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Scope of Study: Multiplication by electronic analog becomes a problem
when four quadrant operations on fast time scales are necessary.
This problem has been realized and a study of the present totally-
electronic multiplying schemes has been made. The presently known
schemes do not furnish sufficient accuracy over the entire range of
operation and they are limited in general to input voltage polar-
ities which make them two quadrant devices. Also, the presently
developed multiplying schemes were mostly developed by persons
primarily interested in servomechanisms and, therefore, involve
mechanical, optical, accoustical or other physical systems besides
the necessary electronic apparatus. Since these systems are very
slow to respond the multiplying devices have limited speed of
response. A search in the present literature on this subject has
been made to ascertain the possibility of constructing a device
which does not include the above undesirable characteristics of
most presently developed electronic analogue multipliers. Labora-
tory measurements were made to substantiate any conclusions ob-
tained by a search through published material.

Summarized Conclusions: A four quadrant all electronic multiplier which
will operate on fairly fast time scales can be developed. A develop-
ment of this mmltiplier may begin with a presently known two quadrant

miltiplier. The two quadrant device can be modified to yield operation
which is sufficiently accurate regardless of the polarity of the input-

variables. It is necessary to use great care in eliminating noise,

distortion and power supply variations when a multiplier for four quad-

rant operation is developed from a two quadrant mmltiplier. A second

type of four quadrant, fast responding multiplier can be built without
using presently developed devices. Development of a four quadrant mul-

tiplier which is totally electroniec will include the development of a
very effective feedback system if the product is to be obtained with
accuracies better than 1 per cent of full scale. However, there are

some instances when it is not necessary to obtain the product with this

degree of accuracy; in which case, a multiplier which is simple and
easily developed can be built.

ADVISER'S APPROVAL Cﬁ/&f/ CZ/_M_%/



MULTIPLICATION BY ELECTRONIC ANALOGUE

Bachelor of Science
Oklshoma Agricultural and Mechanical College

1950

Subtmitted to the faculty of the graduate school
of the Oklshoma Agricultural and Mechanical
College in partial fullfillment of the
requirements for the degree of the

MASTER OF SCIENCE
May, 1953



i1

OKLAROMA
AORICOLTORAL & MECKANICAL COLLERS
LIBRARY

OEC 9 1958

MULTIPLICATION BY ELECTRONIC ANALOGUE

HAROLD STEVENSON FIELD
MASTER OF SCIENCE
1953

309014



Certain types of calculations which must be made by contimuocusly
operated electronic calculators have brought forth a need for develop-
ment of an electronic analogue maltiplier. It is hoped that the infor-
mation presented here will stimlate interest in the search for am all
electronic analogue mltiplying device by making it obvious that the
need for such a device exists. This paper is to show the gemeral di-
rection that others have taken in this quest so that their work will
be used by any newcomers with minimised duplication of efforts. It
should also show that a new and different type of multiplying device
1s needed with the spplication of the many new electromic techniques.

Geophysical Research Corporstion deserves a note of thanks for
their generous loan of laboratory facilities and needed materials.
Grateful credit is given to John E. Owen for making himself so
readily availasble for consultation.
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CHAPTER I
INTRODUCTION

It is a well known fact that the process of miltiplication can be carried
out by electrical or mechanical means. Desk type computers have been doing
this for us for many years. The desk type computer or calculating machine is
a digital type mltiplier in that its accuracy is limited by the mmmber of
significant figures provided for in the construction of the machine. However,
the analogue computer is limited by the percemtage errors of the devices used
maltiplied by the full ranges of the variasbles that they represent. The ac-
curacy limitations almost define the two types of systems. PFurther, it can
be seen that the digital computer is a stepping device whose response is lim-
ited by the mmber of possible steps in a unit of time while the anslogue com-
pater is limited only by the frequency limits of the analogue signal repre-
senting one or both of the elements of the product which then gives a contin-
uously opersting computer which operstes by identifying varisbles in one phys-
ical system with thoss in smother physical system obeying equations of the
same form. The anslogue multiplier will take the form of figure 1. This block
diagram shows the two inputs corresponding to the variables to be miltiplied.

XX

General Form of a Multiplier
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ﬂuoutmtxg=c!1!2ﬂllhtmimltothtm°fxlnﬁxz_ Cis
a constant and can be either positive or negative.

