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Abstract

In this dissertation, we focus on the study of sharp inequalities of Moser-
Trudinger-Onofri type. We first establish the analog Bliss and Hardy inequal-
ities with sharp constant involving exponential weight function. One special
case of the inequalities (for n = 2 ) leads to a direct proof of Onofri inequality
on S%. Then we establish the sharp trace inequalities on any smooth bounded

simply connected domain in R

vi



Chapter 1

Introduction

The sharp Sobolev inequality on R™ (n > 3) was obtained by Aubin [3] and

Talenti [31], respectively, in 1976: for all u(x) satisfying v € L*"/ (=2 (R") and

(/hﬁwwﬁ&/TWﬁ (1.1)

where 1/, = 7n(n — 2)(I'(n/2)/T(n))?™ is called the best constant of Sobolev

Vu € L*(R")

inequality. Extremal functions were also given by them. By even reflection,

One can have the sharp Sobolev inequality on the upper half space:

,

for all u satisfying uw € L*/(2(R?) and Vu € L*R"), where R? =

)% <2is; [ |9
Rn

n
+ +

{(z1,...;xn) | &, > 0} is the upper half space. And (1.1) also implies the
following local sharp Sobolev inequality: on any smooth bounded domain €2 C
R™,
(/mﬁwfg&/ww,vue%my
Q Q
Based on this local inequality, Aubin [2] was able to establish the sharp type

Sobolev inequality on any compact Riemmanian manifolds via the partition of

unity: if M is an n-dimensional compact Riemmanian manifold (n > 3), then



for every € > 0, there is a constant C' = C(€) > 0, such that

(/ |u|f—%dvg)”fg(sl+e)/ |Vgu|2dvg—|—0(e)/ Wi, (1.2)
M M M

Inequality (1.2) is successfully used by Aubin to settle down the Yamabe prob-
lem for high dimensional (n > 5) and non-conformally flat manifolds. Later,
Yamabe problem was completely solved through the work of Schoen [30].

It is certainly an interesting mathematical problem to study the behavior of
C'(€) as € tends to zero. In fact it was conjectured by Aubin in 1976 that on any
smooth n-dimensional compact Riemannian manifold without boundary (M, g)

(n > 3), there is a constant C(M, g) such that Vu € H*(M)

/ |u|n “2dv,) © < Sl/ |V yul*dv, + C(M, g)/ u?dv,. (1.3)
M

Aubin’s conjecture was later proved by Hebey and Vaugon [18] in 1996.

On the upper half space R, the sharp trace inequality was proved by P. L.
Lions [24]:

2(n—1) n—2 2
([ =)= <s | |Vl
oR™ R?

for all u satisfying u € L2®"V/=2(HR7) and Vu € L*(R%), where S =
2/(n —2) - (27™/%/(I'(n/2)))1~™ is called the best constant of trace inequal-
ity. Later the extremal functions were found by Escobar [14] and Beckner [4]
independently.

Stimulated by the work of Hebey and Vaugon [18], Y.Y. Li and M. Zhu
[21] established the corresponding sharp trace inequality on any compact Rie-
mannian manifold with boundary. Namely, they showed that for any smooth

n—dimensional compact Riemannian manifold (M, g) ( n > 3) with smooth
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boundary, there exists a constant A(M, g) > 0, such that Vu € H'(M)

([ Wlas)= <5 [ Ol AMLg) [ atds, (L
oM M oM

where dv, denotes the volume form of (M, g) and ds, denotes the induced volume
form on OM. Using the same method, they [22] established a sharp Sobolev
inequality on any bounded domain with smooth boundary: For any smooth
bounded open set 2 C R"(n > 3), there exists some constant A(€2) > 0 such

that
(/ | 2 gzisl/ \Vu|2+A(Q)/ W Yue HYQ).  (15)
Q Q o0

The two dimensional case is quite different.

Let Q be a smooth bounded domain in R?. Tt is well-known that L>(Q) is
not a subset of Hj(Q) even if  is a two dimensional ball. Nevertheless, it was
shown by Trudinger [32] that functions in H} () are actually in the exponential

class.

Theorem A (Trudinger’s inequality) Let Q C R? be a smooth bounded
domain. There are two positive constants By and Cy (Cy depending on the area

of Q) such that if u € HY(Q) and ||Vul|rz <1, then

/ e < ¢ (1.6)
Q

for all B < By. Moreover, if {u;}°, is bounded in Wy ™(Q), then up to a

subsequence of i, u; — ug i Wy™(Q) and exp(nu;) — exp(nug) in L' norm.

The key observation in Trudinger’s proof is that in the following embedding



inequality

(o [ras} " <] [ rwupa)”™ (L)

the coefficient satisfies ¢(p) < Cp'~/2. Adams in [1] pointed out that one can
obtain the similar results involving higher order derivatives.

The best constant 3y in Theorem A was later found by Moser [25], Sy =
nw,ﬁ and w,,_1 is the (n — 1)—dimensional surface of the unit sphere. Carleson
and Chang [8] state that there is an extremal function which realizes the equality

in Theorem A when = 3y and € is a unit ball in R™. For n = 3, Onofri derived

the following inequality [28] (See also [19] and [29]):

Theorem B (Onofri inequality) Let (S? go) be the standard unit sphere in
R3. For any u € WH?(S?),

1 1
ln(—/ e*dx) < —/ (|Vul?* + 2u)dx.
S2 4 S2

™ ™

The equality holds if and only if the curvature under metric e*'qgqy is constant.

Onofri proved this inequality in his study of the volume element in string the-
ory integrals (see also Hong [19] for an analytic approach). It was re-discovered
by Osgood, Phillips and Sarnak in their proof of the C'*°-compactness of isospec-
tral metrics on compact surfaces. As another important application, Onofri
inequality is used to derive the lower bound for the Liouville energy on a topo-
logical two-sphere, which can be used to derive the global existence of Ricci flow
and Calabi flow on 2-sphere, see, for example, Chow [11] and Chen [9].

The proofs of Theorem B by Onofri and others rely on the highly nontrivial
sharp inequalities of Moser mentioned above [25]. This makes their proofs more

difficult to digest. In [23], J. Li and M. Zhu gave a more direct and simpler



proof of Theorem B, which does not depend on Moser’s sharp inequality, but
based on the following sharp local inequality: Let 2 C R? be a bounded smooth

domain, Q* be the ball in R? that has the same area as 2, and denote

Dun() = {f(y): fly) —be HQ), / P dy = al,

0
where a(> 0) and b are two constants. Then
ae”?®  qr?
inf Vw|?dx > 47 - (1 — = 1), 1.8
weg:,,,(sz)/g‘ wlidz > 4 - (In 2 * ae—2b ) (1.8)

where 7 is the radius of Q2*.

Comparing the proof of sharp Sobolev inequality (based on the Bliss Lemma)
with that of Onofri inequality, we believe that there are undiscovered calculus
inequalities, which turn out to be the main theorem of our paper[20]. We include

this in Chapter 2. One of the inequalities we derived is the following:

Theorem 1.1. (1). Let n > 1 be given. For any nonnegative function u €

C0, +00) with u(0) = 0 and [~ e™ " dr = a > 1/n, we have

/na

o] -1 y
B (na — 1)
; (n —i)(na)"= }

)

where [n] is the integer part of n. The equality in (1.9) holds if and only if

na(na — 1)7*
(na — 1)1 4 e=nr/(n=1)"

u(r) =In



(2). For any non-negative function u € C*0,+00) with u(0) =0,

400 el +00
ln/ —dr S/ lu,|dr, (1.10)
o € 0

the equality holds if and only if u(r) = 0.

