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CHAPTER 1

INTRODUCTION

The objective of this thesis is to present a non-integral method to estimate the

mean, variance and probability distribution of the present worth of a lump-sum cash flow.

Specifically, this thesis studies the situation where there is a lump-sum probabilistic cash

flow that occurs at a probabilistic time at a probabilistic interest rate. Furthennore, trus

thesis assumes that all three of these probabilistic variables are described by a beta

probability distribution.

Traditionally, when a decision-maker must evaluate an economic project based on

the maximization of wealth, a common approach is to estimate the cash flows. the cash

flow timing and the interest rate, and perfonn a net present worth analysis r40][ 141. An

economic project with a positive net present worth is then accepted as a good investment

[40]. Unfortunately, some or all of the information may not be known with certainty.

An event is uncertain if the frequency distribution oflhe possible results of the

event is unknown [10]. An event involves risk if the probability distribution of the

possible results of the event is known [10]. Trus thesis assumes that the probability

distribution of an uncertain event can be estimated. Therefore, this thesis uses the term

risk to describe both situations.

If only the cash flow and/or the timing of the cash flow are under risk then

researchers provide methods thaI allow a decision-maker to calculate the expected



present worth of an economic project [L 4. 5, 8, 17, 19, 20, 28, 29, 26, 33, 34, 35, 36. 38.

40. 41]. However, if the interest rate is under risk, the decision-maker is directed to add a

risk premium to the market risk-free interest rate. Unfortunately, the literature does not

specifY exactly how this risk premium should be derived.

This thesis proposes a method to assist a decision-maker in the case where all

three variables are under risk and can be approximated using a beta probability

distribution. To this end, and assuming that the independent variables are beta

distributed, this thesis predicts the mean, variance and probability distribution for the

present worth of a lump-sum cash flow. The goa! is to give the decision-maker the ability

to estimate risk of an economic project when the cash flow, cash flow timing and interest

rate are probabilistic. Underlying this goal is the assumption that economic project risk is,

in part, detennined by the mean, variance and knowledge of the probability distribution

of the expected present worth. This thesis does not attempt to quantifY economic project

risk. It does, however, present estimates that a decision-maker can use in conjunction

with the fIrm's risk situation to assist in determining an economic project's risk.

This thesis adds to the knowledge base in engineering econumics by showing that

the beta probability distribution will estimate the present worth of a lump-sum cash flow

when the cash flow, the cash flow timing and the interest rate are random beta probability

variables. Additionally, this thesis shows that the mean and variance of the present worth

under these conditions can be estimated without the use of integrals. This last point is

usefuL since the integrals for the mean and variance of the present worth become very

complicated at even small values for the beta probability distribution parameters, a and

~.
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CHAPTER 2

LITERATURE REVIEW

The literature presents many studies concerning risky cash flows, cash flow

timing and interest rates. These studies include investigations involving probahilistic

single period and multi-period cash flows with probabilistic timing and time horizons.

Additionally, the literature presents discussion concerning the use ofa risk adjusted

interest rate in conjunction with probabilistic cash flows and cash flow timing. However.

the literature does not show the effect on the present worth when aU of these variables are

probabilistic.

The first section discusses general investigations dealing with uncertainty and

risk. Sections two through four discuss research in the areas of uncertain/risky cash flow

timing. cash flows and interest rate. The Jast section or this chapter summarizes the­

literature in these three areas and shows the need for this thesis' research.

Uncertainty and Risk

Zinn and Lesso [411 state that there are three relevant factors regarding the

analysis oran economic project. The first two arc the magnitude and the timing of the

cash flows. The third is the uncertainty of these cash flows. The magnitude and timing

analysis is generally perf()rmed using the net present worth method. However. there is no
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universally accepted method to analyze the cash flow uncertainty. Zinn and Lesso

generalize the approaches cornmon in the literature by classif)'ing them as either

detenninistic or probabilistic. The four deterministic methods normally in use at the

present are the

1. Payback Period Method,

2. Risk Adjusted Discount Rate (RADR) Method,

3. Certainty Equivalent (CE) Method and the

4. Sensitivity Analysis Method.

The payback period is equal to the earliest time that the future cash flows

(discounted at zero interest) will recover the initial investment. The underlying

assumption for the Payback Period Method is that the shorter the payback period, the Jess

risky the economic project. However, this method does not account for the time value of

money and is considered an inadequate indicator of risk (411.

The risk-adjusted discount rate (RADR) is the risk-free discount rate plus an

arbitrary amount (risk premium) that accounts for the risk of a specific economic project.

The chief difficulty with this approach is deciding the correct value of the risk premium

[41] .

The Certainty Equivalent (CE) Method uses the risk-free discount rate to discount

the period cash flows and accounts for uncertainty by multiplying the discounted period

cash flows by a risk adjustment coefficient. As in the case of the RADR method.

specifying this risk adjustment coefficient accurately is difficult [41].

Sensitivity analysis describes how sensitive the net present worth (or any measure

of merit) is to changes in the key economic elements. For example, a manager might

4



choose to use the minimum, most Likely or maximum values of each key element. Zinn

and Lesso state that sensitivity analysis should not be used alone since it carmol

adequately describe the overaU risk of the investment.

The main disadvantage of the deterministic methods is their use of a single value

or best estimate for future cash flows. Specifically, these single value estimates do not

show the uncertainty that is inherent in future cash flows. They mask the variability of the

investment data and completely avoid the problem of present worth risk [41 J.

The probabilistic approach overcomes the deficiencies encountered with the

deterministic approach. It provides a decision-maker the ability to use a probability

distribution instead of single value estimates for each key economic variable [41]. The

most important advantage of this approach is that it provides management with an

estimate of a projects probabilistic outcome. However, this approach has the

disadvantage of providing only statistical estimates rather than exact values.

Bierman and Hausman [5] take a different approach regarding cash now risk.

They approach this problem by studying the resolution of uncertainty. Their argumenl is

that a decision-maker will view an economic project, with regards to its risk, based on

how quickly the risk is substantially removed over the project's life. Park and Thuesen

[29J research this view in more depth in their 1979 paper. Smith [35] attempts to

incorporate borrowing and lending decisions into econorrUc project evaluation models as

a means of further describing the resolution of uncertainty.

Park and Thuesen [29] also discuss four problems associated with using the

coefficient of variation [29. p. 111] to evaluate a risky economic project and give the

fo 110wing equation.

5



where.

')
ev =--'---"--

I E[NPW]

CV I = coefficient of variation.

Sr = square root of the variance of the NPW and

E[NPW] = expected net present worth.

The first problem caused by using the coefficient of variation is that it only

( 1)

measures the relative dispersion of a set of data. Basically, the coefficient of variation

places the same level of importance on deviation above and below the expected value.

The scc:ond problem is that the St and EfNPW] do not provide the shape of the cash flow

pattern to the decision-maker. It can be important to the decision-maker to know the

timing and magnitude of each cash flow. Third, there are no precisely defined decision

rules for using the coefficienr of variation to evaluate economic projects. Finally, the

coefficient of variation does not indicate the magnitude relationship of the cash flow as

compared to alternate cash flows [29, p. 112].

Saxena [33] presents an algorithm for obtaining the probability distribution of

discrete random variables when the probability range constraints are known. The

disadvantage of this approach is that it is difficult to estimate the probability range

constraints when th~ number of constraints is even of moderate size (see Greer [i 6]).

Buck and Askin [8] propose using partial means as a measure of economic project

risk. However. this approach is limited to the use of onJy one uncertain variable. For

example. a decision-maker can either evaluate cash flows with uncertain amounts and

tixed timing or cash flows with fIXed amounts and uncertain timing.

6



Timing

Greer [17] discusses three methods that are used by industry decision-makers to

cope with uncertain timing of an economic project. The first method treats the decision­

maker's estimate of the most likely time of the cash now as certain knowledge. With the

second method, the decision-maker calculates the mean time from a set of probability

estimates. The theory behind this approach is that through repetition, this method will

produce a very nearly correct average of the true time. The third method allows the

decision-maker to break the uncertain time ranges into intervals and assign subjective

probability numbers to each interval. The probability numbers measure the likelihood that

a specific interval is the correct interval.

Greer shows that the first method overestimates the present worth. The second

method produces a present worth measurement that is incorrect due to an overly late time

estimate. The third method is theoretically sound and decision-makers use it with

confidence when the problem is simple, according to Greer. However, as the complexity

of the problem increases, the number of intervals necessary to adequately describe the

timing range estimate also increases. This increase in the number of intervals leads to an

increase in difficulty for the decision-maker to assign a subjective probability number to

each interval. Furthermore, the decision-maker must try to establish a relation hetween

the adjacent interval probability numbers, to produce a smooth and realistic statistical

distribution over the range estimate.

To reduce the effort necessary to analyze complex timing problems, Greer

suggests substituting a continuous statistical distrihution for the discrete interval

probability numbers. He further suggests that the distrihution selected should have the
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four following features. First, the shape of the distribution should be flexible enough to

aUow for either a skewed distribution or a symmetric distribution. Second, the conditional

probability of an event occurring during the next time interval, given that it has not

occurred by time r. should be an increasing probability. Third, the distribution should

have a finite range. Finally, Greer suggests that ease of use is the fourth feature [17].

Greer proposes that the Beta distribution [17, p. J07] (Equation 2) has all four of

the required features and should be the distribution of choice.

where.

I(t) = (K)(t-at(b-t)P (2)

K = constant (required to set the area under the curve equal to 1),

a, b = endpoints of the finite range of the Beta distribution and

a. P= Beta probability distribution parameters.

The beta distribution parameters, a and p, can be estimated using a system

developed for the Project Evaluation Review Technique (PERT), with which many

decision-makers are familiar [17]. In the development of a PERT analysis, the decision­

maker provides only three subjective estimates (optimistic, most likely and pessimistic).

These estimates represent the best reasonable outcome, most likely outcome and worst

reasonable outcome that can be expected. In relation to a beta distributed cash flow, these

outcomes relate to the beginnillg of the Beta distribution's range, a, the mode of the

distribution, M, and the end of the Beta distribution·s range. b.

8
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To calculate the Beta distribution's parameters a and ~. Greer assumes that the

Beta distribution's standard deviation is equal to one-sixth of the range of the distribution

(equation 3).

b-a
(J" =--

6

Next, he standardizes the Beta distribution [17, p. 109] by letting

I-a
X=--

b-a

where,

x = the standardized variable.

(3)

(4)

The mode and the variance of the standardized Beta distribution [17, p. 109] are shown in

equations 5 and 6.

aM -0
m= =

h-a a+,B

17) (a + I)(,B + 1)
• ar(x = ,

(a + fJ + 2)-(0 + fJ + 3)

(5)

(6)

-

Greer assumes that the standard deviation of the Beta distribution is one-sixth the

range and. since the range of the standardized beta distribution is equal (0 one. the

standard deviation of the standardized Beta distribution is one-sixth. Therefore, the

variance of the standardized Beta distribution is 1/36.

Equation 5 can be re\\'Titten to solve for ~ [17. p. 109] as shown in equation 7.

9



a
j3=--a

m

Substituting equation 7 into equation 6 and rearranging gives the foJlowing cubic

(7)

equation [17, p. 109] in terms of the standardized mode. m and the Beta parameter a.

1 '1) 2 1a- + (7m - 36m' + 36m' )a- - 20m a - 24m = 0 (8)

Solving this equation for a and substituting the value of a into equation 7 gives the value

for the Beta parameter p.

Young and Contreras r40] state that the "maximization of expected present worth

is a widely accepted decision principle in engineering and economics [40. p. 257] ." For

example, if F represents an independent single lump-sum payment that is paid at some

future random time N. at a continuous compound interest rate r, then the present worth

PW(N) of the cash flow can be written a-; equation 9 [40, p. 259].

PW(lvr
) = Fe-r'v (9)

However, since the present worth does not relate linearly to timing, Young and Contreras

show that using expected time to calculate expected present worth [40, p. 259] (equation

10) does not equal the expected present worth (equation 11) r40. p. 259].

E[PU/(N)] = F*e-rF[\'1

does not equal

E[fW( N)] = F *E[e- r
\].

10

( 10)
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Young and Contrera<; also show that the same is true for an independent unifonn

cash flow A that has random stan and end times N and is discounted at the continuous

interest rate r [40. p. 264] (equations 12 and 13, respectively).

E[?W(N)] = .2(I-e r£llI'l)
r

does not equal

Ef PW (1V)1 = A (1- Ele· r
.\ J).

r

(12)

(13 )

Young and Contreras support their argument for the above two situations by

computing the expected present worth with five different timing distributions. They are

the exponential, uniform. normal, gamma and arbitrary distributions. In each case. they

show that the expected present worth is not equal to the expected present worth using the

expected time. Rosenthal [31]. with corrections hy McClintock and Chalmet [241,

fun hers Young and Contreras' work by presenting calculations for the variance for each

of the scenarios.

Sivazlian [34] studies the expected present worth of uniform annual cash flows

with probabilistic lives. His studies show that using the expected life in the expected

present worth analysis overestimates the expected present worth.

Ancel and Griffiths [1] compare present worths of mutually exclusive economic

projects that have different lives and different risks. This research describes risk in the

following manner. Ifproject A is riskier than project B then the interest rate for the

11



present worth analysis for project A will be greater than that for the present worth

analysis for project B.

Cash Flow

Harvey and Cabot [19] present a model for an economic project with risky multi­

period cash flows that does not require independent period cash flows. This allows the

decision-maker to make period cash flow estimates based on the previous period's cash

flows.

Hillier [20] proposes a method to present a series of normal, periodic cash flows

with identical probability distributions as a single probability distribution. Hillier

describes the risk of the resulting single cash flow using the mean, variance and a graph

of the estimated probability distribution.

Perrakis and Herrin [26] build on Hillier's work by allowing the period cash flows

to occur at random times. Zinn and Lesso [41] follow Hillier's [201 approach and

investigate cash flows with a probabilistic initial investment, economic Jife and salvage

valuc.

Tufekci and Young [38] investigate economic projects that have random lump­

sum payments, cash flow profiles and initial investments that occur at random times. The

key fmding of this research is that it shows that there is a correlation between the present

worth of a Jump sum payment and the present worth periodic cash flows if they are

discounted through the same random time.

Park [28] shows that the MeUin transform can be used to evaluate the present

worth of a cash flow profile that includes products and/or quotients of independent

12



random variables. Specifically, the Mellin transform provides a means of calculating the

statistical moments of the present value distribution. However. cash flow timing and

interest rate are exponents in the continuous compounding case and, therefore, the Mellin

transfonn method only applies to cash flows.

Spahr [36] investigates normally distributed cash flows with normally distributed

reinvestment rates. A key finding in this work is that if the same stochastic reinvestment

rate is used for different economic projects, there will be a non-zero inter-project

covanance.

Intcrest Rate

Benzion and YagiJ [4] compare two discounting methods currently in use to

evaluate identical and independent over time, multi-period stochastic cash flows.

Specifically, they compare the single risk adjusted discount rate (SRADR) and the

certainty-equivalent-discount rate (CEDR). The difference in these two discounting

methods concerns the underlying assumption regarding the time pattern of the exchange

rate between risky and riskless income streams. The SRADR assumes a declining

exchange rate. The CEDR assumes a constant exchange rate.

Benzion and Yagil demonstrate that when the SRADR approach is used for a

multi-periOd project with independent risky cash flows the present worth is a function of

the flIst period risky interest rate and the risk-free interest rate. This result tends to bias in

favor of short-term projects. However, the CEDR assumes that the interest rate between

any two periods is the same as the one period interest rate. Benzion and Yagil's

13



conclusion to this study is that a combination of these two methods is probably a more

realistic approach.

Booth [6] proposes that the actual RADR will depend on the correlation structure

of the finn's revenues and costs and is an empirical. not a theoretical, problem. While,

Celec and Pettaway [II] and Lewellen [22] argue about whether the RADR should be

decreased or increased as the risk of a cash outflow increases. Robichek and Myers [30]

argue that if uncertainty is expected to be resolved at a con<;tant rate over time then a

constant RADR does accurately describe the rate of income realization.

Gallagher and Zumwalt [16] state that the present value 0 f an economic project is

"hypervolatile" (16, pp 105) when the RADR becomes negative. Furthennore, they argue

that the present value of an economic project is undefined when the discount rate is -I.

As a solution to this problem, Gallagher and Zumwalt propose that the certainty

equivalent (CE) approach should be used.

Haley [J 8] discusses whether using the constant RADR to evaluate an economic

project implies that the risk of the project's cash is increasing with time. In answer to this

query, Haley states that, yes, a constant RADR in a multi-period economic project does

imply an increasing discount for risk over time. This increase in risk, however, is a result

of three factors.

1. The underlying cash flow uncertainty.

,., The uncertainty regarding future changes in the expected ca<;h flows.

3. The market price risk in each time period at and before the period in which the

cash flow occurs.
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In conclusion. Haley argues that the increasing risk may be due to future expectation

uncertainty and not due to an increase in cash flow uncertainty over time.

Ariel [2] states. "risk adjusted discount rates in capital budgeting is fIrmly

entrenched in business practice. There is agreement that the RADR method will yield the

right result if used correctly, but significant disagreement remains over what is correct [2,

p. 17]." The disagreement is centered on whether cash outflows (costs) and cash inflows

(revenues) should be discounted at the same RADR. The incorrect view, as Ariel argues,

is that cash outflows should be discounted at lower RADRs as they become more risky

and cash inflows should be discounted a higher rates as they become more risky. Ariel

shows that costs (negative cash flows) are no more or no less risky than revenues

(positive cash flows) and therefore both should be discounted by the same RADR. Stated

another way, the discount rate for risky cash flows is independent of whether the flow is a

cost or revenue.

Hull [21] discusses the CE method and the RADR method. He argues that the

RADR is a hyperbolic function of the product ofa cash flow's coefficient of variation

and its coefficient of correlation with the return on the market. Hull concludes his study

stating that because of this hyperbolic relationship, it is very difficult to use subjective

judgment to determine the correct RADR for a given economic project [2]].

Ferson and Locke [15] discuss the sources of errors encountered when estimating

the cost of capital through time. Their research shows that the errors in the estimation for

the risk measure (beta) are relatively small when compared to the errors arising from the

estimation of the risk premium. Ferson and Locke further state that their simulation
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shows that a decision-maker can reduce the error in the risk premium by 40% if

indicators about the current state of the economy are used instead of historical averages.

SUMMARY OF THE LITERATURE REVIEW

The preceding sections show that there are several different viewpoints regarding

the correct method a decision-maker should use to evaluate an economic project. In some

instances the literature presents contradictory information (see the interest rate section).

This section highlights what this author believes is some of the essential findings of the

literature.

Evaluating economic projects using deterministic methods does not satisfactorily

describe the risk associated with uncertain key economic variables [41]. The probabilistic

approach provides the decision-maker with information such as the mean, variance and

probability distribution [20] [26] [41]. The distribution is important because it gives the

decision maker knowledge about deviation above and below the mean not just overall

deviation. AdditionaUy, the probability distrihution gives information about the

magnitude of the cash flow. Greer [17] argues that the optimistic, most likely and

pessimistic estimates developed for PERT analysis technique, coupled with the beta

probability distribution, has an important place in real world engineering economic

analysis.

The literature shows that the use ofexpected or most likely timing values to

compute the expected present worth results in a biased estimate of the present worth

[17][40]. Moreover, the use of the least likely (pessimistic) or most likely (optimistic)

values as a measure of project risk is unrealistic [17). Also, the coefficient of variation
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does not provide a satisfactory measure of cash flow risk because it does not provide the

degree of variance above (below) the expected value and it does not provide the decision­

maker with any knowledge concerning the cash flow pattern [29].

Finally. the certainty equivalent method does not adequately account for risk.

Interest rate risk is "accounted for" in a NPW analysis by adding a risk factor to a defined

risk free interest rate. As is seen in the literature review, there are many opinions about

the correct value for interest rate under risk.

FINAL COMivlENTS CONCERNING THE CURRENT RESEARCH

As stated at the beginning of this chapter, the literature presents many studies

concerning uncertain/risky cash flows, cash flow timing and time horizons, and interest

rates. However, the literature does not provide studies encompassing the situation where

all three of these variables are probabilistic. Furthermore. in the case of interest rate risk,

the literature is void of probabilistic interest rate risk studies. Instead, researchers

concentrate their efforts on discovering the "right" value.

Table 1 serves as an overview of the combinations of the current studies. As is

seen. the literature restricts its studies to where, at most, only two of the three possible

variables are probabilistic. However, the literature does provide the groundwork for the

next phase of study. The following list summarizes this groundwork.

I. The optimistic, most likely and pessimistic estimates developed for the PERT

analysis technique should be used to derive a beta probability distribution for the

independent variables of the present wo rth function [17 j.
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Table I

Areas of Investigation Concerning UncertainIRisky Cash Flows, Jnterest Rates,
Timing and Time Horizons

Researcher(s) Cash Flow- Interest Rate Timing -
Uncertain/ - Uncertain/ lJncertain/
Under Risk Under Risk Under Risk

Ancel and Griffiths [1] NO YES YES
Ariel [2] NO YES NO

Senzion and Yagil [4] YES YES NO
Bierman and Hausman [5] NO NO YES

Booth [6] NO YES NO
Buck and Askin [8] YES NO YES

Ce]ec and Pettaway [I ]] NO YES NO
Fama [12] NO YES NO

Ferson and Locke [15J NO YES NO
Gallagher and Zumwalt NO YES NO

r16]
Greer [17] NO NO YES
Haley [18] NO YES NO

Harvey and Cabot [19] YES NO NO
Hillier [20] YES NO NO
Hull [21] NO YES NO

Lewellen [221 NO YES NO
Park [281 YES NO NO

Park and Thuesen [291 YES NO NO
Perrakis and Herrin [261 YES NO NO

Robichek and Myers [301 NO YES NO
Saxena [33] YES NO NO

Sivazlian [34] NO I NO YES
Smith [35] YES NO NO
Spahr [36]

i YES YES NO
I Tufekci and Young [38] YES NO YES I
IYoung and Contreras 140] NO NO YES

Zinn and Lesso [41] YES NO YES
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2. Interest rate risk is a highly debated topic of discussion in the literature. therefore

a probabilistic approach would provide a decision-maker the ability to describe

interest rate risk. The probabilistic approach does not require the decision-maker

to assume certain knowledge about the risk premium.

3. The decision-maker needs knowledge of the mean, variance and probabitity

distribution of the present worth to satisfactorily estimate the risk of an economic

project [201[26][41].

From the above list the following questions arise. How is the expected present worth

of an economic project affected when the cash flow, interest rate and cash flow

timing follow beta probability distributions? How can a decision maker estimate the

mean, variance and probability distribution of the present worth without resorting to

integrating the difficult probability distribution?

19



CHAPTER 3

METHODOLOGY

Introduction

The literature shows several different situations regarding risky economic

projects. There are studies concerning random lump sum cash flows, random unifonn and

non-unifonn cash flows, random cash flow occurrences and random project lives

[1 ][5H8][ 17][ 19][28][29][33][35][36J(38][4]]. These random events are modeled using

uniform, exponential, nonnal, garruna or arbitrary distributions [20][24][26] [31 ][34][401.

Risky interest rates are modeled by adding risk premiums to a risk free interest rate

[2)[4][6][11][ 15][ 16][ 18][21 ][22Jf30]. In addition, researchers suggest that the mean,

variance and estimated probability distribution ofthe present value of an economic

project are the foundation for detennining the risk of an economic project [201 [26] r41 ].

However, the literature does not consider the situation where the value of a lump

sum cash flow. the timing of this cash flow and the interest rate are all under risk and

each is described by a beta probability distribution. If a decision-maker faces this

situation, due to the lack of research in this area, the decision-maker must address this

problem by one of the following methods.

1. The decision-maker assumes that expected values are known with ceI1ainty.
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2. The decision-maker uses hislher intuition and/or company knowledge to

address this issue.

This thesis investigates this deficiency in the literature and gives a decision maker

the ability to predict the mean, variance and the probability distribution of the present

worth of an economic alternative that has a probabilistic cash flow occurring at a

probabilistic time and discounted at a probabilistic interest rate. Furthennore. these

predictions are made using equations that do not require the decision maker to perfonn

the daunting task of evaluating the exact integrals for the mean and variance.

Overview of Methodology

This thesis uses the foUowing procedure for this investigation. First, a left skew,

right skew and symmetric beta probability distribution is assumed for each of the

independent variables [B(acF, 13CF), B(aR, 13R) and B(aN, 13N)], where. CF (lump sum cash

flow), N (cash flow timing) and R (interest rate) are the independent variables for the

respective distribution. The assumption of the distribution also includes certain

knowledge of the mean and range values of the independ~nt variables. Second, assuming

that an economic alternative's present value is described by equation 14, this thesis

predicts the mean and variance for each combination of the independent variables of the

present worth of the economic alternative.

Present Value = Cash Flow (e,Timing • 'merest Rat) (14)

This thesis compares the predicted means and theoretical means by reporting the

percentage difference, the minimum difference and the maximum difference between the
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two values. This thesis then compares the predicted variance values to the theoretical

values using analysis of variance. NeAl, this investigation assumes that the resulting

present worth is represented with a beta probability distribution and computes two sets of

beta probability distribution parameters, a and p. using the theoretical and predicted

values for the mean and variance. AdditionalJy. in both cases the theoretical minimum

and maximum values for range of the present worth are used.

This thesis simulates each combination of independent variables and generates a

probability graph and a cumulative probability graph. Then. thls investigation performs

an analysis of variance on the sets of means and variances resulting from the simulations

and the set of theoretical means and variances to check that the simulation is accurately

modeling the present worth. Finally, this thesis compares the probability graph to the

derived beta distributions (the two distributions derived using the theoretical and

predicted means and variances) using a Chi-squared goodness-of-fit test.

Detailed Methodology

As Greer [16] states. the beta probability distribution is a good choice for

modeling. since it is flexible enough to allow for either a skewed or symmetric

distribution. In addition, it has an increasing conditional probability and a finite range.

The fourth feature, that it is easy to usc. is not true when applied to the timing. and interest

rate independent variables of the present worth equation. The difficulty is how to evaluate

the mean and variance of the exponential term. Obviously, these values arc calculable by

integrating the distributions. However. these integrals are complex. Th.is thesis gives



formulas to predict the mean and variance in this situation. Additionally, this thesis

presents an estimate of the probability distribution.

To test these formulas, this thesis introduces three Beta distributions, B(a, ~), for

each of the three independent variables. The following constraints define the

distributions.

1. This thesis investigates only lump sum cash flows.

2. The lump sum cash flow has a mean value of$1000 and a range of$1000.

3. The cash flow timing has a mean value of 4 years and a range of 4 years.

4. The interest rate has a mean value of 12% and a range of 12%.

5. The difference between the three sample sets for each uncertain variable is in the

skew of the distribution. Specifically, the first sample set describes a left skew

distribution (a > ~). The second sample set describes a symmetric distribution

(a =13). The third set describes a right skew distribution (a < 13).

6. The left skew Beta distribution parameters are a = 6 and 13 = 2 (a) = 0.02083).

The syrrunetric beta distribution parameters are a = 5 and ~{ = 5 «(i = 0.02273).

The right skew beta distribution parameters are a = :2 and 13 = 6 (c/ = 0.02083).

These values of six and two are chosen because they can show the effect of

ske'WTIess of each independent variable and they aUow less cumbersome

calculations of the integrals for the theoretical means and variances.

7. Each sample set is independent of all other sample sets.
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Development of the Beta Distributions for the Lump-Sum Cash Flow, Cash Flow Timing
and Interest Rate

Based on the above constraints. this thesis generates the following Beta

probability distributions [27].

Left skew Beta distribution with parameter ex = 6 and P= 2, B(6, 2)

j '(x) = l"(a + fJ) x O -'(1-x)fJ- 1 0< <1 0 P 0_x_ .a>, >
r(a)r(fJ)

f(x)=42*x\1-x) Osxsl

Symmetric Beta distribution with parameter a = 5 and P= 5, B(5, 5)

((x) = r(a + fJ) x O -'(1_x)fJ-1 0 < < 1 0 P 0_x_ ,a>, >
r(a)l(fJ)

Right skew Beta distribution with parameter a = 2 and P= 6, B(2, 6)

(x) = r(a+ p) xn-I(I-x)fJ- 1 0 < <] 0 P 0_x_ ,a>, >
. r(a)r(,B)

lex) = 42 * x (1- x)' 0 s x s I
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- ~ ------ -------------,

BETA DISTRIBUTION - Left Skew

~ ~I~-~-~=-------.-----.-----~=-.
o 0.25 05

x
0_75

Figure 1. Graphical Representation of Equation 16

BETA DISTRIBUTION· Symmetric

0.750.5
X

0.25

3
2.5

_ 2

~ 1.5
'+- 1

0.5
OJ---=----------------=".".,.------i

o

Figure 2. Graphical Representation of Equation lR

BETA DISTRIBUTION - Right Skew

o 0.25I
1 . . __

05 075
x

Figure 3. Graphicall{epresentation of Equation 20

While the above equations satisfY the constraints for the beta distribution

parameters, as is seen in figures 1 - 3. they do not satisfY the range and mean constraints.

Transfonning the independent variable satisfies the range and mean constraints.
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Let,

y = L + (H - L)x

where,

L = the lower limit of the range and

H = the upper limit of the range.

Solving this equation for x gives equation 22.

y-L
x =-'-----

H-L

(2] )

(22)

Substituting equation 22 into equations 16, 18 and 20 results in equations 23, 24 and 25.

Left Skew:

4; 5f (y) = - 7 *(y - L) (H - v) L :; y :; H
(H - L) -

Symmetric:

fey) ~ 630 9 *(y - L)4 (H - y)4 L:; y:; H
(H - L)

Right Skew:

42
/(y) = (H-f.)7 *(y-L) (H_y)5 L:;y:;H

Equations 23 - 25 now satisfY constraints (Figures 4 - 12, shown at the end of this

section).
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Fonnulas for the Predicted Mean and Variance [Q! the Present Worth

This thesis now presents the formulas for predicting the mean and variance of the

present worth. This presentation assumes that equation 26 describes the present worth of

a lump-sum cash flow, under continuous compounding [27].

PW = CFe- NR

where,

CF = lump-sum cash flow.

N = timing of the lump-sum cash flow and

R = the interest rate at which the lump-sum cash flow is discounted.

(26)

Assuming that CF, N and R are all under risk, this thesis estimates the mean and

the variance of the present worth (equation 26) using a Taylor's series expansion about

the means of the CF, N and R (equations 27 and 28) [27].
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The covariance tenns are zero in this study, since the CF. N and R are assumed to

be mutualJy independent. Equations 29 and 30 show the estimated mean and variance in

terms of variables used in this thesis.

where.

f1(F = Cash flow mean.

a ~F = Cash flow variance,

II =Timing mean,r,\

,
a~. = Timing variance.

f1 H = Interest rate mean

and

a~ = Interest rate variance.

(29)

(30)

Park and Sharp-Bette [27] present the folJowing equations for the mean and variance of a

beta distribution.

p = MinranR07 + (Range)_a-
. a + fJ

( Range) 2 afJ
a =----:-'-'--'--------'----

(a+fJ)~(a+fJ+l)

where.
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a, ~ = the beta distribution parameters.

Range = the range of the beta distribution and

MinRange = the minimum of the range.

The equations for the mean and variance of the cash flow, cash flow timing and the

interest rate follow directly from equations 31 and 32.

).1CF = Cash flow mean

. a CF=MmCF + Rangerp -------'::..:....--
au + f3 CF

Jls = Cash flow timing mean

.U R = Interest rate mean

a;/ = Cash flow variance

,
(J~. = Cash flow timing variance

29
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(Range '" )2 a.\ /3"=-------'---------
(a,v + /3" ):' (a.\ + 13" + ])

(T~ = Interest rate variance

where,

a CF = Beta distribution parameter alpha for the cash flow,

flu = Beta distribution parameter beta for the cash flow,

a ,v = Beta distribution parameter alpha for the cash flow timing,

/3" = Beta distribution parameter beta for the cash flow timing,

a R = Beta distribution parameter alpha for the interest rate and

fl R =Beta distribution parameter beta for the interest rate.

Formulas for the Theoretical Mean and Variance for the Present Worth

(37)

(38)

This thesis calculates the theoretical values for the mean and variance of the

present worth following the skew combination table (Table 2) and equations 39, 40 and

41 [3]. I n addition, because the predictions for the mean and variance concern the

exponential term of the present worth equation, this thesis also calculates the theoretical

value for this term (Equations 42 - 44) [32].

CF2:\'2R2

E[PW] = j.ipw = f f fB(a('F,flrF)B(a,\,fJ,)B(ap,fJR)e-R'\CF dRdNdCF (39)
(I I ," I 1<1
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Table 2

Skew Combination Tablf'

Distribution of Lump- Distribution of Lump- Distribution of Interest Present Worth.
Sum Cash Flow, CF Sum Cash Flow Timing, Rate, R f{CF. N. R)-

N PWxyz
-

Left skew - 8(6,2) Left skew- 8(6,2) Left skew - 8(6.2) PW11I

Left skew- 8(6,2) Left skew- 8(6.2) Symmetric - R(5.5) PWIl,~

Left skew- B(6,2) Left skew - 8(6,2) Right skew - 8(2.6) PWLI~

Left skew- 8(6.2) Symmetric - 8(5,5) Left skew - 8(6.2) PW1.5L

Left skew - B(6.2) Symmetric - B(5,5) Symmetric - B(5.5) PW1.5S

Left skew- 8(6,2) Symmetric - 8(5,5) Right skew - B(2,6) PW1.sR

Left skew - 8(6,2) Right skew- 8(2,6) Left skew- 8(6,2) PW I .R\

Left skew - B(6.2) Right skew- 8(2.6) Symmetric - B(5,5) PWU{S

Left skew- B(6,2) Righi skew - 8(2,6) Right skew - 8(2,6) PWLRR

Symmetric - B(5,5) Left skew- 8(6,2) Left skew - 8(6,2) PWSIl .

