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ABSTRACT

Print registration in roll-to-roll (R2R) printing process is investigated in this dis-
sertation. Print registration is the process of aligning multiple images that are
printed in consecutive print units. The quality of the print output depends on the
proper alignment of these images. A new mathematical model for print registra-
tion is developed by considering the effect of key process variables, such as web
tension and transport velocity, print cylinder angular position and velocity, and
the compensator roller position. Sources of machine induced disturbances and
their effect on print registration are also investigated and machine design rec-
ommendations to mitigate these disturbances are given. Propagation of distur-
bances between print units due to web transport is investigated. The interaction,
or the disturbance propagation behavior, between print units is studied by de-
veloping a new interaction metric called the Perron Root based Interaction Met-
ric (PRIM). The new interaction metric, for large-scale interconnected systems
employing decentralized controllers, is developed using tools from the Perron-
Frobenius theory. A systematic procedure to minimize interaction is given by
designing pre-filters for decentralized control systems. The disturbance prop-
agation behavior with two registration control strategies is compared using the
PRIM and it is found that a compensator based registration control (CRC) has
smaller magnitude of disturbance propagation when compared to a print cylin-
der angular position based registration control (PARC). It is also found that a sim-
ple, decentralized, memoryless, state feedback controllers stabilizes print units
with CRC. Results from a number of model simulations and experiments are pro-
vided to support the recommendations and conclusions.
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CHAPTER 1
Introduction

Roll-to-roll (R2R) manufacturing is a continuous process in which a continuous,

flexible material is passed through processing machinery to create a finished

product; the continuous, thin, flexible material is often termed as a web. A va-

riety of common consumer products are manufactured in rolled form, materials

such as paper, plastic, metals, textiles, etc., since roll-to-roll manufacturing is ef-

ficient with high yields due to high speed automation. A typical web processing

machine (see Figure 1.1) consists of an unwind section which consists of a ma-

terial roll and other dynamic elements, such as accumulators and web guides,

process sections where the required processing operations are carried out, and

a rewind section where the finished material is wound back into rolls or cut into

sheets; operations such as printing, coating, lamination, etc., are carried out on

the continuously moving web material to create a finished product. The trans-

port of webs through processing machinery is facilitated by a number of driven

rollers and idle rollers throughout the machine.

1



1.1. Web Handling

Unwind
Section

Entry 
Accumulator

Exit 
Accumulator

Process Section Rewind
Section

Figure 1.1: Schematic of an example roll-to-roll processing machinery.

1.1 WEB HANDLING

As the web is transported over rollers, the moving web experiences fluctuations

in all three directions; these fluctuations have to be controlled in order to obtain

a quality finished product. The machine direction or the transport direction be-

havior of the moving web is termed as longitudinal dynamics; the cross-machine

direction behavior is often termed as lateral dynamics and the transverse fluc-

tuations are often referred to as web flutter. The study of web behavior as it is

transported over rollers is called web handling. The key variable that describes

the longitudinal behavior of the web as it is transported over the rollers is the

tension in the web between two adjacent rollers. The transport of web, assuming

that sufficient friction is available to prevent web slippage over rollers, also re-

sults in transport of strain which may cause propagation of strain variations (ten-

sion variations) from upstream spans to downstream spans. The propagation of

tension variations will cause variations in roller velocities as the two variables,

web tension and roller velocities, are inherently coupled through their governing

equations and affect each other. The web behavior during transport on rollers

depends on the transport conditions such as web transport velocity, web tension,

etc., web material properties such as Young’s modulus of the material, cross-

sectional dimensions of the web, etc., and machine installation properties such

as roller size and span length between rollers, etc. To efficiently transport webs
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1.2. Roll-to-Roll Printing

on rollers without defects, most web handling processes require regulation of

web tension and web transport velocity. The transport velocity is controlled us-

ing driven rollers and web tension is controlled by using either (1) driven rollers

under speed or torque control [1] or (2) an active or a passive dancer [2].

Control of lateral motion (called web guiding) is critical for operation of all

R2R process lines since uncontrolled lateral movement of the web may cause

wrinkles or slackness in the web which may damage or break the material. A

mechanism called the web guide is used for controlling the lateral motion. De-

pending on the location of use within the web machine, web guides are cate-

gorized as (a) terminal guides, used on the unwind and rewind rolls and (b) in-

termediate guides, used in the intermediate sections of the processing machin-

ery. Electro-mechanical or electro-hydraulic actuators are used to control web

guides and sensors that detect the position of the web are used as feedback de-

vices for the controllers. Additional details about lateral dynamics and control

can be found in [3, 4, 5, 6, 7] and references therein.

This work is focused on controlling the longitudinal behavior of the web

such as control of web velocity and web tension or web strain which are criti-

cal for roll-to-roll printing applications.

1.2 ROLL-TO-ROLL PRINTING

R2R printing involves transport of web through print units where the required

pattern is printed on the material. Several types of R2R printing technologies,

such as offset-printing, flexo-printing and rotogravure printing, are available.

This work is concerned with studying the fundamental web behavior in printing

presses irrespective of the technologies used for printing. The main objective in
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1.2. Roll-to-Roll Printing

a printing process is to ensure a quality print output by transporting the material

through print units by appropriately controlling various web handling process

variables, such as web transport velocity, web tension or web strain, etc.

In R2R printing, the web is transported through one or more printing rollers

(also called as print cylinder) where the image/pattern on the print cylinder(s) is

transferred onto the web material. Figure 1.2 shows a schematic of a rotogravure

printing unit. The gravure print cylinder is engraved to form wells to create print

patterns on the cylinder surface. As the print cylinder rotates within the ink bath,

ink is collected onto the wells or cells in the surface of the gravure print cylinder.

The excess ink from the surface of the print cylinder is scraped by a device called

doctor blade so that only the region of the gravure cylinder with the pattern con-

tains the ink and the rest of the region is devoid of ink. As the web passes between

the nipped impression roller and the print cylinder, ink is transferred from the

print cylinder to the web. The printed web with wet ink is transported over idle

rollers in the drying section and cooled using a downstream cooling roller.

Ink bath

Print cylinder

Cooling roll

Web to 
next sectionWeb from

previous section

Compensator roll

Impression roll

Doctor blade assembly

Doctor blade

Drying 
section

Figure 1.2: Schematic of a rotogravure print unit.
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The quality of the print output depends on maintaining appropriate web

transport conditions, such as regulation of web tension and web transport ve-

locity [8]. Apart from maintaining web tension and web transport velocity – to

minimized transport related web defects such as wrinkling, creasing, or even

web breakage – printing requires spatial positioning of the web. When multi-

ple print cylinders are used to print a complex multicolor pattern, it is critical to

have successively printed patterns to align appropriately on top of each other;

this in addition to maintaining web tension at desired value presents additional

challenges in R2R printing.

The process of aligning successive print patterns on the web material to

form a multicolor pattern is called registration or print registration. The posi-

tion misalignment in the successive patterns may occur in either the machine

direction (transport direction) or the cross machine direction (perpendicular to

the transport direction and in the plane of the web) or both. Figure 1.3 shows an

illustrative example of an improperly registered and a properly registered print

image. The defect in print registration is quantified by a metric often termed as

registration error; the focus of this work is primarily on studying the causes of

machine direction registration error and its mitigation.

Figure 1.3: An illustrative example showing a properly registered print pattern
(left) and an improperly registered print pattern (right). Both machine direction
and cross machine direction registration issues are shown in the illustration.

The process of print registration can be explained using the illustrations in
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1.2. Roll-to-Roll Printing

Figure 1.4. Whenever a pattern is printed onto the web, along with the pattern a

registration flag is also printed on the web near its edge. The next pattern, along

with the registration flag, is printed at the subsequent print unit. If the successive

prints are aligned, then the distance between the two registration flags is equal to

a predetermined fixed distance. The registration error is the difference between

the predetermined fixed distance and the actual distance measured between the

two registration flags; an optical sensor is used to measure the distance between

the registration flags.

A

m

AB

Figure 1.4: Patterns are printed successively to form a multicolor image. Registra-
tion flags are printed along with the pattern on the web; the registration error sen-
sor measures the distance (or time) between registration flags which can be used
to determine the registration error.

In order to maintain print quality, registration error is actively controlled

within print units. Depending on the type of the printing press either the lin-

ear position of a compensator roller or the angular position of a print cylinder is

controlled to minimize the registration error. Modeling, analysis and control of

registration error in R2R printing presses are studied in this work.

The optical sensor does not directly measure the distance between the registration flags;
rather the time passage between the occurrence of the registration flags is measured, and based
on the web transport velocity the registration error is inferred.
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1.3 FOCUS APPLICATION

A real-world example of a roll-to-roll printing application is considered in this

work. Armstrong World Industries manufacture flooring materials in their Still-

water, Oklahoma plant which require printing of the flooring patterns on com-

posite web materials. A large mechanically coupled rotogravure printing press is

used by Armstrong to print on composite flooring materials. Figure 1.5 shows a

schematic of the print line at Armstrong World Industries. The print line is one of

the three web processing lines in Armstrong. The plant manufactures different

types of flooring material from a base felt material; layers of composite materi-

als are calendared, coated and deposited to form a composite web material in

the base line; different types of flooring patterns are printed in the print line (or

the press); further barrier coating and chemical curing is carried out to form the

finished flooring product in the coating and fusion (C & F) line .

Unwind accumulator Rewind accumulator

Unwind

Print Units

Print Section Rewind SectionUnwind Section

Pull roll 1 Pull roll 2

Pull roll 3 Pull roll 4

Pull roll 5 Pull roll 6

Rewind

Figure 1.5: Schematic of the Armstrong print line.

The print line consists of a print section with eight rotogravure print units,

an unwind section with an unwind accumulator and a rewind section with a

rewind accumulator. Each print unit consists of a gravure print cylinder, an im-

pression roller, a back-up roller, a cooling roller, a registration error compen-

The width of the web that is typically transported in the printing press is about 10 to 14 feet
and the print section can thread at least 300 feet of web material.
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sator roller, and many idle rollers that support the web during transport (see

Figure 1.2). All eight print units in the print section are driven by a single print

section drive motor. The print section motor shaft is connected to various print

units through a mechanical transmission system. Accumulators in the printing

line facilitate continuous and uninterrupted transport of the web through the

print units during unwind and rewind material roll changes [9]. The transport

velocity and web tension within various sections of the printing line are con-

trolled using driven rollers called pull rolls. For example, as shown in Figure 1.5,

pull roll 3 regulates web tension and web transport velocity of the material enter-

ing the print section, and pull roll 4 regulates the transport variables at the exit

side of the print section.

Actual measurements from Armstrong print line, such as registration error,

web tension and other web transport conditions, collected during production

runs are used to corroborate the models developed in this work. In certain situa-

tions targeted experiments were conducted during production runs with slightly

changed operating conditions to collect the required key process variable data,

which was used to aid in the validation of the models developed and to test the

various hypotheses presented in this dissertation.

1.4 PROBLEMS AND OPPORTUNITIES IN ROLL-TO-ROLL PRINTING

With the demand to increase productivity and to minimize waste and costs, dif-

ferent materials with different mechanical and physical properties are transported

within the same printing presses with higher speeds. For example, in the Arm-

strong plant different composite flooring materials with different thickness and

mechanical properties are transported within the same printing press. But in
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order to efficiently transport them with minimum material wastage it is nec-

essary to clearly understand the behavior of the web within the printing press.

Therefore, it is critical to develop good mathematical models which accurately

describe and predict the process behavior and which can be used to design effi-

cient model based control algorithms that provide higher print quality.

Often web machine manufacturers do not consider the effect of the web dy-

namics during the machine design process. Because of this, unwanted machine

dynamics can significantly affect the web dynamics and may result in transport

related defects. There is a need to understand how the machine dynamics in-

fluence the print registration process and how improvements can be made to

minimize machine induced disturbances.

When multiple print cylinders are employed to print a complex pattern, con-

trol of the registration error in one print unit will affect the registration error in

subsequent units because of strain transport, interaction between printing units

is unavoidable; this is often not addressed in the literature. There is a need to

understand how the interaction can be minimized and how different control

mechanisms cause or minimize the interaction. There is also a need to evaluate

whether a centralized control strategy or a decentralized control strategy would

be efficient in minimizing print registration error.

Registration error in R2R printing can be controlled by employing different

control mechanisms. One of the control mechanisms that dates back to the ori-

gins of R2R printing, which is also in substantial use in current machines, uti-

lized a compensator roller that changes the span length between successive print

units to control registration. With the advent of electronic line shafting technolo-

gies, the current trend is to control print registration by directly controlling the
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angular position of the print cylinders. There are advantages and disadvantages

with both methods; but a clear understanding of the effect of these control strate-

gies on web transport through print units is currently lacking; this understand-

ing will assist in the selection of a method as well as development of strategies to

improve the method. A comparison of the effectiveness of these control mecha-

nisms would greatly benefit the roll-to-roll manufacturing community.

1.4.1 Flexible Printed Electronics

Flexible printed electronics is touted to be a significant part of future of roll-

to-roll printing industry. Several electronic devices, such as RFID tags (Radio

Frequency IDentification), low-cost displays and lighting devices, polymer solar

cells, sensors, etc., are already being manufactured commercially on a flexible

substrate using roll-to-roll machines.

In recent years there has been a significant focus towards printing electron-

ics on a flexible substrate using R2R printing methods since printing of func-

tional materials on a substrate is cost effective compared to conventional photo-

lithography techniques [10, 11, 12, 13, 14, 15, 16]. These studies have primarily

dealt with the feasibility of printing electronic components such as thin metal

lines, electrodes, capacitors, thin film transistors, etc., on a flexible substrate.

The web handling aspects related to roll-to-roll printing of flexible electronics

have not been adequately addressed; challenges related to design of web han-

dling machines for roll-to-roll manufacture of flexible printed electronics are

discussed in [17, 18]. The registration requirements for printing electronics on

a flexible substrate are much higher, in the order of tens of microns, than con-

ventional printing requirements, which is in the order of a few millimeters. Bet-

ter understanding of the registration process and the substrate behavior as it is
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transported in a printing press is necessary to realize roll-to-roll printing of elec-

tronics. It is envisioned that further understanding of the web handling and ma-

chine design aspects related to print registration would be of substantial benefit

towards the development of R2R manufacturing technologies for flexible printed

electronic devices.

1.5 CONTRIBUTIONS

The contributions of this dissertation are focused towards better registration con-

trol in roll-to-roll printing presses. In order to achieve improved registration per-

formance it is important to understand the print registration process. A new

mathematical model for print registration is developed in this work. It is also

important to study and understand the possible sources of disturbances within

print units. A systematic study of machine induced disturbances that affect print

registration and machine design recommendations that can minimize these dis-

turbances are presented. Understanding and minimization of the propagation of

disturbances within roll-to-roll processing machines will also enable improved

registration performance. The interaction, or the disturbance propagation be-

havior, between tension zones is studied using a new interaction metric based

on the Perron-Frobenius theory and a systematic pre-filter design procedure to

minimize interaction is also presented in this work. The proposed new inter-

action metric is also used to analyze the interaction in printing presses with a

compensator based registration control (CRC) strategy and a print cylinder an-

gular position based registration control (PARC) strategy. Stability characteristics

and registration performance of CRC and PARC are compare. The outline of each

chapter and contributions are provided in the following:

11



1.5. Contributions

Chapter 2: A new mathematical model for print registration is developed by con-

sidering the effect of web strain adjacent to the print cylinders, dynam-

ics of the print section machine including the print cylinder, doctor-blade

assembly and impression roller, and span length changes due to the mo-

tion of the compensator roller. The model includes governing equations

for registration error and web strain in a print unit, print cylinder veloci-

ties, doctor blade position, and impression roller velocities. Interaction be-

tween machine and web dynamics is studied and its effect on registration

error is included in the model. The developed model can be utilized for

designing algorithms for control of print registration by using either CRC

strategy or a PARC strategy. Based on the analysis of the model, mechanical

design recommendations to minimize interaction between machine and

web dynamics, in order to minimize registration error, are also discussed.

Measured data from production runs on an industrial printing press are

used to corroborate the model and compare it with the models available in

the literature.

Chapter 3: Interaction in roll-to-roll systems is quantified by considering a new

interaction metric which is based on the Perron-root of a nonnegative ma-

trix. The Perron-root based interaction metric (PRIM) can be used to ana-

lyze any decentralized large-scale interconnected system, such as a roll-to-

roll processing system. A systematic design procedure to minimize inter-

action is also presented based on the Perron-Frobenius theory. The PRIM

also provides constraints on stability of decentralized large-scale intercon-

nected systems. To demonstrate the usability of the theory to a practical

application, a large R2R system is considered and a number of experiments
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are conducted to evaluate the PRIM and the effectiveness of the dynamic

pre-filters designed to minimize interaction.

Chapter 4: The compensator based registration control strategy and print cylin-

der angular position based registration control strategies are compared us-

ing PRIM to evaluate the disturbance propagation behavior within print

units. Results and discussions are provided to compare the PRIM analysis

and the time domain model simulations with CRC and PARC. The control

of registration error with either strategy is complicated because of the pres-

ence of internal state delays in the print registration model. Frequency do-

main based stability analysis for delayed differential equations is employed

to analyze the stability of the decentralized, memoryless, state feedback

control algorithm developed for CRC. The control law for existing PARC

algorithms in the literature require communication of state measurements

between adjacent print units and knowledge of past state measurements to

stabilize the system. The uniqueness of the developed CRC algorithm is its

simple decentralized control structure with a memoryless state feedback

control law. Model simulations are conducted to evaluate the performance

of the CRC algorithm in terms of its disturbance attenuation performance.

Chapter 5: In this chapter concluding remarks and directions for future research

are presented.
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CHAPTER 2
Modeling Print Registration and

Print Section Dynamics

In this chapter a first principles based approach is followed to model the print

registration process. The model developed is corroborated based on actual mea-

surements collected from production runs from Armstrong print line. Existing

models in the literature are also compared with the developed model based on

the actual production run data. The interaction between machine and web dy-

namics, specifically sources of machine induced disturbances are identified based

on print section machine dynamics. The print section machine dynamics for the

Armstrong print press with eight print units driven by a single mechanical line

shaft are derived based on Euler-Lagrange equations. The effect of compliance

in torque transmission in mechanical line shafts and the effect of doctor blade

oscillations on print cylinder velocities and eventually on print registration are

studied. Recommendations to minimize machine induced disturbances are also

discussed in this chapter.
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2.1 GOVERNING EQUATION FOR PRINT REGISTRATION ERROR

There has not been much fundamental work reported in the literature on mod-

eling of print registration other than the models given in [19] and [20]; further,

there has been no experimental corrobration of the proposed models. In [21, 22]

the modeling approach given in [19] and [20] is used for designing controllers to

minimize registration error. A mathematical model for the print registration pro-

cess in an offset printing press was developed in [19]. A governing equation for

the registration error is obtained by taking into account the elongation (or strain)

experienced by the web as it passes through two successive print units and the

difference of the actual web strain and its nominal value for each print unit span

is used in the governing equation. A similar model, but considering the actual

strain in each print unit span, was developed in [20]. In these existing models it

is assumed that the print cylinder angular positions are synchronized and that

the print cylinders rotate at a constant velocity.

Consider the print unit shown in Figure 2.1 which consists of two successive

print cylinders and the web between them; a print unit span is the web between

two adjacent print cylinders. The web strains in the span upstream of print cylin-

der 1, in the print unit span and downstream of print cylinder 2 are denoted by

ε1, ε2, and ε3, respectively. The angular velocity of the print cylinders areω1 and

ω2 at the respective print cylinder. The control volume containing the web be-

tween the two print cylinders is shown in Figure 2.1. The web velocity entering

the control volume is denoted by V1 and the web velocity at the exit by V2. Each

printed pattern travels the web path length L within the control volume; the path

length L is a function of the linear position x of the compensator roller. The path

length L is equal to l = 2πnr1 when the compensator roller is at its nominal po-
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2.1. Governing Equation for Print Registration Error

sition which is set as x = 0, where n is an integer and r1 is the radius of print

cylinder 1. The change in span length when x 6= 0 is represented by the quantity

l̃ = L− l .

Print cylinder 1

Web from
previous section

Print cylinder 2

Registration sensor

Web to 
next section

x

Control Volume

ε1

ε2 ε3

ω1 ω2

Figure 2.1: A schematic showing the web between two successive print cylinders;
some of the idle rollers are ignored.