As a consequence of such sharp local inequality (1.8), one can obtain a sharp

inequality on any smooth bounded domain Q C R2:

/ e® < meas(Q) - e- exp{i/ IVul?},  Yu € Hy(9). (1.11)
Q 4m Jo

Also, for any smooth Riemann surface (M, g), given € > 0, there are 1y > 0 and

C(e) > 0 such that if Q C B(xg, o) for some point xy € M, then
/edeg e )exp{(— e / V,wldV,y,  Ywe HY(Q).  (112)
0

From inequalities (1.11) and (1.12), X. Chen and M. Zhu [10] derived that
on Riemann surface (M, g), given € > 0, there are constants C; = C(€) and

Cy = Cy(€) such that

/ e’dV, < Clexp{( / |V w|*dV, —I—C'g/ w?},  Yw e HY(M).
M M

They followed the strategy to prove Hebey and Vaugon’s inequality (1.3), with-
out using the uniformization theorem and Onofri inequality, showed that on any
topological two sphere (M, g), there is a constant C(M,g) > 0, such that, for
all w e H'(M),

/ (IVul* + 2R u)dV, — ln/ e"dV, > C(M?,g), (1.13)
M M

6



where R, is twice the Gaussian curvature with respect to metric g.

Comparing at the high dimensional sharp trace inequalities, it is quite nat-
ural to seek two-dimensional sharp trace inequality. In Chapter 3 we will derive

such inequality on simply connected domain in R2.

Theorem 1.2. Let Q be a simply connected domain in R* with bounded Geodesic

curvature K,. Then there ezists a constant C'(Q) such that for any u € H' (),

1 1
ln/ e'dS < —/ |Vu|2dy+—/ K, -udS+ C(Q).
0 4T Jo 27 Joa



Chapter 2

A Hardy Inequality and Its Applications

The classical Hardy inequality says that for any non-negative function f(x) on

[0, +00), if F(z) = [ f(t)dt, then

< /[ k L k  poo
/ (—) dr < (—) / frdx,
0 x k—1 0
where k > 1 is a given parameter. See, for example, Inequality 327 in the book

by Hardy, Littlewood and Polya [17]. It is important to note that the constant

(%)k is the optimal one and the equality in the inequality never holds. Using

Hoélder inequality, Hardy and Littlewood [16] were able to derive that

~ F! EY G
[ () ([ 72)"
g alme k—1 0

where | > k and o« = [/k — 1. Tt was quite clear to them that the constant is

not optimal for [ > k. Though they guessed what is the best constant, it was
later proved by Bliss, who obtained nowadays the famous Bliss Lemma (see the

interesting papers [16, 6]):

Bliss Lemma: Let k, [ be constants, such that | > k > 1, and let f(x) be
a non-negative measurable function in the interval 0 < x < oo, such that the

integral J = fooo fFdx is finite. Then the integral y = fom fdx s finite for every



T and

o) l
1= [ Y .
o ¢
where
| ! al'(l/a) )
a_k—l, C’b—l_a_l{r(l/a)l“((l—l)/@) .

The equality in (2.1) holds if and only if f(x) = c/(1 + da®) @/ for some

positive constants c, d.

The Bliss Lemma later (after more than forty years) became a crucial in-
gredient in the proof of sharp Sobolev inequality by Aubin [3], and Talenti [31],
respectively. The latter inequality has played an essential role in the resolution
of the Yamabe problem, which mainly concerns about finding a canonical met-
ric with constant scalar curvature on compact manifolds with dimension higher
than or equal to three. Comparing the proof of sharp Sobolev inequality (based
on the Bliss Lemma) with the prove of Onofri inequality in [23] directly from
Trudinger’s inequality, we believe that there are undiscovered calculus inequal-
ities.

In this chapter, we establish the following analog Bliss and Hardy inequalities
with sharp constant involving exponential weight function. One special case of

the inequalities (for n = 2) leads to a direct proof of Onofri inequality on S2.

Theorem 1.1. (1). Let n > 1 be given. For any nonnegative function u €

C0, +00) with u(0) = 0 and [~ e™ " dr = a > 1/n, we have

> " n n-l n—|n
I bl = ()™ { o) = 1, 31— (1= 1y

. [n]—1 (na—l)"’i
Zi:l (n—i)(na)"—i}7



where [n] is the integer part of n. The equality in (1.9) holds if and only if

na(na — 1)7*
(na — 1)~ 4 e—nr/(n=1)"

u(r) =1In

(2). For any non-negative function u € C*0,+o00) with u(0) =0,

+o0o el +oo
ln/ —dr S/ lu,|dr,
o € 0

the equality holds if and only if u(r) = 0.

Theorem 1.1 immediately yields the following sharp inequality:

Corollary 2.1. Let n > 1 be given. For any nonnegative function u €

C10,4+00) with u(0) = 0

+oo _nu -1 n—1 rtco
In {n/ € dr} < <n > / |u,|"dr + C,, (2.2)
o e n 0

where the constant C,, is given by

[n]—1

"1 i 1
(]n:/o HUSCE) H)dHZ—(n—z’)’

i=1

n_—l)nf

— Yand C,, are optimal,

and [n] is the integer part of n. Both constants (

and the equality never holds.

We first prove inequality (1.9) with a larger coefficient in Sec. 2.1 (Proposi-
tion 2.4 below). The argument is elementary and simple. It needs to be pointed
out that for n > 1 being an integer, Theorem 1.1 can be read out from The-
orem 1.3 in [23]. For general positive constant, it seems impossible to prove

Theorem 1.1 from that theorem, rather, Theorem 1.1 provides an alternative

10



proof of that theorem (Corollary 2.9 in this paper). Recall the original proof of
Theorem 1.3 in [23] does rely on Trudinger’s inequality. Quite interestingly, we
also recall that Moser [25] used a similar argument to give a very simple proof

of the improved Trundinger’s inequality (with best constant):

Corollary 2.2. (Weak Moser’s Inequality). Let Q@ C R" (forn > 2) be a
smooth bounded domain. For any B < nw,ll/_(?fl) , there is a constant C(, )
depending on the volume of Q and 8, such that for all w € W, ™(Q) with
Jo IVu|"de <1,

/ H1 ™ g < C (8, B).
Q

Here and throughout this chapter, we use w,, for the volume of unit sphere
S™ in R, This result is slightly weaker than Moser’s inequality since it does

1/(n-1)

not include the case of f = nw,””; . It seems that one needs the argument
due to Moser [25], or Carleson and Chang [8] to cover this extremal case.

In Sec. 2.2 we will show how to improve the rough inequality (Proposition
2.4) and complete the proof of Theorem 1.1. One particular reason that we can
achieve this (but not for Moser’s inequality) is that we can classify all extremal
functions.

As Bliss Lemma yields a sharp Sobolev inequality, in Sec. 2.3 we will show
that Theorem 1.1 can be used to give a more direct proof of the Onofri inequality
(thus without even using Trudinger’s inequality). In fact, let B,.(0) C R™ (now

n is an integer greater than or equal to two) be a ball in R" with radius r

centered at the origin, and

Da,b(Br(O))z{f(y) ) -vewp o), [ . e”fdy:a},

11



where a is a constant satisfying a > “’"%’menb We will show that Theorem 1.1

yields:

Corollary 2.3. (Local Sharp Inequality for n = 2).

ae 2t w2
inf Vuw|?dy = 4r - (1 - —1).
weDlEb(Br)/Br‘ widy = 4 (n 2 +ae—2b )

It is known now that this corollary implies Onofri inequality on S?, see
[23]. For the readers’ convenience, we include a complete proof of the Onofri
inequality in Sec. 2.3.

In Sec. 2.3, we shall also discuss the applications of Theorem 1.1 to other

geometric problems.