At first it appears that the only requirement is & linear circuit to per-
form the process of multiplication, but further study will show that it is
necessary to have a device whose gain can be varied in a linear mammer with a
voltage or current.

All of the literature referred to has made an effort to show that the de-
nlmdmm]mmlupﬁuﬁthimvumfmhmehm.
Persons primarily interested in servomechanisms have developed multiplying de-
vices which are simple and well known; tut these devices have many limitations
sach as high scale time, low speed of response and restrictions on input wvol-
tage polarity.

Korn and Korn says, "It would be desirable to have purely electronic mil-
tiplying devices of fair accuracy (0.1 to 0.5 per cent of full scale or .001
to .005 machine units) and as simple in design as a good d.c. intergrater (six
or less tubes)w.l

It has been further found that other disadvantages exist in most of the
mltiplying schemes investigated such as severd limitations on the range of
input voltages, polarity of the input woltages, frequency of the input wol-
tages and maximm ratio of one input voltage to the other input voltage.

Since electronic devices are characteristically non-linear, most previous
investigators have used other types of systems such as optical, accoustical,
mechanical or more often one of the above combined with an electrical system.
As one would suspect, the above systems are heavy, space consuming and slow to

lgorn, Granind A. snd Theresa M. Korn, Electronic Analog Computers,
McGrae-Hill, New York, 1952, p. 211.



respond due to their high mass.

As in most computer design undertakings, the designer of a multiplying
system will find it necessary to know more than a little about the fundamen-
tals of computers and a basic knowledge of servomechanisms. This paper does
not contain these fundamentals. It only intends to point ocut the need for a
device such as an electronic analogue multiplier and present some of the pro-
ducts of others in the development of multipliers employing all types of sys-
tems.



CHAPTER II
SIMPLE MULTIFLYING DEVICES

Potentiomster as a Multiplier
Figure 2 shows a potentiomster with a fixed center tap comnected for use

as a multiplier. The arm of the potentiomster must have motion proportional
to X,.

Potentiometer as a Multiplier

That is, when X, = O the arm 1s st grownd potentisl and at any other position
its displacemsnt mist be so that the resistance to ground is linearly propor-
- tional to X;. The arm of the potentiometer will be on one side of the ground
pdﬂt&pdﬁuvﬂuanf!zdmmwdbﬁrmhnm
of X,. Mndmmmhdﬁmw;mntwﬁthxz
for its input and its cutput to meet the above reguirements of linearity.

This type of system is simple but it is heavy and slow to respond. Its
accuracy is limited by the ability of the motor to returm to the sero position
as well as its linearity.
Maltiplication Based on Ohm's Law

Figure 3 is a simple mltiplier which is based on Ohm's lmv. The value
of R is controlled by Xp. The function of B) is to control the curremt
through R, so the ratio of Ry/R, should be as high as practical in order to
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have the operating range great. The value of R, should be inversely propor-
mtoxzntmmxz=o,nlwnhﬁnw1wm,
the current through R, nears sero and the output voltage is correspondingly

AS
\\x

Figure 3. A [u
=7
|

Multiplication Based on Ohm's Law

The Olm®s law type caleulator is a very apt type for portable equiment
such as an airborne navigation computer where the value of Ry is mamally ad-
justed. However, the possibility of using electronic resistances should not
be overlooked.

Yecwsn Tubes gp Muliipiisrs

Since vacuum tubses have much non-linsarity and questionable reliability,
ons would not gquickly decide on the use of a tube as a mltiplying device.
M,mmmmmmnummumt
meution. For applications where great acouracy is not needed, the tube should
certainly be considered becamse of its extreme simplicity. When a mmltigrid
tube is connected in & mamer similar to Figure 4 it can be made to act as a
miltiplier. The two input variables, X; and X, are signals on two grids which
have control of the plate current. The plate curremt then is equal to
eXXy = Ip. ofm,th.mdopMMthan
mmumu&ummm The operating point should be



selected so that the grid voltages swing the plate current over the most linear
portion of their tramnsfer characteristics. Tubes which can be used to approx-

mmtmm5=q5.mmrmuumm. 6847
and 6BES when the first and third grids are used for X; and X,.