Consider an ideal state where the angular positions of the two print cylin-

ders are the same at any instant and web strain in all spans to be the same. If the

distance traveled by the pattern is an integer multiple of print cylinder 1 circum-

ference, i.e., L = l , then the patterns will register correctly. But in practice there

are no ideal machine components and it is seldom possible to maintain ideal

operating conditions. The occurrence of the registration error is mainly due to

three process conditions: strain variations, compensator roller linear velocity,

and print cylinder velocity variations. It is assumed that each of these effects are

independent and may be combined to obtain the governing equation for the reg-

istration error by considering that there is no slip between the web and the roller

surface and web strain is uniform along the length of the print unit span.
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2.1.1 Effect of Web Strain

As the web is transported through the print unit, web elongation due to strain

changes results in the improper registration since the distance the printed im-

age needs to travel within the control volume changes; with a positive strain the

net distance a portion of print image needs to travel decreases whereas with a

negative strain the distance increases. In order to clearly understand the effect

consider the following assumptions:

• There is no slip between the web and the print cylinder, and the web and

the impression roller.

• The angular positions of consecutive print cylinders are the same and the

cylinders have the same radius, i.e., θ1(t ) = θ2(t ) ∀t , r1 = r2.

• The compensator roller is fixed at x = 0 so that L = l .

• The print cylinder velocity variations and strain variations are small and

do not cause a change in time τ1, where τ1 is the time delay for a point on

the web to travel from the upstream print cylinder to the downstream print

cylinder.

Note that when the image is printed on the web at the upstream print cylin-

der, the web is in a stretched state with strain ε1. Now as the printed image travels

in the control volume additional elongation may be experienced and this elonga-

tion per unit length is given by ε21 ¬ ε2−ε1. Note that if both the upstream strain

and the downstream strain are the same, then the same length of unstretched

web passes both the print cylinders which results in no registration error; the

registration error is a function of the relative stretched length or relative strain

17



2.1. Governing Equation for Print Registration Error

ε21. The registration error is neither a function of the absolute strain ε2 as dis-

cussed in [20] nor it is a function of the difference between the absolute strain ε2

and its nominal value as discussed in [19, 23].

Because of the relative elongation the net distance traveled by the web from

the upstream to the downstream print cylinder in time τ1 would increase or de-

crease based on the additional elongation; this length change affects registration

and the registration error due to web strain is

er (t ) = l −
∫ t

t−τ1

r1ω1(τ)
1+ε21(τ)

dτ. (2.1)

2.1.2 Effect of Compensator Roller Motion

The direct effect of the compensator roller motion on registration error is due

change in web path length because of its linear motion. Indirectly, its motion

may also cause strain variations which is implicitly accounted for in equation

(2.1). As the compensator moves, the span length that the web needs to travel

before reaching the next print cylinder increases or decreases. The additional

distance traveled by the printed portion of web due to the motion of the compen-

sator can be obtained from the net span length change during that period when

the printed web travels from the upstream print cylinder to the downstream print

cylinder. Note that the distance traveled by the web once it is past the compen-

sator will always be the same. Hence when a printed portion of the web moves

past the compensator roller, the compensator motion from that point forward in

time would not change the web span length for that portion of the web. Let τ2 be

the time taken by a point on the web from the upstream print cylinder to reach

the span downstream of the compensator roller; τ1 >τ2. And if it is assumed that

the compensator motion does not cause a change in time delays τ1 and τ2, the
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governing equation for the registration error due to web strain and compensator

motion is

er (t ) = l +

∫ t−τ2

t−τ1

˙̃l (τ)dτ−
∫ t

t−τ1

r1ω1(τ)
1+ε21(τ)

dτ. (2.2)

2.1.3 Effect of Print Cylinder Angular Position

Velocity variations between the print cylinders will result in the angular posi-

tion misalignment between the two print cylinders which will result in the reg-

istration error. It is imperative that the angular position of the print cylinders

are aligned at the start of the printing process and with mechanical line shafts

they are aligned using a key mechanism. Under ideal conditions, if the angu-

lar position and angular velocity of the two print cylinders are the same, then

a registration mark on the web from the upstream print cylinder at time t −τ1

will overlap exactly with a registration mark on the downstream print cylinder

at time t provided that the effect of strain variations and span length variations

are neglected, that is, when θ1(t −τ1) = θ2(t ). But if the print cylinder velocities

are not the same, then the registration error would be a function of the angular

position difference between the two print cylinders and can be given by

er 2(t ) = r1θ1(t −τ1)− r2θ2(t ) (2.3)

Note that, when the effect of strain is considered then the position error due

to velocity variations of upstream print cylinder has to be compensated for the

strain changes since that patch of the web would be elongated as it reaches the

downstream print cylinder.

Hence a overall registration error equation that includes the effect of print

cylinder velocity variations, strain variations and compensator roller motion is

er (t ) = l −
∫ t

t−τ1

r1ω1(τ)
1+ε21(τ)

dτ−
�

r2θ2(t )−
r1θ1(t −τ1)

1+ε21(t )

�

+

∫ t−τ2

t−τ1

˙̃l (τ)dτ. (2.4)
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The governing equation for the registration error can be obtained from equa-

tion (2.4) by taking the time derivative:

ėr (t ) = r1

�

1

1+ε21(t )
[ω1(t −τ1)−ω1(t )]+

ω1(t −τ1)
1+ε21(t −τ1)

�

− r2ω2(t )

−
r1θ1(t −τ1)ε̇21(t )

[1+ε21(t )]
2 +

�

˙̃l (t −τ2)− ˙̃l (t −τ1)
�

.

(2.5)

This equation (2.5) is applicable to any type of rotary printing presses. Note

that in presses with mechanical line shafts, independent control of print cylin-

der velocities is not possible and hence the compensator roller is used as the ac-

tive control device to minimize the registration error. But in the case of printing

presses with electronic line shafts, independent control of print cylinder veloci-

ties facilitate direct control of the registration error without the need for the com-

pensator roller. Hence in printing presses with electronic line shafts the registra-

tion error governing equation can be obtained from equation (2.5) by neglecting

the span length variation terms ˙̃l (t −τ2) and ˙̃l (t −τ1).

2.2 PRINT REGISTRATION EXPERIMENTS AND MODEL SIMULATIONS

The actual production run measurements from Armstrong printing press is used

to corroborate the developed model. Each print unit contains a roller mounted

on load cells to measure web tension. Registration error data is also measured

immediately downstream of each print cylinder by a registration sensor. Mea-

surement of web tension in each print unit is used to compute web strain in each

print unit by using a constitutive relation between web strain and tension under

the assumption that the material is elastic; this assumption is reasonable as the

composite webs are transported with reference strain corresponding to the low

strain region of the stress-strain curve of the material. Different types of mate-

rials and operating conditions were used during many production runs: webs
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that are 12 – 14 feet wide, modulus of elasticity ranging from 50,000 – 75,000 psi,

transport speed in the range of 150 – 180 feet per minute, and web tension in the

range of 200 – 500 pounds.

Figure 2.2 shows a representative sample of tension and registration error

data collected during a production run. The top plot shows the relative tension

at print cylinder 7 which is the difference between web tension in the spans up-

stream and downstream of print cylinder 6. The bottom plot shows the regis-

tration error measured immediately downstream of print cylinder 7. From the

figure it is observed that the relative tension and registration error are correlated.

To clearly see the correlation between relative tension and registration error the

Fast Fourier Transform (FFT) of the time domain data is shown in Figure 2.3.

Several distinct peaks in the tension and registration error data are observed; the

first peak is observed at 0.0315 Hz and the remaining peaks are higher-order har-

monics. Data from a number of production runs support the fact that relative

strain between two adjacent print unit spans has a significant effect on registra-

tion error in each print unit.

Simulations are conducted using the registration error equation (2.5) with

the measured tension data as input, that is, strain is computed using measured

tension data and used as input in equation (2.5). The registration error data from

these simulations are compared with the actual registration error data. A con-

stant web velocity is assumed at all the print cylinders and the effect of compen-

sator motion and the effect of print cylinder velocity variations are neglected in

the model simulations; the web is assumed to be elastic and web strain based

on measured web tension, with one second sampling time, is used in the model

to obtain registration error. Figures 2.4 – 2.5 show a representative sample of the
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Figure 2.2: Measured web tension and registration error in print cylinder 7 from a
production run.
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Figure 2.3: FFT of the relative tension and registration error data in print cylinder
7 from a production run.
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data comparing the model output and the actual registration error data collected

at print units 7 and 8. From these plots it is evident that without considering

the effect of print cylinder velocity variations and span length changes due to

compensator motion, the proposed model output data correlates well with the

actual registration error data. It is expected that with additional measurements,

such as the print cylinder velocities, compensator rate, one may obtain better

correlation between the output of the full model and the measured registration

error from experiments. In this industrial printing press, print cylinder veloc-

ity measurements are not available because of the inability to instrument in the

explosion proof environment around the print cylinders and the compensator

roller position measurements are also not available from the original equipment

manufacturer.
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Figure 2.4: Comparison of model output data and actual data (Run 1)
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Figure 2.5: Comparison of model output data and actual data (Run 2)

2.2.1 Comparison with Other Models in the Literature

To further illustrate the accuracy of the developed model, it is compared with

available models in the literature. By considering a constant web speed at print

cylinders and neglecting compensator motion, the registration error governing

equation (2.5) reduces to

− ėr (t ) =
v ∗s

1+ε21(t )
−

v ∗s
1+ε21(t −τ1)

(2.6)

where v ∗s is the steady-state web velocity at the print cylinders. The following

equation for the registration error is presented in [19, 23]

ėr (t ) =
v ∗s

1+ ε̃2(t )
−

v ∗s
1+ ε̃1(t −τ1)

(2.7)

where ε̃i is the strain variation above the nominal value. And the following regis-

tration error equation is presented in [20]:

ėr (t ) =
v ∗s

1+ε2(t )
−

v ∗s
1+ε1(t −τ1)

. (2.8)
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The model proposed in this paper uses relative strain, whereas absolute strain

is used in [20] and strain over nominal value is used in [19, 23]. Data from pro-

duction runs are used to compare these three models. Tension measurements

are used to obtain the registration error based on the models in equations (2.6)

– (2.8). Figures 2.6–2.10 show web strain in the three print units during produc-

tion runs. From the data it is evident that the web strains between print units are

not the same. In practice a draw is deliberately introduced between successive

print units and hence the mean web strain in each span will increase progres-

sively. Therefore, any model based on absolute strain is not accurate because

the right-hand-side in the registration error equation (input to the registration

error integrator), (2.8), will have a non-zero mean value which will result in the

unboundedness of the registration error. Figures 2.8–2.12 show the inputs to the

registration error integrator for the three models in print units 7 and 8 during a

particular production run, Run 2. The top and bottom plots show the integrator

input data corresponding to registration error in print unit 6 and print unit 7, re-

spectively. From these plot it is evident that the absolute strain model presented

in [20] does not provide a good representation of the actual system.

In order to compare the proposed model with the one presented in [23], it is

assumed that the mean strain in print unit is the nominal web strain within the

print unit. It is noted that since web tension is seldom maintained within print

units, it is unlikely that the mean web strain in a print unit will be same as the

nominal web strain in many practical situations. From Figures 2.9 and 2.8 it may

appear as if the input to the integrator signal for the model in [23] to have zero-

mean but that is not the case. In many industrial situations there may be a drift

in tension value within a span due to strain transport especially when tension
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Figure 2.6: Web strain from prints units 5 – 7 during a production run (Run 1).
Web strain is determined from web tension measurements based on the assump-
tion that the web material is elastic.
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Figure 2.7: Web strain from prints units 5 – 7 during a production run (Run 2).

is not actively controlled. Hence, introduction of the difference between actual

strain and its nominal value into the governing equation for registration error is

not appropriate as the nominal value of the strain is not well defined. To high-

light this observation a representative sample of production runs during which

the mean strain within a print unit span changed during the runs is shown in
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Figure 2.8: Comparison of input to the registration error integrator in the three
models; data corresponds to production Run 1.
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Figure 2.9: Comparison of input to the registration error integrator in the three
models; data corresponds to production Run 2.

Figures. 2.10 and 2.11; the corresponding inputs to the registration error integra-

tor is shown in Figures 2.12 and 2.13. From these figures it is evident that the

models presented in [23, 20] do not sufficiently capture the web transport be-

havior when web strains within the print units are not the same and when a drift
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in web strain is observed. The relative strain model presented in this paper cap-

tures the dynamic behavior of the print registration process better than the two

models compared here. The relative strain registration model output for the two

production runs with strain drift is shown in Figures 2.14 and 2.15. From these

figures it is evident that the proposed model captures the overall print registra-

tion dynamic behavior although a constant bias in the model output is observed

in the data. The span length change due to compensator motion that is neglected

in the registration error governing equation (2.6) may be the cause for this bias.
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Figure 2.10: Web strain from prints units 5 – 7 during a production run (Run 3).
A slow drift in the web strain can be observed in print unit 5 during this run.

Analysis of the print registration model and data obtained from actual pro-

duction runs clearly show the influence of relative strain on the registration error.

In practice, strain is seldom actively controlled within the print units. In print-

ing presses with mechanical line shafts, independent control of print cylinder

velocities is not possible; hence compensator rollers are used to compensate for

registration error. But the motion of the compensator roller causes strain vari-
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Figure 2.11: Web strain from prints units 5 – 7 during a production run. A sudden
shift in the web strain can be observed in print unit 5 during this run.
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Figure 2.12: Comparison of input to the registration error integrator in the three
models; data corresponds to production Run 3.

ations in the print unit. Similarly, direct control of each print cylinder angular

position also results in strain variations within the print unit. With strain trans-

port the tension disturbances occurring in spans preceding the print units are

likely to cause strain variations in succeeding print units. Machine induced dis-
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Figure 2.13: Comparison of input to the registration error integrator in the three
models; data corresponds to production run with sudden shift in web strain.
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Figure 2.14: Comparison of model output data and actual data (Run 3)
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2.3. Governing Equation for Web Strain

turbances in the print units, such as eccentric or out-of-round rollers, may also

cause strain variations that can affect registration error. Hence, control strategies

have be designed such that both strain variations and registration error are min-

imized simultaneously. In the following section, a governing equation for web

strain in a print unit with a compensator roller is presented to understand how

the web strain dynamics is affected by compensator motion and print cylinder

velocity variations.

2.3 GOVERNING EQUATION FOR WEB STRAIN

The compensator roller is a control device used in mechanical line shafted print

units to control registration error, see Figure 2.1. The compensator roller is po-

sitioned linearly, using parallel ball screw mechanisms, to adjust the length of

the span between the two print cylinders. The motion of the compensator roller

not only results in a span length change between the two print cylinders but also

affects web strain within the span.

Following the assumptions and the procedure outlined in [24] and without

the small strain assumption, the governing equation for strain due to compen-

sator motion and print cylinder velocities can derived as follows. From the law of

conservation of mass, the rate of change of mass in the control volume encom-

passing the span is equal to the difference in mass flow rate entering the control

volume and mass flow rate exiting the volume; it can be written as

d m

d t
=

d

d t





∫ y2

y1

ρ(y , t )A(y , t )d y



=ρ(y1, t )A(y1, t )V1(t )−ρ(y2, t )A(y2, t )V2(t )

(2.9)

where d m/d t is the rate of change of mass in the control volume, ρ(y , t ) is the

density of the web in the control volume, A(y , t ) is the cross sectional area of the
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web, ρ(y1, t ),ρ(y2, t ) are the density of the web at the entry and exit of the con-

trol volume, A(y1, t ), A(y2, t ) are the cross sectional area of the web at the entry

and exit of the control volume, V1(t ), V2(t ) are the web velocities at the entry and

exit of the control volume and y1, y2 are the entry and exit position of the web in

machine direction along the span.

To further simplify the derivation of the governing equation for tension, it is

assumed that the density and modulus of elasticity of the unstretched web are

constant over the cross sectional area and the unstretched web cross sectional

area is assumed constant along its length (machine direction). Consider an un-

stretched web of infinitesimal length d yu with cross sectional area Au and den-

sityρu . As this web is stretched the density changes toρ, the cross sectional area

changes to A and the length to d y . Since the mass of the web is constant we have

m =ρu Au d yu =ρAd y =ρA(1+εy )d yu (2.10)

where εy is the strain in machine direction. From the above equation we get

ρA =
ρu Au

1+εy
. (2.11)

Substituting the above relationship in equation (2.9) we get

d

d t





∫ y2

y1

ρu (y , t )Au (y , t )
1+εy (y , t )

d y



=
ρu (y1, t )Au (y1, t )

1+εy (y1, t )
V1(t )−

ρu (y2, t )Au (y2, t )
1+εy (y2, t )

V2(t ).

(2.12)

From the assumption that the web density, modulus and cross sectional area are

constant in the unstretched state, and that the strain is uniform along the length,

we get

d

d t





∫ y2

y1

1

1+ε2(t )
d y



=
V1(t )

1+ε1(t )
−

V2(t )
1+ε2(t )

. (2.13)

Note that if the compensator is fixed at a position such that l̃ = 0 then the limits

of integration are constant. But since the compensator is free to move up and
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down, one of the limits of the integration would be a function of time. With this

we get

d

d t





∫ y2(t )

y1

1

1+ε2(t )
d y



=
V1(t )

1+ε1(t )
−

V2(t )
1+ε2(t )

. (2.14)

In order to differentiate an integral of a function with variable limits the following

Liebniz integral rule is used.

d

d t

∫ y2(t )

y1(t )

f (x , t )d x =
d

d t
y2(t ) f (y2(t ),x )−

d

d t
y1(t ) f (y1(t ),x )+

∫ y2(t )

y1(t )

∂

∂ t
f (x , t )d x

(2.15)

Note that the y2(t ) can be written as y2(t ) = y 2+ l̃ (t ) where y 2 is a constant and

hence ẏ2(t ) = ˙̃l (t ). Application of Liebniz integral rule to equation (2.14) gives

˙̃l (t )
1+ε2(t )

−
ε̇2(t )(l + l̃ (t ))
(1+ε2(t ))2

=
V1(t )

1+ε1(t )
−

V2(t )
1+ε2(t )

(2.16)

which can be simplified to

ε̇2(t ) =
1+ε2(t )

l + l̃ (t )

�

V2(t )+ ˙̃l (t )−V1(t )
1+ε2(t )
1+ε1(t )

�

. (2.17)

For print units with electronic line shafts, ˙̃l (t ) and l̃ (t ) in Equation (2.17) will be

zero, and therefore, web strain will be influenced only by the two print cylinder

velocities.

Since strain is not a measurable quantity, the longitudinal web dynamics is

represented in terms of measurable tensile force. To obtain the governing equa-

tion for web tension using the equation for strain, one must choose a constitutive

material relation that relates web strain and web tension. Assuming the web ma-

terial to be elastic, the following constitutive relation cab be used.

T (t ) = E Aε(t ) (2.18)

where E is the modulus of elasticity of the web and T (t ) is the tension in the web

span. Hence, the governing equation for tension in the print unit span is given
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by

Ṫ2(t ) =
E A +T2(t )

l + l̃ (t )

�

�

V2(t )+ ˙̃l (t )
�

−V1(t )
E A +T2(t )
E A +T1(t )

�

. (2.19)

It is evident that the compensator roller linear velocity and position affect

web strain in the print unit span. In order to regulate web strain within a print

unit, independent control of web velocity at the upstream and downstream print

cylinders is necessary; and since the print cylinders are not controlled indepen-

dently, movement of the compensator roller to minimize registration error would

result in web strain variations in the span. For the rotogravure printing press con-

sidered in this work, neither the print cylinder velocities nor the strain is actively

controlled. It is well known that, even with active draw control, strain within

spans can be seldom maintained at its nominal value. The use of a single print

section motor to drive all the print units, as is done in mechanical line shafting,

worsens the problem even further. Small variations in print cylinder velocities

can significantly affect strain, and in turn the registration error. The compli-

ance in the mechanical line shafts and other transmission dynamics can cause

print cylinder velocity variations. In the following section a dynamic model for

the print section mechanical transmission and print cylinders is developed. The

interaction between machine and web dynamics is also considered. Based on

the developed model, design recommendations are provided to minimize print

cylinder velocity variations and strain variations within the print units.