2.1 Rough inequality

We shall establish two elementary calculus inequalities ((2.3) and (2.6)) in this
section. The first one will be used to prove Theorem 1.1, and the second one

will be used to derive Corollary 2.2.
Proposition 2.4. (1). Letn > 1 and fy > ("T_l)nT_1 There is a constant

c1(Bo), such that for any u(r) € C0,+00) satisfying u(0) = 0,

In / M=) g < / luy " dr + 1(By). (2.3)
0

0

(2). For u(r) € C*0,+00) satisfying u(0) = 0,

ln/ e—drﬁ/ |u,|dr.
o ¢ 0

12



Equality holds if and only if u(r) = 0.

For n > 2 we will improve the inequality by variational method in next

section.

Proof. Let u(r) be any function in C*[0, +00) satisfying u(0) = 0. We have

ur) < [ furlar
0

thus

/ e—Tdrgexp{ lu,|dr},
o € 0

ln/ e—drﬁ/ |u,|dr.
o ¢ 0

It is easy to see that the equalities in the above inequalities hold if and only if

which yields

u, = 0, thus u(r) = 0.

Now, for given n > 1 and positive parameter 5 > 0, we have

u(r) = / u,dr < (/ |y |"dr) Y™ r
0 0

s g
- n n/(n—1)

Thus

r

/°° e - /OO exp{3" [~ lu,|"dr + (n — 1)ﬁ_ﬁr}d
0 0

e'I’LT‘ em"

= exp{8” / fuy "} / =18 T =l g,
0 0

13



If we choose

then
el o — o)

0

is a finite number depending on [y. It follows that
ln/ " dr < BSL/ lu,|"dr + ¢1(Bo)
0 0

for ¢1(Bo) = Inc(5o).
[

It is obvious in the above proof that ¢(5y), c1(By) — +o0 as fy — (%)%
We need another argument to derive the main theorem.

Remark 2.5. From (2.3) we can see that for fy satistying (2.4),

/ %drﬁexp{ﬁg/ \urlndr}-/ pln=1)8y " =nlr .. (2.5)
rR € 0 R

— on(1) exp{] / |},

where og(1) — 0 as R — oo.
We now compare this with Moser’s proof of Trudinger’s inequality
Lemma 2.6. Forn > 1, a > 0 and f < nal%", there is a constant Cg, de-

pending only on B and a, such that for any nonnegative function u € C'[0, +00)

with u(0) = 0 and [;~ |u,["dr < a,

00 eﬁu%
/ dr S Cg}a. (26)
0

e’l’L’f‘

14



Proof. For given n > 1 we have

1 n—1

u(r) :/ updr < (/ |ur|”dr)1/n.7«"; < a%r .
0 0

Thus for any positive parameter 7 > 0,

/ ‘ — drg/ exp{Taﬁ—n}rdr. (2.7)
o € 0

The right hand side of the above inequality is bounded if we choose 7 = <

1
nai-n. ]

Based on Lemma 2.6, one can verify Corollary 2.2 as follows.
Due to the rearrangement and rescaling, we only need to prove Corollary
2.2 when Q = B;(0) and v € C}(B;(0)) is radially symmetric and nonnegative.

From fBl |Vu|"dz < 1, we know that (let r = —Ins)

1 00
1> \Vu|"dr = wn_l/ lus|"s" tds = wn_l/ |w,|"dr.
0 0

B1

Also,

S 1 Sn 00 eﬁunﬁl

n— n— —

/ e dx:wn_l/ et gn 1d3:wn_1/ — dr.
B 0 0 €

One immediately has Corollary 2.2 by using Lemma 2.6 with a = w;*;.

This result is slightly weaker than Moser’s inequality since it does not include

1/(n—1)

the case of f = nw,”; . It seems that one needs the argument due to Moser

[25], or Carleson and Chang [8] to cover this extremal case.

15



2.2 Sharp Inequality

We shall prove Theorem 1.1 in this section. Since the case of n = 1 has been
settled by Proposition 2.4, we will focus on the case of n > 1. For given a > 0,

define

a

D" := {u(r) € W"(RT) : u(0) =0, /000 exp{nu — nr}dr = a}. (2.8)

Lemma 2.7. There is a v € D} such that

o0 o0
/ |v.|"dr = inf / lw, ["dr == €.
0 weDy [

Proof. Let {v'} be a minimizing sequence of inf,epn [, [ur|"dr. Then

v' = v in WHY(RT), and / |v.["dr < lim, / [ol|"dr = &
0 0

71— 00

for some v € Wh*(R*). We need to verify v € D™.

First, from (2.5), we know that for w = v*, or v:

o0 onw
/ onr dr = OR<1).

R

On the other hand, it follows from the embedding H'(0, R) — C%'/2(0, R) and

Arzela-Ascoli lemma that

R R
lim exp{nv’ — nr}dr = / exp{nv — nr}dr.
1— 00 0 0
Letting 4, R — oo, we have fooo exp{nv — nr}dr = a, that is v € D". ]

We now begin the proof of Theorem 1.1.

16



Proof. We only need to consider the case of n > 1 for nontrivial nonnegative
functions. For a > 1/n, let v be the minimizer of inf,epn [;° [u.["dr. It is easy

to see that v, > 0. So it satisfies the following Euler-Lagrange equation:

V20, = —1e™ " v(0) =0 (2.9)

for some 7 > 0. Though it is not obvious how to obtain the general solution
from the uniqueness of the ordinary differential equation since v, could be zero,
one can follow the argument given by Carleson and Chang [8] to show that the

general solution to (2.9) is given by

1 1 T
-1 B P
v =t Do+ e D T g (755)" A0
where )\g is a positive constant and 7 = % Thus
Ao+ 1

(2.10)

v(r) =1n N T e D

. oo —
Since a = fo ™" dr, we have

— = Ao +1 " -nr g
a= 0 )\0 _I_e—nr/(n—l) € r

1 n
Mo+ 1 ool
:A ()\O+Sn/(n—1)) s (;) ds

Sn—l

1
(Ao +1) /0 (o + sn/(n=1)n 5

n

S 1
( o+ ) n)\()()\[) —+ 5”/(”_1))?1—1 ‘5:0
Aot
N TL)\O ’

17



That is

We compute

/ |v.|"dr = /
0 0
00 —nr/(n—1) n
- (5 "
n—1 ), \Og+e /oD
1/X0 tn—l
— [

1/X0+1 — 1)1
:< n )n—l/ (T ) dr
1 7—

n_,—nr/(n—1
_n_g=nr/(n-1)

dr

)\0 + e—nr/(n—1)

n—1 n
1/)\04—1
n _1 1,5 .1
=— n —1)(1— )" 24~
[ -t
1
1
—CE [ G-t
n—1 No/Oo+1)

Using (2.11) we have: If n € N,

00 1
[Clpa- e [ asora
0 n—1 Mo/ (Ao+1)

1 1 1
_..._/ (1—t)dt—/ (1——) dt}
Ao/(Mo+1) Ao/ (Xo+1) t

n—2 1 n—i
noo 1. Ao+l 1 (x57)

— (—— \n-lg _ _ JAotll
(n—l) {In Ao Ao+ 1 ; n—1

n—1

— (%)”‘%hﬂ(?’ba) — Z (n(

i=1

na — 1)
—i)(na)r—?