1 xx“ _______ RL‘
Figure 4. pee T

Produet Obtained by Multigrid Tube

Ancther relstion more nearly sstisfied for the 6AS6 1s I = el (X, - X))
if this type of relstion can be used.l The sbove discussion has been confined
to tubes with more than one grid, however, triodes are slso used as multipli-
ers. In the case of the triode plate current will still be represented by

Figure 5.

A Triode Operation

lchance, B., F.C. Willigms, V. Hughes, D. Ssyre, and E. F. Maemichol,
2 o1.19.mmmm ,mu,lu!uk,
s Pe
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the equation I, = eXjX, but the elements to becoms the product sre applied in
the circuit as shown in figure 5.

The most often mentioned triode for multiplier service is the 6Ké so con-
nected. The conditions for operation are certainly not the same as those for
the same tube used in amplifier service. Operating conditions can be found in
the literature.?

There are other types of schemes which use more than one tube and show no
particular advantage over the use of a single tube. For this reason they are
omitted here.

2Ib1d, Pe “9.



CHAPTER IIT
LINEARIZED GAIN CHARACTERISTICS BY FEEDBACK
It has been often mentioned that the electronic varisble gain devices are
naturally non-linear, particularly vacuum tubes. The gain of a variable gain

Mmh-ﬁmmhmumhimmuum
stabllizing voltage is introduced and if feedback is employed. If Y is fed

Figure 6.
Varisble
e e S
Y0 .
Differ-
Vo ential ,__J
X
Linearised Gain

constantly into the varisble gain device, opersted on by the device, fedback
segabively o eomtrel the gain of the devise then the dywten is cie 85 shioim
in figere 6. Mx,zommnumuw.
Iet G = Gain of the varisble gain device
' Vo ® Voltage from varishle gain device

A = Gain of differential smplifier

Ve = Voltage controlling gain of device

Xz = Input voltage
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To show that the gain of the varisble gain element is accurstely proportioned
to X,, let it first be said that the gain varies only as a function of Ve.
Then G = eV, = ek (X, - YB)
where ¢ is a function relating the gain of the varisble gain device to the
control voltage. It is not necessarily a constant.
Solving u=u(xz-m)
G = cAX, - cAYG
G(1 - eAY) = cAX,

By making A very large
Ty
and the requirement that the gain be proportional to X, has been met. Notice
that the above calculations hold only if the gain of the varisble gain device
is made independent of its imput voltage. Feedback can be used to linearise
all types of multiplying schemes. A few of which employ feedback will be shown
on the following pages.

Varisble
Xl o Gain i T Xo Figure 7.

(a)

5

?

L

Matched Variable Gain Devices
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If sn additional variable gain device is introduced in the mammer shown
in figure 7, the gain of both varisble gain devices will be accurately pro-
portional to X, if both devices are identical. This type of schems, using
matched devices, has found most use in servomechanisms where motor driven
potentiometers are used for mstched varisble gain devices. It can be seen
that tubes would not be readily usable as the varisble gain elements since
tubes are very difficult to accurately mstch. MHM“WM
both will change in use and camnot be expected to remain accurstely matched
without sufficient aging.

The feedback srrangement can be used with modification so that it be-
thMnmmmmJ This type system is

shown in figure 8. X; and Y are simply added before they are applied to the
S ¢ 31 ol e
‘ Fiter .
3 'm HOP.
: -I.‘I.n-u-
Demod.
. DAfL, RMTAS)
Ampl.
a——-—-—xz
Figure 8.

varisble gain device. A simple resistor adder may be used. Y is the ampli-

1korn, Granind A. snd Theresa M. Korn, Electronic Anslog Computers,
McGraw-Hill, New York, 1952, p. 229.
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tude of a carrier signal whose frequency is well above the highest expected
frequency of X, or X,. Thus, by meking the feedback loop responsive only to
Y signal the same varisble gain device can be used for both the linearising
circuit and the multiplier circuit. It can be shown that by the circuit of
figure 7 the gain of the varisble gain device is accurately proportional to
Xp/y Af the gain of the differential amplifier is sufficiently high. Systems
of this type have been comstructed with accuracies of .2% of full scale.2»3s4

2

Ibid, p. 230.

