations shown on the skew combination table that are
derived from the theoretical mean and variance values to the simulated data using a chi-
squared goodness-of-fit test. Six of the 27 combinations show that there is no significant
difference between the two data sets at a (.05 level of significance. The term
“Theoretical” shown in the column headings denotes the assumed beta distributions that

are derived from the theoretical mean and variance values.
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Table 15

Chi-Squared Goodness-Of-Fit Test Results Comparing the Simulation Frequency
Distribution with the Frequency Distribution Derived from the Theoretical Mean
and Variance Values of the Present Worth for all 27 Combinations Presented in the
Skew Combination Tabie

Skew Theoretical Chi-Squared
Combination | Test Statistic | Critical Value
PWiiL 263 37.65
PWiis 156 36.42
PWiir 169 36.42
PWys, 203 37.65
PWyss 145 40.11
PW,sr 64 38.89
PWire 179 36.42
PWigs 100 37.65
PWyirr 35 40.11 *
PWg 1 14 33.92 *
PWg g 37 35.17
PWsir 26 33.92 *
PWss1. 28 33.92 *
PWgss 29 35.17 *
PWssr 55 36.42
PWery 28 3392 »
PWggs 47 35.17
PWsgrr 115 37.65
PWgaiL 115 30.14
PWzis 277 31.41
PWgrir 311 32.67
PWrs1 189 30.14
PWess 366 32.67
PWgsr 384 32.67
PWrrL 338 30.14
PWgars 440 32.67
PWgrrr 613 35.17

Note: * indicates this combination passed a chi-squared
goodness-of-fit test.
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Comparison of Simulation Results to the Assumed Beta Distributions
that are Derived from Predicted Mean and Variance Values

Table 16 shows a comparison between the assumed beta distributions for the
present worth of all 27 combinations shown on the skew combination table that are
derived from the predicted mean and variance values to the simulated data using a chi-
squared goodness-of-fit test. Five of the 27 combinations show that there is no significant
difference between the two data sets at a 0.05 level of significance. The term “Predicted”
shown in the column headings denotes the assumed beta distributions that are derived

from the predicted mean and variance values.

Discussion of Results

The predicted and theoretical, mean and variance data sets are not significantly
different at a level of significance of 0.05. All but three of the 27 predicted present worth
variance values are less than the theoretical present worth variance values. The three
predicted present worth variance values that are greater than the theoretical present worth
variance values occur when the timing variable and the interest rate variable are both
right skewed.

This phenomenon occurs because of the non-linearity of the exponential function.
In the right skew situation the tail of the distribution is to the right of the mean. And even
though the probability associated with the tail values is low, these values have an
exponential effect on the present worth. In the case where the timing and interest rate are
both left skew the tail values again have an exponential effect, but the effect

exponentially decreases (not increases) as the values decreases.
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Table 16

Chi-Squared Goodness-Of-Fit Test Results Comparing e Simulation Frequency
Distribution with the Frequency Distribution Derived from the Predicted Mean and
Variance Values of the Present Worth for all 27 Combinations Presented in the
Skew Combination Table

Skew Predicted Chi-Squared "
Combination | Test Statistic | Critical Value

PWiiL 318 37.65

PWiis 168 36.42

PWiir 168 36.42

PWist 229 37.65

PWyss 156 40.11

PW,sr 64 38.89

PWirL 185 36.42

PWirs 100 37.65

PW_rr 37 40.11 *
PWs11 22 33.92 *
PWgi g 45 35.17

PWsr 26 33.92 *
PWss1 35 33.92

PWsss 29 35.17 *
PWssr 56 36.42

PWsry 30 33.92 *
PWsgs 47 35.17

PWggrr 115 37.65

PWeiL 105 30.14

PWris 283 31.41

PWrir 311 32.67

PWgse 186 30.14

PWhggs 371 32.67

PWhksr 385 32.67

PWgraL 340 30.14

PWggrs 44?2 32.67

PWegrr 610 35.17

Note: * indicates this combination passed a chi-squared
goodness-of-fit test.

A comparison of the simulation results with a beta distribution derived from the

theoretical mean and variance value for each of the 27 combinations under study in this
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thesis, shows that six of the estimated beta distributions passed a chi-squared goodness-
of-fit test at a level of significance of 0.05. Five of the estimated beta distributions
derived from the predicted mean and variance value for each of the 27 combinations
under study in this thesis, passed a chi-squared goodness-of-fit test at a level of
significance of 0.05. The conclusion from these results is that the proposed beta
distribution does not fit the resulting present worth. Moreover, this is true not only for the
proposed beta distribution derived from the predicted mean and variance but also for the
proposed beta distribution derived from the theoretical mean and variance.

Park and Sharp-Bette [27] state that if the skew (equation 86) of a distribution is

greater than zero, then the distribution is positively or right skewed.

E[X3)=3uE[X ]+ 24"

Vo'

Skew_, =

(86)

If the skew is less than zero then the distribution is negatively or left skewed. And finally,
if the skew is equal to zero, then the distribution is symmetric. Table 17 shows that if the
cash flow is left skewed then the present worth 1s also left skewed. While not within the
scope of this thesis. this researcher has experimented with several negatively skewed cash
flows and found that this resuits holds for most cases. The exceptions occur when the
cash flow is only slightly, negatively skewed.

Finally, table 17 shows that the kurtosis (equation 87, [27]) for the present worths
studied in this thesis range from 2.72 to 3.51. Park and Sharp-Bette [27] state that the

kurtosis of a normal distribution is equal to 3.
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E[X*)-4pE[X ]+ 6pE[X*] 34"

Kurtosis , = e
o’

Table 17

(87)

Skew and Kurtosis Values for the Present Worth Under Study in this Thesis

Skew Present Worth | Present Worth
Combination Skew Kurtosis
PWin -0.080 2.96
PWyis 0.123 289
PWiir -0.181 2.87
PWist -0.123 2.89
PWiss -0.165 2.82
PWisk -0.223 2.80
PWirL -0.181 2.87
PWirs -0.223 2.80
PWirr -0.286 2.77
PWsie 0.306 2.95
PWsis 0.264 2.88
PWsir 0.221 2.84
PWest 0.264 2.88
PWsss 0.223 2.81
PWssz 0.179 2.77
PWsri 0.221 2.84
PWsgs 0.179 2.77
PWsrr 0.132 2.72
PWrir 0.708 3.51
PWais 0.658 3.43
PWrir 0.624 3.39
PWest 0.658 3.44
PWess 0.609 3.35
PWrsr 0.575 3.30
PWgrL 0.624 3.39
PWhes 0.575 3.30
PWerk 0.536 3.25

64



Therefore, even though two of the three distributions assumed for the lump-sum cash
flow. the timing and the interest rate were distinctly not normal, the resulting present

worth is tending toward a normal shape.
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CHAPTER §

CONCLUSION

Summary

The objective of this thesis is to present a non-integral method to estimate the
mean, variance and the probability distribution of the present worth of an economic
project. This research shows that within the bounds of this thesis, this thesis’ estimators
for the mean and variance of the present worth provide satisfactory results within a 0.05
level of significance. Also, this research shows that even when a study incorporates the
theoretical mean and variance values for the present worth directly, the resulting beta
distribution does not fit the simulated present worth distribution. However, the degree of
fit using either the estimated mean and variance or the theoretical mean and variance is
relatively the same (refer to Appendix C for the complete data sheets and graphs).
Whether the predicted cumulative distribution fits the actual present worth cumulative
distribution satisfactorily for practical purposes is left to the judgment of the decision-
maker.

This research shows that if the lump-sum cash flow, cash flow timing and interest
rate are distinctly not normal, the resulting present worth begins to approach a normal
appearance. If multiple periodic and independent cash flows must be studied, this
investigation tends to support the idea that the resulting present worth will more nearly
approach a normal distribution. This researcher also believes that this same result will

occur if the periodic cash flows are dependent.
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Finally, Appendix D shows the results of two additional simulation runs. The first
run simulates a lump-sum cash flow ~B(1,10) (mean = 1000. range = 750), lump-sum
cash flow timing ~B(1,10) (mean = 4.5, range = 2) and interest rate ~B(1,10) (mean =
0.2, range = .015). The second run simulates a lump-sum cash flow ~B(1,10) (mean =
1000, range = 1250), lump-sum cash flow timing ~B(10,1) (mean = 5, range = 4) and
interest rate ~B(13,2) (mean =0.135, range = 0.07). The results of theses two simulations,
that are well outside the scope of this thesis, support the idea that the results of this thesis

is applicable in general.

Contribution to Current Knowledge

This thesis adds to the knowledge base in engineering economic analysis by
showing that the present worth of an economic project does not fit a beta distribution
derived by direct use of the theoretical mean and variance of the present worth. However,
this thesis shows that a relatively simple estimate of present worth distribution is not
significantly different from a distribution that requires the integral calculations for the
theoretical present worth mean and variance. This information is important to a decision-
maker who is trying to develop a first estimate of the distribution of the present worth as
easily as possible.

Additionally, this thesis adds to the knowledge base in engineering economics by
showing that the mean and variance of the present worth under the scope of this thesis are
predictable without the use of integrals. This last point is exceedingly useful, since the
integrals for the mean and variance of the present worth become very complicated at even

small values for the beta probability distribution parameters, a and f.
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Topics for Further Research

This thesis opens several areas for further research. First, a study detailing what
values are needed for the beta distribution parameter so that the resulting distribution fits
the actual present worth distribution. These values then need to be compared to the
theoretical mean and variance values to develop a reliable relationship.

Second, further research should be performed to expand the scope presented in
this thesis. As stated in the previous section, Appendix D shows two additional
simulation results that incorporate different mean and range values for the CF, N and R.
However, a detailed study should be undertaken to verify that the results of this thesis arc
true in general. In addition, this study should include periodic independent and dependent
cash flows.

The third area for further research concerns probabilistic interest rate. A detailed
study should be performed investigating the variability of the interest rate and how the
probabilistic approach would address the concerns given in the literature concerning
interest rate under risk. Finally, further research should be conducted to improve the

mean and variance estimators presented in this thesis.
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APPENDIX A — BETA DISTRIBUTION
The constant K in Equation | ( f(r) =(K)(t —a)*(b~1)") is equal to

_ T(a+p-2)
T T(a-Dr(g-1)’

(A-1)

The equation that this thesis will use for the beta distribution is shown in equation A-2.

[26]

FO=(K)t-a)* ' (b-n*" (A-2)

This necessitates that the constant K is equal to

K:]"(a+,8)‘ (A-3)
)l (p)
The mean for equation A-2 is shown in equation A-4.
a .
= (A-4
H= 7 )
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APPENDIX B - DATA SHEETS AND PROBABILITY GRAPHS USED TO TEST
THE SIMULATION PROGRAM
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Table 18

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(6,2) Distribution — Run #1

Chi-squared Test on B(6,2) Test Statistic 15.7

16 Degrees of Freedom

alpha = 0.05 Critical Value 26.3
interval
Frequency | Theoretical [Theoretical, Ej fi - Ej (fi- E)*2 | {fj - EP*2/E]
7 0.0004; 7.42 -0.42 0.1 0.02

5 25 0.0010 19.43 5.57 31.01 1.60

6 52 0.0024 48.96 3. 9.24 0.1

7 107 0.0052 104.33 2.67) 7.1 0.07

8 2 0.0098 196.68 25.32 641.00 3.26

g 320 0.0169 337.20 -17.20 295.84 0.88
10 557 0.0268 535.80) 21.20 449 0.
11 855 0.0389 798.40 59.60) 3552.18 4.45
12 1093 0.0562, 1124.20 -31.20 973. 0.87
13 1502 0.0752 1503.40 -1.40 1.96 0.00
14 1898 0.0956 1912.40 -14.40 207.36 0.11
15 2278 0.1155 2310.60 -32.60 1062.76 0.46
16 2599 0.1318 2635.40 -36.40 1324.96 0.50
17| 2806 0.1399 2797.40 8.60 73.96 0.03
18 2733 0.1337 2674.40 58.60 3433.96 1.28
19 2084 0.105 2106.20 -22.20 492, 0.23
2 859 0. 887.60 -28.860 817.96 0.92

Theoretical Density vs. Simulation Frequency

Distribution for B(6,2)
3000 o -
& Interval Frequency :

2000 — Theoretical Density :

e |
L

1000 -
& 0 09~ : | ; -
‘ 0 5 10 15 20

25

The intervai (0 - 1) shown in 20 equal increments

Figure 17: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(6,2) Distribution — Run #1
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Table 19

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(6,2) Distribution — Run #2

Chi-squared Test on B(6,2) Test Statistic 9.94
17 Degrees of Freedom
alpha=0.05 Critical Value 26.30
Interval
Frequency | Theorelical | Theoretical, Ej fj - Ej (fi - Ej)*2 [(fj - Ej)*2/E]j

4 7| 0.0004 7.42 -0.42 0.18 0.02

5 0.0010 19.43 2.57 6.60 0.34

& 45 0.002 48.96 -2.96 B.77 0.18

7| 107] 0.0052 104.33 2.67 7.11 0.07]

8 196 0.0098 196.68 -0.68 0.47 0.00

9 352 0.0169 337.20 14.80) 219.04 0.65
10 551 0.0268 535.8 15.2 231.04] 0.43
11 832 0.0399 798.40 33.60 1128.96 1.41
12 1140 0.0562, 1124.20 15.80 249.64] 0.22
13 1501 0.0752, 1503.40 -2.40 5.76 0.00
14 1938 0.0956 1912.40 25.60 655.36 0.34
1 2260 0.1155 2310.60 -50.60 2560.36 1.11
16 2562 0.1318 2635.40 -73.40 5387.56 2.
17] 2863 0.1399 2797.40 65.60 4303. 1.54
18 2657 0.1337] 2674.40 -17.40 302.7 0.11
19 211 0.1053 2106.20 7.80 60. 0.0
2 85 0.0444 887.60 -35.60 1267.36 1.43

Theoretical Density vs. Simulation Frequency

|
! 3000
|

Distribution for B(6,2)
& Interval Frequency
2000 —— Theoretical Denstty

T

0 5 10 15 20 25|
The interval (O - 1) shown in 20 equal increments |

Figure 18: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(6,2) Distribution — Run #2
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Table 20

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(6,2) Distribution — Run #3

The interval (0 - 1) shown in 20 equal increments

Chi-squared Test on B(6,2) Test Statistic 20.55
17 Degrees of Freedom
alpha = 0.05 Critical Value 26.30
Interval
Frequency | Theoretical | Theoretical, Ej fi - Ej (f] - ED*2 | (f - EDNE)
4 1 0.00 7.42 6.58 43.24 5.82
5 19 0.0010 1943 0.43 0.19 0.01
5 35 0.002 48.96 -13.96 194.90 3.98
7 98 0.0052 104.33 -6.33 40.12 0.38
8 197 0.0098 196.68 0.32 0.10 0.00
9 365 0.0169 337.20 27.80 772.84 2.29
10 0.0268 5£35.80 30.20 912.04| 1.70
11 805 0.0399 798.40 6.60 43.56 0.05
12 117 0.0562 1124.20 47.80 2284 .84 2.03
13 1476 0.0752] 1503.40 -27.40 750.76 0.50
14 189 0.0956 1912.40 -22.4Q 501.76 0.26
15l 2315 0.1155 2310.60 4.40 19.36 0.01
1 2586 0.1318 2635.40 -49.40 2440.36 0.9
17| 2817 0.1399 2797.40 19.60 384.16 0.14
18 2720 0.1337 2674.40 45.60 2079.36 0.78
19 2051 0.1053 2106.20 -55.20 3047. 1.45
20! 87 0.0444; 887.60 -13.6 184.96 0.21
Theoretical Density vs. Simulation Frequency |
Distribution for B(6,2) I
3000 e i
! e Interval Frequency |
2000 1 —— Theoretical Density .
= |
| 1000 I
| ;
0 - —_— : i
0 5 10 15 20 25

Figure 19: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(6,2) Distribution — Run #3
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Table 21

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(5,5) Distribution — Run #1

Chi-squared Test on B(5,5) Test Statistic 22.07
16 Degrees of Freedom
alpha = 0.05 Critical Value 26.30
Interval
Frequency | Theoretical | Theoretical, Ej fi-Ej {fi - E)*2 [(fj - Ej)*"2/E]
2 23 0.0009 17.82 5.18 26.85 1.51
3 79 0.0047 94.75 -15.75 248.21 2.62
4 29 0.0140 279.00 11.00 121.00 0.43
5 571 0.0294 587.00 -16.00 256.00 0.44
6 925 0.049 997.60 -72.60  5270.76 5.28
1441 0.0729 1458.20 -17.20 295. 0.20
8 1851 0.0849 1897.00 -46.00 2116.00 1.12
9 2245 0.1120 2240.2 4.80 23.04 0.01
10 2454 0.1214 2428.4Q 25.60 655.36 0.27
11 2551 0.1214 2428.40 122.60 15030.76 6.19
12 2185 0.1120 2240.20 -55.20  3047.04 1.36
13 190 0.0949 1897.00 10.00 100.00 0.05
14 1480 0.0729 1458.20 21.80 475.24 0.33
15 998 0.0499 997.60 0.40 0.16 0.00
16 581 0.0294] 587.00 -6.00 36.00 0.06
17 298 0.0140 279.00 19.00 361.00 1.29
18 104 0.0047| 94.75 9.25 85.47 0.90
19 17 0.0009 17.15 -0.15 0.0 0.00

Theoretical Density vs. Simulation Frequency
Distribution for B(5,5)
3000 T == e
¢ Interval Frequency ‘:
= 2000 ~ — Theoretical Density |
1000 -
0 = T T T T E

0 5 10 15 20 25 |
The interval (O - 1) shown in 20 equal increments ‘

|

Figure 20: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(5,5) Distribution — Run #1
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Table 22

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(5,5) Distribution — Run #2

Chi-squared Test on B(5,5) Test Statistic 11.6
16 Degrees of Freedom
alpha = 0.05 Critical Value 263
Interval

Frequency | Theoretical | Theoretical, Ej f] - Ej (fl-EP*2 | (fj - Ep2JE]

2 16 0.0009 17.15 -1.15 1.33 0.0

3 107 0.0047 94.75 12.25 149.94 1.5
4 294 0.0140 279.00 15.00 225.00 0.81
5 554 0.0294 587.00 -33.00  1089.00 1.86
6 1028 0.0499 997.60 30.40 924.16 0.93
150 0.0729 1458.2 43.80 1918. 1.32
8 1918 0.0949 1897.00 21.00 441.0 0.23
g 2278 0.1120 2240.20 37.80  1428. 0.64
10 2427 0.1214 2428.40 -1.40 1.96 0.00
11 2409 0.1214) 2428.40 -19.40 376.36 0.15
12 2174 0.1120 2240.20 -66.200 4382 1.96
13 1872 0.0949 1897.00 -25.00 625.00 0.33
14 1457 0.072 1458.20 -1.20 1.44 0.00
15 986 0.0499 997.60 -11.60 134.56 0.13

16 602 0.0294 587.00 15.00 225.00 0.3
17 266 0.0140 279.00 -13.00 169.00 0.61
18 96 0.0047 94.75 1.25 1.55 0.02
19 14 0.000 17.15 -3.15 9.95 0.58

Theoretical Density vs. Simulation Frequency

Distribution for B(5,5)
3000 ——n—— - — "
¢ Interval Frequency
2000 - . .
=< —— Theoretical Density
*~ 1000 | |
0 , |

0 5 10 15 20 25
The interval (O - 1) shown for 20 equal increments

Figure 21: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(5,5) Distribution — Run #2
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Table 23

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(5,5) Distribution — Run #3

Chi-squared Test on B(5,5) Test Statistic 17.49
16 Degrees of Freedom
alpha = 0.05 Critical Value 26.30
Interval ’
Frequency | Theoretical | Theoretical, Ej ] - Ej (fi - Ej)*2 | (fj - Ej*2/E]
2 14 0.0009 17.15 -3.15 9.9 0.58
3 8 0.0047 84,75 -9.75 95.16 1.00
282 0.0140 279.00 3.00 9.00 0.0
568 0.0294 587.00 -19.00 361.00 0.61
996 0.0499 997.60 -1.60 2.56 0.0
7| 1378 0.072 1458.20 -80.20, 6432 4.41
8 19 0.0849 1897.00 7.00 49.00 0.03
9 2215 0.1120 2240.20 -25.20! 635.04 0.28
1 2485 0.1214 2428.40 56.600 3203.56 1.32
11 2475 0.121 2428.40 46.600 2171.56 0.89
12 2193 0.1120 2240.20 -47.20 2227 84 0.99
13} 1922 0.094 1897.00 25.00 625.00 0.33
14 1494 0.072 1458.20 35.8 1281.64 0.88
15 987 0.0499 997.60 -10.60 112.38 0.11
16 569 0.0294 587.00 -18.00 324.00 0.55
1 302 0.0140 279.00 23.00 529.00 1.80
1 113 0.0047 94.75 18.25 332.89 3.51
19 18 0.0009 17 15 0.85 0.72 0.

Theoretical Density vs. Simulation Frequency
Distribution for B(5,5)

% - —— ——
& Interval Frequency ‘ :
' = 2000 - — Theoretical Density ]
g i |
1000 -
O 7 T T T
' 0 5 10 15 20 25 |
L The interval (O - 1) shown in 20 equal increments

Figure 22: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(5,5) Distribution — Run #3
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Table 24

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Frequency Values for a B(2,6) Distribution — Run #1

Chi-squared Test on B(2,6) Test Statistic 12.30
16 Degrees of Freedom
alpha = 0.05 Critical Value 26.30
Interval
Frequency | Theoretical | Theoretical, Ej fi-Ej (f] - Epr2 | (fj - Ej*/E]j
1 8 0. 887.60 -53.6 2872.96 3.2
209 0.1053 2106.20 -11.20 125.44 0.06
3 270 0.1337| 2674.40 25.60, 655.36 0.25
280 0.1399 2797.40 9.60 92.16 0.03
266 0.1318 2635.40 33.60 1128.96 0.43
6 2253 0.1155 2310.60 -57.600  3317.76 1.44
7| 1939 0.0956 1912.40 26.60 707.56 0.37]
g 1556 0.0752 1503.40 52.600 2766.76 1.
9 1137 0.0562 1124.20 12.80 163.84] 0.1
10 804 0.0399 798.40 5.60 31.36 0.
11 532 0.0268 535.80 -3.80 14.44 0.03
1 330 0.0169 337.20 -7.20 51.84 0.15
13 189 0.0098 196.68 -7.68 59.01 0.30
14 86 0.0052 104.33 -18.33 336.1 3.22
15 44 0.0024| 48. -4 96 24 61 0.50
16 18 0.0010 19.43 -1.43 2.05 0.11
17| 7 0.0004 6.03 0.97 0.93 0.1

Theoretical Density vs. Simulation Frequency
Distribution for B(2,6)

3000 +—

¢ Interval Frequency

2000 -
=< — Theoretical Density

—

“—
| 1000 -

T T

0 5 10 15 20 25 |
The interval (0 - 1) shown in 20 equal increments |

Figure 23: Graph Showing the Simulation Frequency Values versus the Theoretical
density Values for a B(2,6) Distribution — Run #1
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Table 25

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(2,6) Distribution — Run #2

Chi-squared Test on B(2,6) Test Statistic 12.18
16 Degrees of Freedom,
alpha = 0.05 bn‘tical Value 26.30
Interval
Frequency | Theoretical | Theoretical, Ej fi - Ej (fi - Ep)*2 | (1] - EA2/E]
1 87 0.0444 887.60 -13.6 184.96 0.21
2 2077 0.1053 2106.20 -29.20 852.64 0.4
3 2709 0.1337 2674.40 34.6 1197.16 0.45
4 2822 0.1399 2797.40 24.60 605.16 0.22
5 2640 0.1318 2635.40 4.60 21.16 0.01
5 2269 0.115 2310.60 -41.60 1730.56 0.75
7 1984| 0.0956 1912.40 7160 5126.56 2.68
8 1453 0.0752, 1503.40 -50.400  2540.16 1.69
9 1150 0.0562 1124.20 25.80 665.64 0.59
10 790 0.0399 798.40 -8.40 70.56 0.09
11 524 0.0268 535.80 -11.80 139.24 0.26
1 313 0.0164 337.20 -24.20 585. 1.74
1 213 0.0098 196.6 16.32] 266.28 1.35
1 112 0.0052 104.33 76 58.77 0.56
1 48 0.0024 48.96 -0.96 0.92 0.02
16 1 0.0010 19.43 -4.43 19. 1.01
17 7 0.0004 6.0 0.97 0.9 0.1
~ '
' Theoretical Density vs. Simulation Frequency w
- Distribution for B(2,6) |
3000 — ; s
’ 2000 - ¢ Interval Frequency ‘
> Theoretical Density
Y
1000 - |
} 0 . 0 . : |
‘ 0 5 10 15 20 25 |