%

18
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For general n > 1, we have

[ee) n 1
/ || dr = ( L {—/ (1—t)""2dt
0 n—1 Ao/ (Ao+1)
1 1 1
. _/ (1— )~ dt+/ (1=t any
A

o/(Mo+1) Ao/ (Ao+1)

1 1 [n]-1 ( 1 )n—i
)n—l{ _(1 _ t)”—[n] dt — Z Sdotll

n—1 Ao/ (Ao+1) t i=1 n—i

1 1
n 1 1
—Cto e[ Ny
n—1 Ao/ (Ao+1) t Xo/(Mo+1) t

-1/ 1 \n—i
_Z(/\o+1> }

n

= ( }

= _TL n—l n(na) — ' 1 — _ 4\n—In]
G i) = [ G a
[n]—1 .
B (na —1)""
; (n—z’)(na)"*i}7

where [n] is the integer part of n. Let a — oo, then A\g — 0 by (2.11). We know

that C,, is optimal. The proof is completed. n

Remark 2.8. For negative function u, we can certainly improve the inequalities.
In particular, similar argument will yield Theorem 1.3 (ii) in [23] for integer

n > 1.

2.3 Applications

We first show that Theorem 1.1 implies:
Corollary 2.3 (Local sharp inequality for n = 2)

—2b 7.”,2

inf |Vw|*dy = 47 - (In ac

weD4(Br) J g, 2 ae—2b

—).
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Proof. Let v € D? (recalling the notation in (2.8)). We have, from Theorem
1.1, that
> 1
inf / lv.|? dr > 2{In(2a) + 5 1}, (2.12)
a

UED% 0

where [ e*~?"dr = . For w € D, o(Bi(0)),

1 e8]
|Vw|*dr = 27?/ |ws|"sds = 2#/ lw,|*dr.
0 0

By

1 [e’e) e?w
/ vy = 27r/ eVsds = 27r/ 7(17’.
Bi 0 o €

Combing with (2.12), we have

and

e*dx
inf / |Vw|*dr = 4 - (In s, + 7; —1).
w€Dq,0(B1) J B, T fBl e2w
After rescaling and shifting, we get Corollary 2.3. O

In the same spirit, from (2.2) we easily obtain

Corollary 2.9. Let u € C'(By) be a nonnegative function satisfying u = 0 on
0B,

n fBl < (n )n—1w;1
Wn—1 n B

\Vul" + F(1).

where

1
F)=145++

The fact that the strict inequality holds on a bounded domain coincides with

the one that the strict sharp Sobolev inequality holds on a bounded domain.
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Corollary 2.9 was first proved in [23] using Trudinger’s inequality. The proof
presented here does not rely on Trudinger’s inequality. Inequality in Corollary
2.9 was refereed as local sharp inequality in [23], which is easily adapted for

manifolds. See related topics in Chen and Zhu [10].

Finally, we shall show that one can prove the Onofri inequality using Corol-
lary 2.3.

Due to the rearrangement, we only need to prove Onofri inequality for u €
C'(S?) which depends only on 3 and is monotonically decreasing in 3. Also,
we can assume that u(x3) |z,—1= 0 (otherwise, we replace u(x) by u(z) — u(1)).
We can approximate u by a sequence of functions u; € C''(S5?) such that u;(x) =
u;(z3) is monotonically decreasing in z3, and u;(x) = 0 in the geodesic ball
By ;(N) of the north pole N for i € N. Denote S? := 52\ By;(N).

Let ®: x € S? — y € R? be a stereographic projection given by

2y, )
x; = , or 1=1,2;
e
and
vy — L1
ylP+ 1
Denote
: 2
= da? = (———)2dy? .= e**Way?.
Thus
2
=In .
It is easy to check that ¢(y) satisfies
—Ap=¢e* in R (2.13)
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Let ®(S?) = Bp,. It is obvious that R; — +o0o as i — +o00. For

wi(y) = wi(x) + o(y) = w (@7 (y)) + ¢(y),

we have

and

Bp,

:/ V(uio® M)Pdy+2 [ V(god@')- Vsody+/ IVe|*dy
Bg,

BRi BRi

= IVW|2dx+2/ uidx+/ [Veldy,
S2 S2 Br;

where we use the fact that ¢ satisfies (2.13). Since w;(y) = In H% on 0Bp,, it

follows from Corollary 2.3 that

1+R?\o 2
a; - (—5+) TR;
|Vw;|*dy > 4r(In 2 ! —1).
/BRZ. I} a; - (B2

Also, one can check that

1
2dy = 47 | In(1 + R? -1].
/BR_IVSOI y 7T(n( +R) T )

)
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We conclude

/ |Vui|2dx+2/ widx
52 52

a~-<1+R?>2 B2 .
(] 2 s <
> . — 1| —4r (In(1 + R? -1
>47 | In e +a”<1+R12>2 1 W(n( +RZ)+1+R§ )
i 2
=47 | In 5 5 5
AT R a-(1+R$)? 1+ R:

Sending ¢ — +o00, we have

1
/ |Vul*dx + 2/ udx > 4w (ln—/ ezudx) :
S2 S2 47 S2
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Chapter 3

Two Dimensional Sharp Trace Inequalities

The main purpose of this chapter is to derive a global sharp trace inequality on

two dimensional simply connected domain.

Theorem 1.2. Let Q be a simply connected domain in R?* with bounded Geo

-desic curvature K,. Then there exists a constant C(§2) such that for any u €

HY(Q),
u 1 2 ]'
In [ e'dS < — [ |[Vul*dy+ — | K, udS+C(Q).
a0 4T Jo 27 Jaa

We start with a local sharp inequality, which allows us to obtain an e—level
sharp trace inequality in Theorem 3.2. We then define a functional and study
the behavior of the minimizing sequence as the parameter € goes to 0. It will

lead to the result in Theorem 1.2.

3.1 Sharp local trace inequality
Let @ : y € RZ — z € By be a conformal mapping given by

2 2

= d =
N —p e M T @ 1l

where B is the unit disk in R? centered at the origin.
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Define

and

Then &(D)

and

Denote

Thus

Xz
Y2 oa I

I )]

D={(yi,y2) ERY 1 yf + (g2 +1)* < 2}

Q= {(z1,22) € By :

(1 —1)* + 23 > 2}.

=Q and P(I'y)

Fl = {(l’l,xz) - Bl .

Iy =

2
=1

{(y1,92) € R 1y +

=1 , where

(21— 1) + 23 = 2)

21,

(12 +1)* =

(y+y2+1

25
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It is easy to check that ¢ satisfies

—Ayp =0 in Ri

9o _ op 2
% =€ on 8R+.

For v € HY(D), we define

u(y) when y € D
¢(y) when ye RZ\D.

Let h(z) = u(¢7"(x)) — (¢~ (z)). There is a well-known inequality

Theorem C (Lebedev-Milin inequality) Let By be unit disk in R? centered

at the origin. Then for any u € H'(By)
do d do
ln/ e'— < |Vu|2—$+/ U—.
9B 271' By 47T 9B 271'

Applying Lebedev-Milin inequality, we have

do 1 d do
ln/ eh— < —/ |Vh|2—x +/ h—.
oB, 2m 4 Jp, T oB, 2T

df Go®—1 —1df d
ln/ eh— = ln/ euePT e — — ln(/ e“ﬂ)
8B, 2w 8B 2w R 27

Since
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and

1
—/ |Vh|2d—x+/ hd—e
4 B T 0B, 27T

1 1
= |V (o ® ' —pod 1) 2dx + — (o ® ' —pod®1)dh
27T 9B,
- / V(o™ )Pdr+ [ Valpo ® e
1 1
_Q/Vw(ﬂofbl%vm(soo@ )dﬂsz—/ (@ — p)e?diy
Q ™

1
= —[/ \Vyﬁ|2dy+/ |Vy90]2dy+2/7l0@_1-Ax(tpoq)_l)daj
47 Jp D o

5 O(pod! I
_9 / uocp—l%dsm— / (@(y1,0) — @(y1,0))e? (y1, 0)dys
99 v 2 J_4

1 ) 1 I
N d _ 2du — — 0)e?@1:0) g
47T/D|W| y+4ﬂ/D|VsDI V=5 /1 ©(y1,0)e Y1

1
< —/ |Vul?dy + C, for some constant C,
A7 Jp

we obtain a Lebedev-Milin type inequality on the special domain D = {(yy,y2) €

RQ <y2 + )2 < 2}7

! dyl 1
1 < — *dy+ C, Yue H'(D). 3.1
o[ < [ [ViPdy+c, vae (D) 3.1)

This inequality will be used to obtain e— level sharp inequality on general

domains.