3Chance, B., F. C. Willigms, V. Hughes, D. Ssyre, snd E. F. MacNichol,
%Zﬂ. 19, MIT Radistion Laboratory Series, McGraw-Hill, New York,

s, P+ OTh.

hummummmtommmm
was constructed by the smathor for his employer, Geophysical Research Corp-
oration, but camot be detalled to the public for reasons of company secur-
ity. Accuracy measurements on this device are somewhat less than 1% of full
scale when in two quadrant operation.



CHAPTER IV
PULSED ATTENUATOR MULTIPLIER

Maltiplying devices based on the pulsed attemmator have received enough
attention to be considered important. Many variations of the simple scheme
presented here have been developed and used. Figure 9 shows the basic pulsed

N\

H'lh

Figure 9.

Simplified Pulsed Attemuator Maultiplier

attemuator mltiplier. xlhuppljsdtoth.ndtchtmthomsu-
sistor (R,). R, is largs compared to the contact resistance of the meitch
when it is closed. Izvarluth-off-ti.'otthn.itoh. The off-time is
considered the time when the switch is closed. The on-time is a constant
and mst be short compared to the period of the highest frequency input.
mxzzo,zo:o.utmhhﬁniu. The gain G is determined by the
ratio of the off-time to the on-time or

G=e¢ tm/tm

In actual use the pulsed attemustors have the frequency of the chopping wol-
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tage equal to a constant and vary the off-time. This makes the gain equal to

which is o Yore+ Yon+t Vorr
ton + torr

but 1/t pe + ton = £, frequency of chopping voltage

The resistance-capacitance section after the attenuator serves to smooth the
outpat voltage after it has been chopped at a constant rate with off-time

proportional to X. At the output of this filter E, equals cX;X, which is
the required operation when miltiplication is performed.

Pulse attenuators have appesred in many diffirent forms.l At least one
such mltiplier has been built and operated with good results.? Accuracies
of better than .2% of full scale have been reported with pulsed sttemuator
mltipliers. They have the bemefit of most all electronic devices in that
they can be operated at frequencies above 2000 cps. This type mltiplier
has its weak points as do others. The ratio of the magnitudes of the two
input voltages is limited to somewhat less tham 10 to 1 due to noise and
grid swing limits. Approximstely eight tubes are regquired and it may be
necessary to select and match some of these tubes.

km,ﬁruﬂndl.mdmu.x o :
Netran it Be Tk, 1950, me 2. orn, Electronic Analog Computers,

2Greemwood, I. A., J. V. Holdem, and D. MacRas e 5
mwwm, Vol. 21, M%,W‘,
PPe. ®



CHAPTER V
INPUT POLARITY CONSIDERATIONS

The simple laws of algebra obviously should hold during the multipli-
cation process (-X,) (X,) should yield a negative product, etc. When both
inputs are either positive or negative with respect to a chosen reference
the output should be positive. If the inputs are opposite in sign then the
oﬁtpntshouldhuwindthnlpnttothcnfm. If the above is
true, all laws of sign are obeyed, the device is said to be a four quadrant
mltiplier.

Two quadrant mltipliers have the polarity of either X, or X, restricted
to a single sign while the other may have either positive or negative sign.
Obviocusly, the output voltage should change sign with the input voltage that
bears no restrictions.

One quadrant multipliers are product taking circuits which perform cor-
rectly only when both X; and X3 have a particular polarity. Both are res-
tricted snd cannot change their sign. Then, the output always has the same
sign.

= N . Ea
T %
Figure 10. \\
—_—— \Xz

A Two Quadrant Multiplier
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Figure 10 shows a device which 1s a multiplier. X, can be either posi-
tive or negative with respect to ground. xzmeontmlt.houlmoftha
resistance in only one direction from the sero resistance position. There-
rm,xlmMOpnhrity,Izmwmpoicﬁyndthmmt
mist always have the same sign as X;. This is a two quadrant mltiplier.

Figure 1l is a variation of figure 10. Houa‘d.n,llhnnolmta-
tion on its sign. m,xzmmmtmmdmmmmutm

4],’
In

direction from ground thus choosing portions of X, which are either positive
or negative with respect to ground. The device has no polarity restrictions
and is a four-gquadrant mltiplier.