The interval (O - 1) shown in 20 equal increments

Figure 24: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(2,6) Distribution - Run #2



Table 26

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(2,6) Distribution — Run #3

Chi-squared Test on B(2,6) Test Statistic 18.90 |
16 Degrees of Freedom
alpha = 0.05 Critical Value 26.30
Interval
Frequency | Theoretical | Theoretical, Ej fi - B (fi - Ej)*2 | (f] - Ej)*2/E]
1 876 0.0444 887.60 -11.60 134.56 0.15
2 2153 0.1053 2106.20 46.80 2190.24 1.04
3 2675 0.1337 2674 .40 0.60 0.36 0.00
4 2683 0.1399 2797 .40 -114.40  13087.36 4.68
5 2624 0.1318 2635.40 -11.4 129.96 0.05
2335 0.1155 2310.60 24.40 595.36 0.26
7| 1939 0.0956 1912.40 26.60 707.56 0.37
8 1503 0.0752 1503.40 -0.40 0.16 0.00
9 1145 0.0562] 1124.20 20.80 432.64 0.38
108 819 0.0399 798.40 20.60 424 .36 0.53
11 561 0.0268 535.80 25.20 635.04 1.19
12 339 0.0169 337.20 1.8 3.24 0.01
13 173 0.0098; 196 .68 -23.6 560.84 2.85
14 103 0.0052 104.33 -1.33 1.78 0.02
15! 52 0.0024 48.96 3.04 9.24 0.19
16 10 0.0010 19.43 -9.43 88.95 4.58
17| 10 0.0004 6.03 3.97] 15.73 2.61

Theoretical Density vs. Simulation Frequency

Distribution for B(2,6) ,
000 -
& nierval Frequency
i 2000 - —— Theoretical Densty
X
‘ 1000 -
0 T T
0 5 10 15 20 25 |

| The interval {0 - 1) shown in 20 equal increments

Figure 25: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(2,6) Distribution — Run #3
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APPENDIX C — DATA SHEETS, CHI-SQUARED TEST DATA SHEETS AND
RESULTING GRAPHS FOR THE COMPARISON BETWEEN THE
THEORETICAL AND PREDICTED BETA DISTRIBUTIONS
VERSUS THE SIMULATION DATA.
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Table 27

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum Cash Flow
Timing ~B(6,2) and the Interest Rate ~B(6,2)

PW Range Simulation Theoretical Predicted
Cell Boundary | Frequency Density Density

118.09 0 0 0
145.47 0 0 0
172.84 0 0 0
200.21 0 O 0
227.59 O O 0
254.96 6 | 0
282.34 15 3 3
309.71 25| 12 10
337.08 68 33 29
364.46 124 7 72
391.83 194 16 152
419.21 323 294 281
446.58 463 482 467
473.96 662 722 710
501.33 916 1,001 994
| 528.70 211 1,291 1,293
556.08 1,418 1,560 1,571
583.45 1,608 1,773 1,793
610.83 1,97 1,901 1,928
638.20 2,011 1,928 1,956
665.57 2,018 1,852 1.876
692.95 1,768 1,684 1,701
720.32 1,491 1,450 1,458
747.70 1,212 1,180 1,179
775.07 894 906 898
802.44 630 654 642
829.82 467 442 429
857.19 241 278 266
884.57 138 162] 152
911.94 65 864 79
939.32 42 41 37
966.69) 18 18 16
994.06 2 7 6
1,021.44 3 2 2
1,048.81 0 I 0
1,076.19 o O 0
1,103.56 o 0 0
1,130.93 0 0 0
1,158.31 0 0
1,185.68 O 0
1.213.06 0 0 0




Table 28

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate

~B(6,2)
IChi-Squared Test - [PW - 62-62-62-20000]
Theoretical Alpha 11.10 Test
Theoretical Beta 13.01] Statistic |Critical Value
Number Of Data Points 20000/ 263.32 37.65
Ipha = 0.05
egrees of Freedom 25
Interval Theoretical Ej fy- Ej (f)- Ej2 | (§-Ej)2E]
Frequency
6 3.57E-05 0.71 5.2 27.94 3915
15 1.59E-04| 3.17) 11.83 139.86 44.07
25 5.77E-04 11.54 15.46 181.16 15.70
68 1.65E-03 33.04 34.96 1,222 .45 37.00
124 3.93E-03 78.64 45.36 2,057.42 26.16;
194 8.08E-03 161.51 32.49 1,055.82] 6.54
323 1.47E-02 293.600 29.4 864.36 2.94
463 2.41E-02 481.60 -18.60 345.96 0.72
662 3.61E-0 722.20) -60.20 3,624.04 5.02
916 5.00E-02! 1,000.60 -84.60| 7,157.16) 7.15
1,211 6.45E-02] 1.290.8 -79.80 6,368.04 4.93
1.418 7.80E-02 1,559.60: -141.600  20,050.56 12.86
1.605 8.86E-02 1,772.80) -167.80  28,156.84 15.88
1,972 9.51E-02] 1,901.40 70.60 4,984.36 2.62
2,011 9.64E-02 1,928.40¢ 82.60) 6,822.7 3.54
2,018 9.26E-02 1,851.80 166.2 27.622.44 14.92
1.766 8.42E-02| 1.683.80 82.2 6.756.8 4.01
1,491 7.25E-02] 1,449.60) 41.4 1,713.96 1.18
1,212 5.90E-02| 1,179.60 32.401 1,049.76 0.89
894 4.53E-02|  905.60) -11.60 134.56 0.15
630 3.27E-02 653.80 -23.80 566.44 0.87
467 2.21E-0 441.80 25.20 635.04 1.44
241 1.39E-02 278.0 -37.00 1,369.00 492
138 8.09E-03 161.74 -23.74 563.62 3.48
65 4 31E-03 86.10 -21.10 445.40) 517
42 2.07E-03 41.43 0.57 0.32 0.01
18 8.86E-04 17.73 0.2 0.08 0.00
5 4.65E-0 9.3 -4.3 18.49 1.9
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Theoretical Density vs. Simulation
f Frequency Distribution [PW 62-62-62-
; 20000]
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Figure 26. Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)

| Theoretical vs. Simulation Cumulative
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Figure 27. Graph Showing the Simulation versus Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)
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Table 29

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(6.2), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)

Chi-Squared Test - [PW - 62-62-62-20000]
Predicted Alpha 11.30  Test ‘
Predicted Beta 13.26 Statistic | Critical Value |
Number Of Data Points 200000 317.78 37.65
ipha = 0.05
IDegrees of freedom 25
Interval | Theoretical Ej f-E | (6-Ey2 | (§-Eiy2E] |
Frequency
6l  2.80E-05 0.56 5.44 29.59 52.83
15 1.32E-04 2.64 12.36 152.87 57.99
25| 4.99E-04 9.97 15.03 225.79 22.64)
68 1.47E-03 29.50 38.500  1,482.54 50.26
12 3.61E-03 72.13 5187  2,690.2] 37.30
194 7.58E-03 151.50 42.500  1,806.03 11,92
323 1.40E-02] 280.60 42400 1.797.76 6.4!
463 2.34E-02 467.40 -4.40 19.36 0.04
662  3.55E-02] 710.00 -48.00  2,304.00 3.25
916{  4.97E-02 993.30 -77.800  6,052.84 6.09
1,211 6.46E-02] 1,292.60 -81.600  6,658.56) 5.15
1.418,  7.86E-02 1.571.20 -153.200 23,470.24 14.94
1.605 8.97E-0 1,793.20) -188.200 35,41924 19.75
1,972  9.64E-02) 1,927.8 4420 1,953.64 1.01
2,011 9 78E-02 1,956.40 5460 2.981.16 1.52
2.018  9.38E-02 1.876.40 141.60|  20,050.56 10.69
1,766/  8.51E-02 1,701.40 64.600  4.173.16 2.45
1,491 7.29E-02 1,458.00 33.000  1,089.00 0.75
1212 5.90E-0 1.179.00 33.000  1,089.00 0.92
894  4.49E-02 897.80 -3.80) 14.44 0.02
6300 3.21E-02 641.60) -11.60 134.56 0.2
467 2.14E-02 428.60) 38.400  1.474.56 3.
241 |.33E-02) 265.80) -24.8 615.04 2.31
138 7.60E-03 152.07 -14.07 197.82 1.30)
65  3.97E-03 79.40 -14.40 207.22 261
42l 1.87E-03 37.35 4.65 21.59 0.58
I8  7.78E-04 15.57 2.43 5.91 0.38
51 3.91E-04) 7.82 -2.82] 7.93 1.01
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Predicted Density vs. Simulation
Frequency Distribution [PW - 62-62-62-
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Figure 28. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)

Predicted vs. Simulation Cumulative
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Figure 29. Graph Showing the Simulation versus Predicted Cumulative Distribution
for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum
Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)
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Table 30

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum Cash Flow
Timing ~B(6,2) and the Interest Rate ~B(5,5)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary | Frequency | Density Density

101.64 0 0 0
128.53 0 0 0
155.42 0 0 0
182.31 0 0 0
208.20 0 o 0
236.09 2 0
262.98 7 2 1
289.87 16 6 5
316.76 29 19 17
343. 68 46 43
370.53 128 100 94,

397.42 200 190! 18
424.31 336 327 317
451.20 488 514 504
478.09 713 747 739
504.98 912 1,011 1,008
531.87] 1,197 1,284 1,287
558.76 1,432 1,536 1,545
585.65 1,643 1,736 1,751
612.53 1,820 1,858 1,877
639.42 2,016 1,886 1,906
666.31 1,873 1,817 1,835
693.20 1,813 1,661 1,674
720.09 1,655 1,440 1,446
746.98 1,233 1,181 1,180
773.87| 894 914 908
800.76 645 665 656
827.65 456 452 443
854.54 270 286 277
8814 141 166 159

908.31 73 88 8
935.20 19 42 39
962.09 16 18 16
988.98 6! 6
1,015.87 1 2 2
1,042.76 2 0
| 1,069.65 0 0
1,096.54 0 0 0
1,123.43 0 o 0
1,150.32 0 0 0
1,177.21 0 0 0
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Table 31

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate

~B(5,5)
IChi-Squared Test - [PW - 62-62-55-20000]
eoretical Alpha 1111 Test Critical
eoretical Beta 11.86! Statistic Value
Number Of Data Points 200000 156.15 | 36.42
gpha =0.05
IDegrees of freedom 24
Interval | Theoretical Ej fj-Ej [(-Ej)"2|(fj-Ej)2E]
Frequency
9 9.77E-05 1.95 7.05 49.64 25.40
16 3.09E-04 6.1 9.83 96.61 15.66
29 9.28E-04 18.55| 10.45 109.17) 5.8
68 2.32E-03 46.33]  21.67]  469.75 10.14
128 4.99E-03 99.74] 28.26 798.50) 8.01
200 9.50E-03 190.07 9.93 98.56 0.5
336 1.63E-0 326.80 9.20 84.64] 0.26
488 2.57E-02 513.800 -25.80] 665.64 1.30
713 3.73E-02 746.800 -33.80] 1,142.44 1.53
912 5.06E-02  1.011.40f -99.40[ 5.880.36 9.77
1,197 6.42E-02  1,284.400 -87.40] 7,638.76! 5.95
1,432 7.68E-02  1,536.20 -104.20] 10,857.64 7.07
|.643 8.68E-02 1,736.000 -93.00| 8,649.00] 4.98
1,820 9.29E-0 1.858.000 -38.00 1,444.00 0.78
2,016 9.43E-02| 1,886.200 129.80| 16,848.04 8.93
1.873 9.09E-020 1.817.40 55.60| 3,091.36 1.7
1,813 831E-02) 1,661.400 151.60] 22,982.56 13.83
1.555 7.20E-02| 1,439.80 11520 13,271.04] 9.22
1,233 5.90E-02 1,180.60f 52.40] 2,745.7 2.33
894 4.57E-02 913.600 -19.60 384.16 .42
645 3.32E-02 664.600  -19.60 384.16 0.58
456! 2.26E-02) 452.20 3.80 14.44 0.03
270 1.43E-02 285.800 -15.80 249.64 0.87
141 8.32E-03 166.41 -25.41 645.68 3.88
73 4.41E-03 88.23) -15.23 231.91 2.63
19 2.10E-03 41.9 -22.96 526.99 12.56
19 1.31E-03 26.12)  -7.12 50.72, 1.94
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Theoretical Density vs. Simulation
Frequency Distribution [PW - 62-62-55-
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Figure 30:Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)

Theoretical vs Simulation Cumulative }
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Figure 31:Graph Showing the Simulation versus Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)
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Table 32

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(6,2), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)

KChi-Squared Test - [PW - 62-62-55-20000]
Predicted Alpha 11.34 Test Critical
IPredicted Beta 12,10 Statistic Value
Number Of Data Points 20000 167.90 36.42
Ipha = 0.05
Degrees of freedom 24
Interval Predicted Ej f-E (i -Ej"2 (§- EN2E]
Frequency
9 8.39E-05 .68 7.32 53.61 31.95
160 2.75E-04 5.49 10.51 110.37 20.09
29 8.46E-04 16.92 12.08 145.89 8.6
68 2.16E-03 43.12 24.89 619.26 14.36
128 4.72E-03 94.41 33.59 1,128.09 11.95
20 9.13E-03 182.5 17.501 306.25 1.68
336 1.59E-02 3174 18.60f 345.96 1.09
488 2.52E-02 504.20) -16.20 262 .44 0.52
713 3.70E-02 739.00 -26.0 676.00 0.91
9121 5.04E-02] 1,007.801  -95.800  9,177.64 9.11
1,197 6.43E-02) 1,286.60 -89.60 8,028.16 6.24
1,432 7.72E-02f 1,544.80 -112.80f 12,723.84 8.24
1.643  8.75E-02) 1,750.600 -107.600 11,577.7 6.6
1,820 9.38E-0 1,876.60) -56.60 3,203.56| 1.71
2,016{ 9.53E-02]  1,905.60 110400 12.188.16 6.40)
1,873 9.17E-02  1,834.60| 38.40 1,474.56 0.80y
1,813 8.37E-02| 1,673.80 139.200  19,376.64 11.58
1,555 7.23E-02] 1,445.8( 109.200  11,924.64 8.25
1,233  5.90E-0 1,180.40 52.60 2,766.7 2.34
894  4.54E-02 908.20 -14.20) 201.64 0.22
645 3.28E-02 656.00 -11.00 121.00 0.18
456 2.21E-02 442.60 13.40 179.56 0.41
270, 1.38E-0 276.80 -6.80) 46.24 0.17
141 7.97E-03 159304 -18.304 3349 2.10
73 4.16E-03 83.2 -10.28] 105.72! 1.27)
19/ 1.95E-03 38.96 -19.96 398.35 10.22
19 1.18E-03 23.55 -4.55 20.67 0.88
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Figure 32:Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2). the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)
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Figure 33:Graph Showing the Simulation versus Predicted Cumulative Distribution
for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum
Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)
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Table 33

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum Cash Flow
Timing ~B(6,2) and the Interest Rate ~B(2,6)

PW Range Simulation | Theoretical | Predicted
Cell Boundary | Frequency Density Density
87.48 0 0 0
113.86 O O 0
140.23 , 0 0
166.60) 0 0 0
192.98 O 0 0
219.35 1 0 0
245.72) 4 1 |
272.1 4 3 3
298.47 21 10 9
324.84 44 25 24
351.22 82 58] 56
377.59 129 117 114
403.94 257 213 208
430.34 375 352 347
456.71 485 539 53
483.08| 723 768 764
509.46 943 1,026 1,024
535.83 1,188 1,290 1,291
562.20 1,50 1,532 1,538
588.5 1,601 1,725 1,734
614.95 1,818 1,842 1,854
641.32 1,871 1,869 1,881
667.70 1,887 1,802 1,812
694.0 1,780 1,648 1,656
720.44 1,516 1,429 1,433
746.82, 1,360 1,172 1,171
773.1 932 905 902
799.56 637 656 651
825.94] 421 443 437
852.31 224 277 271
878.6 10 158 15
905.05 48 82 7
931.43 23 37 36
957.80) 15 14
984.17 4 5 4
1,010.55 o | I
1,036.92 0 0 0
1,063.29 0 0 0
1,089.67 0 0 0
1,116.04] 0 0 0
1,142.41 0 0 0
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Table 34

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate

~B(2,6)
IChi-Squared Test - [PW - 62-62-26-20000]
Theoretical Alpha 11.44] Test Critical
Theoretical Beta 11.15 Statistic Value
Number Of Data
Points 20000, 169.02 36.42
plpha = 0.05
Degrees of freedom 24
Interval | Theoretical Ej fi-Ej |(H-Ep2) (- Ej)"2/E]
Frequency
9 1.92E-04 3.84 5.16 26.58 6.92
21 4.79E-04 9.58 11.42 130.35 13.60
44 1.27E-03 254 18.53 343.41 13.48
8 2.91E-03 58.15 23.85 568.63 9.78
129 5.86E-03 117.21 11.79 139.01 1.19
257 1.06E-02] 212.60 44.400 1,971.36 0.27
375 1.76 E-02 352.40 22600  510.74 1.45
485 2.70E-02 539.20 -54.200 2,937.64 5.45
723 3.84E-02 768.20 45200 2,043.04 2.66
943 5.13E-02  1,025.80 -82.801  6.855.84 6.68
1.188 6.45E-02] 1,289.600 -101.60/ 10,322.56 8.00
1,506 7.66E-02| 1,532.20) -26.2 686.44 0.45
£,601 8.62E-02| 1.724.600  -123.00 15,276.96 8.86
1,818 9.21E-02| 1.842.404 -24.40) 595.36/ 0.32
1,871 9.35E-02)  1,869.40 1.60 2.56 0.00
1.887 9.01E-02] 1.801.60 8540 7.293.1 4.05
1,780 8.24E-02| 1,648.20 131.800 17,371.24 10.54
1,51 7.1SE-020  1,429.20 86.800 7,534.2 5.27,
1,36 5.86E-02] 1,171.60 188.40 35,494.56 30.30
9321  4.53E-0 905.20 26.800  718.24 0.79
637 3.28E-0 655.80 -18.800  353.44 0.54
421 2.22E-02] 443.00 -22.000  484.00 1.09
224 1.38E-02 276.80 -52.80 2,787.84 10.07
10 7.91E-03 158.1 -51.16/  2,616.96 16.55
48 4.08E-03 81.55 -33.55| 1,125.35 13.80
23 1.86E-03 37.22 -14.2 202.11 5.43
13 1.05E-03 2091 -7.91 62.59 2.99
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Figure 34: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Figure 35: Graph Showing the Simulation versus Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Table 35

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(6,2), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)

Chi-Squared Test - [PW - 62-62-26-20000]
Predicted Alpha 11.58  Test Critical
Predicted Beta 11.29) Statistic Value
Number Of Data
oints 200000 167.90 36.42
Ipha = 0.05
Degrees of freedom 24
Interval Predicted Ej fi-Ej | (§-E)"2 | (fj- Ej)*2/E]
Frequency
1.77E-04 2.758 6.25 39.01 14.16
21  4.50E-04 8§.99 12.01 144.1 16.03
1.21E-03 2421 19.79 391.64 16.18
8 2.79E-03 55.89  26.11 681.85 12.20
129  5.68E-03 113.69 1531 234.29) 2.06
257 1.04E-02 208.000  49.001  2,401.00 11.54
375 L.73E-02 346.800  28.20 795.24] 2.29
485  2.67E-02 533.80 -48.80) 2,381.44 4.46
723 3.82E-02 764.00 -41.000 1,681.00 2.200
943 5.12E-02] 1,024.00 -81.00| 6,561.00 6.41
1,18 6.46E-02| 1,291.40 -103.40 10,691.56 8.28
1,504  7.69E-02] 1,537.80 -31.80 1,011.24 0.66
1,601 8.67E-02| 1,733.60 -132.600 17,582.76 10.14
1.818 9.27E-02] 1,853.60 -35.6 1.267.36 0.68
1,87Y 9.41E-02) 1,881.00 -10.00 100.00 0.05
1,887  9.06E-02 1,811.80 7520 5,655.04 3.12
1,78 8.28E-02] 1,655.600 124.400 15,475.36 9.35
1,51 7.16E-02) 1,432.600 83400 6,955.56 4.86
1,360  5.86E-02] 1,171.400 188.60 35,569.94 30.37
9320 4.51E-02 901.80  30.20 912.04 1.01
637  3.25E-02 650.60 -13.60% 184.96, 0.28
42] 2.19E-02 437.200 -16.20¢ 262.44 0.60
224 1.36E-02 27140 -47.400 2,246.7 8.28
107 7.70E-03 153.91] -46.91] 2,200.74 14.30
48  3.93E-03 78.66 -30.66 939.83 11.95
23 1.78E-03 3552 -12.52 156.83 4.4]
13  9.80E-04 19.60  -6.60 43.5 2.2
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Frequency Distribution [PW - 62-62-26-
20000]
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Figure 36: Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)

Predicted vs. Simulation Cumulative
Probability [PW - 62-62-26-20000] |
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Figure 37: Graph Showing the Simulation versus Predicted Cumulative Distribution
for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum
Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Table 36

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum Cash Flow
Timing ~B(5,5) and the Interest Rate ~B(6,2)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary | Frequency | Density Density

101. 0 o 0
128.53 a 0
155.42 0 0 0
182.31 0 0 0
209.20 0 0 a
236.09 0 0
262.98 2 1
289.87 1 6
316.76 35 19 17
343.64 75 46 43
370.53 131 100 o4
397.42 216 190 183
424.31 372 327] 317
451.20 497 514 5
478.09 72 747 739
504.98 929 1,011 1,008
531.87] 1,14 1,284, 1,287
558.76 1,47 1,536 1,545
585.65 1,684 1,7 1,751
612.53 1,916 1,858 1,877
639.42 1,913 1,886 1,906
666.31 1,832 1,817 1,835
693.20 1,736 1,661 1,674
720.09 1,526 1,440 1,446
745.98 1,308, 1,181 1,180
773.87 870 914 908
800.76 668 665 656
827 .65 41 452 443
854.54 239 286 277
881.43 13 166 15
908.31 72 8 83
935.20 36 4 39
962.09 8 1 16
988.98 6i 6 6

1,015.87] 2 2 2

1,042 .76 0 O 0

1,069.65 0 O

1,096.54, Q 0

1,123.43 0 0 0

1,150.32 0 0 0

~ 1,177.21 a 0 0
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Table 37

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate

"‘B(6a2)
Chi-Squared Test - [PW - 62-55-62-20000] |
Theoretical Alpha 11.11] Test Critical
Theoretical Beta 11.86 Statistic Value
Number Of Data
Points 20000 203.07 37.65
alpha = 0.05
Degrees of freedom 25
Interval [Theoretical Ej fi-Ej | (fj- ED*2 |(f) - E)YMYE]
Frequency
13 9.77E-0 1.9 11.05 122.00 62.42
14 3.09E-04 6.17] 7.83 61.30 993
35 9.28E-04 18.55 16.45 270.55 14.58
75 2.32E-03 46.33 28.67 822.19 17.75
131 4.99E-03 99.74 31.26 977.05 9.80
216 9.50E-03 190.0 2593 672.25 3.54
372 1.63E-02 326.80 4520 2,043 6.25
497 2.57E-02 513.80 -16.8 282.2 0.5
729 3.73E-02 746.80 -17.80 316.84] 0.42
929 5.06E-02 1,011.40 -8240 6,789.76 6.71
1,142 6.42E-02] 1,284 40 -142.40 20,277.76 15.79
1,479 7.68E-02 1,536.20 -57.20 3,271.84 2.13
1.684) B8.68E-02 1,736.00 -52.000 2,704.00 1.56
1,916 9.29E-027 1,858.00 5800 3,364.00 1.81
1,913 9.43E-02] 1,886.20 26.80 718.24 0.38
1,832] 9.09e-021 1,817.40 1460 213.1 0.12
17360 8.31E-02 166140 7460 5,565.1 3.35
1,526 7.20E02 1,439.80 86.20 7,430.44 5.16
1,308 590E-020 1,180.60 127.40 16,230.76 13.75
870 4.57E-02 91360 -43.60 1,900.96 2.08
668 3.32E-02 664.60 3.40 11.56 0.02
415 2.26E-02 45220 -37.20 1,383.84 3.06
239 1.43E-02  285.80 -46.80 2,190.24 7.66
137] 8.32E-03 166.41 -29.41 864.96 5.20
72 4.41E-03 88.23 -16.2 263.37 299
36 2.10E-03 41, -5.96 35.48 0.85
8 B.77E-04 17.53 -9.53 90.90 5.18
8 4.29E—041 8.59 -0.59 0.34 0.04
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Theoretical Density vs. Simulation I

| Frequency Distribution [PW - 62-55-62-

' 20000]
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Figure 38: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)