3.2 Global ¢— level sharp trace inequality

Lemma 3.1. Assume Q is a smooth bounded domain in R?. For any given

€ > 0, there are constants C; = Cy(€) and Cy = Cs(€) such that

1
ln/ e'dS < (— + e)/ |Vu|2dy+01/u2 dy +Cy,  Yue HY(Q).
o0 4m Q Q
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Proof.  Step 1. For 5 € 0, we first straighten the boundary 02 near 7.
Without loss of generality, we may assume that 7 is the coordinate origin and
1yo-axis is the inner normal to 02 at y. Therefore, there exists a smooth function
©(y1) > 0 defined for |y;| < « for some small «, satisfying ¢(0) = 0 and
¢'(0) = 0, such that 99 is given by (y1,¢(y1)) in a neighborhood of 7, written
as Oy, o) = (y1,¢(y1)). Let Dy = {(21,22) € RE @ 2% + (22 + a)? < 207}

Define y := ¢(x) = (y1,92) by

Y1 =T

Yo = T2 + p(x1).

Since the differential map of ¢ satisfies D¢(0)=Identity, we know that ¢ has
the inverse in a neighborhood of {0}. If we denote x = ¥(y) := ¢"'(y) in a

neighborhood of 7, then

r1 =1l

Lo = Y2 — 80(91)‘

Thus

/ W ds, = / @0 /1 4 or(x,)2dry
0Q(y,«)

«
o

< / euo@(m,ﬂ)(l + gp/(g;l)2)dx1.
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When « is small enough, we have

/ e'Wds, < / @0 (1 4 2a?)dx,, for some ¢y > 0. (3.2)
M (y,a)

—Q

Define v(z) = u(az), then v € H'(D). We have

! 1
ln/ e”% —/ |Vu(2)|?dz + C,
D

1 2m T 4w

where we use the fact that v satisfies (3.1). We know

1 1 @
d d d
m/ w2 n/ 6u<az>ﬁ:m/ )W
1 27 1 2m —a 2m

and

1 2, 1 5 _i/ 5
47T/D]Vv(z)| dz = 47T/D]VZu(az)\ dz = i J, \V,u(y)|~dy.

Hence

“ d 1
ln/ eu®) YL < — IV, u(y)|*dy + Ina +c. (3.3)
2 47 Do,

—Q

Applying inequalities (3.2) and (3.3), we can derive

/ eu(y)dsy < / euo<1>(:t1,0)(1 + CgC(2)dl'1
00(y,a) -«

< (1 + co?)2ma - exp{ - / V. (w0 &(x))[2dz}
T

o1

. 1
=e(1 + cga)27a - eXp{E /@(Da

| Vou(y)*dy}.
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By the definition of ®, we have

I(uo®) d(uod)

2 _ 2
Vol = (2 22
Ou Ou dp ou 4, dp
_ 2 o OU U dp | OU o 0P o
Vyulo)+ Oy Oya dy " (8y2) (dl‘1)
dy dy
< 2 ap AP g
< [Vyuly) PlL+ 5+ (527

< ]Vyu(y)|2(1 + coox + c%oﬂ).

Therefore
u(y) 1+ coax + c%oz2 9 9 o
In e"ds, < 1 \Vyu(y)|“dy + ¢ + In[2ra(l + cja)].
90(y,a) T ®(Da)
For any given ¢y > 0, choose o small enough such that % < €g, then
u 1 2
In e'dS, < (— + o) |V ul*dy + c(€). (3.4)
o0(7.0) dm #(Da)

Step 2. Let a be the constant chosen above. Since (2 is a bounded domain in R2,

we can find finitely many points 7; € 0€2, where 0 < «; < «, and corresponding
neighborhoods 9Q(y;, &) such that 0Q C UZY0Q(7;, $). Let ¢; be smooth

cutoff functions subordinate to this covering, satisfying

when ai (Ys
) — 1 y € D(Da (7))
0 when y ¢ ®(D,, (7)),

and 0 < ¢? <1, |V < ¢ some constant c.
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According to (3.4),

=Yool [ (T

(Do (7))
+ Q(Vyu)wi ~uVy; + |uvy¢i’2dy + C<€0)}

N
1
<SewlEra) [ VP Tl
=1

(Da (i)

u2 V i 2
+ eo|Vyu\2wi2 + %dy + c(eo)}
0

N
1
<§ — 1 Vv, ul?
e Pz + o) /@(Da(w))( + o) lVyul

+c(1+ E—lo)uQ]dy + c(eo)}

1 1
<N exp{(G ) [ (L @)Vyul + el + )utdy -+ e}

It follows that

in [ eas,
o9

1 1
<[ +eoll+ 3=+ /Q 1V, ul2dy

1
+c(— 4 €)1+ €) / wdy +1In N + c(e).
47 QO

Hence, for any given € > 0, choose ¢y > 0 small enough such that €y( 1—{-%4—60) <
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€, there exist constants C(e) and Cs(€) so that

1
ln/ '®Wds, < (— + 6)/ |V, ul’dy + C, / w?dy + Cs.
o0 4m Q Q

We are now ready to establish the following e—level inequality.

Theorem 3.2. Let Q be a simply connected domain in R? with bounded
Geodesic curvature K,. Then for any given € > 0, there is a constant Cs = Cs(€)

such that for any w € H'(Q) with [, Ky - udSy =0,

1
ln/ ehdS < (- +e)/ Vul2dy + Cs. (3.5)
oQ 4m Q

To prove this theorem, we need the following Poincaré-Sobolev type inequal-
ity.
Lemma 3.3. Assume Q is a simply connected domain in R? with bounded

Geodesic curvature K,. Then for any p > 1, there is a constant c, such that for

any w € H'(Q) with [, Ky - udS =0,

( / uP)rdy < c, / VulPdy.
Q Q

Proof. We prove it by contradiction. Suppose this is not true, then there exists

a sequence of functions {u,} in H'(Q) with [, K- u,dS = 0 such that

( / P27 > / V.
Q 9]
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Let
U,

Uy = ——.
(Jo lun[P)'P

o ||VUnHL2(Q)

Then ||vy||zr(@) = 1, and by assumption ||Vu,||r2@) = < -L. Thus

HUnHLP(Q) - Vvn

l|vn||m1) < V2, and [Vup||r2@) — 0 as n — oo.

Therefore, v, — v in H'(Q) and vy is a constant in 2, say vy = cin Q. Let ug =
v — ¢ in ©, then ||ug|| 1) = 0. By trace inequality ||uo||rr@0) < Clluol|m @),
ug = 0 on 99 almost everywhere and vy = ¢ in Q. By the compact embedding,
we know that v, — vy in LY(Q) for any ¢ < oo, thus ||vg||rr() = 1. Hence
c#0.

On the other hand, by the compact embedding W'?(Q) << L4(9Q), we
know that v, = vg in LY(09Q), thus [, K, - vodS = 0. Since [,, K,dS = 2,

we conclude that vg = 0 on 0f). A contradiction. O
We now return to the proof of Theorem 3.2.

Proof. Due to Lemma 1 in [2] , we only need to prove the theorem for functions
in C1(Q) with only non-degenerate critical points. Let u(z) be such a function

with |, a0 Ky - udS = 0. For small enough 7 > 0, there exists a, such that
Vol{x € Q : u(x) > a,} =n.