One quadrant mltipliers appear only in the form of function generators
such as logarithmic devices where the logarithm of a negative mumber is not
permitted. Multipliers in the form of function generators are briefly dis-
cussed later in this paper.

There are a mmmber of schemes which can be used to enable two quadrant
mltipliers to operate as four quadrant devices. One such schems is presented
in figure 12. This diagram shows a bias voltage being added to X, so that
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the output of the two quadrant miltipliers before going into the differemtial
mplitier s equal to X(X,+Ep) = XX+ X;X;. The bias woltage is a constant
%0 that the X,E. term depends only on X;; this makes it possible to subject
X, to a constent gain device with its gain adjusted so that its output is
equal to X,E;. The output of the two quadrant miltiplier is then fed into

Figure 12. . Gain
pee. | o
X - Ampl.
! Two Quadrant
Ceody o o Multiplier
Adder
£—t

A Two Quadrant Device in Four Quadrant Operation

the differential amplifier with the X,E. signal so that the differential
smplifier has for its output X X,.

It is fairly obvicus that the two X,E; terms which are to be cancelled
out in the differential amplifier must be exactly 180° out of phase snd must
be free from all distortion. Any distortion (including phase distortion)
will result in a portion of this voltage in the cutput voltage due to insuf-
ficient cancellation. The remaining voltage mst be large enough to enable
tho!zdpdtohmitlnlﬂ—vﬂmﬂthmxz+!3mdm,1.o.,
E, mst be greater than the maximm pesk X,. Figure 13 diagramatically shows
two miltipliers of the two quadrant type may be combined for four quadrand
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operation.l The inmts to the top miltiplier are X,+ E; and X, while the
mptltothlmnltipliorm-xz+lﬂmdl’._l_. The two outputs are then

xa N ?m
Difes Gadn- 2 altiplier <
==y — i

s H pife.
L-., Ampl.

L 7 Sur.., Two Quadrant

Gatn | Multiplier ©

Figure 13.
Combining Two Quadrant Maltipliers

!112+ xlxa and -xlx2+ !133 respectively. After the difference of these out-
ptahtahnhmofthdﬂuuﬁd.p]ﬂiwthe!llstmmm
lmprmmtmdthowtptcmtdmmlythoduindxlxzum.

lxorn, Granind A. and Theresa M. Korn, Elsctromic Analog Computers,
McGraw-Hill, New York, 1952, p. 2lk.



CHAPTER VI
MODUIATORS AS ANALOGUE MULTIPLIERS

Linear Amplitude Modulator

A linear amplitude modulator may be used to perform the process of mul-
tiplication without any modification of the basic modulator circuit. This
is readily seen by an inspection of the equations relating the inputs and
outputs in the linear modulator circuit. In these equations the modulstion
mwmunnumxzmmmmmmxr Ir
four quadrant operation is desired, a phase sensitive linear modulator should
be selected.ls?
Square-law Modulator

The common square law modulator has found most use when one of the in-
pat variables is d-c. This can be understood readily by taldng a look at the

Product Obtained From
Figure 1. Square-Law Modulator
b8 T
b ]
SR
K =

lxectrical Engineering Staff of Massachusetts Institute of Technology,
%m, John Wiley & Sons, New York, 1943, pp. 638-640.
S B., F. C. Willisms, V. Hughes, D. Sayre, and E. F. MacNichol,
Eggg,n;m,mmwﬂm,mu,mrm,
s PP. 49-53.
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output of a diode square law modulator.

I =R

X, = E,Cos w,t
Thmltmfmthplﬁnotthodiodoiuthn(xl+xz)uh1chm
E7Cos wyt+ ExCos wot = ep and the voltage-current characteristic of the
diode and its resistive load is described by Taylorts series.

1p = ayept 0]
vhich becomes 1 ® &E,Cos wit +a1K;Con wyt+ ayEfCos? wit+-20,E K,
Cos w;tCo8 wyt+ a,E3Cos® Wyt
when Elmult+12001v2titnbﬂim.dforop. From the com-

plste expression of the plate current the 2a,E,EnCos wt Cos w,t term is
proportional to the product of the two input voltages. The remaining terms
mist be eliminated if they are not needed in the final solution.