2.4 PRINT SECTION VELOCITY DYNAMICS

The print section in the Armstrong printing press contains eight identical print

units. For simplicity, the speed and angular synchronization of all the print cylin-

ders are maintained by using a mechanical line shaft that connects all the print
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cylinders to a single print section motor; each print unit is equipped with a gear

box that transmits power from the line shaft to the print cylinder. To better un-

derstand the configuration and the dynamical behavior, the print section can

be represented as an equivalent system having eight inertial disks connected to

a single shaft as shown in Figure 2.16. The print cylinders are driven rollers that

facilitate web transport within the print section but the speed of each print cylin-

der cannot be controlled independently because of the mechanical coupling to

a single motor.

Gear 
box

Print Cylinder

Doctor Blade Assembly

Print Section
Motor

Common
Shaft

θmθl4 θl2 θl3 θl1 θr1 θr2 θr3 θr4

θprl1

θdrl1

Figure 2.16: A schematic showing the print section mechanical transmission with
angles used in this work. The print section motor drives the common shaft which
in turn transmits power to print unit gear boxes. The print cylinder and doctor
blade assembly in each print unit is driven by the torque transmitted through the
gear box.

Apart from driving the print cylinder, the power transmitted through the

The print cylinder can be engaged and disengaged as per the printing requirements by using
a clutch mechanism.
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gear box also drives a device called the doctor blade which is used to wipe ex-

cess ink off the print cylinder. The doctor blade is mounted on a blade holder

which pivots on an assembly frame. Figures 2.17 and 2.18 show a schematic of

the doctor blade assembly. Pneumatic cylinders, housed on the doctor blade as-

sembly frame, are used to apply pressure on the doctor blade holder such that

adequate pressure is applied at the contact between the doctor blade and the

print cylinder surface to wipe off excess ink.

Crank

Print unit frame

Doctor 
blade holder

Doctor base 
assembly frame

Pneumatic 
cylinders

Shaft fixed to 
doctor blade base frame

Linear BearingConnecting Rod

Figure 2.17: Doctor Blade Assembly

Doctor 
blade holder

Doctor blade

Doctor base 
assembly frame

Pneumatic 
cylinders

Print unit frame

Ink bath

Print cylinder

Figure 2.18: A side view of the doctor blade assembly and the print cylinder.

In order to produce even wear on the doctor blade, the doctor blade is made

to slide back and forth on the print cylinder as it wipes the ink off. To facil-

itate the rocking motion the entire doctor blade assembly is moved back and
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forth. A linear bearing facilitates the sliding motion of the doctor blade assem-

bly and a crank mechanism as shown in Figure 2.17 provides the power for the

motion. Whenever the print cylinder is engaged by the clutch mechanism, the

doctor blade assembly oscillates; but the doctor blade makes contact with the

print cylinder only when the pneumatic cylinders are engaged. The frequency of

oscillation of the doctor blade assembly is based on the gearing ratio and is usu-

ally fixed; the stroke length may be varied based on the crank radius. Since the

same gear box drives the print cylinder and the doctor blade assembly, the mo-

tion of the doctor blade assembly will affect the print cylinder velocity dynamics

due to mechanical compliance.

Since all the print units are mechanically coupled, loading in one print unit

will be reflected back to the print motor and will eventually affect all the print

units. Note that the print cylinder velocity dynamics is affected by the compli-

ance in the transmission, the doctor blade assembly dynamics, and web tension

in adjacent spans. Even if all the print cylinders rotate with a constant surface

velocity, strain transport and compensator roller motion would result in web

tension variations in the print units. Moreover, uncontrolled tension variations

within the print units may result in web slippage over the print cylinder which

may further degrade the print quality.

2.4.1 Model with Rigid Transmission Elements

A model assuming rigid transmission elements is considered in order to see the

effect of print unit loading on the print section motor. Let θm and ωm be the

angular position and angular velocity of the print section motor. Let θp ri and

ωp ri be the angular position and angular velocity of the i th print cylinder. Let

the transmission ratio (through the drive shaft and gear box) between print sec-
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tion motor and the i th print cylinder be n p ri so that θp ri = θm/n p ri and ωp ri =

ωm/n p ri . Let the transmission ratio between the crank, that drives the doctor

blade of the i th print cylinder, and the print section motor be n d ri ; then the an-

gular position of the crank with respect to the print section motor can be given

by θd ri = (θm/n d ri )+φd ri where, θd ri is the angular position of the crank andφd ri

the phase difference. Let ri be the radius of the i th print cylinder crank and l i be

the length of the connecting rod.

Let xd ri denote the position of the i th doctor blade assembly position from

the center of the doctor blade crank. The position of the doctor blade assembly

as a function of the doctor blade crank angle can be obtained as

xd ri = ri cosθd ri +
p

l 2
i − r 2

i sin2θd ri (2.20)

Since the doctor blade assembly is powered by the motion of the rotary crank,

the equation for the linear oscillatory velocity of the doctor blade assembly can

be derived as

ẋd ri =
d xd ri

d t
=

d xd ri

dθd ri

dθd ri

d t
=−



ri sinθd ri +
r 2

i sinθd ri cosθd ri
p

l 2
i − r 2

i sin2θd ri



ωd ri

The linear velocity of doctor blade assembly in terms of print motor coordinates

can be represented as

d xd ri

d t
=−

ωm

n d ri













ri sin

�

θm

n d ri

+φd ri

�

+
r 2

i sin

�

θm

n d ri

+φd ri

�

cos

�

θm

n d ri

+φd ri

�

r

l 2
i − r 2

i sin2

�

θm

n d ri

+φd ri

�













(2.21)

To determine the dynamics using Euler-Lagrange equation of motion we need

to determine the kinetic and potential energy of the system in terms of a set of

suitable coordinates; in this case print section motor angular velocity ωm and

angular position θm are used. Assuming all the transmission elements are rigid
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and gravity does not contribute to the dynamics, we can neglect any potential

energy in the system. The total kinetic energy is the sum of kinetic energies of

different rotating and translating masses and is given by

T = Tm +
8
∑

i=1

Tp ri +
8
∑

i=1

Td ri (2.22)

where Tm is the kinetic energy due to the print section motor, Tp ri kinetic energy

due to print cylinders and Td ri is the kinetic energy due to doctor blade assembly

motion. Expressions for these kinetic energies are given by

Tm =
1

2
Jmω

2
m , Tp ri =

1

2
Jp riω

2
p ri

, Td ri =
1

2
M d ri ẋ

2
d ri

(2.23)

Hence the Lagrangian L is given by

L = T −V

= Tm +
8
∑

i=1

Tp ri +
8
∑

i=1

Td ri =
ω2

m

2

 

Jm +
8
∑

i=1

Jp ri

1

n 2
p ri

+
8
∑

i=1

M d ri

1

n 2
d ri

f i (θm ,φi )

!

(2.24)

where

f i (θm ,φi ) = g i (θm ,φi )2 and (2.25a)

g i (θm ,φi ) =













ri sin

�

θm

n d ri

+φd ri

�

+
r 2

i sin

�

θm

n d ri

+φd ri

�

cos

�

θm

n d ri

+φd ri

�

r

l 2
i − r 2

i sin2

�

θm

n d ri

+φd ri

�













(2.25b)

Therefore, using Euler-Lagrange equation, the governing equations for the print

motor angular position is given by

d

d t

�

∂ L

∂ θ̇m

�

−
∂ L

∂ θm
=τm −bm θ̇m −

8
∑

i=1

bp ri

ωm

n p ri

−
8
∑

i=1

rp ri Fp ri

−
8
∑

i=1

Fd ri g i (θm ,φi )+
8
∑

i=1

bd ri

ωm

n d ri

g i (θm ,φi ) (2.26)

where τm is the print motor torque and bm is the print motor viscous friction

coefficient. For the i th print cylinder: bp ri is the viscous friction coefficient of the
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print cylinder bearing, bd ri is the viscous friction coefficient in the linear bearing

of the doctor blade assembly, Fp ri is the friction force opposing the print cylinder

rotary motion due to doctor blade contact, Fd ri is the friction force opposing the

doctor blade linear motion due to doctor blade contact. The left hand side of

Equation (2.26) can be obtained as

d

d t

�

∂ L

∂ θ̇m

�

=



Jm +
8
∑

i=1

Jp ri

 

1

n 2
p ri

!

+
8
∑

i=1

M d ri

�

1

n 2
d ri

�

f i (θm ,φi )





︸ ︷︷ ︸

Je q (θm ,φi )

θ̈m (2.27a)

+
8
∑

i=1

M d ri

�

1

n 2
d ri

�

∂ f i (θm ,φi )
∂ θm

θ̇ 2
m (2.27b)

∂ L

∂ θm
=

1

2

8
∑

i=1

M d ri

�

1

n 2
d ri

�

∂ f i (θm ,φi )
∂ θm

θ̇ 2
m (2.27c)

where

∂ f i (θm ,φi )
∂ θm

= 2ri
g i (θi ,φi )

n d ri





ri

�

cos2β − sin2β
�

q
+

r 3
i cos2β sin2β

q 3 + cosβ



 , (2.28)

β = θm

n d ri
+φi and q =

p

l 2
i − r 2

i sin2β . Hence, the equation of motion is given by

Je q (θm ,φi )θ̈m +bm θ̇m =τm −
8
∑

i=1

bp ri

ωm

n p ri

−
1

2

8
∑

i=1

M d ri

�

1

n 2
d ri

�

θ̇ 2
m

∂ f i (θm ,φi )
∂ θm

−
8
∑

i=1

rp ri Fp ri −
8
∑

i=1

Fd ri g i (θm ,φi )

+
8
∑

i=1

bd ri

ωm

n d ri

g i (θm ,φi ). (2.29)

Note that the equivalent inertia Je q is not a constant but it is a function of the lin-

ear position (or the crank angle) of the doctor blade assembly of each print unit.

The equivalent inertia changes due to the doctor blade assembly motion since

f i (θm ,φi ) is a function of the print motor angular position; note that Jm , Jp ri ,

M d ri , n p ri , n d ri are all constant. Figure 2.19 shows the normalized f i (θm ,φi )/l 2 as

a function of the print section motor angular position for several r /l ratios. From
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the plot it is evident that the r /l ratio must be small to ensure small variations

in Je q . The same conclusion can be reached by using the following logic. When

the crank arm rotates at a constant velocity the period of oscillation of the doctor

blade assembly is fixed. By increasing the crank arm radius the stroke length is

increased and hence the doctor blade assembly would have to reach higher ve-

locities to travel a longer distance within the same period of time. Hence, more

kinetic energy is required to accelerate the doctor blade assembly; this results in

large variations in equivalent inertia as the mass accelerates. In order to avoid

large variations in the equivalent inertia Je q the stroke length of the doctor blade

assembly has to be small.
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Figure 2.19: Effect of change in r /l ratio on the normalized f i as a function of
crank arm position

Similar to the equivalent inertia the input load disturbance due to doctor

blade assembly also varies as a function of the print section motor angular po-

sition; normalized input load disturbance as a function of angular position is

shown in Figure 2.20. From the plot it is evident that r /l has to be maintained
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small to reduce the magnitude of input disturbances. Unlike equivalent inertia,

load disturbances have sign changes. In order to avoid large input disturbances

the stroke length of the doctor blade assembly has to be small.
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Figure 2.20: Effect of change in r /l ratio on the normalized ∂ f i

∂ θm
as a function of

crank arm position

Note that the print section motor dynamics is affected by the equivalent in-

ertia and input load disturbances from all the print units; the overall disturbance

seen at the print section motor is a cumulative effect. Hence it is important to

observe the effect of phase difference between doctor blade oscillations on the

print section motor dynamics. Irrespective of the value of the r /l ratio, oscilla-

tions in doctor blade assemblies in all print units need to be out of phase with

each other to reduce dynamic variations in equivalent inertia and input load dis-

turbances. To reduce dynamic input load and equivalent inertia variations, no

two crank arms should be in phase and the phase of all crank arms should be

equally spaced around a circle.

The model developed in this section provides an understanding of how print
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unit loading due to doctor blade oscillations can affect the print section mo-

tor; but the assumption that the transmission elements are rigid in the dynamic

model development may not provide an accurate representation of the real sys-

tem. A model considering compliance in the common shaft is developed and

analyzed in the following section.

2.4.2 Model Assuming Print Unit Compliance

A dynamic model of the print section can be obtained by appropriately combin-

ing the rotary motion of the print cylinders and the linear motion of the doctor

blade assemblies in terms of the rotary motion of the print section motor. The

common shaft and the print unit gear box transmission elements are consid-

ered to be compliant but the crank and the connecting rod of the doctor blade

assembly are assumed to be rigid. The equations of motion are obtained using

Euler-Lagrange equations by considering the total potential and kinetic energy

in the print section. The total kinetic energy is given by

T =
1

2
Jm θ̇

2
m +

4
∑

i=1

1

2
Jl i θ̇

2
l i +

4
∑

i=1

1

2
Jr i θ̇

2
r i +

4
∑

i=1

1

2
Jp rl i θ̇

2
p rl i
+

4
∑

i=1

1

2
Jp rr i θ̇

2
p rr i

+
4
∑

i=1

1

2
M d rl i ẋ

2
d rl i
+

4
∑

i=1

1

2
M d rri

ẋ 2
d rri
+

4
∑

i=1

1

2
Jd rl i θ̇

2
d rl i
+

4
∑

i=1

1

2
Jd rri

θ̇ 2
d rri

.

(2.30)

The total potential energy is given by

V =
1

2
K (θm −θl 1)2+

1

2
K (θm −θr 1)2+

1

2
K

3
∑

i=1

(θl i −θl i+1)2+
1

2
K

3
∑

i=1

(θr i −θr i+1)2

+
1

2
K g r

4
∑

i=1

�

θl i

n p rl i

−θp rl i

�2

+
1

2
K g r

4
∑

i=1

�

θr i

n p rr i

−θp rr i

�2

+
1

2
K g r

4
∑

i=1

�

θl i

n d rl i

−θd rl i

�2

+
1

2
K g r

4
∑

i=1

�

θr i

n d rr i

−θd rr i

�2

(2.31)
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where θm is the print section motor angular position, θq is the angular posi-

tion of the common shaft at the q th position, θp rq is the angular position of

the print cylinder at the q th print unit, θd rq is the angular position of the doc-

tor blade crank at the q th print unit, Jq is the inertia of the common shaft at

the q th position, M d rq is the mass of the doctor blade assembly at the q th print

unit, K is the stiffness of the common shaft and K g r is the gear box stiffness, and

q = l i , r i , i = 1, . . . , 4.

The equation of motion for the print section motor can be obtained as

Jm θ̈m +K (θm −θr 1)+K (θm −θl 1) =τm −bm θ̇m (2.32)

where τm is the torque supplied to the print section motor and bm is the print

section motor viscous friction coefficient. Equations for other inertias on the

common shaft (Jl i , Jr i ) may be obtained in a similar fashion. Torque from the

common shaft is transmitted to the gear boxes in a series on either side of the

common shaft (see Figure 2.16). To derive the equations of motion for print

cylinders, viscous bearing friction (bp rq ) as well as the frictional effect (Fp rq ) of the

doctor blade contact with the print cylinder surface are taken into consideration.

In order to simplify the model, it is assumed that the friction force due to the axial

motion of doctor blade does not affect the dynamics of the print cylinder; friction

force that is tangential to the surface of the print cylinder due to contact with the

doctor blade is considered. Therefore, the dynamics for the print cylinders can

be obtained as

Jp rq θ̈p rq +bp rq θ̇p rq = K g r

�

θq

n p rq

−θp rq

�

− rp rq Fp rq (2.33)

where rp rq is the radius of the print cylinder at the q th print unit.

Note that the velocity of the doctor blade assembly may be obtained from

the doctor blade crank angular velocity by the following transformation (assum-
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ing the crank and the connecting rod to be rigid):

ẋq =−






rq sinθq +

r 2
q sinθq cosθq
Æ

l 2
q − r 2

q sin2θq






θ̇q , q = d rl i , d rr i , i = 1, . . . , 4 (2.34)

where ẋq is the linear velocity of the doctor blade assembly at the q th print unit,

rq is the radius of crank and lq is the length of the connecting rod at the q th print

unit.

Then the dynamics of the q th doctor blade assembly is given by

�

M d rq f q (θd rq )+ Jd rq

�

︸ ︷︷ ︸

Je qd rq

θ̈d rq =K g r

�

θq

n d rq

−θd rq

�

−
1

2
M d rq

∂ f q (θd rq )

∂ θd rq

θ̇ 2
d rq

︸ ︷︷ ︸

Wd rq

− Fd rq g q (θd rq )+bd rq g q (θd rq )θ̇d rq
︸ ︷︷ ︸

−ẋd rq

(2.35)

where

g q (θd rq ) =






rd rq sinθd rq +

r 2
d rq

sinθd rq cosθd rq

Æ

l 2
d rq
− r 2

d rq
sin2θd rq






, f q (θd rq ) = g q (θd rq )

2. (2.36)

Note that the equivalent inertia Je qd rq
and the input disturbance Wd rq are

functions of the crank angle. Since rigid elements are assumed to transmit power

to the doctor blade assembly, the equivalent inertia and input disturbances are

functions of the linear position of the doctor blade. From the dynamics it is evi-

dent that the doctor blade motion causes velocity variations at the print cylinder

due to variations in equivalent inertia and load disturbance. The variations in

both the equivalent inertia Je qd rq
and the input disturbance Wd rq may be reduced

by reducing the stroke length of the doctor blade assembly.

A friction model that includes the viscous and Coulomb effects is consid-

ered, accounting for lubricating effect of the ink contributing to the viscous fric-

tion and the doctor blade loading contributing to the Coulomb friction. The net

45



2.4. Print Section Velocity Dynamics

friction force is therefore given by

F = Fcq
sgn(vrq )+ Fvq

vrq , vrq =
Æ

v 2
sq
+ ẋ 2

d rq
(2.37a)

vsq = rp rq θ̇p rq , ẋd rq =−g q (θd rq )θ̇d rq (2.37b)

where Fcq and Fvq are Coulomb and viscous friction coefficients, respectively, at

print cylinder q , vrq is the relative velocity between the print cylinder and doctor

blade in print unit q , vsq is the surface velocity of print cylinder q , and rp rq is the

radius of the print cylinder q . Hence, the friction forces on the print cylinder and

doctor blade assembly are given by

Fp rq = F
vsq

vrq

, Fd rq = F
ẋd rq

vrq

(2.38)

The model is a function of the relative velocity between the doctor blade linear

velocity and the print cylinder surface velocity. Note that the surface velocity of

the print cylinder is much larger in magnitude than the doctor blade velocity.

If the doctor blade is actuated by an independent motor, then the print cylin-

der velocity will be influenced by doctor blade oscillations only through the fric-

tional contact and not through mechanical coupling. In the case of print units

with electronic line shafting, the torque transmitted through the mechanical cou-

pling in Equation (2.33) should be replaced by the torque generated by the inde-

pendent motor of the print cylinder. Even in this case the doctor blade frictional

contact will influence print cylinder velocity. But with electronic line shafting the

angular misalignment between print cylinders due to shaft compliance is elim-

inated which enables increase in line speed and machine size due to reduced

mechanical vibrations [25].
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2.5 PRINT CYLINDER VELOCITY DYNAMICS DUE TO WEB WRAPPED

IMPRESSION ROLLER

An impression roller, with a backup roller, is used to nip the web with the print

cylinder for efficient transfer of ink from the print cylinder to the web; see Fig-

ures 2.1 and 2.21. The nipping action also increases traction between the web

and the roller. The print cylinder velocity model presented in the previous sec-

tion did not include the loading due to the impression roller and the web. With-

out engaging the print units the web transport is facilitated by the two pull rolls

on either side of the print section. When the web wrapped impression rollers are

nipped to the print cylinders additional energy is imparted to the web to further

facilitate transport. In this section a model that includes this loading on the print

cylinder will be presented.
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Figure 2.21: A sketch showing the frictional forces on the print cylinder and the
web.

Figure 2.21 shows the forces involved at the contact of the print cylinder and
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the impression roll; let the web wrap angle be β1 + β2 as shown in the figure.

Denote the tension upstream and downstream of the q th print cylinder to be Ti q

and Ti+1q (note that the subscript q is omitted from the variables in the figure).

Let FDq be the force applied on the doctor blade and let γ1q be the doctor blade

contact angle as shown in Fig. 2.21. When the web does not make contact with

the print cylinder, the impression roller acts as an idle roller and is driven by the

relative tension in the spans upstream and downstream of the roller. When the

impression roller is nipped onto the print cylinder, frictional forces between the

web and the print cylinder affect the rotational dynamics of the impression roller.