Theoretical vs. Simulation Cumulative ‘
Distribution [PW - 62-55-62-20000] i
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Figure 39: Graph Showing the Simulation versus Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)
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Table 38

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(6,2), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)

IChi-Squared Test - [PW - 62-55-62-20000]
Predicted Alpha 11.34  Test Critical
Predicted Beta 12.10( Statistic Value
Number Of Data
Points 200! 229.16 37.65
alpha = 0.05
Degrees of freedom 25
interval | Predicted Ej fj-Ej | (fi- E)*2 [(fj - Ej)*2E]
| Frequency
13 8.39E-05 168  11.32 128.19 76.39
14 2.75E-04 5.49 8.51 72.35 13.17]
35 8.46E-04 16.920 18.08  326.83 19.31
75 2.16E-03 43121 3189 1,016.65 23.58
131 4.72E-0 9441 3659 1,338.61 14.18
216 9.13E-03 182500 33.50 1,122.25 6.15
372 1.59E-02 317.40 5460 2,981.16 9.39
497| 2.52E-02 504.20 7.2 51. 0.10
729 3.70E-02  739.00 -10.00 100.00! 0.14
929 5.04E-02 1,007.80 -78.80 6,209.44 6.16
1,142 6.43E-021 1,286.60 -144.60 20,909.16 16.25
1479 7.72E-02 1,544.80 -65.80 4,329 2.80
16 8.75E-021 1,750.60 -66.60 4,43556 2.53
1,916/ 9.38E-02 1,876.600 3940 1,552.36 0.83
1,913 9.53E-02 1,905.6 7.40 54.76 0.03
1,832 9.17E-02] 1,834.60 -2.60 8.7 0.00
1,736 8.37E-021 1,673.80 6220 3,868 2.31
1,526] 7.23E-021 144580 8020 6,432.04 445
1,308 5.90E-02] 1,180.40 127.60 16,281.76) 13.79
870| 4.54E-02] 908.20 -38.20 1,459.24 161
668 3.28E-02 656.00 12.00 144.00 0.22
415 221E-020 44260 -27.60 761.76 1.72
239 1.38E-020 276.80 -37.80 1,428.84 5.16
137 7.97E-03 159.30 -22.30 497.39 3.12
72| 4.16E-03 8328 -11.28 127.29 1.53
| 36| 1.95E-0 38.96 -2.96 8.75 0.22
8 7.99E-04 15.97 -7.97 63. 3.98
8 3.79E-04 7.5 0.42 0.18 0.02
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Predicted Density vs. Simulation
Frequency Distribution [PW - 62-55-62-
20000]
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Figure 40: Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)

| Predicted vs. Simulation Cumulative
‘ Distribution [PW - 62-55-62-20000]
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Figure 41: Graph Showing the Simulation Frequency versus Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)
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Table 39

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum Cash Flow
Timing ~B(5,5) and the Interest Rate ~B(5,5)

PW Range Simulation | Theoretical | Predicted
Cell Boundary | Frequency | Density Density
84.90 0 0 0
110.49 0 0 0
136.09) 0 0 0
161.68 0 0 0
187.27 O 0
212.8 ] 0, 0
238.46 4 1 ]
264.0 5 3 3
289.65 | 9 8
315.24 3 22 21
340.84 78 49 47
366.43 139 97 94
392.02 202 175 170
417.62 315 288 283
443.21 455 441 435
468.81 549 632 627
494.40 785 853 850
519.99 1,041 1,090 1,090
545.5 1,261 1,323 1,326
571.18 1,46 1,528 1,535
596.77 1,639 1,684 1,694
622.37 1,769 1,771 1,782
647.96 1,781 1,779 1,790
673.5 1,780 1,705 1,715
699.15 1,610 1,558 1,564
724.74 1,43 1,35 1,357
750.34 1,17 1,11 1,116
775.93 934 870, 867
801.53 635 638 632
827.12 390 436 430
852.71 261 276 271
878.31 132 160 155
903.90y 72, 83 80
929.49 21 38 36
955.09 8 15 14
980.68 4 5 4
1,006.28 1 I I
1,031.8 0 0
1,057.46 0 0 0
1,083.06 O 0 0
[,108.65 O 0
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Table 40

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate

~B(5,5)
hi-Squared Test - [PW - 62-55-55-20000] |
Theoretical Alpha 10.78  Test Critical
Theoretical Beta 9.77] Statistic Value
Number Of Data
Points 20000 144.93 40.11
alpha = 0.05
Degrees of freedom 27
Interval | Theoretical Ej - Ej | (fi- E))"2 (§ - Ej)"2/Ej
Frequency
5|  4.46E-05 0.89 4.1l 16.87 18.89
5| 1.42E-04 2.8 2.16 4.68 1.65
177 4.34E-04 8.67 833 69.38 8.00
37 1.11E-03 22,18 14.82  219.52 9.90
78 2.46E-03 49.260  28.74  826.01 16.7
139 4.87E-03 97.38  41.62] 1,732.27 17.79
202 8.73E-03]  174.58 27.42] 75210 4.31
315 1.44E-02  287.800 27.200  739.84 2.57
455 220E-02]  440.600 14400  207.36 0.47
549 3.16E-0 631.60f -82.60 6,822.76 10.80
785  4.26E-02]  852.80) -67.80{ 4,596.84 5.39
1,041 5.45E-02] 1,090.000 -49.00f 2,401.00 2.20
1,261 6.61E-02 1,322.80 -61.80 3.819.24 2.89
1,468  7.64E-02] 1,528.400 -60.40 3,648.16] 2.39
1,639 8.42E-02 1,684.200 -4520 2,043.04 1.21
1,769 8.86E-02, 1,771.40  -2.40 5.76 0.00
1,781  8.90E-02] 1,779.000  2.00 4.00 0.00
1,7800  8.53E-02] 1.705.20| 74.80 5,595.04 3.28
1,61 7.79E-020 1,558.000 52.00| 2,704.00) 1.74
1,430 6.77E-02] 1,354.40  75.600 5,715.36 4.2
1,176 5.59E-02] 1,117.000 59.00  3,481.00 3.12
934 4.35E-02] 870400  63.60  4,044.96 4.65
635 3.19E-02  637.800 -2.80 7.84 0.01
3900 2.18E-02]  436.200 -46.200 2,134.44 4.89
26| |.38E-02] 276,000 -15.000  225.00 0.82
132 7.98E-03]  159.61] -27.6)  762.46 4.78
72 4.15E-03 82.97 -10.97 120.37 1.45
21 1.89E-03 37.900 -16.90  285.46 7.53
8  1.36E-04 14.72.  -6.72 45.14 3.07
S| 2.95E-04 591 -0.9I 0.83 0.14

106



Theoretical Density vs. Simulation
Frequency Distribution [PW - 62-55-55-
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Figure 42. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-
Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)
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Figure 43. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)
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Table 41

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(6,2), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)

Chi-Squared Test - [PW - 62-55-55-20000]
Predicted Alpha 10.92) Test Critical
Predicted Beta 9.89 Statistic Value
Number Of Data
Points 20000, 155.62 40.11
alpha = .05
egrees of freedom 27
Interval Predicted Ej fi-Ej | (§-E)"2 t (fh-Ej)2VE;j
Frequency
5 4.03E-05 0.81 4.19 17.58 21.7
5 1.31E-04 2.62 2.38 5.66 2.16
1 4.07E-0 8.13 8.87 78.67 9.68
37 1.05E-03 21.06 15.94 253.99 12.06
78 2.36E-03 47.27 30.73 944 .33 1998
1390 4.71E-03 94.3 44.700  1,998.25 21.19
202 8.52E-03] 170.3 31.63 1,000.37 5.87
315 1.41E-02] 282.6 32.40 1,049.74 3.71
455 2.18E-02 43520 19.80 392.0 0.90
549 3.14E-02) 627.000  -78.00 6,084.00 9.70
785 4.25E-02 850.00, -65.000 4225, 4.97
1,041 5.45E-02 1,089.800 48.800  2,381.44 2.19
1,261 6.63E-02 1,326.000 -65.00) 4,225.00 3.19
1,468 7.68E-02 1,535.000 -67.00 4,489.00 2.9
1,639 8.47E-02 1,693.600  -54.60) 2,981.16 1.7
1,769 8.91E-02 1,782.400  -13.40 179.56 0.10
1,781 8.95E-02 1,790.00 -9.00 81.00 0.0
1,780, 8.57E-02 1,714.60 65.400 4,277.16 2.49
1,610 7.82E-02] 1,564.40 45.600  2,079.36 1.33
1,430) 6.79E-02, 1,357.20 72.8 5,299.84 3.90
1,176 5.58E-02 1,116.40 59.60, 3,552.16 3.1
934 4.34E-02 867.00 67.00) 4,489.00 5.18
635 3.16E-02 632.40, 2.60 6.76 0.01
390 2.15E-0 430400 -40.4 1,632.16 3.79
261 1.35E-02 270.6 -9.60 92.1 0.34
132 7.77E-03 155.31) -23.31 543.21 3.50
72 4.00E-03 80.01 -8.01 64.23 0.8
21 1.81E-03 36.16¢ -15.1 229.75 6.35
8 6.93E-04 13.86 -5.8 34.40 2.48
5 2.73E-04 5.45 -0.45 0.21 0.04

108



Predicted Density vs. Simulation
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Figure 44. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(S,5)
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Figure 45. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)
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Table 42

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum Cash Flow
Timing ~B(5,S) and the Interest Rate ~B(2,6)

PW Range |Simulation | Theoretical | Predicted
Cell Boundary | Frequency | Density Density
70.91 0 O O
95.2 0 o o
119.5 1, a 1,
143 .90 o 0
168.23 o 0 0
192.56 0 0
216.89 2 0 0
241.22 3 1 1
265.55 3 4 4
289.88 15 10 10
314.21 41 24 23
338.54 59 49 48
362.8 88 90 89
387.20 153 155 154
411.52 237 248 246,
435.85 40 373 371
460.18 491 530 52
484.51 703 715 714
508.84 874 921 9201
533.17 1,135 1,133 1,133
557.50 1,231 1,335 1,337
581.83 1,501 1,510 1,512
606.1 1,644 1,638 1,641
630.49 1,695 1,705 1,709
654.82 1,733 1,702 1,706
679.15 1,703 1,62 1,631
703.48 1,49] 1,488 1,490
727.81 1,414 1,296 1,297
752.14 1,100 1,071 1,071
776.46 835 836 83
800.7 610 611 609
825.12 370 415 413
849.45 238 258 256
873.78 139 144 142
898.11 59 70, 69
922 .44 20 29 28
946.77 5 9 9
971.10 1 2
995.43 0 0 0
1,019.7§ 0 0
1,044.09 0 0
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Table 43

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate

~B(296)
Chi-Squared Test - [PW - 62-55-26-20000] |
Cheoretical Alpha 10.53 Test Critical
eoretical Beta 8.07 Statistic Value
Number Of Data
Points 200000 64.35 38.89
Ipha = 0.05
egrees of freedom 26
Interval | Theoretical Ej fi-E | (f-Ep"2 |(f - Ej)"2/E)
Frequency
8  2.85E-04 569 231 5.33 0.94
15 5.23E-04 10.46] 4.54 20.59 1.97
41 1.19E-03 2387 17.14 293.61 12.30
59 2.43E-03 48.68 10.32 106.44 2.1
88 4.52E-03 90.44] -2.44 5.96, 0.07
153 7.75E-03 155.09 -2.0 4.36 0.03
237 1.24E-02] 248.00( -11.0 121.00 0.49
407 1.86E-0 372.80 34.20 1,169.64 3.14
491 2.65E-02 529.60/ -38.60 1,489.96 2.81
703 3.58E-02 715.200 -12.20 148.84 0.21
874  4.60E-02)  920.60, -46.600  2,171.5 2.36
1,135 5.66E-02| 1,132.80, 2.20 4.8 0.00
1,231 6.68E-02| 1,335.40 -104.40 10,899.36 8.16
1,501 7.55E-02] 1,509.80, -8.80) 77.44 0.05
1,644  8.19E-02] 1,637.80, 6.2 38.44 0.02
1,695 8.53E-021 1,705.20 -10.20 104.04 0.06,
1,733 8.51E-02] 1,702.40, 30.60 936.36 0.55
1,703 8.14E-02] 1,627.80{ 75.20y 5,655.04 3.47
1,491 7.44E-02| 1,487.80] 3.20 10.24] 0.01
1,414  6.48E-02| 1,295.80] 118.20 13,971.24 10.78
1,100  5.36E-02 1,071.00 29.00 841.0 0.79
835 4.18E-021  835.6 -0.60f 0.36 0.00
61 3.06E-02 611.000 -1.00x 1.00 0.00,
370 2.07E-02] 414.60| -44.60 1,989.16 4.80x
238 1.29E-02] 257.60] -19.60! 384.16 1.49
1390 7.19E-03 143.88) -4.88 23.78 0.17
59 3.52E-03 70.35] -11.35 128.76 1.83
| 20, 1.45E-03 28.94 -8.94 79.86 2.76
! 6 5.94E-04 11.88 -5.88 34.5 2.91
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Figure 46. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-
Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)
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Figure 47. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)
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Table 44

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(6,2), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)

IChi-Squared Test - [PW - 62-55-26-20000]
Predicted Alpha 10.58 Test Critical
Predicted Beta 8.10 Statistic Value
Number Of Data
oints 20000  64.00 38.89
Ipha = 0.05
Degrees of freedom 26
Interval | Predicted Ej fi-Ej | (§-Ep2 | ({j- ED2/E]
Frequency
8§ 2.77E-04 5.54 24 6.06 1.09
15 S5.12E-04 10.24 4.76 22.61 2.21
41| 1.17E-03 23.46 17.54 307.78 13.12
59 2.40E-03 48.01 10.99 120.86 2.52
88 4.47E-03 89.44 -144 2.06] 0.02
153 7.69E-03 153.74 -0.74 0.55 0.00
237 1.23E-02 246.400 -9.40 88.36 0.36
407 1.86E-02 371.000  36.00 1,296.00! 34
491 2.64E-02 528.000 -37.00 1,369.00) 2.59
703 3.57E-02 713.80 -10.80 116.64; 0.16
874 4.60E-02 920.000 -46.00 2,116.00 2.30
1,135 5.67E-02| 1,133.20, 1.80 3.2 0.00
1,231 6.68E-02| 1,336.80| -105.80 | I,193.64] 8.37
1,501 7.56E-02| 1,512.200 -11.20 125.44 0.08
1,644 8.21E-02| 1,641.20 2.80 7.84] 0.00
1,695 8.54E-02| 1,708.80 -13.80 190.44 0.11
1,733 8.53E-02| 1,706.0 27.00 729.00/ 0.43
1,703 8.15E-02] 1,630.800 72.20  5,212.84 3.20
1.491) 7.45E-02 1,489.80 1.20 1.44 0.00,
1414 6.48E-02] 1,296.600 117.400 13,782.76 10.63
1,100 5.35E-02| 1,070.8 29.20 852.64] 0.80;
835 4.17E-02 834.40 0.60 0.36 0.00
6100 3.05E-02 609.20) 0.80 0.64 0.00
3700 2.06E-02 412.600 -42.60 1,814.76 4.40
238 1.28E-02 255.800 -17.80 316.84 1.24
139  7.12E-03 142.48  -3.48 12.12 0.09
59 3.47E-03 69.43 -10.43 108.82 1.57
200 1.42E-03 2844  -8.44 71.26 2.51
6 5.80E-04 11.600 -5.60 31.32 2.70
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: Predicted Density vs. Simulation
‘ Frequency Distribution [PW - 62-55-26-
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Figure 48. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)
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Figure 49. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)
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Table 45

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum Cash Flow
Timing ~B(2,6) and the Interest Rate ~B(6,2)

PW Range |Simulation| Theoretical | Predicted
Cell Boundary | Frequency| Density Density
87.48 0| 0 0
113.86 0 0 0
140.23 0 0 0]
166.60) 0 0 0
192.98 1 0 0
219.35 0 0 0
245.72 3 1 |
272.1 6 3 3
298.4 23 10 9
324.84 43 25 24
351.22 84 58 56
377.59 145 117 114
403.96 219 213 208
430.34 385 352 347
456.71 499 539 534
483.0 709 76 764
509.46 897 1,026 1,024
535.83 1,140 1,290 1,291
562.20 1,475 1,53 1,538
588.58 1,648 1,725 1,734
614.95 1,842 1,842 1,854
641.32 1,872 1,869 1,881
667.70 1,876 1,802 1,812
694.07 1,821 1,648 1,656
720.44 1,535 1,429 1,433
746.82 1,298 1,172 1,171
773.19 956 905 902
799.56 656 656 651
825.9 401 443 437
852.31 235 277 271
878.68 123 15 154
905.05 62 82 79
931.43 30 37 36
957.80 12 15 i4
984.17 4 5 4
1,010.55 0 | 1
1,036.92 0 0 0
1,063.29 0 0 0
1,089.67 0 0 0
1,116.04 0 0 0
1,142.41 0 0 0
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Table 46

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate

~B(6’2)
)Chi-Squared Test - [PW - 62-26-62-20000]
eoretical Alpha 11.44)  Test Critical
Theoretical Beta 11.15 Statistic Value
Number Of Data
Points 20000] 179.48 36.42
mlpha = 0.05
Degrees of freedom 24
Interval | Theoretical Ej fi-Ej | (§-Ej)2|(f - Ej)"2/E]
Frequency
10.000  1.92E-04 3.8 6.16 37.89 9.86
23.00, 4.79E-04 9.58 13.42 180.02, 18.79
43.00) 1.27E-03 254 17.53 307.35 12.07
84.00f 2.91E-03 58.15| 25.85 668.02 11.49
145.00] 5.86E-03 11721 27.79 772.31 6.59
219.00 1.06E-0 212.61) 6.40 40.96 0.19
385.000 1.76E-02] 35240 32.600 1,062.76 3.02
499.00 2.70E-02  539.200 -40.20; 1,616. 3.00
709.000 3.84E-024  768.200 -59.200 3,504.6 4.56
897.00; 5.13E-021 1,025.80 -128.80) 16,589.44] 16.17
1,140.00{ 6.45E-02] 1,289.600 -149.60 22,380.16 17.35
1,475.000 7.66E-02] 1,532.200 -57.200 3,271.84 2.14
1,648.00f 8.62E-02] 1,724.60| -76.600 5,867.56 3.40
1,842.00| 9.21E-02 1,842.400 -0.40 0.16 0.00
1.872.000 9.35E-021 1,869.40 2.60 6.76 0.0
1,876.00, 9.01E-02 1,801.600 74.400 5,535.36 3.07
1,821.00] B8.24E-02 1,648.20 172.800 29,859.84 18.12
1,535.000 7.15E-02 1,429.20{ 105.800 11,193.64 7.83
1,298,000 5.86E-02 1,171.600 126.40 15,976.96 i3.
956.00 4.53E-02 9052 50.800  2,580.64 2.85
656.000 3.28E-02  655.80 0.2 0.04 0.00
401.000 2.22E-02f 443.000 -42.000 1,764.00 3.9
235.000 1.38E-02] 276.800 -41.80 1,747.24 6.31
123.000 7.91E-03 158.16.  -35.16) 1,235.94 7.81
62.00, 4.08E-03 81.55| -19.55 382.05 4.69
30.00 1.86E-03 37220 -7.22 52.08 1.40,
16.00 1.05E-03 20.91 -4.91 24.12 1.15
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Theoretical Density vs. Simulation
Frequency Distribution [PW - 62-26-62-
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Figure 50. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-
Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)
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Figure 51. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)
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Table 47

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(6,2), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)

hi-Squared Test - [PW - 62-26-62-20000]

Predicted Alpha 11.58)  Test Critical
Predicted Beta 11.29] Statistic Value
Number Of Data
Points 20000{ 184.65 360.42
Ipha = 0.05
egrees of freedom 24
Interval Predicted Ej fi-Ej | (-EN2 |(fj-EN2/E]
Frequency
10 1.77E-04| 3.53 6.47 41.80 11.83
23 4. 50E-04 8.99 14.01 196.22] 21.82
43 I.21E-03 2421 18.79 353.06| 14.58
84 2.79E-03 55.89 28.11 790.30 14. 14
145 5.68E-03) 113.69 3131 980.10) 8.6
219 1.04E-02) 208.000 11.00 121.00 0.58
385 1.73E-02] 346.800  38.20 1,459.2 4.2]
499 2.67E-0 533.8 -34.80, 1,211, 2.2
709 3.82E-02] 764.000 -55.000 3,025.00 3.96
897 5.12E-02] 1,024.000 -127.0 16,129.004 15.75
1,140 6.46E-02| 1,291.40 -151.40 22,921.96 17.75
1,475 7.69E-02| 1,537.8 -62.80 3,943 .84 2.56
1,648 8.67E-02) 1,733.600 -85.60(  7,327.3 4.23
1,842 9.27E-02| 1,853.6 -11.60 134.56 0.07
1,872 9.41E-02| 1,881.00 -9.00 81.00¢ 0.04;
1,87 9.06E-02] 1,811.80 64.20 4.121. 2.27
1,821 8.28E-020 1,655.60 165.40 27,357.16 16.52
1,535 7.16E-02] 1,432.60 102.400 10,485.76 7.32
1,298 5.86E-02( 1,171.40 126.601 16,027.56 13.68
956 4.51E-02 901.800 54200 2,937.6 3.26
656 3.25E-02]  650.60 5.40 29.16 0.04
401 2.19E-02] 437200 -36.20 1,310.4 3.00
235 1.36E-02] 271.4 -36.40 1,324.96 4.88
123 7.70E-03 15391 -30.91 955.55 621
62 3.93E-03 78.66 -16.66 277.44 353
30 1.78E-03 35.52 -5.52 30.50 0.86
16 9.80E- 19.60) -3.60 12.93 0.66

118



Predicted Density vs. Simulaiton
Frequency Distribution [PW - 62-26-2-
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Figure 52. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)
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Figure 53. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)
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Table 48

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum Cash Flow
Timing ~B(2,6) and the Interest Rate ~B(5,5)

PW Range | Simuiation | Theoretical | Predicted
Cell Boundary | Frequency | Density Density
70.91 O 0 0
95.24 0 0 0
119.57 0 0 L
143,90y 0 0 0
168.23 0 0 0
192.56 0 0 0
216.89 0 0 0
241.22 3 ] ]
265.55 12 4 4
289.88) 16 10 10
31421 26 24 23
338.5 64 49 48
362.87 101 9y 8
387.20 190 155 154
411.52 27 248 246
435.85 362 373 371
460.18 553 530 528
484.51 696 715 714
508.84 861 921 920,
533.17 1,029 1,133 1,133
557.50 1,270 1,335 1,337
581.83 1,52 1,510 1,512
606.16 1,612 1,638 1,641
630.49 1,763 1,705 1,709
654.82, 1,755 1,702 1,70
679.15 1,614 1,628 1,631
703.48 1.482 1.488 1,490
727.81 1,383 1,29 1,29
752.14 1,114 1,071 1,071
776.46 879 83 834
800.79 63 611 609
825.12 361 415 413
849.45 22 258 256
873.78 111 144 142
898.11 52| 70 69
922 .44 21 29 28
946.77 3 9 9
971.10 1 2 2|
995.43 0 0
1,019.76 0 0 0
1,044.09] 0 o
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Table 49