If ome 6f the inputs is to be d-c then the only terms remaining be-
sides the product are a d-c component and a second harmonic eomponent.
The d-c can be eliminated from the ocutput by a blocking condenser and the
second harmonic can be balsnced out. If one of the inputs is not d-c then
both of the second harmonic terms must be eliminated by balsncing and a
balanced modulator becomes useful.

A balanced modulator has an cutput voltage which has the form of

s [ont a(tn)|
or & [ %+ (52 1)]

where the sum and difference frequencies represent the cross product of the
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input voltages. This means that the ocutput voltage of the balanced modulator
has the forms of
A (a3 +ax)

or & (a4 1Ty
Ifimhmurnpdnthﬁth.mtputiul(ulxl-}alexz)311111+Ll2!1!2
the As,X; term must be cancelled from the finsl output. Figure 15 shows a
method for cancelling a term which is proportional to one of the input woltage
from the cutput voltage. Inthilﬁpnthnllinmtilnhmtogd.nto
a voltage equal to AaX; is available to the input of the differential ampli-
filrﬂqﬁththllnllfr%xzwltap. Of course their difference is

Figure 15.

ential .|
hlel

m,
i
£
F

the desired product.

*) genersl discussion of balsnced modulstor opsration may be found in
Electrical Engineering Staff of Massachusetts Institute of Technology, Applied
Electronics, John Wiley & Soms, New York, 1943.



CHAPTER VII
FUNCTION GENERATORS IN MULTIPLIER SCHEMES

There are a great mmber of possible multiplier schemes which require
non-linear devices. These non-linear ocutputs must be specific functions
and, certainly there should be known methods of genersting these functioms.
The product taking systems using these generators are disculsed with very
ntmmmutommmmw;m.
Addition of Logaritims

It is certainly a fact that one may perform the process of multipli-
cation by taking the logarithm of the two mumbers whose product is desired,
add these two logarithms, and then take the antilogarithm to obtain the pro-
duet. The following equation should recall the sbove statement of fact.

log, Xy + logyXy = logyXyXp
'Figure 16 illustrstes this operation. The logaritim circuits may be found

o M-
;s B prsos |

Addition of Logarithms Figure 16.

in the reference material.l The added may be either a differential amplifier
or a simple resistor adder.

]Ehm, B., F. C. Williams, V. Hughes, D. Sayre, and E. F. MacNichol,
%, MIT Radiation Laboratory Series, McGraw-Hill, New York, 1949,
Pe ©70- ;



&mlmlthmmtdoﬂmdformﬂinvﬂmot!lorxzth
system of figure 16 is restricted to one quadrant operation.
Quarter-Square Multiplier

Another equality that furnishes a method of obtaining a product is

X, = (X L) - (4 - x)?
mxlmdxzmagdntohthm=mtothomlupnor. Figure

Figure 17.
v R 4%
Adder - ° -
. Squarer
Xz pee. Ko
Ampl.

(xl il z) -
Diff.
i Squarer

Quarter-Square Device

17 is a block presentation of a quarter-square miltiplier. The gain through
‘the adder snd the first differential smplifier mst be equal.

This device is also degraded because it cannot maintain high accuracy
over its full ranges of input voltages and, therefore, must be restricted to
a range of operation for a specified accuracy.

Intergration

It has been reported that the process of miltiplication can be carried

out directly with great precision by using a standard differential snalyser.2»>

2push, V., and S. Caldwell, "A New Type of Differential
W Institute, pp. 240, 255-326, October, 1945.

I. Aey, J. V. Holdam, and D. MacRas
MIT Radiation Laborstory Series, MeGrme-Hill, New rrnr.% ?ﬁ .



In this method the product of the two input variables is represented by the

following relation.
X%, =j’1“2*f I

No known circuit has been developed specifically for multiplication which
opsrates on this basis. Certainly a differential analyser could not be
used for mltiplication in small and portables equipment. However, a small
Mmtumtmmmmmumm.

23



CHAPTER VIII
SUMMARY

All of the multiplication schemes discussed in the body of this paper
have assumed that the inputs to the device was on electrical input. Actu-
ally, a change of representation may be necessary since the variations to
be multiplied gould be mechanical, hydramlic or any other physical changes.
For instance, the inputs may be hydraulic pressure in which case these
pressure changes would be represerted by voltage changes. The voltage
changes would then be opsrated on by a device similar to one of those in
the preceding pages.