Symmetric - 8(5.5) Left skew- 8(6.2) Symmetric - B(5,5) PWS1 .5 .
Symmetric - 8(5,5) Left skew- 8(6,2) Right skew - B(2.6) PWS1R

I

Symmetric - B(5,5) Symmetric - 8(5.5) I Left skew - B(6.2) PWSSI

Symmetric - 8(5.5) Symmetric - 8(5,5) I Symmetric - 8(5,5 ) PWsss

Symmetric - 8(5,5) Symmetric - 8(5,5) Right skew - B(2.6) PWSSR

Sym metric - 8(5.5) Right skew- 8(2.6) Left skew - 8(6,2) PWSR1

Symmetric - B(5,5) Right skew- 8(2.6) Symmetric - 8(5,5) PWSRS

Symmetric - B(5,5) Right skew- 8(2.6) Right skew - B(2,6) PWWR

Right skew- B(2.6) Left skew - 8(6.2) Left skew- B(6,2) PW R11

Right skew- 8(2,6) Left skew - 8(6.2) Symmetric - 8(5,5) PWI{I..'l

Right skew- B(2.6) Left skew- B(6.2) Right skew - 8(2.6) PW R1 R

Right skew- B(2.6) Symmetric - 8(5,5) Left skew- 8(6,2) PWRS1

! Right skew- B(2.6) Symmetric - B(5.5) Symmetric - B(5,5) PWRS~

Right skew - 8C.6) I Symmetric - B(5,5) Right skew - B(2,6) PW RSRI
Righi skew- B(2.6) Right skew- B(2.6) Left skew - 8(6.2) PWJ-(RI

I
Right skew - B(2.6) Righi skew- B(2,6) Symmetric - 8(5.5) PWKK~

Right skew - 8(2,6) Right skew- B(2,6) Right skew - B(2,6) PW KRK

(F~S2Rl

£[PW"l== JJJB(aU,!JCF)B(a",f3A·)B(aR,f3R)(e-R')2CF2 dRdNdCF (40)
IF! ,.\ RI
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The integrating limits, CF 1, CF2, N 1, N2, R I and R2, are the minimum and maximum

values for the cash flow, cash flow timing and interest rate, respectively. This thesis

calculates these values using equations 42-43 [27].

Min = Jix - (Range)Jis and

Max =:: Min + Range

Where,

pr = the mean of the respective independent variable,

Range = the range of the respective independent variable and

p~'-= the mean of the standard beta distribution

a
a+fJ

(42)

(43)

Comparison of the Theoretical Mean and Variance to the Predicted Mean and Variance

This thesis compares the theoretical values tor Lhe mean and variance to Lhe

predicted values by performing an analysis of variance test at a 0.05 level of significance.

Predicted Probability Distribution of the Present Worth

This thesis assumes that a beta distribution estimates the resulting distribution for

the present worth. To calculate the beta probability distribulion parameters a and ~, this

thesis uses the following method. First. this investigation calculates the standardized beta

probability distribution mean and variance for the present worth (Equation 44 and 45)
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f26l Then, this thesis calculates the minimum and maximum values for each independent

variable using equations 46 and 47 [27].

1-'- Min
J.ls =

Range

The mean. 11- and range are the assumed mean and range values for the respective

independent variable.

l ~ C h f:'l *e- T1me,,,, "Imnes/Rae""lV/ax = ,as r, OW,\fAX

M " C'·h Flow * e-T,m~\'.L\ ·lnte,.esrRnle~H.\
In = Q5 ,\fIN

(44)

(45)

(46)

(47)

Cash FlowMAX, TimeMAX and Interest RateMAX are the maximum values for the cash flow.

timing and interest rate, respectively. Likewise, Cash FJOWMIN, TimeMIN and Interest

RateMIN are the minimum values tor the cash flow, timing and interest rate.

Rearranging the equation for the mean for the standard beta probability

distribution (equation 48), results in the solution ~ [27] (Equation 49).

a
j.1, =-­

. a + f3
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Substituting this expression for ~ into the standard beta probability distribution equation

for the variance (Equation 50, [27]) and rearranging to solve for 0: gives equation 51.

where.

K = 1- J.1s •

J.1s

(50)

(51 )

(52)

Given this expression for a, ~ is now known. The beta probability distribution for

the theoretical mean and variance values, and the predicted mean and variance values.

both use the procedure shown ahove. The difference is the use of the theoretical values

tor the mean and variance of the present worth and the predicted values for the mean and

variance worth.

Simulating the Present Worth

Finally. this thesis performs 20.000 simulation runs of each case and riots a

probability graph and a cumulative probahility graph. This simulation uses equation 53

[32] to generate random beta variates that follow the necessary beta distribution .

.\' = -_I_o-=-g_n-'~_=1:.-[---,,'' _

-logn;'=lu, -logn::~[;",
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where.

n = the value of the beta parameter alpha (integers only),

m = the value of the beta parameter beta (integers only) and

U = a uniform random deviate.

This investigation checks the accuracy of the simulation in two ways.

1. By comparing theoretical B(6,2), B(5,5) and B(2,6) distributions to the

simulation results using a chj-squared goodness-of-fit test at an a level

= .05.

2. By comparing the theoretical means and varjances for each combination

of independent variables are compared to the simulation means and

variances using analysis 0 f variance.

This thesis perfonns a chi-squared goodness-of-fit analysis for the simulation

frequency data versus the derived beta probability distribution that is based on the

theoretical mean and variance values for the present worth. Additionally, this thesis

perfonns a ern-squared goodness-of-fit analysis comparing the simulation frequency data

to the derived beta probability distribution that is based on the predicted mean and

variance values for the present worth.
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Figure 4. Left Skew Beta Density Distribution
for a Lump-Sum Cash Flow
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Figure 6. Left Skew Beta Density Distribution
for a Lump-Sum Cash Flow Interest Rate
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LUMP SUM CASH FLOW - Symmetric
Beta Distribution
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Beta Distribution
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Figure 10. Right Skew Beta Density Distribution
for a Lump-Sum Cash Flow
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Example

This section gives an example of using a left skew beta probability distribution (a

= 6, ~ = 2) for the cash flow (CF), the cash flow timing (N) and the interest rate (R), to

calculate the predicted, and theoretical, mean and variance of the present worth. In

addition, this section shows how to use the procedure in the last section to estimate the

present worth using a beta probability distribution.

To predict the mean and variance of the present worth, first calculate the variance

of the independent variables. The reader should note that the mean and range of the

independent variables are known with certainty in this thesis. Therefore, the mean and

the range of the cash flow are 1000 and 1000. The mean and the range of the cash now

timing are 4 and 4. And, the mean and the range of the interest rate are 0.12 and O. ] 2.

CYCF = Cash flow variance

= 20833.33

a; = Cash now timing variance.' ~

( Range \,)-'a\fJ\ 4
2
(6)( 2)

= =
(a\ +fJ\):(a" +13.,+1) (6+2)(6+2+1)

= 0.33333

,
a~. = Imerest rate variance
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=0.0003000

(56)

The predicted mean and variance of the present worth is equal to equations 57 and 58,

respectively.

E[PW] =1000e-40o'2 +~[0.3333*O.l22 *1000e-40o'2 +
2

0.0003 *42 *1 OOOe -4
0

0.12 ]

E[PW] =621.75

Var[PW] =20833.3e-4°012 +0.3333*0.12 2*10002e-2040oI2 +

0.0003 *4 2 *1000 2 e-2°4.012

Var[PW] =11653

(57)

(58)

This thesis calculates the theoretical mean and variance for the present worth

using the following equations.

Mean:
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CF2 N2 R2

E[PW]=,Lipw = JJ JB(aCF,{3cF)B(aN,PN)B(aR,f3R)e-RNCFdRdNdCF (59)
CFI NI RI

where,

(60)

MinCF =CFl =,LiCF - (RangeCF ) aCF = 1000 -1000-
6

- =250 (61)
a CF + PCF 6 + 2

MaxCF =CF2 =MinCF + RangecF = 250 + 1000 = 1250 (62)

P ) _ 42 *( M" 5 1,1B(aN , N - 7 N - inN) (lvlaxN - N)
(RangeN )

(63)

MaxN = N2 =MinN + RangeN =1+4=5
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MinR=Rl=fJR-(RangeR) a R =0.12-0.]2-
6
-=0.03 (67)

a R +f3R 6+2

Max R = R2 = Min R + RangeR = 0.03 +0.12 = 0.15 (68)

E[PW] = 621.81.

Variance:

CF2N2 R2

E[PW 2]= JJ jB(aCF,PCF)B(aN,PN)B(aR'PR)(e-RN)2CF2 dRdNdCF (69)
CFI NI RI

E[PW 2
] =398623

(70)

To summarize, the results thus far are shown in table 3.

Table 3

Theoretical and Predicted Mean aod Variance Values for the Present Worth and
the Exponential Term of the Present Worth Equation

Mean (Present Variance
Worth) (Present

Worth)
Theoretical 621.81 11973

Predicted 621.75 11653
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Next, this thesis calculates the beta probability distribution parameters a and

13 using the theoretical and predicted values. Equations 71 and 72 show the standardized

beta probability distribution mean and variance for the present worth using the theoretical

mean and variance for the present worth.

Theoretical:

f.Js = f.Jpw - Minpw = 621.81-118.09 =0.46
Rangepw 1094.97

(71 )

2
2 U pW

Us = 1

Rangepw
= 11973.70 =0.009987

1094.97 2
(72)

Equations 73 - 75 show the minimum, maximum and range values for each present

worth.

Rangepw = Maxpv -Minpv = 1213.06-118.09 = 1094.97

(73)

(74)

(75)

Equations 76 and 77 show the standardized beta probability distribution mean and

variance for the present worth using the theoretical mean and variance for the present

worth.
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Predicted:

!is = !ipw -Min pw = 621.75-118.09 =0.46
Rangepw 1094.97

a~ = a~w = 11653 =0.009719
Range~w 1094.97 2

The minimum, maximum and range values are same as computed above.

(76)

(77)

The beta probability distribution parameters a. and P, using the theoretical mean

and variance of the present worth are calculated below.

K = 1- .us = 1-0.46 = 1.17391
!is 0.46

a= K-(l+K)2a~ = 1.17391-(1+1.17391)20.009719 =11.3
(1+K)3a~ 0+1.17391)30.009719

f3 = K *a = I .17391(1 1.3) = 13.26

Equation 81 shows the resulting beta probability distribution.

B(lO.982,12.891) = r(ll.3 + 13.26) PW'O\l- PW)J226
r(l1.3)r(13.26)

(78)

(79)

(80)

(81)

The beta probability distribution parameters a and ~, using the predicted mean

and variance ofthe present worth are calculated next.
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K = 1- I-ls = 1-0.457 = 1.18818
I-ls 0.457

a = K - (1 + K)2 a~ = 1.18818 - (l + 1.18818)2 0.0096916 =11.244
(I+K)\,.~ (1+1.18818)30.0096916

(83)

f3 = K *a = 1.18818(11.244) =13.360

Equation 85 shows the resulting beta probability distribution.

8(11.24413.360) = [01.244 + 13.360) PW 10244 (1- PW)12360
, r(11.244)r(l3.360)

(82)

(84)

(85)

• SirruIation

- Theo~etical

500 1.000 1,500
Present Worth Range ($)

Figures 13 and 14 show the beta probability and cumulative distribution derived

from the theoretical mean and variance compared to a simulation of the present worth.

Figures 15 and 16 shows the beta probability and cumulative distribution derived from

the predicted mean and variance compared to a simulation.

Theoretical Density vs. Simulation
Frequency Distribution [PW 62~2-62­

20000]
2,500 ,-----------------------,

2,000

~ 1,500
a..;;::- 1,000

500

o+-.........~--,------~.............---,
a

Figure 13. Graph Showing the Simulation Frequency Values versus the
Theoretical Density Values for the Present Worth when the Lump-Sum Cash
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- Theoretical

SOD 1,000 1.500

Present Worth Range ($)

• SinJlation

--A"edicted

500 1,000 1,500
Present Worth Range ($)

Flow 8(6,2), the Lump-Sum Cash Flow Timing ....B(6,2) and tbe Interest
Rate 8(6,2)

Theoretical YS. Simulation Cumulative
Distribution [PW ·62-62-62-20000]

1.00 ,------------::;;;......_ ....>--­

0.80

~ 0.60
a.u:- 0.40

0.20
0.00 +----.......~-----,__---___i

o

Figure 14. Graph Showing tbe Simulation versus tbe Theoretical Cumulative
Distribution for tbe Present Worth when the Lump-Sum Cash Flow -8(6,2),
the Lump-Sum Cash Flow Timing ....8(6,2) and the Interest Rate -8(6,2)

Predicted Density ys. Simulation
Frequency Distribution [PW - 62-62-62­

20000]
2,500 -r----------------,

2,000

~ 1,500

~ 1,000

500
o+----........~.,.._-~:!IIItIl -_,

o

Figure 15. Graph Showing the Simulation Frequency Values versus the
Predicted Density Values for the Present Worth when the Lump-Sum Cash
Flow -8(6,2), tbe Lump-Sum Cash Flow Timing -B(6,2) and tbe Interest
Rate -B(6,2)
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Predicted vs. Simulation Cumulative
Distribution [pW - 62-62-62-20000]
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Figure 16. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(6,2),
the Lump-Sum Cash Flow Timing -B(6,2) aDd the Interest Rate -8(6,2)
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CHAPTER 4

RESULTS

Introduction

This chapter presents the results of this thesis' investigation and consists of six

major sections. The first major section is this introduction. The second major section has

five subsections and discusses the predicted and theoretical means and variances of the

present worths of the 27 combinations shown on Table 2 in Chapter 3. Subsections 1 and

2 present the predicted and theoretical mean and variance values of the 27 combinations

shown on Table 2 in Chapter 3. Subsections 3 and 4 compare these mean and variance

values using ANOVA. Subsection 5 shows the beta distribution parameters for the

assumed beta distributed present worth derived from the theoretical means and variances

of the present worth and derived from the predicted means and variances of the present

worth.

Major section three presents the results from testing the simulation program. The

first subsection in the third major section performs three simulations for the B(6,2),

B(S,S) and B(2,6) probability distributions defined in Chapter 3. This subsection then

compares the results of these simulations to a theoretical B(6,2), B(S.5) and a B(2,6)

probability distribution using a chi-squared goodness-of-fit test at an alpha level of0.05.

The second and final subsection compares the mean and variance of a simulation of each
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of the 27 combinations shown in the skew combination table to the theoretical mean and

variance using a chi-squared goodness-of-fit test at and alpha level of 0.05.

The fourth major section shows the results of comparing the simulation data to the

theoretical and predicted data. The two subsections in major section four compares the

simulation results for each of the above 27 combinations to the beta probability

distribution derived from the theoretical and predicted present worth mean and variance

values. Each subsection uses a chi-squared goodness-of-fit analysis at a 0.05 level of

significance for the comparison. The last major section provides a discussion of the

results shown in the preceding four major sections.

Mean and Variance Values for the Present Worth

Table 4 shows the predicted values for the present worth mean and variance for

each of the 27 combinations. Table 5 shows the theoretical mean and variance values for

the present worth mean and variance for each of the 27 combinations.

Table 6 shows that there is no significant difference between the predicted present

worth mean and the theoretical present worth mean at a level of significance of 0.05 (p­

value = n.76). Table 7 shows the comparison between the theoretical variance values of

the present worth and the predicted variance values of the present worth using ANOVA

(a = 0.05). The analysis of variance shows that there is no significant difference between

the theoretical and predicted variance values at a 0.05 level of significance (p-value =

0.17).
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Table 4

Predicted Mean and Variance for tbe Present Worth

Skew Predicted Predicted

Combination Mean Variance
PWLLL 621.75 11653
PWus 621.88 11820
PWLLR 621.74 11653
PWLSL 621.89 11820
PWLSS 622.02 11987
PWLSR 621.89 11820
PWLRL 621.75 11653
PWLRS 621.89 11820
PWLRR 621.75 11653
PWSLL 621.75 12378
PWSLS 621.89 12545
PWSLR 621. 75 12378
PWSSL 621.89 12545
PWsss 622.02 12712
PWSSR 621.89 12545

! PWSRL 621.7" 12378
PWSRS 621.89 12545
PWSRR

I
j 621.75 12378

PVlRLL r 621.75 11653 I
! !

PWRLS
I ,
1 621.89 11820 1

PWRl-R 621.75 ) 1653
P\VRSL 621.89 , 11820--. ,
PWRSS 622.02 I 11987 i

I

PWRSR 621.89 11820

PWRRL 621.75 11653 !
l

PWRRS 621.89 I 11820 I
PWRRR I 621.75

I
11653 II I
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Table 5

Tbeoretical Mean and Variance for tbe Present Wortb

Skew Theoretical Theoretical
Combination Mean Variance

PWLLL 621.81 11974
PWLLS 621.92 12051
PWLLR 621.76 11790
PWLSL 621.92 1205]
PWLss 622.03 12127
PWLSR 621.87 11867
PWLRL 621.76 11790
PWLRS 621.87 11867
PWLRR 621.71 11606
PWSLL 621.81 127]3
PWSLS 621.92 12791
PWSLR 621.76 12529
PWSSL 621.92 12791
PWsss 622.03 12868
PWSSR 621.87 12606
PWSRL 621.76 I 12529
PWSRS 621.87 12606
PWSRR 621.71 12345
PWRLL 621.81 11974
PWRlS 621.92 12051
PWRLR 621.76 11790
PWRSL 621.92 12051
PWRSS 622.03 12127
PWRSR 621.87 11867
PWRRL 621.76 11790
PWRRS 621.87 11867
PWRRR 621. 71 11606

51



Table 6

Analysis of Variance Comparing the Predicted Present Worth Mean Values for the
27 Skew Combinations and the Theoretical Present Worth Mean Values for the

Same Skew Combinations

Anova: Single Factor - alpha = 0.05

SUMMARY

Groups Count Sum Average Variance

Predicted Mean 27 16790 621.84 0.0085

Theoretical Mean 27 16790 621.85 0.0093

ANOVA
Source of
Variation SS Of MS F P-value F ceit

Between Groups 0.0008 1 0.0008 0.10 0.76 4.03

Within Groups 0.4625 52 0.0089

Total 0.4634 53

Table 7

Analysis of Variance Comparing the Predicted Present Worth Variance Values for
the 27 Skew Combinations and the Tbeoretical Present Worth Variance Values for

the Same Skew Combinations

Anova: Single Factor - alpha =- 0.05

SUMMARY

I Groups Count Sum Average Variance

Predicted Variance 27 324157 12006 134247

Theoretical Variance 27 328018 12149 151123

ANOVA

Source 0 f Variation SS df MS F P-value F crit

Between Groups 276047 1 276047 1.93 0.17 4.03

Within Groups 7419621 52 142685

Total 7695668 53
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Assum~d Beta Probability Distribution Parameters

Colunms 3 and 4 in Table 8 show the beta probability distribution parameters a

and ~ for the assumed beta distribution when the predicted mean and variance values of

the present worth are utilized. Columns 5 and 6 in Table 8 show the beta probability

distribution parameters when the theoretical mean and variance values of the present

worth are utilized.

Testing the Simulation

Chi-Squared Goodness of Fit Test for Theoretical vs. Simulation for ~ B(6, 21 B(5, R
and f! B(2, Ql Probability Distribution.

Three simulations were perfonned for each of the three beta distnbutions

presented in Chapter 3 (B(6,2), B(5,5) and B(2,6». Tables 9, 10 and 11 show the results

of a chi-squared goodness-of-fit test, at a 0.05 level of significance, for the simulated

distributions versus the theoretical distributions. All of the tests show that there is no

significant difference between the simulated data and the theoretical distribution.

Appendix B shows the chi-squared goodness-of-fit data sheets and the frequency/density

graphs for this analysis.
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Table 8

Beta Probability Distribution Parameters a. and pfor the Assumed Beta
Distribution when the Predicted Mean and Variance Values of the

Present Worth and the Theoretical Mean and Variance of the
Present Worth are Utilized

Skew Predicted Predicted Theoretical Theoretical
Combination Alpha Beta Alpha Beta

PWLLL 11.30 13.26 11.10 13.01
PWLLS 11.34 12.10 11.11 11.86
PWLLR 11.58 11.29 11.44 11.15
PWLSL 11.34 12.10 11.11 11.86
PWLSS 10.92 9.89 10.78 9.77
PWLSR 10.58 8.10 10.53 8.07
PWLR1 11.58 11.29 11.44 11.15
PWLRS 10.58 8.10 10.53 8.07
PWLRR 9.50 5.60 9.54 5.62
PWsLL 7.90 17.08 7.68 16.61
PWSLS 8.79 16.60 8.61 16.27
PWSLR 9.73 16.31 9.61 16.11
PWSSL 8.79 16.60 8.61 16.27
PWsss 9.43 14.77 9.31 14.58
PWSSR 10.00 13.15 9.95 13.08
PWSRL 9.73 16.31 9.61 16.11
PWSRS 10.00 13.15 9.95 13.08
PWSRR 10.05 10.38 10.08 10.41
PWRLL 4.72 18.99 4.59 18.46
PWRLS 6.26 20.26 6.13 19.86
PWRLR 7.83 21.31 7.74 21.06
PWRSL 6.26 20.27 6.13 19.86
PWRSS 7.79 19.72 7.69 19.48
PWRSR 9.20 18.88 9.16 18.80
PWRRL 7.83 21.31 7.74 21.06
PWRRS 9.20 18.88 9.16 18.80
PWRRR ] 0.25 ]6.29 10.29 16.36
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Table 9

Chi-Squared Goodness-Or-Fit Results for the Simulated B(6,2) Distribution Versus
a Theoretical B(6,2) Distribution.

Simulation Run #
1 Test Statistic 15.7

Critical Value (a =0.05) 26.3
2 Test Statistic 9.9

Critical Value (a =0.05) 26.3
3 Test Statistic 20.6

Crltical Value (a =0.05) 26.3

Table 10

Chi-Squared Goodness-Of-Fit Results for the Simulated B(5,5) Distribution Versus
a Theoretical B(5,5) Distribution.

Simulation Run #
1 Test Statistic 22.1

Critical Value (a =0.05) 26.3
2 Test statistic 11.6

Critical Value (a = 0.05) 26.3
3 Test Statistic 17.5

Critical Value (a =0.05) 26.3

Table II

Chi-Squared Goodness-Of-Fit Results for tbe Simulated B(2,6) Distribution Versus
a Theoretical B(2,6) Distribution

Simulation Run #
1 Test Statistic 12.3

Critical Value (a =0.05) 26.3
2 Test Statistic 12.2

!critical Value (a =0.05) 26.3
3 Test Statistic 18.9

Critical Value (a =0.05) 26.3
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Comparison ofSimulation Mean and Variance to Theoretical Mean and Variance

Tables 12 -14 show the comparison ofthe mean and variance ofa simulation of

each ofthe 27 combinations shown in the skew combination table to the theoretical mean

and variance using ANOYA at an alpha level of 0.05. The analysis of variance shows that

there is no significant difference between the simulation results and the theoretical

results. The p-value for the mean comparison is 0.28. The p-value for the variance

comparison is 0.85.

Simulation Results

The input data for the simulation are the beta distribution parameters for the

lump-sum cash flow, lump-sum cash flow timing and interest rate distributions and, the

range and mean value of each variable. The values and assumptions for these variables

are presented in Chapter 3 and are repeated below for convenience.

1. This thesis investigates only lump sum cash flows.

2. The lump sum cash flow has a mean value of$1000 and a range of$1000.

3. The cash flow timing has a mean value of4 years and a range of 4 years.

4. The interest rate has a mean value of 12% and a range of 12%. The difference

between the three sample sets for each uncertain variable is in the skew of the

distribution. Specifically, the first sample set describes a left skew distribution

(a> P). The second sample set describes a symmetric distribution (a = P). The

third set describes a right skew distribution (a < P).
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Table 12

Simulation Mean and Variance Values and Theoretical Mean and Variance Values
for the Present Worth ofthe 27 Combinations Shown in the Skew Combination

Table

Skew Theoretical Simulation Theoretical Simulation

Combination Mean Mean Variance Variance
PWLLL 621.81 621.83 11974 12130
PWLLS 621.92 622.72 12051 11932
PWLLR 621.76 621.96 11790 11619
PWLSL 621.92 620.94 12051 12132
PWLSS 622.03 621.75 12127 12296
PWLSR 621.87 622.23 11867 11759
PWLRL 621.76 623.17 11790 11740
PWLRS 621.87 621.08 11867 11879
PWLRR 621.71 622.80 11606 11546
PWSLL 621.81 622.16 12713 12719
PWSLS 621.92 620.71 12791 12911
PWSLR 621. 76 622.09 12529 12422
PWSSL 621.92 622.46 12791 12868
PWsss 622.03 623.09 12868 12862
PWSSR 621.87 621.82 12606 12636
PWSRL 621.76 621.32 12529 12509
PWSRS 621.87 622.02 12606 12569
PWSRR 621.71 621.87 12345 12293
PWRLL 621.81 621.13 11974 11772
PWRLS 621.92 621.96 12051 12067

PWR1.R 621.76 622.18 11790 11626
PWRSL 621.92 622.62 12051 12014
PWRSS 622.03 621.07 12127 12154
PWRSR 621.87 622.49 11867 11832
PWRRL 621.76 622.17 11790 11769
PWRRS 621.87 622.50 11867 12026
PWRRR 621.71 621.56 11606 11371
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Table 13

Analysis of Variance Results for tbe Simulation Mean Values for tbe 27
Combinations Versus the Theoretical Mean Values for the Same Combinations

Anova: Single Factor - alpha = 0.05

SUMMARY

Groups Count Sum Averag~ Variance
Theoretical Mean 27 16790 621.85 0.0093
Simulation Mean 27 16794 621.99 0.4228

!ANaVA

Source of Variation SS df MS F P-value F crit
Between Groups 0.26 1 0.26 1.21 0.28 4.03

Within Groups ] 1.24 52 0.22

Total 11.50 53

Table 14

Analysis of Variance Results for the Simulation Variance Values for the 27
Combinations Versus the Theoretical Variance Values for the Same Combinations

Anova: Single Factor - alpha = 0.05
SUMMARY

Groups Count Sum Average Variance

Theoretical Variance 27 3280]8 12149 ]51123

Theoretical Variance 27 327453 I 12128 191150I

lANavA

Source of Variation SS df MS F P-value F crit

Between Groups 5913 1 5913 0.03 0.85 4.03

Within Gro ups 8899101 52 17]137

Total 8905014 53
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5. The left skew Beta distribution parameters are a = 6 and P= 2 (a2 = 0.02083).

The symmetric beta distribution parameters are a = 5 and P= 5 (0'2 = 0.02273).

The right skew beta distribution parameters are a = 2 and P= 6 (d = 0.02083).

These values of six and two are chosen because they can show the effect of

skewness of each independent variable and they allow the calculations of the

integrals for the theoretical means and variances to be less cumbersome.

6. Each sample set is independent of all other sample sets.

Each simulation consists of 20,000 runs. The reported simulation mean and

variance values are the average and sample variance of the 20,000 present worth values

resulting from the 20,000 runs. Appendix C shows the data sheets for these tests, the

associated frequency/density graphs and the associated cumulative distribution graphs.

Comparison of the Simulation Results to the Assumed Beta Distributions that are Derived
from Theoretical Mean and Variance Values

Table 15 shows the comparison between the assumed beta distributions for the

present worth of all 27 combinations shown on the skew combination table that are

derived from the theoretical mean and variance values to the simulated data using a chi-

squared goodness-of-fit test. Six of the 27 combinations show that there is no significant

difference between the two data sets at a 0.05 level of significance. The term

"'Theoretical" shown in the colunm headings denotes the assumed beta distributions that

are derived from the theoretical mean and variance values.
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Table 15

Chi-Squared Goodness-Or-Fit Test Results Comparing the Simulation Frequency
Distribution with the Frequency Distribution Derived from the Theoretical Mean

and Variance Values of the Present Worth for all 27 Combinations Presented in the
Skew Combination Table

Skew Theoretical Chi-Squared
Combination Test Statistic Critical Value

PWLLL 263 37.65
PWLLS 156 36.42
PWLLR 169 36.42
PWLSL 203 37.65
PWLSS 145 40.11
PWLSR 64 38.89
PWLRL 179 36.42
PWLRS 100 37.65
PWLRR 35 40.11
PWSLL ]4 33.92
PWSLS 37 35.17
PWSLR 26 33.92
PWSSL 28 33.92
PWsss 29 35.17
PWssR 55 36.42
PWSRL 28 33.92
PWSRS 47 35.17
PWSRR 115 37.65
PWRLL 115 30.14
PWRLS 277 31.4 ]
PWRLR 311 32.67
PWRSL 189 30.14
PWRSS 366 32.67
PWRSR 384 32.67
PWRRL 338 30.14
PWRRS 440 32.67
PWRRR 613 35.17

*
*

*
*
*

•

Note: * IndIcates thIs combmatlOn passed a chi-squared
goodness-of-fit test.
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Comparison of Simulation Results to the Assumed Beta Distributions
that are Derived from Predicted Mean and Variance Values

Table 16 shows a comparison between the assumed beta distributions for the

present worth ofall 27 combinations shown on the skew combination table that are

derived from the predicted mean and variance values to the simulated data using a cru-

squared goodness-of-fit test. Five of the 27 combinations show that there is no significant

difference between the two data sets at a 0.05 level of significance. The term "Predicted"

shown in the column headings denotes the assumed beta distributions that are derived

from the predicted mean and variance values.

Discussion ofResults

The predicted and theoretical, mean and variance data sets are not significantly

different at a level of significance of 0.05. All but three of the 27 predicted present worth

variance values are less than the theoretical present worth variance values. The three

predicted present worth variance values that are greater than the theoretical present worth

variance values occur when the timing variable and the interest rate variable are both

right skewed.

This phenomenon occurs because of the non-linearity of the exponential function.

In the right skew situation the tail of the distribution is to the right of the mean. And even

though the probability associated with the tail values is low, these values have an

exponential effect on the present worth. In the case where the timing and interest rate are

both left skew the tail values again have an exponential effect, but the effect

exponentially decreases (not increases) as the values decreases.
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Table 16

Chi-Squared Goodness-Of-Fit Test Results Comparing t.lJe Simulation Frequen~

Distribution with the Frequency Distribution Derived from the Predicted Mean and
Variance Values of the Present Wortb for all 27 Combinations Presented in the

Skew Combination Table

Skew Predicted Chi-Squared
Combination Test Statistic Critical Value

PWLLL 318 37.65
PWLLS 168 36.42
PWLLR 168 36.42

PWLSL 229 37.65
PWLSS 156 40.11
PWLSR 64 38.89
PWLRL 185 36.42
PWLRS 100 37.65
PWLRR 37 40.11
PWSLL 22 33.92
PWSLS 45 35.17
PWSLR 26 33.92
PWSSL 35 33.92
PWsss 29 35.17
PWSSR 56 36.42
PWSRL 30 33.92
PWSRS 47 35.17
PWSRR 115 37.65
PWRLL 105 30.14
PWRLS 283 31.41
PWRLR 311 32.67
PWRSL 186 30.14
PWRSS 371 32.67
PWRSR 385 32.67
PWRRL 340 30.14

PWRRS 442 32.67
PWRRR 610 35.17

*
*

*

*

*

Note: * mdlcates this combmatlOn passed a chi-squared
goodness-of-fit test.

A comparison of the simulation results with a beta distribution derived from the

theoretical mean and variance value for each of the 27 combinations under study in this
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thesis, shows that six of the estimated beta distributions passed a chi-squared goodness-

of-fit test at J level of significance of 0.05. Five of the estimated beta distributions

derived from the predicted mean and variance value for each of the 27 combinations

under study in this thesis, passed a chi-squared goodness-of-fit test at a level of

significance of 0.05. The conclusion from these results is that the proposed beta

distribution does not fit the resulting present worth. Moreover, this is true not only for the

proposed beta distribution derived from the predicted mean and variance but also for the

proposed beta distribution derived from the theoretical mean and variance.

Park and Sharp-Bette [27] state that if the skew (equation 86) ofa distribution is

greater than zero, then the distribution is positively or right skewed.

(86)

If the skew is less than zero then the distribution is negatively or left skewed. And finally,

if the skew is equal to zero, then the distribution is symmetric. Table 17 shows that if the

cash flow is left skewed then the present worth is also left skewed. While n01 within the

scope of this thesis. this researcher has experimented with several negatively skewed cash

flows and found that this results holds for most cases. The exceptions occur when the

cash flow is only slightly, negatively skewed.

Finally, table 17 shows that the kurtosis (equation 87, [27]) for the present worths

studied in this thesis range from 2.72 to 3.51. Park and Sharp-Bette [27] state that the

kurtosis of a normal distribution is equal to 3.
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Table 17

(87)

Skew and Kurtosis Values for the Present Worth Under Study in this Thesis

Skew Present Worth Present Worth

Combination Skew Kurtosis
PWLLL -0.080 2.96
PWLLS -0.123 2.89
PWLLR -0.181 2.87
PWLSL , -0.123 2.89
PWLSS -0.165 2.82
PWLSR -0.223 2.80
PWLRL -0.181 2.87
PWLRS -0.223 2.80
PWLRR -0.286 2.77
PWSLL 0.306 2.95
PWSLS 0.264 2.88
PWSLR 0.221 2.84
PWssL 0.264 2.88
PWsss 0.223 2.81
PWSSR 0.179 2.77
PWSRL 0.221 2.84_.
PWSRS 0.179 2.77
PWSRR 0.112 2.7'2 .__.-
PWRLL 0.708 3.51
PWRLS 0.658 3.43
PWRLR 0.624 3.39
PWRSL 0.658 3.44
PWRSS 0.609 3.35
PWRSR 0.575 3.30
PWRRL 0.624 3.39
PW RRS 0.575 3.30

i PWRRK 0.536 3.25
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Therefore, even though two of the three distributions assumed for the lump-sum cash

flow. the timing and the interest rate were distinctly not nonnal, the resulting present

worth is tending toward a nonnal shape.
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CHAPTER 5

CONCLUSION

Summary

The objective of this thesis is to present a non-integral method to estimate the

mean, variance and the probability distribution of the present worth of an economic

project. This research shows that within the bounds of this thesis, this thesis' estimators

for the mean and variance of the present worth provide satisfactory results within a 0.05

level of significance. Also, this research shows that even when a study incorporates the

theoretical mean and variance values for the present worth directly, the resulting beta

distribution does not fit the simulated present worth distribution. However. the degree of

fit using either the estimated mean and variance or the theoretical mean and variance is

relatively the same (refer to Appendix C for the complete data sheets and graphs).

Whether the predicted cumulative distribution fits the actual present worth cumulative

distribution satisfactorily for practical purposes is left to the judgment of the decision­

maker.

This research shows that if the lump-sum cash flow, cash flow timing and interest

rate are distinctly not normal, the resulting present worth begins to approach a nonnal

appearance. If multiple periodic and independent cash flows must be studied, trus

investigation tends to support the idea that the resulting present worth wilJ more nearly

approach a normal distribution. This researcher also believes that this same result will

occur if the periodic cash flows are dependent.
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Finally, Appendix D shows the results of two additional simulation runs. The first

run simulates a lump-swn cash flow -B( 1,10) (mean = 1000. range = 750), lump-sum

cash flow timing -B(1, 10) (mean = 4.5. range = 2) and interest rate -B(l, I0) (mean =

0.2, range = .015). The second run simulates a lwnp-sum cash flow -B( 1,10) (mean =

1000, range = 1250), lump-sum cash flow timing -B(IO,I) (mean = 5, range = 4) and

interest rate -B(I 3,2) (mean =0.15, range = 0.07). The results of theses two simulations,

that are well outside the scope of this thesis, support the idea that the results ofthis thesis

is applicable in general.

Contribution to Current Knowledge

This thesis adds to the knowledge base in engineering economic analysis by

showing that the present worth ofan economic project does not fit a beta distribution

derived by direct use of the theoretical mean and variance of the present worth. However,

this thesis shows that a relatively simple estimate of present worth distribution is not

signifLcantly different from a distribution that requires the integral calculations for the

theoretical present worth mean and variance. This information is important to a decision­

maker who is trying to develop a first estimate of the distribution of the present worth as

easily as possible.