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate

~B(5,5)
IChi-Squared Test - [PW - 62-26-55-20000]
Theoretical Alpha 10.53 Test Critical
Theoretical Beta 8.07) Statistic Value
INumber Of Data
Points 200000 99.56 37.65
Ipha = 0.05
Degrees of freedom 25
Interval Theoretical Ej fi-Eji | (§-EjY2 | (ff - Ej)"2/Ej
Frequency
15 2.85E-04! 5.69 93] 86.64 15.22
16, 5.23E-0 10.46 5.54 30.66 2.93
26 1.19E-03 23.8 2.14] 4.56 0.19
2.43E-03 48.68 15.32 234.60 4.82
101 4.52E-03 90 4. 10.56 111.48 1.23
19 7.75E-03 155.09 3491 1,218.89 7.86
27 1.24E-02 248.00 31.00 961.00 3.88
362 1.86E-02 372.8 -10.80 116.64 0.3]
553 2.65E-02 529.60 23.40 547.5 1.03
696 3.58E-02 715.2 -19.20 368.64 0.52
861 4.60E-02 920.60 -59.60 3,552.16 3.86
1,029 5.66E-02) 1,132.80| -103.80 10,774.44 9.5]
1,270 6.68E-02 1,335.400 -65.40 4,277.16 3.20¢
1,52 7.55E-02 1,509.80 16.20 262.44 0.1
1,612 8.19E-02| 1,637.80¢ -25.80 665.64 0.4
B 1,763 8.53E-02 1,705.20 57.80 3,340.84 1.94
1,755 8.51E-02] 1,702.40 52.60 2,766.76) 1.63
1,614 8.14E-02] 1,627.80 -13.80 190.44 0.12
1,482 7.44E-02) 1,487.80 -5.8 33.64 0.02
1,383 6.48E-02) 1,295.80 87.200 7,603.8 5.87
1,114 5.36E-02] 1,071.00 43.00 1,849.0 1.73
879 4.18E-02) 835.604 43.40 1,883.56 2.25
637 3.06E-02 611.004 26.00 676.00! 111
361 2.07E-02 414.60 -53.6 2,872.96 6.93
224 1.29E-02 257.600 -33.60 1,128.96 4.38
111 7.19E-03 143.88 -32.88 1.080.88 7.51
52 3.52E-03 70.35 -18.35 336.63 4.79
25 2.04E-03 40.82) -15.82 250.14 6.13
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Theoretical Density vs. Simulation
Frequency Distribution [PW - 62-26-55-
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Figure 54. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-
Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Figure 55. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Table S0

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(6,2), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)

IChi-Squared Test - [PW - 62-26-55-20000]
Predicted Alpha 10.58 Test Critical
Predicted Beta 8.1 Statistic Value
INumber Of Data
Points 200000 100.44 37.65
mlpha = 0.05
Degrees of freedom 25
Interval Predicted Ej fi-Ej | (§-Ep~2 |(§-E)N2E]
Frequency
15| 2.77E-0 5.54 9.46 89.53 16.17
16 5.12E-04 10.24 5.76 33.12 3.23
260 1.17E-03 23.44 2.54 6.47 0.28
64 2.40E-03 48.01 15.99 255.80 5.33
101| 4.47E-03 89.44 11.56 133.71 1.49
190 7.69E-03 153.7 36.2 1,314.56 8.55
279 1.23E-Q 246.40 32.60 1,062.76 431
362 1.86E-0 371.00 -9.0 81.00 0.22
553 2.64E-02 528.00 25.00! 625.00 1.18
696 3.57E-02 713.800 -17.80 316.84 0.44
861| 4.60E-02 920.00 -59.004 3,481.00 3.7
1,029] 5.67E-02 1,133.200  -104.20 10,857.64 9.58
1,270 6.68E-02 1,336.80 -66.80 4,462.24 3.34
r 1,526/ 7.56E-02 1,512.20 13.80 190.44 0.13
| 1,612] 8.21E-02 1,641.20 -29.20 852.64 0.52
1,763  8.54E-02 1,708.80 54.20 2,937.64 1.7
1,755| 8.53E-02 1,706.00 49.00! 2,401.00 1.4}
1,614 8.15E-02 1,630.8 -16.80 28224 0.17
1,482 745E-02] 1,489.80 -7.80 60.84 0.04
1,383 6.48E-02 1,266.60 86.40 7,464.96 5.7
1,114/  5.35E-02| 1,070.80 43.20) 1,866.24 1.74)
879 4.17E-02 834 .40 44.60 1,989.16 2.38
637 3.05E-02 609.20 27.80 772.84 1.27
361 2.06E-02 412.6 -51.60 2,662.56 6.45
224 I.28E-02) 255.80 -31.80) 1,011.24 3.95
111 7.12E-03 142.48 -31.48 991.10 6.96
52  3.47E-03 69.43 -17.43 303.87 4.38
25 2.00E-03 40.04 -15.0 226.15 5.65
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Figure 56. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Figure 57. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Table S1

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum Cash Flow
Timing ~B(2,6) and the Interest Rate ~B(2,6)

PW Range Simulation | Theoretical | Predicted
Cell Boundary | Frequency Density Density

57.48 0 0 0

79.90 0 0 0
102.32 0 0 0
124.74 0 0 0
147.16 0 0 0
169.57 0 0 0
191.99 0 0 0
214.41 1 1 1
236.83 1 2 2
259.25 4 5 5
281.67 8 11 il
304.09 2 22 22
326.50 38 41 41
348.92 82 70 71
371.34 120 114 115
393.7 175 175 176
416.18 267 257 258
438.60 34 361 362
461.02] 47 488 489
483.43 633 635 635
505.85 789 798 798
528.27 91 970 969
550.69 1,13 1,142 1,140
573.11 1,270 1,302 1,300
595.53 1,356 1,438 1,435
617.95 1,546 1,537 1,533
640.36 1,646 1,589 1,585
662.7 1,641 1,586 1,583
685.2 1,588 1,524 1,522
707.62] 1,434 1,407 1,405
730.0 1,232 1,241 1,240
752.46 1,006 1,039 1,040
774.88 846 819 821
797.29, 656 600, 603
819.71 375 402 405
842.13 222 240 242
864.55 121] 122 124
886.97 52 49 50
909.3 8 14 14
931.81 2 2 2
954.2 0 0
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Table 52

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(6,2), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate

~B(2,6)
IChi-Squared Test - [PW - 62-26-26-20000]
Theoretical Alpha 9.5 Test Critical
eorctical Beta 5.62 Statistic Value
umber Of Data
IPoints 20000 35.02 40.11
plpha = 0.05
Degrees of freedom 27
Interval |Theoretical Ej fi-Ej | (§-Ej)2 | (- Ep2E;
Frequency
6 3.93E-04 7.86 -1.8 3.4 0.44
8 5.48E-04 10.96 -2.96 8.78 0.80
20 1.10E-03 22.00, -2.00 3.98 0.18
38 2.03E-03 40.65 -2.65 7.04 0.17
82| 3.50E-03 70.08 11.92 142.08 2.03
120y 5.69E-03] 113.73 6.27 39.35 0.35
175/ 8.75E-03 175.00 0.00 0.0 0.00
267 1.28E-02) 256.80, 10.20 104.04 0.41
340/ 1.81E-02 361.00 -21.00 441.00 1.2
474 2.44E-0 487.60| -13.60 184.96; 0.38
6331 3.17E-021  634.60 -1.60 2.56 0.00
789 3.99E-02| 798.00) -9.00 81.00, 0.1
910 4.85E-02 970.20y -60.20 3,624.04 3.74
1,137 5.71E-02] 1,142.00 -5.00 25.00 0.02|
1,270 6.51E-02| 1,302.000 -32.000 1,024.00 0.79
1,356 7.19E-02) 1,437.600 -81.600 6,658.56 4.63
1,546 7.68E-02] 1.536.80 9.20 84.64 0.0
1,646 7.94E-021 158860 57.400 3,294.76 2.07
1,641 7.93E-02 1,585.600 5540 3,069.16 1.94
1,588 7.62E-02 1.524.40| 63.60f 4,044.96 2.65
1,434 7.03E-02 1,406.80  27.20) 739.84 0.53
1,232 6.20E-02/ 1,240.60 -8.60) 73.96 0.06
1,006 5.19E-020 1,038.800 -32.800 1,075. 1.04
846 4.10E-021 819.00f 27.00 729.00, 0.8
656/ 3.00E-02 600.400 55.600 3,091.36 5.15
3750 2.01E-02] 4024 -27.40 750.76 1.87
222 1.20E-02 240.0 -18.00 324.004 1.35
121 6.10E-03 122.06 -1.06 1.13 0.01
52| 2.46E-03 49.24 2.76 7.61 0.15
100 7.80E-04 15.59 -5.56 31.29 2.01
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Figure 58. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-
Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)
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Figure 59. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)
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Table 53

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(6.2), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)

Chi-Squared Test - [PW - 62-26-26-20000]
IPredicted Alpha 9.500  Test Critical
Predicted Beta 5.600 Statistic Value
Number Of Data
Points 200000 37.45 40.11
alpha = 0.05
Degrees of freedom 27
Interval Predicted Ej fi-E) | (H-EN"2 (- EN2E)
Frequency
6 4.03E-04] 8.05 -2.05 4,22 0.52
8 5.59E-04 11.17 -3.17 10.08 0.90
204 1.12E-03 22.35 -2.35 5.51 0.25
38 2.06E-03 41.19 -3.19 10.17 0.23
82 3.54E-03 70.83 11.17 124.79 1.76
120 5.73E-03 114.69 5.31 28.18 0.25
175 8.81E-03 176.15 -1.15 1.31 0.01
267 1.29E-02 258.00 9.00) 81.00 0.31
340 1.81E-02 362200 -22.20 492 84 1.36
474 2.44E-02 488.6 -14.60 213.16 0.44
633 3.18E-02 635.20 -2.20) 4.84 0.01
789 3.99E-0 798.00 -9.00 81.00 0.10
910 4.85E-02 969400 -59.401 3,528.36 3.64
1.137 S.70E-02] 1,140.40 -3.40 11.56 0.01
1,270 6.50E-02] 1299.60| -29.6 876.16 0.67
1,356 7.17E-020 1,434.60| -78.6 6.177.96 43|
1,546 7.67E-0 1,533.20] 12.80 163.84 ¢
{,646 7.93E-02] 1,585.20 60.800  3,696. 2.33
1,641 791E-021 1,582.6 5840 34105 2.16
1,588 7.61E-02] 1,522.000 66.00 4,356.00 2.86
1,434 7.03E-02| 1,405.400  28.6 817.96 0.58
1,232 6.20E-02] 1,240.40 -8.4 70.56 0.0
1,006 5.20E-0 1,040.0 -34.00 1,156.00 1.11
846 4.11E-0 821.00 25.00 625.00, 0.76
656 3.02E-02 603.00! 53.000  2,809.00 4.66
375 2.03E-02 405.0 -30.00 900.00} 2.22
222 [.21E-02 242200 -20.2 408.04 1.68]
121 6.19E-03 123.71 -2.71 7.33 0.06!
52 2.51E-03 50.15 1.85 3.41 0.07
8 8.01E-04 16.0! -8.01 64.18 401
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Predicted Denaity vs. Simulation
Frequency Distribution [PW - 62-26-26-
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Figure 60. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2.6)
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Figure 61. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)
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Table 54

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-Sum Cash Flow
Timing ~B(6,2) and the Interest Rate ~B(6,2)

PW Range Simulation |Theoreticall Predicted
Cell Boundary | Frequency | Density | Density

236.18 O a 0
266.6 0 0 0
297.16 | Q 0
327.6 7 6
358.13 36 38 33
388.62 125 126 116
419.11 30 304 288
449.59 583 582 563
480.08 95 94Q 924
510.5 1,286 1,328 1,322
541.05 1,706 1,686 1.692
571.54 1,951 1,954 1,673
602.03 2,04 2,095 2,122
632.52 2,118 2,095 2,124
663.00 1,952 1,966 1,992
693 .49 1,788 1,739 1,758
723.98 1,449 1,456 1,465
754.46 1,16 1,155 1,155
784.95 858 86 862
815.44 632 62 610
84593 415 420 409
876.41 262 269 259
906.90 15 163 154
937.39 105 93 87
967.87 60 5Q 46|
[ 998.36 27 29 22
1,028.85 5 12 10
1,059.3 3 5 4
1,089.82 3 2 2
1,120.31 | | 1
1,150.80 0 0 0
1,181.28 0 a 0
1,211.77 G 0 0
1,242.26 o 0 0
1,272.75 o 0 0
1,303.23 0 0
1,333.72 O a 0
1,364.21 0 0 0
1,394.69 0 0
1,425.18 0
1.455.67 0 0
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Table 55

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(5,5), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate

~B(6,2)
IChi-Squared Test - [PW - 55-62-62-20000]
Theoretical Alpha 7.68 Test Critical
Theoretical Beta 16.61| Statistic Value
INumber Of Data
oints 20000 13.73 33.92
Ipha = 0.05
Degrees of freedom 22
Interval Theoretical Ej fi-Ej | (i-Ep*2 | (ff - Ej)"2/E]j
Frequency
3.55E-04 7.09 -0.09 0.01 0.00
364 1.88E-03 37.70 -1.70 2.88 0.08
125 6.32E-03 126.46 -1.46 2.12 0.02
306 1.52E-02] 304.40 1.60 2.56 0.0]
583 2.91E-02| 582.40 0.60 0.36 0.00
954 4.70E-02 939.80 14.20 201.64 0.21
1,286 6.64E-02 1,328.400 -42.40 1,797.76 1.35
1,706 8.43E-02 1,685.80) 20.20 408.04 0.24
1,951 9.77E-021 1.954.40 -3.40 11.56 0.01
2,049 1.05E-01] 2,095.000 -46.00 2,116.00 1.01
2,11 1.0SE-01] 2,094.60 23.40 547.56 026
1,95 9.83E-02) 1,965.600 -13.60 184.94 0.0
1,788 8.70E-02| 1,739.40) 48.60 2,361.96 1.36
1,449 7.28E-02| 1,455.80 -6.80 46.2 0.03
1,167 5.77E-0 1,154.60 12.40 153.76 0.13
858 4.34E-02] 868.80 -10.80 116.64 0.13
632 3.10E-02] 620.40¢ 11.60 134.56 0.22
41 2.10E-02 420.00! -5.00 25.00 0.06
262 1.35E-02 269.2 -7.20 51.84 0.19
152 8.15E-03 163.0 -11.09 123.0 0.75
105 4 65E-03 93.07 11.93 142.38 1.53
k 60 2.49E-03 49.83 10.17 103.47 2.08
i 27 1.25E-03 24.90 2.10 4.40 0.18
5 5.77E-04 11.54 -6.54 42.78 3.71
7 3.88E-04 7.77 -0.77 0.59 0.08
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Theoretical [)_eﬁ;ity VS. Simrllation
Frequency Distribution [PW - 55-62-62-
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Figure 62. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-
Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)
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Figure 63. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)

132



Table 56

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(5,5), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)

Chi-Squared Test - [PW - 55-62-62-20000]
Predicted Alpha 790, Test Critical
Predicted Beta 17.08| Statistic Value
Number Of Data
Points 20000, 22.27 33.92
Ipha = 0.05
egrees of freedom 22
Interval | Predicted Ej fi-Ey | (§-ED™2 | (ff - Ej)*2/Ej
Frequency
70 2.96E-04 5.92 1.08 1.1 0.20
T 36| 1.67E-03 33.38 2.62! 6.8 0.21
125/ 5.82E-03 116.36 8. 74.70 0.64
306| 1.44E-02 288.20 17.8 316.84 1.1
583| 2.82E-02 563.40 19.6 384.14 0.68
954| 4.62E-02 924.00 30.0 900.00 0.9
1,286 6.61E-02{ 1,321.80] -35.800 1,28}.64 0.97
1,706/ B8.46E-021 1,692.00 14.004 196.00 0.12
1,951] 9.87E-020 1,973.00, -22.00 484.00 0.25
2,049 1.06E-01| 2,122.200 -73.200 5,358.24 2.52
2,118 1.06E-01| 2,124.20 -6.20 38.44 0.02
1,952 9.96E-Q 1,992.000 -40.00| 1,600.0 0.80
1,788 8.79E-02| 1.758.00 30.004 900.00 0.51
1,449 7.33E-02] 1,465.000 -16.00 256.00 0.17
1,167 5.78E-02] 1,155.00 12.001 144.0 0.12
858 4.31E-02 862.40 4.4 19.3 0.02
632 3.05E-02 610.00 22.004 484.00 0.79
415/ 2.04E-02 408.60 6.40) 40.96 0.10
262 1.29E-02 258.60 3.40 11.56 0.04
152 7.72E-03 154.46 -2.46] 6.07 0.0
105 4.34E-03 86.74 18.26 333.60 3.85
60| 2.28E-03 45.61 14.39 207.12 4.54
27 1.12E-03 22.34 4.66 21.72 0.9
5 5.06E-0 10.12 -5.12 26.26 2.59
7 3.27E-04 6.55 0.45 0.2 0.03
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Predicted Density vs. Simulation
Frequency Distribution [PW - 55-62-62-

20000]
F 1L e —
i 2,000 4
| g 1,500 - <+ Simulation
o Predicted
= 1,000 -
500 -
| 0 - ‘
“‘ 0 500 1,000 1,500
B Present Worth Range ($)

Figure 64. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)
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Figure 65. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(S,5), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)
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Table 57

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-Sum Cash Fiow
Timing ~B(6,2) and the Interest Rate ~B(5,5)

PW Range |Simulation| Theoretical | Predicted
Cell Boundary | Frequency | Density Density
203.28 0 0 0
233.5 0 0 0
263.75 0 0 0
293.99 1 1 |
324.22 4 I 11
354.46 45 45
384.69 108 12 132
414.92 306 290 298
445.16 55 539 555
475.3 899 864 890
505.63 1,293 1,228 1,263
535.86 1,57 £,57 1,620
566.09 1,843 1,863 1,903
596.33 2,1 2,037 2,07
626.56, 2,113 2,079 2,099
656.80 1,975 1,991 1,996
687.03 1,761 1,797 1,787
717.26 1,430 1,532 1,509
747.50 1,212 1,236 1,204
777.73 895 9 909
807.97 69 682 649
838.2 430 466 437
868.43 312 300 27
898.67 188§ 182 16
928.90 89 104 93
959.14 55 48
989.37 31 27 23
1,019.6 9 12 [
1,049.84 8 5 4
1,080.07 2 2| 1
1,110.31 1 1
1,140.54 0 0 0
1,170.77 1 0
1,201.01 1 0
1,231.24 0 0 0
1,261.48, 0 0 0
1.291.71 0 0
1,321.94 0 0
1.352.18 0 0 0
1.382.41 0 0
1.412.65 Q 0 0
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Table S8

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(5,5), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate

~B(5,5)
hi-Squared Test - [PW - 55-62-55-20000]
Theoretical Alpha 8.61 Test Critical
Theoretical Beta 16.27)  Statistic Value
umber Of Data
Points 200000 37.25 35.17
Ipha = 0.05
Degrees of freedom 23
Interval | Theoretical Ej fi-Ej | (f-Ej)"2 |(fi- Ej)*2/E]
Frequency
S| 5.97E-04 11.95 -6.95 48.28 4.
45  2.22E-03 44 .34 0.66 0.44 0.01
108  6.45E-03 12899 -20.99 440.76 3.42
30 1.45E-02 290.000  16.00 256.00 0.8
5521 2.70E-02 539.000  13.00 169.00 0.31
899 4.32E-02 863.8 35.20 1,2356.04 1.43
1,293 6.14E-02 1,227.800  65.20] 4,251.04 3.46
1,578 7.90E-020 1,579.004 -1.00 1.00 0.00
1,843 9.31E-02] 1.862.8 -19.80 392. 0.21
2,1 1.02E-01] 2,036.600  67.40 4,542.76 2.23
2,113  1.04E-01] 2,078.800 34.20 1,169.64 0.5
1,975 9.96E-02] 1,991.40 -16.40 268.96 0.14
1,761 8.99E-020 1,797.400 -36.40 1,324.96 0.74
1,4300  7.66E-02] 1,532.40 -102.40 10,485.76 6.84
1,21 6.18E-02|  1,236.000 -24.00 576.00 0.47
895 4.72E-0 943.80, -48.80) 2,381.44 2.52
695  3.41E-02 682.0 13.00 169.00 0.25
4800 2.33E-02 465.800 14.20 201.64 0.43
312 1.50E-02 300.200  11.80 139.2 0.4¢
188 9.11E-03 182.15 5.85 34.25 0.19
89 S5.18E-03 103.59 -14.59 212.89) 2.06
64 2.75E-03 54.97 9.03 §1.61 1.4
31 1.35E-03 27.04 3.96 15.66, 0.58
9  6.12E-04 1224  -3.24 10.49 0.86
8 2.52E-04 5.05 2.95 8.73 1.73
5 1.35E-04 2.71 2.29 5.25 1.94
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Figure 66. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-
Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)
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Figure 67. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)
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Table 59

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(5,5), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)

Chi-Squared Test - [PW - 55-62-55-20000]
Predicted Alpha 879  Test Critical
Predicted Beta 16.60, Statistic Value
Number Of Data
Points 20000, 45.40 35.17
Ipha = 0.05
egrees of freedom 23
Interval Predicted Ej fi-Ej | (-ED™2 | (- EN2/E]
Frequency
5| 5.30E-04 10.600  -5.60 31.37 2.96
45 2.04E-03 40.85 4.15 17.20 0.42]
108  6.09E-03 12179 -13.79 190.16 1.56
306 1.40E-02 279.000  27.00| 729.00 2.61
552  2.63E-02 526200 25.80 665.64 1.26
899 4.26E-02 852.60| 4640  2,152.96 2.53
1,293 6.11E-020 1,222.400 70.60] 4,984.36 4.08
1,578/ 7.91E-02 1,582.000 -4.00 16.00 0.01
1,843 9.37E-02 1,874.800 -31.80 1,011.2 0.54
2,104 1.03E-01] 2,055.200 48.80, 2,381.44 1.16
2,113]  1.05E-01| 2,100.000 13.00 169.00! 0.08
1,975] 1.01E-01] 2,011.201 -36.20] 1,310.44 0.65
1,761} 9.06E-0 1,812.40 -51.40] 2,641.96 1.4
1,4300  7.70E-02] 1.540.80¢ -110.80] 12,276.6 7.97
f 1,212 6.19E-02] 1,237.60f -25.60 655.3 (.53
895 4.70E-02 940.00| -45.00  2,025.00 2.15
695 3.37E-02 674.8 20.20 408.04 0.60
480 2.29E-02 457401 22.60 510.76 1.12
3121 1.46E-02 292.2 19.80 392.04 ~1.34
|88 8.77E-03 17539 12.61 158.95 0.91
8 4.93E-03 98.58] -9.58 91.78 0.93
2.58E-03 51.62 12.38 153.34 2.97
31| 1.25E-03 25.02 5.98 35.78 1.43
9 5.57E-04 1114 -2.14 4.5 0.41
8 2.25E-04 4.51 3.49 12.21 2.7
5| 1.17E-04 2.34 2.66 7.05 3.01
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Figure 68. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth whep the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)
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Figure 69. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(S,5)
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Table 60

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-Sum Cash Flow
Timing ~B(6,2) and the Interest Rate ~B(2,6)

PW Range Simulation | Theoretical | Predicted
Cell Boundary | Frequency Density Density

57.48 0 0

79.90 0 0 0
102.32] 0 0 0
124.74 0 0 0
147.16 0 0 O
169.57 0 0 0
191.99 0 0 0
21441 1 K I
236.83 1 2 2
259.25 4 5 5
281.67 8 11 I
304.0 20 22 22
326.5 38 41 41
348.92 82 70 71
371.34 120 114 15
393.76 175 175 176
416.18 267 257 258
438.6 340 361 362
461.02 474 488 489
483.43 633 635 635
505.85 789 798 798
528.27 910 970 969
550.69 1,137 1,142 1,140
573.11 1,270 1,302 1,300
595.53 1,356 1,438 1,435
617.95 1,546 1,537 1,533
640.36 1,646 1,589 1,585
662.78 1,641 1,586 1,583
685.20 1,588 1,524 1,522
707.62 1,434 1,407 1,405
730.04 1,232 1,241 1,240
752.46 1,006 1,039 1,040
774.88 846 819 821
797.29 656 600 603
819.71 375 402 405
842.13 222 240 242
864.55 121 122 124
886.97 52 49 50
909.39 8 14 14
931.8! 2 2 2
954.22) 0 0 0
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Table 61

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(5,5), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate

~B(2,6)
hi-squared Test - [PW - 55-62-26-20000]
Theoretical Alpha 9.61  Test Critical
eoretical Beta 16.11) Statistic Value
Number Of Data
Points 200000 26.06 33.92
lpha = 0.05
Degrees of freedom 22
Interval Theoretical Ej fi- Ej (- Ep)™2 | (fj - ED"2/Ej
Frequency
9 8.44E-04 16.8 -7.89 62.23 3.6
43 2.48E-03 49 5 -6.57 43.20 (.87
115 6.58E-03 131.58 -16.58 2747 2.09
270 1.41E-02 282.4 -12.40¢ 153.76 0.5
496 2.57E-02 514.0 -18.00 324.0 0.63
878 4.10E-02 819.20 58.800 3,457 4.22
1.166 5.84E-02 1,168.8 -2.80 7.84 0.01
1,533 7.58E-02 1,516.8 16.20 262.44 0.17
1,816 9.05E-02 1,810.80 5.20 27.04 0.01
1,961 1.00E-01 2,006.20 -45.200  2,043.04 1.02]
2,037 1.04E-01 2,075.40 -38.400  1.474.56 0.71
2,03 1.01E-0! 2,013.80 22.20 492.84 0.24
1,885 9.19E-02 1,838.80) 46.200  2,134.44 1.16
1.57 7.92E-02 1,583.00! -9.00 81.00 0.05
1,318 6.43E-02 1,286.40) 31.60) 998.56 0.7§
1,002 4.93E-02 986.60 15.40 237.16 0.24
708 3.57E-02 713.80 -5.80 33.64 0.05
480 2.43E-02 486.40 -6.40 40.96 0.08
2804 1.56E-02 311.40 -31.40 985.96 3.17
175 9.33E-03 186.65 -11.65 135.61 0.73
102] 5.21E-03 104.2 -2.24 5.00 0.05
65 2.70E-03 53.92 11.08 122.77 2.28
3l 1.28E-03 25.64 5.36 28.75 1.12
10 5.55E-04 11.104 -1.1 1.20 0.11
L 10 3.19E-04 6.38 3.62 13.07 2.05
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Figure 70. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-
Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Figure 71. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Table 62