When direct conversion from one type of representation to electrical
representation is not possible or if this conversion is very inaccurate, a
third representation can be introduced to link the two systems. A simple
example of this type of conversion follows. Assume that the variasbles to
be mltiplied are mechanical translational motion. Difficulties arise
when these types of changes are converted to voltage varistions. However,
it is not difficult to convert this translational movement to rotational
displacement. As shaft rotation a potentiometer may be used to obtain
voltage varistions proportional to the original translational changes.

It may also be necessary to tax the art of servomschanisms when these
conversion methods are necessary. When direct conversion methods do not
apply, then the conversion can be "looped® so that the system is shown in
figure 18.

Before further summary is given it may be well to illustrate the type
of mathemstical operation which has camsed much of the investigstion of
mltiplying devices. When making computations involving auto-correlation
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a particular product is to be taken. This product is
[r(tﬂ [r(ua)]

and is a voltage function of time mltiplied by a voltage function of time
and a constant delay. These signals both may have positive and negative
values. They are both contimicusly varying signals. They will have ratios
of their smplitude which are quite large. From the devices shown in the
body of this paper it can be mbed that the very necessities in taking this
product sre the difficult achisvements for most multipliers presently de-
veloped. There are some instances when the product can be very inaccurate,
an example of an instance where a mltiplier is needed but the accuracy of
mltiplication need not be great can be found in a technique used by some
designers of radar equipment. In this technique the transmitted signal
consists of two pulses spaced in time by an interval (t). The received
signal reflected from a target them will also consist of two pulses spaced
in time by the same interval (t). The received signal is delayed by means
of a delay line and then multiplied by the received signal without delay.
With this technique an improved signal to noise ratio is realised since
theoretically the output of the multiplier is sero except when the first
pulse in the returned echo signal which has been delsyed coincides in time
with the second echoed pulme which has witnessed no delsy. It can be seen
that it is necessary to have the output of the multiplier equal to sero
when either of the input signals is equal to sero. This requirement is of
primary importance when a multiplier is designed far this type of operation.
It will also be noted that the linearity which determines the accuracy of
the multiplier is not too important and may be as great as 3 per cent of
full scale.

Multipliers which are all electronic having accuracies better than 1/2
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of 1 per cent have been developed and are referred to in the body of this
paper. These schemes are the frequency sharing multiplier and the pulsed
sttemuator mltiplier. A careful study of the literature referred to will
show the reader that these schemes are not designed for four quadrant op-
eration. The freguency sharing scheme so boldly presented by Korn and
Korn is a two quadrant multiplier in that the X; signal must be d.c. This
is not pointed out in this literature. The scheme presented can be made
to operate in four quadramt operation by selecting a varisble gain device
which is capsble of four quadrant operstion and canmot be expected to op-
erste with the same accuracy as that quoted (0.2 per cemt) in four quadrant
operation since the greatest error can be expected by a device whose oper-
ation passes through sero. The pulsed attemuator system referred to has a
limitation which may be severe in gemeral computer service in that the
ratio of the input voltages can never exceed about 10 to 1 if the boasted
accuracy is maintained. Also, a push-pull system must be devised for the
most accurate four quadrant operation.

If a two quadrant device is available and it is desired to have four
quadrant operation, a system similar to that in figure 12 can be used. It
mist be remembered that the phase shift of the X, signal through the two
quadrant maltiplier mst be equal to the phase shift of the device which
passes X; and subjects it to a gain of Ep. If this is not true the out
of phase voltage will appear in the output as error. All components used
in these two channels must have phase shift which is independent of the
level at which the device is operated. If a component has phase shift
which is different at one level than at a previous level the X;E, terms
carmot be totally eliminated from the output of the differential amplifier.
It also is necessary to have these components as linear as possible, e.g.,



the gain of these two chanmels must be independent of the level at which
they are operated. Both chamnels must be free from all other types of dis-
tortion and noise. If either of these channels has noise or distortion
which does not exist in the other with the exact phase and smplitude, appre-
ciable error can be expected. Experimental work has shovm that extreme pre-
cautions mst be taken if these errors are to be minimised.