In Fig. 2.21, Ft is the force due to the tension differential and F f is the force due

to friction. Based on the wrap angle and the tension upstream and downstream

of the impression roll, a normal force Fnw acting upwards opposes the nip force

Fni and the net normal force is FN = Fni - Fnw.

A friction model that includes stiction, Coulomb and viscous effects is con-

sidered to describe the friction force between the web and the print cylinder.

Since ink fills the grooves in the gravure print cylinder, viscous effect is added

to a basic model of friction with stiction and Coulomb friction effects. Define

the relative velocity between the web and the print cylinder surface to be δvq =

rp rqωp rq − rIqωIq . Let µs wq denote the static friction coefficient, µd wq denote the

dynamic friction coefficient, and Fv wq denote the viscous friction coefficient. The

friction force between the web and the print cylinder is given by

F f q =























µs wq FNq
︸ ︷︷ ︸

Fs wq

, if δvq = 0

µd wq FNq
︸ ︷︷ ︸

Fc wq

sgn(δvq )+ Fv wqδvq , otherwise

The following assumptions are considered to obtain the model:
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1. The coefficient of friction between the web and the impression roller is

greater than the coefficient of friction between the web and the print cylin-

der; the surface of the impression roller is usually covered with rubber elas-

tomers to increase traction.

2. There is no slip between the surface of the impression roller and the web;

this is typically achieved by employing an adequate wrap angle and an ap-

propriate nipping force.

3. The thickness of the web is negligible compared to the radius of the im-

pression roller; this allows for the assumption that the surface velocity of

the web is same as the peripheral velocity of the impression roll.

The dynamics of the q th impression roll is given by

JIq ω̇Iq +b I m qωIq = rIq

�

Ftq +F f q

�

(2.39a)

Ftq = Ti+1q −Ti q , F f q = f (FNq ,δvq ) (2.39b)

FNq = Fniq −
�

Ti q sin(β1)+Ti+1q sin(β2)
�

, (2.39c)

where web tension can be obtained from the strain equation (2.17) by assuming

the web to be perfectly elastic, i.e., Ti q = E Aεi q .

The print cylinder dynamics when nipped by the web wrapped impression

roller is given by

Jp rq θ̈p rq +bp rq θ̇p rq = K g r

�

θq

n p rq

−θp rq

�

− rp rq

�

Fp rq + Ff q

�

(2.40)

where Fp rq is given by equation (2.38) with Fc q = µp rq cos(γ1q )FDq ; µp rq is the fric-

tion coefficient between the print cylinder and the doctor blade, γ1q is the doctor

blade contact angle, and FDq is the load force on the doctor blade.
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The model for registration error given previously did not consider the effect

of web slip on the print cylinder; the model can be modified to the following to

include slip:

er (t ) = l −
∫ t

t−τ1

rIqωIq (τ)

1+ε21(τ)
dτ−

�

r2θ2(t )−
r1θ1(t −τ1)

1+ε21(t )

�

+

∫ t−τ2

t−τ1

˙̃l (τ)dτ. (2.41)

Note that when web slips on the print cylinder the web velocity rIqωIq will be

either greater than or less than the print cylinder surface velocity.

2.6 DESIGN RECOMMENDATIONS TO MINIMIZE STRAIN VARIATIONS

WITHIN PRINT UNITS

The model for the print cylinder velocity dynamics provides insights into how

various mechanical elements can be designed to minimize web strain variations

within the print unit. First, the doctor blade oscillation may cause print cylin-

der velocity variations which in turn may cause strain variations. As shown ear-

lier, the stroke length of the doctor blade oscillation affects the equivalent inertia

Je qd rq
and the input disturbance Wd rq . As the stroke length increases more kinetic

energy is required to accelerate the doctor assembly since the period of oscilla-

tion of the doctor blade assembly is fixed by the gear ratio; hence this affects the

print cylinder velocity due to gear box compliance. Additionally, since all the

print units are connected to the common shaft, the doctor blade oscillations at

different print units have a cumulative effect on the print section motor due to

compliance; the load disturbance on the print section motor due to doctor blade

motions can be minimized if the oscillations of the doctor blades in the print sec-

tion are out-of-phase with each other. Independent motors to drive the doctor

blade assemblies can significantly reduce print cylinder velocity variations due
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to doctor blade oscillations.

Recall the plots shown in Figure 2.3. The first peak observed at 0.0315 Hz

coincides with the fundamental frequency of oscillation of the doctor blade as-

sembly. Therefore, it appears that the motion of the doctor blade affects both

web tension and registration error. Observation of the tension signals upstream

and downstream of print cylinder 6 (see Figure 2.22) indicate that oscillations

in web tension are not due to transport of strain from upstream spans but are

created in the print unit span itself.
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Figure 2.22: Measured web tension in print unit 5 and print unit 6.

Observations based on the data collected during various production runs

revealed that the distinct peak observed at 0.0315 Hz in Figure 2.3 does not ap-

pear in all production runs. To ascertain the exact cause for the occurrence of the

peak at 0.0315 Hz, modifications to doctor blade oscillations were made. It was

It is noted that the modifications were made during production runs, hence only small in-
cremental modifications were possible.
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Print Unit # Stroke Length Crank position
4 2.1 cm 7 o’clock
5 1.9 cm 10 o’clock
6 4.5 cm 8 o’clock
7 1.1 cm 1 o’clock
8 1.9 cm 6 o’clock

Table 2.1: Doctor blade stroke length and crank arm position during out-of-phase
run for various print units. The stroke length is given in centimeters and relative
crank arm angular position is represented in terms of the needle of the clock.

hypothesized that the possible cause for the occurrence of the peak is due to the

phase difference between different doctor blade oscillations. The phase of the

oscillation of a doctor blade can be characterized based on the crank angular po-

sition. Two sets of data were collected by either synchronizing the doctor blade

crank position or by ensuring that the crank positions at various print units are

out-of-phase; no changes to the stroke lengths were made. The crank positions

for the out-of-phase runs and the stoke length for various print units are shown

in Table 2.1. Since all the doctor blades oscillate with the same frequency, the

angular orientation of each crank with respect to every other crank will remain

the same at any instant. When the doctor blades are made to oscillate in-phase,

each crank will have the same angular position at any instant of time.

The FFT of relative tension and registration error data for the two scenarios

are shown in Figures 2.23 and 2.24. It is evident that the peak at 0.0315 Hz is vis-

ible when the doctor blades oscillates in phase with each other while the peak

is nonexistent when the doctor blade oscillations are out-of-phase. Additionally,

comparing the amplitudes of the peaks with the stoke lengths at each print unit,

a positive correlation between the stoke length and the peak amplitude is also ev-

ident. The data corroborates the hypothesis that doctor blade oscillations need

to be out-of-phase and the stoke lengths need to be small.
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Figure 2.23: FFT of differential tension and registration error at various print
units when doctor blade oscillations are out-of-phase with each other.

Even when the doctor blade assemblies are driven by independent motors,

print cylinder velocities are affected by the frictional contact of the doctor blades.

Note that the relative velocity between doctor blade oscillation and print cylinder

surface velocity has less variations if the linear velocity of the doctor blade is

much smaller in magnitude when compared to the surface velocity of the print

cylinder; this implies that the friction force opposing the print cylinder velocity

will have less variations. Therefore, even when an independent motor is used for

the doctor blade, the stroke length and velocity of oscillation need to be small.

Excessive contact force between the doctor blade and print cylinder may

result in print cylinder velocity variations due to frictional contact and hence a

suitable doctor blade loading force needs to be maintained. Depending on the

The ideal situation is to have no doctor blade oscillation, and since that is not possible, the
stroke length of oscillation and linear velocity of doctor blade need to be small.
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Figure 2.24: FFT of differential tension and registration error at various print
units when doctor blade oscillations are in with each other.

choice of the material for the doctor blade it may be possible to reduce doctor

blade loading force.

Another cause for strain variations within the print unit is the motion of the

compensator roller, which is evident from equation (2.17). The rate at which

the compensator is linearly positioned, at the required location to compensate

for the registration error, has a significant effect on web strain in the print unit.

Additionally, without rate constraints, large strain variations due to compensator

motion may result in web slippage on the print cylinder if adequate nipping force

is not maintained, which is evident from equation (2.39).
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2.7 REMARKS

Based on the analysis of the model and from experimental data it is evident that

a primary cause for misregistration is variations in web strain from one print unit

to the other. Therefore, to minimize registration error, tension variations must be

minimized. In practice, it appears that web tension is not regulated within the

print units, rather registration error is directly controlled using a compensator

roller or by controlling the print cylinder velocities.

Although expensive to install and maintain, the current trend in printing

presses is to use electronic line shafts (ELS) to synchronize the motion of the

print cylinders [25]. By using ELS, fine control over print cylinder velocities is

achieved and it is generally argued in the literature that there is no longer a need

for a compensator to correct registration error. But from the print registration

model developed in this dissertation it is evident that the strain variations need

to be minimized to reduce the registration error. It is hypothesized that a com-

pensator in addition to ELS will provide better registration control compared to

the use of just electronic line shafts. This will be investigated further in Chapter 4.

It is evident from the dynamic models and experimental data that the reg-

istration error in one print unit can influence registration in subsequent print

units. Therefore, it is important to analyze the effect of interaction between dif-

ferent print units. Development of a suitable control strategy to minimize propa-

gation of registration error throughout the print section is also a topic for interest

which will be investigated in the following chapter.
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CHAPTER 3
Interaction Analysis in Decentralized

Control Systems

3.1 INTRODUCTION

In many large-scale interconnected system applications decentralized controllers

are often employed due to the ease of their implementation and simplicity. Typi-

cally these decentralized controllers are designed based on the dynamics of each

subsystem without considering the interconnection between subsystems; inter-

connections are sometimes treated as unknown disturbances but seldom the de-

centralized controllers are designed to specifically minimize the effect of the in-

terconnections or the interaction. There may be a desire to minimize interaction

between subsystems for many reasons, and one of these reasons may be to min-

imize propagation of disturbances from one subsystem to another. This chapter

focuses on quantifying interaction by introducing a Perron-root based interac-

tion metric (PRIM), design of decentralized filters to minimize interaction, and

applying this to roll-to-roll (R2R) manufacturing systems through a comprehen-

56



3.1. Introduction

sive experimental study on a large R2R experimental platform.

A R2R system is a large-scale system with several subsystems interconnected

by the web transport. Decentralized control strategies are typically used in R2R

machines because of their simplicity and ease of implementation [26, 27, 28],

where each driven roller is controlled based on measurements, such as web speed

and web span tension, from that section (subsystem).

Interaction between the machine dynamics and web dynamics is inevitable

as the web is transported on rollers through processing machinery, and it has

been an active topic of interest in web handling. Extensive work has been done

to investigate web behavior as it is transported on rollers through processing

machinery and its interaction with machine dynamics (see [1, 29, 27, 30] and

references therein). In addition to interaction between the web and machine dy-

namics, interaction between adjacent web tension zones (adjacent subsystems)

exists in roll-to-roll processing machines; a tension zone is typically defined as

the web between two driven rollers. As the web is transported, web tension dis-

turbances are propagated both upstream and downstream of each tension zone

due to strain transport [1, 29]. A systematic analysis of the overall interaction in

roll-to-roll systems employing decentralized controllers is not currently available

in the literature, which is the focus of this chapter.

In a roll-to-roll printing process with multiple print units, the registration

error in each print unit is minimized either by using a compensator roller or by

directly controlling the angular position of the print cylinder in that print unit.

Because of strain transport, the compensation of registration error in one print

unit will affect the error in subsequent print units. This interaction has not been

studied in the literature. Currently, with no coordinated control between print
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units, the problem is basically treated in a decentralized manner without any

analysis. A new interaction metric for decentralized control developed in this

chapter will be used in the following chapter to analyze interaction in roll-to-roll

printing.

In general interaction in multivariable systems may be described as the in-

fluence of each input (output) on all the outputs (inputs). The level of interaction

may be investigated by representing the input-output relationship of the multi-

variable system as a transfer function matrix; for example, if all the off-diagonal

entries of the transfer function matrix are zero, then there is no interaction. Prior

work related to interaction analysis in multivariable systems (multivaribale pro-

cess control applications) dealt with the determination of ideal loop-paring be-

tween the input and output variables [31, 32, 33, 34] because of the destabilizing

effect of various input–output combinations. Interaction measures that quantify

constraints on stability with decentralized controllers due to the effect of inter-

action have been studied in [35, 36]. Whereas, a R2R system is a large-scale in-

terconnected system with clearly defined subsystems which interact with each

other and hence the need for analysis of interaction to determine the ideal loop-

ing paring is irrelevant. Moreover, the existing interaction measures that provide

constraints on stability does not provide a systematic procedure to design con-

trollers and filters in order to minimize interaction in the system. The main con-

tribution of this chapter is an interaction metric that provides information about

the level of interaction in the system and that provides a systematic procedure to

minimize interaction in decentralized large-scale interconnected systems.
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3.2 PERRON-FROBENIUS THEORY

The Perron-Frobenius theory provides tools to study spectral properties of square,

real, nonnegative matrices; and specifically to a special family of nonnegative

matrices. In this section the preliminaries needed to understand the develop-

ment of the new interaction metric would are presented and discussed.

A matrix is said to be positive if all the elements of the matrix are positive.

Square, real, positive matrices exhibit some unique spectral properties and these

were first studied by Perron in detail. Substantial extensions to the positive ma-

trix theory to include nonnegative matrices were developed by Frobenius [37].

A matrix is nonnegative if all the elements of the matrix are real and nonnega-

tive. Mathematically, A ∈Rm×n is a nonnegative matrix if its elements a i j satisfy

a i j ≥ 0,∀i , j ; A ≥ 0 is the notation used to represent the nonnegative matrix A.

But nonnegative matrices with special structure have spectral properties similar

to those of positive matrices as shown by Frobenius. These special matrices are

called irreducible matrices.

IRREDUCIBLE MATRIX

An×n is said to be an reducible matrix [37] when there exist a permutation matrix P

such that

P>AP =









X Y

0 Z









, where X and Y are both square.

Otherwise A is said to be an irreducible matrix.

Irreducibility in graph theory means that any node can be reached from any other

node in the graph, i.e., the graph is strongly connected.
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PRIMITIVE MATRIX

A nonnegative irreducible matrix An×n having only one eigenvalue, r = ρ(A), on its

spectral circle is said to be a primitive matrix [37].

The Perron-Frobenius theorem is stated in the following [37].

PERRON-FROBENIUS THEOREM

If An×n ≥ 0 is irreducible, then the following statements are true.

• r =ρ(A)∈σ(A) and r > 0 (r is the Perron root)

• r is a simple eigenvalue

• There exists a vector x > 0 such that Ax = r x

• The Perron vector is the unique vector defined by

Ap = r p , p > 0, and ||p ||1 = 1,

and, except for positive multiples of p , there are no other nonnegative eigen-

vector for A, regardless of the eigenvalue.

• The Collatz-Wielandt formula holds – i.e., r =maxx∈N f (x ), where

f (x ) = min
1≤i≤n , x i 6=0

=
[Ax ]i

x i
andN = {x |x ≥ 0 with x 6= 0}.

where ρ(A) is the spectral radius of A, σ(A) is the set containing the eigenvalues

of A, x > 0 implies that all elements of x are greater than zero or x is a positive

vector and ||(.)||1 is the one-norm or the sum of the elements in the vector (.).

The Perron-Frobenius theorem is powerful and elegant. First, the largest eigen-

value of the matrix A is real, simple and it lies on the spectral radius of A. There

is always a positive eigenvector for the matrix A and it can only be a positive
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multiple of the unique eigenvector p corresponding to the eigenvalue r . Finally,

the Collatz-Wielandt formula is valid for all nonnegative matrices including re-

ducible matrices.

3.3 PERRON-ROOT BASED INTERACTION MEASURE

The Perron-root based interaction metric developed in this chapter is applica-

ble to a class of large-scale interconnected systems where each subsystem can

be reduced to a single-input single-output subsystem. In general the metric can

be applied to any multivariable system with equal number of inputs and out-

puts not necessarily large-scale interconnected systems. In a general framework

consider a multivariable system with the following input-output relationship:

y = G (s )u , where u ∈ Rn is the input vector, y ∈ Rn is the output vector and

G (s ) is the n ×n rational, plant transfer function matrix. The interaction in the

system is due to the off-diagonal elements in the transfer function matrix; and

by quantifying the relative effect of off-diagonal elements on a particular input-

output relationship one can see the effect of interaction on a particular subsys-

tem. Let G be separated as G =G + eG where G has diagonal elements of G and

eG has off-diagonal elements of G ; interaction may be quantified by the size of

eG . The relative effect of the off-diagonal elements on a particular output can be

understood by observing the size of the relative error matrix L H ¬ eGG
−1

.

3.3.1 Quantifying Interaction

Interaction in the system can be quantified by the size of relative error matrix

L H . In this work a D-weighted induced Hölder l∞ norm of L H is used to quantify

interaction. This norm is equal to the Perron root of the companion matrix which
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is defined in the following.

Definition 3.3.1. For an n ×n transfer function matrix G (s ), 〈G (jω)〉 is the compan-

ion n ×n positive matrix such that 〈G (jω)〉k l is the magnitude of G (jω)k l at the fre-

quencyω.

Definition 3.3.2. The Perron root based interaction metric (PRIM) for the system G is

defined as

pL H (ω)¬P (〈L H (jω)〉) (3.1)

whereP (〈L H (jω)〉) is the Perron root of the irreducible matrix 〈L H (jω)〉 at frequency

ω.

Since PRIM is a norm that quantifies the size of the relative error matrix L H , a

smaller value for it means less interaction. Note that PRIM does not provide

information about interaction in each loop, but provides an overall picture of

interaction in the multivariable system. And PRIM is bounded from below and

above by the least and the worst possible interaction in individual loops as a con-

sequence of Lemma 3.3.3 state below.

Lemma 3.3.3 (Lemma 3.1.1 in [38]). Let A ≥ 0 be an n × n matrix with row sums

r1, . . . , rn . IfP (A) is the Perron root of A, then

min
1≤i≤n

ri ≤P (A)≤ max
1≤i≤n

ri .

And if A is primitive, then equality on either side implies equality throughout [39].

To study interaction, an interaction metric can also be defined based on the

matrix T ¬GG
−1

as

pT (ω)¬P (〈T (jω)〉). (3.2)

Note that the matrix 〈T 〉 is the same as the matrix g pq (s0) in [40]with 〈T 〉 being a

function of ω rather than a single frequency s0. The matrix 〈T 〉 possesses some
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desirable characteristics, specifically 〈T 〉 is primitive, that may be exploited to

obtain stronger results when compared to 〈L H (jω)〉. 〈L H (jω)〉 is considered be-

cause it can be readily compared with the structured singular value interaction

measure [35].

In the following, it is assumed that 〈L H 〉 is irreducible. For the sake of brevity,

〈·〉 and ω will be dropped from the notation whenever there is no confusion be-

tween a rational transfer function matrix and a nonnegative matrix; when ω is

dropped, it implies that the condition or statement is valid for all frequencies.

The following lemma provides the relationship between pL H and pT .

Lemma 3.3.4. pL H = pT −1.

Proof. The matrix T is related to L H by

T =GG
−1
=
�

G + eG
�

G
−1
= I + eGG

−1
= I + L H

If vi is an eigenvector of L H corresponding to the eigenvalue λL H i , then vi is also

an eigenvector of T and the corresponding eigenvalue is λTi = 1+λL H i . It has to be

shown that if λTi = pT , then the corresponding λL H i is pL H . Since L H is irreducible,

T = I + L H is irreducible (from Corollary 1.10.a of [41]). Also, since the trace of L H is

zero and the trace of I = n > 0, T is a primitive matrix (from Corollary 2.28 of [41]).

Since T is primitive, pT is the only eigenvalue of T that is on the spectral circle of T .

Therefore, there exists a real λp > 0 such that pT = 1+λp and λp is greater than or

equal in magnitude to any eigenvalue of L H , i.e., λp ≥ |λL H i |, ∀i . SinceλT i = 1+λL H i ,

and if λT i = pT , then it must be that pT = 1+pLH .