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(5,5), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)

Chi-squared Test - [PW - §5-62-26-20000]
Predicted Alpha 9.66) Test Critical
Predicted Beta 16.37| Statistic Value
umber Of Data Points 200000 25.51 33.92
alpha = 0.05 |
Degrees of freedom 22
Interval Predicted Ej - Ej (- Ejy™2 | (fj - EPYM2/E]
Frequency
9 7.87E-04] 15.74 -60.7 45.47 2.89
43 2.36E-03 47.23 -4.23 17.93 0.38
115 6.36E-03 127.10 -12.10 146.52, I.15
270 1.38E-02 275.80) -5.80 33.64 0.12
496 2.53E-02 506.40 -10.401 108.16 0.21
878 4.06E-02 812.40 65.601 4.303.36, 5.30
1,166 5.83E-02 1,165.40 0.60 0.34 0.00
1,533 7.59E-02 1,518.20 14.800 219.04 0.14
1,816 9.09E-0 1,817.60 -1.6 2.56 0.00
1,961 1.01E-01 2,017.20 -56.204 3.158.44 1.57
2,037 1.04E-01 2,088.4 -51.40 2,641.96 1.27
2,036 1.O1E-0] 2,026.40! 9.60 92.16 0.0
1,885 9.24E-02) {,848.60 36.400 1,324.96 0.72
1,574 7.94E-02] 1,588.80) -14.804 219.04 0.14
1,318 6.44E-02 1,287.80 30.20 912.04 0.71
1.002 4.92E-02 984.60) 17.40) 302.76 0.31
708 3.55E-02] 709.40 -1.40 1.96 0.00
480 2.41E-02 481.00 -1.0 1.00) 0.00
280) I.53E-02 306.20 -26.20 686.44 2.2
175 9.11E-03 182.30 -7.30, 53.25 0.29
102 5.05SE-03 101.04 0.96 0.93 0.01
65 2.59E-03 51.82 13.18 173.81 3.35
31 1.22E-03 24 .40 6.60) 43.58 1.79
10 5.22E-04 10.44 -0.44 0.204 0.02
10 2.95E-04 S.9 4.10 16.84 2.86
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Predicted Density vs. Simulation
Frequency Distribution [PW - 55-62-26-
20000}
| 50 4+————— —
| 2000 - & Simulation
|

21500 - __ Predicted
8- 1000 -
gy—_

500 -

| 0 500 1000 1500
| Present Worth Range ($)

Figure 72. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)

Predicted vs. Simulation Cumulative
Distribution [Pw - 55-62-26-20000]
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Figure 73. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(S§,5), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Table 63

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-Sum Cash Flow
Timing ~B(6,2) and the Interest Rate ~B(2,6)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary| Frequency | Density Densiry
203.2 0 0
233.52 0 0 0
263.75 0 0 0
293.9 | |
324.22) 7 11 9
354.46 31 44 41
384.69 148 129 122
414.92 268 290, 279
445.16 553 539 526
475.39 883 8 853
505.63 1,194 1.228 1,222
535.86 1,643 1,57 1,582
566.09 1,849 1,863 1,875
596.33 2,00 2,037 2,055
626.56, 2,074 2,079 2,10
656.80) 1,917 1,991 2,011
687.03 1,809 1,797 1,812
717.26 1,535 1,532 1,541
747.5 1,213 1,236 1,238
777.73 972 944 940
807.97 71 682 675
838.20 502 466 457
868.43 298 300 29
898.67 187 182 175
928.90) 85 104 99
959.14 56 55 52
989.37 29 27 25
1,019.60 11 1 11
1,049.84 7 5 5
1,080.07 2 2
1,110.31 0 1 |
1,140.54 ] 0 0
1,170.77 0 0 0
1,201.01 0 0 0
1,231.24 0 0
1,261.48, 0 0 0
1,291.71 0 0 0
1,321.94 0 O 0
1,352.18 o 0
1,382.41 0 0
1,412.65 0 0 0
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Table 64

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(5,5), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate

~B(6,2)
Chi-squared Test - [PW - 55-55-62-20000]
Theoretical Alpha 8.61 Test Critical
Theoretical Beta 16.27| Statistic Value
Number Of Data
Points 20000 28.49 33.92
alpha=0.05
Degrees of freedom 22
Interval Theoretical Ej fj-Ej (- Ep~2 | (fi - Ej)™2/E]
Frequency
7 5.97E-04 11.95 -4.95 24.48 2.05
31 2.22E-03 44.34 -13.34 177.83 4.01
148| 6.45E-03 128.99 19.01 361.22 2.80
268 1.45E-02 290.00 -22.00) 484.00 1.6
553 2.70E-02) 539.0 14.00 196.00 0.36
883 4.32E-02] 863.80 19.2 368.64 0.43
1,194 6.14E-02 1,227.80 -33.80 1,142.44 0.93
1,643 7.90E-02] 1,579.00 64.00 4,096.00 2.59
1,849 9.31E-02 1,862.80 -13.804 190.44 0.10
2,009 1.02E-01 2.036.6 -27.60 761.76 0.37
2,074 1.04E-01 2.078.80 -4.80) 23.04 0.01
1,91 9.96E-02] 1,991.40 -74.40 5,535.36 2.78
1.809  899E-02  1,797.40  11.60 134.56 0.07
1,535 7.66E-02 1,532.40 2.60 6.76 0.00;
1.213 6.18E-02] 1,236.00 -23.0 529.0 0.43
972 4.72E-02 943.80 28.20 795.24 0.84
717 341E-0 682.00 35.00 1,225.00 1.80
502 2.33E-02 465.80 36.20 1,310.44 2.81
298 1.50E-02 300.20 -2.20) 4.84 0.02
| 87 9.11E-03 182.15 4.85 23.55 0.13
85 5.18E-03 103.59 -18.59 345.62 3.34
56 2.75E-03 54.97 1.03 1.07 0.02
29, 1.35E-03 27.04 1.96 3.83] 0.14
11 6.12E- 12.24 -1.24 1.54 0.13
1 3.88E-04] 7.75 2.25 5.04 0.65
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‘ Theoretical Density vs. Simulation
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Figure 74. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-
Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)
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Figure 75. Grapbh Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(§,5), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)
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Table 65

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(5,5), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)

IChi-squared Test - [PW - 55-55-62-20000]
Predicted Alpha 8.71 Test Critical
Predicted Beta 16.64, Statistic Value
umber Of Data
IPoints 20000, 35.07 33.92
alpha = 0.05
Degrees of freedom 22
Interval Predicted Ej fj- Ej (fi-E)N™2 | (- Ej)"2/E]
Frequency
7 5.30E-04 10.60 -3.60 12.97 1,22
31 2.04E-03 40.85 -9.85 97.07 2.38
148 6.09E-03 121.79 26.21 686.96 5.64
268 1.40E-02 279.00 -11.00 121.0 0.43
553 2.63E-02 526.20 26.80 718.24 1.36
883 4.26E-02 852.60 30.40 924.16 1.08
1,194 6.11E-02 1,222.40 -28.40 806.56 0.66,
1,643 7.91E-02 1,582.00 61.00 3,721.00 2.35
1,849 9.37E-02 1,874.80 -25.80¢ 665. 0.36
2,009 1.03E-01 2,055.20 -46.20 2,134 44 1.04]
2,074 1.05E-01 2,100.00, -26.00 676.00) 0.32
1,917 1.01E-01 2,011.20 -94.20 8,873. 44|
1,809 9.06E-02 1,812.40 -3.40 11.5 0.01
1,535 7.70E-02 1,540.80 -5.80 33. 0.02]
(,213 6.19E-02 1,237.60 -24.60 605.1 0.49
972 4.70E-02 940.00 32.00 1,024.00 1.09
717 3.37E-02 674.80 42.20 1,780.84 2.64
502 2.29E-02 457.40 44 .60 1,989.16 435
298 1 46E-02 292.20) 5.80 33.64 0.12
187 8.77E-03 175.39 11.61 134.74 0.77
85 4.93E-03 98.5 -13.58 184 .42 1.87
56| 2.58E-03 51.62 4.38 19.2] 0.37
29 1.25E-03 25.02 3.98 15.85 0.63
11 5.57E-04 11.14 -0.14 0.0 0.00
10 3.42E-04 6.85 3.15 9.92 1.45
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Figure 76. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)

Predicted vs. Simulation Cumulative
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Figure 77. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(S,5), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)
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Table 66

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-Sum Cash Flow
Timing ~B(S,5) and the Interest Rate ~B(5,5)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary | Frequency | Density Density
203.28 0 0 0
233.52 0 0
263.75 0 0
293.99 0 0 0
324.22 1 2 2)
354.46 11 10
384.69 25 39 37
414.92 95 104 100
445.16 194| 22 218
475.39 401 411 404
505.63 666 666 659
535.86 1,002 971 966
566.09 1,268 1,292 1,291
596.33 1,62 1,589 1,593
626.56 1,844 1,820 1,829
656.80 2,030 1,955 1,966
687.03 1,906 1,976 1,989
717.26 1,846 1,887 1,898
747.50 1,713 1,705 1,71
777.73 1,488 1,460 1,465
807.97 1,152 1,186 1,186
838.20 883 912 909
868.43 688 664 659
898.67| 459 45 451
928.90 304 295 290
959.14 177 179 17
989.37 1 14 101 9
1,019.60 62 53 51
[,049.84 30 25 24
1,080.07] 14 11 10
1,110.31 2 4 4
1,140.54 0 1 1
1,170.77 3 0 o
1,201.01 1 0 0
1,231.24 0 0 0
1,261.48 0 0
1,291.71 0 0
1,321.94 0 0 0
1,352.18 0 0 O
1,382.41 0 0 0
1,412.65 0 0 0
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Table 67

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(5,5), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate

~B(5,5)
hi-squared Test - [PW - 55-55-55-20000]
Theoretical Alpha 9.31 Test Critical
Theoretical Beta 14.58 Statistic Value
Number Of Data
0ints 20000, 28.90 35.17
Ipha = 0.05
grees of freedom 23
Interval Theoretical Ej fi- Ej (f-Ejp*2 | (ff - Ej)"2/E]
Frequency
9 6.82E-04 13.63 -4.63 21.47 1.57
25 1.96E-03 39.22 -14.22) 202.28 5.1
95 5.19E-03 103.70 -8.70 75.69] 0.73
19 1.12E-02] 223.60 -29.60 876.16 3.92
401 2.06E-02, 411.20 -10.20 104.04] 0.25
666, 3.33E-02 666.20 -0.20) 0.04 0.00)
1,002 4 85E-02) 970.60 31.40 985.96, 1.02
1,268 6.46E-02| 1,292.00 -24 00 576.00 0.45
1,624 7.95E-020  1,589.00 35.00 1,225.00, 0.77)
1,844 9.10E-02,  1,820.40 23.60) 556.96 0.31
2.030 9.77E-020  1,954.60| 75400  5,685.16 2.91
1,906, 9.88E-02] 1,976.0 -70.000  4,900.0 2.48
1,846, 9.44E-02| 1,887.00 -41.00 1,681.00 0.8%
1,713 8.53E-020 1.705.40 7.60) 57.7 0.03
1,488 7.30E-02] 1,460.40 27.60) 761.76 0.52
1,152 5.93E-02( I,185.60 -33.60 1,128.96 0.95
883 4.56E-02 911.80, -28.80) 829.44) 0.91
688 3.32E-02 663.60 24 .40 595.36, 0.90
459 2.28E-02 455.80) 3.20 10.24 0.02
304 1.47E-02 294.80) 9.20 84.64 0.2
177 8.94E-03 178.77 -1.7 3.13 0.02
114 5.05E-03 101.07 12.93 167.07 1.65
62 2.65E-03 52.92 9.08 82.36 1.564
30 .27E-03 25.44 4.56 20.78, 0.82
14 5.55E-04 1110 2.90 8.40 0.76)
6 3.19E-04 6.3 -0.39 0.15 0.02]
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Theoretical Density vs. Simulation
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Figure 78. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-
Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)
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Figure 79. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(S,5)
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Table 68

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(5,5), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)

Chi-squared Test - [PW - 55-55-55-20000]
Predicted Alpha 9.36  Test Critical
Predicted Beta 14.83 Statistic Value
Number Of Data
Points 20000y 2943 35.17
jpha = 0.05
egrees of freedom 23 |
interval Predicted Ej §i-Ej | (f-ED™2 (f - Ej)2/Ej
Frequency
6.33E-04 12.67 -3.67 13.47 1.06
25 1.86E-03 37.26 -12.26 150.36 4.04
95 4.99E-03 99.89 -4.89 23.87 0.24
194 1.09E-02 217.60 -23.60 556.96 2.56
401 2.02E-02 404.00 -3.00x 9.00 0.02
666 3.30E-02 659.00 7.00 49.00 0.07
1,002 4_83E-02 965.80 36.200  1,310.44 1.36
1,26 6.46E-02| 1,291.20 2232 538.24 0.42
1,624 7.96E-02[ 1,592.80 31.2 973.44 0.61
1,844 9_14E-02] 1,828.80 15.2 231.0 0.13
2,030 9.83E-02| 1,966.40 63.600  4,044.96 2.06|
1,90 9.94E-02| 1,988.80) -82.80 6,855.8 345
1,846 9.49E-02| 1,898.40 -52.40 2,745.76 1.45
1,713 8.57E-02[ 1,713.80 -0.80 0.64 0.00
1,488 7.33E-02] 1,465.00 23.00 529.00 0.36]
1,152 5.93E-02| 1,186.20 -34.20 1,169.64] 0.99
883 4.55E-02 909.20 -26.201 686.44 0.75
638l 3.30E-02 659.00 29.004 841.00 1.28
459 2.25E-02 450.60 8.40 70.56 0.16f
304 1.45E-02 289.8 14.2 201.64 0.704
17 8.72E-03 174.50 2.50: 6.27 0.04
114 4.90E-03 9791 16.09 258.79 2.64
62 2.54E-03 50.83 11.] 124.79 2.46
3 1.21E-03 24.20x 5.80 33.68 1.39
14 5.22E-04 10.44 3.56 12.66 1.21
6 2.95E-04 5.89 0.11 0.01 0.00
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Figure 80. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)

Predicted vs. Simulation Cumulative
Distribution [PW - 55-565-55-20000]
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Figure 81. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,3), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)
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Table 69

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-Sum Cash Flow
Timing ~B(S,5) and the Interest Rate ~B(2,6)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary | Frequency Density Density
203.28] 0 0 0
233.52 0 O 0
263.75 0 0 0
293.99 0 0 0
324.22 0 0 0
354.46 3 3 3
384.69 4 11 11
414.92 25 34 33
445.1 57 84 83
475.39 158 175 173
505.63 283 319 31
535.86 532 521 518
566.09 825 773 771
596.33 1,102 1,058 1,056
626.5 1,393 1,345 1,345
656.801 1,70 1,601 1,603
687.03 1,785 1,793 1,796
717.26 1,879 1,896 1,901
747.50) 1,824 1,899 1,904
777.73 1,794 1,803 1,808
807.97 1,631 1,626 1,629
838.20 1,360 1,391 1,393
868.43 1,057 1,129 1,129
898.67 839 868 867
928.90 630) 630, 628
959.1 453 431 429
989.3 279 276 274
1,019.60, 176 165 163
1,049.8 113 91 90
1,080.0 53 46 45
1.110.31 27 21 21
1,140.54 8 9 8
1,170.77 6 3 3
1,201.01 0 ] [
1,231.24 0 0
1,261.48 0 0
1,291.71 o 0 0
1,321.94 0 0f
1,352.18 0 0 0
1,382.41 0 0 0f
1.412.65 0 0
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Table 70

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(5,5), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate

~B(2,6)
hi-squared Test - [PW -55-55-26-20000]
Theoretical Alpha 9.95 Test Critical
Theoretical Beta 13.08) Statistic Value
Number Of Data
Points 20000 54.97 36.42
alpha = 0.05
Degrees of freedom 24
Interval Theoretical Ej fj-Ej i -E)2 | (- Ej)Y2/E]
Frequency
7 7.15E-04 14.304 -7.30 53.22 3.7
25  1.70E-03 34.06 -9.06 82.16: 241
57| 4.20E-03 83.97 -26.97 727.53 8.66
158 8.75E-03 175.09  -17.09 292104 1.67
283 1.60E-02 319200  -36.20 1,310. 4.11
532 2.60E-02 520.8 11.20 125. 0.24
825 3.87E-0 773.40 51.60 2,662.5 3.44
1,102 5.29E-02] 1.057.60 44 .40 1,971.3 1.86
1,393 6.73E-02] 1,345.00 48.00] 2,304.00 .71
1,704/ 8.00E-021 1.600.80¢ 103.20 10,650.2 6.65
1,785 8.96E-02| 1,792.80y -7.80 60.84 0.03
1,879  9.48E-02 1,896.000 -17.00] 289.00 0.15
1,824 9.49E-02] 1,898.801 -74.80 5,595.0 2.95
1,794 9.02E-02] 1,803.40 -9.40 88.36 0.05
1,631 8.13E-02] 1,625.60 5.40 29.16 0.02
1,360 6.96E-02] 1,391.000 -31.00 961.0 0.69
1,05 5.65E-02] 1,129.000 -72.00 5,184.00 4.59
839 4.34E-02 867.60| -28.60 817.96 0.94
6300 3.15E-02 630.00 0.00 0.00 0.00
453  2.15E-02 430.60 224 501.76; 1.17
279 1.38E-02 275.80, 3.20 10.24 0.04]
176 8.23E-03 164.66 11.34 128.55 0.78
113 4.54E-03 90.87 22.13 489.52 5.39
53| 2.30E-03 45.92) 7.08 50.1% 1.09
27 1.05E-03 20.97 6.03 36.38 1.73
8 4.25E-04 8.51 -0.51 0.26 0.03
6 2.07E-04 4.15 1.85 3.43 0.83
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Figure 82. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-
Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)

Theoretical vs. Simulation Cumulative
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Figure 83. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)
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Table 71

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(5,5), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)

IChi-squared Test - [PW - 55-55-26-20000]
Predicted Alpha 9.94 Test Critical
Predicted Beta 13.21) Statistic Value
Number Of Data
Points 20000, 55.53 36.42
alpha = 0.05
Degrees of freedom 24
Interval Predicted Ej fi-Ej | (5-EN™2 | (§-Ej)2UE)
Frequency
6.94E-0 12.88 -6.88 47.32 3.41
25 1.67E-03 33.35 -8.35 69.76 2.09
57 4.13E-03 82.64  -25.64 657.51 7.96,
158 8.65E-03 173.04, -15.04 226.35 1.3]
283 1.58E-02 316.600 -33.60 1,128.96 3.57
53 2.59E-02 518.00x 14.00) 196.00 0.38
825 3.86E-02 771.00 54.00 2,916.00 3.78
1,102 5.28E-02)  1,056.40 45.60 2,079.36 1.97
1,393 6.73E-02] 1,345.2 47.80 2,284.84 1.70
1,704 8.02E-0 1,603.000  101.00f 10,201.00 6.36)
1,785 8.98E-020 1,796.40  -11.40 129.96 0.07
1,879 9.50E-020 1,900.80 -21.80 475.24 0.25
1,824 9.52E-02] 1,903.600  -79.60) 6,336.16 3.33
1,794 9.04E-02 1,807.6 -13.60 184.96, 0.10
1,631 8.14E-0 1,628.80 2.20 4.84 0.00
1,360, 6.96E-02] 1,392.80f -32.80 1,075.8 0.77
1,057 5.65E-02) 1,129.2 -72.20 5,212.84 4.62
839 4.33E-02 866.60|  -27.60) 761.76 0.88
630 3.14E-02 628.20 [ .80 3.24 0.01
453 2.14E-02 428.60 24.40 595.36 1.39
27 1.37E-02 273.80 5.20 27.04 0.1
176 8.15E-03 163.02) 12.98 168.3 1.03
113 4.48E-03 89.69) 23.31 543.55 6.06,
53 2.26E-03 45.15 7.85 61.63 1.36!
27 1.03E-03 20.53 6.47 41.83 2.04
8 4.15E-04 8.29 -0.29] 0.09 0.01
B 6  2.00E-04 4.01] 1.99 39 0.99

158



— -
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Figure 84. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)
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Figure 85. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)
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Table 72

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-Sum Cash Flow
Timing ~B(2,6) and the Interest Rate ~B(6,2)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary| Frequency Density Density
203.28 0 0 0
233.52 0 o o
263.75 o o 0
293.9 0 0 0
324.22 ( 3 2,
354.46 6 14 13
384.69) 5 50 47
414.92 13 132 127
445.1 279 282, 276,
475.39 531 514 506,
505.63 848 819 812
535.86 1,193 1,169 1,165
566.09 1,507 1,517 1,518
596.33 1,790 1,811 1,818
626.56 2,061 2,006 2,017
656.80) 2,055 2,075 2,088
687.03 1,973 2,014 2,026]
717.26 1,833 1,839 1,849
747.50 1,620 1,583 1,589
777.73 1,265 1,286 1,288
807.97 947 987] 985
838.2 729 714 709
868.43 430 486 481
898.67 305 311 306
928.90% 214 187 182
959,14 90 104 101
989.37 58 54 52
1,019.60 18 2 2
1,049.84 6 11 10
1,080.07 6 4 4
1,110.31 3 1 1
1,140.54 0 o 0
1,170.77 I o O
1,201.01 0 0 0
1,231.24 0 0 0
1,261.48 ),
1,291.71 0 o 0
1,321.94 0 o
1,352.18 0 0 o
1.382.41 0 0 o
1,412.65 o 0 0
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Table 73

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Valu
the Theoretical Density Values for the Present Worth when the Lump-Sum C:
Flow ~B(5,5), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Ra

~B(6,2)
Chi-squared Test - [PW - 55-26-62-20000]
[Theoretical Alpha 9.61 Test Critical
Theoretical Beta 16.11] Statistic Value
Number Of Data
Points 20000, 28.26 33.92
@alpha = 0.05
Degrees of freedom 22
Interval Theoretical Ej fi-Ej | (§-ED™2 |(§-EN2E)
Frequency
6 8.44E-04 16.89 -10.89 118.5 7.02!
50 2.48E-03 49.5 0.43 0.18 0.0
132 6.58E-03 131.5§ 0.42 0.18 0.0
279" 1.41E-02 282400 -3.40 11.56 0.04
531 2.57E-02 514.000 17.00 289.00 0.56
84 4.10E-02 819.20 28.80 829.44 1.01
1,193 5.84E-02(  1,168.80 24.20 585.64 0.50
1,507 7.58E-02] 1,516.80 -9.80 96. 0.0
1,790 9.05E-02 1,810.80 -20.80 432.64) 0.24
2,061 1.00E-01] 2,006.20 54.80]  3,003.04 1.50
2,055 1.04E-Q1]  2,075.4Q -20.40 416.16 0.20
1,973 1.01E-01]  2,013.80 -40.80 1,664. 0.83
1,833 9.19E-02 1,838.80 -5.8 33.64 0.02
1,620 7.92E-02 1,583.00 37.00] 1,369.00 0.86
1,265 6.43E-02] 1,286.40 -21.40 457.96 0.3
947 4.93E-02 986.60 -39.60] 1,568.16 1.59
729 3.57E-02 713.80 15.20 231.04 0.32
480 2.43E-02 486.400 -6.40f 40.96 0.08
305 1.56E-02 311.40 -6.40 40.9 0.13
214 9.33E-03 186.65 27.36 748.30 4.01
90 5.21E-03 10424 -14.24 202.65 1.94
58 2.70E-03 53.92  4.08 16.65 0.31
18 1.28E-03 25.64  -7.64 58.35 2.28
6 5.55E-04 .10 -5.10 25.98 2.34
10 3.19E-04 6.38  3.62 13.07 2.05

161



Theoretical Density vs. Simulation
Frequency Distribution [PW - 55-26-62-

20000] |

2500 —_—

2000 o |

g 1500 - ® Sumlahgn |

g} 1000 1 —— Theoretical [
500 -

0 ' |

0 500 1000 1500!