Great care should be taken to select a variable gain device which has
its output exactly equal to sero when either or both of the input variables
is equal to sero. Experience has shown that many times it is not possible
to reslise this condition if the ratio of the two input variables is made
large. Multiplier schemes sometimess function only when the inputs have a
large ratio. Schemes of this nature should be avoided since one signal will
nearly always be fed to the other channel.

Ordinarily a system which employs feedback will be the best all around
mltiplier. The general gheory of feedback amplifiers readily explains why
this is true since the gain of a system employing feedback can be made
linear with respect to soms control voltsge. The important factor in a
feedback multiplier is the selection of the variable gain device. This de-
vice should be one which is characteristically a four gquadrant device such
as a balmced ring modulator. With the balanced ring modulator one input can
be balmnced from the output and the other can be eliminsted from the output
by proper addition of a third signal whose frequency is high compared to
either of the input signals. Ring modulstors, if properly balanced, have
output only when a modulsting signal exists. This mesns that the ring modu-
lator can easily meet the requirement of having sero output when one or both
of the imjut varisbles is equal to sero. The balanced ring modulator mst
always consist. of four elements which are sufficiently matched to exhibit



sero output for one sero input. The difficulty in this system is now

If it becomes necessary to match devices then a system comparable to
of figure 7 have the desired control characteristics when phase is con-

sidered, then it mgy result that this scheme can be developed with fewer
tubes. It is kmown that this is true if two quadiant operation is de-

sired. Further investigation would be necessary to ascertain the com-
plexity of this type system when four quadrant operation is desired.

no relation to previous inputs. A computer of this type would be the air-

device and a meter reading is the product. It has been said that the ac-

to read the meter dial. However, this is not true since the portion of
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five places. Next, assume that the human can be expected to read only two
significant figures with the desired accuracy. In this case a wvoltage
which represents the first three significant figures must be subtracted
from the multiplier output before it is applied to the meter terminal.
Then the voltage read by the meter is only the last two significant fig-
ures. By successively approximating the output voltage and subtrasting
this approximstion from the output voltage extreme accuracies are possible.

The important factors governing the operation of a mltiplying device
are not remote from the factors governing the design of other types of
electronic computers, servomechanisms and commmications equipment. The
saccess of the design will be determined primarily by the inventive
ability applied if a knowledge of feedback systems and general commmi-
cations cireuitry is possessed.



Berkeley, E. C. Glant Brains, Wiley, New York, 1949.

- New of Differential Analyser®,
m. 'o. “&M’u W .1%5.

Chanece . s Lo om D.S'l' Iﬂl.?.w.
oot cmww.vmm,m
w York, 1949.

Deelay, . « M. MacKay, "ultiplication and Division by
M&; 5 Methods™, Nature, 163 (No. 4147): 650.
April 23, 1949.

Wdemu Mmdm.
Applied Electromics, John Wiley & Sons, New York, 1943.

Greemwood, I. A., J. V. Holdam, and D. MacRae dnstruments.,
M!Lwﬁm“,vmﬁ,mmrm.

lm.
o M o Da and R. S. m"
e TR T L D
York,

Ko, Granind A. and Theresa M. Km,mmmm,
MoCrae-Hill, New York, 19§2.

. . M. ’ spd Chem-
ml’l.':‘ﬂ M h’l‘gr Wﬂm

Shamnon, W.,. MG Computers®, Elsctronics, August, 1946.




Harold Stevenson Field
candidate for the degree of
Master of Science

Thesis: MULTIPFLICATION BY ELECTRONIC ANALOGUE
Major: Electrical Engineering

Biographical and Other Items:
Born: February 15, 1927 st High Point, North Carolina
Undergraduate Study: O.A.M.C., 1946-1950
Graduate Study: 0.A.M.C., 1951-1953
¢t United States Navy, Electronics Technician,
1944~1946. Design of remote control devices, 1950-

Member of the Institute of Radio Engineers, Eta Ksppa Nu, and
Sigma Tem.

Date of Final Examination: May 9, 1953.



Maltiplication by Electronic

THESIS TITLE:

Harold Stevenson Field

AUTHOR:

THESIS ADVISER: Dr. Herbert L. Jones

mw
Mmm

m
mmum

LI
dm ..mw.m

,.w it

TYPIST: Jume Marilyn Field