It is clear that the Perron eigenvectors are the same for both the matrices T

and L H . Additionally, T being primitive ensures that pL H is the only eigenvalue

on the spectral circle of L H , i.e., no other eigenvalue has magnitude greater than
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or equal to the Perron root. This fact turns out to be important for the interaction

minimization problem which is discussed in the following.

3.3.2 Minimizing Interaction

Lemma 3.3.5. (Lemma 1.2 in [40]) Let T be a primitive square matrix with the Perron-

Frobenius eigenvalue r . Then, for all x > 0,

min
i

∑

j Ti j x j

x i
≤ r ≤max

i

∑

j Ti j x j

x i
.

Corollary 3.3.6. (Corollary 1.3 in [40])

max
x>0

min
i

∑

j Ti j x j

x i
= r =min

x>0
max

i

∑

j Ti j x j

x i
,

and the optimal x is the Perron-Frobenius right eigenvector in both cases.

Remark 3.3.7. If supωpL H (ω) < 1, then there exists a decentralized pre-filter that

would ensure diagonal dominance (minimize interaction) at all frequencies. The pre-

filter is obtained directly from the right Perron eigenvector of L H (ω).

From Lemma 3.3.5 and Corollary 3.3.6 it is evident that if an n × n primi-

tive matrix T is pre-multiplied (scaled) by a diagonal matrix D ¬ diag{x1, . . . ,xn},

where x i are the elements of the Perron-Frobenius right eigenvector x , then the

resulting primitive matrix has all the row sums equal to the Perron root of T ; this

is the optimal scaling matrix that minimizes the overall interaction in matrix T .

Consequently, if supωpT (ω) < 2 (supωpL H (ω) < 1) in the frequency range of in-

terest, then diagonal dominance can be achieved by using an optimally scaled

decentralized pre-filter whose magnitudes response is equal to the correspond-

ing Perron vector in the frequency range of interest. The i t h decentralized pre-

filter is this obtained by fitting a stable, non-minimum phase, rational transfer
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function to the magnitude of the i t h element of the Perron eigenvector of T (jω).

Since the Perron eigenvector of L H (jω) is the same as that of T (jω), the pre-

filters obtained by using the right eigenvector of L H (jω)will minimize the inter-

action in the system.

Mees [40] introduced the concept of achieving diagonal dominance by us-

ing a static pre-compensator (post-compensator). He also showed that diago-

nal dominance can be achieved with a static pre-compensator over a range of

frequencies. Since the static pre-compensator is conservative, results from that

work are used and extended to obtain a dynamic pre-filter that reduces inter-

action and guarantees stability of the overall system for decentralized control

applications.

Note that the Perron-Frobenius theory ensures that the Perron eigenvector

is unique and none of the elements in the Perron eigenvector is non-positive.

Moreover, the theory ensures that none of the elements of the Perron vector has

magnitude greater than one; in fact the sum of the elements of the Perron vector

is always equal to one. Hence, the pre-filter obtained from the Perron vector will

always de-tune the system in order to minimize interaction. Interaction mini-

mization does not guarantee performance of each individual section. In order to

meet the performance requirements all the pre-filters can be scaled equally; the

scaling does not change the underlying Perron eigenvector. One has to ensure

that the stability is guaranteed with the scaled pre-filters. In the following the

stability constraint based on PRIM is discussed.

Along with Lemma 3.3.5 and Corollary 3.3.6 another Lemma [40, Lemma 1.4] is used in [40]
to design a static pre-filter that reduces interaction in the system. The static pre-filter is the right
eigenvector of the nonnegative matrix Q which is obtained from T (jω) as Qk l ¬ supω |Tk l (jω)|.
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3.3.3 Stability Constraints

Interaction metrics that quantify the destabilizing effect of interaction provide

constraints on the size of relative error matrix based on diagonal closed-loop

system [35, 36]. In a general framework, for the rational transfer function ma-

trix G (s ) if K is a decentralized controller that stabilizes the diagonal plant G ,

i.e., the diagonal closed-loop system H is stable where H =G K (I +G K )−1. From

the multivariable Nyquist stability criteria we know that the closed-loop system

with the diagonal controller K is stable if and only if

det[I +G (s )K (s )] 6= 0,∀s ∈DR (3.3a)

lim
R→∞

N (0, det[I +G (s )K (s )],DR ) =−q0 (3.3b)

where N (0, (·),DR ) represents the number of clockwise encirclements of the ori-

gin by the image of the Nyquist contour DR (with appropriate indentations to

avoid any open-loop poles on the imaginary axis) under (·) and q0 is the num-

ber of open-loop unstable poles of G K . If G and Ḡ have the same number of

unstable poles and if K stabilizes Ḡ then the stability condition reduces to

det[I +G (s )K (s )] 6= 0,∀s ∈DR (3.4)

Then the condition for K to stabilize the overall plan G is given by the following

theorem.
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3.3. Perron-Root Based Interaction Measure

Theorem 3.3.8. Assume G and G have the same number of unstable poles and H is

stable. Then the closed-loop system H =G K (I +G K )−1 is stable iff

det[I + L H H ] 6= 0 ∀s ∈DR (3.5)

Proof.

I +G K = I +Ḡ K +G̃ K

= [I +G̃ K (I +Ḡ K )−1][I +Ḡ K ]

= [I +G̃Ḡ−1H̄ ][I +Ḡ K ]

=⇒ det[I +G K ] = det[I + L H H̄ ]det[I +Ḡ K ]

Since det[I+Ḡ K ] 6= 0∀s ∈DR , H will be stable if and only if det[I+L H H̄ ] 6= 0∀s ∈DR

(from equation (3.4)).

By using the small gain theorem, the sufficient condition for stability of the

overall system based on the previous theorem is given by

||L H (jω)H (jω)||< 1 ∀ω (3.6)

where ||(·)|| is any compatible induced norm of (·). An interaction metric based

on singular values would have the following constraint for stability given that the

diagonal closed-loop system is stable:

||L H (jω)H (jω)||2 ≤ ||L H (jω)||2||H (jω)||2 < 1 ∀ω (3.7a)

σ(H (jω))<
1

σ(L H (jω))
∀ω (3.7b)

where σ(·) is the maximum singular value (MSV) of (·). The constraint indicates

that the magnitude response of all the individual diagonal closed-loop systems

67



3.3. Perron-Root Based Interaction Measure

should be less than the MSV of the relative error matrix at all frequencies. The

conservatism in equation (3.7a) arises due to the application of the multiplicative

norm inequality.

By knowing that H is diagonal, it is possible to reduce the conservatism of

the constraint. The matrix transformation theory provides useful relations be-

tween absolute norms and the Perron root of nonnegative matrices [42]. These

transformations do not affect certain matrix structures such as diagonal matrices

and hence are useful in obtaining bounds on transformed matrices.

Definition 3.3.9. [43] Given a number p ∈ [1,∞] and a diagonal matrix D ¬

diag[d 1, d 2, . . . , d n ] ∈ C n×n with d i 6= 0 for all i = 1, . . . , n, the D-weighted Hölder

l p norm onC n is

||x ||p D ¬ ||Dx ||p ¬

 

n
∑

i=1

|d i x i |p
!1/p

for all x ∈C n . (3.8)

The subordinate bound norm induced inC n×n by the l p -norm onC n is

||A ||p D ¬ sup
x 6=0

||Ax ||p D

||x ||p D
for all A ∈C n×n . (3.9)

Remark 3.3.10. The diagonal pre-compensator (post-compensator) is optimal in

minimizing the D-weighted induced Hölder l p norm for p = 1 and ∞ and is sub-

optimal for 1< p <∞.
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Lemma 3.3.11. [43, Lemma 2] The p -norm weighted D∗p is optimal for p = 1 and

p =∞ in the sense that

||A(jω)||p D∗p = inf
D
||〈A(jω)〉||p D = pA (ω) (3.10)

For 1< p <∞, the weight D∗p is sub-optimal

||A(jω)||p D∗p ≤ inf
D
||〈A(jω)〉||p D = pA (ω) (3.11)

The optimal scaling D∗p is obtained from the left and right Perron eigenvectors of 〈A〉.

The stability constraint based on the Perron root of L H , that takes advantage

of the fact that H is diagonal, may be obtained by using Lemma 3.3.11 and is

given by

|h i (jω)|<
1

pL H (ω)
∀i ,ω. (3.12)

Another stability constraint based on the structural information of H is ob-

tained from the structured singular value interaction measure (SSVIM), or µ in-

teraction measure, in [35]; the SSVIM is based on the structured singular value

introduced in [44]. The stability constraint is given by

σ(H (jω))<
1

µH (L H (jω))
∀ω (3.13)

where µH is the structured singular value of L H (jω) with respect to the struc-

ture H . In Section 3.5 further discussions comparing the PRIM and SSVIM are

presented.
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Figure 3.1: Picture of the experimental web platform; a line schematic is shown in
Figure 3.2.
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Figure 3.2: Schematic of the experimental web platform

3.4 INTERACTION ANALYSIS AND MINIMIZATION IN ROLL-TO ROLL

SYSTEMS

The PRIM is used to analyze and minimize interaction in a large experimental

R2R machine shown in Figure 3.1 (see Figure 3.2 for a schematic of the platform.).

The R2R machine has three tension zones/sub systems namely, unwind section,

pull roll section and rewind section, where web tension is regulated using driven

rollers in these tension zones.
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3.4. Interaction Analysis and Minimization in Roll-to Roll Systems

3.4.1 Governing Equations

The governing equations for each section of the R2R system is given in the fol-

lowing; a linearized variational longitudinal web dynamics for the experimental

web platform is obtained using the procedure described in [26] with the same

notations and subscript naming conventions (see Figure 3.3).

M LCLC

Decentralized
Controller

Decentralized
Controller

Decentralized
Controller

UUU U
0 1

N-1
N

Unwind RewindMaster Speed Driven Roller

V0 V

V

VN-1 NTTT1 N-1 3
V1

V1V0 
T1 N-1TN-1 TN VN

N10 N-1LC MM M

Decentralized
Controller

UNTN

TNref

VN

VNref

Tension loop
controller

Speed loop
controllerTension

Trim

+ ++- -

Figure 3.3: Decentralized tension control structure for roll-to-roll systems with an
inner velocity loop and an outer tension loop

The following notations are used in the governing equations of the subsys-

tems. Ji : driven roller moment of inertia, Ri : driven roller radius, Vi : web velocity

at the driven roller, Ti : web span tensions, n i : gear ratio, Ui : torque input, b f i :

viscous friction coefficient, L i : span length, t0 wound on tension, vri : velocity

reference, tri : tension reference, A the cross-sectional area of the web and E the

Young’s modulus of the web material.
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Unwind Section:

J0

R0
V̇0 = T1R0−n 0U0−

b f 0

R0
V0 (3.14a)

L 1Ṫ1 =−T1vr1 +
�

AE − tr1

�

V1+[t0−AE ]V0 (3.14b)

Lead and Follower Section:

J1

R1
V̇1 = (T2−T1)R1+n 1U1−

b f 1

R1
V1 (3.15)

Pull Roll Section:

J2

R2
V̇2 = (T3−T2)R2+n 2U2−

b f 2

R2
V2 (3.16a)

L 2Ṫ2 =−T2vr2 +
�

AE − tr2

�

V2−
�

AE − tr1

�

V1+T1vr1 (3.16b)

Rewind Section:

J3

R3
V̇3 =−T3R3+n 3U3−

b f 3

R3
V3 (3.17a)

L 3Ṫ3 =−T3vr3 +
�

AE − tr3

�

V3−
�

AE − tr2

�

V2+T2vr2 (3.17b)

Besides the interaction between the machine and web dynamics, coupling be-

tween tension zones is evident from Equations (3.14)–(3.17) which leads to inter-

action between tension zones (subsystems).

3.4.2 Interaction Analysis

Longitudinal control in roll-to-roll processing involves regulation of web tension

by controlling the speed of the driven roller in that tension zone, based on web

tension measurement; either a load cell or a dancer is used to measure web ten-

sion. The tension control strategy involves two loops: a well tuned inner veloc-

ity loop that is implemented within the motor drive for controlling the speed of
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the driven roller motor; an outer tension loop implemented in a Programmable

Logic Control (PLC) that provides the velocity correction to the inner loop to reg-

ulate tension (see Figure 3.3). Often in web processing machines, the inner loops

are tuned and commissioned based on drive manufacturer specifications and

are seldom re-tuned during the outer loop tuning process. The outer tension

loops are tuned individually based on process and operating conditions until

certain performance characteristics are met.

The goal is to analyze the overall interaction in this roll-to-roll system, i.e.,

the influence of the velocity correction provided by the outer tension loops on

web tension in other sections. Figure 3.4 shows the PRIM with the three tension

loop velocity corrections as the input and the web tensions in the three zones

as the output; the web transport conditions and parameters values used in the

linearized model is provided in Table 3.1. Since the Perron-root provides an in-

dication of the size of L H , a smaller value for the Perron-root indicates a smaller

magnitude of interaction in the system; and if the Perron-root is zero, then no

interaction exists. From the PRIM plot it is evident that interaction is dominant

in a certain range of frequencies between 10−4 Hz to 1 Hz and is negligible above

1 Hz. The magnitude of interaction is close to 1 indicating that the velocity cor-

rection provided by a tension loop will have almost the same influence on one

other tension zone. Note that the PRIM provides the worst case scenario for all

the three tension zones and provides no information about the effect of any par-

ticular input-output pair.

Experiments were conducted on the experimental R2R system to character-

ize the interaction in the actual system and the results are compared with PRIM.

Velocity disturbances at the S-wrap section were introduced to create tension
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Figure 3.4: Perron root interaction metric for the linearized model of the roll-to-
roll system

disturbances at the unwind and pull roll sections and the effect of these dis-

turbances in the rewind section were observed to understand the interaction

in the system. Experiments were conducted both in the forward direction (web

travels from unwind to rewind) as well as in the reverse direction (web travels

from the rewind to unwind) to see the effect of interaction both upstream and

downstream of the disturbance section; for consistency the section names are

the same irrespective of the direction of web transport. In the experiments a

six inch polymer web (called Tyvek) was transported with a web speed of 150

feet-per-minute (fpm) and a web tension of 20 pounds (lbf). A sinusoidal speed

disturbance of magnitude 5 fpm was introduced at the S-wrap driven rollers for

a duration of one minute; six distinct frequencies were considered. Figures 3.5

and 3.6 show the tension signals in the three sections while the web is trans-

ported in the forward and reverse direction. Note that the tension disturbances

observed in the unwind and the pull roll sections are due to the direct effect of

the S-wrap velocity disturbance; the interaction is seen in the rewind section.
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Symbol Parameter Value Units
AE Web Parameter 2200 lbf
tr i Nominal Tension 20 lbf
vr i Nominal Web Speed 150 fpm
n i Gear Ratio 1
L 1 Span Length 22.15 ft
L 2 Span Length 18.175 ft
L 3 Span Length 17.1 ft
J0 Moment of Inertia 2.93 lbf-ft-sec2

J1 Moment of Inertia 1.39 lbf-ft-sec2

J2 Moment of Inertia 1.47 lbf-ft-sec2

J3 Moment of Inertia 2.94 lbf-ft-sec2

R0 Radius of rewind 0.5 ft
R1 Radius of S-wrap 0.5 ft
R2 Radius of Pull-roll 0.25 ft
R3 Radius of Unwind 0.5 ft
b f i Viscous Friction Coefficient 0.01 lbf-ft-sec

Table 3.1: Parameter of the Euclid line and web transport conditions used in the
linearized model.

From the plots it is evident that the magnitude of interaction is small above 0.25

Hz and increases with decreasing frequency. At low frequencies the tension dis-

turbance observed at the rewind section is as high as the tension disturbances

observed in the unwind and the pull roll sections as predicted by the PRIM (see

Figure 3.4). In many R2R manufacturing systems, webs with different physi-

cal and mechanical properties are transported through the same processing ma-

chines; seldom the control algorithm are changed based on the material used.

Hence it would be beneficial to understand how the overall interaction changes

when different web materials are transported within a same R2R system. Ex-

periments were conducted to see the interaction in the experimental roll-to-roll

system with different materials and the results are compared with the PRIM with

different web materials. Figure 3.7 shows the PRIM with two different web mate-

rials transported in the same experimental roll-to-roll system. From the plot it is
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Figure 3.5: Tension measurement at the unwind, pull roll and rewind section with
sinusoidal velocity disturbances at the S-wrap section; web transport in the for-
ward direction. The alternate shaded and light regions show the sinusoidal ve-
locity disturbances with six distinct frequencies with a 5 ft/min magnitude; the
annotation in the top plot indicates the frequencies.

evident that the interaction is significantly higher for the polyethylene web in the

frequency range of 0.1 Hz to 3 Hz when compared to the Tyvek web. Figures 3.8

and 3.9 show the tension signals at the three tension zones while the polyethy-

lene web is transported in the forward and reverse direction within the experi-

mental R2R system at a web speed of 150 fpm with the nominal tension of 20 lbs

with the same set of sinusoidal velocity disturbances at the S-wrap driven rollers.

From the data it is evident that the overall interaction is higher for polyethylene

web when compared to the Tyvek web in the frequency range of 0.1 Hz to 1 Hz as

predicted by PRIM. To clearly see the effect the FFT of the time domain signals

with Tyvek and polyethylene web for forward and reverse is shown in Figures 3.10

and 3.11. From the experiments it is evident that PRIM is valuable in providing

insights into overall interaction in the system and in fact PRIM can be used to

make mechanical design and process design changes in order to minimize inter-
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Figure 3.6: Tension measurement at the unwind, pull roll and rewind section with
sinusoidal velocity disturbances at the S-wrap section; web transport in the reverse
direction. The alternate shaded and light regions show the sinusoidal velocity dis-
turbances with six distinct frequencies with a 5 ft/min magnitude.
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Figure 3.7: Comparison of PRIM for two different web materials. Tyvek web:
EA=2200 lbf; Polyethylene web: EA=7000 lbf.

action in the system. Such a design based on interaction analysis is not currently

available in literature and may be a valuable tool for industrial practitioners.

Note that the governing equations (3.14) through (3.17) used in computing the

PRIM are linearized equations and derived under several simplifying assump-
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Figure 3.8: Tension measurement at the unwind, pull roll and rewind section with
sinusoidal velocity disturbances at the S-wrap section; web transport in the for-
ward direction.
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Figure 3.9: Tension measurement at the unwind, pull roll and rewind section with
sinusoidal velocity disturbances at the S-wrap section; web transport in the reverse
direction.

tions: web does not slip on the rollers, the effect of backlash and compliance

in transmissions are neglected, the effect of idle rollers are neglected, etc. Ad-

ditionally, the nonlinear web tension dynamics is linearized around a nominal

operating condition to obtain the linearized model. In spite of these assump-

78



3.4. Interaction Analysis and Minimization in Roll-to Roll Systems

0 0.2 0.4 0.6 0.8 1
0

1

2
Te

ns
io

n 
(lb

s)

FFT of tension signals at the unwind section (Forward)

0 0.2 0.4 0.6 0.8 1
0

1

2

Te
ns

io
n 

(lb
s)

FFT of tension signals at the pullroll section (Forward)

 

 

0 0.2 0.4 0.6 0.8 1
0

1

2

Frequency (Hz)

Te
ns

io
n 

(lb
s)

FFT of tension signals at the rewind section (Forward)

Tyvek Web
Polyethylene Web

Figure 3.10: FFT of tension measurement in the three tension zones with Tyvek
and polyethylene webs; web is transported in the forward direction.
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Figure 3.11: FFT of tension measurement in the three tension zones with Tyvek
and polyethylene webs; web is transported in the reverse direction.

tions and constraints, the interaction in the actual system is predicted to a good

degree by the PRIM.
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3.4.3 Interaction Minimization

The optimal scaling vector that minimizes the interaction is given by the Per-

ron right eigenvector; Figure 3.12 shows the magnitude of the Perron vector el-

ements corresponding to each tension zone for a range of frequencies. A pre-

filter for each tension zone is obtained by fitting a stable, minimum phase ra-

tional transfer function whose magnitude response is equal to the magnitude of

the corresponding Perron vector element at that frequency. Figure 3.13 shows
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Figure 3.12: Perron vector elements in the frequency range of interest

the Bode magnitude response of the stable, minimum phase pre-filters fitted to

match the magnitude of the Perron vector elements for the frequency range of

interest. These fifth order lead-lag filters were used to filter the output of the

existing outer tension loops in the experimental web platform.