Additionally, this thesis adds to the knowledge base in engineering economics by

showing that the mean and variance of the present worth under the scope ofthis thesis are

predictable without the use of integrals. This last point is exceedingly useful, since the

integrals for the mean and variance of the present worth become very complicated at even

small values for the beta probability distribution parameters, a and ~.
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Topics for Further Research

This thesis opens several areas for further research. First, a study detailing what

values are needed for the beta distribution parameter so that the resulting distribution fits

the actual present worth distribution. These values then need to be compared to the

theoretical mean and variance values to develop a reliable relationship.

Second, further research should be perfonned to expand the scope presented in

this thesis. As stated in the previous section, Appendix D shows two additional

simulation results that incorporate different mean and range values for the CF, N and R.

However, a detailed study should be undertaken to verify that the results of this thesis arc

true in general. In addition, this study should include periodic independent and dependent

cash flows.

The third area tor further research concerns probabilistic interest rate. A detailed

study should be perfonned investigating the variability of the interest rate and how the

probabilistic approach would address the concerns given in the uterature concerning

interest rate under risk. Finally, further research should be conducted to improve the

mean and variance estimators presented in this thesis.
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APPENDIX A - BETA DISTRIBUTION

The constant K in Equation I (f(r) =(K)(t - at (b - t)p) is equal to

K = rea + p - 2) .
rca -1)f(P -I)

(A-l )

The equation that this thesis will use for the beta distribution is shown in equation A-2.

[26]

f(t) = (K)(r - at-I (b _l)fJ- 1

This necessitates that the constant K is equal to

K = rca +P) .
f(a)r(p)

The mean for equation A-2 is shown in equation A-4.

a
fl=-­

a+f3
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APPENDIX B - DATA SHEETS AND PROBABILITY GRAPHS USED TO TEST
THE SIMULATION PROGRAM
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Table 18

Cbi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a 8(6,2) Distribution - Run #1

Chi-squared Test on 8(6,2) Test Statistic 15.7
16 Degrees of Freedom

alpha =0.05 Critical Value 26.3
Interval

Frequency Theoretical Theoretical. E' fj - Ej (fi - Ej)"2 (fj - Ej)"21Ei
4 7 0.0004 7.42 -0.42 0.18 0.02
5 25 0.0010 19.43 5.57 31.01 1.60
6 52 0.0024 48.96 3.04 9.24 0.19
7 107 0.0052 104.33 2.67 7.11 0.07
a 222 0.0098 196.68 25.32 641.00 3.26
9 320 0.0169 337.20 -17.2C 295.84 0.88

10 557 0.0268 535.80 21.2C 449.44 0.64
11 858 0.0399 798.40 5R6C 3552.16 4.~

12 1093 0.0562 1124.2G -31.2C 973.44 0.87
13 1502 0.0752 1503.40 -1.4C 1.96 0.00
14 1898 0.0956 1912.40 -14.4C 207.36 0.11
15 2278 0.1155 2310.60 -32.6C 1062.76 0.46
16 2599 0.1318 2635.40 -36.4C 1324.96 0.50
17 2806 0.1399 2797.40 8.6C 73.96 0.03
1S 2733 0.1337 2674.40 58.6e 3433.96 1.28
19 2084 0.1053 2106.20 -22.2C 492.84 0.23
20 859 0.0444 887.60 -28.6C 817.96 0.92

-x-­'+-

Theoretical Density Ys. Simulation Frequency
Distribution for 8(6,2)

3000 --.
• nterval Frequency

2000 - Theoretical Density

1000

0+---....-.....--=::1.-----,-------,.----,------1

o 5 10 15 20 25

The interval (0 - 1) shown in 20 equal increments

Figure 17: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a 8(6,2) Distribution - Run #1
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Table 19

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(6,2) Distribution - Run #2

Chi-squared Test on B(6,2) Test Statistic 9.94
17 Degrees of Freedom

alpha =0.05 Critical Value 26.30
Interval

Frequency Theoretical Theoretical, Ei fi - Ej (fi - Ej)"2 (fj - Ej)"21Ej
4 7 0.0004 7.42 -0.42 0.18 0.02
5 22 0.001C 19.43 2.57 6.6<J 0.34
6 46 0.0024 48.96 -2.96 8.77 0.1S
7 107 0.0052 104.33 2.67 7.11 0.07
8 196 0.00ge 196.6S -a.6e 0.47 D.OC
9 352 0.016S 337.20 14.8C 219.04 0.6~

1C 551 0.026S 535.80 15.2C 231.04 0.4~

11 832 0.039S 798.4C 33.6C 1128.9€ 1.41
12 1140 0.0562 1124.2C 15.8C 249.64 0.2~

13 1501 0.0752 1503.40 -2.4C 5.7E O.OC
14 1935 0.095E 1912.4C 25.6C 655.3E 0.34
15 2260 0.1155 2310.60 -50.6C 2560.3€ 1.11
16 2562 0.131S 2635.4C -73.4C 5387.5€ 2.04
17 2863 0.139S 2797.4C 55.6C 4303.3E 1.54
1e 2657 0.1337 2674.4C -17.4C 302.7€ 0.11
19 2114 0.105~ 2106.2C 7.8C 60.84 0.03
2C 852 0.0444 887.6C -35.6C 1267.3€ 1.43

Theoretical Density ys. Simulation Frequency
Distribution for 8(6,2)

3000 ------

• nterval Frequency

2000 - TheoretICal Density
....-.-
X-­'+-

1000

Ol---~~~~~---.---- -----,-----------,

o 5 10 15 20 25

The interval (0 - 1) shown in 20 equal incrementsL- ----'

Figure 18: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(6,2) Distribution - Run #2
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Table 20

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(6,2) Distribution - Run #3

Chi-squared Test on 8(6,2) Test Statistic 20.55
17 Degrees of Freedom

alpha =0.05 Critical Value 26.30
Interval

FreQuency Theoretical Theoretical, Ej fj - Ej (fj - Ej)"2 (fi - Ej)"2JEi
4 14 0.0004 7.42 6.5S 43.24 5.82
5 19 0.001C 19.43 -0.43 0.19 0.01
6 35 0.0024 48.96 -13.96 194.90 3.98
7 98 0.0052 104.33 ~.33 40.12 0.38
8 197 0.0091: 196.61: 0.32 0.1C 0.00
9 365 0.016~ 337.2C 27.8C 772.84 2.29

10 56€ 0.0268 535.8C 30.2C 912.04 1.7C
11 80e 0.0399 798.4C 6.6(] 43.56 0.05
12 1172 0.0562 1124.2C 47.8C 2284.84 2.03
13 1476 0.0752 1503.40 -27.4C 750.76 0.5C
14 189C 0.09SE 1912.40 -22.4C 501.7E 0.2E
15 231E 0.1155 2310.6C 4.4C 19.3€ 0.01
16 258€ 0.1311: 2635.4C -49.4C 2440.3€ 0.93
17 2817 0.1399 2797.4C 19.6C 384.1€ 0.14
18 2720 0.1337 2674.4C 45.60 2079.3€ 0.78
19 2051 0.1053 2106.2C -55.20 3047.04 1.45
20 874 0.0444 887.6C -13.60 184.9€ 0.21

Theoretical Density vs. Simulation Frequency
Distribution for 8(6,2)

3000 .-------

• Interval Frequency

2000 -lheorelical Density

---x--- 1000

O+--~~""'-::::'"-------~-

a 5 10 15 20 25

The interval (0 - 1) shown in 20 equal incrementsL ---'

Figure 19: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(6,2) Distribution - Run #3
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Table 21

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a 8(5,5) Distribution - Run #]

Chi-squared Test on 8(5,5) Test Statistic 22.07
16 Degrees of Freedom

alpha =0.05 Critical Value 26.30
Interval

FreQuency Theoretical Theoretical, Ej fi - Ej (fi - Ej)I\2 (fi - Ej)"21Ej
2 23 0.0006 17.82 5.1S 26.85 1.51
3 79 0.0047 94.7~ -15.75 248.21 2.62
4 290 O.014C 279.0C 11.0C 121.00 0.43
5 571 0.0294 587.0C -16.OC 256.00 0.44
6 925 0.0499 997.6C -72.6C 5270.76 5.28
7 1441 0.0729 1458.2C -17.20 295.84 0.20
8 1851 0.0949 1897.0C -46.00 2116.00 1.12
9 2245 0.1120 2240.2C 4.80 23.04 0.01

10 2454 0.1214 2428.40 25.60 655.36 0.27
11 2551 0.1214 2428.40 122.60 15030.76 6.19
12 2185 0.1120 2240.20 -55.20 3047.04 1.36
13 1907 0.0949 1897.00 10.00 100.00 0.05
14 1480 0.0729 1458.20 21.80 475.24 0.33
15 998 0.0499 997.60 0.40 0.16 0.00
16 581 0.0294 587.00 -0.00 36.00 0.06
17 298 0.0140 279.00 19.00 361.00 1.29
18 104 0.0047 94.75 9.25 85.47 0.90
19 17 0.0009 17.15 -0.15 0.02 0.00

Theoretical Density vs. Simulation Frequency
Distribution for 8(5,5)

• k1terval Frequency

-Theoretical Density

3000

.--.. 2000
x

;;::--
1000

0
0 5 10 15 20 25

The interval (0 - 1) shown in 20 equal increments

Figure 20: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(5,5) Distribution - Run #1
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Table 22

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a D(5,5) Distribution - Run #2

Chi-squared Test on 8(5.5) Irest Statistic 11.6
16 Degrees of Freedom

aloha = 0.05 ICritical Value 26.3
Interval

Freauencv Theoretical Theoretical, Ej fi - Ej (fi - Ej)"2 (fj - Ej)"21Ej
2 1€ O.OOOS 17.15 -1.1 ~ 1.33 O.OS
2 107 0.0047 94.75 12.2~ 149.94 1.5S
.11 294 0.014C 279.0C 15.0C 225.0C 0.81
~ 554 0,0294 587.0C -33.0C 1089.00 1.B€
E 102S 0.049S 997.6C 30.4<J 924,1€ 0.9~

I 1502 0.072S 1458.2C 43.8<J 1918.4.11 1.3~

E 1915 0.0949 1897.OC 21.00 441.0C 0.22
~ 227S O.112C 2240.2C 37.8C 1428.~ O.~

1C 2427 O.121.c1 2428.4C -1.4C 1.9E O.OC
11 2409 0.121.c1 2428.4C -19.4C 376.3€ 0.1~

1~ 217.c1 0.112C 2240.2C -66.20 4382.4.11 1.9E
12 1872 0.0949 1897.OC -25.00 625.0C O.3~

1'< 1457 o.ons 1458.2C -1.2C 1.~ o.oe
1~ 9B€ 0.049S 997.6C -11,6e 134,5€ O.1~

1E 602 0.029.11 587.0C 15.0C 225,0( 0.3E
17 26€ O.014C 279.0e -13.0C 169.0C 0.61
H 9€ 0.0047 94.7~ 1.25 1.5~ O.O~

H 1.c1 o.oom; 17.1 ~ -3.1~ 9.9~ 0.5E

Theoretical Density vs. Simulation Frequency
Distribution for B(5,5)

2520

• hterval Frequency

- Theoretical Density

15105

-r------------------3000

2000..-....x........- 1000

0

0

The interval (0 - 1) shown for 20 equal increments

Figure 21: Graph Showing tbe Simulation Frequency Values "'ersus the Theoretical
Density VaJues ror a D(5,5) Distribution - Run #2
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Table 23

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a 8(5,5) Distribution - Run #3

Chi-squared Test on 8(5,5) Test Statistic 17.49
16 Degrees of Freedom

alpha =: 0.05 Critical Value 26.30
Interval

Frequencv Theoretical Theoretical, Ej fi - Ej (fi - Ej)"2 (fi - Ej)"21Ej
2 1-4 0.0009 17.15 -3.15 9.95 0.58
3 85 0.0047 94.75 -9.75 95.16 1.00
4 282 0.0140 279.0C 3.00 9.00 0.03
5 56S 0.0294 587.0C -19.00 361.00 0.61
6 99€ 0.0499 997.6C -1.60 2.56 0.00
7 1378 0.0729 1458.2C -80.20 6432.04 4.41
a 1904 0.0949 1897.0C 7.00 49.00 0.03
9 2215 0.1120 2240.2C -25.20 635.04 0.28

10 2485 0.1214 2428.4C 56.60 3203.56 1.32
11 2475 0.1214 2428.4C 46.60 2171.56 0.89
12 2193 0.1120 2240.20 -47.20 2227.8-4 0.99
13 1922 0.0949 1897.00 25.00 625.00 0.33
14 1494 0.0729 1458.2C 35.80 1281.64 0.8S
15 987 0.0499 997.6C -10.60 112.36 0.11
16 569 0.0294 587.0C -18.00 324.00 0.55
17 302 0.0140 279.OC 23.00 529.00 1.90
18 113 0.0047 94.7~ 18.25 332.89 3.51
19 18 0.0009 17.1~ 0.85 0.72 0.04

Theoretical Density vs. Simulation Frequency
Distribution for B(5,5)

3000 -.---------.

2000

1000

• ~terval Frequency

- Theoretical Density

a .+----+o:tL.---,-----...,-------,-----~~---_____1

o 5 10 15 20 25

The interval (0 - 1) shown in 20 equal increments

Figure 22: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for a B(5,5) Distribution - Run #3
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Table 24

Cbi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Tbeoretical Frequency Values for a 8(2,6) Distribution - Run #]

Chi-squared Test on 8(2,6) Ifest Statistic 12.30
16 Degrees of Freedom

alpha =0.05 !critical Value 26.30
Interval

Frequency Theoretical Theoretical, Ej fi - Ei (fi - Ej)1I2 I (fi - Ej)II21Ej

1 834 0.0444 887.6e -53.60 2872.96 3.24
2 2095 0.1053 2106.2C -11.20 125.44 0.06
:3 2700 0.1337 2674.4C 25.60 655.36 0.25
4 2807 0.1399 2797.4C 9.60 92.16 0.03
!: 2669 0.1318 2635.4C 33.60 1128.96 0.43

E 2253 0.1155 2310.6C -57.60 3317.76 1.44

7 1939 0.0956 1912.4C 26.60 707.56 0.37

8 1556 0.0752 1503.4C 52.60 2766.76 1.84

S 1137 0.0562 1124.2C 12.80 163.84 0.15

1C 804 0.0399 798.4C 5.60 31.36 0.Q.4

11 532 0.0268 535.8C -3.80 14.44 0.03
12 330 0.0169 337.20 -7.20 51.84 0.15

13 189 0.0098 196.68 -7.68 59.01 0.30
14 86 0.0052 104.3~ -18.33 336.14 3.22

1~ 44 0.0024 48.9E -4.96 24.61 0.50

1E 18 0.0010 19.4~ -1.43 2.05 0.11

17 7 0.0004 6.03 0.97 0.93 0.15

Theoretical Density vs. Simulation Frequency
Distribution for 8(2,6)

3000 ,.-----

2000

1000

• nterval Frequency

-Theoretical Density ,

i I

O+-------r-----,-----====-:::...........---r------,

o 5 10 15 20 25
The interval (0 - 1) shown in 20 equal increments

Figure 23: Graph Showing the Simulation Frequency Values versus the Theoretical
density Values for a 8(2,6) Distribution - Run #1
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Table 25

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(2,6) Distribution - Run #2

Chi-squared Test on 6(2,6) Ifest Statistic 12.18
16 Degrees of Freedom,

alpha = 0.05 !critical Value 26.30
Interval

Frequency Theoretical Theoretical, Ej fi - Ei (fi - Ej)1\2 (fj - Ej)I\21Ej
1 874 0.0444 887.6C -13.60 184.96 0.21
2 2077 0.1053 2106.2C -29.20 852.64 0.40
3 2709 0.1337 2674.4CJ 34.60 1197.16 0.45
4 2822 0.1399 2797.4C 24.60 605.16 0.22
5 2640 0.131 a 2635.4C 4.60 21.16 0.01
6 2269 0.1155 2310.6C -41.6C 1730.56 0.75

7 1984 0.0956 1912.4C 71.60 5126.56 2.68
a 1453 0.0752 1503.4C -50.40 2540.16 1.69
9 115C 0.0562 1124.2C 25.80 665.64 0.59

10 79C 0.0399 798.4C -8.4C 70.56 0.09

11 524 0.0268 535.80 -11.8C 139.24 a.26
12 313 0.0169 337.20 -24.2C 585.64 1.74
13 213 0.0098 196.68 16.32 266.28 1.31:
14 112 0.0052 104.33 7.67 58.77 0.56
15 48 0.0024 48.96 -0.00 0.92 0.02
16 15 a.001C 19.43 -4.4~ 19.64 1.01

17 7 0.0004 6.03 0.97 0.93 0.15

Theoretical Density vs. Simulation Frequency
Distribution for 8(2,6)

3000 ..,...----

2000

1000

• k'lterval Frequency

- Theoretical Density

O+-------.---.,._____-~~...........--.,._____--___,
o 5 10 15 20 25

The interval (0 - 1) shown in 20 equal increments

Figure 24: Graph Sbowing the Simulation Frequency Values versus the Theoretical
Density Values for a B(2,6) Distribution - Run #2
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Table 26

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for a B(2,6) Distribution - Run #3

Chi-squared Test on 8(2.6) Test Statistic 18.90
16 Degrees of Freedom

alpha =0.05 Critical Value 26.30
Interval

Frequency Theoretical Theoretical, Ej fi ~ Ej (fi - Ej) fl2 (fi - Ej)"'2JEj
1 87e 0.Q4.4.4 887.6C -11,6C 134.56 0,15

2 2153 0.1053 2106.2C 46.8C 2190.24 1.04
3 2675 0.1337 2674.4C 0.6e 0.36 0.00
4 2683 0.139£ 2797.4C -114.40 13087.36 4.68
5 2624 0.131€ 2635.40 -11.40 129.96 0.05
6 233E 0.1155 2310.60 24.40 595.36 0.26
7 193~ 0.095€ 1912.40 26.60 707.56 0.37
8 1503 0.0752 1503.40 -C.40 0.16 0.00
9 1145 0.0562 1124.20 20.80 432.64 0,38

10 819 0.0399 798.40 20.60 424.36 0.53
11 561 0.0268 535.80 25.20 635.04 1.19
12 33S 0.0169 337.20 1.80 3.24 0.01

"""
13 173 0.0098 196.68 -23.68 560.84 2.85
14 103 0.0052 104.33 -1.33 1.78 0.02
15 52 0.0024 48.96 3.04 9.24 0.19

16 1C 0.0010 19.43 -9.43 88.95 4.58
17 1C 0.0004 6.03 3.97 15,73 2.61

Theoretical Density vs. Simulation Frequency
Distribution for 8(2,6)

• nterval Frequency

--Theoretical Density

3000

2000-.x.............
1000

a
0 5 10 15 20 25

The interval (0 - 1) shown in 20 equal increments

Figure 25: Graph Showing the Simulation Frequency Values versus the TheoreticaJ
Density Values for a B(2,6) Distribution - Run #3

83



APPENDIX C - DATA SHEETS, CHI-SQUARED TEST DATA SHEETS AND
RESuLTING GRAPHS FOR THE COMPARISON BETWEEN THE

THEORETICAL AND PREDICTED BETA DISTRIBUTIONS
VERSUS THE SIMULATION DATA.
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Table 27

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -B(6,2), the Lump-Sum Cash Flow

Timing -8(6,2) and the Interest Rate -8(6,2)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Densiry Density
118.09 C 0 0
145.47 C 0 0
172.84 C C 0
200.21 C C 0

~-~

C 0227.59 0
254.96 t I 0
282.34 I' 3 3

309.71 25 i2 10

337.08 68 33 29

364.46 124 79 72

391.83 194 162 152

419.21 323 294 281

446.58 463 482 467

473.96 662 722 710

501.33 91t 1,001 994

528.70 1,211 1,291 1,293
1---.

1,418 1,56{556.08 1,571

583.45 1,605 1,773 1,793

610.83 1,972 1,901 1.928

638.20 2,011 1,928 1,956

665.57 2.018 1,85~ 1,876

692.95 1,766 1,68~ 1,701

720.32 1,491 1,45{ 1,458

747.70 1,212 1,18C 1,179

775.07 89~ 90t 898

802.44 630 654 642

829.82 467 442 429

857.19 241 278 266

884.57 138 162 152

911.94 65 86 79

939.32 42 41 37

966.69 18 18 16

994.06 2 7 6
1,021.44 3 2 2

1,048.81 C I 0

1,076.19 0 a 0

1,103.56 0 0 0
1,130.93 0 0 0

1,158.31 C 0 0

1,185.68 C 0 0

I 1,213.06 C 0 0
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Table 28

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -B(6,2), the Lump-Sum Cash Flow Timing -8(6,2) and tbe Interest Rate
-B(6,2)

K::hi-Squared Test· fPW - 62-62-62-20000]

Irheoretical Alpha 11.10 Test

lTheoretical Beta 13.01 Statistic Critical Value

lNumber Of Data Points 20000 263.32 37.65
lalpha = 0.05

lDegrees of Freedom 25

Interval Theoretical Ej G- Ej (fj - Ej)"2 (fj - Ejy'2!Ej

Frequency

6 3.57E-05 0.71 5.2t) 27.94 39.15

15 1.59E-04 3.17 11.83 139.86 44.07

25 5.77£-04 11.54 13.46 181.16 15.70

681 1.65E-03 33.04 34.96 1,222.45 37.00

124 3.93E-03 78.64 45.36 2,057.42 26.16

194 8.08E-03 161.51 32.49 1,055.82 6.54

323 1.47E-02 293.60 29.40 864.36 2.94

463 2.41 E-02 481.6<J -18.60 345.96 0.72

662 3.6IE-02 722.2<J -60.20 3,624.04 5.02

916 5.00E-02 J ,000.60 -84.6(J 7,157.16 7.15

1,211 6.45E-02 1.290.80 -79.80 6,368.04 4.93

1,418 7.80E-02 1,559.60 -141.60 20,050.56 12.86

1.605 8.86E-02 1,772.80 -167.80 28,156.84 15.88

1,972 9.51 E-02 1.901.40 70.6(J 4,984.36 2.62

2,011 9.64E-02 1,928.40 82.6(J 6,822.76 3.54

2,018 9.26E-02 1,851.80 166.20 27.622.44 14.92

1.766 8.42E-02 1.683.80 82.20 6.756.84 4.01

1,49 ) 7.25E-02 1,449.60 41.40 1.713.96 1.18

1.212 5.90E-02 1,179.60 32.40 1,049.76 0.8g

894 4.53E-02 905.60 -11.6C 134.56 0.15

630 3.27E-02 653.80 -23.80 566.44 0.8

467 2.21E-02 441.80 25.20 635.04 1.44

241 1.39E-02 278.0C -37.00 1.369.00 4.92

138 8.09E-03 161.74 -23.74 563.62 3.48

65 4.31 E-03 86.10 -21.1 C 445.4(J 5.17

42 2.07E-03 41.43 0.5, 0.32 0.01

18 8.86E-04 17.73 0.27 0.08 0.00

5 4.65E-04 9.30 -4.30 18.491 1.99
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Figure 26. Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing ......B(6,2) and the Interest Rate ......B(6,2)

Theoretical vs. Simulation Cumulative
Distribution [pW - 62-62-62-20000]
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Figure 27. Graph Showing the Simulation versus Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(6,2), the
Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -B(6,2)
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Table 29

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow

-B(6.2). the Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -B(6,2)

K:hi-Squared Test - [PW - 62-62-62-200001

Predicted Alpha 11.30 Test
Predicted Beta 13.26 Statistic Critical Value
INurnber Of Data Points 20001 317.78 17.65
!alpha = 0.05

lDegrees of freedom 25

Interval Theoretical Ej fj - Ej (fj - EjY2 (fj - Ej)"2/Ej

Frequency
ti 2.80E-05 0.56 5.44 29.59 52.83

15 1.32E-04 2.64 12.36 152.87 57.99

25 4.99E-04 9.97 15.03 225.79 22.64

68 1.47E-03 29.50 38.50 1,482.54 50.26

124 3.61 E-03 72.13 51.8, 2,690.21 37.30

194 7.58E-03 151.50 42.50 1,806.03 11.92

323 1.40£-02 280.60 42.40 1.797.76 6.41
463 2.34E-OL 467.40 -4.40 19.36 0.04

662 3.55E-02 710.00 -48.00 2,304.00 3.25

916 4.97E-02 993.80 -77.80 6,052.84 6.09

1,211 6.46£-02 1,292.60 -81.60 6,658.56 5.15

1.418 7.86E-02 1.571.20 -153.20 23,470.24 14.94

1.605 8.97E-02 1,793.20 -188.2G 35,419.24 19.75

1,972 9.64E-02 1,927.80 44.20 1,953.64 1.0 I

2,011 978£-02 1,956.4C 54.60 2,981.16 1.52

2.018 9.38£-02 1.876.40 141.60 20,050.56 10.69

1,766 8.51 £-02 1,701.40 64.60 4.173.16 2.45

1,491 7.29E-02 1,458.00 33.00 1,089.00 0.75

1,212 5.90£-02 1,179.0C 33.00 1,089.00 0.92

894 4.49£-02 897.8C -3.80 14.44 0.02

630 3.21 £-02 641.60 -11.60 134.56 0.21

46 2.14£-02 428.60 38.40 1.474.56 3.44

241 1.33E-02 265.8C -24.80 615.04 2.31

138 7.60£-03 152.0, -14.07 197.82 I.3C
65 3.97E-03 79.4C ·14.40 207.22 2.61

42 1.87£-03 37.35 4.65 21.59 0.58

18 7.78£-04 15.57 2.43 5.91 0.38

5 3.9IE-04 7.82 -2.82 7.93 1.0 I
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Figure 28. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for tbe Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate -B(6,2)

Predicted vs. Simulation Cumulative
Distribution [pW - 62-62-62-20000]
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Figure 29. Graph Showing the Simulation versus Predicted Cumulative Distribution
for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the Lump-Sum
Cash Flow Timing -B(6,2) and the Inter:est Rate -8(6,2)
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Table 30

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -8(6,2), the Lump-Sum Cash Flow

TimiD~ -B(6,2) and tbe Interest Rate -8(5,5)
PW Range Simulation Theoretical Predicted

Cell Boundary FreQuencv Density Density
101.~ C C a
128.~ c c a
155.4~ c c a
182.31 C 0 a
209.20 C 0 a
236.09 2 a a
262.9€ 7 2 1
289.87 1€ 6 e
316.76 2~ 19 17

343.64 68 46 4~

370.5~ 128 10C 904
397.42 20C 19C 18~

424.31 33€ 327 317
451.2 488 514 504
478.Of 713 747 73f
504.9 912 1,011 1,00€
531.87 1,197 1,284 1,287
558.76 1,432 1,53€ 1,54e
585.6e 1,643 1,736 1,751
612.5~ 1,82C 1,85E 1,87i

639.4~ 2,01€ 1,886 1,900
666.31 1,873 1,817 1,83!:

693.2C 1,812 1,661 1,674

720.0 1,5~ 1,440 1,446
746.9 1.23": 1,181 1,18C

773.87 894 914 908

800.7 645 665 656

827.6e 456 452 443
854.54 27C 286 277

881.43 141 166 15S

908.31 73 88 83

935.20 19 42 39

962.09 1€ 18 'L6
988.9 2 € 6

1,015.8 1 2 2
f----.

1,042.76 2 0 a
1,069.65 a 0 c
1,096.54 c a c
1,123.43 c a 0
1,150.32 C a Q
1,177.21 C a Q
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Table 31

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -8(6,2), the Lump-Sum Cash Flow Timing -8(6,2) aDd tbe Interest Rate
-8(5,5)

Chi-Squared Test - [PW - 62-62-55-20000]

ITheoretical Alpha I I. \ I Test Critical

Theoretical Beta J 1.86 Statistic Value

Number Of Data Points 20000 156.15 I 36.42
alpha;; 0.05

Degrees of freedom 24

Interval Theoretical Ej fj - Ej (fj - Ej)1\2 (fj . Ej)"2/Ej

Frequency

9 9.77E-05 1.95 7.05 49.64 25AO

\6 3.09£-04 6.17 9.83 96.61 15.66

29 9.28E-04 18.55 10.45 109.17 5.88

68 2.32£-03 46.33 2\.67 469.75 10.14

\28 4.99E-03 99.74 28.26 798.50 8.01

200 9.50E-03 \90.07 9.93 98.56 0.52

336 1.63£-02 326.8C 9.20 84.64 0.26

488 2.57£-02 513.8C -25.80 665.64 1.30
713 3.73E-02 746.8<J -33.80 1,\42.44 1.53

912 5.06E-02 1.01 lAC -99.40 9,880.36 9.77

\,197 6.42£-02 l,284AC -87.40 7,638.76 5.95

\,432 7.68£-02 1,536.20 -104.20 10,857.64 7.07

1,643 8.68E-02 1,736.00 ·93.00 8,649.00 4.98

1,820 9.2<)£-02 1.858.00 -38.00 1.444.00 0.78

2,016 9.43E-02 1,886.20 129.80 16,848.04 8.93

1,873 9.09E-02 1.817.40 55.60 3.091.36 1.70

\,813 8.31£-02 \ ,661.40 151.60 22,982.56 13.83

1.555 7.20E-02 1,439.80 115.20 13,271.04 9.22

1.233 5.90E-02 1,180.60 52.40 2,745.76 2.33

894 4.57£-02 913.6<J -19.60 384.16 0.42

645 3.32E-02 664.60 -19.60 384.16 0.58

456 2.26E-02 452.20 3.80 14.44 0.03

270 1.43E-02 285.80 -15.80 249.64 0.8,

14\ 8.32E-03 \66.4\ -25.41 645.68 3.88

73 4.4\ E-03 88.23 -15.23 231.91 2.63

19 2.10£-03 41.96 -22.96 526.91'; 12.56
1<) 1.31£-03 26.12 -7.12 50.72 1.94
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Figure 30:Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for tbe Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate -8(5,5)
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Figure 31 :Grapb Showing tbe Simulation versus Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the
Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate -8(5,5)
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Table 32

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth wben the Lump-Sum Cash Flow

-8(6,2), the Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate -8(5,5)

Chi-Squared Test - [PW - 62-62-55-200001

Predicted Alpha 11.34 Test Critical

IPredicted Beta 12.10 Statistic Value

Number Of Data Points 20000 167.90 36.42

alpha = 0.05
Degrees of freedom 24

Interval Predicted Ej fj - Ej (fj - EjY'2 (fj - Ej)"2/Ej
Frequency

q 8.39E-05 1.68 7.32 53.61 31.95

16 2.75E-04 5.49 10.51 110.37 20.0G
29 8.46E-04 16.92 12.08 145.89 8.62
68 2.16E-03 43.12 24.8Q 619.26 14.36

128 4.72E-03 94.41 33.5G 1,128.0G 11. 95

200 9.13E-03 182.50 17.50 306.25 1.68

336 1.59E-02 317.40 18.60 345.96 1.09

488 2.52E-02 504.20 -16.20 262.44 0.52

713 3.70E-02 739.00 -26.00 676.00 0.9J
912 5.04E-02 1,007.80 -95.80 9,177.64 9.11

1,197 6.43E-02 1,286.60 -89.60 8,028.16 6.24
1,432 7.72E-02 1,544.80 -112.80 12,723.84 8.24
1,643 8.75E-02 1,750.60 -107.60 11,577.76 6.61
1,820 9.38E-02 1,876.60 -56.60 3,203.56 1.71
2,016 9.53E-02 1,905.60 110.40 12.188.16 6.40

1,873 9.17E-02 1,834.60 38.40 1,474.56 0.80
1,813 8.37E-02 1,673.80 139.20 19,376.64 11.58
1,555 7.23E-02 1,445.80 109.20 11,924.64 8.25
1,233 5.90£-02 1,180.40 52.60 2,766.76 2.34

894 4.54£-02 908.20 -14.20 201.64 0.22

645 3.28£-02 656.00 - I 1.00 121.00 0.18
456 2.21 E-02 442.60 13.40 179.56 0.41
270 1.38E-02 276.80 -6.80 46.24 0.17
141 7.97E-03 159.30 -18.30 334.97 2.10
73 4. J6£-03 83.28 -10.28 105.72 1.27
IG 1.95E-03 38.96 -19.96 398.35 10.22
19 1.18E-03 23.55 -4.55 20.67 0.88
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Figure 32:Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(6,2), the
Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -B(5,5)
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Figure 33:Graph Showing tbe Simulation versus Predicted Cumulative Distribution
for the Present Worth when the Lump-Sum Cash Flow -B(6,2), the Lump-Sum
Cash Flow Timing -B(6,2) and the Interest Rate -B(5,5)
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Table 33

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Wortb when the Lump-Sum Casb Flow -B(6,2), the Lump-Sum Cash Flow

Timiol!; -8(6,2) aDd the Interest Rate -8(2,6
PW Range Simulation Theoretical Predicted

K:e11 Boundary Frequency Density Density
87.48 0 0 0

113.86 0 0 0

140.23 0 0 (J

166.60 0 0 0

192.98 (] 0

219.35 1 0 0

245.72 4 I 1

272.10 4 3 3
298.47 21 10

324.84 44 25 24

351.22 82 58 5

377.5CJ 129 117 114

403.96 257 213 208:
430.34 375 352 347\

456.71 485 539 534

483.08 723 768 764

509.46 943 1,026 1,024

535.83 1,188 1,290 1,291

562.20 1,506 1,532 1,538

588.58 1,601 1,725 1,734

614.95 1,818 1,842 1,854

641.32 1,871 1,869 1,881

667.70 1,88 1,802 1,812

694.0" 1,780 1,648 1,656--
720.44 1,516 1,429 1,433

746.82 1,360 1,172 1,171

773.19 932 905 902

799.56 637 656 651

825.94 421 443 437

852.31 224 277 :271

878.68 107 158 154

905.05 48 82 7

931.43 23 37 36

957.80 9 15 14

984.17 4 5 4

1,010.55 0 t 1

1,036.92 0 0 0

1,063.29 (] 0

1,089.67 (] 0

1,116.04 0 0

1,142.41 (] 0
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Table 34

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -B(6,2), the Lump-Sum Cash Flow Timing -B(6,2) and tbe Interest Rate
-B(2,6)

~hi-SquaredTest - [PW - 62-62-26-20000]

rrheoretical Alpha 11.44 Test Critical
[Theoretical Beta IU5 Statistic Value
~wnber Of Data
!Points 20000 169.02 36.42
!alpha = 0.05