Present Worth Range (3) |

Figure 86. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-
Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)
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Figure 87. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(§,5), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)
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Table 74

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(5,5), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)

Chi-squared Test - [PW - 55-26-62-20000]
Predicted Alpha 9.66f  Test Critical
Predicted Beta 16.37 Statistic Value
Number Of Data
Points 20000 30.23 33.92
Ipha = 0.05
Degrees of freedom 22
Interval Predicted Ej fi-Ey | (-Ep™2 |(6-E)N2UE]
Frequency
6  7.87E-04 15.74 -9.74 94.93 6.03
5 2.36E-03 47.23 2.7 7.65 0.16
132 6.36E-03 127.10 49 23.97 0.19
279 1.38E-02] 275.80 3.20 10.24 0.04
531 2.53E-02 506.40 24.60 605.16 1.20
848  4.06E-02 812.40 35.60 1,267.36 1.56
1,193 S.83E-0 1,165.40] 27.6 761.76 0.65
1,50 7.59E-021 1,51820] -11.20 125.44 0.08
1,790 9.09E-02] 1817.60] -27.60 761.7 0.42
2,061 1.01E-0]] 2,017.20 43.80 1,918. 0.95
2,055 1.04E-01) 2,088.40] -33.40 1,115.56 0.53
1,973 1.01E-01] 2,026.40] -53.40 2,851.56 141
1,833 9.24E-02| 1,848.60 -15.60 243.36 0.13
1,620 7.94E-02 1,588.80 31.20 973.44 0.61
1,265 6.44E-02| 1,287.80| -22.80 519.84 0.40
947 4.92E-02 984.60| -37.60 1,413.76 1.44
729 3.55E-02 709.40 19.60 384.16 0.54
4800  2.41E-02 481.00 -1.04 1.00 0.00
305 1.53E-02 306.20 -1.20 1.44 0.00
214 9.]11E-03 182.30 3170 1,005.04 551
90 5.05E-03 101.04  -11.04 121.8] 1.2,
58  2.59E-03 51.82 6.18 38.24 0.7
18 1.22E-03 24.40 -6.4 40.94 1.68
6  S5.22E-04 10.44 -4.44 19.75 1.89
100 2.95E-04 5.90 4.10 16.84 2.86!
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Predicted Density vs. Simulation
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Figure 88. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)

! Predicted vs. Simulation Cumulative
5 Distribution [PW - §5-26-62-20000]
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Figure 89. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)
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Table 75

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-Sum Cash Flow
Timing ~B(2,6) and the Interest Rate ~B(5,5)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary| Frequency | Density Density
203.2 0 0
233.52) 0 0 0
263.75 0 0
293.99 0 0 0
324.22 0 0 0
354.46 0 3 3
384.69) 7 ¥ 1
414.92 1q 3 33
445.16 53 84 83
475.39 162) 175 173
505.63 311 319 317
535.86 536 521 518
566.09 831 773 77
596.33 1,099 1,058 1,05
626.5 1,395 1,345 1,345
656.8 1,588 1,601 1,603
687.03 1,798 1,793 1,796
717.26) 1,917 1,896 1,901
747.50 1,846 1,899 1,9
77173 1,73 1,803 1,308
807.97 1,633 1,626 1,629
838.20 1,383 1,391 1,393
868.43 1.1 1,129 1,129
898.67 855 868 867
928.90 663 630 628
959.14 446 431 429
989.37 274 276 274
1,019.60 161 165 163
1,049.84 102) 9| 90
1,080.07 43 46 45
1,110.31 30 21 21
1,140.54 7 9 8
1,170.7 2 3 3
1,201.01 2 | 1
1,231.24 0 0 0
1,261.48 0 0 0
1,291.71 0 0 o
1,321.94 0 0
1,352.18 0 0 0
1,382.41 0 0
1,412.65 o 0 o
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Table 76

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(5,5), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate

"'B(595)
Chi-squared Test - [PW - 55-26-55-20000] i
Theoretical Alpha 9.95  Test Critical
Theoretical Beta 13.08 Statistic Value
Number Of Data
Points 20000 47.38 35.17
alpha = 0.05
grees of freedom 23
Interval Theoretical Ej fi-Ey | (G-EN2 | (§-EH2UE]
Frequency
7 7.15E-04 14.30 -7.30 53.22 3.72
1 1.70E-03 3406 -18.0 326.32 9.58
53  4.20E-03 83.9 -30.97 959.31 [1.42
162| 8.75E-03 175.09] -13.09 171.37 0.98
31 1.60E-02 319.20 -8.20 67.24 0.21
536  2.60E-0 520.8 15.2 231.04 0.44
831 3.87E-02 773.40 57.600 3317.76 4.29
1,099 5.29E-021 1,057.600 4140, 1,713.96 1.6
1,395  6.73E-02| 1,345.00 50.000  2,500.00 1.8
1,588  8.00E-02] 1,600.80{ -12.80| 163.84] 0.10
1,798 8.96E-02] 1,792.80) 5.20 27.04 0.02
1,91 9.48E-020 1,896.000  21.00 441.00! 0.23
1,846 9.49E-02 1.898.80) -52.800 2,787.8 1.47
1,734 9.02E-02} 1.803.400 -69.40, 4,816.3 2.67
1,633  8.13E-02] 1,625.60 7.40 54.76 0.03
1,383  6.96E-02 1,391.00 -8.00 64.00) 0.05
1,106 5.65E-021 1,129.000 -23.00 529.00 0.47
855 4.34E-02 867.600  -12.60) 158.76) 0.18
663  3.15E-02 630.000  33.000 1,089.00 1.73
446  2.15E-02 430.60 15.40 237.16 0.55
27 1.38E-0 275.80 -1.80 3.24 0.01
161] 8.23E-03 164.66| -3.66 13.4] 0.08
102]  4.54E-03 90.87 I11.13 123.77 1.36
43 2.30E-03 45.92 -2.92 8.50 0.19
30 1.05E-03 209 9.03 81.57 3.89
Il 6.33E-04 12.66 -1 2.75 0.22
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Theoretical Density vs. Simulation
Frequency Distribution [PW -55-26-55-
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Figure 90. Graph Showing the Simulation Frequency versus the Theoretical Den
Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lum
Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)

Theoretical vs. Simulation Cumulative
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Figure 91. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Table 77

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Val
the Predicted Density Values for the Present Worth when the Lump-Sum Cask
~B(5,5), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(

Chi-squared Test - [PW- 55-26-55-20000]
Predicted Alpha 9.94 Test Critical
Predicted Beta 13.21] Statistic Value
umber Of Data Points 20000 47.42 35.17
alpha = 0.05
Degrees of freedom 23
Interval Predicted Ej fi-Ej & -Ep2 | (ff - Ej)"2/E]
Frequency
7 6.94E-0 13.88 -6.88 47.32 3.41
16 1.67E-03 33.35 -17.35 301.11 9.03
53 4.13E-03 82.64 -29.64] 878.65 10.63
162 8.65E-03 173.04] -11.04 121.99 0.70
311 1.58E-02] 316.60 -5.60 31.36 0.10
536 2.59E-02 518.00 18.00 324.00 0.63
831 3.86E-0 771.00 60.00) 3,600.00 4.67
1,099 5.28E-0 1,056.40 42.60 1,814.7 1.72
1,395 6.7T3E-02)  1,345.20) 49.80 2,480.04] 1.84
1,58 8.02E-02,  1,603.00 -15.00 225.00, 0.14
1,79 898E-02| 1,796.40 1.60) 2.56) 0.00
1,91 9.50E-020  1,900.80 16.20) 262. 0.14
1,84 9.52E-02  1,903.60 -57.60 3.317.76 1.74
1,734 9.04E-02]  1,807.60 -73.60 5,416.96 3.00
1,633 8.14E-02)  1,628.8( 4.20 17. 0.0l
1.383 6.96E-02|  1,392.80) -9.80 96.04 0.07
1.106 5.65E-02]  1,129.20 -23.200 538.24 0.48
855 4.33E-02 866.60) -11.60 134.56 0.16
663 3.14E-0 628.20 34.80 1,211.04 1.93
444 2.14E-0 428.60 17.4 302.76 0.7]
274 1.37E-02 273.80 0.20 0.04 0.00
161 8.15E-03 163.02 -2.02 4.10 0.03
102 4.48E-03 89.69 12.31 151.64 .69
43 2.26E-03 4515 -2.15 4.62 0.10
30 1.03E-03 20.53 9.47 89.64; 4.37
11 6.15E-04 12.30 -1.30 1.69 0.14
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Predicted Density vs. Simulation
Frequency Distribution [PW - 55-26-55-
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Figure 92. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)

Predicted vs. Simulation Cumulative
Distribution [PW - 55-26-55-20000]
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Figure 93. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Table 78

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-Sum Cash Flow
Timing ~B(2,6) and the Interest Rate ~B(2,6)

PW Range | Simulation | Theoretical | Predicted

Cell Boundary | Frequency | Density Density
203.28 0 0 0
233.52 0 0
263.75 0 0 0
293.99 0 0 o
324.22, 0 0 0
354.46 0 ] 1
384.69 1 3 3
414.92 | 9 9
445.16 10 2 24
475.39 2 55 56
505.63 8 11 112
535.86 163 200 201
566.09 309 330 331
596.33 490 501 502
626.56 766 710 710
656.80) 995 944 944
687.03 1,309 1,186 1,186,
717.26 1,492 1,413 1,412
747.50 1,669 1,600 1,598
777.73 1,740, 1,728 1.725
807.97 1,673 1,780 1.777
838.20 1,739 1,751 1,748
868.43 1,513 1,644 1.643
898.67 1,410 1,473 1.472
928.90 1,290 1,258 1,258
959.14] 1,013 1,020 1,02]
989.37 752 784 786
1,019.6 569 569 570
1,049.84 396 387 388
1,080.07 259 245 246
[L110.31 154 143 144
[,140.54 89 76 76

1,170.77 52 3 3
1,201.01 18 15 15
1,231.24] 7 5 5
1,261.48 4 | !
1,291.71 2 0
1,321.94 O 0 0
1,352.18 0 0 0
1,382.41 0 0 0
1,412.65 0 0
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Table 79

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(5,5), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate

~B(2,6)
IChi-squared Test - [PW - 55-26-26-20000]
[Theoretical Alpha 10.08 Test Critical
Theoretical Beta 10.41 Statistic Value
Number Of Data
Points 200000  115.22 37.65
alpha = 0.05
Degrees of freedom 25
Interval | Theoretical Ej fi-Ej | (§-EjY2 |(fj- Ej)2E]
Frequency
12| 1.80E-03 36.03) -24.03 577.52 16.03
28  2.75E-03 55.09  -27.09 733.76 13.32
87 5.55E-03 110.93 -23.93 572.79 5.16
163 1.00E-020 200.2 -37.20 1,383. 6.91
309 1.65E-02)  329.600  -20.60 4243 1.29
490\  2.50E-02] 500.800  -10.80 116.64 0.23
766  3.55E-021  709.80 56.20 3,158.44 4.4
995 4.72E-0 94420 50.80 2,580. 2.73
1,30 5.93E-02] 1,186.20f 122.80 15,079.84 12.71
1,492]  7.07E-02 1,413.00 79.00 6,241.00 4.42
1,669  8.00E-02) 1,600.40 68.60 4,705.96 2.94
1,740  8.64E-02) 1,727.60! 12.40 153.76 0.09
1,673 8.90E-02 1,779.600 -106.600 11,363.56 6.39
1,73 8.75E-02] 1,750.60 -11.60 134.56] 0.0
1,513 8.22E-021 1,644.200 -131.20 17,213.44 10.4
1,410 7.37E-02 1,473.40 -63.40 4,019.56 2.73
1,290  6.29E-02] 1,257.80 32.20 1,036. 0.82
1,013 5.10E-02] 1,020.400 -7.40 54.7 0.05
7521 3.92E-02 784200 -32.2 1,036.8 1.32
569  2.84E-021  568.6 0.40 0.1 0.00
396 1.93E-02| 386.60) 2.40 88.36 0.23
25 1.22E-021  244.60 14.40 207.36 0.85
154 7.13E-03 142.63 11.37 129.19 0.91
89 3.78E-03 75.65 13.35 178.19 2.36
52 1.79E-03 35.85 16.15 260.73 7.27
18  7.41E-04 14.81 3.19 10.14 0.6
7 2.58E-04 5.15 1.85 3.4] 0.66
6  8.84E-05 1.77 4.23 17.90 10.12)
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Figure 94. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-
Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)

Theoretical vs. Simulation Cumulative
Distribution [PW - 55-26-26-20000]
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Figure 95. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(35,5), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)
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Table 80

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(S,5), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)

IChi-squared Test - [PW - §5-26-26-20000]
Predicted Alpha 10.01 Test Critical
| redicted Beta 10.46/ Statistic Value
Number Of Data
Points 200000 11495 37.65
alpha = 0.05
Degrees of freedom 25
Interval Predicted Ej fi-Ej | (G-E)2 (fj-E))2/E;
Frequency
{ 12 1.82E-03 36.48  -24.48 599.08 16.42)
‘ 28 2.78E-03 55.55 -27.55 759.11 13.66
| 87 5.58E-03 11164  -24.64 606.99 5.4
i 163 1.01E-02 201.20¢  -38.20 1,459.24 7.25
i 309 1.65E-02 330.600  -21.60 466.56 1.41
| 490! 2.51E-02 501.80 -11.80 139.24 0.28
rf 76 3.55E-02 710.40 55.60 3,091.36 4.35
995 4.72E-02 944 40! 50.60 2,560.36 2.71
1,309 5.93E-0 1,185.600 123.400  15,227.56 12.84
i 1.492 7.06E-02)  1,411.60 80.40 6,464.16 4.58
\ 1,669  7.99E-02)  1,598.40 70.6 4,984.36 3.12
| 1,740 8.63E-02] 1725200 14.80 219.04) 0.13
1,673 8.80E-020 1,777.200 -104.20 10,857.64] 6.11
1.739 8.74E-020  1,748.40 -9.40) 88.36 0.05
1,513]  B8.21E-02]  1,642.60 -129.60  16,796.16 10.23
1,410 7.36E-02] 1,472.40  -62.4 3,893.76 2.64
1,290 629E-02)  1,257.60 32.40 1,049.76 0.83
1,013 SJ1IE-02)  1,021.20 -8.20 67.24 0.07
752 3.93E-02) 785.600 -33.60 1,128.96 1.44]
569 2.85E-02 570.00 -1.00 1.004 0.004
39 1.94E-02] 388.00 8.00 64.00, 0.16
259 [.23E-02 246.00 13.00 169.004 0.69
154 7.18E-03 143.66 10.34 106.82 0.74
89 3.82E-03 76.36 12.64 159.8 2.09
52 I.81E-03 36.27 15.73 247.3] 6.82
18  7.52E-04 15.03 2.97 8.81 0.5
2.62E-04 5.25 1.75 3.07 0.59
6 9.05E-05 1.81 4.19 17.56] 9.7
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Predicted Density vs. Simulation
Frequency Distribution [PW - 55-26-26-
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Figure 96. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)

! Predicted vs. Simulation Cumulative
5 Distribution [PW - 5§5-26-26-20000]
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Figure 97. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)

174



Table 81

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(2,6), the Lump-Sum Cash Flow
Timing ~B(6,2) and the Interest Rate ~B(6,2)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary| Frequency | Density Density
203.28 0 0 0
233.52 pi 10 8
263.75 78 |59 144
293.99 513 584 555
324.22 1,156 1,201 1,174
354 .46 1,929 1,815 1,805
384.69 2,416 2,263 2,275
414.92 2,637 2,467 2,495
445.16 2,43 2,431 2,465
475.39 2,18 2,209 2,240
505.63 1,824 1,877 1,899
535.864 1,461 1,504 1,51
566.09 1,063 1,143 1,144
596.33 805 82 821
626.56 520 572 562,
656.80 393 378 368
687.03 228 239 230
717.26 147 145 137
747.5() 88 84 7
771.73 45 46 43
807.97 36 24 2
838.20, 20! 12 I
868.43 I 6 S
898.67 3 3 2
928.9 1 1 |
959.14 ] 0
989.37 0
1,019.6 0 0 0
1,049.84 0 0
1,080.07 0 0 0
1,110.31 0 0 o
1,140.54 o 0 0
1,170.7 0 0 0
1,201.01 0 0 0
1,231.24 O 0 0
1,261.48 0 0 0
1,291.71 0 0 0
1,321.94 0 0
1,352.18 0 0
1,382.41 0 0 0
1,412.65 0 0 0
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Table 82

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(2,6), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate

"'B(672)
hi-squared Test - [PW - 26-62-62-20000]
[Theoretical Alpha 459  Test Critical
Theoretical Beta 18.46  Statistic Value
INumber Of Data
IPoints 200000 114.97 30.14
alpha = 0.05
ees of freedom 1
Interval | Theoretical Ej fj- Ej - Ejp)2 | (fi - Ep)2/E]j
Frequency
8 8.44E-03 168.74) -88.7 7,874.2 46.67
513 2.92E-02 584.000 -71.00 5,041.00 8.63
1,154  6.00E-0 1,200.80, -44.80 2,007.0 1.67
1,929  9.07E-02[ 1,814.80 114.20 13,041.64 7.19
2,416 I.13E-01] 2,262.60| 153.40 23,531.56 10400
2,637 1.23E-01; 2,466.80 170200  28,968.04 11.74
2,438 1.22E-01] 2,430.6 7.40 54.76 0.02]
2,186 1.10E-01| 2,209.40, -23.40 547.56 0.25
1,824/  9.39E-02] 1,877.00] -53.00 2,809.00 1.50
1,461 7.52E-02] 1,503.80| -42.80 1,831.84 1.22
1,063 5.71E-02] 1,142.80  -79.80 6,368.04] 5.57
805 4.14E-02 827.200 -22.20 492 84| 0.60
5200  2.86E-02 571.80{ -51.8 2,683.2 4,69
393 [.89E-02 378.00 15.00 225.0 0.6
228 1,20E-02 239200 -11.20 125.4 0.52
147  7.24E-03 144.89 2.11 4.46 0.03
88  4.20E-03 83.91 4.09 16.73 0.201
45  2.32E-03 46.4] -1.41 1.98 0.04
36 1.22E-03 24.46 11.54 133.10 5.
200 6.13E-04 12.26 7.74 59.94 4.89
100 2.91E-04] 5.82 4.18 17.48 3.00
S| 2.18E-04 4.36 0. 0.41 0.09
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| Theoretical Density vs. Simulation
I Frequency Disfribution [PW - 26-62-62-
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Figure 98. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the Lump-
Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)

Theoretical vs. Simulation Cumulative ‘
Distribution [PW - 26-62-62-20000]
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Figure 99. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)
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Table 83

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(2,6), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)

Chi-squared Test - [PW - 26-62-62-20000)
Predicted Alpha 4.64  Test Critical
Predicted Beta 18.93| Statistic Value
Number Of Data
Points 20000 104.59 30.14
alpha = 0.05
Degrees of freedom 19
Interval | Predicted Ej fi-Ej | (fi- Ej)*2 | (§ - B} 2/E]
Frequency
800  7.62E-03 (5244 -72.44 5,247 34.43
513  2.78E-02] 555200 42200 1,780.84 3.21
1,156 5.87E-02 1,173.600 -17.60 309.76 0.26
1,929  9.03E-02] 1,805.000 124.000 15,376.00 8.52
2,416 1.14E-01] 2275.000 141.000 19,881.0 8.7
2,637 1.25E-01] 249540 141.60{ 20,050.56 8.04
2,43 1.23E-01] 2,465.400 -27.40) 750.76 0.30
2,18 1.12E-01] 2,240.400 -54.400 2,959.36 1.3
1,824 9.49E-02] 1,898.60 -74.60f  5,565.16) 2.93
1,461  7.57E-02] 1,514.200 -53.200  2,830.24 1.87
1.063]  S.72E-02  1,143.60 -80.600  6,496.36 5.68
805  4.11E-0 §21.200 -16.2 262. 0.32
5200 2.81E-02] 562400 -42.40 1,797.76 3.20)
3930 1.84E-02  367.800  25.20 635.0 1.73
2280  1.15E-02] 22980f -1.80 3.2 0.01
147 6.86E-03 137.28  9.72 94.39 0.69
88  3.92E-03 78.31 9.69 93,9 1.2
45 2.13E-03 4259 241 5.79 0.1
36 1.10E-03 2205  13.95 194.6 8.83
200 5.42E-04) 10.83  9.17 84.06] 7.76
| 2.52E-04 503  4.97 24.68) 4.90
5. 1.81E-04] 362 13§ 1.90 0.5
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Figure 100. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)

Predicted vs. Simulation Cumulative
| Distribution [PW - 26-62-62-20000]
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Figure 101. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(6,2)
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Table 84

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(2,6), the Lump-Sum Cash Flow
Timing ~B(6,2) and the Interest Rate ~B(5,5)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary | Frequency Density Density
203.2 0 0
233.5 0 0
263.75 0 18 16
293.99 59 13 121
324.22 304 420 404
354.46 805 891 873
384.69 1,527 1,449 1,438
414.92 2,208 1,957 1,959
445.16 2,488 2,303 2,318
475.39 2,570 2,430 2,453
505.63, 2,278 2,343 2,36
535.8 2,054 2,091 2,110
566.0 1,645 1,743 1,754
596.33) 1,200 1,36 1,369
626.56 947 1,010 1,007
656.80 696 707 700
687.03 466 469 46]
717.26 299 295 288
747.50 176 176, 170
777.73 123 100 95
807.97 70 53 50
838.20 38 27 25
868.43 17 13 12
898.67 1 5
928.90 13 2 2
959.1 4 [ [
989.37 2 o 0
1,019.60 1 0
1,049.84) 0 0 0
1,080.07 0 0 0
1,110.31 0 0 0
1,140.54 0 0
1,170.77 0 O 0
1,201.01 0 0 0
1,231.24 0 0 0
1,261.48 0 0 0
1,291.71 0 0 0
1,321.94 O 0
1,352.18 0 0 0
1,382.41 0 0 0
1,412.65 0 0 0|
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Table 85

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(2,6), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate

~B(5,5)
Chi-squared Test - [PW - 26-62-55-20000)
[Theoretical Alpha 6.13]  Test Critical
Theoretical Beta 19.86| Statistic Value
INumber Of Data
Points 20000, 277.23 31.41
alpha = 0.05
Degrees of freedom 20
Interval | Theoretical Ej f-Ej | (f-ED™2 | (- Ej)"2/Ej
Frequency
59  7.43E-03 148.68 -89.68  8,042.55 54.0
3 2.10E-02 420.400 -116.400 13,548.96 32.23
805|  4.46E-02 801200 -86.200  7,430.44! 8.34
1,527 7.24E-02] 1,448601 7840 6,146.5 424
2,208  9.79E-02] 1,957.20 250.80 62,900. 32.14
2,488  1.1SE-0]| 2,303.000 185.00 34,225.00 14.86)
2,570 1.22E-01 2,430.000 140.00 [9,600.00 8.07
2278  1.17E-01 234280 -64.80 4,199.04 1.79
2,05 1.0SE-01] 2,091.00 -37.00  1,369.00 0.65
1,645| 8.72E-02 1,743.000 -98.000  9,604.00 5.51
1,2000  6.83E-020 1,365.600 -165.60 27,423.36 20.08
94 5.05E-021 1,009.80 -62.80  3,943.84] 3.91
696  3.53E-02 706.600  -10.60) 112.36 0.16
4660  2.35E-02 469.000  -3.00 9.00 0.02)
299 1.48E-02 295.20 3.80) 14.44 0.05
176/  8.81E-03 176240 -0.24 0.06 0.0
123  4.99E-03 99.721 232 542.08 5.
700 2.67E-03 53.37  16.63 276.48 5.18
3 1.35E-03 2696 1. 121.98 4.53
177 6.40E-04 12.80 4.2 17.61 1.3
100 2.85E-04 5.69 431 18.5 3.25
13| 1.18E-04 236 10.64 113.23 47.99
7 6.81E-05 1.36 5.64 31.78 23.33
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Theoretical Density vs. Simulation
Frequency Distribution [PW - 26-62-55- .
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Figure 102. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(S,5)
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Figure 103. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(S,5)
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Table 86

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(2,6), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)