Experiments were conducted with Tyvek web to observe the effect of the

pre-filters in minimizing the interaction in the system; similar to the previous

Note that the Perron-Frobenius theorem ensures that the Perron vector is unique and its
elements are positive, non-zero and their one norm is unity.
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Figure 3.13: Pre-filters for the three tension loops designed by fitting stable, mini-
mum phase ration transfers for the elements of the Perron right eigenvector

experiments, a sinusoidal velocity disturbance at the S-wrap is injected and the

propagation of interaction in the system is evaluated by observing the tension

measurement at the rewind section. Figures 3.14 and 3.15 show the experimen-

tal results with pre-filters. When compared to the experimental results shown

in Figures 3.5 and 3.6, the results with the pre-filter show significant interaction

reduction at the rewind section. Figure 3.16 shows the Fast Fourier Transform

(FFT) of the tension signals in the three tension zones for the data shown in Fig-

ures 3.5 and 3.14. Figure 3.17 shows the FFT of tension signals for data shown

in Figures 3.6 and 3.15. From the plots it is evident that the pre-filter minimizes

the interaction at the rewind section. The experimental results shown in Fig-

ures 3.14 and 3.15 use the pre-filters shown in Figure 3.13 with a scaling factor

of 4. Figure 3.18 shows the stability constraint with and without the scaled pre-

Note that a sinusoidal velocity disturbance at the S-wrap section acts as a sinusoidal input
disturbance to the tension dynamics in both the unwind section and the pull roll section; this re-
sults in a sinusoidal tension disturbance in both these sections that contribute to the interaction
in the rewind section.
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filter, which shows the constraint is met for both cases.
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Figure 3.14: Interaction in the experimental platform with pre-filter; tension
measurement at the unwind, pull roll and rewind section with sinusoidal velocity
disturbances at the S-wrap section; web transport in the forward direction.
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Figure 3.15: Interaction in the experimental platform with pre-filter; tension
measurement at the unwind, pull roll and rewind section with sinusoidal velocity
disturbances at the S-wrap section; web transport in the reverse direction.

The Perron vector of 〈L H 〉 also provides useful information regarding the in-

teraction in the system. The relative magnitude of the elements of the Perron
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Figure 3.16: FFT of tension measurement in the three tension zones with and
without pre-filter; web is transported in the forward direction.

vector indicate the effect of each input on the overall interaction in the system.

From Figure 3.12 it can be observed that the magnitudes of all the Perron vec-

tor elements are equal between 10−4 Hz to 10−3 Hz indicating that all three sec-

tions have equal influence on the overall interaction in the system. As the fre-

quency increases, the magnitude of the Perron vector element corresponding to

the rewind tension loop is larger than the other two elements indicating that the

rewind section has less influence on the interaction at those frequencies when

compared to the unwind and the pull roll tension loops.

3.5 DISCUSSION OF PRIM AND OTHER INTERACTION METRICS

In order to apply the Perron-Frobenius theory the non-negative matrix 〈L H 〉needs

to be irreducible for all frequencies. For the R2R processing applications, inter-
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Figure 3.17: FFT of tension measurement in the three tension zones with and
without pre-filter; web is transported in the reverse direction.
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action between neighboring sections is unavoidable due to the physical connec-

tion of the web between sections. This results in a matrix 〈L H 〉 that is at least tridi-

agonal, and hence 〈L H 〉 is guaranteed to be irreducible. And for most large-scale

interconnected systems such a connection between neighboring subsystems can

be expected and hence PRIM would provide a valuable tool for interaction anal-

ysis.

It has to be noted that even though the Perron root can be computed only

for square, irreducible, nonnegative matrices, the application of PRIM is not just

limited to systems with equal number of inputs and outputs. In fact the practi-

cal example considered in the chapter is a R2R system with four inputs (motor

torques) and seven outputs (web velocity at each driven roller and web tension

in the three tension zones). By closing the inner velocity loops in the drive, the

large-scale system was reduced to three SISO subsystems with the inputs being

the tension trim to the tension loop and the outputs the web tension in the ten-

sion zones (subsystems). Since a large class of large-scale systems have, or can be

reduced to SISO subsystems with decentralized controllers, the PRIM will serve

as a valuable tool in those applications.

Both the PRIM and the SSVIM utilize the structural information of H to re-

duce the conservatism in the MSV based constraint. It is not always possible to

compute the SSV exactly, rather an upper bound and lower bound for the SSV

is computed using matrix transformation. It has been shown that for some spe-

cial cases the upper bound is equal to the SSV and the lower bound is always

equal to the SSV [45]. But for the decentralized control problem considered in

this chapter (complex uncertainty structure with repeated scalar blocks), the ex-

act computation of SSV is hard, especially when n ≥ 4 [46, 47] and hence the
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3.5. Discussion of PRIM and Other Interaction Metrics

upper bound is typically used. The upper bound is computed using convex op-

timization techniques based on transformed matrices. For complex uncertainty

structure the upper bound can be obtained from the following matrix transfor-

mation as

µH (L H )≤ inf
D∈D
σ(DL H D−1) (3.18)

whereD ∈Rn×n is the family of diagonal matrices with the diagonal entries d i >

0, ∀i ∈ [0, n ]. Hence the relationship between SSVIM and PRIM can be obtained

from Lemma 3.3.11 as

µH (L H )≤ inf
D∈D
σ(DL H D−1)≤ pL H . (3.19)

Additionally, for the decentralized problem considered here the upper bound for

SSV is bounded by the Perron root from above and below by [48]

1
p

n
pL H ≤ inf

D∈D
σ(DL H D−1)≤ pL H . (3.20)

Even though the PRIM is more conservative than the SSVIM, there are sev-

eral reasons to choose PRIM for the decentralized control problem considered

in this chapter. First, the Perron root can be computed accurately using simple

iterative algorithms that are very fast [40, 49]. The numerical results shown in

this chapter uses the algorithm presented in [49] that neither use diagonal trans-

formations nor use Perron complement idea and attains a convergence rate of at

least quadratic. The SSV computation on the other had is computationally com-

plex involving many steps depending on the complexity of the uncertainty struc-

ture [50, 51]. For the problem considered in this chapter the SSV upper bound

computation involves purely complex uncertainty structure with repeated scalar

blocks that can be solved using a fast algorithm presented in [52, 51]. The first

step of the multi-step algorithm involves balancing the complex matrix L H with
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3.5. Discussion of PRIM and Other Interaction Metrics

diagonal transformation D∗ so that the optimization problem is numerically sta-

ble and efficient. A modified Osborne’s algorithm [53] that minimizes the Frobe-

nius norm of

inf
D∗∈D
||(D∗L H D∗−1)||F

is used to obtain the diagonal transformation for balancing. Alternatively, the

Perron eigenvector of 〈L H 〉 which is the suboptimal scaling for the transforma-

tion in Equation (3.18) is used for balancing the complex matrix L H ; the Os-

borne’s scaling and the Perron vector scaling have similar computational speeds

[52]. Hence the use of PRIM is computationally inexpensive when compared to

SSVIM that requires the computation of Perron vector just to complete the initial

step.

Second, the Perron root is equal to the SSV upper bound if a pair of unitary

diagonal matrices exist such that [43]

〈L H (jω)〉=Θ(jω)L H (jω)Ψ−1(jω). (3.21)

For the problem considered in this work PRIM is a good approximation of the

upper bound for SSVIM and in fact for R2R system in this paper the PRIM and

SSVIM are identical as evident from Figure 3.19.

Finally, the algorithm for the computation of the Perron root also readily

provides the optimal pre-filter magnitudes that minimize interaction in the sys-

tem. Note that the frequency shaping effect of the pre-filter from PRIM is similar

to the filter in multiloop internal model control (IMC) design [36] and a simi-

lar interpretation related to the constraints of the filter in multiloop IMC control

is closely related to the magnitude of Perron eigenvector elements. Moreover,

the stability constraint provided using IMC control is very similar to the stability

constraint provided in equation (3.6). The distinction is that PRIM provides an
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Figure 3.19: PRIM and SSVIM for the linearized R2R platform model with Tyvek
and Polyethylene webs.

overall level of interaction while IMC interaction measure provides both inter-

action in terms of row sum and column sum of 〈L H 〉 that is primarily used for

loop-paring. Neither SSVIM nor IMC interaction measure provide a systematic

procedure to minimize the overall interaction in the system.

In the decentralized design example illustrated in this chapter the diagonal

pre-filter that was obtained from the Perron right eigenvector minimized inter-

action without degrading individual subsystem performance. It may not be pos-

sible to guarantee that the pre-filter maintains the individual subsystem perfor-

mance. Hence it is necessary to look at possible ways to design the controller and

the pre-filter simultaneously so that interaction is minimized and some nominal

performance is guaranteed. This problem is similar to the µ-synthesis problem

(D-K iteration) in robust control applications [54]. Some of the results in non-

negative matrix theory [55, 56, 57] may be used as a possible starting point for

solving the simultaneous controller and pre-filter design problem.
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CHAPTER 4
Analysis and Control of Print

Registration

The primary objective of this work is to control registration error in order to im-

prove print output and productivity. It is possibel to minimized registration error

passively by appropriate machine design that reduces machine induced distur-

bances (based on the model analysis similar to those presented in Chapter 2),

or actively by controlling the propagation of machine induced disturbances (by

using a pre-filter such as the one described in Chapter 3), or a combination of

both. Apart from minimizing the effect of machine induced disturbances, regis-

tration error may be controlled actively by using either: (1) a compensator that

changes the web path length in the print unit or (2) a print cylinder where the

angular position is controlled to correct for registration error. Current industrial

trend is to directly control the angular position of the print cylinder to control

registration error. The analysis presented in Chapter 2 indicate that a compen-

sator provides an additional degree of freedom to control both registration error
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and web strain. A systematic comparison of these control strategies will enable

the R2R printing community to choose a control strategy based on their require-

ments and capabilities. In this chapter the two registration controls strategies,

Compensator based Registration Control (CRC) and Print cylinder Angular po-

sition based Registration Control (PARC), are analyzed based on the model de-

veloped in Chapter 2 and the analysis tool developed in Chapter 3; open loop

analysis in terms of disturbance propagation with the two control strategies is

presented in Section 4.1 and closed loop analysis in terms of control design and

stability characteristic is presented in Section 4.2. In both CRC and PARC the an-

gular velocities of the print cylinders are regulated using independent motors,

which is referred to as electronic line shafting.

Existing registration control algorithms in the literature are developed pre-

dominantly for PARC with one or two print units [20, 58, 22, 59]. These control al-

gorithms involve communication of measurements such as web speed and ten-

sion between print units and also require past values of these measurements to

stabilize the system. Moreover, propagation of disturbances due to registration

error correction in one print unit with PARC affects other print units and this

disturbance propagation is often minimized using a cooperative control strat-

egy where the control input from one print unit is fed forward to the subsequent

print unit [22, 59]. Even the existing CRC algorithms in literature require a cen-

tralized control structure with exchange of information between print units and

storage of past measurements [60, 21].

Typical industrial controllers for web tension and velocity regulation are sim-

ple, decentralized controllers based on measurements from the respective ten-

sion zones. A centralized or a cooperative controller is seldom used because of
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4.1. Analysis of Interaction in R2R Printing

the complexity involved in data communication between different sections in a

R2R machine, and more importantly, because of erroneously providing control

corrections in those sections of the web line where compensation is not required.

From a practical implementation stand point simple, decentralized controllers

for R2R printing applications will have a high likelihood of adoption in industrial

controllers when compared to complex cooperative control algorithms currently

available in the literature.

4.1 ANALYSIS OF INTERACTION IN R2R PRINTING

Like any other R2R process, printing involves more than one print unit and hence

R2R printing machines can be considered as a large scale interconnected sys-

tem with several subsystems, the subsystems being the print units or the tension

zones between the driven print cylinders. Because of the interconnections due to

web transport, tension disturbances propagate between different tension zones.

Since the registration error is affected primarily by tension disturbances, it is im-

portant to understand and control propagation of tension disturbances within

the R2R system in order to achieve the stringent registration requirements for

flexible printed electronics. Moreover, control of registration error using either

CRC or PARC will affect web strain and registration error in adjacent print units.

The analysis of interaction using PRIM will provide insights on both machine

design and control design for better print registration control.

The model developed in Chapter 2 is considered for analysis in this chapter.

For a single print unit with two print cylinders and the web span between the two
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4.1. Analysis of Interaction in R2R Printing

cylinders (see Figure 4.1) the registration error governing equation is given by

e1(t ) = l −
∫ t

t−τ1

r1ω1(τ)
1+ε2(τ)

dτ−
�

r2θ2(t )−
r1θ1(t −τ1)

1+ε2(t )

�

+

∫ t−τ2

t−τ1

˙̃l (τ)dτ

and the governing equation for strain is given by

ε̇2(t ) =
1+ε2(t )

l + l̃ (t )

�

r2ω2(t )+ ˙̃l (t )− r1ω1(t )
1+ε2(t )
1+ε1(t )

�

. (4.1)

These governing equations are linearized around nominal operating conditions,

Print cylinder 1

Web from
previous section

Print cylinder 2

Registration sensor

Web to 
next section

x

Control Volume

ε1

ε2 ε3

ω1 ω2

Figure 4.1: A schematic showing the web between two successive print cylinders;
some of the idle rollers are ignored.

such as, nominal web speed and nominal web tension to obtain a linear model

that can be analyzed using PRIM. It is assumed that all the print cylinders have

the same radius r , nominal angular velocity ω∗ and the angular velocity varia-

tion above the nominal speed ∆ωi . It is also assumed that the impression roller

dynamics can be neglected and that the web dynamics directly affect the print

cylinder dynamics. The web is assumed to be elastic and the tensile force expe-

rienced by the web is related to web strain through the constitutive relationship

εi = Ti/E A where ε is the web strain and Ti is the tension in the i th web span, E

is the modulus of elasticity of the web material and A is the cross sectional area
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4.1. Analysis of Interaction in R2R Printing

of the web. Moreover, the modulus of web material used in most R2R printing

systems is sufficiently large and hence the strain experienced by the web is typ-

ically small. By assuming web strain (or relative strain) is small, the following

approximation is introduced

1

1+ε i
≈ (1−εi ). (4.2)

The subscript convention for various parameters in print unit i is as follows.

The angular velocities of the print cylinders in print unit i areωi (upstream print

cylinder) and ωi+1 (downstream print cylinder). The web strain within the i th

print unit span is εi+1, the change in span length due to compensator roller in

that span is l̃ i and the registration error is e i . With this convention, the linearized

registration error for each print unit i (using the small strain assumption) is

ė i = rω∗ [εi+1(t )−εi+1(t −τ1)]+r [∆ωi (t −τ1)−∆ωi+1(t )]+ ˙̃l i (t −τ2)− ˙̃l i (t −τ1),

(4.3)

the linearized strain equation is

l ε̇i+1 =−rω∗ [εi+1(t )−εi (t )]+ ˙̃l i (t )+ r [∆ωi+1(t )−∆ωi (t )] (4.4)

and the variational print cylinder velocity dynamics is

Ji+1∆ω̇i+1 =−b f i+1∆ωi+1+τi+1+ r E A [εi+1−εi ] (4.5)

where εi = εi − εi−1 is the relative web strain, Ji is the rotational inertia, b f i is

the viscous friction coefficient and τi is the torque above the nominal torque for

the i th print cylinder. Equations (4.3)–(4.5) clearly show the interconnection be-

tween the print units which contribute to the interaction within printing presses.

The interaction analysis is carried out on a print section with eight print

cylinders and seven print units as shown which is Figure 4.2. The control in-

puts in each print unit are the torque supplied to the print cylinder and the rate
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Figure 4.2: Schematic of a print section with seven print units and eight print
cylinders.

of change of span length due to the compensator motion. The outputs in each

print unit are the three state variables, the downstream print cylinder velocity,

the web strain within the print unit span and the registration error in the print

unit. The overall linearized dynamics, including machine, web and registration

error dynamics, for the print section with seven print units is represented in the

state space form as

ẋ (t ) = A0x (t )+A1x (t−τ1)+B0c u 1(t )+B0t u 2(t )+B1c u 1(t−τ1)+B2c u 1(t−τ2) (4.6)

where x ∈R22×1, u 1 ∈R7×1, u 2 ∈R8×1 are given by

x (t ) = [∆ω1,ε2, e1,∆ω2,ε3, e2,∆ω3, . . . ,ε8, e7,∆ω8]> ,

u 1(t ) =
h

˙̃l 1, ˙̃l 2, . . . , ˙̃l 7

i>
, u 2(t ) = [τ1,τ2, . . . ,τ8]

> ,

A0 is the state matrix corresponding to the states without delays, A1 is the state

matrix corresponding to the states with delay τ1, B0c and B0t are the input ma-

trices corresponding to inputs u 1 and u 2 without delays, and B1c , B2c are input

matrices corresponding to input u 1 with delays τ1 and τ2, respectively.

The PRIM is used to analyze the level of interaction in the print section with

seven print units with CRC and PARC. It quantifies the overall effect of each con-

trol input on all other outputs, i.e., the effect of compensator motion in one print

unit on registration error in all other print units for a compensator based regis-

tration control, and the effect of print cylinder angular position correction in one
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print unit on registration error in all other print units for PARC. A linear fractional

transform based modeling of linear time invariant systems with delay is used to

compute the frequency response of the system described in Equation(4.6) using

MATLAB [61]. For CRC the frequency response is computed with rate of change

of span length at each print unit ( ˙̃l i , i = 1, . . . , 7) as input and registration error

(e i , i = 1, . . . , 7) at the respective print units as the output. And for PARC the fre-

quency response is computed with the torque to print cylinder (τi , i = 2, . . . , 8)

at each print unit as input and registration error (e i , i = 1, . . . , 7) at the respective

print units as the output.

For the sake of comparison, parameters from the Armstrong print line is

used to compute PRIM and the values of the parameters are given in Table 4.1.

Figure 4.3 shows the PRIM for the two control strategies where the top plot shows

the interaction in registration error due to CRC and the bottom plot shows the

interaction due PARC. From these plots it is evident that the magnitude of inter-

action in print units with PARC is much larger than for print units CRC at low fre-

quencies. And as the frequency increases beyond 10 Hz the interaction is about

the same with both control strategies.

The magnitude of interaction is lower in CRC when compared to PARC be-

cause of the manner in which strain is transported. As the compensator is posi-

tioned to reduce the registration error in one print unit, the motion of the com-

pensator directly affects web strain within that span. This strain variation affects

the velocity dynamics of the print cylinders within that span and thereby affects

web strain in adjacent spans. Therefore the motion of the compensator has an

The high frequency interaction behavior is consistent with analysis presented in the pre-
vious chapter where the interaction in the experimental platform is zero beyond 10 Hz. This is
because the strain dynamics acts as a low pass filter that filters the high frequency disturbance
propagation.
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Symbol Parameter Value Units
E A Web Parameter 28080 lbf
rω∗ Nominal Web Speed 36 in/sec
b f Friction Coefficient 0.1 lb-in-sec
J Print Cylinder Moment of Inertia 192 lb-in-sec2

l Span Length 650 inch
r Print Cylinder Radius 8.6 inch
τ1 Time Constant 18 second
τ2 Time Constant 6.3 second

Table 4.1: Web transport parameters used in interaction analysis.
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Figure 4.3: Perron root interaction metric for print units with CRC and PARC.

indirect effect on web strain in adjacent spans. But for print units with PARC,

the control of the angular position or the angular velocity of a print cylinder di-

rectly affects web strain in the spans immediately upstream and downstream of

that print cylinder. Therefore, the control of registration error with PARC has a

direct effect on web strain in adjacent spans, contributing to a larger magnitude

of interaction.

Interaction in print units employing CRC and PARC is further studied based

on open loop time domain simulations and a representative sample of results
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is shown in Figures 4.8–4.21. In all the simulations the initial conditions for the

states are set to zero and an input is provided to correct registration error in print

unit 1; for CRC the input is the rate of change of span length to print unit 1 and

for PARC the input is the torque input to print cylinder 2. The magnitudes of the

inputs are appropriately scaled so that the registration error correction provided

by the control input for the two strategies are almost the same; the magnitude

of rate of change of span length due to compensator motion is taken as 0.0401

in/sec and the magnitude of torque input to the print cylinders is taken as 0.5643

lb-in for all the simulations. The top plot in all the figures shows the registration

error correction in print unit 1 and the second plot shows the registration error

in all other print units, i.e., the interaction in the system. The bottom two plots

in all the figures show web strain (εi , i = 2, 3, 4, 5, 6, 7, 8) in all print units and web

speed (r∆ωi , i = 1, 2, 3, 4, 5, 6, 7, 8) above the nominal web speed (rω∗) at all print

cylinders. Inputs in the form of pulse and sinusoidal disturbances are used to

analyze interaction in the system with CRC and PARC.