Degrees of freedom 24

Interval Theoretical Ej fj - Ej (15 - Ej)"2 (fj - Ej)1\2/Ej

Frequency
Q 1.92E-04 3.84 5.16 26.58 6.92

21 4.79E-04 9.58 11.42 130.35 13.60
44 1.27E-03 25.47 18.53 343.41 13.48
82 2.91E-03 58.15 23.85 568.63 9.78

129 5.86E-03 117.21 11.7Q 139.01 1.19

257 1.06E-02 212.60 44.40 1,971.36 9.27
375 1.76E-02 352.40 22.60 510.76 1.45
485 2.70E-02 539.20 -54.20 2,937.64 5.45
723 3.84E-02 768.20 -45.20 2,043.04 2.66
943 5.l3E-02 1,025.80 -82.80 6,855.84 6.68

1.188 6.45E-02 1,289.60 -101.60 IO,322.5~ 8.00
1,506 7.66E-02 1,532.20 -26.20 686.44 0.45
1,601 8.62E-02 1,724.60 -123.00 15,276.96 8.86
1,818 9.21 E-02 1,842.40 -24.40 595.36 0.32
1,871 '9.35£-02 1,869.40 1.60 2.56 0.00
1,887 9.0IE-02 1.801.60 85.40 7,293.16 4.05
1,78() 8.24£-02 1,648.20 131.80 17,371.24 10.54
1,516 7.15£-02 1,429.20 86.80 7,534.24 5.27

1,360 5.86£-02 1,171.60 188.40 35,494.56 30.30
932 4.53E-02 905.20 26.80 718.24 0.79
63" 3.28£-02 655.80 -18.80 353.44 0.54
421 2.22E-02 443.00 -n.oo 484.00 1.09

224 1.38E-02 276.80 -52.80 2,787.84 10.07
107 7.9IE-03 158.16 -51.16 2.616.9~ 16.55

48 4.08E-03 81.55 -33.55 1,125.35 13.80
23 1.86£-03 37.22 -14.22 202.11 5.43
13 1.05E-03 20.91 -7.91 62.59 2.99
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Figure 34: Graph Showing the Simulation Frequency Values versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(6,2), the
Lump-Sum Cash Flow Timing -8(6,2) and tbe Interest Rate -8(2,6)
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Figure 35: Grapb Showing the Simulation versus Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(6,2), thf'
Lump-Sum Cash Flow Timing -B(6,2) and tbe Interest Rate -B(2,6)
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Table 35

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Wortb when the Lump-Sum Cash Flow

-8(6,2), tbe Lump-Sum Cash Flow Timing -8(6,2) and tbe Interest Rate -B(2,6)

~hi-SquaredTest - [PW - 62-62-26-20000]
lPredicted Alpha 11.58 Test Critical
Predicted Beta 11.29 Statistic Value
INurn ber Of Data
Points 20000 167.90 36.42
~Ipha = 0.05
Degrees of freedom 24

Lnterval Predicted Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej
Frequency

9 1.77E-04 2.75 6.25 39.01 14.16
21 4.50£-04 8.91; 12.01 144.1<; 16.03
44 1.21E-03 24.21 19.79 391.64 16.18
82 2.79E"()3 55.84:J 26.11 681.85 12.20

124:J 5.68E-03 113.69 15.31 234.29 2.06
257 I.04E-02 208.0<J 49.0<J 2,401.01 11.54
375 1.73E-02 346.80 28.2<J 795.24 2.2g
485 2.67E-02 533.80 -48.8<J 2,381.44 4.46
723 3.82E-02 764.0() -41.00 1,681.0<J 2.20
943 5.12E-02 1,024.0() -81.00 6,561.00 6.41

I, 18~ 6.46£-02 ],291.4<J -103.40 10,691.56 8.28
I,50~ 7.69E-02 1.537.80 -31.80 1,011.24 0.66
1,601 8.67E-02 1,733.6() -132.60 17,582.76 10.14
1.818 9.27£-02 1,853.60 -35.60 1.267.36 0.68
1,871 9.41£-02 1.881.00 -10.00 ]00.00 0.05
1,887 9.06£-02 1,811.8() 75.20 5.655.04 3.12
1,780 8.28£-02 1,655.60 124.40 15,475.36 9.35
1,516 7.16£-02 1,432.60 83.40 6,955.56 4.86
1,360 5.86£-02 1,171.4G 188.60 35,569.96 30.37

932 4.51 £-02 901.80 30.20 912.04 1.01
6~7 3.25E-02 650.6C -13.60 184.96 0.28
421 2.19£-02 437.2C -16.20 262.44 0.6()
224 1.36E-02 271.40 -47.40 2,246.76 8.28
107 7.70E-03 153.91 -46.91 2,200.74 14.30
48 3.93E-03 78.66 -30.66 939.83 11.95
23 1.78E-03 35.52 -12.52 156.83 4.41
13 9.80E-04 19.60 -6.6(J 43.50 2.2L
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Figure 36: Graph Showing the Simulation Frequency Values versus tbe Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate -8(2,6)

Predicted vs. Simulation Cumulative
Probability [PW - 62-62-26-20000]
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Figure 37: Graph Showing the Simulation versus Predicted Cumulative Distribution
for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the Lump-Sum
Cash Flow Timing -B(6,2) and the Interest Rate -8(2,6)
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Table 36

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -8(6,2), the Lump-Sum Cash Flow

Tim in~ -8(S,5) and tbe Interest Rate -B(6,2)
PW Range Simulation Theoretical Predicted

Cell Boundary FreQuency Density Densitv
101.64 C a a
128.5~ c a 0
155.42 C a a
182.31 c a 0
209.20 C 0 0
236.09 .4 C 0
262.98 9 2 1
289.87 1.4 6 5
316.76 3~ Hl 17
343.64 7~ 4€ 43
370.53 131 10C 904
397.42 216 19C 183
424.31 372 327 317
451.20 497 51.4 504
478.09 729 747 739
504.9S 929 1,011 1,008
531.87 1,142 1,284 1,287
558.76 1,479 1,53€ 1,545
585.65 1,684 1,73€ 1,751
612.5~ 1,916 1,85S 1,8n
639.42 1,913 1,886 1,906
666.31 1,832 1,817 1,835
693.20 1,736 1,661 1,67.4

720.09 1,526 1,440 1,446
746.98 1,308 1,181 1,180
773.87 870 914 908
800.76 668 665 656
827.65 415 452 443

854.54 239 200 277
881.43 137 100 159
908.31 72 8S 83
935.20 36 42 39

962.09 8 1S 16

988.98 6 6 6
1,015.87 2 2 2
1,042.76 a 0 c
1,069.65 0 0 C
1,096.54 a a a
1,123.43 a 0 .---.9
1,150.32 a a a

- 1,177.21 q a 0
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Table 37

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -8(6,2), the Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate
-8(6,2)

Chi-Squared Test - [PW - 62-55-62-200001 '
Theoretical Alpha 11.11 Test Cri1ical
Theoretical Beta 11.86 Statistic Value
Number Of Data
Points 20000 203.07 37.65

alpha =0.05
Degrees of freedom 25

Interval Irheoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)"21Ej
FreQuency

13 9.77E-m: 1.95 11.05 122.0C 62.42
14 3.09E-D4 6.17 7.83 61.3C 9.93

35 9.28E-D4 18.5e 16.45 270.55 14.58
75 2. 32E-03 46.33 28.67 822,19 17.75

131 4.99E-03 99.74 31.26 977.05 9.80
216 9.50E-03 190.07 25.93 672.25 3.~

372 1.63E-02 326.80 45.20 2,043.04 6.21:

497 2.57E-02 513.80 -16.80 282.2~ 0.5e

729 3.73E-02 746.80 -17.80 316.84 0.42
929 5.06E-02 1,011.40 -82.40 6,789.71: 6.71

1,142 6.42E..o2 1,284.40 -142.4C 20,277.71: 15.79
1,479 7.68E-02 1,536.20 -57.2C 3,271.84 2.13

I 1.684 8.68E-02 1,736.00 -52.0C 2,704.00 1.56I

1,916 9.29E-02 1,858.00 58.0C 3,364.00 1.81
1,913 9.43E-02 1,886.20 26.8C 718.24 0.38
1,832 9.09E-02 1,817.40 14.60 213.16 0.12
1,736 8.31 E-02 1,661.40 74.6C 5,565.16 3.35
1,526 7.20E-02 1,439.80 B6.2C 7,430.44 5.16
1,308 5.90E-02 1,180.60 127.4G 16.230.76 13.75--

870 4.57E-Q2 913.60 -43.6C 1,900.96 2.08

668 3.32E-Q2 664.60 3.4C 11.56 0.02

415 2.26E-Q2 452.20 -37.2C 1,383.84 3.06
239 1.43E-Q2 285.80 -46.8C 2,190.24 7.6€
137 8.32E..o3 166.41 -29.41 864.00 5.2C
72 4.41E-03 88.23 -16.23 263.37 2.99

36 2.10E-03 41.96 -5.96 35.48 0.85

8 8.77E-04 17.53 -9.53 90.90 5.18
8 4.29E-04 8.59 ..0.59 O.~ 0.04
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Figure 38: Graph Sbowing the Simulation Frequency Values versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -8(6,2)
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Figure 39: Graph Showing the Simulation versus Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -8(6,2)
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Table 38

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for tbe Present Worth when the Lump-Sum Cash Flow

-8(6,2), tbe Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -B(6,2)

K;hi-SQuared Test - [PW - 62-55-B2-20000]

Predicted Alpha 11.34 Test Critical
Predicted Beta 12.10 Statistic Value
Number Of Data
Points 20000 229.16 37.65
lalpha =0.05
IDeQrees of freedom 25

Interval Predicted Ej fj - Ej (fj - Ej}"2 (fj - Ej)"21Ej
Frequency

13 8.39E-QS 1.68 11.32 128.19 76.39
14 2.75E-04 5.49 8.51 72.35 13.17

35 8.46E-{}l1 16.92 18.08 326.83 19.31
75 2.16E-0~ 43.12 31.89 1,016.65 23.58

131 4.72E-0~ 94.41 36.59 1,338.61 14.18
216 9.13E-03 182.5C 33.50 1,122.25 6.15
372 1.59E-Q2 317.4C 54.60 2,981.16 9.39
497 2.52E-Q2 504.20 -7.20 51.84 0.1C
729 3.70E-Q2 739.00 -10.00 100.00 0.14
929 5.p4E-Q2 1,007.80 -78.80 6,209.44 6.16

1,142 6.43E-02 1,286.60 -144.60 20,909.16 16.25
1,479 7.72E-02 1,544.8C -65.80 4,329.64 2.8e
1,684 8.75E-02 1,750.6C -66.60 4,435.56 2.53
1,916 9.38E-Q2 1,876.6C 39.40 1,552.36 0.83
1,913 9.53E-Q2 1,905.6C 7.40 54.76 0.03
1,832 9.17E-02 1,834.6C -2.60 6.76 o.ne
1,736 8.37E-Q2 1,673.8C 62.20 3.868.84 2.31
1,526 7.23E-02 1,445.80 80.2C 6,432.04 4.45
1,308 5.90E-02 1,180.40 127.6C 16,281.76 13.79

870 4.54E-02 908.20 -38.2C 1,459.24 '.61
668 3.28E-Q2 656.00 12.0C 144.00 0.22
415 2.21E-02 442.60 -27.6C 761.76 1.72
239 1.38E-Q2 276.80 -37.6C 1,426.84 5.16

C--'
137 7.97E-0~ 159.30 -22.30 497.39 3.12
72 4.16E-03 83.28 -11.28 127.29 1.53

f---
36 1.95E-Q3 38.96 -2.96 8.75 0.22

8 7. 99E-Q4 15.97 -7.97 63.54 3.98
8 3.79E-04 7.58 0.42 0.18 0.02
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Figure 40: Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing .....8(5,5) and the Interest Rate .....8(6,2)

Predicted vs. Simulation Cumulative
Distribution [pW - 62-55-62-20000]
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Figure 41: Graph Showing the Simulation Frequency versus Predicted Cumulative
Distribution for the Present Worth when tbe Lump-Sum Cash Flow -B(6,2), the
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -B(6,2)
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Table 39

Simulation Frequency, Theoretical Density and Predicted Density Values for tbe
Present Worth when the Lump-Sum Cash Flow -B(6,2), the Lump-Sum Cash Flow

Timin2 -B(S,5) and tbe Interest Rate -B(5,5)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
84.90 C C 0

110.49 0 C 0
136.09 0 C 0
161.68 C C 0
187.27 C C 0
212.87 1 C 0
238.46 4 I I
264.06 5 3 3
289.65 Ii ~ ~

315.24 31 22 21
340.84 7~ 4~ 4~

366.43 131.; 9~ 94
392.02 202 /75 17C

417.62 315 28~ 283
443.21 455 441 435
468.8/ 54C:: 63.. 627

494.40 785 853 850
5/9.99 1,041 ] ,090 1,090

545.59 /,261 1,323 1,326

571.U 1,46E 1,52~ 1,535

596.7 1,63S 1,6~ 1,694

622.3 1,76S 1,771 1,782

647.96 / ,78t 1,77S 1,790

673.56 1,78C 1,705 1,715

699.15 1,61C 1,55E 1,564

724.74 1,430 1,354 1,35~

750.34 1,176 1,117 1,116

775.93 934 870 86

801.53 635 638 632

827.12 390 436 430

852.71 261 276 271

878.31 132 160 155

903.90 72 83 80

929.49 21 38 36

955.09 8 15 14

980.68 4 5 4
1,006.28 1 1 I

1,031.87 0 () 0
1,057.46 0 0 0
1,083.06 0 0 0
1,108.65 0 0 0
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Table 40

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -8(6,2), the Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate
-D(S,5)

Chi-Squared Test - [PW - 62-55-55-20000]

Theoretical Alpha 10.78 Test Critical

Theoretical Beta 9.77 Statistic Value
Number Of Data
Points 20000 144.93 40.11

alpha = 0.05

Degrees of freedom 27

Interval Theoretical Ej fj - Ej (fj - Ej)'''2 (fj - Ej)"'2/Ej

Frequency

5 4.46E-05 0.89 4.11 16.87 18.8Q

5 1.42E-04 2.84 2.16 4.68 1.65

17 4.34E-04 8.67 8.33 69.38 8.0e
3, I.IIE-03 22.18 14.82 219.52 9.9C

78 2.46E-03 49.26 28.74 826.01 16.7
13lJ 4.87E-03 97.38 41.62 1,732.27 17.7<]

202 8.73E-03 174.58 27.42 752.10 4.31

315 I.44E-O", 287.80 27.20 739.84 2.57

455 2.20E-O.L 440.60 14.40 207.36 0.4,

54lJ 3.16E-0", 631.60 -82.60 6,822.76 10.80

785 4.26E-o.L 852.80 -67.80 4,596.84 5.3<)

1,041 5.45E-02 1,090.00 -49.00 2,401.00 2.20

1,261 6.6IE-02 1,322.80 -61.80 3,819.24 2.8lJ

1,468 7.64E-02 1,528.40 ·60.40 3,648.16 2.3lJ

1,639 8.42E-02 1,684.20 -45.20 2,043.04 1.21

1,769 8.86E-02 1,771.40 -2.40 5.76 0.00
1,781 8.9OE-02 1,779.00 2.00 4.00 0.00

1,780 8.53E-02 1.705.20 74.80 5,595.04 3.28

1,610 7.79£-02 1,558.00 52.00 2,704.00 1.74

1,430 6.77£-02 1,354.40 75.60 5,715.36 4.22
1,176 5.59E-02 1,117.00 59.00 3,48\.00 3.12

934 4.35E-02 870.40 63.60 4,044.96 4.65

635 3.19E-02 637.80 -2.80 7.84 0.01

390 2.18E-02 436.20 -46.20 2,134.44 4.89

261 1.38E-02 276.00 -15.00 225.00 0.82

132 7.98E-03 159.61 -27.61 762.46 4.78
72 4.15E-03 82.97 -10.97 120.37 1.4~

21 1.89E-03 37.90 -16.90 285.46 7.53

8 7.36E-04 14.72 -6.72 45.14 3.0

5 2.95E-04 5.91 -0.91 0.83 0.1<1
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Figure 42. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Prescnt Worth when the Lump-Sum Cash Flow -8(6,2), the Lump­
Sum Cash Flow Timing -8(5,5) and the Interest Rate -8(5,5)
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Figure 43. Graph Showing the Simulation versus the Tbeoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(6,2), the
Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -8(5,5)

107



Table 41

Chi-Squared Goodness-of-Fit Test Comparing tbe Simulation Frequency Values to
the Predicted Density Values for the Present Worth when tbe Lump-Sum Cash Flow

-8(6,2), the Lump-Sum Cash Flow Timing -8(5,5) and tbe Interest Rate -B(5,5)

Chi-Squared Test - [PW - 62-55-55-200001

Predicted Alpha 10.92 Test Critical
Predicted Beta 9.89 Statistic Value
Number Of Data
Points 20000 155.62 40.11
alpha = .05

Degrees of freedom 27

[nterval Predicted Ej fj - Ej (fj - EjY2 (fj - Ej)"2/Ej
Frequency

5 4.03E-05 0.81 4.19 17.5S 21.7Q

5 1.31 E-04 2.62 2.38 5.6t: 2.1 (j

[7 4.07E-04 8.13 8.87 78.6 9.68

37 J.05E-03 21.06 15.94 253.9C; 12.06

78 2.36E-03 47.27 30.73 944.33 19.98

139 4.7IE-03 94.30 44.70 1,998.2~ 21.19

202 8.52E-03 170.37 31.63 [,000.3'1 5.87

315 1.41£-02 282.60 32.40 1,049.76 3.71

455 2.18E-02 435.20 19.80 392.04 0.90
54<) 3.14E-02 627.00 -78.00 6,084.00 9.70

785 4.25£-02 850.00 -65.00 4,225.00 4.97

1,041 5.45E-02 1,089.80 -48.80 2,381.44 2.19

1,261 6.63E-02 1,326.01 -65.01 4,225.00 3.19
[,468 7.68£-02 1,535.00 -67.00 4,489.00 2.92
1,63<) 8.47£-02 1,693.60 -54.60 2,981.16 1.76
1,769 8.91£-02 1,782.40 -13.40 179.56 0.10

1,781 8.95£-02 1,790.00 -9.00 81.00 0.05

1,780 8.57E-02 [,714.60 65.40 4,277.16 2.49

1,610 7.82E-02 1,564.40 45.60 2,079.36 1.33

1,430 6.79E-02 1,357.20 72.80 5,299.84 3.90

1,176 5.58£-02 1,116.40 59.60 3,552.16 3.18

934 4.34E-02 867.00 67.00 4,489.00 5.18
63~ 3.16£-02 632.40 2.60 6.76 0.01

39C 2.[5E-02 430.40 -40.40 1,632.16 3.79

261 [ .35E-02 270.60 -9.60 92.16 0.34

132 7.77£-03 155.31 -23.31 543.21 3.SC

72 4.00E-03 80.01 -8.01 64.23 0.8C

21 1.81 E-03 36.16 -15.\6 229.7~ 6.35

8 6.93E-04 13.86 -5.86 34.4C 2AS

5 2.73E-04 5.45 -0.45 0.21 0.04
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Figure 44. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing ~8(5,5) and the Interest Rate ~B(5,5)
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Figure 45. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing ~B(5,5) and the Interest Rate ~B(5,5)
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Table 42

ImID2 - , an t e nterest ate- ,
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Densitv Density

70.91 0 (J 0

95.24 0 C 0
119.57 0 (] 0
143.90 0 C 0

168.23 0 0 0
192.56 0 0 0

216.8'l 2 0 0
241.22 3 I I
265.55 3 4 4

289.8a 15 10 1(J

314.21 41 24 23

338.54 5'l 49 4a

362.87 8a 90 8l:J

387.20 153 155 154

411.52 23, 248 246

435.85 407 373 371

460.18 491 530 528

484.5 ] 703 715 714

508.84 874 921 920

533.17 1,135 ],133 1,133

557.50 1,231 1,335 1,337

58] .83 1,501 1,510 1,512

606.16 1,644 1,638 1,641

630.49 1,695 1,705 1,709

654.82 1,733 1,702 1,706

679.15 1,703 1,628 1,631

703.48 1,491 J,488 1,490

727.81 1,414 1,296 1,297

752.14 1,100 1,071 1,071

776.46 835 836 834

800.79 610 611 609

825.12 370 415 413

849.45 238 258 256

873.78 139 144 142

898.11 59 70 6"
922.44 20 2CJ 28

946.77 5 CJ 9

971.10 1 2 2

995.43 0 0 0

1,019.76 0 0 0

I,044.0<.l 0 0 0

Simulation Frequency, Theoretical Density aDd Predicted Density Values for tbe
Present Worth when the Lump-Sum Cash Flow -B(6,2), the Lump-Sum Cash Flow

r' 8(55) d h I R B(26)
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Table 43

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -B(6,2), the Lump-Sum Cash Flow Timing -B(5,5) and tbe Interest Rate
-B(2,6)

thi-Squared Test - [PW - 62-55-26-20000]

Theoretical Alpha 10.53 Test Critical
Theoretical Beta 8.07 Statistic Value
~umber Of Data
Ipoints 20000 64.35 38.89
lalpha = 0.05

Degrees of freedom 26

Interval Theoretical Ej fj - Ej (fj - EjY'2 (fj - EjY'2/Ej
Frequency

8 2.85£-04 5.69 2.31 5.33 0.94
15 5.23£-04 10.46 4.54 20.59 1.9,

41 1.19£-03 23.87 17.14 293.61 12.30
5q 2.43£-03 48.68 10.32 106.44 2.lq

88 4.52£-03 90.44 -2.44 5.96 0.07
153 7.75E-03 155.09 -2.09 4.36 0.03
237 1.24£-02 248.00 -I 1.00 121.00 0.49
407 1.86£-02 372.80 34.20 1,169.64 3.14
491 2.65E-02 529.60 -38.60 1,489.96 2.81
703 3.58£-02 715.20 -12.20 148.84 0.21
874 4.60£-02 920.60 -46.60 2,171.56 2.36

1,135 5.66£-02 1,132.80 2.20 4.84 0.00
1,231 6.68£-02 1,335.40 -104.40 10,899.36 8.16
1,501 7.55E-02 1,509.80 -8.80 77.44 0.05
1,644 8.19£-02 1,637.80 6.20 38.44 0.02
1,695 8.53£-02 1,705.20 -10.20 104.04 0.06
1,733 8.51£-02 1,702.40 30.60 936.36 0.55
1,703 8.14£-02 1,627.80 75.20 5,655.04 3.47
1,491 7.44E-02 1,487.80 3.20 10.24 0.01
1,414 6.48£-02 1,295.80 118.20 13,971.24 10.78
1,100 5.36£-02 1,071.00 29.00 841.00 0.7Q

835 4.18£-02 835.60 -0.60 0.36 0.00
610 3.06E-02 611.00 -1.00 1.00 0.00
370 2.07£-02 414.60 -44.60 1,989.16 4.80
238 1.29£-02 257.60 -19.60 384.16 1.49
13Q 7.19£-03 143.88 -4.88 23.78 0.17
5q 3.52£-03 70.35 -11.35 128.76 1.83

I 20 1.45E-03 28.94 -8.94 79.86 2.76
I 6 5.94E-04 I 1.88 -5.88 34.56 2.91
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Theoretical Density vs. Simulation
Frequency Distribution [PW - 62-55·26·
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Figure 46. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the Lump­
Sum Cash Flow Timing -8(5,5) and the Interest Rate -8(2,6)

Theoretical vs. Simulation Cumulative
Distribution [pW 62-55-26-20000]
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Figure 47. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -8(2,6)
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Table 44

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth wben tbe Lump-Sum Casb Flow

-B(6,2), the Lurnp-~umCash Flow Timing -B(5,5) and the Interest Rate -B(2,6)

Chi-Squared Test - [PW - 62-55-26-20000]

Predicted Alpha 10.5S Test Critical

Predicted Beta 8.le Statistic Value
Number Of Data
1Points 20000 64.00 38.89

lalpha = 0.05

Degrees of freedom 26

Interval Predicted Ej fj - Ej (fj - Ej)"2 (fj - Ej)'"'2!Ej

Frequenev

8 2.77£-04 5.54 2.46 6.06 1.09

15 5.12E-04 10.24 4.76 22.61 2.21

41 1.17£-03 23.46 17.54 307.78 13.12
5q 2.40E-03 48.01 10.9Q 120.86 2.52

8S 4.47E-03 89.44 -1.44 2.06 0.02

153 7.69£-03 153.74 -0.74 0.55 0.00
23"1 1.23£-02 246.40 -9.4fj 88.36 0.36
40"1 1.86E-02 371.00 36.00 1,296.00 3.49

491 2.64E-02 528.00 -37.0<J 1,369.00 2.59

703 3.57E-02 713.80 -10.8C 116.64 0.16

874 4.60E-02 920.00 -46.0C 2,116.00 2.30
1,135 5.67E-02 1,133.20 l.8G 3.24 0.00

1,231 6.68£-02 1,336.80 -105.80 [ 1,193.64 8.37

1,501 7.56E-02 1,512.20 -11.20 125.44 0.08

1,644 8.21E-02 1,641.20 2.80 7.84 0.00

1,695 8.54£-02 1,708.80 -13.8C J90.44 0.11

1,733 8.53E-02 1,706.00 27.0C 729.00 0.43

1,703 8.15£-02 1,630.80 72.2C 5,212.84 3.20

1,491 7.45E-02 1,489.80 1.2C 1.44 0.00

1,414 6.48E-02 1,296.60 I 17.4C 13,782.76 10.63

1,100 5.35E-02 1,070.80 29.2C 852.64 0.80

835 4.17E-02 834.40 0.60 0.36 0.00

610 3.05£-02 609.20 0.80 0.64 0.00

370 2.06£-02 412.60 -42.6C 1,814.76 4.40

238 1.28E-02 255.80 -17.8e 316.84 1.24

139 7. 12E-03 142.4S -3A~ 12.12 0.09

59 3.47E-03 69.43 -IDA 108.82 1.57

20 lA2E-03 28.44 -8.44 71.26 2.51

6 5.80E-04 11.6C -5.fiO 31.32 2.70
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Predicted Density YS. Simulation
Frequency Distribution [PW - 62-55-26­
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Figure 48. Graph Showing tbe Simulation Frequency Values versus the Predicted
Density Values for tbe Present Worth when the Lump-Sum Cash Flow -8(6,2), tbe
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -B(2,6)

Predicted ys. Simulation Cumulative
Distribution [pW - 62-55-26-20000]
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Figure 49. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -B(2,6)
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Table 45

Simulation Frequency, Tbeoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -B(6,2), the Lump-Sum Cash Flow

Timin~ -B(2,6) and the Interest Rate -8(6,2)
PW Range Simulation Theoretical Predicted

Cell BOWldary Frequency Density Density

87.4~ C C 0
113.8~ 0 C 0
140.23 0 C 0
I66.6C 0 C 0
192.98 I C 0
219.35 0 ( 0

245.72 3 I I
272.10 6 3 3
298.47 23 I () 9
324.84 43 25 24
351.22 84 58 56
377.59 145 117 114
403.96 219 213 208
430.34 385 352 347
456.71 499 5311 534
483.08 709 768 764
509.46 897 1,026 1,024
535.83 1,140 1,29(J 1,291

562.20 1,475 1,532 1,538
588.58 1,648 1,72" 1,734
614.95 1,842 1,842 1,854
64 1.32 J,872 J,86tl 1,881
667.70 1,876 1,802 1,812

694.07 1,821 1,648 1,656
720.4A 1,535 1,42< 1,433
746.82 1,298 1,17~ 1,171
773. g 956 90' 902
799.5~ 656 65t 651
825.94 401 443 437
852.31 235 2T 271
878.6~ 123 15~ 154
905.05 62 8~ 79
931.43 3C 3 36
957.8{ 12 I' 14
984.1~ 4 5 4

1,010.55 0 I 1
1,036.92 0 ( 0
1,063.29 0 (J 0
1,089.67 0 () 0
1,116.04 0 C 0
1,142.41 0 C 0
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Table 46

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -B(6,2), the Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate
-B(6,2)

!chi-Squared Test - [PW - 62-26-62-20000]

lTheoretical Alpha 11.44 Test Critical

rrheoretical Beta 11.15 Statistic Value
lNumber OfData
!Points 20000 179.48 36.42

lalpha = 0.05

lDegrees of freedom 24

lnterval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)1\21Ej

Frequency

10.00 1.92E-04 3.84 6.16 37.89 9.86

23.00 4.79E-04 9.58 13.42 180.02 18.79

43.00 1.27£-03 25.47 17.53 307.35 12.07

84.00 2.9IE-03 58.15 25.85 668.02 11.49

145.00 5.86E-03 117.21 27.7CJ 772.31 6.59

219.00 1.06E-02 212.61 6.4{] 40.96 O.lCJ

385.00 1.76E-02 352.40 32.60 1,062.76 3.0L
499.00 2.70E-OL 539.20 -40.2<J 1,616.04 3.00

709.00 3.84E-OL 768.20 -59.2<J 3,504.64 4.56

897.00 5. 13E-02 1,025.80 -128.80 16,589.44 16.17

1,140.00 6.45E-02 1,289.60 -149.60 22,380.16 17.35

1,475.00 7.66£-02 1,532.20 -51.20 3,211.84 2.14

1,648.00 8.62E-OL 1,724.60 -76.60 5,867.56 3.40

1,842.00 9.21£-OL 1,842.40 -0.40 0.16 0.00

1.872.00 9.35E-02 1,869.40 2.60 6.76 0.00

1,876.00 9.01£-02 1,801.60 74.40 5,535.36 3.0

1,821.00 8.24E-02 1,648.20 112.80 29,859.84 18.12

1,535.00 7.15£-02 1,429.20 105.80 11,193.64 7.83

1,298.00 5.86£-02 1,171.60 126.40 15,976.96 13.64

956.00 4.53E-OL 905.20 50.S0 2,580.64 2.85

656.00 3.28E-0", 655.80 0.20 0.04 0.00

401.00 2.22£-02 443.00 -42.00 1,764.00 3.98

235.00 1.38£-02 216.80 -41.80 1,747.24 6.31

123.00 7.91 £-03 158.16 -35.16 1,235.96 7.81

62.00 4.08£-03 81.55 -19.55 382.05 4.69

30.00 ] .86E-Q3 37.22 -7.22 52.08 1.40

16.00 1.05E-03 20.9\ -4.91 24.12 I. I5
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Figure SO. Graph Showing the Simulation Frequency versus tbe Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow -B(6,2), the Lump­
Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(6,2)

Theoretical vs. Simulation Cumulative
Distribution [pW • 62-26-62-20000]
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Figure 51. Graph Sbowing the Simulation versus the Theoretical Cumulative
Distribution for tbe Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(6,2)
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Table 47

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow

-8(6,2), the Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -B(6,2)

Chi-Squared Test - [PW - 62-26-62-20000]

Predicted Alpha 11.58 Test Critical
Predicted Beta 11.29 Statistic Value
Number Of Data
Points 20000 184.65 36.42

alpha = 0.05

Degrees of freedom 24

Interval Predicted Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej
Frequency

10 I.77E-04 3.53 6.47 41.80 11.83

23 4.50E-04 8.99 14.01 196.22 21.82

43 1.21 E-03 24.21 18.7<J 353.06 14.58

84 2.79E-03 55.89 28.11 790.30 14.14'

145 5.68E-03 113.69 31.31 980.10 8.62

219 1.04E-02 208.00 11.00 121.0(J (J.58

385 1.73E-02 346.80 38.20 1,459.24 4.21

499 2.67E-02 533.80 -34.80 1,211.04 2.27

709 3.82E-02 764.00 -55.00 3,025.00 3.96

897 5.12E-OL 1,024.00 -127.00 16,129.0(J 15.75

1,140 6.46E-02 1,291.40 -151.40 22,921.96 17.75

1,475 7.69E-02 1,537.80 -62.8C 3,943.84 2.56

J,648 8.67E-O~ 1,733.60 -85.6C 7,327.36 4.23

1,842 9.27E-02 1,853.60 -11.60 134.56 0.07

1,872 9.41 E-02 1,881.00 -9.00 81.00 0.04

1,876 9.06E-02 J,811.80 64.20 4,121.64 2.27

1,821 8.28E-02 1,655.6(J 165.40 27,357.16 16.52

1,535 7.16E-02 1,432.6(J 102.4(J 10,485.76 7.32

1,298 5.86E-02 1,171.4(J 126.60 16,027.56 13.68

956 4.5IE-02 901.80 54.20 2,937.64 3.26

656 3.25E-02 650.6(J 5.40 29.16 0.04

401 2.19E-02 437.2C -36.2C 1,310.44 3.00

235 1.36E-02 271.40 -36.4(J 1,324.96 4.88

123 7.70£-03 153.91 -30.91 955.55 6.21

62 3.93E-03 18.66 -16.6ti 277.44 3.53

30 1.78E-03 35.52 ·5.52 30.5(J 0.86

16 9.80E-04 19.60 -3.60 12.93 0.66
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Figure 52. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(6,2). the
Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -B(6,2)
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Figure 53. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(6,2). the
Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -B(6,2)
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Table 48

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump-Sum Cash Flow

Timing -8(2,6) and the Interest Rate -8(5,5)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
70.91 C 0 0
95.24 C 0 0

119.57 C 0 0
143.90 C C 0
168.23 C C 0
192.5~ C C 0
216.85 0 C (J

241.22 3 1 1
265.55 Ii ~ ~

289.8~ H lC IC
314.21 2~ 2~ 23
338.5~ 64 4~ 4a
362.8i 101 90 89
387.2(J ]90 155 154
411.52 279 24~ 246
435.85 362 373 371
460.1~ 553 53( 52a
484.51 696 715 71~

508.8~ 861 921 92C
533.li 1,029 1,133 1,133
557.5C 1,270 1,335 1,33i
581.83 1,526 1,510 1,512
606.1~ 1,612 1,638 1,641

630.41; 1,763 1,705 1,70<]
654.82 1,755 1,702 1,70~

679.15 1,614 1,62a 1,631
703.4a 1.482 J,48a 1,490
727.81 1,383 1,296 1,297
752.14 1,114 1,071 1,071
776.46 879 836 834
800.79 637 61 J 609
825.12 361 415 413
849.45 224 258 256
873.78 III 144 142
898.11 52 7C 69
922.44 21 29 28
946.7/ 3 C; <]

971.1C 1 2 2
995.43 0 C C

1,019.76 (] C (]

1,044.09 0 0 C
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Table 49

Chi~Squared Goodness-of-Fit Test Comparing the SimuJation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow ~B(6,2), tbe Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate
-8(5,5)

IChi-Squared Test - [pW - 62-26-55-20000]

lTheoretical Alpha 10.53 Test Critical
Theoretical Beta 8.07 Statistic Value
lNumber Of Data
lPoints 20000 99.56 37.65
~Ipha = 0.05

..-
Degrees of freedom 25

Interval Theoretical Ej fj - £j (fj - £jY'2 (fj - Ej)"2/Ej
Frequency

15 2.85E-04 5.6~ 9.31 86.64 15.22
Hi 5.23E-04 10.4~ 5.54 30.6f 2.93
26 1.19E-03 23.8" 2.14 4.5f 0.1~

64 2.43£-03 48.68 15.32 234.6( 4.82
101 4.52E-03 90.4~ 10.50 111.48 1.23
19C 7.75£-03 155.0~ 34.91 1,218.8S 7.8f
27~ 1.24E-02 248.0< 31.0<J 961.0< 3.8~

362 1.86E-02 372.8C -10.80 116.64 0.31
553 2.65E-02 529.6C 23.40 547.5~ 1.03
690 i58E-02 715.2( -19.2( 368.64 0.52
861 4.60E-02 920.6C ·59.6{ 3.552.1~ 3.8f

1.029 5.66E-02 I.l32.8C -103.8C 10,774.4£1 9.51
1,27<J 6.68E-0"l l.335.4( -65.4C 4,277. If 3.2C

1.52~ 7.55E-02 1,509.80 16.2C 262.44 0.17

1,612 8.19£-02 1,637.80 -25.8C 665.64 0.41

1,763 8.53E-02 1,705.20 57.8<J 3,340.84 1.96

1,755 8.51E-02 1,702.40 52.6<J 2,766.76 1.63

1,614 8.14E-02 1,627.80 -13.8<J 190.44 0.12

1,482 7.44E-02 1,487.80 -5.8<J 33.64 0.02

1,383 6.48£-02 1,295.80 87.20 7,603.84 5.87

1,114 5.36E-02 1,071.0<J 43.00 1,849.00 1.73

879 4.18£-02 835.6<J 43.40 1,883.56 2.25

637 3.06£-02 611.0C 26.0C 676.00 1.\ 1

361 2.07£-02 414.6C -53.6C 2,872.96 6.93

224 1.29E-02 257.6C -33.6C 1,128.96 4.3S

III 7.19£-03 143.8~ -32.88 1.080.88 7.51

52 3.52E-03 70.35 -18.35 336.63 4.7~

25 2.04E-03 40.82 -15.82 250.14 6.13
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Figure 54. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow ~B(6,2), the Lump­
Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Figure 55. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for tbe Present Worth when the Lump-Sum Cash Flow -B(6,2), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate ~B(5,5)
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Table 50

Chi-Squared Goodness-or-Fit Test Comparing tbe Simulation Frequency Values to
the Predicted Density Values for the Present Wortb when the Lump-Sum Cash Flow

-8(6,2), the Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -8(5,5)

Chi-Squared Test - [PW - 62-26-55-20000]

Predicted Alpha 10.5S Test Critical
Predicted Beta 8.10 Statistic Value
Number Of Data

_ ..