Using Lemma 3.1 we have for any €; > 0, there are constants C(e;) and Co(€;)
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such that

In / edS
o0

gan+ln/ elv=a)qs

PIY)

<a, +1n/ elt=an+ g

<ot (4 +a / V(u—a,). o

—|-Cl 61 / | ‘ dx+02(61)

where fi(x) = max{f(z),0}. We know that

a,-n < / udx < / luldz < 01/2(/ |Vu|?)/?,
{zeQ w(x)>an} Q Q

thus

1
an < n||Vull72) + el

Also, applying Lemma 3.3, we obtain

[ lw=ap)pan = | (= ay)2da
Q {zeQ w(z)>an}

<(/ (= o) 1da) /2
{zeQ w(z)>ay}

/ |u|4dx 1/2

<cal|Vullfaq) - 0.
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Therefore,

In / e"dS
o0

1
San+(E—|—61)/Q\V(u—an)+\2dx+01(61)/ﬂ](u—an)+\2dx+02(el)

1 C
S(E +ea+n+Cila) e ') Vullfa g + prees + Ca(e).

1/2

Choosing €; and n sufficiently small such that n+¢e;+C4-c4-n'/* < €, we obtain

inequality (3.5). O
Notice that Theorem 3.2 can also be stated as the following.

Theorem 3.2" Let  be a simply connected domain in R? with bounded
Geodesic curvature K. Then for any given € > 0, there is a constant Cs = C3(€)

such that for any v € H'(Q),

1 1
ln/ e’dS < (— + e)/ |Vo|*dy + —/ K, -vdS + Cs. (3.6)
o0 4m Q 21 Joo

Proof.  Let
K,vdS
u=uv-— —fm gV :
Joo KqdS
then
KyudS = 0.
o9
According to Theorem 3.2, we obtain inequality (3.6). O

3.3 Global sharp trace inequality

In this section, we always assume that  C R? is simply connected.
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For any € > 0, we define a functional

1 1- 11—
Ie(u):§/Q|Vu|2—l— 46/89Kgu—¥ln/me“,

and denote

E. = inf I (u).
weHY(Q), [5q KqudS=0

It is easy to see that I.(u+ C) = I.(u) for any constant C. Due to Theorem 3.2

we know that E. is a finite number. Moreover, we can show
Lemma 3.4. FE, is achieved by a function u. € H*().

Proof.  Let {u,} be a minimizing sequence with [, Kju,dS = 0. Choose a

small positive number €; such that

4
Applying Theorem 3.2 we have

1 1-—
B, L(u,) = é/ \vunﬁ—%m/ e

Q o0
1 1 -
=(=— 61)/ |Vun|2 — uln/ el + 61/ |Vun|2
8 Q 2 o0 Q
1
> (g —e1) | V|
Q

1— 1
m1-e) {(EjLel)/ |Vun|2dy+03(€1)} +€1/ |V, [
o 0

2
20(61)+61/|Vun]2,
Q

thus [|[Vu,||r2@) < C. It follows from Lemma 3.3 that ||u,||g1 ) < C. Further,
it implies that u, — u. in H*(Q) and e’*» — e in L}(Q) for any positive

number § by Trudinger’s inequality. Thus, |[uc|[7:q) < Im, oo |[unl[F1q)-
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For any 1 <p <2,

fQ |Veﬁ“"|p = fQ |eﬁ“”BVun|p
< B ([ B )@ [ |V 20
< ol f, | Vun |22
<C,

thus {e”“"} is a bounded sequence in W1P(Q). Therefore, for any 8 > 0 and
1 < p < 2, by the compact embedding, e?*» — e in LP(9)) upto subsequence.
Hence e'n — e« in L'(09) for any 8 > 0. So, Kgu, — Kgue and [, Kgu. =

0. It follows that
u. € {ue H'(Q) |/ K,-u=0}
o0

and

mn—)oolﬁ(un) Z Iﬁ(U’E)‘
Thus u, is a minimizer. O

To prove Theorem 1.2, we only need to show that E,. is uniformly bounded
from below as € — 0. Following the similar arguments given in [10], [12], [13] and
[26], we argue by contradiction. Suppose that FE. is not bounded from below,
that is, up to a subsequence (due to the nature of the proof, for convenience
we will not distinguish subsequence {¢;} and the original sequence {e} in this
section),

lim F, = —o0. (3.7)

e—0

u
’uezue—ln/ el
a0

37

Let



then v, is also a minimizer, which satisfies the following Euler-Lagrange equa-

tions

—Av, =0 in
Qe+ (1—€)K, =2m(1—€)e* on 0.

Let Ae = ve(e) := max, g ve(x), then A\ = maxgegn ve(z). We first claim

Lemma 3.5.

lim A\, = +o0.
e—0

Proof.  Let
o JoquedS
© JwdS

If A\c < C, then e’ < C. From (3.8), we have

O—/—UEA’UG—/|V1}E‘2—/ ve%,
Q Q oo OV

(Y

and

/Q |V (ve —v)]? = ﬁveve = /m[—(l — ) K, + 27m(1 — €)e™]o..

o0 aV

IV (ve = v2) |20y < C and [Joe = 02|12y < C. Since [|A(ve = v¢)|[ () < C,
ve —v® € C(Q). Also, v, —v? € C*(0N) since H UE UE)

|Looaﬂ < C.

If v¢ is bounded, then v, = (v — v%) + v? is bounded, thus E, is bounded

from below, this contradicts our assumption lim,_,o F. = —o0.
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If v = —oo is unbounded, then v, — v® = w, where w satisfies

—Aw =0 in Q
g—f =—-K, on 0.
Thus, 0 = [, —Aw = [,, % = [, —K, = —2, a contradiction.
Hence lim,_,g A\e = +00. O

Assume that, up to a subsequence, r. — T € 0f2. In a neighborhood of Z,

we choose a normal coordinate system, and define
() =v(r '+ 1) —InT,

where

For any given R > 0, if € is sufficiently small, ¢, satisfies

—Ap, =0 in Bm(o,—%)+

% + 1<K, =2r(1—¢€)e¥ on Iy,

where Ty := {(y1,0)| = ¥R < 1 < ¥R} and Bog(0,—L). = {(y1,10) €

R2 |y3 + (y2 + %)2 < (2R)*}. The behavior of v, in a tiny neighborhood of 7

can be described by the behavior of ¢, in a large set Byg(0, —%)+.

Lemma 3.6. For a fired R > 0, there is a constant C(R) such that

pe(x)] < C(R) ¥V x € Bg(0, _E)+'
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Proof.  Let gogl) be the unique solution of

—ApY =0 in Bor(0,—2%),
905:1) =0 on I

(1)
Ope 1—¢
o T K, =2n(1—¢€)e¥s on Iy,

where Fl = 8BQR<O, —%)+ N Ri

Since e?c < 1, we have |go£1)| < Cy(R) for all x € W—\%ﬁ-
Let
(2) @ o) — oM (@) if 23>0
(1) = 9 (21, 29) 1= (2)
e (21, —2) if x5 <0,
then
2 )
_A<,02 ) =0 in Bsr(0, —\%)Jr U Bsr(0, +%)_
909) =0 on I}
QBIEJLQ) = O on F27

where Byr (0, —l—\%), = {(z1,20) € R? : 23 + (29 — \%)2 < 4R? and x5 < 0}.

By weak solution, we check that

R
—ASOEQ) =0 in Byr(0, ——=)+ U Byr(0, +

R
—)_UTly;
V2 )-uT:

V2

Vx € I'y, choose d small enough such that

Ry ol

R
B(;(.CE) C BQR(O, ——)+ U BQR(O, +E

V2
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Let ¢ be a test function with 0 on 0Bs(z), then

— [ Ap® = / ViVl
B (a) Bs()

— [ veves [ wuwel
Bs(x)+

Bs(x)—

D
—— [ waey [ Sy
Bs(2)+ a(Bs(x)) OV

(2)
- / bAGD | / 0o,
Bs(x) o(Bs(x)-) OV

= 0.