Figures 4.8–4.11 show the open loop response with CRC and PARC for a pulse

input in print unit 1. These simulations indicate that interaction in CRC is an

order of magnitude less than the magnitude of registration error correction seen

in print unit 1. While with PARC the magnitude of correction provided in print

unit 1 is propagated to subsequent print units. This observation is consistent

with the PRIM analysis.

To further see the interaction as a function of frequency, sinusoidal inputs

were introduced to simulate the open loop system response for CRC and PARC.

Figures 4.12–4.21 show the time domain response with sinusoidal inputs with

CRC and PARC for frequencies 0.05, 0.1, 0.5, 1 and 1.5 Hz. From these plots it is

This is a typical magnitude for registration correction rate in Armstrong print line.
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evident that at low frequencies (0.05 and 0.1 Hz) the magnitude of interaction

with PARC is greater than or equal to the magnitude of the correction provided

in print unit 1; while CRC exhibits a smaller magnitude of interaction at those

frequencies. Consistent with the PRIM analysis, interaction with CRC increases

when the input frequencies are 0.5 and 1 Hz and decreases significantly as the

input frequency increases beyond 1.5 Hz.

Even though the interaction is lower with CRC, the compensator motion in-

troduces additional delay in control input while adding an additional degree of

freedom to control the state variables. For PARC the dynamics of the print sec-

tion given in Equation 4.6 reduces to

ẋ (t ) = A0x (t )+A1x (t −τ1)+ B0c u 1(t ) (4.7)

which is simpler when compared to CRC. In the following section the two control

strategies are compared based on control design and stability characteristic.

4.2 COMPARISON OF REGISTRATION CONTROL STRATEGIES

In this section a closed loop analysis of registration control in print units with

CRC are PARC strategies is presented. The comparison of the two control strate-

gies is based on the stability analysis of the two types of delayed systems. The

system with the CRC strategy involves both internal delays (delay in state vari-

ables) and control delays (delay in control input) while the system with the PARC

strategy involves only an internal delay.

Stability of time delay systems may be analyzed using either time or fre-

quency domain techniques; a frequency domain based analysis is considered

in this work. Some preliminaries related to the stability of time delay systems are

presented in Section 4.2.1 and control design based on these stability conditions
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is discussed in Sections 4.2.2 and 4.2.3 for CRC and PARC, respectively. Read-

ers unfamiliar with analysis and control of time delay systems are referred to the

book [62] and overview articles on recent advances, open problems and oppor-

tunities [63, 64]. Most of the results available in the control literature are based

on results from functional differential equations theory provided in [65].

4.2.1 Stability of Time Delay Systems

Consider the following LTI system described by the state-space equations

ẋ (t ) = Ã0x (t )+
m
∑

k=1

Ãk x (t − rk ), rk ≥ 0, k = 1, . . . , m , (4.8)

x (t ) ∈Rn×1, Ãk ∈Rn×n and rk are independent incommensurate delays; the LTI

system is a special case of a retarded functional differential equation with a linear

operator having time-invariant coefficients. The stability of the system is ascer-

tained from the characteristic quasipolynomial (or characteristic function)

p (s ; e−r1s , . . . , e−rm s ) = det

 

s I − Ã0−
m
∑

k=1

Ãk e−rk s

!

(4.9)

and is defined below.

Definition 4.2.1 (Definition 2.1 [62]). The characteristic function (4.9) is said to be

stable if

p (s ; e−r1s , . . . , e−rm s ) 6= 0, ∀s ∈C +.

It is said to be stable independent of delay if (4.9) holds for all rk ≥ 0, k = 1, . . . , m . The

system (4.8) is said to be stable if its characteristic function (4.9) is stable, and is stable

independent of delay if its characteristic function is stable independent of delay.

Stability analysis for systems with commensurate delays where rk = kτ, k = 1, . . . , m are
relatively easier than for systems with incommensurate delays where rk are assumed to be inde-
pendent of each other.
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Definition 4.2.2 (Delay-Independent Stability). The time delay system (4.8) is said

to be stable independent of delay if the stability condition is satisfied for all possi-

ble nonnegative delay values.

Definition 4.2.3 (Delay-Dependent Stability). If the time delay system (4.8) is sta-

ble only for a subset of nonnegative delay values then the stability is dependent on

delay.

From the above definitions it is clear that delay-independent stability is a

stronger condition than a delay-dependent stability condition.

The necessary condition for the system to be stable independent of delay is

that Ã0 be stable since the characteristic polynomial should have no right half

plane roots when the delay is infinite. The system (4.8) is stable independent of

delay if and only if

det

 

I − (s I − Ã0)−1
m
∑

k=1

Ãk e−rk s

!

6= 0, ∀s ∈C +, ∀rk ≥ 0. (4.10)

A small gain type approach may be followed to provide sufficient conditions

for stability. The system in (4.8) can be represented in the M -∆ loop structure

using a lower linear fractional transformation with ẋ (t ) =Fl (M ,∆)x (t ) as shown

in Figure 4.4 with M given by

∆

x(t) x(t)

M
.

Figure 4.4: M −∆ loop representation of the system in (4.8)
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M =









M 11 M 12

M 21 M 22









=





















Ã0 [Ã1 . . . Ãm ]














I

...

I















0





















and∆ is the delay operator represented as the block diagonal uncertainities as

∆=















∆1

...

∆m















with∆k x (t ) = x (t −rk ). From the small gain theorem the sufficient condition for

delay-independent stability, provided Ã0 is stable, is that

sup
s∈C +

||M (s )||< 1 or sup
ω>0,ω∈R

||M (jω)||< 1 (4.11)

where || · || is any induced matrix norm. The second condition is valid since M (s )

and∆(s ) are analytic in the closed right half plane and hence any induced matrix

norm will reach its maximum on the boundary ∂C+ [66]. The conservativeness

in the small gain condition is overcome by using the structured singular value

based stability conditions that provide both necessary and sufficient conditions.

The following theorem provides the stability conditions using the structured sin-

gular value.
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Theorem 4.2.4 (Theorem 3.5 [62]). Let rk ≥ 0, k = 1, . . . , m be independent, incom-

mensurate delays. Then the system (4.8) is stable independent of delay if and only if

1. Ã0 is stable,

2.
∑m

k=0 Ãk is stable,

3. µXm (M (jω))< 1, ∀ω> 0,

where

M (s )¬















I

...

I















�

s I − Ã0

�−1 �
Ã1 . . . Ãm

�

,

Xm is a block diagonal uncertainty of the form

Xm ¬ {diag(δ1Ik1 , . . . ,δm Ikm )|δk ∈C }

and µXm (.) is the structured singular value of (.)with respect to the uncertain diagonal

structureXm .

Apart from the well known computational complexity involved in the ac-

curate computation of the structured singular value, especially for uncertainty

structures with repeated scalar blocks [46], it has been shown that the delay in-

dependent stability problem for systems with incommensurate delays is a NP-

hard problem [62] with respect to the number of incommensurate independent

delays. Hence, less demanding sufficient conditions are used to show stability

in systems with incommensurate delays and often is the only available tool for

systems with incommensurate delays.
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Theorem 4.2.5 (Theorem 3.15 [62]). Let rk ≥ 0, k = 1, . . . , m be independent, incom-

mensurate delays. Suppose that Ã0 is stable. Then the system (4.8) is stable indepen-

dent of delay if one of the following conditions hold.

1. µXm (M (jω))< 1, ∀ω≥ 0.

2. For any absolute or unitary invariant induced matrix norm ||.||,

||M (jω)||< 1, ∀ω≥ 0.

3. ||(s I − Ã0)−1(Ã1, . . . , Ãm )||∞ < 1/
p

m .

Hence a sufficient condition based on a D-weighted l p Holder norm given

by the Perron root of a nonnegative matrix can be obtained as

Corollary 4.2.6. Let rk ≥ 0, k = 1, . . . , m be independent, incommensurate delays.

Suppose that Ã0 is stable. Then the system (4.8) is stable independent of delay if

sup
ω≥0
P (〈M (jω)〉)< 1

where P (.) is the Perron root of the nonnegative matrix 〈M (jω)〉 and 〈M (jω)〉 is a

nonnegative matrix such that 〈M (jω)〉k l is the magnitude of M (jω)k l at the frequency

ω.

Proof. Since ∆ is diagonal, P (〈M (jω)〉) is a D-weighted induced Hölder l p norm

in C n for ||M (jω)||. Hence from Theorem 4.2.5 the sufficient condition for delay-

independent stability is satisfied if supω≥0P (〈M (jω)〉)< 1.

It is noted that the Perron root based sufficient condition is more conserva-

tive than the SSV based condition because of the structure of the uncertainty or

the delays. The conservativeness reduces with the order of the system. Hence

for large systems, the Perron root based stability condition will result in an overly
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conservative constraint which might serve to be impractical. A SSV based analy-

sis will be used in the rest of our analysis.

In many situations the sufficient conditions for delay-independent stability

criteria may not be satisfied since the stability is checked for all possible delay

values. For many practical problems, such as, registration in roll-to-roll printing,

an upper bound for the delay can be found and this information can be used to

obtain a delay dependent stability condition. A model transformation is typically

used to convert the retarded delayed differential equation with discrete incom-

mensurate delays into a retarded delayed differential equation with distributed

delay [62]. For the system in Equation 4.8, the model transformation can be ob-

tained from the fact that

x (t − ri ) = x (t )−
∫ t

t−ri

ẋ (u )d u (4.12a)

= x (t )−
∫ t

t−ri





m
∑

k=0

Ãk x (u − rk )



d u . (4.12b)

Hence the original system in Equation 4.8 can be rewritten with the additional

dynamics as

ẋ (t ) =

 

m
∑

i=0

Ã i

!

x (t )−
m
∑

i=1

Ã i

∫ t

t−ri





m
∑

k=0

Ãk x (u − rk )



d u . (4.13)

The stability of the transformed system (4.13) implies stability of the original sys-

tem (4.8) but the reverse is not true because of the additional dynamics [62]. The

characteristic quasipolynomial of the transformed system (4.13) can be obtained

as [62, pg. 85]

det



s I −

 

m
∑

i=0

Ã i

!

−
m
∑

i=1

Ã i
e−ri s −1

s

 

m
∑

k=0

Ãk e−rk s

!

 6= 0, ∀s ∈C + (4.14)
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and hence stability can be derived from an equivalent condition, provided Ã =
∑m

i=0 Ã i is stable,

det



I − (s I − Ã)−1
m
∑

i=1

Ã i
e−ri s −1

s

 

m
∑

k=0

Ãk e−rk s

!

 6= 0, ∀s ∈C +. (4.15)

With the knowledge of the maximum allowable delay for the system (4.8),

the delay-dependent stability condition is obtained using the following theorem.

Theorem 4.2.7 (Theorem 3.9 [62]). Let rk ≥ 0, k = 1, . . . , m be independent, incom-

mensurate delays. Then the system (4.8) is stable for all rk ∈ [0, r k ), k = 1, . . . , m , if

1.
∑m

k=0 Ãk is stable

2. µ∆(M (jω; r ))< 1, ∀ω> 0

where∆=Xm 2+m ,

M (s ; r )¬















I

...

I















 

s I −

 

m
∑

i=0

Ã i

!!−1
�

r 1Ã1C r 2Ã2C . . . r m Ãm C
�

,

C ¬
�

Ã0 Ã1 . . . Ãm

�

It is noted that, because of the additional dynamics from the model transforma-

tion, the delay-dependent stability condition may or may not be conservative

than the delay-independent stability condition.

4.2.2 Control Design for Print Units with CRC

Recall the system dynamics for a print section with compensator based registra-

tion control.

ẋ (t ) = A0x (t )+A1x (t −τ1)+ B0c u 1(t )+ B0t u 2(t )+ B1c u 1(t −τ1)+ B2c u 1(t −τ2)

(4.16)
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The presence of delays in both states and inputs in the system dynamics com-

plicates the control design and stability analysis. For the sake of generality, the

delays τ1 and τ2 are considered to be incommensurate even though the location

of the compensator within the print unit span can be changed so that the delays

are commensurate.

Systems with delayed control are typically transformed into a delay-free sys-

tem and the transformed system is then controlled using state feedback either

with or without past state measurements (see [67, 68, 69] and references therein).

Whereas for systems with both internal delays and delayed control the system

is first transformed into a system with delay free control and then a stabilizing

state feedback control, with or without past state measurements, is obtained for

the transformed system with internal delays (see [70, 71] and references therein).

The control law from these techniques are complicated from a practical stand

point and typically require memory to store past state measurements.

The objective in this section is to design a decentralized control laws for the

system in Equation (4.6) which results in a stable, autonomous, retarded func-

tional differential equation. The system is first transformed into an equivalent

system without control delays (motivated by the idea presented in [72, 70]) by

using integral action. A memorlyless state feedback control law is then designed

for the transformed system so that the resulting system is stable. The stability of

the closed loop system with state feedback is analyzed based on the frequency

domain based stability conditions provided in Theorems 4.2.5 and 4.2.7.

The system (4.6) can be rewritten by combining all inputs into a single vector

as

ẋ (t ) = A0x (t )+A1x (t −τ1)+ B0u (t )+ B1u (t −τ1)+ B2u (t −τ2) (4.17)
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where x ∈Rn×1, u ∈Rm×1, u (t ) =
h

τ1, ˙̃l 1,τ2, ˙̃l 2 . . . , ˙̃l 7,τ8

i>
with n = 22 state vari-

ables and m = 15 control inputs. The system in (4.17) can be transformed into a

system with internal delay by using dynamic feedback with m integrators. The

augmented system can be represented as

ż 1(t ) = A0z 1(t )+A1z 1(t −τ1)+ B0z 2(t )+ B1z 2(t −τ1)+ B2z 2(t −τ2) (4.18a)

ż 2(t ) =ω(t ) (4.18b)

where z 1 ∈Rn×1 and z 2,ω ∈Rm×1. Alternatively, the transformed system is rep-

resented as

ż (t ) =









A0 B0

0 0









︸ ︷︷ ︸

A0

z (t )+









A1 B1

0 0









︸ ︷︷ ︸

A1

z (t −τ1)+









0 B2

0 0









︸ ︷︷ ︸

A2

z (t −τ2)+









0

I









︸ ︷︷ ︸

B 0

ω(t )

ż (t ) = A0z (t )+A1z (t −τ1)+A2z (t −τ2)+ B 0ω(t ) (4.19a)

where A0, A1, A2 ∈Rn+m×n+m and B 0 ∈Rn+m×m . Consider a state feedback con-

trol law with w (t ) =−K z (t ) =−K1z 1(t )−K2z 2(t )where K1 ∈Rm×n , K2 ∈Rm×m

so that the closed loop system is reduced to

ż (t ) =









A0 B0

−K1 −K2









z (t )+









A1 B1

0 0









z (t −τ1)+









0 B2

0 0









z (t −τ2). (4.20)

If there exist K1 and K2 such that the closed loop system (4.20) is stable using

either Theorem 4.2.5 or Theorem 4.2.7, then the dynamic feedback control law

given by

u̇ (t ) =−K1x (t )−K2u (t ) (4.21)

will stabilize the system in Equation 4.17.

For a decentralized control structure for CRC K1 should be block diagonal

with K1 = diag [k0, k11, k22, . . . , k77] with k0 ∈R and k i i ∈R2×3 for i = 1, . . . , 7 and
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K2 should be diagonal. The state feedback gain k0 corresponds to the torque in-

put for the first print cylinder which acts as the master speed for the print section.

The first row in k i i corresponds to the rate of change of span length correction

provided by the compensator in print unit i and the second row corresponds to

the torque input to the print cylinder in print unit i . In this analysis strain and

registration error measurements are used to compute the control input for the

compensator roller and speed feedback is used to compute the print cylinder

torque input. For the sake of simplicity the feedback gains in all the print units

are chosen to be equal, i.e., k i i = k j j for i , j = 1, . . . , 7.

For the transformed system (4.19) with parameter values defined in Table 4.1

the following state feedback gains are chosen:

k0 = 1000, k i i =









36 0.1 0

0 0 1000









for i = 1, . . . , 7 K2 = 10I (4.22)

where I is a 15×15 identity matrix.

The stability of the closed loop system in (4.20) with these gains is checked

using the stability constraints in Theorems 4.2.5 and Theorem 4.2.7 which are

shown in Figure 4.5. From the figure it is evident that the delay-dependent sta-

bility constraint is not satisfied while the delay-independent condition is. The

stability of the system is guaranteed as long as the maximum delay value for τ1

and τ2 are r1 = 19 seconds and r2 = 7 seconds since µ∆(M (jω; r ))< 1, ∀ω> 0 for

the closed loop system (4.20).

It is noted that the seven open loop poles of A0, corresponding to the reg-

istration error states in A0, are shifted away from the origin to the left half plane

whenever the control gain corresponding to the registration error in the compen-

sator input is nonnegative. The magnitude of this gain plays an important role in
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Figure 4.5: Stability constraints for print units with compensator based control for
print registration. For the stability condition dependent on delay the maximum
delay for τ1 was chosen as r1 = 19 seconds and r2 = 7 seconds for τ2.

stability. A gain value of 0.1 corresponds to 10% correction in registration error

every second or a 15% correction of registration error per revolution of the print

cylinder. Any span length change correction provided with a compensator has a

delay of at least 6 seconds before its effect is seen at the registration sensor but

the effect of span length change on web strain is experienced instantaneously. A

large correction in span length based on registration error feedback will instan-

taneously affect the registration error, through the web strain dynamics, before

the effect of the web path length change due to the compensator is observed af-

ter a delay of 6 seconds. This effect may destabilize the system when large span

length correction rate is provided by the compensator. The destabilizing effect

of the magnitude of correction provided by the feedback gain corresponding to

the registration error is shown in Figure 4.6. The magnitude of span length cor-

rection is varied from 10% correction to 100% of registration error correction per

second. From the plot it is evident that as the correction increases beyond 10%
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Figure 4.6: Delay-dependent stability condition as a function of magnitude of
span length correction. The plots show 10 to 100 % of the registration error cor-
rection per second.

the stability condition is not satisfied.

A similar destabilizing effect is observed with PARC during practical imple-

mentation when registration error correction to the angular position is provided

based on the developed algorithms [20, 58, 59]; to overcome this instability the

time period for correction per revolution of the print cylinder is restricted to 4 ms

in an adhoc manner in these studies. The time domain analysis does not provide

a visual tuning process to scale the magnitude of correction. With the graphi-

cal stability conditions, the frequency domain analysis provides a more intuitive

understanding on the effect of magnitude of correction provided by each inputs

and hence will serve as a valuable tool for industrial practitioners.

The feedback gain corresponding to web strain in the compensator input

does not move the open loop system poles significantly and can even be zero for

a closed loop system that is stable. It is noted that the control gains are not syn-

thesized but are found by tuning the controller parameters so that the stability

110



4.2. Comparison of Registration Control Strategies

constraint is satisfied and not based on performance. One set of controller gains

that satisfy the stability condition is presented. The delay-independent stability

condition with proposed control structure was not satisfied for any set of gains

that were analyzed because of the size of the A1 matrix which has a destabilizing

effect on the retarded differential equation.

Time domain simulations were carried out to observe the performance char-

acteristics of the closed loop system with the control gains and a representative

sample of the simulation results is shown in Figures 4.22–4.31. For simulation

purposes the variational strain dynamics is used in the model and it is assumed

that the nominal web strain is known and equal to the nominal web strain in the

span upstream of the print unit; the variational strain dynamics can be obtained

from the following relation εi = ε̃+∆εi where ε̃ is the nominal strain and ∆εi

is the variational strain. Note that the dynamics of the overall system is identi-

cal with either the strain dynamics or the variational strain dynamics. Moreover,

even with the variational strain dynamics, the registration error is based on the

relative variational strain since ε2 = ε2−ε1 =∆ e p s i l on 2−∆ε1.