Points 2000C 100.44 37.65
alpha = 0.05

Degrees of freedom 25

Interval Predicted Ej tj - Ej (fj - Ej)"2 (fj - Ej)"2fEj
Frequency

15 2.77E-04 5.54 9.46 89.53 16.17

16 5.12E-04 10.24 5.76 33.12 3.23

26 1.17£-03 23.46 2.54 6.47 0.28

64 2.40E·03 48.01 15.99 255.80 5.33

101 4.47£-03 89.44 11.56 133.71 1.49

190 7.69E-03 153.74 36.26 1,314.56 8.55

279 1.23£-02 246.40 32.60 1,062.76 4.31

362 1.86E-02 371.00 -9.00 81.00 0.22

553 2.64E-02 528.00 25.00 625.00 1.18

696 3.57£-02 713 .80 -17.80 316.84 0.44

861 4.60£-02 920.00 -59.00 3,481.00 3.78

1,029 5.67E-02 1,133.20 -104.20 IU,857.64 9.58

1,270 6.68£-02 1,336.80 -66.80 4,462.24 3.34

1,526 7.56£·02 1,512.20 13.80 190.44 0.13

1,612 8.21 E-02 1,641.20 -29.20 852.64 0.52

1,763 8.54E-02 1,708.80 54.20 2,937.64 1.72

1,755 8.53E-02 1,706.00 49.00 2,401.00 1.41

1,614 8.15E-02 1,630.80 ·16.80 282.24 0.1

1,482 7.45£-02 1,489.80 -7.80 60.84 0.04

1,383 6.48E·02 1,296.6C 86.40 7,464.96 5.76

1,114 5.35E-02 1,070.8C 43.20 1,866.24 1.74

879 4.17E-02 834.4C 44.60 1,989.16 2.38

637 3.05£-02 609.2C 27.80 772.84 1.27

361 2.06£-02 412.60 -51.60 2,662.56 6.45

224 1.28£-02 255.8C -31.80 1,011.24 3.95

III 7.12E-03 142.4~ -31.48 991.10 6.96

52 3.47£-03 69.43 -17.43 303.87 4.38

25 2.00E-03 40.04 -15.04 226.15 5.65
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Figure 56. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for tbe Present Worth wben tbe Lump-Sum Cash Flow -8(6,2), tbe
Lump-Sum Cash Flow Timing -B(2,6) and tbe Interest Rate -B(5,5)

Predicted vs. Simulation Cumulative
Distribution [PW - 62-26-55-20000]
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Figure 57. Graph Showing tbe Simulation versus the Predicted Cumulative
Distribution for the Present Worth when tbe Lump-Sum Cash Flow -B(6,2), the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -B(5,5)
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Table 51

-.
,

,)...

ImID2 - , an t e oterest Rate - ( , )
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
57.48 G 0 0
79.90 C 0 0

102.32 C 0 0
124.74 C 0 0
147.16 0 0 0
169.57 0 0 0
191.99 0 C 0
214.41 I 1 1
236.83 1 2 2

259.25 4 5 5
281.6~ 8 11 11

304.0~ 20 22 22
326.5( 38 41 41

348.9~ 82 7C 71

371.3~ 120 11~ 115

393.7t 175 175 176

416.U 267 25i 258

438.6< 34(J 361 362

461.0:; 474 48~ 489
483.43 633 635 635
505.85 78lJ 79~ 798

528.2) 91(J 97( 969
550.6( 1,137 1,14~ 1,140

573.11 l,27(J 1,30~ 1,300

595.53 1,356 1,43~ 1,435

6\7.95 1,546 1,53 \,533

640.36 1,646 1,589 1,585

662.78 1,641 1,586 1,583

685.20 1,588 1,524 1,522

707.62 1,434 1,407 1,405

730.04 1,232 1,241 1,240

752.46 1,006 1,039 1,040

774.88 846 819 821

797.29 656 600 603

819.71 375 402 405

842.13 222 240 242

864.55 121 122 124

886.97 52 49 50

909.3(j 8 14 14

931.81 2 2 2

954.22 q 0 0

Simulation Frequency, Theoretical Density aod Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -8(6,2), the Lump-Sum Cash Flow

T' B(2 6) d bIB 2 6
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Table 52

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when tbe Lump-Sum Cash

Flow -B(6,2), tbe Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate
-B(2,6)

Chi-Squared Test - [PW - 62-26-26-20000]
iTheoretical Alpha 9.54 Test Critical
hneoretical Beta 5.62 Statistic Value
Number Of Data
iPoints 20000 35.02 40.11
I3lpha = 0.05

!Degrees of freedom 27

Interval Theoretical Ej fj - Ej (fj - Ej)1\2 (fj - Ej)"2/Ej
Frequency

6 3.93E-04 7.86 -1.86 3.44 0.44

8 5.48E-04 10.96 -2.96 8.78 0.80
20 1.IOE-03 22.00 -2.00 3.98 0.18

38 2.03E-03 40.65 -2.65 7.04 0.1t

82 3.50E-03 70.08 11.92 \42.08 2.03

120 5.69E-03 113.73 6.27 39.35 0.35

175 8.75E-03 175.00 0.00 0.00 0.00

'26/ 1.28E-02 256.80 10.20 104.04 0.41

340 1.81 E-02 361.00 -21.00 441.00 1.22

474 2.44E-02 487.60 -13.60 184.96 0.38

633 3.17£-02 634.60 -1.60 2.56 0.00

789 3.99E-02 798.00 -9.O<J 81.00 0.10

910 4.85E-02 970.20 -60.20 3,624.04 3.74

1,137 5.71 E-02 1,142.00 -5.00 25.00 0.02

1,270 6.5IE-02 1,302.00 -32.00 1,024.00 0.7Q

1,356 7.19E-02 ],437.60 -81.60 6,658.56 4.63

1,546 7.68E-02 1,536.80 9.20 84.64 O.Oti
1,646 7.94E-02 1.588.60 57.40 3,294.76 2.07

1,641 7.93E-02 1,585.60 55.40 3,069.16 1.94

1,588 7.62E-02 1.524.40 63.60 4,044.96 2.65

1,434 7.03E-02 1,406.80 27.20 739.84 0.53

1,232 6.20E-02 1,240.60 -8.60 73.96 O.<M
1,00t: 5.19E-02 1,038.80 -32.80 1.075.84 1.04

84t: 4.IOE-02 819.00 27.00 729.00 0.89

656 3.00E-02 600.40 55.60 3,091.36 5.15

375 2.01 E-02 402.40 -27.40 750.76 1.87

222 1.20E-02 240.00 -18.00 324.00 1.35

121 6.10E-03 122.06 -1.06 1.13 0.01

52 2.46E-03 49.24 2.76 7.61 0.15

10 7.80£-04 15.5Q -5.5Q 31.29 2.01
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Theoretical Density vs. Simulation
Frequency Distribution [PW - 62-26-26­
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Figure 58. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the Lump­
Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(2,6)
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Theoretical vs. Simulation Cumulative
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Figure 59. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(6,2), the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -B(2,6)
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Table 53

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when tbe Lump-Sum Cash Flow

-8(6.2), the Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(2,6)

--
!Chi-Squared Test - rpw - 62-26-26-20000]
IPredicted Alpha 9.50 Test Critical
lPredicted Beta 5.60 Statistic Value
!Number OfDara
Points 20000 37.45 40.11
lalpha = 0.05

Ioe~ees of freedom 27
Interval Predicted Ej fj - Ej (fj - Ej)"2 (fj - Ej)/\2/Ej

Frequency

6 4.03E-04 8.05 -2.05 4.22 0.52
8 5.59E-04 11.1 ~ -3.17 10.0 O.9C

20 1.12£-03 22.35 -2.35 5.51 0.25
38 2.06E-03 41.1 ~ -3.1G 10.17 0.25
82 3.54E-03 70.83 11.17 124.79 I.7f

120 5.73E-03 114.69 5.31 28.18 0.25

175 8.81£-03 176.15 -1.15 1.31 0.01
267 1.29£-02 258.00 9.00 81.0 0.31
340 1.81£-02 362.20 -22.2C 492.84 L3c
474 2.44E-02 488.60 -14.6C 213.1 0.4<1
633 3.18£-02 635.20 -2.2C 4.8 0.01

789 3.99E-02 798.0C -9.00 81.0 O.IC

910 4.85£-02 969.4C -59.4C 3.528.3 3.64

1.137 5.70£-02 1.140.4C -3.4C 11.5 0.01

1,270 6.50E-02 1.299.6( -29.6C 876.1( 0.67

1,356 7.17£-02 1,434.6( -78.6C 6. 177.9( 4.31

1,546 7.67£-02 1,533.20 12.8e 163.8~ 0.11

1,646 7.93£-02 1,585.20 60.80 3,696.64 2.33

1,641 7.91 £-02 1,582.60 58.40 3,410.56 2.16

1,588 7.6IE-02 1,522.00 66.00 4,356.00 2.86

1.434 7.03E-02 1,405.40 28.60 817.% 0.58

1,232 6.20£-02 1,240.40 -8.40 70.56 0.06

1,006 5.20E-02 1,040.00 -34.00 1.156.0 1.11

846 4.IIE-02 821.00 25.00 625.0 0.76

656 3.02E-02 603.00 53.00 2,809.0 4.66

375 2.03E-02 405.00 -30.00 900.0 2.22

222 1.21 E-02 242.20 -20.20 408.04 1.68

121 6.19E-03 123.71 -2.71 7.33 0.06

52 2.51£-03 50.15 1.85 3.41 0.0";
1-------

81 8.01 E-04 16.01 -8.01 64.1 4.01
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Predicted Denaity V5. Simulation
Frequency Distribution [PW - 62-26-26­
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Figure 60. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(6,2), the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(2,6)
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Figure 61. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(6,2), the
Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -B(2,6)
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Table 54

ImlD~ - , an t e nterest te- ,
PW Range Simulation Theoretical Predicted I

Cell Boundary Frequency Density Density ,

236.) 8 0 C 0
266.67 {] C 0
297.16 J C 0
327.64 6 6

358.13 36 3~ 33

388.62 125 12~ 116
419.11 306 304 288
449.5<l 583 582 563

480.08 954 940 924

510S' 1,286 1,328 1,322

54\.05 1,706 1,686 1.692

571.54 1,951 1,954 1,973

602.03 2,049 2,09'i 2,122

632.52 2,118 2,095 2,124

663.00 1,952 1,966 1,992

693.49 1,788 1,739 1,758

723.98 1,449 1,456 1,465

754.46 1,167 1,15'i 1,155

784.95 858 869 862
815.44 632 620 610

845.93 415 420 409

876.4\ 262 269 259

906.90 152 163 154

937.3<l 105 93 87

967.87 60 5(] 46

998.36 27 25 22

1,028.85 5 12 10

1,059.34 3 5 4

1,089.82 3 2 2

1,120.31 I I I

1,150.8C 0 0 0

1,181.28 0 0 0

1,211.77 0 0 0

1,242.26 0 0 0

1,272.75 0 0 0---
1,303.23 0 0 0
1,333.72 0 C 0

1,364.21 0 C 0

1,394.69 0 (] 0
f---.

0 C1,425.18 0

],455.67 0 C 0

Simulation Frequency, Tbeoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -8(5,5), the Lump-Sum Cash Flow

T"' 8(62) d b I Ra 8(62)
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Table 55

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow ~B(5,5), the Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate
~B(6,2)

IChi-Squared Test - [PW - 55-62-62-20000]
rTneoretical Alpha 7.68 Test Critical
rTneoreticaJ Beta 16.61 Statistic Value
Number Of Data
Points 20000 13.73 33.92
alpha = 0.05

Degrees of freedom 22
Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej

Frequency

7 3.55E-04 7.09 -0.09 0.01 0.00
36 1.88E-03 37.70 -1.70 2.88 0.08

125 6.32E-03 126.46 -1.46 2.12 0.02

306 1.52E-02 304.40 1.60 2.56 0.01

583 2.91E-02 582.40 0.60 0.36 O.UO
954 4.70E-02 939.80 14.20 201.64 0.21

1,286 6.64E-02 1,328.40 -42.40 1,797.76 1.35
1,706 8.43E-02 1,685.80 20.20 408.04 0.24

1,951 9.77E-02 1.954.40 -3.40 I 1.56 0.01

2,049 1.05E-0 I 2,095.00 -46.00 2.116.00 1.01

2,118 1.05E-Ol 2,094.60 23.40 547.56 026

1,952 9.83E-02 1,965.60 -13.60 184.96 0.09

1,788 8.70E-02 1,739.40 48.60 2,361.96 1.36
1,449 7.28E-02 1,455.80 -6.80 46.24 0.03

1,167 5.77E-02 1,154.60 12.40 153.76 0.13

858 4.34E-02 868.80 -10.80 116.64 0.13

632 3. IOE-02 620.40 11.60 134.56 0.22

415 2.IOE-02 420.00 -5.00 25.00 0.06

262 1.35E-02 269.20 -7.20 51.84 0.19

l52 8.15E-03 163.09 -11.09 123.08 0.75

105 4.65E-03 93.07 11.93 142.38 1.53

60 2.49E-03 49.83 10.17 103.47 2.08_.
27 24.90 4.401.25E-03 2.10 0.18

5 5.77E-04 11.54 -6.54 42.78 3.71
.,

3.88E-04 7.7, -0.77 0.59 0.08
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--Theoretical

Theoretical Density ys. Simulation
Frequency Distribution [PW - 55-62-62­
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Figure 62. Grapb Showing the Simulation Frequency versus tbe Tbeoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow -B(5,5), the Lump­
Sum Cash Flow Timing -B(6,2) and the Interest Rate -8(6,2)
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Figure 63. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth wben the Lump-Sum Cash Flow -B(5,5), the
Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate -8(6,2)
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Table 56

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow

-B(5,5), the Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -B(6,2)

!chi-Squared Test - [PW - 55-62-62-200001
Predicted Alpha 7.90 Test Critical

Predicted Beta 17.08 Statistic Value
[Number Of Data
Points 20000 22.27 33.92
jalpha = 0.05
pegrees of freedom 22

Interval Predicted Ej fj - Ej (fj - £j)"2 (fj - Ej)1\2/Ej

Frequency

7 2.96E-04 5.92 1.08 1.16 0.20

36 1.67E-03 33.38 2.62 6.8E 0.21

125 5.82E-03 116.36 8.64 74.7C 0.64

306 1.44£-02 288.20 17.80 316.84 1.10
583 2.82E-02 563.40 19.60 384.16 0.68

954 4.62£-02 924.00 30.00 900.00 0.97

1.286 6.6IE-02 1,321.80 -35.80 1,281.64 0.97

1,706 8.46£-02 1,692.00 14.00 196.00 0.12

1,951 9.87E-02 1,973.00 -22.0<J 484.00 0.25

2,049 1.06E-01 2,122.20 -73.20 5,358.24 2.52

2,118 1.06E-01 2, J24.20 -6.2C 38.44 0.02

1,952 9.96E-02 1,992.00 -40.00 1,600.00 0.80

1,788 8.79E-02 1,758.00 30.0C 900.01 0.51

1,449 7.33E-02 1.465.00 -16.00 256.00 0.1,

1,167 5.78E-02 1,155.00 12.00 144.00 0.12

858 4.31£-02 862.40 -4.40 19.36 0.02

632 3.05£-02 610.00 22.00 484.00 0.7CJ

415 2.04£-02 408.60 6.40 40.96 0.10

262 1.29E-02 258.60 3.40 11.56 0.04

152 7.72E-03 154.46 -2.46 6.07 0.04

105 4.34E-03 86.74 18.26 333.60 3.85

60 2.28£-03 45.61 14.39 207.12 4.54

27 1.12E-03 22.34 4.66 21.72 0.9

5 5.06£-04 10.12 -5.12 26.26 2.59

7 3.27£-04 6.55 0.45 0.20 0.03
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Figure 64. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -B(6,2)
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Fi~ure 65. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(5,5), thr
Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -8(6,2)
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Table 57

iming -B(6,2) and tbe Interest Rate -B(5,5)
PW Range Simulation Theoretica1 Predicted

Cell Boundary Frequency Density Density
203.28 ( C 0
233.52 ( 0 0
263.75 ( ( 0
293.9C: I 1 I

324.22 ~ II 11
354.4~ 45 4<1 45
384.6C: 10f 12e: 132
414.92 306 290 298
445.16 552 53Q 555
475.39 891:; 864 890
505.63 1,293 1,228 1,263
535.86 1,578 1,571.:: 1,620
566.09 1,843 \,863 1,903
596.33 2,104 2,03 2,070
626.56 2,113 2,079 2,099
656.8C 1,97~ 1,991 1,996
687.03 1,761 1,79'" 1,787
717.2~ 1,43( 1,532 1,509
747.5C 1,212 1,23~ 1,204
777.73 895 94<1 909
807.9'i 69< 682 64CJ
838.2C 48( 46( 437
868.43 312 30C 27~

898.6- 18f 182 166
928.9( 8e: 104 93
959.14 64 55 48
989.3"' 31 27 23

1,019.60 q 12 10
1,049.84 8 5 4
1,080.01 '- 2 1
1,110.31 I 1 C
1,140.54 C t C
1,170.7 I 0 0
1,201.01 I 0 0
1,231.2A ( 0 0
1,26l.4f ( 0 0
1.291.71 C 0 0

1,32\.94 ( 0 0
U52.18 ( 0 C
1.382.41 ( 0 C

1.412.65 C C C

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when tbe Lump-Sum Cash Flow -8(5,5), tbe Lump-Sum Cash Flow

T
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Table 58

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for tbe Present Worth when the Lump-Sum Cash

Flow -B(5,5), the Lump-Sum Cash Flow Timing -B(6,2) and tbe Interest Rate
-B(5,5)

Chi-Squared Test - {PW - 55-62-55-20000]

lTheoretical Alpha 8.61 Test Critical
[rheoretical Beta 16.27 Statistic Value
Number Of Data
Points 20000 37.25 35.17

!alpha = 0.05

Pegrees of freedom 23

lnterval Theoretical Ej fj - Ej (fj - Ej)'"'2 (fj - Ej)"2!Ej
Frequency

5 5.97E-04 ! 1.95 -6.95 48.2S 4.04

45 2.22E-03 44.34 0.66 0.44 0.01

lOS 6.45E-03 128.91; -20.99 440.76 3.42

306 1.45E-02 290.0C 16.00 256.0C 0.88

552 2.70E-02 539.00 13.00 169.00 0.31

89CJ 4.32E-02 863.80 35.20 1,239.04 1.43

1,293 6. 14E-02 1,227.8C 65.20 4,251.04 3.46

1,578 7.90E-02 1,579.00 -1.00 1.00 0.00

1,843 9.31 E-02 1.862.80 -19.80 392.04 0.21

2,104 1.02E-Ol 2,036.60 67.40 4,542.76 2.23

2,113 1.04E-01 2,078.80 34.20 1,169.64 0.56

1,975 9.96E-02 1,991.40 -16.40 268.96 0.14

1,761 8.99E-02 1,797.40 -36.40 1,324.96 0.74

1,430 7.66E-02 1,532.40 -102.40 10,485.76 6.84

1,212 6. 18E-02 1,236.00 -24.00 576.00 0.47

895 4.72E-02 943.80 -48.80 2,381.44 2.52

695 3.41 E-02 682.00 13.00 169.00 0.25

480 2.33E-02 465.80 14.20 201.64 0.43

312 1.50E-02 300.20 11.80 139.24 0.46

188 9.11 E-03 182.15 5.85 34.25 O.IQ

89 5.18E-03 103.5CJ -14.59 212.89 2.06

64 2.75E-03 54.9/ 9.03 81.61 1.48

31 1.35E-03 27.04 3.96 15.66 0.58
g 6.12E-04 12.24 -3.24 10.49 0.86

8 2.52E-04 5.05 2.95 8.73 1.73

5 1.35E-04 2.71 2.29 5.25 1.94
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Theoretical Density ys. Simulation
Frequency Distribution [PW - 55-62-55­
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Figure 66. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the Lump­
Sum Cash Flow Timing -B(6,2) and the Interest Rate -8(5,5)
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Figure 67. Graph Showing the Simulation versus tbe Theoretical Cumulative
Distribution for tbe Present Worth when the Lump-Sum Cash Flow -B(5,5), the
Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -B(5,5)
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Table 59

Cbi-Squared Goodness-of-Fit Test Comparing tbe Simulation Frequency Values to
the Predicted Density Values for the Present Worth wben tbe Lump-Sum Cash Flow
-B(5,5)~ tbe Lump-Sum Cash Flow Timing -8(6,2) and tbe Interest Rate -8(5,5)

thi-Squared Test - [PW - 55-62-55-20000]
Predicted Alpha 8.79 Test Critical
IPredicted Beta 16.60 Statistic Value
!Number Of Data
Points 20000 45.40 35.17

lalpha = 0.05

pegrees of freedom 23
Interval Predicted Ej fj - Ej (fj - Ej)1\2 (fj - Ej)"2/Ej

Frequency

5 5.30E-04 1O.6C -5.60 31.3"1 2.96

45 2.04E-03 40.85 4.15 17.2C 0.42

108 6.09E-03 121.79 -13.79 190.16 1.56

306 1.40E-02 279.00 27.00 729.00 2.61

552 2.63E-02 526.20 25.80 665.64 1.26

899 4.26E-02 852.60 46.40 2,152.96 2.53

1,293 6.11 E-02 1,222.40 70.60 4,984.36 4.0a

1,578 7.9IE-02 1,582.00 -4.00 16.00 0.01

1,843 9.37E-02 1,874.80 -31.80 1,011.24 0.54

2.104 1.03 E-O I 2,055.20 48.80 2,381.44 I. 16

2,113 1.05E-01 2,100.00 13.00 169.00 0.08

1,975 1.01 E-O I 2,011.20 -36.20 1,310.44 0.65

1,761 9.06E-02 1,812.40 -51.40 2,641.96 1.46

1,430 7.70E-02 1.540.80 -110.80 12,276.64 7.9

1,212 6.19E-02 1.237.60 -25.60 655.36 0.53

895 4.70E-02 940.00 -45.00 2,025.00 2.15

695 3.37E-02 674.80 20.20 408.04 0.60

480 2.29E-02 457.40 22.60 510.76 1.12

312 1.46E-02 292.20 19.80 392.04 1.34
r-----

175.39188 8.77E-03 12.61 158.95 0.91

89 4.93E-03 98.58 -9.58 9 1.7a 0.93

64 2.58E-03 51.62 12.38 153.34 2.9

31 1.25£-03 25.02 5.98 35.78 1.43
q 5.57E-04 11.14 -2.14 4.56 0.41

8 2.25E-04 4.51 3.49 12.21 2.71

5 1.17E-04 2.34 2.66 7.05 3.01
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Figure 68. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate -B(5,5)
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Figure 69. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate -8(5,5)
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Table 60

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -8(5,5), the Lump-Sum Cash Flol\'

Timin2 -8(6,2) and the Interest Rate ~B(2,6)

PW Range Simulation Theoretical Predicted
Cell Boundary Frequency Density Density

57.48 0 0
79.90 0 0

102.32 0 0
124.74 0 0
147.16 0 0

169.57 0 0
191.99 0 (

214.41 I 1, ,
236.83 I 2 i

259.25 4 5 5

281.67 8 11 II
304.09 20 22 2~

326.50 38 41 41

348.92 82 7 71

371.34 120 114 lIS
393.7~ 175 175 17l

416.U 267 25i 25~

438.6C 340 361 36~

461.02 474 48 48~

483.43 633 635 635

505.85 789 798 79~

528.2i 910 97 96~

550.6S 1,137 1,14i 1,14(

573.11 1,270 1,30i 1,30e

595.53 1,356 1,438 1,435

617.95 1,546 1,537 1,533

640.36 1,646 1,58CJ 1,585

662.78 1,641 1,58 1,583

685.20 1,588 1,524 1,52L

707.62 1,434 1,407 1,405

730.04 1,232 1,241 1,240

752.46 1,006 1,03 1,04(

774.88 846 81 821

797.2CJ 656 60 603

819.71 375 402 405

842.13 222 24 242

864.55 121 122 124

886.9 52 4 50

909.3~ 8 14 14

931.81 :2 2 2

954.22 0 C 0
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Table 61

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -8(5,5), the Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate
-B(2,6)

Chi-squared Test - [PW - 55-62-26-20000]

rrneoretical Alpha 9.61 Test Critical

lTheoretical Beta 16.1 I Statistic Value
lNumber Of Data
lPoints 20000 26.06 33.92
alpha = 0.05

Degrees of freedom 22

Interval Theoretical Ej fj - Ej (fj - Ej)"'2 (fj - Ej)"2/Ej
Frequency

9 8.44E-04 16.89 -7.89 62.23 3.6a

43 2.48E-03 49.57 -6.57 43.20 O.8~

115 6.58£-03 131.58 -16.58 274.77 2.09

270 1.41£-02 282.40 -12.40 153.76 0.54

496 2.57E-02 514.00 -18.00 324.00 0.63

878 4.10E-02 819.20 58.80 3,457.44 4.22

1.166 5.84E-02 1,168.80 -2.80 7.84 0.01

1,533 7.58E-02 1,516.80 16.20 262.44 0.17

1,816 9.05E-02 1,810.80 S.20 27.04 0.01

1,961 I.OOE-OI 2,006.2<J -45.20 2,043.04 1.02

2,037 1.04£-01 2,075.40 -38.40 1.474.56 0.71

2,036 1.01E-01 2,013.80 22.20 492.84 0.24

1,885 9. I9E-02 1,838.80 46.2C 2,134.44 1.16

1,574 7.92E-02 1,583.00 -9.00 81.00 0.05

1,318 6.43E-02 1,286.40 31.60 998.56 0.78

1,002 4.93E-02 986.60 (5.4C 237.16 0.24

708 3.57£-02 713.80 -5.80 33.64 0.05

480 2.43E-02 486.40 -6.4C 40.96 0.08

280 1.56£-02 311.40 -31.40 985.96 3.17

175 9.33£-03 186.65 - I 1.65 135.61 0.73

102 5.21 £-03 104.24 -2.24 5.00 0.05

65 2.70E-03 53.92 11.08 122.77 2.28
'-

31 1.28E-03 25.64 5.36 28.75 1.12

10 5.55E-04 11.10 -1.10 1.20 0.1 I

10 3.19£-04 6.38 3.62 13.07 2.05
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Theoretical Density vs. Simulation
Frequency Distribution [PW - 55-62-26­
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Figure 70. Graph Showing tbe Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow -B(5,5), the Lump­
Sum Cash Flow Timing ~B(6,2) and the Interest Rate -8(2,6)
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Figure 71. Graph Showing the Simulation versus tbe Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -8(6,2) and tbe Interest Rate -8(2,6)
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Table 62

Chi-Squared Goodness-of-Fit Test Comparing tbe Simulation Frequency Values to
the Predicted Density Values for tbe Present Worth when the Lump-Sum Cash Flow

-B(5,5), the Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -B(2,6)

K=hi-squared Test - [PW - 55-62-26-20000]

Predicted Alpha 9.66 Test Critical
tpredicted Beta 16.37 Statistic Value

/Number Of Data Points 20000 25.51 33.92

alpha = 0.05

Degrees of freedom 22

Interval Predicted £j fj - Ej (fj _£j)A2 (fj - EjY'2/Ej
Frequency

9 7.87E-04 15.74 -6.74 45.47 2.8Q

43 2.36£-03 47.23 -4.23 17.93 0.38

115 6.36E-03 127.10 -12.10 146.5~ 1.1 ~

270 1.38£-02 275.8C -5.80 33.64 0.12

496 2.53E-02 506.4C -10.40 108.16 0.21

878 4.06£-02 812.40 65.60 4.303.36 5.3C

1,166 5.83£-02 1,165.40 0.60 0.36 O.OC

1,533 7.59£-02 1,518.20 14.80 219.04 0.14

1,816 9.09£-02 1,817.60 -1.60 2.56 O.OC

1,961 1.01£-01 2,017.20 -56.20 J,158.44 1.5,

2,037 1.04£-01 2,088.40 -51.40 2,641.9~ 1.27

2,036 1.0 I£-01 2,026.40 9.60 92.'~ O.Ooli

1,885 9.24£-02 1,848.60 36.40 1,324.96 0.7~

1,574 7.94£-02 1,588.80 -14.80 219.04 0.14

1,318 6.44£-02 1,287.80 30.20 912.04 0.71

1.002 4.92£-02 984.60 17.40 302.76 0.31

708 3.55£-02 709.40 -1.40 1.96 O.OC

480 2.41 £-02 4RI.00 -1.00 1.00 O.OC

280 1.53£-02 ·'306.20 -26.20 686.44 2.24

175 9.11£-03 18}.30 -7.30 53.25 0.2l;

102 5.05£-03 101.04 0.96 0.93 0.01

65 2.59£-03 51.82 13.18 173.81 3.35

3/ 1.22£-03 24.40 6.60 43.58 1.79

10 5.22£-04 10.44 -0.44 0.20 0.02

10 2.95£-04 ).90 4.10 16.84 2.86

143



• SimJlation

-Predicted

500 1000 1500

Present Worth Range ($)

Predicted Density vs. Simulation
Frequency Distribution [PW - 55-62-26­

20000]
2500 ,--- 0 _

2000
----
~ 1500
e:- 1000- 500

O+------4....~___,__---~.........~

o

Figure 72. Graph Sbowing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing ~B(6,2) and the Interest Rate ~B(2,6)
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Predicted vs. Simulation Cumulative
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Figure 73. Graph Showing the Simulation versus the Predicted Cumulative
Distrihution for the Present Worth when the Lump-Sum Cash Flow -B(5,5), the
Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate ~B(2,6)
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Table 63

IIDmg - , 3n e nterest ate- ,
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.28 0 0 0
233.52 0 0 0
263.75 0 () a
293.99 0 I I
324.22 7 11 9
354.46 31 44 41
384.69 148 12~ 122
414.92 268 29C 21<;
445.16 553 53<; 52~

475.39 883 864 853
505.63 1,194 1,228 1,222
535.86 1,643 1,579 1,582
566.0<; 1,84<; 1,863 1,875
596.33 2,00<; 2,037 2,055
626.56 2,07.<1 2,079 2,IOC
656.8( 1,91i 1,991 2,011
687.03 1,80<; 1,797 1,812
717.2~ 1,535 1,532 1,541
747.5C 1,213 1,236 1.23~

717.73 972 944 94(

807.9i 71i 682 675
838.2C 502 466 45/
868.43 298 ~OO 292
898.6i 18~ 182 175
928.9C 85 104 9<;

959.14 56 55 52
989.37 2CJ 27 25

1,019.60 II 12 II
1,049.84 I 5 5
1,080.07 " 2 2

1,110.31 0 I I
1,140.54 1 C 0
1,170.77 C 0 0
1,201.01 0 0 C

1,231.2.<1 ( 0 0
1,261.4~ ( 0 0
1,291.71 0 0 0

),321.94 0 0 0
1,352.18 0 .- 0 0
1,382.4\ 0 0 0
1,412.65 0 C 0

Simulation Frequency, Theoretical Density and Predicted Density Values for tbe
Present Wortb when the Lump-Sum Cash Flow -8(5,5), the Lump-Sum Cash Flow

T" 8(6 2) d th I R 8(2 6)

145



Table 64

Cbi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -B(5,5), the Lump-Sum Cash Flow Timing -B{5,S) and the Interest Rate
-B(6,2)

Chi-squared Test - [PW - 55-55-62-200001
,

Theoretical Alpha 8.61 Test Critical
\Theoretical Beta 16.27 Statistic Value
Nwnber Of Data
Points 20000 28.49 33.92
alpha = 0.05

begrees of freedom 22
Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej

Frequency

7 5.97E-04 11.95 -4.95 24.48 2.05

31 2.22£-03 44.34 -13.34 177.83 4.01

148 6.45E-03 128.99 19.01 361.22 2.80

268 J .45E-02 290.00 -22.00 484.00 1.67

553 2.70E-02 539.00 14.00 196.00 0.36

883 4.32E-02 863.80 19.20 368.64 0.43

1,194 6. 14E-02 1,227.80 -33.80 1,142.44 0.93

1,643 7.90E-02 1,579.00 64.00 4,096.00 2.59

1,849 9.31 E-02 1,862.80 - 13.80 190.44 0.10
2,009 1.02E-01 2.036.60 -27.60 761.76 0.37

2,074 1.04E-01 2,078.80 -4.80 23.04 0.01

1,917 9.96E-02 1,991.40 -74.40 5,535.36 2.78

1,809 8.99E-02 1,797.40 11.60 134.56 0.07

1,535 7.66E-02 1,532.40 2.60 6.76 0.00

l.213 6. 18E-02 1,236.00 -23.00 529.00 0.43

972 4.72£-02 943.80 28.20 795.24 0.84

717 3.41 E-02 682.00 35.00 1,225.00 1.80

502. 2.33E-02 465.80 36.20 1,310.44 2.81

298 1.50E-02 300.20 -2.20 4.84 0.02

187 9.11 E-03 182.15 4.85 23.55 0.13

85 5.18E-03 103.59 -18.59 345.62 3.34

56 2.75E-03 54.97 1.03 1.07 0.02
2Q 1.35E-03 27.04 1.96 3.8 0.14

II 6.12E-04 12.24 -1.24 1.54 0.13

10 3.88E-04 7.75 2.25 5.04 0.65
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Figure 74. Graph Sbowing tbe Simulation Frequency versus tbe Theoretical Density
Values for the Present Wortb wben tbe Lump-Sum Cash Flow -8(5,5), the Lump­
Sum Cash Flow Timing -8(5,5) and the Interest Rate -8(6,2)
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Figure 75. Graph Showing tbe Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow ~B(5,5), the
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -8(6,2)
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Table 65