«Chi-squared Test - [PW - 26-62-55-20000]
IPredicted Alpha 6.17  Test Critical
Predicted Beta 20.23| Statistic Value
Number Of Data
Points 200000 283.44 31.41
lalpha = 0.05
Degrees of freedom 20
Interval Predicted Ej fi-E | (§-Ep"2 | (f-Ej2VE]
Frequency
59 6.91E-03 138.22] -79.2 6,275.2 45.40
304 2.02E-02 404.20) -100.2 10,040.04 24.84
805 4.37E-02 87320 -68.200 4,651.24 5.33
1,527 7.19E-02| 1,437.80 89.20 7,956.64 5.53
2,208 9.80E-02| 1,959.40| 248.60/ 61,801.96 31.54
2,48 1.16E-01| 2,318.20, 169.80 28,832.04 12.44,
2,57 1.23E-01| 2.452.80 117.200 13,735.84 5.60)
2,278 1.18E-01] 2,366.80, -88.80¢  7,885. 3.33
2,054 1.06E-01| 2,110.20, -56.20| 3,158.44 1.50
1,645 877E-02] 1,754.40 -109.40 11,968.36| 6.82
1,200 6.85E-02| 1,369.001 -169.000 28,561.00 20.86
947 S.03E-02[ 1,006.800 -59.80| 3,576.04 3.55
696 3.50E-02 700.00 -4.00 16.00 0.02
466 2.31E-02 461.00 5.000 25.00 0.05
299 1.44E-02 287.60 11.40 129.96 0.45
176 8.50E-03 169.96 6.0 36.44 0.21
123 4.75E-03 95.08 27.92 779.34 8.20
70 2.51E-03 50.26 19.7 389.74 7.75
38 1.25E-03 25.04 12.9 168.0 6.71
| 5.86E-04 11.71 5.2 27.9 2.39
104 2.56E-04 5.12 4.88 23.77 4.64
13 1.04E-04 2.08 10.92 119.1 57.15
7 5.84E-05 1.1 5.83 34.01 29.11
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Predicted Density vs. Simulation
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Figure 104. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(5,5)
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1.00 =
N 0.80 -

i E 0.60 -
| g 0.40 - ® Cunylatwe l

‘ 0.20 - —— Predicted . |
0.00 : y T f

0 500 1000 1500 2000

Present Worth Range ($) J

Figure 105. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Table 87

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(2,6), the Lump-Sum Cash Flow
Timing ~B(6,2) and the Interest Rate ~B(2,6)

PW Range Simulation | Theoretical | Predicted

Cell Boundary | Frequency Density Density
203.28 0 0 0
233.52 0 0 0
263.75 0 2 1
293.99 6 22 20
324.22 37 til 107]
354.46 202 335 327
384.69 609 720 710
414,92 1,261 1,222 1,215
445,16 1,939 1,741 1,740
475.39 2,396, 2,159 2,166

505.63 2,518 2,392 2,40
535.86 2,442 2,407 2,422
566, 2,160 2,227 2,240
596.33 1,808 1,910 1,919
626.56 1,442 1,529 1,532
656.80 1,054 1,144 1,145
687.03 753 807 803
717.2 541 534 529
747.5 307 333 328
777.73 235 19 191
807.97 96, 10 104
838.20) 6 S5 53
868.43 57 27 25
898.67 20\ 12 11
928.90 12 5 5
959.14 5 2
989.37 3 1 1
1,019.60 2 o 0
1,049.84 1 0 0
1,080.0 0 0 0
1,110.31 0 o 0
1,140.5 0 0 0
1,170.77 0 0
1,201.01 0 0 0
1.231.24 0 0 0
1,261.48 0 0 0
1,291.71 O 0 0
1,321.94 O 0
1,352.1 0 o 0
1,382.41 0 0 0
1,412.65 0 0
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Table 88

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(2,6), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate

B(2,6)
Chi-squared Test - [PW - 26-62-26-20000]
Theoretical Alpha 774  Test Critical
Theoretical Beta 21.06| Statistic Value
umber Of Data
Points 200000 310.94 32.67
alpha = 0.05
IDegrees of freedom 21
Interval Theoretical Lj i-E | (f-Ep™2 | (fj - Ej)"2/E]
Frequency
6 1.16E-03 23.15 -17.15 294.13 12.71
37 5.55E-03 111.08 -74.0 5,487.3 49.40
202 1.68E-02 335.000  -133.000 17,689.0 52.80
609 3.60E-02 720.2 -111.200  12,365.44 17.17
1,291 6.11E-02| 1,222.4 68.600  4,705.96 3.85
1,939 8.70E-02]  1,740.80 198.200 39,283.2 22.57
2,396 1.08E-01f 2,159.20 236.800 56,074.2 25.97
2,518 1.20E-011  2,391.80 126.200  15,926. 6.66
2,442, 1.20E-Q1]  2,407.00 35000 1,225.004 0.51
2,160 1.11E-01]  2,227.0 -67.00  4,489.00 2.02
| 1,808 9.55E-02  1,910.40  -102.400 10,485.76 5.49
1,442 7.64E-020  1,528.80 -86.800  7,534.24 4.93
1,054 5.73E-02]  1,146.00 -92.0 8,464.00 7.39
753 4.03E-02 806.60 -53.60 2.872.96 3.5
541 2.67E-02 534.00 7.00 49.00 0.09
307 1.66E-02) 332.80 -25.80 665. 2.00
235 9.75E-03 194.95 40.05  1,604.24 8.23
96 5.36E-03 107.27 -11.27 127.01 1.18
64 2.77E-03 55.31 8.69 75.5 1.37
5 1.33E-03 26.63 30.3 922.17 34.63
2 5.96E-04 11.93 8.0 65.17 5.46
] 2.47E-04 49 7.06 49.84 10.09
5 9.40E-05 1.88 3.12 9.74 5.18
6 4.64E-05 0.93 5.07 25.72 27.70
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Theoretical Density vs. Simulation
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Figure 106. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Figure 107. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Table 89

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(2,6), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)

IChi-squared Test - [PW - 26-62-26-20000]
Predicted Alpha 7.75 Test Critical
[Predicted Beta 21.32) Statistic Value
INumber Of Data
Points 20000 311.25 32.67
falpha = 0.05
Degrees of freedom 21
Interval Predicted Ej fi-E | (f-ED™2 | (- E)N2UE]
Frequency
6 [ .O8E-03 21.70: -15.70 246.35 11.35
371 S.33E-03]  106.67 -69.67|  4,853.27 45.50,
202 1.63E-02) 326.80 -124.80) 15,575.0 47.66
609 3.55E-02) 710.000 -101.00] 10,201.004 14.37
1,291 6.08E-02 1,215.00 76.00 5,776.000 4.75
1,939 8.70E-02] 1,739.8 199.20| 39,680.64 2281
2,396 1.08E-01| 2,165.80 230.2 52,992.04 24.47
2,518 |.20E-01] 2,404.40 113.600 12,904.96 5.37
2,442 1.21E-01] 2,421.60 20.49 416.16 0.17
2,160 1.12E-01] 2,239.80 -79.80  6,368.04 2.84
1,808)  9.60E-02/ 1,919.0 -111.000  12,321.00 6.42
1,442  7.66E-02] 1,532.20 -90.20] 8,136.04 5.31
1,054  5.73E-02 1,145.00) -91.00 8,281.00 7.23
753 4.01E-02] 802.80 -49.80( 2,480.04 3.0
541 2.65E-020 529.00 12.00 144.00 - 0.27
307 1.64E-02)  327.8() -20.80 432.64] 1.32
235 9.54E-03]  190.82 4418 1,951.66 10.23
96  S.21E-03]  104.25 -8.25 68.07 0.65
64  2.67E-03 53.32 10.68 114.03 2.14
57 1.27E-03 25.45 31.55 995.44 39.11
200  5.64E-04 11.29 8.7 75.9 6.73
12l  231E-04 4.62 7.38 54.40 11.76
5 8.69E-05 1.7 3.26 10.64 6.12
6 4 21E-05 0.84 5.16 26.60 31.56
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Predicted Density vs. Simulation

Frequency Distribution [PW - 26-62-26-
20000]
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Figure 108. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Figure 109. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Table 90

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(2,6), the Lump-Sum Cash Flow
Timing ~B(5,5) and the Interest Rate ~B(6,2)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary | Frequency Density Density

203.28 0 0 0
233.52] [, 0 0
263.75 2 18 16
293.99 57 130 121
324.22 295 420 404
354.46 851 891 873
384.69 1,491 1,449 1,438
414.9 2,135 1,957 1,959
445.1 2,472 2,303 2,318
475.39 2,580, 2,430 2,453
505.63 2,279 2,343 2,367
535.86 2,071 2,09] 2,110
566.09 1,624 1,743 1,75
596.33 1,291 1,366 1,369
626.56 930 1,010 1,007
656.8 653 707 700,
687.03 492 469 461
717.26 317 295 288,
747.50 206 17 170
777.73 119 10 95
807.97 57 53 50
838.2 39 27 25
868.43 19 13 12
898.6 13 6 5
928.90: 2| 2
959. 14 p i 1
989.37 3 o

1,019.60! o 0

1,049, 0 0 0

1,080.07 0 0 0

1,110.31 0 0

1,140.54] 0

1,170.77 0 0 0

1,201.01 0 0 0

1,231.24 0 0

1,261.48| 0 0 0

1,291.71 0 o o

1,321.94] 0 0 0

1.352.18 0 0 0

1,382.41 0 0 0

1.412.65 O 0 0
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Table 91

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(2,6), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate

~B(6,2)
Chi-squared Test - [PW - 26-55-62-20000]
Theoretical Alpha 6.13]  Test Critical
Theoretical Beta 19.86| Statistic Value
umber Of Data Points 20000/ 189.24 30.14
Ipha = 0.05
Degrees of freedom 19
Interval Theoretical Ej fi-E) | (§-Ej2 | (fi-Ej)"2E]j
Frequency
59 7.43E-03 148.68 -89.68 8,042.55 54.09
295 2.10E-02] 420.40 -125.40{ 15,725.16 37.41
851 4. 46E-02 891.200 -40.20 1,616.04 1.81
1.491 7.24E-02| 1,448.600  42.40 1,797.76 1.24
2,135 9.79E-02| 1,957.200 177.80 31,612.84 16.15
2,472 1.15E-01| 2,303.000 169.000 28,561.00 12.40¢
2,580 1.22E-01| 2,430.00 150.000 22,500.00 9.2
2,279 1.17E-01] 2,342.800 -63.8 4,070.44 1.74
2,071 1.05E-01| 2,001.000 -20.00 400.0 0.19
1,624 8.72E-021 1,743.000 -1§19.00| 14,161.00 8.12)
1,291 6.83E-02) 1.365.60| -74.60 5,565.16 4.08
93 5.05E-02] 1,009.80| -79.800 6,368.04 6.31
653 3.53E-02 706.600 -53.60 2,872.96 4.0
492 2.35E-020  469.0 23.00 529.0 i.13
317 1.48E-02 295.200 21.80 475.24 1.61
206| 8.81E-03 176.241  29.76 885.57 5.02
119 4.99E-03 99.72 19.28 371.82 3.73
57 2.67E-03 53.37 3.63 13.16 0.25
39 1.35E-03 26.96  12.04 145.07 5.38
19 6.40E-04 12.80 6.20) 38.40 3.00
13 2.85E-04] 5.69 7.31 53.3 9.37
7 1.86E-04] 3.7 3.28 10.75 2.89
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‘ Theoretical Density vs. Simulation
Frequency Distribution [PW -26-55-62-
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Figure 110. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)
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Figure 111. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6). the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)
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Table 92

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(2,6), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)

hi-squared Test - [PW - 26-55-62-20000]
[Predicted Alpha 0  Test Critical
Predicted Beta 0 Statistic Value
Number Of Data Points 200000 185.51 30.14
alpha = 0.05 a
Degrees of freedom 19
Interval Predicted Ej -E | (H-EP2 | (§-EN2E)
Frequency
590 6.91E-03 138.22 -79.22 6275.24 45.40
295 2.02E-02 404.20 -109.200  11924.64 29.50
851 4.37E-0 873.20 -22.20 492.84 0.56
L 1491 7.19E-02  1437.80 53200  2830.24 1.97
2135 9.80E-0 1959.40 175.600  30835.36 15.74
2472 1.16E-01] 2318.2 153.800  23654.44 10.20
2580 1.23E-01] 2452.8 127.200 161798 6.60
2279 1.18E-01] 2366.80f  -87.8 7708.84) 3.26
2071 1.06E-01] 2110.20 -39.201 1536. 0.73
1624 8.77E-021 1754400 -130.40{ 17004.16 9.69
1291 6.85E-02] 1369.00 -78.001 6084.00 4.44
930, 5.03E-02| 1006.80) -76.80 5898.24 5.86
653 3.50E-02 700.00 -47.000  2209.00 3.16
492 2.31E-02 461.00 31.0 961.00 2.08
317 1.44E-02 287.60) 29.404 864.36 3.01
206 8.50E-03 169.96 36.04 1298.64 7.64
119,  4.75E-03 95.08 23.92 572.00, 6.02
57 2.51E-03 50.26 6.74 4545 0.90
39, 1.25E-03 25.04 13.96 195.02 7.79
19 5.86E-04] 11.71 7.29 53.11 4.53
13|  2.56E-04 5.12 7.88 62.03 12.11
7 1.63E-04f 32§ 3.75 14.04 4.32
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Predicted Density vs. Simulation
Frequency Distribution [PW 26-55-62-
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Figure 112. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(S5,5) and the Interest Rate ~B(6,2)

Predicted vs. Simulation Cumulative
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Figure 113. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(6,2)
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Table 93

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(2,6), the Lump-Sum Cash Flow
Timing ~B(5,5) and the Interest Rate ~B(5,5)

PW Range Simulation | Theoretical | Predicted

Cell Boundary | Frequency Density Density
203.28 0 0 0
233.52 O 0 0
263.75 0 I 1
293.99 3 15 14
324.22 28 8] 77
354.46 147 251 244
384.69 435 558 549
414.92 1,009 984 976
445.16 1,635 1,460 1,456
475.39 2,158 1,891 1,894
505.63 2,401 2,192 2,202
535.86] 2,433 2,314 2,327
566.09 2,292 2,250 2,264
596.33 1,863 2,034 2,045
626.56 1,517 1,719 1,725
656.8 1,232 1,364 1,366
687.03 911 1,019 1,017
717.26 685 718 714
747.50 46 478 473
771.73 296 30! 295
807.97 195 177 173
838.20 121 99 96
868.43 82 51 50

808.67 43 25 2
928.90 24 11 11
959.14 10 5 4

989.37 7 2
1,019.60 1 1
1,049.84 1 0 0
1,080.07 1 0 0
1,110.31 0 0 O
1,140.54 0 0 o
1,170.77| 0 O
1,201.01 0 0 N,
1,231.24 0 0 o
1,261.48 0 0 0
1,291.71 0 0 0
1,321.94 0 0 0
1.352.18 0 0 0
1,382.41 0 0 o
1,412.65 Q 4]
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Table 94

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(2,6), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate

~B(5,5)
Chi-squared Test - [PW - 26-55-55-20000]
[Theoretical Alpha 7.69  Test Critical
Theoretical Beta 19.48| Statistic Value
Number Of Data
Points 20000, 365.88 32.67
alpha = 0.05
Degrees of freedom 21
Interval Theoretical Ej fi-Ej | (§-Epp2 [(f-E)N2E)
Frequency
3] 4.84E-03 96.8 -65.84  4,334.45 44.76
147 1.25E-02 250.600 -103.600 10,732.96 42.83
435 2.79E-02 558200 -123.200 15,178.24 27.19
1,009 4.92E-02 984.40 24.60 605.16 0.61
1,635 7.30E-02| 1,460.00 175.000 30,625.00 20.98
2,158 9.46E-02| 1,891.00 267.000 71,289.00 37.70
2,401 1.10E-O01l] 2,192.000 209.00f 43,681.00 19.93
2,433 1.16E-01] 2.313.60 11940 14,256.36 6.16
2,292 1.13E-01]  2,250.20 41800 1,747.2 0.78
1,863 1.02E-01| 2,033.800 -170.80 29,172.64 14.3
1,517 8.59E-02| 1,718.800 -201.801 40,723.24 23.69
1,232 6.82E-02| 1,364.00 -132.00 17,424.00 12.77
911 5.10E-02| 1,019.200 -108.20 11,707.24 11.49
685 3.59E-02 718400 -33.400 1,115.56 1.55
467 2.39E-02 477.80  -10.80] 116.64 0.24
296 1.50E-02 299.80 -3.80 14. 0.05
195 8.87E-03 177.33 17.67 3120 1.76
121 4.93E-03 98.65 22.35 499.52 5.06
82 2.57E-03 51.47 30.53 932.12 18.11
43 1.25E-03 25.09 17.91 320.8] 12.79
24 S.68E-04 11.37 12.63 159.53 14.03
10 2.38E-04 4.76 5.24 27.46 5.77
9.13E-05 1.83 5.17 26.76 14.65
6 4.53E-05 0.9} 5.09 25.95 28.63
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Figure 114. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(S,5) and the Interest Rate ~B(S,5)
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Figure 115. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(S,5)
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Table 95

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(2,6), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)

IChi-squared Test - [PW - 26-55-55-20000]
edicted Alpha 7.79]  Test Critical
Predicted Beta 19.72| Statistic Value
Number Of Data
Points 20000{ 370.67 32.67
Ipha = 0.05
grees of freedom 2]
Interval | Predicted Ej fj - Ej (f-Ep™2 | (fi - E))"2/E]
Frequency
31, 4.61E-03 92.27 -61.27 3,754.41 40.6%
14 1.22E-02 243.60 -96.60, 9,331.56 38.31
435 2.74E-0 548.80f -113.80] 12,950. 23.60
1,009 4.88E-0 976.00) 33.00 1,089.00 1.12
1,635 7.28E-0 1,456.40 178.60 31,897.94 21.90
2,158 9.47E-020  1,894.20 263.80] 69,590.44 36.74
2,401 1.10E-01]  2,201.60 199.400  39,760.3§ 18.06
2,433 1.16E-0Y  2,327.00 106.000  11,236.00 4.83
2,292 1.13E-01]  2,263.80 28.204 795.24 0.35
1,863  1.02E-01 2,044.80f -181.80] 33,051.24 16.16
1,51 8.63E-02]  1,725.400  -208.40 43,430.56 25.17
1,232) 6.83E-02]  1,366.000  -134.000 17,956.00 13.1
911 5.09E-020 1,0174 -106.40  11,320.9 11.13
685 3.57E-02 714.20 -29.20) 852.64 1.19
467 2.36E-02 472.801 -5.80 33. 0.07
296 1.48E-02 295.00 1.00 1.00 0.00
195 8.67E-03 173.42 21.58 465.64 2.68
121 4.79E-03 95.79 25.21 635.47 6.63
82 2.48E-03 49.58 32.42 1,050.8 21.1
43| 1.20E-03 23.96 19.04 362.61 15.14
24 5.38E-04 10.75 13.25 175.52 16.33
100 2.23E-04 4.45 5.55 30.7 6.91
8.44E-05 1.69 5.31 28.21 16.70
6 4.11E-05 0.82 5.18 26.81 32.62
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Figure 116. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)
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Figure 117. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(S,5)
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Table 96

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(2,6), the Lump-Sum Cash Flow
Timing ~B(5,5) and the Interest Rate ~B(2,6)

PW Range | Simulation | Theoretical | Predicted
Cell Boundary | Freguency Density Density
203.28 0 0
233.52 0 0 0
263.75 0 0 0
293.99 0 1 1
324.22 4 12 1
354 4 14 54 53
384.69 72 161 159
414.92 282 368 365
445.16 585 685 681
475.39 1,099 1,085 1,08
505.63 1,640 1,51 1,509
535.86 2,173 1,885 1,887
566.09 2,406 2,142 2,145
596.33 2,331 2,240 2,244
626.5 2,110 2,171 2,176
656.80) 1,853 1,963 1,96
687.03 1,471 1,661 1,663
717.26 1,19 1,319 1,320
747.50 884 985 984
777.73 655 691 690
807.9 456| 454
838.20 325 282 281
868.43 175 1 162
898.67 131 88 88
928.90 69 44 44
959.1 21 20
989.3 23 9 9
1,019.60) L 3 3
1,049.84; S ] 1
1,080.07 3 0 0
1,110.31 0 0 0
1,140.54] 0 0 0
1,170.77 0 0j 0
1,201.01 0 0] Q
1,231.24 0 0 0
1,261.48 0 0] 0
1.291.71 0 0
1.32]1.94 0 0 0
1,352.18 0 0 _
1,382.41 0 0 (
1,412.65 0 0 0
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Table 97

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(2,6), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate

~B(2,6)
Chi-squared Test - [PW - 26-55-26-20000]
Theoretical Alpha 9.16| Test Critical
Theoretical Beta 18.80 Statistic Value
Number Of Data
Points 20000/ 384.09 32.67
alpha = 0.05
grees of freedom 21
Interval Theoretical Ej fi-Ej [(§-E)™2|(f)-E)*2/E]j
Frequency
18 3.35E-03] 6697 -48.97 2,397.70 35.80
7 8.06E-03] 161.23] -89.23 7,961.67 49.38
282 1.84E-02) 368.000 -86.000 7.396.00 20.10
585 JA4A2E-02] 684.600 -99.600 9,920.16 14.49
1,099 5.42E-02 1,084.80 14200  201.64 0.19
1,640 7.55E-02] 1,510.000  130.00 16,900.00 11.19
2,173 9.43E-02| 1,885.00 288.00 82.944.00 44.00
2,406 1.07E-01| 2,142.00]  264.00 69.696.00 32.54
2,331 1.12E-01| 2,239.60] 91.40 8,353.96 3.73
2,11 1.09E-01| 2,171.00] -61.000 3.721.00 1.71
1,853 9.81E-021 1,962.60/ -109.601 12,012.16 6.12
1,471 8.30E-02) 1,660.80| -189.80| 36,024.04 21.69
1,195 6.60E-02 1,319.00| -124.000 15.376.00 11.66
884 4.92E-021 984.60] -100.600 10,120.36 10.28
655 3.46E-021  691.00[ -36.000 1,296.00 1.88
444 2.28E-0 455.80 -11.8 139.24 0.31
325 1.41E-02) 282.20, 423 1,831.84 6.49
175 8.18E-03] 163.51 11.49 131.96 0.81
131 4.42E-03 88.43 42.57 1,81241 20.5
69 222E-03] 4443 245 603.50 13.59
44 1.03E-03 20.62] 23.38 546.85 26.53
23 4.39E-04) 8.77 14.23 202.45 23.08
7 1.70E-04 3.39 3.61 13.03, 3.84
| 8 8.31E-05 166 634 4018 24.19

201
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Figure 118. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)
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Figure 119. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)
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Table 98

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(2,6), the Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)

Chi-squared Test - [PW - 26-55-26-20000]
Predicted Alpha 9.20 Test Critical
Predicted Beta 18.88) Statistic Value
Number Of Data
Points 20000 385.26 32.67
alpha = 0.05
Degrees of freedom 21
Interval Predicted Ej §-Ej | (§-EN"2 | (- Ej)2E]
Frequency
18  3.29E-03 65.76 47.7 2,280.60 34.68
72 7.97E-03 159.39 -87.39 7,637.12 47.91
28 1.83E-02]  365.400 -83.40 6,955.56 19.04
585 3.41E-02, 68140 -96.40 9,292.96 13.
1,099  5.41E-02 1,082.40 16.64 275.56 0.25
1,640  7.5SE-02] 1,509.400 130.60( 17,056.36 11.3
2,173  9.43E-02] 1,886.600 286.400 82,024.96 43.4
2,406  1.07E-01] 2,14540 260.60| 67,912.36 31.65
2,331 1.12E-01] 2,244.00f  87.00 7,569.00 3.37
2,110 1.09E-01] 2,175.600 -65.60 4,303.36 1.98]
1,853  9.83E-02) 1,966.20| -113.200 12,814.24 6.52
1,471 8.32E-02] 1,663.000 -192.000 36,864.00 22.17
1,195 6.60E-02| 1,319.60 -124.60 15,525.16 11.7
884 4.92E-02] 984.000 -100.000 10,000.00 10.16
655 3.45E-02  689.600 -34.60 1,197.16 1.74
44 2.27E-02) 454200 -10.20 104.04 0.23
325 1.40E-02| 280.6 44.40 1,971.36 7.03
175  8.11E-03 16224  12.76 162.79 1.00
i31]  4.38E-03 87.52 43.48 1,890.63 21.60
69 2.19E-03 4384  25.16 632.84 14.43
44 1.01E-03 2028  23.72 562.63 27.74
23] 4.30E-04 8.60! 14.40 207.41 24.12
7 1.66E-04 3.31 3.69 13.6] 4.11
8  8.06E-05 1.61 6.39 40.81 25.33
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Figure 120. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)