Thus —Agpgz) = 0in Byg(0, —%)+UB2R(O, +%)_UF2. Also, 9022) (x) is bounded
(2)

from above by C1(R). Applying Harnack inequality to 2C1(R) — ¢, we have

1 _ 204(R) — % R R
126G 90(2)(:”) <C  Vae Br(0,— =), UBg(0, +-2)_.
C 7 201 (R) — 02 (0) V2 V2

This and the bound of 9021) yield Lemma 3.6. ]

Since ¢, is uniformly bounded in any fixed Bg(0, —\%)Jr, based on the stan-

dard elliptic estimates, we have

R
e — in CY*(Bg(0, ——=)+), 3.9
Pe = o (Br( \/5)+) (3.9)
for some « € (0, 1), where ¢, satisfies
—Apy =0 in R?
%0 =2mer  on O(R2),
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and

/ e?%0 = lim lim e2pe
0
ORZ R=o0 20 JoBp(0,~ £) nor2

= lim lim e
fimo0 €0 JoB, (0,- 25) s o2

< [m [ &
e—0 90

<1

From a uniqueness theorem for harmonic functions on upper-half plane in [27]

we know that

279
x1 — T1)%2 + (2 + T2)?

wo(7) = @o(z1,72) = In ( — In(27), (3.10)

where Z; is any real number and 7, is any positive number, are fundamental
solutions.

Away from the singular point Z, we have the following global estimate.

Lemma 3.7. For any compact domain K CC Q\ {z}, there is a constant
C(K) such that

[[ve = 0|2y < C(K).

In order to prove Lemma 3.7, we need the following inequality.

Lemma 3.8. Assume K C ) is a bounded domain in R? and u is a solution
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—Au =0 in K
u =0 on OK N

g—z =f on OKNOAQ.

If f € LY(OKNOQ), then for every 0 < § < 1, there is a constant C(K,J) such

/KXI){W} < C(K,0).

that

Proof. The proof is similar to Theorem 1. in [7] by Brezis and Merle.
Let R = diamK such that K C Bj, for some upper-half ball of radius R in

R2. Extend f to be zero outside K. Let

- 1 / 2R 2R —
(y) = — log + log | f(x)|dx, y € B},
D=0 ooy Tl B =g ;

where ¢ is the reflection point of y about the horizontal axis. A direct compu-

tation yields
—Au =0 in B}

9 =|f| on OBfNOIRZ.

Note that @(y) > 0 for y € B_E, and

—Alttu) = in B},

oty - op OB} N R

It follows from the maximum principle that |u| < @ on K. Thus

m(1 - 6)luly)| r(1 = 3)i(y)
Lo e W< [ et Py

fllzrornon fllzr@ornon)
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We estimate the right-hand side of the above inequality using Jensen’s inequality

F / w(a)p(z)dr) < / w(a)Fo(x))dz

with F(t) = expt, w(x) = @l and p(r) = T(S(IOg oyl T log = y\) We

||f||L1(aKmaQ)

have

/ exp{ ﬂ-(l B (S)fb(y) }dy

I f] |L1(8Kr18§2)

@l 1-5 2R 2R
exp log + log ——)dxdy
// ||f||L1<am> {5 (og - los ey

-/ el | G )

BfNoR% | £l 2 orno0) p [z —y|

2-5
~—(diamK)* = C(K, ).

O
Now we are ready to prove Lemma 3.7.
Proof. Let K CC Q\ {z} and v! be a solution of
—Av! =0 in K
vl =0 on OKNQ (3.11)

%UE =2m(1 —¢€)e* on OK NS

From Lemma 3.8, we know that el e LP(K) for some 1 < p < 2, thus

Xl ouey < C.
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2 . _a
Let v2 = v, — v, — v?, then

—Av? =0 in K

€

%L (1-eK, =0 on 9KNAQ.

We have, from the W?2? estimates,

[[VZ]|poeqrey < C{II(1 = E)KQHW”%W(aKmaQ

< CO([|ve = vl o(rey + 0! | o (1)) (3.12)

) + 02| e () }

< C(IIVoellzeg) + llve | o) )-
Note that for any 1 < p < 2,

||VUEHLP(Q) < Cq. (313)

This is because for any ¢ € W/®=D(Q) with [, ¢ = 0 and ||| |yp1p/e-1q) = 1
(thus ¢ € L>(9)),

| / Vo vyl
Q

OV,
Q a0 oV

=l [ @2r(1—e)e™ = (1 —€)Ky)yl
o0N

<ClIgl, 21

<Ol r2r

<C.
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We derive from the above and (3.7) that

2 = fm Ky — fa@ Ky(ve —v2)

S faﬂ nge —(C = —0.

(3.14)

From (3.13) and (3.12) we have ||v?||p=x) < C. Thus

/ P < / ePVE . oPve | oPVE <0,
K K

we then know from (3.11) that ||v}]|z(x) < C, thus [[ve — v%]|poxy) < C. O

From Lemma 3.7, we conclude, via the standard elliptic estimates, that
ve —v* = G(z,z) in CY*(K) (3.15)

for any compact domain K in Q\ {Z}, where G(z,¥) satisfies

—-AG =0 in
%—f + K, =2m0; on 09 (3.16)
Joo G =0.
Thus
G(z,Z) = —In|z — z| + A(Z) + o(1), (3.17)

where A(Z) is a constant depending on the location of z, o(1) — 0 as |z| — 0.
To complete the proof of the main theorem, we also need a lower bound
for v, away from the singular point z. For convenience, we choose a normal

coordinate system centered at ..
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Lemma 3.9. For any fized R > 0, let r. = 7. 'R. Then

2 _ Te
ve(z) > Gz, z) — In m — A(Z) + o.(1) Ve € Q\ B,.(0, _\/5)’
(3.18)

where o,(1) = 0 as € — 0.

Proof.  On 0B, (0, —

%) N2, we define C7 = (ve — G)||m—(0,—%)|:r€- From

(3.9) and (3.10), we know that

27

V2-1

Cr :A€+ln£+ln\x| —A(Z) +0(1) > —In — A(Z) + oc(1).

Let
- Ky(x) if Ky(x)<0

o(r)Ky(x) if Ky(z)>0,

where 0 < ¢ <1 is a measurable function such that | 50 Rg = 0. Let h satisfy

—-Ah =0 in Q

%—l—f(g =0 on 9.

In Q\ B, (0,—Xg), we consider v.(z) — G(z,x.) — C* + eh(x) . Since

V2
~A(ve(z) = G(z,2) — CI +eh(x)) =0 in Q\ B, (0, —7%)
and
0 * Te
gy (ve(®) = Gl 2) = C7 4 eh(z)) 2 0 on D(Q\ By (0.~ 7).
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we have (3.18) via the maximum principle. O

We are now ready to complete the proof of the main theorem.

We need to estimate E, = I.(v.). For any fixed small 6 > 0, we assume that

€ is sufficiently small so that § > r.. Then

/ Vo, |?
Q

—/ |Vve\2+/ va€\2+/ V[
9\35(07_%) QnB5(07_%)\BT5( 7_%) QnBre(Ov_%)

Z:Il + IQ + I3.

To estimate I3, we first let 27 = 0 and z5 = \[, then from (3.9) and (3.10)

I; = fBR(O—— |Vo|?dz + 0. (1)

__ V2R

+ol) (319)

2
dz + o.(1)

4
fBR(O _£)+ x%-i—(xz-‘r%)Q

= 8f f r_ —5rdrdd + o.(1)

V/2sin @

= 2rInv2+c+o(1).