Cb i-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow

-B(5,5), the Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -8(6,2)

Chi-squared Test - [PW - 55-55-62-20000]

Predicted Alpha 8.71 Test Critical
Predicted Beta 16.64 Statistic Value
lNumber Of Data
!Points 20000 35.07 33.92
~lpha =0 0.05

lDegrees of freedom 22

Interval Predicted Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej
Frequency

7 5.30E-04 10.60 -3.60 12.97 1.22
31 2.04E-03 40.85 -9.85 97.07 2.3a

148 6.09E-03 121.7Q 26.21 686.96 5.64

268 1.40E-02 279.0C -11.00 121.00 0.43

553 2.63E-02 526.20 26.80 718.24 1.36

I 883 4.26E-02 852.6C 30.4(J 924.16 1.08

1,194 6.11 E-02 1,222.40 -28.40 806.56 0.66

1,643 7.9 IE-02 1,582.00 61.00 3,721.00 2.35

1,849 9.31£-02 1,874.8C -25.80 665.64 0.36

2,009 1.03E-Ol 2,055.2C -46.20 2,134.44 1.04

2,074 1.05E-Ol 2,IOO.OC -26.00 676.00 0.32

1,917 1.0 IE-OI 2,011.20 -94.20 8,873.64 4.41

1,809 9.06E-02 1,812.4C -3.40 11.56 0.01

1,535 7.70E-02 1,540.8C -5.80 33.64 0.02

1,213 6.19E-02 1,237.60 -24.60 605.16 0.49

972 4.70E-02 940.0C 32.00 1,024.00 1.09

717 3.37E-02 674.8C 42.2C 1,780.84 2.64

502 2.29E-02 457.4C 44.60 1,989.16 4.35

298 1.46£-02 292.2C 5.8(J 33.64 0.12

187 8.77E-03 175.3~ 11.61 134.74 0.77

85 4.93E-03 98.58 -13.5a 184.42 1.87

56 2.58E-03 51.62 4.38 19.21 0.37

29 1.25E-03 25.02 3.98 15.85 0.63

II 5.57E-04 11.14 -0.14 0.02 0.00

10 3.42E-04 6.85 3.15 9.92 1.45
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Figure 76. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(5,5), the
Lump-Sum Cash Flow Timing -8(5,5) and the lnterest Rate -B(6,2)
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Figure 77. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -B(6,2)
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Table 66

ImlD~ - , an t e nterest ate - ,
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.28 C a 0
233.52 (] (] 0
263.75 (] a (J

293.99 a a 0

324.22 I 2 2
354.46 a II la

3~
-,,-

384.69 25 37

414.92 95 IOL1 JOe
445.16 194 224 21 a
475.39 401 411 40~

505.63 66~ 666 65<;

535.86 1,002 971 96~

566.09 1,268 1,292 1,291

596.33 1,624 1,589 1,593

626.56 1,844 1,82<J 1,82~

656.80 2,03<J 1,955 1,96~

687.03 1,906 1,976 1,98~

717.26 1,84t: 1,887 1,89E

747.50 1,713 1,705 1,714

777.73 1,48S 1,46C 1,465

807.97 1,152 1,18t: I, I g~

838.20 883 912 90<;

868.43 68S 664 65<;

898.67 459 45~ 451

928.90 304 295 29{

95Q.14 177 179 174
989.37 114 101 9S

1,019.60 62 53 51

1,049.84 3(J 25 24

1,080.07 14 11 Ie

1,110.31 2 4 4

1,140.54 () I I

1,170.77 3 () 0

1,201.01 I 0 0

1,231.24 C a a
1,261.48 c a (]

1,291.71 C (] (]

1,321.94 C (J --~
1,352.18 (] (] C

1,382.41 C C C

1,412.65 C C C

Simulation Frequency, Theoretical Density and Predicted Density Values for tbe
Present Worth when the Lump-Sum Cash Flow -B(5,5), the Lump-Sum Casb Flow

T' 8(5 5) d b I R 8(5 5)
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Table 67

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -8(5,5), the Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate
-8(5,5)

Chi-squared Test - [PW - 55-55-55-20000]

Theoretical Alpha 9.31 Test Critical

Theoretical Beta 14.58 Statistic Value
Number Of Data
Points 20000 28.90 35.17

~Ipha = 0.05

!Degrees of freedom 23

Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej
Frequency

9 6.82E-04 13.63 -4.63 21.47 1.57

25 1.96E-03 39.22 -14.22 202.28 5.16

95 5.19E-03 103.70 -8.70 75.6Q 0.73

194 1.12E-02 223.60 -29.60 876.16 3.92

401 2.06E-02 411.20 -10.20 104.04 0.25

666 3.33E-02 666.20 -0.20 0.04 0.00

\,002 4.85E-02 970.60 31.40 985.96 1.02

1,268 6.46E-02 1,292.00 -24.00 576.00 0.45

1,624 7.95E-02 1,589.0(J 35.00 1,225.0(J 0.77

1.844 9. 1OE-02 1,&20.40 23.60 556.96 0.3 }

2,030 9.77E-02 1,954.60 75.4(J 5,685.16 2.91

1,906 9.88E-02 1,976.00 -70.00 4,900.00 2.48

1,846 9.44E-02 1,887.00 -41.00 1,681.00 0.89

1,713 8.53E-02 \.705.40 7.60 57.76 0.03

1,488 7.30E-02 1,460.40 27.60 761.76 0.52

1,152 5.93E-02 1,185.60 -33.60 1,128.96 0.95

883 4.56E-02 911.80 -28.80 829.44 0.91

688 3.32E-02 663.60 24.4(J 595.36 0.90

459 2.28E-02 455.80 3.20 10.24 0.02

304 1.47E-02 294.80 9.20 84.64 0.29

177 8.94E-03 178.77 - 1.77 3.13 0.02

114 5.05E-03 101.07 12.93 167.07 1.65

62 2.65E-03 52.92 9.08 82.36 1.56

30 1.27E-03 25.44 4.56 20.78 0.82

I 14 5.55E-04 I 1.10 2.90 8.40 0.76

6 3.19E-04 6.39 -0.3lJ 0.15 0.02
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Figure 78. Graph Showing the Simulation Frequency versus tbe Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the Lump­
Sum Cash Flow Timing -8(5,5) and the Interest Rate -B(5,5)
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Figure 79. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -B(5,5)
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Table 68

Cbi-Squared Goodness-of-Fit Test Comparing tbe Simulation Frequency Values to
the Predicted Density Values for the Present Worth when tbe Lump-Sum Cash Flow

-D(5,5), the Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -8(5,5)

~hi-squaredTest - [PW - 55-55-55-20000]

!Predicted Alpha 9.36 Test Critical
!Predieted Beta 14.83 Statistic Value
!Number Of Data
lPoints 20000 29.43 35.17
\alpha = 0.05

\Degrees of freedom 23

Interval Predicted Ej fj - Ej (fj - Ej)"2 fj - Ej)"2/Ej
Frequency

'l 6.33E-04 12.67 -3.67 13.47 1.06

25 1.86E-03 37.26 -12.26 150.36 4.04

95 4.99E-03 99.8'l -4.89 23.87 0.24

194 1.09E-02 217.60 -23.60 556.96 2.56

401 2.02E-02 404.00 -3.00 9.00 0.02

666 3.30E-02 659.0C 7.00 49.00 0.07

1,002 4.83E-02 965.80 36.20 1,310.44 1.36

1,268 6.46E-02 1,291.20 -23.20 538.24 0.42

],624 7.96E-02 J,592.8C 31.20 973.44 0.61

1,844 9.14E-02 1,828.80 15.20 231.04 0.13

2,030 9.83E-02 1,966.40 63.60 4,044.96 2.06

1,906 9.94E-02 1,988.80 -82.80 6,855.84 3.45

1,846 9.49E-02 1,898.40 -52.40 2,745.76 1.45

1,713 8.57E-02 1,713.80 -0.80 0.64 0.00

1,488 7.33E-02 1,465.00 23.00 529.00 0.36

1,152 5.93E-02 I, ]86.20 -34.20 1,169.64 0.99

883 4.55E-02 909.2C -26.20 686.44 0.75

68B 3.30E-02 659.0C 29.00 841.00 1.28

45'l 2.25E-02 450.60 8.40 70.56 0.16

304 1.45E-02 289.80 14.20 201.64 0.70

J77 8.72E-03 174.50 2.50 6.27 0.04

114 4.90E-03 97.91 16.0Q 258.7'l 2.64

62 2.54E-03 50.83 11.17 124.7'l 2.4<:

30 1.21 E-03 24.20 5.80 33.68 1.3~

14 5.22E-04 10.44 3.56 12.66 1.21

6 2.95E-04 5.89 0.11 0.01 0.00

153
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Figure 80. Grapb Showing the Simulation Frequency Values versus the Predicted
Density Values for tbe Present Worth when the Lump-Sum Casb Flow ~B(5,5). the
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -B(5,5)

Predicted VS. Simulation Cumulative
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Figure 81. Graph Showing tbe Simulation versus tbe Predicted Cumulative
Distrihution for the Present Wortb when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -8(5,5)
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Table 69

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -B(5,5), the Lump-Sum Cash Flow

Timing -D(5,5) and the Interest Rate -8(2,6)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.28 0 (J 0
233.52 0 (J 0
263.75 0 0 (I

293.9CJ 0 0 0

324.22 (J 0 0

354.46 3 3 3

384.69 4 It J 1

414.92 25 34 33

445.16 57 84 83

475.JCJ 158 175 173

505.63 283 319 317

535.86 532 521 518

566.09 825 773 771

596.33 1,102 1,058 1,056

626.56 1,393 1,345 1,345

656.80 1,704 1,601 1,603

687.03 1,785 1,793 1,796

717.26 1,879 1,896 1,901

747.50 1,824 1,89ll 1,904

777.73 1,794 1,803 1,808

807.97 1,631 1,626 1,629

838.20 1,360 1,391 1,393

868.43 1,057 1,129 1,129

898.67 83<l 868 867

928.90 630 630 628

959.14 453 431 429

989.37 27CJ 276 274

1,019.60 176 165 163

1,049.84 113 91 90

1.080.07 53 46 45

1.110.31 27 21 21

1,140.54 8 q 8

1,170.7 6 3 3--
1,201.01 0 1 1

1,231.24 0 0 0

1,261.48 0 0 0

1,291.71 0 0 0

1,321.94 0 (J 0

1,352.18 0 (] 0

1,382.41 (] (] 0

1,412.65 (] 0 0
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Table 70

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -B(5,5), the Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate
-8(2,6)

Chi-SQuared Test - [PW -55-55-26-20000]

~eoretical Alpha 9.95 Tesl Critical
~eoretical Beta 13.08 Statistic Value
Number OrDara
Points 20000 54.97 36.42
alpha = 0.05

Dewees of freedom 24
Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej

Frequency

7 7. 15E-01l 14.30 -7.30 53.22 3.72
25 1.70£-03 34.06 -9.06 82.16 2.41

57 4.20£-03 83.97 -26.97 727.53 8.66
158 8.75£-03 175.09 -17.09 292.10 1.67
283 1.60E-02 319.io -36.20 1,310.44 4.11

532 2.60E-02 520.80 11.20 125.44 0.24

825 3.87E-02 773.40 51.60 2,662.56 3.44

1,102 5.29£-02 1.057.6C 44.40 1,971.36 1.86

1,393 6.73£-02 1,345.0C 48.O<J 2,304.0C 1.71
1,704 8.00E-02 1.600.8C 103.20 10,650.2~ 6.65

1,785 8.96E-02 1,792.8C -7.80 60.8~ 0.03

1,87<; 9.48£-02 1,896.0C -17.00 289.0C 0.15

1,824 9.49£-02 1,898.8C -74.8<J 5,595.0~ 2.95

1,794 9.02£-02 1,803.40 -9.40 88.36 0.05

1,631 8.13£-02 1.625.60 5.40 29.16 0.02

1,360 6.96E-02 1,391.0C -31.00 961.00 0.69

1,057 5.65E-02 1,129.0C -72.00 5,184.00 4.59

839 4.34E-02 867.6C -28.60 817.96 0.94

630 3.15E-02 630.0C o.O<J 0.00 0.00

453 2.15E-02 430.6C 22.40 501.76 1.17

279 1.38£-02 275.8C 3.20 10.24 0.04
-

176 8.23E-03 164.6~ 11.34 128.55 0.78

113 4.54£-03 90.87 22.13 489.5..: 5.3~
~

53 2.30£-03 45.92 7.08 50.1e: 1.0~

27 ).05E-03 20.97 6.03 36.3~ 1.73

8 4.25E-0~ 8.51 -0.51 0.2~ 0.03

6 2.07£-O~ 4.15 1.85 3.43 0.83
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Figure 82. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for tbe Present Worth when the Lump-Sum Cash Flow -B(5,5), tbe Lump­
Sum Cash Flow Timing -R(5,5) and the Interest Rate -8(2,6)

Theoretical vs. Simulation Cumulative
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Figure 83. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for tbe Present Worth when the Lump-Sum Cash Flow -B(5,5), the
Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -8(2,6)
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Table 71

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow

-B(5,5), the Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -B(2,6)

~hj-squared Test - fPW - 55-55-26-20000]

Predicted Aloha 9.94 Test Critical
lPredieted Beta \3.2\ Statistic Value
~umberOf Data

._.

Points 20000 55.53 36.42
lalpha = 0.05

Degrees of freedom 24

Interval Predicted £j fj - Ej (fj - Ej)"2 (fj - Ej)"2fEj
Frequency

7 6.94E-04 13.88 -6.88 47.32 3.41

25 1.67£-03 33.35 -8.35 69.76 2.09
5- 4.13E-03 82.611 -25.611 657.51 7.96

15~ 8.65E-03 173.0~ -15.04 226.35 1.31

283 I.5RE-02 316.6C -33.60 1,128.9 3.57

532 2.59£-02 518.0C 14.00 196.0 0.38

825 3.86E-02 771.0C 54.00 2,9\6.0 3.78

1,102 5.28E-02 1,056.4C 45.60 2,079.3 1.97

1.393 6.73£-02 1,345.20 47.8C 2,284.84 1.7C

1,704 8.02E-02 1,603.0( 101.0G 10,201.0 6.3l

1.785 8.98£-02 1,796.4( -I lAC 129.9 0.0
1,87lJ 9.50£-02 1,900.8( -21.8C 475.24 0.25

1,824 9.52E-{)2 1,903.6( -79.60 6,336.1 3.33

1,794 9.04£-02 1,807.60 -13.6C 184.9 0.10

1,631 8. ]4£-02 1,628.80 2.2C 4.84 0.00

1,360 6.96£-02 1,392.80 -32.8C \,075.84 0.77

1,057 5.65£-02 1,129.2e -n.2e 5,212.8-'1 4.62

839 4.33£-02 866.60 -27.60 761.76 0.88

630 3.14£-02 628.20 1.80 3.24 0.01

453 2.14£-02 428.60 24.40 595.3 1.39

279 1.37£-02 273.80 5.20 27.04 0.10

176 8.15£-03 163.02 12.98 168.37 1.03

) 13 4.48£-03 89.69 23.31 543.55 6.06

53 2.26£-03 45.15 7.85 61.63 1.36

27 1.03£-03 20.53 6.47 41.83 2.04

8 4.15£-04 8.2l:l -0.29 0.0 0.01

6 2.00E-04 4.01 I.<Xl 3.96 0.99
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Figure 84. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -8(2,6)
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Figure 85. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -8(2,6)
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Table 72

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -8(5,5), the Lump-Sum Cash Flow

Timin2 -8(2,6) and the Interest Rate -8(6,2
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.28 I C °233.52 0 C °263.75 a C °293.99 0 0

324.22 ( 3 2

354.46 6 1<1 13
384.69 50 5 47

414.92 132 132 127
445.Hj 27S 282 276

475.39 531 51 506

505.63 84~ 81 812

535.86 1,193 1,169 1,165

566.09 1,50'i 1,517 1,518

596.33 1,79C 1,811 1,818

626.56 2,061 2,006 2,017

656.8<J 2,055 2,075 2,088

687.03 1,973 2,014 2,026

717.2~ 1,833 1,83 1,849

747.5C 1,62( 1,583 1,589

777.73 1,265 1,28~ 1,288

807.9i 94" 98i 985

838.2C 729 714 709

868.43 480 48~ 481

898.6i 305 311 306

928.9C 214 lSi 182

959.14 91 104 101

989.37 58 54 52

1,019.60 18 26 24

1,049.84 6 11 10

1,080.07 6 4 4

1,110.31 3 I I

1,140.54 0 0
1,170.7 I 0
1,201.01 0 0 0
1,231.24 a °1,261.48 a 0

1,291.7\ a 0

1,321.94 (] (] 0

1,352.18 0 .Q
1.382.41 0 0
\ ,412.65 0 (]
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Table 73

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Valu.
the Theoretical Density Values for the Present Worth when the Lump-Sum Cl

FJow -B(5,5), the Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Ral
-B(6,2)

!Chi-squared Test - [PW - 55-26-62-20000]
Irheoretical AIDha 9.61 Test Critical
[Theoretical Beta 16.11 Statistic Value
lNumber Of Data
Points 20000 28.26 33.92
alpha = 0.05
Degrees of freedom 22

Interval Theoretical Ej fj - Ej (tj - Ej)"2 (fj - Ej)"2/Ej
Frequency

6 8.44E-04 16.89 -10.89 118.56 7.02
5(J 2.48E-03 49.5? 0.43 O.lil 0.00

132 6.58E-03 131.58 0.42 0.18 0.00
279 1.41E-02 282.40 -3.40 11.56 0.04
531 2.57E-02 514.00 17.00 289.0(J 0.56
848 4.10E-02 819.20 28.8C 829.44 1.01

1,193 5.84E-02 1,168.8C 24.2C 585.64 0.5C
1,507 7.58E-02 1,516.8( -9.8C 96.04 O.O~

1,79<J 9.05E-02 1,810.8C -20.80 432.64 0.24
2,061 1.00E-OI 2,006.2( 54.80 3,003.04 1.5(J
2,055 1.00E-01 2,075.4C -20.40 416.16 0.2(J
1,973 1.0 IE-O 1 2,013.8C -40.80 1,664.64 0.83
1,833 9.19E-02 1,838.8C -5.80 33.64 0.02
1,62(] 7.92E-02 1,583.0C 37.00 1,369.0(J 0.86
1,265 6.43E-02 1,286.40 -21.40 457.96 0.36

947 4.93E-02 986.60 -39.60 1,568.16 1.59
729 3.57E-02 713.80 15.20 231.04 0.32
480 2.43E-02 486.4(J -6.4(J 40.96 0.08
305 l.56E-02 3I 1.4() -6.40 40.9f 0.13
21<1 9.33E-03 186.65 27.36 748.3C 4.01

9(J S.21E-03 104.24 -14.24 202.65 1.94
58 2.70E-OJ 53.92 4.08 16.65 0.31
18 1.28E-03 25.64 -7.64 58.35 2.28

~ 5.55E-04 Il.l (J -5.10 25.98 2.34
IQ 3.19E-04 6.38 3.62 13.07 2.05
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Figure 86. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow -B(5,5), the Lump­
Sum Cash Flow Timing -8(2,6) aDd the Interest Rate -B(6,2)
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Figure 87. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(5,5), the
Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -8(6,2)
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Table 74

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow

-D(S,5), the Lump-Sum Cash Flow Timing -D(2,6) and the Interest Rate -D(6,2)

thi-squared Test - [PW - 55-26-62-20000]
Predicted Alpha 9.66 Test Critical
Predicted Beta 16.37 Statistic Value
Number Of Dala
Points 20000 30.23 33.92
alpha = 0.05

De~ees of freedom 22
Interval Predicted Ej fj - Ej (fj - EjY'2 (fj - Ej)1\2/Ej

Frequency

~ 7.87E-Q4 15.74 -9.7~ 94.93 6.03
5( 2.36E-03 47.23 2.7~ 7.65 0.16

132 6.36E-03 127-10 4.9C 23.97 0.1~

27S 1.38E-02 275.80 3.2C 10.24 0.04

531 2.53E-02 506.40 24.6( 605.16 I.2C
S4~ 4.06E-02 812.40 35.6( 1,267.36 l.S6

1,193 5.83E-02 1,165.40 27.6( 761.76 0.65

1,50i 7.59E-02 1,518.20 -11.2( 125.44 0.08
1,79C 9.09£-02 1,817.60 -27.6( 76J .76 0.42

2,061 1.01E-Q1 2,017.20 43.8( 1,918.44 0.95

2,055 1.04E-OJ 2,088.40 -33.4( 1,115.56 0.53

1,973 1.01 E-01 2,026.40 -53.4C 2,851.56 I.4J

1,833 9.24E-02 1,848.60 -15.6C 243.36 0.13
1,62( 7.94E-02 1,588.80 31.2C 973.44 0.61

1,265 6.44E-02 1,287.80 -22.8C 519.84 O.4C

947 4.92E-02 984.60 -37.6C J,413.76 1.44

729 3.55E-02 709.40 19.6C 384.16 0.54

480 2.4 IE-02 481.00 -1.00 1.00 0.00

305 1.53E-02 306.20 -1.20 1.44 O.OC

214 9.1IE-03 182.30 31.70 1,005.04 5.51

90 5.05E-03 101.04 -J 1.04 121.81 1.21

58 2.59E-03 51.82 6.IE 38.24 0.74

J8 1.22E-03 24.40 -6.4C 40.94 1.68

6 5.22E-04 10.44 -4.44 19.75 1.89

10 2.95E-04 5.90 4.IC 16.&4 2.86
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Figure 88. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -8(6,2)
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Figure 89. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Preseot Worth when the Lump-Sum Cash Flow -D(5,5). the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(6,2)
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Table 75

imio2 ~B(2,6) aod the Interest Rate -B(5,5
PWRange Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.28 0 0
233.5..: 0 0
263.75 0 0
293.9~ 0 ()

324.22 0 0

354.4~ 0 3 3

384.6~ 7 11 11

414.92 16 34 33

445.16 53 84 83

475.39 162 175 173

505.63 311 319 31~

535.8ti 536 521 518

566.09 831 773 771

596.33 1,09<] 1,05S 1,056

626.56 1,395 1,345 1,345

656.8C 1,58E 1,601 1,603

687.03 1,79~ 1,793 1,79t

717.2~ 1,91 j 1,89~ 1,901

747.50 1,8M 1,891; 1,9~

777.73 1,73"1 1,803 1,80~

807.9i 1,633 1,62~ 1,62~

838.20 1,383 1,391 1,393

868.43 1, I0<: 1,12 1,12~

898.6i 855 86E 86,

928.9C 663 63C 62~

959.14 446 431 42<]

989.37 274 276 274

1,019.60 161 165 163

1,049.84 102 91 90
1,080.07 43 4 45

1,110.31 3C 21 21

1,140.54
., q 8

1,170.7" 2 3 3

1,201.01 2 1 I

1,231.24 0 0
1,261.48 0 0 0

1,291.71 0 0 0

1,321.94 0 0
1,352.18 0 0

1,382.41 0 0 0
1,412.65 0 0

Simulation Frequency, Theoretical Density and Predicted Density Values for: tbe
Present Worth when the Lump-Sum Cash Flow ~B(5,5), the Lump-Sum Cash Flow

T )

165



Table 76

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -8(5,5), the Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate
-8(5,5)

Chi-squared Test - [PW - 55-26-55-20000] I ,

IIfheoretical Alpha 9.95 Test Critical
[Theoretical Beta 13.08 Statistic Value
lNumber Of Data
lPoints 20000 47.38 35.17
~Ipha = 0.05

!Degrees of freedom 23

Interval Theoretical Ej fj - Ej (fj - Ej)"'2 (fj - Ej)"2/Ej
Frequency

~ 7.15E-0.j 14.30 -7.3C 53.22 3.72

16 1.70E-03 34.06 -18.0~ 326.32 9.5~

53 4.20E-03 83.97 -30.9/ 959.31 11.42
162 8.75E-03 175.09 -13.0<; 171.3 0.9~'

31 ] 1.60E-02 319.20 -8.2C 67.2~ 0.21

536 2.60E-02 520.80 15.20 231.Q.j 0.4~

831 3.87E-02 773.40 57.60 3,317.7~ 4.2<;

I,09~ 5.29E-02 1,057.6C 41.40 1,713.9~ 1.62

1,395 6.73E-02 1,345.0C 50.00 2,500.0 1.8~

l,58~ 8.00E-02 1,600.8C -12.80 163.8~ O.H

1,798 8.96E-02 1,792.8C 5.20 27.04 O.O~

1,917 9.48E-02 1,896.0C 21.0C 441.0 0.23

1,846 9.49E-02 1.898.8e -52.8C 2,787.8 1.4

1,73~ 9.02E-02 1.803.4C -69.4C 4,816.3 2.6

1,633 8.13E-02 1,625.6C 7.4C 54.7 0.03

1,383 6.96E-02 1,391.0C -8.0C 64.0 0.05

I, IO~ 5.65E-02 1,129.00 -23.00 529.0 0.4

855 4.34E-02 867.60 -12.60 158.76 0.18

663 3.15E-02 630.00 33.00 1,089.0 1.73

446 2.15E-02 430.60 15.40 237.16 0.55

274 1.38E-02 275.80 -1.80 3.24 0.01

161 8.23E-03 164.66 -3.66 13.41 0.08

102 4.54E-03 90.87 11.13 123.77 1.36

43 2.30E-03 45.92 -2.92 8.5 0.19

30 1.05E-03 20.97 9.03 81.57 3.89

1\ 6.33E-04 12.66 -1.66 2.75 0.22
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Figure 90. Graph Sbowing the Simulation Frequency versus tbe Theoretical Dell
Values for the Present Worth when the Lump-Sum Cash Flow -B(5,5), the Lum
Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(5,5)
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Figure 91. Graph Sbowing tbe Simulation versus tbe Tbeoretical Cumulative
Distribution for the Preseot Worth when the Lump-Sum Cash Flow -B(5,5), tbe
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -B(5,5)
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Table 77

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Vah
the Predicted Densit)' Values for the Present Worth when the Lump-Sum Cas~

-B(5,5), the Lump-Sum Cash Flow Timing -B(2,6) and tbe Interest Rate -Bl

~hi-squaredTest - [PW- 55-26-55-20000]
Predicted Alpha 9.94 Test Critical
J>redicted Beta 13.21 Statistic Value
Number Of Data Points 2000C 47.42 35.17
lalpha = 0.05
Degrees of freedom 23

Interval Predicted Ej fj - Ej (fj - Ej)"2 (fj - Ej)1\2/Ej
Frequency

'" 6.94E-04 13.88 -6.8S 47.32 3.41
16 1.61£-03 33.35 -17.35 301.11 9.03
53 4.13E-03 82.64 -29.64 878.65 10.63

162 8.65E-03 173.04 -11.04 121.99 0.70
311 1.58E-02 316.6C -5.6C 31.36 O.lC
536 2.59E-02 51S.0C 18.OC 324.0 0.63
831 3. 86E-02 771.0~ 60.0C 3,600.0 4.6?

1,09<: 5.28E-02 1,056.4C 42.6C 1,814.7 1.72
1,39~ 6.73E-02 I,345.2C 49.80 2,480.04 1.84
1,58~ 8.02E-02 1,603.0C -15.00 225.0 0.14
1,79~ 8.98E-02 1,796.4C 1.60 2.56 O.OC
191'" 9.50E-02 1,900.8C 16.20 262.44 0.14,
1,846 9.52E-02 1,903.6C -57.60 3.317.7 1.74
1,73.11 9.04E-02 1,807.6C -73.6C 5,416.9 3.0C
1,63J 8.14E-02 1,628.8C 4.2C 17.64 0.01
1.383 6.96E-02 J,392.8C -9.8C 96.04 O.Oi

1.IOt 5.65E-02 1,129.2C -23.20 538.2 0.48
855 4.33E-02 866.6C -11.60 134.5 O.l~

663 3.14E-02 628.2(J 34.80 1,211.04 1.93
446 2.14E-02 428.60 17.40 302.7 0.71
274 1.37E-02 273.8C 0.20 0.04 0.00
161 8.15E-03 163.02 -2.02 4.1 0.03
102 4.48E-03 89.61; 12.3 t 151.64 1.69
43 2.26E-03 45.15 -2.15 4.62 0.10

3C 1.01E-03 20.53 9.47 89.64 4.3?
II 6.15E-04 12.30 -1.30 1.6 0.14
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Predicted Density vs. Simulation
Frequency Distribution [PW - 55-26-55­
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Figure 92. Graph Sbowing tbe Simulation Frequency Values versus tbe Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(5,5), the
Lump-Sum Casb Flow Timing -8(2,6) and the Interest Rate -8(5,5)
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Figure 93. Graph Showing tbe Simulation versus the Predicted Cumulative
Distribution for the Present Wortb when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -D(5,5)

169



Table 78

imine -8(2,6) and the Interest Rate -8(2,6)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.2E (] ( l
233.52 C (]

263.75 0 0 0
293.99 0 0
324.22 0 C C
354.46 0 I I
384.69 I 3 3
414.92 1

445.16 10 24 24

475.39 28 55 56

505.63 87 111 112
535.8t 163 20 201
566.0~ 30<; 33 331

59633 490 501 502
626.56 766 71 71

656.80 995 944 944

687.03 1,3OCJ 1,186 1,186

717.26 1,492 1,413 1,412

747.50 1,669 1,600 1,598

777.73 1,74(J 1,728 1.725

807.97 1,673 1,78 1.777

838.20 1,739 1,751 1,74

868.43 1,513 1,644 1.643

898.61 1,41C 1,473 1.472

928.9C 1,29C 1,25 1,258

959.14 1,013 1,02 1,021

989.37 752 784 786

1,019.60 56<1 569 57

1,049.84 39(] 387 388

1,080.07 25<1 245 24

1,110.31 154 143 144

1,140.54 8<1 76 7

1,170.71 52 3 36

1,201.01 18 15 15

I,231.2~ 'i 5 5

1,261.4~ ~ 1 I

1,291.71 ~ C
r 1,321.94 (

1,352.18 C 0

1,382.41 a t

1,412.65 (] 0

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -8(5,5), the Lump-Sum Cash Flow

T
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Table 79

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Wortb when tbe Lump-Sum Cash

Flow -8(5,5), the Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate
-8(2,6)

k:hi-squared Test - fPW - 55-26-26-20000}
~eoretjcal Alpha 10.O~ Test Critical
nneoretical Beta 10.41 Statistic Value
Number Of Data
Points 20000 115.22 37.65
alpha = 0.05
Degrees of freedom 25

Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej
Frequency

12 1.80E-03 36.03 -24.03 577.52 16.03
28 2.75E-03 55.09 -27.0<; 733.7f. 13.32
87 5.55E-03 110.93 -23.9J 572.7Q 5.16

163 1.00E-02 200.20 -37.2C 1,383.84 6.91
30~ 1.65E-0~ 329.60 -20.6C 424.3f 1.2(J

49C 2.50E-02 500.80 -10.8C 116.64 0.23
76~ 3.55E-01 709.80 56.2C 3,158.44 4.45
995 4.72E-02 944.20 50.8e 2,580.64 2.73

1,30S 5.93E-0~ 1,186.20 122.BC 15,079.8~ 12.71
1,49~ 7.07E-O~ 1,413.00 79.0C 6,241.0 4.42
1,66~ 8.00E-0~ 1,600.40 68.6C 4,705.9~ 2.94
1,74C 8.64E-02 1,727.60 12.4C 153.7~ O.O~

1,673 8.90£-02 1,779.60 -106.6C 11,363.5 6.3S
1,73<J 8.75£-02 1,750.60 -I I.60 134.56 0.08
1,513 8.22E-02 1,644.20 -131.20 17,213.44 10.47
1,410 7.37E-02 1,473.40 -63.40 4,019.56 2.73

1,290 6.29£-02 1,257.80 32.20 1,036.84 0.82
1,013 5.IOE-02 1,020.40 -7.40 54.76 0.05

752 3.92£-02 784.20 -32.20 1,036.84 1.32
56CJ 2.84E-02 568.60 0.40 0.1 0.00

396 1.93E-02 386.60 9.40 88.3 0.23
25«:; 1.22E-02 244.60 14.40 207.36 0.85
154 7.13E-03 142.63 11.3/ 129.1 0.91

8<; 3.78E-03 75.65 13.35 178.1 2.3~

52 1.79E-03 35.85 16.1 ~ 260.73 7.2'".
-

U 7.41 E-04 14.81 3.19 10.14 0.6~

J 2.58E-04 5.15 1.8~ 3.41 0.6~

l 8.84£-05 1.7/ 4.2~ 17.9C 10.1::1
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Theoretical Density vs. Simulation
Frequency Distribution [PW - 55-26·26­
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Figure 94. Graph Showing the Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the Lump­
Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(2,6)
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Figure 95. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for tbe Present Worth wben tbe Lump-Sum Cash Flow -8(5,5), tbe
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(2,6)
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Table 80

Chi-Squared Goodness-or-Fit Test Comparing tbe Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow
~B(5,5). the Lump-Sum Cash Flow Timing ~B(2,6) aDd the Interest Rate -B(2,6)

Ichi-squared Test - [PW - 55-26-26-20000]
1Predicted Alpha 10.0\ Test Critical
IPredicted Beta 10.46 Statistic Value
lNumber Of Data
Ipoints 2000C 114.95 37.65
lalpha = 0.05
!Degrees of freedom 25