Predicted vs. Simulation Cumulative
Distribution [PW - 26-55-26-20000]
1,00
080 -
| § 0.60 - o Cumulative
' it 0.40 - — Predicted ‘!
' 0.20
0.00 ( . .
0 500 1000 1500 2000
Present Worth Range ($)

Figure 121. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(2,6)

204



Table 99

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(2,6), the Lump-Sum Cash Flow
Timing ~B(2,6) and the Interest Rate ~B(6,2

PW Range | Simulation | Theoretical | Predicted
Cell Boundary | Frequency Density Density
203.28, 0 0 0
233.52 0 0 0
263.75 0| 2 ]
293.99 2 22 20
324,22 50 111 107
354 .46 203 335 327
384.69 639 720 710
414.92 1,198 1,222 1,215
445.1 1,980 1,741 1,740,
475.39 2,378 2,159 2,166
505.63 2,549 2,392 2,404
535.86! 2,592 2,407 2,422
566.09 2,121 2,227 2,240)
596.33 1,746 1,910 1,919
626.5 1,388 1,529 1,532
656.80 987 1,144 1,145
687.03 766 807 803
717.26 51 53 529
747.50 344 33 328
777.73 227 195 191
807.9 137 107 104
£38.20, 80 55 53
868.43 51 2 25
898.67 21 12 11
928.90 17 5 5
959.14 3 2 2
989.37 3 1 I
1,0£9.60 0 0 0
1,049.84 1 0 0
1,080.07 0 0 0
1,110.31 0 0 0
1,140.54 0 0
1,170.77 0 0 0
1,201.01 0 o 0
1,231.24) 0 0 0
1,261.48 0 0 0!
1,291.71 0 0 0
1,321.944 0 0 0
1,352.18 0 0 0
1,382.41 0 0 0
1,412.65 0 0 0
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Table 100

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(2,6), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate

~B(6,2)
Chi-squared Test - [PW - 26-26-62-20000]
Theoretical Alpha 7.77  Test Critical
coretical Beta 2110 Statistic Value
Number Of Data
Points 20000 338.22 30.14
mlpha = 0.05
Degrees of freedom 19
Interval | Theoretical Ej §-E | (§-Ep™2 | (i - E)2/E;
Frequency
5 6.71E-03 134.23 -82.23 6,761.26 50.37
203 1.68E-020  335.00] -132.00 17,424.00 52.01
639  3.60E-02] 720.20 -81.2 6,593. 9.16
1,198  6.11E-02] 1,222.40 -24.40 595.36 0.49
1,980 8.70E-02] 1,740.8 239.200 57,216.64 32.87
2,378 1.08E-01] 2,159.20 218.80 47,873.44 22.17
2,549  1.20E-01] 2,391.80 157.20  24,711.84 10.33
2,592 1.20E-01| 2,407.00 185.00 34,225.00 14.22]
2,121 1.11E-01] 2,227.00f -106.00 11,236.00 5.05
1,746/  9.55E-02] 1,910.40 -164.40 27,027.36 14.15
1,38 7.64E-02) 1,528.80] -140.80 19,824. 12.97
98 5.73E-020 1,146.00 -159.000 25,281.00 22.06
7660 4.03E-02] 806.60 -40.60 1,648.36 2.
517 2.67E-02)  534.00 -17.00 289.00 0.54
344 1.66E-02] 332.80 11.20 125. 0.38
227 9.75E-03]  194.95 32.05  1,027.39 5.27
137, S5.36E-03 107.27 29.73 883.88 8.2
80 2.77E-03 55.31 24.6% 609.74 11.02
51 1.33E-03 26.63 24.37 593.7 22.29
21 5.96E-04) 11.93 9.07 82.32 6.90
1 2.47E-04 4.94 12.0 145.43 29.44
1.40E-04] 2.81 4.19 17.57 6.26|
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Figure 122. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)
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Figure 123. Graph Showing the Simulation versus the Theoretical Cumaulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)
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Table 101

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Vaiues to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(2,6), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)

hi-squared Test - [PW - 26-26-62-20000]
edicted Alpha 7.75| Test Critical
Predicted Beta 21.320 Statistic Value
umber Of Data
oints 200000 339.53 30.14
alpha = 0.05
Degrees of freedom 19
Interval Predicted Ej fi-Eji |(f-Ej)"2|(f- Ej)2/E]
Frequency
52l 6.42E-03| 128.36 -76.36 5,831.00 45.43
203 1.63E-02] 326.800 -123.801 15,326.44 46.9
639  3.55E-02| 710.004 -71.001 5,041.00 7.10)
1,198  6.08E-02| 1,215.0 -17.000  289.00 0.24]
1,980  8.70E-02| 1,739.800 240.20{ 57,696.04 33.16
2,378 1.08E-01| 2,165.800 212.201 45,028.84 20.79
2,549 1.20E-01| 2,404.40f 144.60{ 20,909.16 8.70
2,592 1.21E-01| 2,421.60  170.40 29,036.16 11.99
2,121 1.12E-01| 2,239.80 -118.80 14,113.44| 6.30)
1,746/  9.60E-02] 1,919.000 -173.001 29,929.00 15.60
1,388  7.66E-02 1,532.200 -144.20 20,793.64 13.57
987 5.73E-02| 1,145.000 -158.000 24,964.00 21.80
76 4.01E-02] 802.800 -36.80 13542 1.69
517 2.65E-020  529.000 -12.00  144.00| 0.27
344 1.64E-02]  327.80) 16.200  262.44 0.80!
227 9.54E-03] 190.8 36.18 1,308.82 6.86,
1377 S5.21E-03| 104.25 32,75 1,072.54 10.29
80  2.67E-03 5332 26.68 711.75 13.35
51 1.27E-03|  25.45 25.55 652.83 25.65
21 5.64E-04 11.29 9.71 943 8.36
177 2.31E-04] 4.62 12.38)  153.1 33.12
7 1.29E-04 2.58 4.42 19.52 7.56
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Figure 124. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)

Predicted vs. Simulation Cumulative
Distribution [PW -26-26-62-20000]
1.00 .
0.80
0.60 -
0.40 -
0.20 W !
0.00 - . , |
0 500 1000 1500 2000

Present Worth Range ($) {

;(P_W)

Figure 125. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(6,2)
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Table 102

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(2,6), the Lump-Sum Cash Flow
Timing ~B(2,6) and the Interest Rate ~B(5,5)

PW Range Simulation | Theoretical | Predicted
Cell Boundary | Frequency | Density Density
203.28 0 0
233.5 0 0 0
263.75 O 0 0
293. 0 1 1
324.22 1 12 ]
354.46 20) 54 53
384.69 74 161 159
414.9 249 36 365
445.16 583 685 681
475.39 1,151 1,085 1,082
505.63 1,768 1,51 1,509
535.86 2,165 1,885 1,88
566.09 2,307 2,142 2,145
596.33 2,261 2,240 2,244
626.5 2,071 2,171 2,176
656.80 1,860 1,963 1,966
687.03 1,479 1,661 1,663
7172 1,223 1,319 1,320
747.50) 854 98 98
777.73 692 691 690!
807.97 445 456 45
838.20 308! 282 281
868.43 200 164] 162
898.67 125 88 8
928.90 84 44 44
959.14 37 21 20,
989.37 28| 9 9
1,019.60 6 3 3
1,049.8 5 1 i
1,080.0 2 0 0
1,110.31 | 0 0
1,140.54 | 0 0
1,170.77 0 0
1,201.01 0 0 0
1,231.24 0
1,261.4 0 O 0
1,291.71 0 0 0
1,321.94 0 0 0
1,352.18 0 0 0
1,382.41 0 0 0
1,412.6 o 0 0
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Table 103

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(2,6), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate

~B(S,5)
Chi-squared Test - [PW - 26-26-55-20000]
[Theoretical Alpha 9.16  Test Critical
eoretical Beta 18.8 Statistic Value
Number Of Data
Points 20000{ 439.85 32.67
alpha = 0.05
Degrees of freedom 21
Interval | Theoretical Ej fi-E | (§-EN*2 ! (f-Ej)VEj
Frequency
21 3.35E-03 66.9 -45.9 2,112.91 31.55
74 8.06E-03 161.23]  -87.23]  7,608.76 47.19
249 1.84E-02  368.000 -119.00 14,161.00 38.48
583 342E-02  684.600 -101.6 10,322.56 15.08
1,151 5.42E-02| 1,084.80 66.200  4,382.44 4.04
1,768  7.55E-02) 1,510.00 258.000 66,564.00 44.08
2,165 9.43E-02] 1,885.000  280.00 78,400.00 41.59
2,307 1.07E-01] 2,142.000  165.00 27,225.00 12.71
2,261 1.12E-01  2,239.60 21.40 457.96 0.20
2,071 1.09E-01] 2,171.000 -100.00 10,000.00 4.61
1,8600  9.81E-020 1,962.60 -102.60f 10,526.7¢ 5.36
1,479 8.30E-02] 1,660.80 -181.80 33,051.24 19.90
1,223 6.60E-02] 1,319.000 -96.000  9,216.00 6.99
854 4.92E-02] 984.60| -130.600 17,056.36 17.32
692  3.46E-02  691.00 1.00 1.00 0.00
445 2.28E02  455.8 -10.80) I 16.64 0.26
308 1.41E-02]  282.20 25.80 665.64 2.36
2000 8.I18E-03 163.51 36.49 1,331.33 8.14
125 4.42E-03 88.43 36.57 1,337.54 15.13
84  2.22E-03 44.43 39.57 1,566.13 35.25
37 1.03E-03 20.62 16.3 268.44 13.02
28  4.39E-04 8.77 19.23 369.74 42.15
6 1.70E-0 3.3 2.61 6.81 2.01
9  831E-05 1.66 7.34 53.86 32.42
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Theoretical Density vs. Simulation
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Figure 126. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Figure 127. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Table 104

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(2,6), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)

Chi-squared Test - [PW - 26-26-55-20000]
Predicted Alpha 9.11]  Test Critical
Predicted Beta 18.92| Statistic Value
INumber Of Data
Points 20000 443.02 32.67
glpha = 0.05
Degrees of freedom 21
Interval Predicted Ej fi-Ej | (fi- Ej)"2 |(fj - E))"2/E]
Frequency
21 3.29E-03 6574 -44.76| 2,003.07 304
74  7.97E-03 15939 -85.39 7,291.5§ 45.75
249 1.83E-02| 365400 -116.40] 13,548.96 37.08
583 3.41E-02 68140 -98.40 9,682.56 14.21
1,151 541E-02) 1,082.40 68.60 47059 4.35
1,768  7.55E-02) 1,509.40| 258.60] 66,873.96 44.30
2,165  9.43E-02] 1,886.600 278.40| 77,506.56 41.08
2,30 1.07E-01| 2,145.40 161.60] 26,114.56 12.17
2,261 1.12E-01] 2,244.0 17.00 289.00 0.13
2,071 1.09E-01] 2,175.60] -104.60] 10,941.16 5.03
1,8600  9.83E-02] 1,966.2(0 -106.20) 11,278.44 5.74
1,4790  8.32E-02| 1,663.000 -184.00, 33,856.00 20.34
1,223]  6.60E-02] 1,319.60 -96.60 9,331.56 7.07
85 4.92E-02 984.000 -130.000 16,900.00 17.1
6924 3.45E-02 689.60) 2.40| 5.76 0.01
445 2.27E-02 454.20) -9.20 84.64| 0.19
30 1.40E-02] 280600 27.40 750.76 2.68
2000 8.11E-03 16224  37.760  1,425.73 8.79
125  4.38E-03 87.5 37.48 1,404.86 16.05
84  2.19E-03 43.84 40.16) 1,612.5 36.7
377 1.01E-03 2028  16.72 279.5 13.78
28  4.30E-04 8.600  19.40 376.43 43.78
6 1.66E-04 3.31 2.69) 7.23 2.19
9  8.06E-05 1.61 7.39 54.59 33.88
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Figure 128. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Figure 129. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Table 105

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(2,6), the Lump-Sum Cash Flow
Timing ~B(2,6) and the Interest Rate ~B(2,6)

PW Range Simulation | Theoretical | Predicted
Cell Boundary | Frequency Density Density
203.2 0 0 0
233.52 0 0 0
263.75 O 0 0
203.9 0 0
324.22 0 ] 1
354.46, 1 7 7
384.69 6 28 28
414.92 26| 82 83
445.16| 101 192 194
475.39 255 377 379
505.63 55 643 645
535.86 965 973 975
566.09 1,494 1,332 1,332
596.33 2,019 1,668 1,666
626.56 2,223 1,92 1,925
656.80 2,288 2,074 2,070
687.03 2,108 2,085 2,081
717.26 1,818 1,966 1,963
747.50 1,527 1,743 1,741
777.73 1,304 1,454 1,454
807.9 97 1,143 1,143
838.20 736 845 846,
868.43 542 58 589
898.67 398 38 38
928.901 26 233 23
959.14 178 132 133
989.37 92/ 69 7
1,019.60 53 33 34
1,049.84 32 14 15
1,080.07 19 6 6
1,110.31 104 2
1,140.54 6 ] 1
1,170.77 1 0 0
1,201.01 1 0 0
1,231.24 O 0 0
1,261.48] 0 0 0
1,291.71 0 0
1,321.94 0 L 0
1,352.18 0 0
1,382.41 0 0 o
1,412.65 o 0 0
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Table 106

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash
Flow ~B(2,6), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate

~B(2,6)
IChi-squared Test - [PW - 26-26-26-20000]
Theoretical Alpha 10.29  Test Critical
Theoretical Beta 16.36 Statistic Value
Number Of Data
[Points 20000, 613.36 35.17
ialpha = 0.05
grees of freedom 23
Interval Theoretical Ej fi-Ej (6 -Ej)*2 | (fi - Ej)"2/Ej
Frequency
7 1.80E-03 36.02 -29.02 842.07 23.38
26 4.10E-03 81.96 -5596  3,131.95 38.21
10] 9.60E-03 192.08 -91.08f 8,295.71 43.19
255 1.89E-02] 377.40 -122.400 14,981.76 39.70
550! 3.22E-02 643.0 -93.000 8,649.00 13.45
965 4.87E-02] 973.40 -8.40 70.56 0.0
1,494 6.66E-02 1,33]1.8 162.200 26,308.84 19.75
2,019 8.34E-02] 1,667.60 351.40 123,481.96 74.05
2,223 9.64E-02] 1,928.60 294.4 86,671.36 449
2,288 1.04E-01] 2,074.4 213.600 45,624.96 21.99
2,108 [.04E-Q1| 2,085.40) 22.60 510.76| 0.2
1,818 9.83E-02 1,966.20 -148.200 21,963.2 11,1
1,527 8.72E-020 1,743.00 -216.000  46,656.0 26.77
(.3 7.27E-02) 1,4544 -150.40 22,620.1 15.55
97 5.71E-02 1,142.60 -164.600 27,093.16 23.71
736 4.22E-02 844,80 -108.800 11,837.44 14.01
542  2.94E-02  587.00 45.000  2,025.00) 3.45
398 1.91E-02 382.20 15.80 249 64 0.65
269 1.16E-02 232.60 36.40 1,324.96 5.70
178 6.58E-03 131.57 46.43 2,156.0 16.3
92 3.44E-03 68.79 23.21 538.57 7.83
53 1.65E-03 32.99 20.01 400.38 12.14
32 7.18E-04 14.3 17.63 310.89 21.64
19 2.81E-04] 5.61 13.39 179.26 31.94
10 9.67E-05 1.93 8.07 65.07 33.66
8 3.76E-05 0.75 7.25 52.52 69.78
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Figure 130. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)
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Figure 131. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)
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Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(2,6), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)

Table 107

Chi-squared Test - [PW - 26-26-26-20000]

Predicted Alpha 10.18  Test Critical
edicted Beta 16.36 Statistic Value
umber Of Data

Points 20000 61029 35.17

alpha = 0.05

Degrees of freedom 23

Interval Predicted Ej fi- Ej (§-EP*2 | (ff - E)"2/Ej
Frequency |
7 1.83E-03 36.70 -29.70 882.0t 24.03
260 4.15E-03 8208 -56.98 3,246.63 39.13
101]  9.69E-03 193.73 -92.73 8,599.15 44.39
255 1.90E-02 37940 -1244 15,475.36 40.79
5500 3.23E-02 645.00 -95.00 9,025.00] 13.99
965 4.87E-02 974.60 -9.60) 92.16 0.09
1,494  6.66E-02 1,331.60 162.40|  26,373.76 19.81
2,019 8.33E-02] 1,665.80 353.200 124,750.24 74.89
2,223 9.63E-02f 1,925.200 297.800 88,684.84 46.07
2,288 1.04E-01] 2,070.000 218.000 47,524.00 22.96
2,108 1.04E-01] 2,081.00 27.00 729.00 0.35
1,818 9.81E-02 1,962.600 -144.60 20,909.16 10.65
1,527 8.70E-02] 1,740.800 -213.8 45,710.44 26.26
1,304 7.27E-02 1453.600 -149.60| 22,380.16 15.40
978 S5.72E-02 1,143.200 -165.200 27,291.04 23.87
736 4.23E-02 846.400 -110.4 12,188.16 14.40
542 2.95E-02 589.00) -47.00 2,209.0 3.75
398 1.92E-02 384.40 13.60) 184.96 0.48
269 1.17E-02 234.40 34.60 1,197.16 5.11
178, 6.65E-03 132.90 45.10 2,033.76 15.30
92| 3.48E-03 69.69 22.31 497.69 7.14

53| 1.68E-03 33.53 19.47 379.09 11.31
32 7.33E- 14.66 17.34 300.80 20.52

19 2.87E-04 5.75 13.25 175.62 30.55

100 9.95E-03 1.99 8.01 64.16 32.25

8 3.90E-0 0.78 7220 52.12 66.81
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Figure 132. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)
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Figure 133. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(2,6)
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APPENDIX D — ADDITIONAL SIMULATIONS
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Table 108

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(1,10), the Lump-Sum Cash Flow
Timing ~B(1,10) and the Interest Rate ~B(1,10

PW Range Simulation | Theoretical | Predicted
Cell Boundary | Frequency Density Density
203.28 O 0 Q
233.52 0 0 0
263.75 0 0 qQ
293.99 0 0 q
324.2 0 0 q
354.4 0 0 Q
384.69 0 0 q
414.92 0 0 0
445.16 1 0 0
475.39 0 0 0
505.63 ] 1 1
535.86 17 4 !
566.0 36 24 2
596.33 102 97, 108
626.5 277 308 32
656.80 616 764 791
687.03 1,308 1,514 1,531
717.26 2,27 2,434 2,427
747.50 3,641 3,206 3,162
771.73 4,243 3,487 3,429
807.97 3,143 3,144 3,102
838.20 1,939 2,353 2,345
868.43 1,104 1,460% 1,478
898.67 632 748 77
928.90 360! 314 335
959.14] 169 107] 118
989.37 80 29, 34
1,019.60f 28
1,049.84] 14 1 1
1,080.07
{,110.31 0 0
1,140.54 1 0 0
1,170.77 O 0 0
1,201.0] 0 0
1,231.24 0 0 0
1,261.48 0 0 0
1,291.71 0 0| 0
1,321.9 0 0 0
1,352.18 0 0 0
1,382.41 0 0 o
1,412.65 0 0f 0
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Table 109

Data Sheet for Simulation for the Present Worth when the Lump-Sum Cash Flow
~B(1,10), the Lump-Sum Cash Flow Timing ~B(1,10) and the Interest Rate ~B(1,10)

Number of Runs 20,000
Ipha - Cash Flow 1
Beta - Cash Flow 10
Assumed Cash Flow Mean 1,000
ssumed Cash Flow Range 750
Calculated Cash Flow Minimum 931.82
Calculated Cash Flow Maximum 1,681.82
Simulation Cash Flow Mean 999
Simulation Cash Flow Variance 3,684.56
Alpha - Timing 1
Beta - Timimg 10
Assumed Timing Mean 4.50
Assumed Timing Range 2.00
Calculated Timing Minimum 4.32
Calculated Timing Maximum 6.32
Simulation Timing Mean 4.50
Simulation Timing Variance 0.028
Alpha - Interest Rate 1
Beta - Interest Rate 10
Assumed Interest Rate Mean 0.20
Assumed Interest Rate Range 0.15
Calculated Interest Rate Minimum 0.19
Calculated Interest Rate Maximum 0.34
Simuiation interest Rate Mean 0.20Q
imulation Interest Rate Variance 0.00015
imulation Present Worth Mean 407.37
ISimulation Present Worth Variance 1,287.62
Predicted Present Worth Mean 407 43
Predicted Present Worth Variance 1,341.20
Theoretical Present Worth Mean 407.39
heoretical Present Worth Variance 1,297.15
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Theoretical Density vs. Simulation a
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Figure 134. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(1,10), the
Lump-Sum Cash Flow Timing ~B(1,10) and the Interest Rate ~B(1,10)

Theoretical vs. Simulation Cumulative ‘
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Figure 135. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(1,10), the
Lump-Sum Cash Flow Timing ~B(1,10) and the Interest Rate ~B(1,10)
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Predicted Density vs. Simulation
Frequency Distribution [PW 1,10-1,10- (
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Figure 136. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(1,10), the
Lump-Sum Cash Flow Timing ~B(1,10) and the Interest Rate ~B(1,10)

Predicted vs. Simulation Cumulative
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Figure 137. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(1,10), the
Lump-Sum Cash Flow Timing ~B(1,10) and the [nterest Rate ~B(1,10)
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Table 110

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lamp-Sum Cash Flow ~B(1,10), the Lump-Sum Cash Flow
Timing ~B(10,1) and the Interest Rate ~B(13,2)

PW Range Simulation | Theoretical | Predicted

Cell Boundary | Frequency Density Density
203.28 0 0 0
233.52 2,192 2,605 2,536
263.75 6,46 5,899 5,921
293.99 5,26 5,130 5,187
324.22] 3,071 3,239 3,265
354.46/ 1,583 1,724 1,722
384.69 759 819 808
4149 398 356 346
445.1 150 144 138
475.39 66 51

505.63 1
535.86
566.09
596.33
626.56
656.8
687.03
7172
747.50)
777.13
807.97
838.20y
868.43
898.67
928.90)
959.14
989.37
1,019.60
1,049.84]
1,080.07
1,110.31
1,140.54
[,170.77
1,201.01
1,231.24
1,261 .48
[,291.71
1,321.94
1,352.18
1,382.41
1,412.65
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Table 111

Data Sheet for Simulation for the Present Worth when the Lump-Sum Cash Flow
~B(1,10), the Lump-Sum Cash Flow Timing ~B(10,1) and the Interest Rate ~B(13,2)

Number of Runs 20,000
Alpha - Cash Flow 1
Beta - Cash Fiow 10
umed Cash Flow Mean 1,000
Assumed Cash Flow Range 1,250
Calculated Cash Flow Minimum 886.36
Calculated Cash Flow Maximum 2,136.36
Simulation Cash Flow Mean 1,001.53
Simulation Cash Flow Variance 10,312.59
Alpha - Timing 10
Beta - Timing 1
Assumed Timing Mean 5.00
\Assumed Timing Range 4.00
Caiculated Timing Minimum 1.36
Calculated Timing Maximum 5.
Simulation Timing Mean 5.00
Simulation Timing Variance 0.1
Alpha - Interest Rate 13
Beta - Interest Rate 2
Assumed Interest Rate Mean 0.15
Assumed Interest Rate Range 0.07]
Calculated Interest Rate Minimum 0.09
Calculated Interest Rate Maximum 0.16
Simulation Interest Rate Mean 0.15
Simulation Interest Rate Variance 0.00004
Simulation Present Worth Mean 473.32
Simulation Present Worth Variance 3,232.27
Predicted Present Worth Mean 473.16
Predicted Present Worth Variance 3,151.73
Theoretical Present Worth Mean 473.18
heoretical Present Worth Variance 3,219.73
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Theoretical Density vs. Simulation
Frequency Distribution [PW 1,10-10,1-
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Figure 138. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(1,10), the
Lump-Sum Cash Flow Timing ~B(10,1) and the Interest Rate ~B(13,2)
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Figure 139. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(1,10), the
Lump-Sum Cash Flow Timing ~B(10,1) and the Interest Rate ~B(13,2)
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Predicted Density vs. Simulation
Frequency Distribution [PW 1,10-10,1-
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Figure 140. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(1,10), the
Lump-Sum Cash Flow Timing ~B(10,1) and the Interest Rate ~B(13,2)
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Figure 141. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(1,10), the
Lump-Sum Cash Flow Timing ~B(10,1) and the Interest Rate ~B(13,2)
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