From (3.15) and (3.16), we obtain

I = fQ\Bé(o ]Vv€|2

fQ\B 0,— WGF +0e(1)

= fQ\B (0,— GAG + f(asz N\Bs(0,~ %) G% (3.20)
— f(aBg(O,f GaG + 06(1)

— f(m)\Bé(O GK f GaG—l-oE(l)
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To estimate Iy, we first use (3.8) to get

I — / Vo2
V(B (0.~ )\ By, (0. 25))

— / Av, - v, + / .
QN(Bs(0,— 75)\Bre (0,-75)) O(QN(Bs(0,—75)\Brc (0,-75)))

/ O, / O,
= Ve—— — Ve——
oB0-5ne W Jop.o-zne OV

/ 0,
+ /Ue_
(Bs(0.— Z5N\B, (0~ Zg)Noa OV

/ O, / O,
= Ve — Ve——
oB0-ne W Jop.o-zne OV

+ / (—(1 —e) K ve +2m(1 — €)vee™)
(B5(0.~ Z5 )\ By (0. 25)) 92

Applying Lemma 3.9, we have

/ 27(1 — €)v.e®
(Bs(0.~ Z5)\By, (0. Z5)) N 92

>2m(1 — e)/ Ge’ + o.(1) 4+ og(1)
(B5(0,~Z5)\Br. (0.~ 25)) 992

where 0.(1) — 0 as € = 0 and og(1) — 0 as R — +o0.

49

0v,

“ou



From (3.8), (3.15) and (3.16) we obtain

27(1 — e)/ Ge"™
(B(0,~ 25 )\ By (0 25)) N 92

/ o
(B0, 25)\Br (0.- 25 N9 IV J(Bs0.- 2)\B.. (0.~ Z5) N0

v, v
:/ o _/ o
9((Bs(0,= Z5)\Bre (0,—75)) N Q) v 9B5(0,—5)NQ v

0v,
9B (0,-5)NQ v

/ 0G / 0G / 0G
= Ve — Ve + Ve
oBso-ne 9 Jop.o~mne 9 Jio-mns0-5)noe
0v, 0v,
—/ G +/ G—— 4 0(1) + 05(1)
oBs0.~z)ne OV Jom. 0-z)na OV

/ e / e / G
= UE _ UE_ +
oBso-zne 9 Jop.o-zne 9 JiBs0.-25)0\B.. 0~ Z5) N0 o

v,
+/ Ga” +ou(1) + 0s(1)
9B (0,—T5)NQ

V2

/ e / oG / oo,
= vl — — Ve + G
oBs0-ne W Jop o-zne O Jos,0-z5Hne OV

vy + 0.(1) + 0s5(1)

(1—-¢)K,G

/(Bs( 5)\Bre(0,—75)) N 09

Thus
3 e
122—(2—6)/ ng€+/ °
(B3 (0.~ Z5 )\ By (0. 25)) N 92 (0B5(0.- ) N2 “ow
/ Jv, / LO0G
_ UE + Ue -
@B 0-znne I  Jopso-z5ne OV
oG v
—/ UE——F/ G— 4 0(1) + 05(1) + or(1)
0B:. (0.~ oV Jom..0-z5ne OV

We now estimate the boundary term in the right hand side of the above in-
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equality. From (3.9), (3.10) and Lemma 3.9, we know that

ov 2T
— ‘(v. — G) > 7n(—A(z) —In + 0.(1),
/BBTAO,;%mn o )z =A@ =t Zp) + odl)

and

Vs
oG 2 oG
= —)\e/ — - (lni)/ — 4+ 0.(1) + og(1)
0B, (0,-25) N OV R Jop,.0-15)na OV
oG 2 oG
o0\B,, (0,-25) OV R’ Jop, 0z Ov
V2. 7 m
2)\5/ K+1n— -4 — +0€1+0 1).
o5, (0 te) (In—-)(5 2(\/5—1)) (1) + or(1)

From (3.16) we have

. / oG / oG /
o . = Ve O K97
oBs(0,-5)Ne v o0\B; (0,-25) OV 00\B5(0,~ 5

2 2

and

a / v,
'U6 .
oBs5(0,25) N0 OV

" / v,
_— UE .
(092)\Bs(0,25) OV

_ v?/ (—(1 = K, + 27(1 — €)e™)
(09)\B5(0,2%)

=—(1—e)p? 2m(1 — €)eV v

K, +vie /
(0)\B5(0,75) (O\B5(0,75)

= —(1—6)1}?/ Ky +o.(1).
(09)\B; (0. Z5)
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From (3.15),

/ Kgv,
(Bs(0,—75)\Br (0,—75)) N 09

= vf/ K, +/
(Bs(0,—75)\By (0.~ 7)) N 99 (Bs(0,— T5)\ By (0,~ 7)) 99

__..a
_/UE

/ K, + os(1)
(B5 (0. 25)\Br, (0. Z5)) N 92

:27rv§—vf/ Kg—i—v?/ Ky +o0s(1)
ONBs(0,—75) 92 Br. (0,—Z5)

We conclude

oG
FART =[5, 02y o0 Ko) + Jonso-2)ne G o

() (5 + 5r7a=p) + 0c(1) + or(1) + 05(1)

(3.21)

We have, from (3.19)-(3.21), that

T 2 7lnv2 T 1
I(v)) > —<A(Z) — <In + + A= — _/ K,)
8 V2 -1 4 4 8Jp.0-mnan I
1— 1
—Dep 4+ — / Ko — —/ GK,
4 4 B’"e(ov_%)mag 8 (aQ)\Bg(O7—%)
1—c¢

K, (v —v%) + g +0.(1) + or(1) + 0s(1).

From (3.14), we know that v — —oo. Also, since A - vol(B, (0, —X5)) = o.(1),

V2
we know from Lemma 3.9, that vf - vol(B;, (0, —75)) = oc(1). We finally have
T 1 2 71ln /2
: S Ty L .
llg%Eg_ 8A(x) 81n\/§_1+ 1 +C
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for some constant C'. Thus Theorem 1.2 is proved.
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Chapter 4

Conclusion and Future Work

In this research, we study the inequalities related to Moser-Trudinger-Onofri
inequality. We first prove an analog Hardy inequality with sharp constant in-
volving exponential weight function in chapter 2. When n = 2, this inequality
allows us to give a direct and simple proof of Onofri inequality on S2. In chap-
ter 3, we start with Lebedev-Milin inequality and derive the sharp local trace
inequality

' udyl 1 2 1
In [ e"—=<— [ |Vul*dy+C Yue H (D),
1 27 41 D

where D = {(y1,92) € R3 : 7 + (y2 + 1)* < 2}. This inequality and partition of
unity are used to establish the following sharp inequality on general bounded

domain Q € R?,
1
ln/ e'dS < (— + e)/ |Vul*dy + C, / w? dy+Cy  Yu € HY(Q).
0 am Q Q

This inequality is followed by the e—level sharp trace inequality on simply con-

nected domain Q) € R?,

1
ln/ e"dS < (— + 6)/ \Vul*’dy + Cs Yu € H'(Q), with [ K, udS, =0.
o0 A Q i)

We then define a functional and study the behavior of the minimizing sequence

as the parameter € goes to zero. It leads to the sharp trace inequality on two-

o4



dimensional simply connected domain,

1 1
ln/ e'dS < —/ |Vul*dy + —/ K, -udS+ C(Q) Yue H' ().
l9) A Jo 27 Jaq

It is quite natural to ask whether one can adapt this trace inequality for two-
dimensional compact manifold with boundary. I plan to continue my research
on extending such trace inequality to two-dimensional compact manifold with

boundary.
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