Interval Predicted Ej fj - Ej (fj - Ej)1\2 (fj - Ej)1\2/Ej
Frequency

12 I.82E-03 36.48 -24.4 599.08 16.42
28 2.78E-03 55.55 -27.55 759.11 \3.66

87 5.58E-03 111.64 -24.64 606.9 5.44

i 163 1.0IE-02 201.20 -38.2 , ,459.24 7.25

1 309 1.65E-02 330.60 -21.6 466.5 1.41
,

490 2.51 £-02 501.80 -11.80 139.24 0.28

766 3.55E-02 710.40 55.60 3,091.3 4.35

995 4.72E-02 944.40 50.60 2,560.36 2.71

1,30S 5.93E-02 1,185.6C I23.4(J 15,227.5~ 12.84

1.492 7.06E-02 1,411.6C 80.4 6,464. It 4.58

1,66<; 7.99E-02 1,598.4C 70.6 4,984.3f 3.12

1,74C 8.63E-02 1.725.2C 14.8 219.04 0.13

1,673 8.89E-02 1,777.2C -104.2 10,857.64 6.11

1,73S 8.74E-02 1,748.4C -9.4C 88.3~ 0.05
f-----

8.2IE-02 1,642.6C -129.6C 16,796.1~ 10.231,513
IAI( 7.36E-02 1,472.4C -62.4 3,893.7~ 2.6.1i

1,29( 6.29E-02 l.257.6( 32.4C 1.049.7~ 0.83

1,013 5.11 E-02 1,021.2C -8.20 67.24 0.0

752 3.93E-02 785.6C -33.60 1,128.96 1.44

569 2.85E-02 570.00 -1.0 1.00 0.0

396 1.94E-02 388.00 8.0 64.0 0.16

259 1.23E-02 246.00 13.0 169.0 0.6

154 7.18E-03 143.66 10.34 106.82 0.74

89 3.82E-03 76.36 12.64 159.8 2.09

52 1.81 E-03 36.27 15.73 247.31 6.82

18 7.52E-04 15.03 2.9/ 8.81 0.5

7 2.62E-04 5.25 1.75 3.07 0.5

6 9.05E-05 1.81 4.1 17.56 9.7
'---
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Figure 96. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(5,5), the
Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -B(2,6)
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Figure 97. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(5,5), the
Lump-Sum Cash Flow Timing -8(2,6) aDd the Interest Rate -8(2,6)
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Table 81

ImlDg .... , an t e nterest ate .... ,
PW Range Simulation Theoretical Predicted

Cell Boundary FreQuency Density Density
203.2 C C (]

233.52 2 Ie 8
263.75 7~ 15( 144
293.9<; 513 58..; 555
324.2:; 1,15t 1,201 J, 17~
354.4t 1,92( 1,815 1,80~

384.6~ 2,4H 2,263 2,275

414.92 2,63 2,467 2,495

445.16 2,438 2,431 2,465

475.3 2,186 2,20 2,24

505.63 1,824 1,877 1,89<l

535.86 1,461 1,50 1,51~

566.09 1,063 1,143 1,144
596.33 805 827 821

626.5t 52C 572 56",

656.8 393 37 36

687.03 228 23 23

717.2t 147 145 13~

747.5C 88 84 7

777.73 45 46 43

807.91 3(; 24 2:;

838.2 2C 12 II

868.43 IC t 5

898.61 3 3 :;
928.9 1 1 I
959.14 I (J

989.3'" 0 (]

1,019.60 0

1,049.84 0

1,080.07 (] (]

1,110.31 (] (] (J

1,140.54 (] C
1,170.77 (J (] C

1,201.01 (J

1,231.24 C (

1,261.4 (] (]

1,291.71 (]

1,321.94 C
1,352. I~ C

1,382.41 (

1,412.65 C

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -8(2,6), the Lump-Sum Cash Flow

T· 8(6 2) d h I R 8(62)
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Table 82

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
tbe TbeoreticaJ Density Values for the Present Worth when the Lump-Sum Cash

Flow ~B(2,6), the Lump-Sum Casb Flow Timing -8(6,2) and the Interest Rate
-8(6,2)

!chi-squared Test - [PW - 26-62-62-20000]
nneoretical Alpha 4.59 Test Critical
hneoretical Beta 18.46 Statistic Value
[Number Of Data
1Points 2000() 114.97 30.14
lalpha = 0.05

!Degrees of freedom IS
Interval Theoretical Ej fj - Ej (fj - EjY'2 (fj - Ej)"2/Ej

Frequency
8(] 8.44£-03 168.74 -88.7~ 7.874.29 46.67

513 2.92£-02 584.00 -71.0C 5,041.00 8.63

I, 15~ 6.00E-02 1,200.80 -M.8C 2,007.04 1.67
1,92~ 9.07E-02 1,814.80 114.2C 13,041.64 7.19
2,41~ 1.13E-ol 2.262.60 I53.4C 23,531.56 10.40
2,63'; 1.23E-0 I 2,466.80 170.2C 28,968.04 11.7~

2,43~ 1.22£-01 2,430.6C 7.4( 54.7~ 0.02

2,186 1.1 OE-O I 2,209.40 -23.4( 547.5t 0.25

1,82<1 9.39E-02 1,877.00 -53.0< 2,809.0( 1.5C
1,461 7.52E-02 1,503.80 -42.8( 1,831.g.j 1.22
1,063 5.7IE-02 1,142.80 -79.8( 6,368.Q.<: 5.5

805 4.14E-02 827.20 -22.2( 492.g.j 0.60

52C 2.86E-02 571.80 -51.8C 2,683.2~ 4.69

393 1.89E-02 378.00 15.0C 225.0( 0.60

22E J .20E-02 239,20 -11.2( 125.4<1 0.52

147 7.24E-03 144.89 2.11 4.46 0.03

88 4.20E-03 83.91 4.0<1 16.73 0.20

4S 2.32E-03 46.41 -1.41 1.9B 0.04

36 1.22E-OJ 24.46 11.54 133.10 5.44

20 6.13E-04 12.26 7.74 59.94 4.89

10 2.91E-04 5.82 4.U 17.4B 3.00

5 2.18E-04 4.36 0.64 0.41 O.O<:J
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Theoretical Density vs. Simulation
Frequency Distribution [PW - 26-62-62­
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Figure 98. Graph Showing tbe Simulation Frequency versus the Theoretical Density
Values for the Present Worth when the Lump-Sum Cash Flow -B(2,6), tbe Lump­
Sum Cash Flow Timing -B(6,2) and the Interest Rate -B(6,2)
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Figure 99. Graph Showing tbe Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when tbe Lump-Sum Cash Flow -B(2,6), tbe
Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -8(6,2)
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Table 83

Cbi-Squared Goodness-oC-Fit Test Comparing tbe Simulation Frequency Values to
tbe Predicted Density Values for the Present Worth wben tbe Lump-Sum Cash Flow

-8(2,6), tbe Lump-Sum Casb Flow Timing -8(6,2) and tbe Interest Rate -8(6,2)

~hj-squaredTest - [PW - 26-62-62-20000]
Predicted Alpha 4.64 Test Critical

Predicted Beta 18.93 Statistic Value
(Number afOsta
!Points 20000 104.59 30.14

lalpha = 0.05

!Degrees of freedom III

Interval Predicted Ej fj - Ej (fj - Ej)"2 (fj - Ej)1\2/Ej

Frequency

80 7.62E-03 152.44 -72.44 5,247.84 34.43

513 2.78E-02 555.20 -42.20 ],780.84 3.21

1,156 5.87E-02 1,173.60 -17.60 309.76 0.26

1,929 9.03E-02 1,805.00 124.00 15,376.00 8.52

2,416 1.14E-OI 2,275.00 141.00 19,881.00 8.74

2,637 1.25E-OI 2,495.40 141.60 20,050.56 8.04

2,438 1.23E-01 2,465.40 -27.40 750.76 0.30

2,186 1.12E-01 2,240.40 -54.40 2,959.36 1.32
1,824 9.49E-02 1,898.60 -74.60 5,565.16 2.93

1,461 7.57E-02 1,514.20 -53.20 2,830.24 1.87

1.063 5.72E-02 1,143.60 -80.60 6,496.36 5.68

805 4.11E-02 821.20 -16.20 262.44 0.32

520 2.81 E-02 562.40 -42.40 1,797.76 3.20

393 1.84E-02 367.80 25.20 635.04 1.73

228 1.15E-02 229.80 -1.80 3.24 0.01

147 6.86E-03 137.28 9.72 94.39 0.6'l

88 3.92E-03 78.31 9.69 93.98 1.20

45 2. 13E-03 42.5'l 2.41 5.79 0.14

36 1.IOE-03 22.05 13.95 194.66 8.83

20 5.42E-04 10.83 9.17 84.06 7.76

10 2.52E-04 5.03 4.97 24.68 4.90

5 1.81E-04 3.62 1.38 1.90 0.52
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Predicted Density vs. Simulation
Frequency Distribution [PW 26-62-62­
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Figure 100. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when tbe Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -B(6,2)
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Figure 101. Graph Showing the Simulation versus tbe Predicted Cumulative
Distribution for tbe Present Worth when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -B(6,2)
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Table 84

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when tbe Lump-Sum Cash Flow -8(2,6), the Lump-Sum Cash Flow

TimiD2 -8(6,2) aDd tbe Interest Rate -8(5,5
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.2S 0 0 0
233.52 <l (] 0
263.75 C Ia 16
293.9S 5S I3C 121

324.22 30<1 42C 404
354.46 805 891 873

384.6° 1,5Y 1,44~ 1,438

414.9~ 2,208 1,957 1,959

445.H 2,488 2,303 2,318

475.39 2,57(] 2,430 2,453

505.63 2,278 2,343 2,367

535.86 2,054 2,091 2,110

566.09 1,645 1,743 1,754

596.33 1,200 1,36~ 1J69
626.56 947 1,01e 1,007

656.80 696 701 700

687.03 4~ 46~ 461

717.26 29S 295 288
747.5(J 17~ 17~ 170

777.73 123 IOC 95

807.9 7C 53 50
838.2( 3a 2i 25
868.4~ Ii 13 12

898.6" lC ~ 5
928.9( 13 2 2

959.14 4 I I

989.37 2 0 0
1,019.60 I 0 0
1,049.84 (l 0 0

1,080.07 0 0 0
1,110.31 0 0 0
1,140.54 0 0 0
1,170.77 (] 0 0
1,201.01 (] 0 0

1,231.24 C 0 0

1,261.48 C (] 0
1,291.71 C (] 0

1,321.94 C C 0

1,352.H ( C 0

1,382.41 ( C 0

1,412.65 ( ( 0
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Table 85

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow -B(2,6), the Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate
-B(5,5)

Chi-squared Test - [PW - 26-62-55-20000]

Theoretical Alpha 6.13 Test Critical

Theoretical Beta 19.86 Statistic Value
Number Of Data
Points 20000 277.23 31.41

alpha = 0.05

Degrees of freedom 20

Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej

Frequency

59 7.43E-03 148.6~ -89.68 8,042.55 54.09

304 2.IOE-02 420.4C -116.40 13,548.96 32.23

805 4.46E-02 891.20 -86.20 7,430.44 8.34

1,527 7.24E-02 1,448.60 78.40 6,146.56 4.24

2,208 9.79E-02 1,957.20 250.80 62,900.64 32.14

2,488 1.15E-OJ 2,303.00 185.00 34,225.00 14.86

2,570 1.22E-Ol 2,430.00 140.00 19,600.00 8.07
2,278 1.11£-01 2,342.80 -64.80 4,199.04 1.7Cl

2,054 1.05E-OJ 2,091.00 -37.00 1,369.00 0.65

1,645 8.72E-02 1,743.00 -98.00 9,604.00 5.51

1,200 6.83£-02 1,365.60 -165.60 27,423.36 20.08

947 5.05E-02 1,009.80 -62.80 3,943.84 3.91

696 3.53E-02 706.60 -10.60 112.36 0.16

466 2.35E-02 469.00 -3.00 9.00 0.02

299 1.48E-02 295.20 3.80 14.44 0.05

176 8.81 £-03 176.24 -0.24 0.06 0.00

123 4.99E-03 99.72 23.28 542.08 5.44
70 2.67E-03 53.3" 16.63 276.48 5.1~

38 1.35E-03 26.90 11.04 121.98 4.53

17 6.40£-04 12.80 4.20 17.61 1.38
10 2.85£-04 5.6<J 4.31 18.54 3.25

13 1.18E-04 2.36 10.64 113.23 47.9<;

7 6.81 £-05 1.3f 5.64 3 I .78 23.33

181



1500

• Srrulation

--Theoretical

500 1000

Present Worth Range ($)

Theoretical Density YS. Simulation
Frequency Distribution [PW - 26-62-55­

20000]
3000 -,--------------------
2500

I §' 2000
a.. 1500
~ 1000

SOD
O+--.....L----,------:~...Wtet....~....._,

a

~----------------------,

I
i

Figure 102. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate -8(5,5)
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Figure 103. Graph Showing tbe Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(6,2) and tbe Interest Rate -8(5,5)
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Table 86

Chi-Squared Goodness-or-Fit Test Comparing tbe Simulation Frequency Values to
the Predicted Density Values for tbe Present Worth when the Lump-Sum Casb Flow
~B(2,6), tbe Lump-Sum Cash Flow Timing ~B(6,2) and tbe Interest Rate -B(5,5)

:Chi-squared Test - [PW - 26-62-55-200001
Predicted Alpha 6.17 Test Critical
Predicted Beta 20.23 Statistic Value
lNumber Of Data
lPoints 20000 283.44 31.41
!alpha = 0.05

Degrees of freedom 2C
Interval Predicted Ej fj - Ej (fj - EjY'2 (fj - Ej)"2/Ej

Frequency

59 6.9IE-Q3 138.22 -79.22 6,275.24 45.40
304 2.02E-02 404.20 -100.20 10,040.04 24.84

805 4.37E-02 873.20 -68.2<J 4,651.24 5.33
1,527 7.19E-02 1,437.80 89.2C 7,956.64 5.53
2,208 9.80E-02 1,959.40 248.6C 61,801.96 3\.54
2,488 1.16£-01 2,318.20 169.8C 28,832.04 12.44

2,570 1.23E-Ol 2,452.80 117.2C 13,735.84 5.6{)

2,278 I. 18E-OI 2,366.80 -88.8~ 7,885.44 3.33
2,054 1.06&01 2,] 10.iO -56.2C 3,158.44 \.50
1,645 8.77E-02 1,754.40 -109.4C 11,968.36 6.82
1,200 6.85E-02 1,369.00 -169.0C 28,561.0C 20.86

947 5.03E-Oi 1,006.80 -59.8e 3,576.04 3.55

696 3.50E-0~ 700.00 -4.0C 16.0C 0.Q2

466 2.31 E-O::; 461.00 5.0( 25.0C 0.05

29~ 1.44E-0::; 287.60 11.4( 129.9~ 0.45

176 8.50£-03 169.96 6.04 36.44 0.21

123 4.75£-03 95.08 27.92 779.31, 8.20

70 2.5\ £-03 50.26 19.74 389.74 7.75

38 1.25E-03 25.04 12.96 168.0 6.71

17 5.86E-04 11.71 5.29 27.96 2.39

10 2.56£-04 5.12 4.88 23.77 4.64

13 I.04E-04 2.08 10.92 119.14 57.15

7 5.84E-05 1.17 5.83 34.01 29.11
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Figure 104. Graph Showing the Simulation Frequency Values versus the Predicted
Densjty Values for the Present Worth when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -8(5,5)
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Figure 105. Graph Showing the Simulation versus tbe Predicted Cumulative
Distribution for the Present Wortb when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(5,5)
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Table 87

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when tbe Lump-Sum Cash Flow -8(2,6), the Lump-Sum Casb Flow

Timin2 -8(6,2) and tbe Interest Rate -8(2,6)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.2~ 0 °233.52 0 0
263.7~ 0 2 I
293.9<; 6 22 20

324.22 37 III 107

354.4~ 202 335 327
384.6<; 60lJ 72 71O
414.9~ 1,291 1,222 1,215

445.H 1,93<; 1,741 1,740

475.3<; 2,39~ 2,15lJ 2,166

505.63 2,518 2,392 2,404

535.86 2,442 2,407 2,422

566.Q4J 2,16C 2,227 2,240

596.33 1.80~ 1,91~ 1,919

626.56 1,442 1,52<; 1,532

656.8~ 1,05~ 1,14 1,145

687.03 753 80i 803

717.2~ 541 53~ 529

747.5C 30! 333 328

777.73 235 19< 19\

807.97 9( 10) 104

838.2C 6~ 55 53

868.43 5 2) 25

898.61 2~ 12 II

928.9C 12 5 5

959.14 5 2 2

989.37 3 1 I

1,019.60 2 0 0

1,049.84 I 0

1,080.07 0 0

1.110.31 0 0 0

1,140.54 0 0
1,170.77 0 0
1,201.01 0 0

1,231.24 0 0

1.261.4~ (] 0

1.291.71 0 C 0

1,321.94 0 0 0

1,352.18 C 0

1,382.41 C 0 0

1,412.65 C 0
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Table 88

Cbi-Squared Goodness-of-Fit Test Comparing tbe Simulation Frequency Values to
the Tbeoretical Density Values for the Present Worth wben the Lump-Sum Cash

Flow -B(2,6), the Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate
B(2,6)

Chi-squared Test - [PW - 26-62-26-20000]

Theoretical Alpha 7.74 Test Critical

Theoretical Beta 21.06 Statistic Value
Number Of Data
Points 20000 310.94 32.67

alpha = 0.05

Degrees of freedom 21

Interval Theoretical Ej fj - Ej (fj - EjY'2 (fj - Ej)"21Ej

Frequency

6 1.16E-03 23.15 -17.15 294.13 12.71

3" 5.55E-03 111.08 -74.08 5,487.37 49.40

202 1.68E-02 335.00 -133.00 17,689.00 52.80

609 3.60E-02 720.2(J -111.20 12,365.44 17.17

1,291 6.IIE-02 1,222.40 68.60 4,705.96 3.85

1,93<l 8.70E-02 1,740.80 198.20 39,283.24 22.57

2,396 1.08E-OI 2,159.20 236.80 56,074.24 25.97

2,518 1.20E-OI 2,391.80 126.2<J 15,926.44 6.66

2,442 1.20E-OI 2,407.00 35.0(J 1,225.00 0.51

2,160 1.11 E-OI 2,227.0(J -67.00 4,489.00 2.02

1.808 9.55E-02 1,910.40 -102.40 10,485.76 5.49

1,442 7.64E-02 1,528.80 -86.80 7,534.24 4.93

1,054 5.73E-02 1,146.0(J -92.0(J 8,464.00 7.39

753 4.03E-02 806.60 -53.6C 2,872.96 3.56

541 2.67E-02 534.0(J 7.0C 49.00 0.09

30 1.66E-02 332.8C -25.80 665.64 2.00

235 9.75E-03 194.95 40.05 1,604.24 8.23

96 5.36E-03 107.27 -11.27 127.01 I. J8

64 2.77E-03 55.31 8.69 75.57 1.37

57 1.33E-03 26.63 30.37 922.17 34.63

20 5.96E-04 11.93 8.07 65.17 5.46

12 2.41£-04 4.94 7.06 49.84 10.09
..-

5 9.40E-05 1.88 3.12 9.74 5.18

6 4.64E-05 0.93 5.0, 25.72 27.70
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Figu re 106. Graph Sbowing the Simu lation Frequeocy versus tbe Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -B(6,2) and the Interest Rate -8(2,6)
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Figure 107. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for tbe Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash FLow Timing -8(6,2) and the Interest Rate -8(2,6)
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Table 89

Cbi-Squared Goodness-of-Fit Test Comparing tbe Simulation Frequency Values to
the Predicted Density Values for tbe Present Worth wben the Lump-Sum Cash Flow

-B(2,6), the Lump-Sum Casb Flow Timing -8(6,2) and the Interest Rate -8(2,6)

!chi-squared Test - (PW - 26-62-26-200001

lPredicted Alpha 7.75 Test Critical
!Predicted Beta 21.32 Statistic Value
lNumber Of Data
lPoints 20000 311.25 32.67
lalpha = 0.05

!Degrees of freedom 21
Interval Predicted Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej

Frequency

6 1.08E-03 21.7C -15.70 246.35 11.35

37 5.33E-03 106.6") -69.6") 4,853.2") 45.5C

202 1.63E-02 326.8C -124.80 15,575.04 47.6t

609 3.55E-02 71O.0C -101.00 10,201.0C 14.3

1,291 6.08E-02 J,215.0C 76.00 5,776.00 4.75

1,939 8.70E-02 1,739.8C 199.20 39,680.64 22.81

2,396 1.08E-OI 2,165.8C 230.20 52,992.04 24.47

2,518 1.20E-Ol 2,404.4{ 113.60 12,904.9t 5.37

2,442 1.21 E-O I 2,421.6{ 20.4<J 416.H 0.17

2,160 1.I2E-01 2,239.8C -79.80 6,368.04 2.84

1,808 9.60£-02 1,919.0C -II LOO 12,321.0C 6.42

1,442 7.66E-0~ 1,532.2C -90.20 8,136.04 5.31

1,054 5.73E-0~ 1,145.0C -91.00 8,281.0( 7.23

753 4.0 1E-O~ S02.8C -49.80 2,480.~ 3.09

541 2.65E-0", 529.0C 12.00 144.0C 0.27

307 J.64E-02 327.8( -20.80 432.64 1.32

235 9.54£-03 190K 44.18 1,951.6t 10.23
1---

96 5.21E-03 104.25 -8.25 68.0, 0.65

64 2.67E-03 53.32 10.68 114.03 2.14

57 1.21£-03 25.45 31.55 995.44 39.11

20 5.64E-04 11.29 8.71 75.94 6.73

12 2.3IE-04 4.62 7.38 54.40 11.76

5 8.69E-05 1.74 3.26 10.64 6.12

I 6 4.21 £-05 0.84 5.16 26.6C 31.56
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Figure 108. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(6,2) aDd the Interest Rate -8(2,6)
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Figure 109. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(6,2) and the Interest Rate -8(2,6)
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Table 90

ImID2 ...., , an e nterest ate ...., ,
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.28 ( 0
233.52 0 0 C
263.75 2 18 If
293.9C; 57 130 121

324.2~ 295 420 404

354.4~ 851 891 873
384.69 1,449

"-
1,491 1,438

414.92 2,135 1,951 1,959

445.16 2,472 2,303 2,318

475.39 2.58 2,43C 2,453

505.63 2,27 2.343 2,36'1

535.86 2.071 2,091 2,110

566.09 1,624 1,743 1,75

596.33 1,291 1,36f 1,36

626.56 93 1.0le 1,00'1

656.80 653 701 70

687.03 492 46S 461

717.2~ 311 295 28

747.50 20f 17f 17

777.73 II 10( 95

807.9" 51 53 5
838.2( 3 21 25

868.43 I 13 12

898.6'1 13 f 5

928.90 :2 :2 2

959.14 2 1 I

989.37 3 0

1,019.60 0

1,049.84 (] 0
1,080.07 0 0
1,110.31 {] {]

1,140.54 (] 0
1,170.77 (] 0 (]

1,201.01 0 0

1,231.24 C (]

1,261.48 C (]

1,291.71 0 (]

1,321.94 0 (]

1.352.18 C
1,382.41 C (]

1.412.65 C

Simulation Frequency, Tbeoretical Density and Predicted Density Values for the
Present Worth when tbe Lump-Sum Cash Flow -B(2,6), the Lump-Sum Cash Flow

r' B(5 5) d th 1 R 8(6 2)
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Table 91

Cbi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
tbe Tbeoretical Density Values for the Present Worth wben the Lump-Sum Cash

Flow -B(2,6), the Lump.Sum Cash Flow Timing -8(5,5) and the Interest Rate
-B(6,2)

~hi-squaredTest - [PW - 26-55-62-20000]

rrneoretical Alpha 6.13 Test Critical

lTheoretical Beta 19.86 Statistic Value

~urnber Of Dara Points 20000 189.24 30.14

lalpha = 0.05

!Degrees of freedom 19

Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)A2/Ej

Frequency

59 7.43E-03 148.6~ -89.68 8,042.55 54.09

295 2.10£-02 420.4tJ -125.40 15,725.16 37.41

851 4.46E-02 891.20 -40.2<J 1,616.04 1.&1

1,491 7.24E-02 1,448.60 42.4() 1,797.76 1.24

2.135 9.79E-02 1,957.20 177.&0 31,612.84 16.15

2.472 1.15E-OJ 2,303.00 169.00 28,561.00 12.40

2,580 1.22£-01 2,430.0C 150.00 22,500.00 9.26

2,279 I. 17E-0 I 2,342.8C -63.&0 4,070.44 1.74

2,071 l.05E-01 2,091.00 -20.0C 400.00 0.19

1,624 8.72£-02 1,743.00 -1I9.0C 14,161.00 8.12

1,291 6.83E-02 1,365.60 -74.6C 5,565.1~ 4.08

930 5.05E-02 1,009.80 -79.80 6,368.04 6.31

653 3.53E-02 706.60 -53.60 2.872.96 4.07

492 2.35£-02 469.00 23.00 529.0C 1.13

317 1.48£-02 295.20 21.8C 475.24 1.61

206 8.81 E-03 176.24 29.76 885.5 5.02

119 4.99£-03 99.72 19.2~ 371.82 3.73

57 2.67£-03 53.37 3.63 13.16 0.25

39 1.35E-03 26.96 12.04 145.0 5.38

19 6.40£-04 12.8C 6.2<J 38.40 3.00

13 2.85£-04 5.69 7.31 53.3"' 9.37

7 1.86E-04 3.72 3.28 10.7t; 2.89
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Figure 110. Graph Showing tbe Simulation Frequency versus tbe Theoretical
Density Values for tbe Preseot Wortb wben the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -D(5,5) and the Interest Rate -8(6,2)
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Figure 111. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when tbe Lump-Sum Cash Flow -8(2,6). the
Lump-Sum Cash Flow Timing -D(5,5) and the Interest Rate -B(6,2)
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Table 92

Chi-Squared Goodness-of-Fit Test Comparing tbe Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow

-8(2,6), the Lump-Sum Casb Flow Timing -8(5,5) and the Interest Rate -8(6,2)

!chi-squared Test - [PW - 26-55-62-20000]
Predicted Alpha (] Test Critical
lPredicted Beta (] Statistic Value

lNumber Of Data Points 2000C 185.51 30.14
lalpha = 0.05

lDegrees of freedom I'l
LntervaJ Predicted Ej fj - Ej (fj - Ej)"'2 (fj - Ej)1\2/Ej

Frequency
59 6.9IE-03 138.22 -79.2~ 6275.2~ 45.40

295 2.02E-02 404.2C -109.2C 11924.6<1 29.5C

851 4.37E-02 873.2C -22.2C 492.8~ 0.56

1491 7. 19E-02 1437.8C 53.2C 2830.24 1.97

2135 9.80E-02 1959.4C J75.60 30835.3~ 15.74

2472 1.16E-01 23 I8.2(] (53.80 23654.4'1 10.20

2580 1.23E-01 2452.80 1:27.20 16179.&.4 6.60

2279 1.1 8E-0 1 2366.8(] -87.80 7708.&.4 3.26

2071 1.06E-OI 2110.2C -39.20 1536.6-4 0.73

1624 8.77E-02 1754.4C -130.40 17004. It 9.69

1291 6.85E-02 1369.0C -78.0(] 6084.0C 4.44

930 5.03E-02 IOO6.8C -76.80 5898.2~ 5.8~

653 3.50E-02 700.0C -47.00 2209.0C 3.16

492 2.31 E-02 461.OC 31.00 961.0C 2.08

317 1.44E-02 287.6C 29.40 864.3~ 3.01

206 8.50E-03 169.9~ 36.04 1298.64 7.64

119 4.75E-03 95.08 23.92 572.0C 6.02

57 2.51 E-03 50.2t 6.74 45.45 0.90

39 1.25E-03 25.04 13.96 195.02 7.79

19 5.86E-04 11.71 7.29 53.11 4.53

J3 2.56E-04 5.12 7.88 62.03 12.11

7 1.63E-04 3.25 3.75 14.04 4.32
-
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Predicted Density vs. Simulation
Frequency Distribution [PW 26-55-62­
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Figure 112. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -B(6,2)

Predicted vs. Simulation Cumulative
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Figure 113. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -8(6,2)
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Table 93

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -B(2,6), tbe Lump-Sum Cash Flow

Timin~ -8(5,5) and tbe Interest Rate -8(5,5)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.28 0

233.52 C 0
263.75 C I I

293.99 15 14

324.22 2~ 81 77

354.46 14 251 244

384.69 435 558 54'l

414.92 1,009 984 97f

445.16 1,635 1,460 1,45<:

475.39 2,15 1,891 1,89.11

505.63 2,401 2,192 2,20~

535.86 2,433 2,314 2,3T
566.09 2,292 2,250 2,26<1

596.33 1,863 2,034 2,045

626.56 1,51 'j 1,719 ],725

656.80 1,232 1,364 1,36t

687.03 911 1,019 1,017

717.2ti 68( 718 714

747.50 46~ 478 473

777.73 29~ 30(J 295

807.97 19( 177 173

838.20 121 99 9

868.43 8~ 51 5C

898.67 43 25 24

928.90 2~ 11 II

959.14 I 5 4
989.37 2 2

1,019.60 4 I I

1,049.84 1 0

1,080.07 1 0 0

1,110.31 C 0 0

1,140.54 C 0

1,170.77 0 0

1,201.01 0
1,231.24 0

1,261.48 0
1,291.71 0

1,321.94 0 0

1.352.18 0

1,382.41 0 0

1,412.65 0
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Table 94

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
tbe Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow ~B(2,6), the Lump-Sum Cash Flow Timing ~B(5,5) aod the Interest Rate
~B(5,5)

!chi-squared Test - [PW - 26-55-55-20000]
Irheoretical Alpha 7.69 Test Critical
trheoreticaI Beta 19.48 Statistic Value
lNumber Of Data
Points 2000{ 365.88 32.67
lalpha = 0.05

!Degrees of freedom 21
Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2IEj

Frequency

31 4.84E-03 96.8.:1 -65.84 4,334.45 44.76
147 1.25E-02 250.6C -103.60 10,732.96 42.83
435 2.79E-02 558.2C -123.2 15,178.24 27.19

1,009 4.92E-02 984.4C 24.6 605.16 0.61
1,635 7.30E-02 1,460.0C 175.0 30,625.00 20.98
2,158 9.46E-02 1,891.0C 267.0 71,289.00 37.70
2,401 I.I0E-O 1 2,192.0C 209.00 43,681.0(J 19.93

2,433 1.16E-OI 2.313.6C 119.4 14,256.36 6.16
2,292 I.I3E-OI 2,250.2C 41.8 1,747.24 0.78
1,863 1.02E-01 2,033.8C -170.8 29,172.64 14.34
1,51 8.59E-02 I,718.8( -201.8 40,723.24 23.69

1,23~ 6.82E-02 1,364.0C -132.0 17,424.0C 12.77

1,019.2C
._.