Figures 4.22–4.27 show the initial condition response, with and without the

correction provided by the compensator, for three sets of initial conditions in-

volving web strain, registration error and variational web speed. For all the sim-

ulations the print cylinder velocity loop is closed based on the velocity feedback

with the gains corresponding to the second row of k i i in (4.22). For the simula-

tions without the compensator correction, the first row of k i i is set to zero and

for the simulations with compensator correction the first row of k i i from (4.22)

are used. From these simulations it is evident that CRC actively controls the reg-

istration error.
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The disturbance rejection performance of CRC is also evaluated from simu-

lations. Disturbances in the form of incoming variational web strain ∆ε1 to the

print unit section were introduced and the performance of the closed loop sys-

tem is evaluated. Figures 4.28–4.31 show the response of the system with and

without the compensator correction provided by CRC for pulse and sinusoidal

disturbances. Simulation results indicate the effectiveness of CRC to reject dis-

turbances. Note that with the sinusoidal disturbances, even with active control

the registration error is not minimized in the first print unit. This is because

∆ε1 acts as an input disturbance which cannot be controlled without actively

controlling the strain in the incoming web span. But the registration error in all

other print units are minimized when the compensator is used.

4.2.3 Control Design for Print Units with PARC

Recall from Equation (4.7) the system dynamics for print units employing the

PARC strategy is

ẋ (t ) = A0x (t )+A1x (t −τ1)+ B0c u 1(t ) (4.23)

where u 1(t ) = [τ1, . . . ,τ8]. The system dynamics is simple when compared to that

using the CRC strategy with just a single delay in the state. The objective is to de-

sign a decentralized, state feedback control law with current state measurement

(u 1(t ) =−K x (t )) so that the closed loop system

ẋ (t ) = [A0− B0c K ]x (t )+A1x (t −τ1) (4.24)

is stable by using either Theorem 4.2.5 or Theorem 4.2.7. For decentralized con-

trol the gain matrix K should have the following structure K = diag [k0, k11, k22, . . . , k77]

with k0 ∈R and k i i ∈R1×3 for i = 1, . . . , 7. The gain k0 corresponds to the torque
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to print cylinder 1 based on its velocity measurement and the gains k i i corre-

spond to torque to the print cylinder in i th print unit used for registration er-

ror correction based on web strain, registration error, and print cylinder velocity

measurements.

With the decentralized state feedback control structure, the necessary con-

dition for stability using either Theorem 4.2.5 or Theorem 4.2.7 is not satisfied for

any set of gains. This is because of the fact that the seven open loop poles of A0

corresponding to registration error state cannot be moved from the origin to the

left-half plane unless large values for gains corresponding to the registration er-

ror state are used; this may be attributed to the fact that the control input has an

indirect effect on the registration error dynamics. Even with large gains it is not

possible to move one of the eigenvalues of the matrix A0− B0c K which violates

the necessary condition for delay-independent stability, i.e., the matrix A0−B0c K

be Hurtwitz. The necessary condition for stability dependent on delay, i.e., the

matrix A0− B0c K +A1 be Hurwitz is satisfied for a set of gains K but the stability

constraint µ∆(M (jω; r ))< 1, ∀ω> 0 in Theorem 4.2.7 is not satisfied unless the

delay τ1 < 0.27 seconds (see Figure 4.7).

Instead of regulating the print cylinder velocity variations to zero, a servo

type control can be used to regulate the velocities to a non-zero value in order

to correct for registration error. This type of control is similar to existing PARC

based control strategies where the angular position of the print cylinders are

varied based on registration error feedback. The control law is given by u 1(t ) =

−K1x (t )+G g r (t )where G g ∈R7×7 is the input gain matrix and r (t ) ∈R7×1 is the

reference for the print cylinder velocity variation; G g is diagonal for decentral-

ized control. The reference r (t ) is computed based on the registration error and
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Figure 4.7: Stability condition dependent on delay for the print section with the
dynamics in Equation 4.7 controlled using a electronic line shaft based registra-
tion control with gain k0 = 1000 and k i i = [0 − 275 1000] for a maximum
delay value for τ1 to be r 1 = 0.27 seconds.

is given by r (t ) = αg Ce x (t ) where αg is the registration error correction scaling

factor, and Ce is the output matrix of the system corresponding to the registra-

tion error states. Depending on the amount of correction needed, the angular

velocity reference is scaled using the term αg footnoteIf αg = 1/r where r is the

radius of the print cylinder then 100% of registration error is corrected in a sec-

ond. and the input gain matrix is chosen such that the steady-state tracking error

is zero. The servo type control for PARC can then be represented as

ẋ (t ) =
�

A0− B0c K +αg G g Ce

�

x (t )+A1x (t −τ1). (4.25)

Even with this control strategy the matrix
�

A0− B0c K +αg G g Ce

�

is not Hurtwitz

for any value ofαg . For values ofαg > 0.3103 the matrix
�

A0− B0c K +αg G g Ce +A1

�

has all eigenvalues with negative real part but the delay-dependent stability con-

dition based on the structured singular value is also not satisfied. It is noted that

αg > 0.3103 implies that at least 2.6 times the registration error is corrected every
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second, which is basically a large magnitude of correction that can indeed lead

to instability as discussed in the previous section.

4.3 REMARKS

Based on the analysis presented in this chapter it can be concluded that CRC

has a number of advantages over PARC. First, the propagation of tension distur-

bances due to registration control is smaller with CRC than with PARC. This is

attributed to the fact that the control of registration error with PARC has a direct

effect on web strain in adjacent print units which results in more interaction.

While the direct effect of compensator motion on web strain in one print unit

is propagated to the adjacent span through the print cylinder dynamics, which

reduces the magnitude of disturbance propagation. In order to avoid the propa-

gation of disturbances due to PARC, a cooperative control strategy is employed in

[59, 22] where a disturbance attenuation based on angular correction provided

in adjacent print units is employed. Therefore, when multiple print units are

employed, the complexity of the cooperative control strategy will increase signif-

icantly.

The CRC strategy can stabilize the print section dynamics with a decentral-

ized state feedback control law based on current state measurements. A decen-

tralized state feedback law is simple to implement and hence would be an ideal

choice for commercial registration controllers. Without the need to store past

measurements, the memory requirement of the controller during practical im-

plementation is reduced significantly; for example, with a 10 millisecond sam-

pling time at least 1800 measurements are needed to be stored for each state for

the Armstrong print unit, which is a significant memory requirement even for
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modern advanced signal process based industrial controllers.

It is possible to stabilize the system with PARC by using methods such as

those presented in [20, 58, 22, 59]. But the advantages of using the CRC pre-

sented in this chapter over the exiting PARC are that (1) past measurements are

not necessary, (2) control law computation is not complex and hence can be im-

plemented in commercial registration controllers, and (3) state measurements

from adjacent print units is not necessary hence a decentralized control can be

implemented.

In [20, 58, 22, 59] past measurements of states as well as the communica-

tion of state measurements between registration controllers in adjacent print

units are necessary for the PARC algorithms. The complex control algorithm

for PARC presented in [20, 58, 59] had to be implemented on a dedicated DSP

since commercial registration controllers were unable to handle the computa-

tion complexity of the nonlinear control laws. And even though the control law

was shown to be stable with the PARC algorithms presented in [20, 58, 59], dur-

ing practical implementation instability in the system was observed because of

the rapid change in angular velocity that resulted in slippage or web breakage.

This instability was avoided in experimentation by limiting the angular velocity

correction based on registration error to be 4 millisecond per revolution of the

print cylinder in an adhoc manner.

The stability analysis presented in this chapter is preliminary in the sense

that it is applicable for a restricted set of control structures and controller com-

plexity. It is anticipated that improvements to the registration control perfor-

mance may be made by using advanced decentralized control strategies with

both CRC and PARC. Moreover, the comparison presented in this chapter did
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not consider the achievable performance with either control strategies. Future

work should consider control design based on desired performance.

It is noted that the stability of the print section with CRC was achieved with

a simple control structure. This may be attributed to the structure of the plant

and the additional degree of freedom available with the compensator. For ex-

ample, the delay τ1 corresponding to the state delay matched with one of the

input delays and also the two input matrices with delays are equal in magnitude.

Further, the complexity of the stability analysis for CRC may be reduced if the

delays are commensurate. Note that the delays can be made commensurate by

positioning the compensator in the web path so that the transport delay τ1 for

the web to travel from one print cylinder to the other is an integer multiple of

the transport delay τ2 for the web to travel from the compensator to the down-

stream print cylinder. Future work should further investigate this aspect based

on the structure of the print section dynamics.

−0.2

−0.1

0

−0.04
−0.02

0

−2
−1

0
1

x 10−5

−0.02
0

0.02

0 20 40 60 80 100 120 140 160 180 200

Registration Error in Print Unit 1

in
in

in
/s

ec

0 20 40 60 80 100 120 140 160 180 200

Registration error in Print Units 2 to 7

0 20 40 60 80 100 120 140 160 180 200

Web Strain in all Print Units

0 20 40 60 80 100 120 140 160 180 200

Web Speed at all Print Cylinders

Time (Seconds)

Figure 4.8: Interaction in CRC with a pulse width of 14 seconds and magnitude of
0.0401 in/sec.
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Figure 4.9: Interaction in PARC with a pulse width of 14 seconds and input torque
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Figure 4.10: Interaction in CRC with a pulse width of 1.5 seconds and magnitude
of 0.0401 in/sec.
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Figure 4.11: Interaction in PARC with a pulse width of 1.5 seconds and input
torque magnitude of 0.5643 lb-in.
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Figure 4.12: Interaction in CRC with a sinusoidal input magnitude of 0.0401
in/sec and frequency of 0.05 Hz.
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Figure 4.13: Interaction in PARC with a sinusoidal torque input magnitude of
0.5643 lb-in and frequency of 0.05 Hz.
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Figure 4.14: Interaction in CRC with a sinusoidal input magnitude of 0.0401
in/sec and frequency of 0.1 Hz.
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Figure 4.15: Interaction in PARC with a sinusoidal torque input magnitude of
0.5643 lb-in and frequency of 0.1 Hz.
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Figure 4.16: Interaction in CRC with a sinusoidal input magnitude of 0.0401
in/sec and frequency of 0.5 Hz.
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Figure 4.17: Interaction in PARC with a sinusoidal torque input magnitude of
0.5643 lb-in and frequency of 0.5 Hz.
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Figure 4.18: Interaction in CRC with a sinusoidal input magnitude of 0.0401
in/sec and frequency of 1 Hz.
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Figure 4.19: Interaction in PARC with a sinusoidal torque input magnitude of
0.5643 lb-in and frequency of 1 Hz.
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Figure 4.20: Interaction in CRC with a sinusoidal input magnitude of 0.0401
in/sec and frequency of 1.5 Hz.
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Figure 4.21: Interaction in PARC with a sinusoidal torque input magnitude of
0.5643 lb-in and frequency of 1.5 Hz.
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Figure 4.22: Initial condition response of the print section dynamics without com-
pensator correction. The initial conditions for the variational web strain in the
seven print units were taken as [−1.5, −1, −0.5, 0, 0.5, 1, 1.5]×10−5.
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Figure 4.23: Initial condition response of the print section dynamics without com-
pensator correction. The initial conditions for registration error in print unit 4 was
taken as 0.01 mils.
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Figure 4.24: Initial condition response of the print section dynamics without com-
pensator correction. The initial conditions for variational web velocity in print
cylinder 4 was taken as 10−4 rad/sec or 8.5944×10−4 in/sec.
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Figure 4.25: Initial condition response of the print section dynamics with state
feedback CRC. The initial conditions for the variational web strain in the seven
print units were taken as [−1.5, −1, −0.5, 0, 0.5, 1, 1.5]×10−5.
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Figure 4.26: Initial condition response of the print section dynamics with state
feedback CRC. The initial conditions for registration error in print unit 4 was
taken as 0.01 mils.
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Figure 4.27: Initial condition response of the print section dynamics with state
feedback CRC. The initial conditions for variational web velocity in print cylinder
4 was taken as 10−4 rad/sec or 8.5944×10−4 in/sec.
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Figure 4.28: Propagation of disturbance in the print section without compensator
correction. A pulse disturbance magnitude of 1× 10−6 in variational web strain
was introduced in the span upstream of the print section.
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Figure 4.29: Propagation of disturbance in the print section without compensator
correction. A sinusoidal disturbance with magnitude of 1×10−6 and frequency of
(1/300) Hz in variational web strain was introduced in the span upstream of the
print section.
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Figure 4.30: Propagation of disturbance in the print section with CRC. A pulse
disturbance magnitude of 1× 10−6 in variational web strain was introduced in
the span upstream of the print section.

128



4.3. Remarks

0 500 1000 1500 2000 2500
−0.1

0

0.1
Registration Error at the Print Units

m
ils

0 500 1000 1500 2000 2500
−1

0

1
x 10−6 Variational Web Strain at the Print Units

0 500 1000 1500 2000 2500
−4

−2

0

2

4
x 10−3 Variational Web Speed at Print Cylinders

in
/s

ec

Time (Seconds)

Figure 4.31: Propagation of disturbance in the print section with CRC. A sinu-
soidal disturbance with magnitude of 1 × 10−6 and frequency of (1/300) Hz in
variational web strain was introduced in the span upstream of the print section.
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CHAPTER 5
Summary and Conclusions

Roll-to-roll printing of electronics on a flexible substrate has a significant po-

tential to become the primary manufacturing method for the semiconductor in-

dustry, especially for the manufacture of flexible solar cells, displays and light-

ing. But in order to realize that potential it is important to minimize registration

error in the print process. In this dissertation a systematic study to minimize

registration error in roll-to-roll printing presses is presented. A summary of the

contributions are listed in the following.

5.1 SUMMARY

A new mathematical model for print registration that considers the effect of ma-

chine introduced disturbances due to non-ideal elements as well as the effect of

various web handling parameters on print registration are presented. The math-

ematical model differs from existing models available in the literature based on

the way in which the effect of web strain is accounted for in the registration error

dynamics. Unlike the existing models, the new mathematical model is based on
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the relative strain between print units and is neither a function of absolute strain

in a print unit nor a function of the difference between the absolute strain and

its nominal value. Data from actual productions runs from an industrial print-

ing press are used to show that the relative strain registration model captures the

dynamic behavior of print registration process better than the existing models

in the literature. Additionally, the analysis of registration error model and the

production data indicate the importance of tension regulation within print units

in order to minimize registration error. Web tension is seldom regulated in com-

mercial printing presses and active tension regulation is expected to significantly

improve print registration.

Machine and web dynamics for a rotogravure print section driven by a me-

chanical line shaft are modeled based on first principles. Based on the analysis

of the model, it is concluded that primary sources of machine induced distur-

bances in print units are compliant transmission elements. Transmission com-

pliance affects print cylinder velocities and thereby the registration error. If doc-

tor blades are used to wipe excess ink of the rotogravure print cylinders, their

motion must be appropriately designed and actuated in order to reduce the ef-

fect of machine induced disturbances. For instance, print cylinder velocity vari-

ations can be minimized if the stroke length of the doctor blade motion is small

and if the doctor blade is independently actuated using a separate actuator. Ex-

cessive contact force between the doctor blade and print cylinder should also be

reduced in order to reduce print cylinder velocity variations due to doctor blade

contact. Depending on the choice of the material for the doctor blade it may be

possible to reduce doctor blade loading force.

In roll-to-roll printing with multiple print units, control of registration er-
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ror in one print unit will affect registration error in adjacent print units because

of strain transport. This propagation of tension disturbances in roll-to-roll pro-

cessing machinery is studied using a new interaction metric which is based on

the Perron root of a nonnegative matrix associated with the system dynamics.

The Perron root based interaction metric (PRIM) provides a systematic way to

quantify interaction in decentralized large-scale interconnected systems, such

as roll-to-roll processing machines. The PRIM also provides a procedure to min-

imize the interaction via the design of decentralized pre-filters. Stability con-

straints for decentralized controllers are also derived based on the PRIM anal-

ysis. Experimental results from a roll-to-roll platform show the effectiveness of

the PRIM in analyzing the tension disturbance propagation behavior within the

R2R platform. The experimental results also indicate the effectiveness of PRIM

based decentralized pre-filters to minimize tension propagation within the R2R

platform.

Two types of control strategies are typically used to control print registra-

tion: compensator based registration control (CRC) strategy where the web path

length between the print cylinders in a print unit is changed to compensate for

registration error and a print cylinder angular position based registration con-

trol (PARC) strategy where the angular position of the print cylinder is controlled

to compensate for registration error. A systematic analysis of the two control

strategies based on their disturbance propagation behavior is performed using

the PRIM. From the PRIM analysis it is found that CRC results in a smaller mag-

nitude of disturbance propagation when compared to PARC. This is because of

the manner in which strain is transported with these control strategies. The con-

trol of registration error with PARC has a direct effect on web strain in adjacent
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print units, therefore, it results in more interaction. The direct effect of com-

pensator motion on web strain in one print unit is propagated to the adjacent

span through the print cylinder dynamics, which reduces the magnitude of dis-

turbance propagation.

Control of registration error with either CRC or PARC is complicated due to

the presence of internal delays associated with the transport of web from one

print cylinder to the other. Moreover, additional delay in control input is intro-

duced when CRC is used. But a compensator based control strategy provides an

additional degree of freedom to control registration error. Control design and

stability characteristics of the two control strategies are compared based on a

simple control structure that involves decentralized, memoryless, state feedback

controllers. Stability of the delayed system is ascertained based on frequency

domain delay-dependent conditions.

A memoryless state feedback decentralized controller is designed for the

CRC strategy where the print cylinder velocity is regulated based on the angular

velocity feedback and the compensator motion is controlled based on web strain

and registration error feedback. The original system with state and input delays

is transformed into a system without input delays using dynamic feedback. The

control design and stability analysis is carried out on a transformed system since

the stability of the transformed system imply the stability of the original system.

Delay-dependent stability conditions are satisfied for the CRC strategy for a set of

controller gains and the effect of various controller gains on stability is discussed.

It is found that the compensator rate plays an important role in the stability of

the system and large correction rates will destabilize the system.

A controller for PARC with a decentralized, memoryless, state feedback con-
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trol structure was not found, possibly due to the fact that a single control input

needs to regulate three state variables in each print unit. Existing controllers

in literature that employ a PARC strategy involve computation of a control law

based on past measurements and communication of information between dif-

ferent print units. From a practical implementation perspective CRC strategies

are attractive because of their decentralized structure and computational sim-

plicity.

5.2 CONCLUSIONS

The print quality using R2R printing can be improved by using print cylinders

driven by tightly controlled electronic line shafts that regulate the web velocity,

and a compensator based control strategy for registration control. With elec-

tronic line shafts, the machine induced disturbances due to compliant transmis-

sion can be avoided and with a CRC the propagation of registration error be-

tween print units can be minimized. The registration performance can be fur-

ther improved by using an independent actuator for doctor blade motion, ac-

tively regulating the web tension within the print units, choosing process con-

ditions such as, transport velocity, web tension, web span length, web material

properties, etc., based on PRIM analysis of the model in order to minimize the

tension propagation behavior within print units. Moreover, pre-filters designed

to minimize propagation of tension disturbances will possibly improve registra-

tion performance.
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5.3 FUTURE WORK

The PRIM was used to compare the two control strategies in terms of disturbance

propagation behavior. Minimization of interaction based on the decentralized

pre-filter design from PRIM should be considered as part of the future work. In-

teraction can also be minimized by appropriate machine design and process de-

sign. The use of Perron root interaction metric to make machine and process

design modifications that would reduce interaction in the print section may be

considered as future work.

The decentralized pre-filter design based on PRIM acts more like a detun-

ing gain that ensures stability of the closed-loop system. The addition of the

pre-filter does not guarantee closed-loop performance. It is necessary to look at

possible ways to design the controller and the pre-filter simultaneously so that

interaction is minimized and nominal performance is guaranteed.

It is expected that improvements to the registration control performance

may be made by using advanced decentralized control strategies with both CRC

and PARC. Moreover, the comparison presented in this work did not consider

the achievable performance with either control strategies. Future work should

consider control design based on performance.

It is noted that the stability of the print section with CRC was achieved with a

simple control structure. This may be attributed to the structure of the plant and

the additional degree of freedom available with the compensator. Further, the

complexity of the stability analysis for CRC can be reduced if the delays are com-

mensurate. Future work should investigate stabilizability and achievable perfor-

mance based on the structure of the print section dynamics.
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