11,707.24911 5.IOE-02 -108.2 11.49

685 3.59E-02 718.4C -33.4 1,115.5~ 1.55

46"' 2.39E-02 477.8C -10.8(] 116.64 0.24

296 1.50E-02 299.8C -3.8 14.44 0.05

195 8.87E-03 177.33 17.67 312.07 1.76

121 4.93E-03 98.6~ 22.35 499.52 5.06

82 2.57E-03 51.4 30.53 932.12 18.11

43 1.25E-03 25.0~ 17.91 320.81 12.79

24 5.68E-04 11.3 12.63 159.53 14.03

10 2.38E-04 4.7~ 5.24 27.46 5.77

7 9.I3E-05 1.83 5.1 26.76 14.65

6 4.53E-05 0.91 5.OS 25.95 28.63

196



• Sirulation

--Theoretical

500 1000 1500

Present Worth Range ($)

Theoretical Density vs. Simulation
Frequency Distribution [PW - 26-55-55­

20000]
3000 -.------------------~
2500

§' 2000
~ 1500
;;::- 1000

500
O+-------<....'---,---.:!'I~NM....~......_..;

o

Figure 114. Graph Sbowing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing .....8(5,5) and the Interest Rate .....B(5,5)
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Figure US. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -B(5,5)
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Table 95

Cbi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for tbe Present Worth wben the Lump-Sum Cash Flow

-B(2,6), tbe Lump-Sum Casb Flow Timing -B(5,5) and the Interest Rate -8(5,5)

k:hi-squared Test - [PW - 26-55-55-200001

lPredicted Alpha 7.7(;, Test Critical
Predicted Beta 19.72 Statistic Value
lNumber Of Data
lPoints 2000C 370.67 32.67
~Ipha = 0.05

!Degrees of freedom 21
Interval Predicted Ej tj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej

Frequency

31 4.6IE-03 92.27 -61.27 3,754.41 40.69
147 1.22E-02 243.60 -96.60 9,331.56 38.31

435 2.74£-02 548.80 -113.80 12,950.44 23.60
1,009 4.88E-02 976.00 33.00 1,089.0C 1.12
1,635 7.28E-02 1,456.40 178.60 31,897.9f 21.90
2,158 9.47£-02 1,894.20 263.80 69,590.44 36.74

2,401 1.10£-01 2,201.60 199.40 39,760.3~ 18.06

2,433 1.I6E-01 2,327.00 106.00 11,236.0C 4.83
2,292 1.I3E-01 2,263.80 28.20 795.2~ 0.35

1,863 1.02E-0 I 2,044.80 -181.80 33,051.24 16.16

1,517 8.63E-02 1,725.4<J -208.40 43,430.5~ 25.17

1,232 6.83£-02 1,366.OC -134.00 17,956.0C 13.14

911 5.09E-02 1,017.4C -106.40 11,320.9t ILl3

685 3.57E-02 714.2C -29.20 852.6£ 1.1 ~

467 2.36E-02 472.8C -5.80 33.6<1 om
296 1.48E-02 295.0C 1.00 1.0C O.DC

195 8.67E-03 173.4~ 21.58 465.6<1 2.6~

121 4.79E-03 95.i<l 25.21 635.4" 6.63

82 2.48E-03 49.58 32.42 1,050.82 21.19

43 1.20E-03 23.96 19.04 362.61 15.14

24 5.38E-04 10.75 13.25 175.52 16.33

10 2.23E-04 4.45 5.55 30.7 6.91

7 8.44E-05 1.6<: 5.31 28.21 16.7C

6 4.11E-05 0.82 5.18 26.81 32.62

198



• Srrulation

-A-edicted

Predicted Density vs. Simulation
Frequency Distribution [PW - 26-55-55­

20000]

3000 1
2000

1000

15001000500

o +-----4..IIL----,----~~....~........._;

a
Present Worth Range ($)

Figure 116. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for tbe Present Worth when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -B(5,5)
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Figure 117. Graph Showing the Simulation versus tbe Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate -B(5,5)
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Table 96

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow ....B(2,6), the Lump-Sum Cash Flow

Timin2 ....8(5,5) and the Interest Rate ....B(2,6)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.2~ 0 (

233.52 0 0
263.75 0 0
293.99 1 I
324.22 4 12 12
354.4 14 54 53
384.69 72 161 159
414.92 282 368 365
445.1 585 685 681
475.3 1,099 1,085 1,082
505.63 1,64 1,510 1,5()(;

535.80 2,173 1,885 1,88/
566.0<> 2,40~ 2,142 2,14~

596.33 2,331 2,240 2,244
626.5 2,110 2,171 2,176
656.8 1,853 1,963 1,966

687.03 1,47'1 1,661 1,663

717.2~ 1,195 1,3 i9 1,32

747.5C 884 985 984
777.73 655 691 69

807.97 444 456 45~

838.2 325 282 281

868.43 175 ~ 16~

898.6/ 131 88 88
928.9C 69 44 44
959.14 44 21 2C

989.37 23 9 <;

1,019.6(J 7 3 3

1,049.84 5 I t
1,080.0- 3 0

1,110.31 0 0

t ,140.54 () 0
1,170.77 0 (J

1,201.01 (J G

1,231.24 0

1,261.4 C

1,291.71 (

1.321.94 t 0

1,352.1 0 0
1,382.41 0 (J

1,412.65 0
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Table 97

Cbi-Squared Goodness-of-Fit Test Com paring the Simulation Frequency Values to
the Tbeoretical Density Values for tbe Present Worth when the Lump-Sum Cash

Flow -8(2,6), the Lump-Sum Cash Flow Timing -B(5,5) and the Interest Rate
-8(2,6)

k::hi-squared Test - [PW - 26-55-26-20000]
Theoretical Alpha 9.16 Test Critical
~eoretical Beta 18.80 Statistic Value
Nurn ber Of Data
!Points 20000 384.09 32.67
lalpha = 0.05

!Degrees of freedom 21

Interval Theoretical Ej fj - Ej (fj - Ej)A2 (fj - Ej)"2/Ej
Frequency

18 3.35£-03 66.97 -48.97 2,397.7C 35.80

72 8.06E-03 161.23 -89.23 7,961.6 49.38

282 1.84E-02 368.00 -86.00 7,396.0C 20.10

585 3.42E-02 684.60 -99.60 9,920.1<i 14.49

1,099 5.42E-02 1,084.80 14.20 201.64 0.19

1,640 7.55E-02 J,510.00 130.00 16,900.0C 11.19

2,173 9.43E-02 1,885.00 288.00 82,944.0C 44.00

2,406 1.07E-01 2,142.00 264.0() 69,696.0C 32.54

2,331 I. 12E-01 2.239.60 91.40 8.353.9~ 3.73

2,110 1.09E-01 2,171.00 -61.0() 3,721.0C 1.71

1,853 9.8IE-02 1,962.60 -109.6() 12,012.H 6.12

1,471 8.30E-02 1,660.80 -189.8C 36,024.04 21.69

1,195 6.60£-02 1,319.00 -124.0C 15,376.0C 11.66

884 4.92£-02 984.60 -IOO.6C 10, 120.3~ 10.28

655 3.46E-02 691.00 -36.0G 1,296.00 1.88

444 2.28E-02 455.80 -1 1.8G 139.24 0.3 )

325 1.41 E-02 282.20 42.80 1,831.84 6.49

175 8.18E-03 163.51 11.49 131.96 0.81

131 4.42E-03 88.43 42.57 1,812.41 20.50

69 2.22E-03 44.43 24.57 603.90 13.59

44 I.03E-03 20.62 23.38 546.85 26.53

23 4.39E-04 8.77 14.23 202.45 23.08
, 1.70E-04 3.39 3.61 13.03 3.84

8 8.3IE-05 1.66 6.34 40.18 24.19
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Theoretical Density vs. Simulation
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Figure 118. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing .....B(5,5) and the Interest Rate -B(2,6)

2000

• Currulative

--Theoretical

500 1000 1500

Present Worth Range ($)

Theoretical vs. Simulation Cumulative
Distributioon [pW - 26-55-26-20000]
1.00 .,-----------=~_-_.---,
0.80
0.60
0.40

0.20
0.00 +------<II_~---r__---,-------j

o

~
Co.--LL

Figure 119. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow .....0(2,6), the
Lump-Sum Casb Flow Timing .....8(5,5) and the Interest Rate ....B(2,6)
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Table 98

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
tbe Predicted Density Values for the Present Worth when tbe Lump-Sum Cash Flow
~B(2,6), the Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -B(2,6)

~hi-squaredTest - [PW - 26-55-26-200001
!Predicted Alpha 9.20 Test Critical
[pred icted Beta 18.88 Statistic Value
!Number Of Data
Points 2000C 385.26 32.67
~Ipha = 0.05

Degrees of freedom 21
interval Predicted Ej fj - Ej (fj - Ej)"2 (fj - EjY'2/Ej

Frequency

18 3.29E-03 65.76 -47.76 2,280.60 34.68
72 7.97£-03 159.3<; -87.3Q 7,637.12 47.91

282 1.83£-02 365.4C -83.40 6,955.56 19.04
585 3.41£-02 681.4C -96.4C 9,292.96 13.64

1,099 5.4IE-02 1,082.40 16.6C 275.56 0.25
1,640 7.55E-02 1,509.40 130.6C 17,056.36 11.30

2,173 9.43E-02 1,886.60 286.4{; 82,024.9 43.48
2,406 1.07E-OI 2.145.4C 260.6C 67,912.3 31.65
2,331 1.12£-01 2,244.0( 87.OC 7,569.00 3.31
2,IIC 1.09£-01 2,175.6( -65.6C 4,303.36 1.9~

1,853 9.83E-02 1,966.2C -113.2C 12,814.24 6.52
1,471 8.32E-02 1,663.00 -192.0C 36,864.0 22.1

1,195 6.60E-02 1,319.60 -124.6C 15,525.16 11.7.

8&4 4.92£-02 984.0C -100.0( 10,000.00 IO.H

655 3.45£-02 689.6C -34.6C 1,197.H 1.7~

444 2.27E-02 454.2C -IO.2C 104.().£ 0.23

325 1.40E-02 280.6C 44.4C 1.971.3( 7.03

175 8.IIE-03 162.24 12.76 ]62.7<; I.OC
131 4.38E-03 87.52 43.4~ 1,890.63 21.6(]

69 2. I9E-03 43.84 25.16 632.84 14.43

44 1.01E-03 20.28 23.72 562.63 27.74

23 4.30E-04 8.60 14.4(J 207.41 24.12

7 1.66E-04 3.31 3.6Cl 13.61 4.11

8 8.06E-05 1.61 6.39 40.81 25.33
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Figure 120. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when tbe Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -R(5,5) and the Interest Rate -8(2,6)
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Distribution [pW - 26-55-26-20000]

1.00 ~----~.... ..---~

0.80
0.60 • Q,mlJlative

0.40 - Predicted

0.20

0.00 -+----oIl_~----,-----r----i

o 500 1000 1500 2000

Present Worth Range ($)

Figure 121. Graph Showing the Simulation versus tbe Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(5,5) and the Interest Rate -8(2,6)

204



Table 99

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Som Cash Flow -B(2,6), the Lump-Sum Cash Flow

Timing -B(2,6) and the Interest Rate -8(6,2
PW Range Simulation Theoretical Predicted

Cell BOWldary Frequency Density Density
203.2~ 0 C
233.5~ 0
263.75 ~ I
293.9~ 2 2~ 2C
324.2~ 50 111 10/
354.4~ 203 33~ 32/
384.6~ 639 72 710
414.92 1,198 1,222 ],215

445.16 1,980 1,741 ],740

475.39 2,378 2,15 2,166
505.63 2,549 2,392 2,404

535.86 2,592 2,407 2,422

566.09 2,121 2,227 2,240

596.33 1,746 1,91 1,919

626.56 1,388 1,52 1,532

656.80 98'1 1, I 4(i 1,145

687.03 766 80/ 803
717.26 51 534 529

747.50 344 33J 328

777.73 227 ] 95 191

807.9'1 13i 101 104

838.20 8 55 53

868.43 51 2i 25

898.67 21 1.2 II

928.9C J7 ( 5

959.14 3 2 2
989.37 3 1 I

1,019.60 0 0

1,049.84 1 (] 0..., 0 0 a1,080.01

1,110.31 0 (] 0

1,140.5<1 0 0 (]

1,170.77 0 (]

1,201.01 a 0

1,231.24 0 (] 0

1,261.4E 0 C (J

1,291.71 0

1,321.94 C 0

1,352. H 0 C 0

1,382.41 (] C (

1,412.65 0 ( 0
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Table 100

Cbi-Squared Goodness-or-Fit Test Comparing tbe Simulation Frequency Values to
tbe Tbeoretical Density Values for tbe Present Wortb wben tbe Lump-Sum Casb

Flow -B(2,6), tbe Lump-Sum Casb Flow Timing -B(2.6) and tbe Interest Rate
-B(6,2)

k:hi-squared Test - rpW - 26-26-62-200001
hneoretical Alpha 7.n Test Critical
hneoretical Beta 21.1~ Statistic Value
INwnber Of Data
lPoints 2000C 338.22 30.14
lalpha = 0.05

!Degrees of freedom 19
Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2/Ej

Frequency

52 6.71E-03 134.23 -82.23 6,761.26 50.37
203 1.68E-02 335.00 -132.0C 17,424.00 52.01

639 3.60E-02 720.20 -81.2C 6,593.44 9.16

1.19~ 6.11E-02 1,222.40 -24.40 595.36 OACl

1.98C 8.70E-02 1,740.80 239.20 57,216.64 32.87
2,37~ 1.08E-Ol 2,1 59.io 21 S.8C 47,873.44 22.17
2,54<; 1.20E-Ol 2,391.80 157.2C 24,711.84 10.33

2,592 1.20E-01 2,407.00 185.0C 34,225.00 14.22
2,121 1.11 E-OI 2,227.00 -106.0C 11,236.0 5.05
1,74<: Q.55E-02 1,910.40 -164.4( 27,027.36 14.15
1,38~ 7.64E-02 1,528.8{] -140.8( 19,824.64 J2.9i

98i 5.73E-02 1,146.00 -159.0( 25,281.0 22.0~

76~ 4.03E-m 806.60 -40.6( 1,648.36 2.04
51i 2.67E-02 534.00 -17.0( 289.0 0.5~

3M 1.66E-O" 332.80 Il.2( 125.44 0.3~

227 9.75E-03 194.95 32.0~ 1,027.39 5.27

137 5.36E-03 107.27 29.71 883.8 8.24

80 2.77E-03 55.31 24.69 609.74 11.02

51 1.33E-03 26.63 24.3/ 593.76 22.29

21 5.96E-OIl 11.93 9.0/ 82.32 6.9(J

17 2.47E-0~ 4.94 12.0<i 145.43 29.44
~ 1.40E-04 2.81 4.19 17.57 6.26
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Figure 122. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -8(6,2)
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Figure 123. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(2,6) and tbe Interest Rate -8(6,2)
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Table 101

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth wben the Lump-Sum Casb Flow

-B(2,6), the Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -B(6,2)

thi-sQuared Test - [PW - 26-26-62-20000]

Predicted Alpha 7.75 Test Critical
fredicted Beta 21.32 Statistic Value
Number Of Data
1Points 2000<J 339.53 30.14

lalpha = 0.05

Degrees of freedom 19
Interval Predicted Ej fj - Ej (fj - EjY'2 (fj - Ej)1\2/Ej

Frequency

52 6.42E-03 128.36 -76.36 5,831.0C 45.43

203 1.63E-02 326.8<J -123.8C 15,326.44 46.90

63S 3.55E-02 710.0<J -7I.OC 5,04 I.OC 7.10

I, 19~ 6.08E-02 1,21S.0<J -l7.oe 289.0C 0.24

1,98C 8.70E-02 1,739.80 240.2C 57,696.04 33.16

2,37E 1.08E-01 2,165.80 212.2C 45,028.84 20.79

2,54Cl 1.20E-ol 2,404.40 144.6C 20,909. If 8.7<J

2,5~ 1.21E-Ol 2,421.6C 170.4C 29,036. It 11.9«;

2,121 1.I2E-Ol 2,239.8C -118.8C 14,113.44 6.30

1,74f 9.60E-02 1,919.0C -173.0C 29.929.0( 15.6<J

1,38E 7.66E-02 1,532.2C -144.2C 20.793.64 13.57

98/ 5.73E-02 1,145.00 -158.0C 24,964.0C 21.8<J

76~ 4.01E-02 802.80 -36.8C 1.354.24 1.69

517 2.65E-02 529.0C -12.0e 144.0C 0.27

344 1.64E-02 327.8C 16.2C 262.44 0.80

227 9.54£-03 190.82 J6.1E I,308.8~ 6.86

Ir 5.2IE-03 104.25 32.75 1,072.54 10.2S

8<J 2.67E-03 53.32 26.68 711.75 13.35

51 1.27£-03 25.45 25.55 652.83 25.65

21 5.64E-04 11.29 9.71 94.37 8.36

1/ 2.31E-04 4.62 12.38 153.16 33.12

7 1.29E-04 2.58 4.42 19.52 7.56
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Figure 124. Grapb Showing the Simulation Frequency Values versus tbe Predicted
Density Values for the Present Wortb when tbe Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing ....8(2,6) and tbe Interest Rate ....B(6,2)
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Figure 125. Grapb Showing tbe Simulation versus the Predicted CumuJative
Distribution for the Present Worth wben the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing ....B(2,6) and tbe Interest Rate ....8(6,2)
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Table 102

Simulation Frequency, Theoretical Density and Predicted Density Values for tbe
Present Worth when the Lump-Sum Cash Flow -B(2,6), the Lump-Sum Casb Flow

Timin2 -8(2,6) and the Interest Rate -8(5,5)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.28 a 0
233.52 a a
263.75 0 C a
293.9S (J 1 1
324.22 1 12 12
354.4~ 20 5~ 53
384.6( 74 161 15lJ
414.92 249 36 365
445.1~ 583 685 681
475.3 Cl 1,151 1,085 1,082
505.63 1,768 1,51 1,509
535.8~ 2,165 1,885 1,887
566.0 2,307 2,142 2,145

596.33 2,261 2,24( 2,244
626.5~ 2,071 2,171 2,176
656.8 1,860 1,963 1,96~

687.03 1,479 1,661 1,663
717.2~ 1,223 1,31 1,320
747.50 854 985 984
777.73 692 691 690
807.9~ 445 45~ 454
838.2 30a 282 281
86S.43 20e 164 162

898.6 125 sa 8a
928.9C 84 44 44
959.14 37 21 20

989.37 28 9

1,019.60 6 3 3

1,049.84 5 I I

1,080.07 2 0 0

1,110.31 I 0 (]

1,140.54 1 C 0

1,170.77 0 ( (]

1,201.0 I a ( 0

1,231.24 a ( (]

1,261.4 C (] 0

1,291.71 C a a
1,321.94 c 0

1,352. IS C C

1,382.41 ( C C

1,412.6~ ( C
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Table 103

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
tbe Tbeoretical Density Values for tbe Present Wortb when tbe Lump-Sum Casb

Flow -B(2,6), tbe Lump-Sum Casb Flow Timing -B(2,6) and the Interest Rate
-8(5,5)

Chi-squared Test - [PW - 26-26-55-20000]
Theoretical Alpha 9.16 Test Critical
rTbeoretical Beta 18.8 Statistic Value
[Number Of Data
Points 20000 439.85 32.67

""-

Filpha = 0.05

!Dero-ees of freedom 21

Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - EjY'2lEj
Frequency

21 3.35E-03 66.97 45.97 2,112.91 31.55
7.:1 8.06E-03 161.23 -87.23 7,608.7~ 47.19

24~ 1.84E-O~ 368.00 -119.00 14,161.0C 38.48

583 3.42E-O~ 684.60 -101.60 1O,322.5~ 15.08
1,15] 5.42E-0~ 1,084.80 66.20 4,382.44 4.04
1,76~ 7.55E-00 1,510.00 258.00 66,564.0C 44.08
2,165 9.43£-02 1,885.0(J 280.00 78,400.0< 41.59

2,30· 1.07E-Ol 2,142.OC 165.00 27,225.0C 12.71

2,261 1.12E-01 2,239.6C 21.4(J 457.9~ 0.20

2,011 1.00E-OI 2.171.0(J -100.00 10,000.0< 4.61

1,86C 9.81 E-02 1,962.6C -102.6<l IO,526.7t 5.36

1,47~ 8.30£-02 1,660.8C -181.80 33,051.2~ 19.90

1,223 6.60E-02 1,319.OC -96.0(J 9,2 I6.0C 6.99

85.<1 4.92E-02 984.6(J -130.60 17,056.3~ 17.32

69~ 3.46E-02 691.OC 1.0(J I.OC 0.00

445 2.28E-02 455.80 -10.80 116.64 0.26

30~ 1.41E-02 282.20 25.80 665.64 2.36

20C 8.18E-03 163.51 36.49 1,331.33 8.14

125 4.42E-03 88.43 36.5" 1,337.54 15.13

84 2.22E-03 44.43 39.57 1,566.13 35.25

37 1.03E-03 20.62 16.3~ 268.46 13.02

28 4.39E-04 8.77 ]9.23 369.74 42.15

6 1.70E-04 3.39 2.61 6.81 2.01

9 8.3 IE-05 1.66 1.34 53.86 32.42
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Figure 126. Graph Showing the Simulation Frequency versus tbe Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -D(5,5)
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Figure 127. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(2,6), tbe
Lump-Sum Cash Flow Timing -B(2,6) and the Jnterest Rate -D(5,5)
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Table 104

Chi-Squared Goodness-or-Fit Test Comparing tbe Simulation Frequency Values to
tbe Predicted Density Values for the Present Worth when tbe Lump-Sum Cash Flow
~B(2,6), tbe Lump-Sum Cash Flow Timin~ -B(2,6) and the Interest Rate -B(5,5)

k:hi-sQuared Test - [PW - 26-26-55-20000]
Predicted Alpha 9.11 Test Critical
lPredicted Beta 18.92 Statistic Value
!Number Of Data
lPoints 20000 443.02 32.67
~Ipha = 0.05

IDelUees of freedom 21

Interval Predicted Ej fj - Ej (fj - EjY'2 (tj - Ej)"2/Ej
Frequency

21 3.29E-03 65.7( -44.76 2,003.0 30.46
7tJ. 7.97E-03 159.3~ -85.39 7.291.5~ 45.75

24S 1.83E-02 365.4( -116.40 13.548.9( 37.0S

583 3.41E-02 681.4(J -98.40 9.682.5( 14.21

1,151 5.41E-02 1,082.4(J 68.60 4,705.9( 4.35

1,76S 7.55E-02 1.509.4(J 258.60 66,873.9( 44.3C

2,165 9.43£-02 1,886.6(J 278.40 77,506.St 41.0S

2,30'" 1.07£-01 2, I45.4<J 161.60 26.114.5t 12.17

2,261 1.I2E-0 I 2.244.0G 17.0<J 289.0( 0.13

2,071 1.09E-01 2,175.6C -104.6(J IO,941.H 5.03
1,86( 9.83E-02 1,966.2C -106.20 11,278.4<1 5.74

1,47S 8.32E-02 1,663.0< -184.00 33,856.0{ 20.3t:
1,223 6.60E-02 1,319.6< -96.6( 9,331.5t 7.07

854 4.92E-02 984.0< -130.0( 16,900.0{ 17.17

692 3.45E-02 689.6C 2.4( 5.7t 0.01

445 2.27E-02 454.2C -9.20 84.6<1 O.]g

30S 1.40E-02 280.6C 27.40 750.7t 2.6S
20(J 8.11 E-03 162.24 37.76 1,425.73 8.79

125 4.38£-03 87.52 37.48 1,404.86 16.05

84 2. 19E-03 43.84 40.16 1,612.54 36.78

37 1.01E-03 20.28 16.72 279.55 13.78

2S 4.30E-04 8.60 19.40 376.43 43.78
(] 1.66£-04 3.31 2.69 7.23 2.19

9 8.06E-05 1.61 7.39 54.5g 33.88
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Predicted Density vs. Simulation
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Figure 128. Graph Showing the Simulation Frequency Values versus the Predicted
Density Values for tbe Present Worth wben tbe Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(5,5)
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Figure 129. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -8(5,5)
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Table 105

ImlD2 ..... , an e n eres ae ..... ,
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.2 0 C 0
233.52 0 C C
263.75 G C C
293.9 C C 0
324.22 C 1 I
354.4~ 1 7
384.6Q ~ 28 28

414.92 2~ 82 83
445.H 101 192 ]94

475.31; 255 37? 379

505.63 55 643 645

535.8~ 965 973 975

566.01; 1,494 1,332 1,332

596.33 2,01 1,66~ 1,66

626.5t 2,223 1,92<; 1,925

656.8 2.28 2,074 2,07(

687.03 2,10 2,085 2,081

717.2( 1,81 1,96~ 1,963

747.5l 1,521 1,743 1,741

777.73 1,304 1,454 1,45~

807.97 97 1,\43 1,143

838.2 73~ 845 84

868.43 542 587 58

898.67 39 382 384

928.91 2M 233 234

959.14 178 132 133

989.37 92 69 7

1,019.6 53 33 34

1,049.84 32 \4 ]5

1,080.07 1 ~ 6
1,110.31 10 2
1,140.54 6 \ ]

1,\70.1" ] 0 0

1,201.01 I 0
1,231.24 0 0
\ ,261.4 () 0 (]

1,291.71 () 0

1.321.94 (J

1,352.1 (J

\,382.4\ (J 0

1,412.65 C

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when tbe Lump-Sum Casb Flow -B(2,6), the Lump-Sum Cash Flow

r' 8(2 6) d tb Itt R t B(2 6)
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Table 106

Chi-Squared Goodness-or-Fit Test Comparing the Simulation Frequency Values to
the Theoretical Density Values for the Present Worth when the Lump-Sum Cash

Flow ~B(2,6), the Lump-Sum Cash Flow Timing -B(2~6) and the Interest Rate
-B(2,6)

K:hi-squared Test - [PW - 26-26-26-20000]

hneoretical Alpha 10.29 Test Critical
[Theoretical Beta 16.36 Statistic Value
!Number Of Data
lPoints 20000 613.36 35.17
!alpha = 0.05

!Degrees of freedom 23
Interval Theoretical Ej fj - Ej (fj - Ej)"2 (fj - Ej)"2fEj

Frequency

7 1.80E-03 36.0", -29.02 842.07 23.3
26 4.IOE-03 81.9~ -55.96 3,131.95 38.21

101 9.60£-03 192.08 -91.0S 8.295.7 I 43.1
255 1.89E-02 377.40 -122.4(J 14,981.76 39.7
550 3.22E-02 643.00 -93.0C 8,649.00 13.45
965 4.87E-02 973.40 -8AC 70.5 0.07

1,494 6.66E-02 1,331.80 ] 62.2C 26,308.84 19.75
2,019 8.34E-02 1,667.6C 351.4C ]23,481.9 74.05
2,223 9.64E-02 1,928.6C 294.4C 86,671.3 44.9~

2,288 1.04E-OI 2,074.4C 213.6C 45,624.% 21.9

2,10~ 1.00E-01 2,085.4C 22.6C 510.76 0.24

1,81~ 9.83E-0~ ],966.2C -148.2C 21,963.24 11.1 1

1,521 8.72E-0~ 1,743.0< -216.0< 46,656.00 26.71
1,3Q;1 7.27E-O~ 1,454.4C -150.4C 22,620.1 15.55

97~ 5.71E-02 1,142.6C -164.6C 27,093.1 23.7]

73~ 4.22E-0~ 844.8C -10S.8e 11,837.44 14.01

542 2.94E-02 587.0C -45.0C 2,025.0 3.45

398 1.91E-02 382.20 15.80 249.64 0.65

269 1. 16£-02 232.60 36.40 1,324.9 5.7

178 6.58£-03 131.57 46.43 2,156.06 16.3

92 3.44E-03 68.79 23.21 538.57 7.83

53 1.65£-03 32.99 20.01 400.3 12.14

32 7.18£4:1 ]4.37 17.63 310.8 21.64
Iq 2.81E-04 5.61 13.39 179.26 31.9~

IC 9.67E-05 1.93 8.07 65.07 33.~

8 3.76E-05 0.75 7.25 52.52 69.7
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Figure 130. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(2.,6)
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Figure 131. Graph Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -B(2,6), the
Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -8(2,6)
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Table 107

Chi-Squared Goodness-of-Fit Test Comparing the Simulation Frequency Values to
the Predicted Density Values for the Present Worth when the Lump-Sum Cash Flow

-8(2,6), the Lump-Sum Cash Flow Timing -B(2,6) and the Interest Rate -B(2,6)

K:hi-squared Test - [PW - 26-26-26-20000]
lPredicted Alpha 10.18 Test Critical
lPredieted Beta 16.36 Statistic Value
!Number Of Data
lPoints 20000 610.29 35.17
~Ipha = 0.05
!Degrees of freedom 23

Interval Predicted Ej fj - Ej (fj - Ej)"'2 (fj - EjY'2/Ej
Frequency

- 1.83E-03 36.7C -29.70 882.01 24.03
2t 4.15E-03 82.98 -56.98 3,246.63 39.13

101 9.69E-03 193.73 -92.73 8,599.15 44.39:
255 1.90£-0~ 379.4C -124AC 15,475.36 40.7CJ
55C 3.23E-0~ 645.0C -95.0C 9,025.00 13.9<;
965 4.87E-m 974.6C -9.6C 92.16 0.09

1,49£1 6.66E-m 1,33] .6C 162Ae 26,373.76 19.81
2,0 J<; 8.33E-02 1,665.8( 353.2C 124,750.24 74.89
2,223 9.63E-0~ 1,925.2C 297.8( 88,684.84 46.0?
2,288 I.04E-Ol 2,070.0C 218.0( 47,524.00 22.96
2.108 1.04£-0 I 2,081.0C 27.0C 729.0(J 0.35
1,81 ~ 9.81 E-O. 1,962.6C -144.6C 20,909.16 10.65
1,521 8.70E-0. 1,740.8( -2l3.8C 45,710A~ 26.26
1,304 7.27E-0~ 1,453.6C -149.6C 22,380.1t 15.40
97~ 5.72E-0~ 1,143.2C -165.2C 27,291.04 23.8?
73t 4.23E-0~ 846.4C -IIOAC 12,188.1t 14040
54i 2.95£-0", 589.0C -47.0C 2,209.00 3.75
398 1.92£-02 384AC l3.6(J 184.96 0048
269 1.17E-02 234AC 34.6(J 1,197.16 5.11
178 6.65E-03 132.9C 45.10 2,033.76 15.30
92 3.48£-0: 69.6<; 22.31 497.6ll 7.14
53 1.68E-03 33.53 19047 379.09 1l.31
32 7.33E-()tj 14.6(; 17.34 300.80 20.52
III 2.87E-0L1 5.75 13.25 175.62 30.55
10 9.95E-0~ J.9CJ 8.01 64.16 32.25

8 3.90E-05 0.78 7.22 52.12 66.81_._-
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Figure 132. Graph Showing tbe Simulation Frequency Values versus the Predicted
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(2,6), the
Lump-Sum Cash Flow Timing ~B(2,6) and the Interest Rate -8(2,6)
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Figure 133. Graph Showing the Simulation versus the Predicted Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(2,6), the
Lump-Sum Cash Flow Timing -8(2,6) and the Interest Rate -8(2,6)
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APPENDIX D - ADDITIONAL SfMULATIONS
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Table 108

imin2 -B(1,10) and the Interest Rate -B(1,10)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.28 (] 0 (]

233.52 (] 0 (]

263.75 (] (] (]

293.9S (] 0 C
324.22 0 0 C
354.4~ 0 (] (

384.65 C 0 C
414.92 C 0 (

445.lt I 0 (

475.3CJ ( 0 (

505.63 J 1 I
535.86 1~ 4 5
566.09 3~ 24 Ti

596.33 102 97 108
626.56 2T 308 329

656.80 61t 764 791

687.03 1,3m 1,514 1,531

717.26 2,27~ 2,434 2,42~

747.50 3,641 3,206 3,16~

777.73 4,243 3,487 3,42~

807.9~ 3,143 3,144 3,1O~

838.2( 1,939 2,353 2,34'

868.43 1,104 1,460 1,47f

898.6 632 748 77l

928.9C 360 314 33'

959.14 16~ 107 IU

989.37 80 29 34

1,019.60 28 6 8

1,049.84 14 1 I

1,080.07 8 (] C

1,110.31 2 (I (

1,140.54 1 a (

1,170.77 (] (] a
1,201.01 0 0 a
1,231.24 (] 0 n
1,261.48 (] 0 0

1,291.71 (] 0 (]

1,321.94 (] 0 C

1,352.18 0 0 C

1,382.41 0 0 C

1,412.65 (] 0 c

Simulation Frequency, Tbeoretical Density and Predicted Density Values for tbe
Present Worth when tbe Lump-Sum Cash Flow -B(I,10), the Lump-Sum Cash Flow

T
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Table 109

Data Sheet for Simulation for the Present Wortb when the Lump-Sum Cash Flow
-B(I,10), the Lump-Sum Cash Flow Timing -8(1,10) and the Interest Rate -B(I,10)

Number of Runs 20,000
Alpha - Cash Flow 1
Beta - Cash Flow 10
Assumed Cash Flow Mean 1,000
Assumed Cash Flow Range 750
Calculated Cash Flow Minimum 931.82
Calculated Cash Flow Maximum 1,681.82
Simulation Cash Flow Mean 999.63
Simulation Cash Flow Variance 3,684.56
Alpha - Timing 1
Beta - Timimg 10
Assumed Timino Mean 4.50
Assumed TiminQ RanQe 2.00
Calculated Timing Minimum 4.32
Calculated Timing Maximum 6.32
Simulation Timing Mean 4.50
Simulation Timino Variance 0.028
Alpha - Interest Rate 1
Beta - Interest Rate 10
Assumed Interest Rate Mean 0.20
Assumed Interest Rate Ranoe 0.15
Calculated Interest Rate Minimum 0.19,
Calculated Interest Rate Maximum 0.34
Simulation Interest Rate Mean 0.20
,Simulation Interest Rate Variance 0.00015
Simulation Present Worth Mean 407.37
Simulation Present Worth Variance 1,287.62
Predicted Present Worth Mean 407.43
Predicted Present Worth Variance 1,341.20
Irheoretical Present Worth Mean 407.39
Theoretical Present Worth Variance 1,297.15
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Figure 134. Graph Showing the Simulation Frequency versus the Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow -B(1,10), the
Lump-Sum Cash Flow Timing -B(1,10) and the Interest Rate -B(I,10)
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Figure 135. Graph Showing the Simulation venus the Theoretical Cumulative
Distribution for the Present Worth when the Lump-Sum Cash Flow -8(1,10), the
Lump-Sum Cash Flow Timing -B(1,10) and the Interest Rate -8(1,10)
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Figure 136. Graph Sbowing the Simulation Frequency Values versus the Predicted
Density Values for tbe Present Worth when the Lump-Sum Cash Flow -8(1,10), tbe
Lump-Sum Cash Flow Timing -8(1,10) and tbe Interest Rate -8(1,10)
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Figure 137. Grapb Showing the Simulation versus the Predicted Cumulative
Distribution for the Preseot Wortb when the Lump-Sum Cash Flow -8(1,10), the
Lump-Sum Cash Flow Timing -8(1,10) and the Interest Rate -8(1,10)
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Table 110

iming -B(10,1) aDd tbe Interest Rate -B{l3,2)
PW Range Simulation Theoretical Predicted

Cell Boundary Frequency Density Density
203.28 C (] C
233.52 2,192 2,605 2,53t:
263.75 6,462 5,89<] 5,921
293.99 5,26f 5,130 5,181
324.22 3,071 3,23lJ 3,26~

354.46 1,583 1,724 1,722
384.69 759 819 80~

414.92 398 356 34t
445.16 ISO 144 13~

475.3'l 66 55 51
505.63 36 19 18
535.86 12 7 t:
566.0ll I 2 2

596.33 2 I 1
626.56 (] 0 (]

656.8C I 0 (

687.03 1 (] (

717.2f (J (] (

747.5( (J 0 {

777.73 (] (] (

807.91 (] () (

838.20 (] () (

868.43 (J (] (

898.61 (] (] (

928.9( (] 0 (

959.14 0 0 (J

989.37 (] 0 0

1,019.60 (] 0 (J

1,049.84 (] 0 (]

1,080.07 0 0 (]

1,1 10.31 0 0 (]

1,140.54 0 0 C

1,170.7 0 0 0

1,201.01 0 0 (]

1,231.24 (] 0 (]

1.261.48 (J 0 (]

1,291.71 I 0 (]

1.321.94 () 0 (J

1,352.U (J 0 (J

1,382.41 (J 0 ()

1,412.65 (J 0 (]

Simulation Frequency, Theoretical Density and Predicted Density Values for the
Present Worth when the Lump-Sum Cash Flow -B(I,10), the Lump-Sum Casb Flow

T
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Table III

Data Sheet for Simulation for the Present Worth when the Lump-Sum Cash Flow
-B(1,10), tbe Lump-Sum Casb Flow Timing -B(10,1) and the Interest Rate -8(13,2)

Number of Runs 20,OOC
iA'pha - Cash Flow 1
Beta - Cash Flow 1C
\Assumed Cash Flow Mean 1,OOC
Assumed Cash Flow RanQe 1,25C
Calculated cash Flow Minimum 886.3€
Calculated cash Flow Maximum 2,136.3€
Simulation Cash Flow Mean 1,OO1.5~
Simulation cash Flow Variance 10,312.5{;
Alpha - TiminQ 1C
Beta - TiminQ 1
Assumed TiminQ Mean 5.00
Assumed TiminQ RanQe 4.00
Calculated TiminQ Minimum 1.3€
Calculated TiminQ Maximum 5.3€
Simulation TiminQ Mean 5.OC
Simulation Timing Variance 0.1 Q.t4
Alpha - Interest Rate 1:3
Beta - Interest Rate 2
Assumed Interest Rate Mean 0.15
Assumed Interest Rate RanQe 0.07
Calculated Interest Rate Minimum O.~

Calculated Interest Rate Maximum 0.1E
Simulation Interest Rate Mean 0.1E
Simulation Interest Rate Variance O.(}()()()4

Simulation Present Worth Mean 473.32
Simulation Present Worth Variance 3,232.27
Predicted Present Worth Mean 473.1E
Predicted Present Worth Variance 3,151.7:3
Theoretical Present Worth Mean 473.1€
IrheoreticaI Present Worth Variance 3,219.7:3
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Figure 138. Graph Showing the Simulation Frequency versus tbe Theoretical
Density Values for the Present Worth when the Lump-Sum Cash Flow ~B(1,10), the
Lump-Sum Cash Flow Timing -8(10,1) and the Interest Rate -8(13~)
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Figure 139. Grapb Showing the Simulation versus the Theoretical Cumulative
Distribution for the Present Wortb when the Lump-Sum Cash Flow -8(1,10), the
Lump-Sum Cash Flow Timing -8(10,1) and the Interest Rate ~8(13,2)
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Figure 140. Grapb Sbowing the Simulation Frequency Values versus the Predicted
Density Values for the Present Worth wben tbe Lump-Sum Casb Flow -B(I,10), tbe
Lump-Sum Cash Flow Timing -B(10,1) and tbe Interest Rate -B(13,2)
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Figure 141. Grapb Showing the SimuJation versus the Predicted Cumulative
Distribution for tbe Present Worth wben the Lump-Sum Cash Flow -8(1,10), tbe
Lump-Sum Casb Flow Timing -B(10,1) and tbe Interest Rate -B(13,2)
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