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Abstract

In this dissertation we review Gordon’s optical metric theory, generalize it, and

apply it to modern cosmology.

In Chapter 1, we build the notation, define important quantities (luminosity

distance, angular diameter distance, etc.), derive a few key equations (reciprocity

relation, transport equations of optical scalars, etc.), and develop some basic tech-

niques which will be useful later on.

In Chapter 2 we apply Gordon’s optical metric theory to Friedman-Lemâıtre-

Robertson-Walker cosmologies. We associate a refraction index with the cosmic

fluid and derive the refraction-corrected distance redshift relations. We then fit

the Hubble curve of current supernova observations with a non-accelerating cos-

mological model. We also show that some observational effects caused by inho-

mogeneities, e.g., the Sachs-Wolfe effect, can be interpreted as being caused by an

effective index of refraction, and hence this theory could extend to other speed of

light communications such as gravitational radiation and neutrino fluxes.

In Chapter 3 we show that Gordon’s optical metric on a curved spacetime can

be generalized to include absorption by allowing the metric to become complex. We

distinguish two different cases, i.e., strong and weak absorption, and demonstrate

the use of the complex optical metric theory by giving three examples. We use one

x



of these examples to compute corrected distance-redshift relations for Friedman-

Lemâıtre-Robertson-Walker models in which the cosmic fluid possesses a complex

index of refraction that represents grey extinction. We then fit this corrected

Hubble curve to the same supernovae data used in Chapter 2 by assuming pure

absorption.

In Chapter 4 we equate the physical intensity reduction of a light wave caused

by weak absorption with a geometrical reduction in intensity caused by a “trans-

verse” conformal transformation of the spacetime metric in which the wave travels.

We then modify Gordon’s optical metric to include absorption via a totally differ-

ent way than that of Chapter 3 in which we included absorption in Gordon’s optical

metric by allowing the metric to be complex. We derive the distance-redshift re-

lation from the modified optical metric for Friedman-Lemâıtre-Robertson-Walker

spacetimes whose cosmic fluid has associated refraction and absorption coefficients.

We then fit the current supernovae data with a cosmological model containing both

refraction and absorption and provide an alternate explanation (other than dark

energy) of the apparent acceleration of the universe expansion.
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Chapter 1

Introduction

In this introductory chapter, we build the notation, define some important quan-

tities, prove a few key theorems, and develop some basic techniques which will be

useful for discussions later on. In Sec. 1.1 we review Gordon’s optical metric. In

Sec. 1.2 we review the geometrical optics approximation. In Sec. 1.3 and 1.4 we

define a few important astronomical quantities and prove a few key theorems. In

Sec. 1.5 we discuss the optical scalars and their propagating equations in detail.

1.1 The Optical Metric

In GR type theories, a gravity field is described by a metric gab on a four dimen-

sional manifold (we use a +2 signature here). We additionally assume the presence

of an arbitrarily moving medium with normalized 4-velocity uaua = −1 that fills

spacetime. For simplicity, we also assume that the fluid’s electromagnetic proper-

ties are linear, isotropic, transparent1, and non-dispersive (frequency independent),

1This constraint will be dropped in Chapter 2 when we include absorption in Gordon’s optical
metric.
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and can be summarized by two scalar functions defined on the 4-manifold, i.e., a

permittivity ǫ(xa) and a permeability µ(xa), or equivalently by a refraction index

n ≡ √
ǫµ. Following [30] in this section, we write the two electromagnetic bivectors

as F ab(B, E) and Hab(H, D). They satisfy Maxwell’s Equations2

∂[aFbc] = 0,

∇bH
ba =

4π

c
Ja, (1.1)

with constitutive relations

Habub = ǫF abub,

F[abuc] = µH[abuc]. (1.2)

Remark. For a familiar example, take the Minkowski spacetime with the fluid

at rest, ua = (1, 0, 0, 0).

Gordon’s optical metric [41] is defined as

ḡab = gab + (1 − 1

ǫµ
)uaub = − 1

n2
uaub + g⊥ab, (1.3)

with inverse

ḡab = gab + (1 − ǫµ)uaub = −n2uaub + g ab
⊥ , (1.4)

where g⊥ab is the familiar projection tensor.

2Notation: square bracket [·] or parenthesis (·) symbolize respectively complete anti-
symmetrization or symmetrization of the enclosed indices. A comma in front a subscript, e.g.,
[·], a, takes partial derivative of the corresponding coordinate component. ∇ with a subscript, or
a semicolon in front of a subscript, i.e.,∇a or [·] ; a, represents covariant differentiation.
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Remark. The normalized 4-velocity with respect to the optical metric ḡab is

ūa ≡ 1√
ǫµ

ua, ūa ≡ ḡabūb =
√

ǫµua. (1.5)

We have almost no occasion 3 where we have to use ūa because all physical mea-

surements such as frequency ν and energy density U of the electromagnetic wave

should be measured with respect to the physical observer ua (see Chapter 2).

To relate covariant derivatives of the two metrics and to obtain Eq. (1.14) below

the relationship of the two determinants is needed4

det ḡab =
1

n2
det gab. (1.8)

At this point we have one differentiable manifold with two metrics or equiv-

alently two related spacetimes, the physical and the optical. We are primarily

interested in the dynamics of a particular type of physical field (radiation) in the

optical spacetime. All physical objects are described by tensor fields in physi-

cal spacetime and those of interest here have associated fields in optical spacetime.

Where necessary we denote optical spacetime fields with a bar. The optical equiva-

lent of the physical covariant Maxwell field Fab is Fab itself; hence the homogeneous

Maxwell equations are satisfied in both spacetimes, and both share covariant 4-

3An exception is in Chapter 4 when we apply a transverse conformal transformation to Gor-
don’s optical metric.

4Lemma. det ḡab = (1/n2) det gab.
Proof. Take Aa = (1 − 1/n2)ua, Ba = ua. Note that A · B = −(1 − 1/n2). Show first

det(δa
b + AaBb) = 1 + AaBa, (1.6)

and then
det(gac(δ

c
b + AcBb)) = det(gab + AaBb) = det gab · (1 + A · B). (1.7)
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potentials. Using the optical metric the two constitutive equations can be written

as a single equation

Hab =
1

µ
F̄ ab ≡ 1

µ
ḡacḡbdFcd, (1.9)

as can be seen by first expressing the contravariant Maxwell field in optical space-

time as

F̄ ab = [F ab − (1 − ǫµ)uaF b
cu

c + (1 − ǫµ)ubF a
cu

c], (1.10)

and then contracting separately with ub and ǫabcdu
c. Here the metric dependent

bivector F̄ ab is the metric independent 2-form Fab raised using the optical metric

Eq. (1.4) rather than the physical metric gab. By using the identity relating the

contracted Christoffel symbols to the metric’s determinant

Γd
cd =

∂c

√−g√−g
, (1.11)

we find

∇bH
ab =

(
√−gHab), b√−g

. (1.12)

Now using Eq. (1.8), Maxwell’s equations (1.1) can be written using the optical

metric as

∂[aFbc] = 0,

∇̄b

(

e2φ F̄ ba
)

=
4π

c
J̄a ≡ 4π

c

√
ǫµ Ja, (1.13)

where e2φ ≡
√

ǫ/µ and the covariant derivatives are taken using the optical metric

(see [30] for details when Ja = 0). From now on, we work only with source-free
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case, i.e., we assume the current Ja = 0 and correspondingly

∂[aFbc] = 0,

∇̄b

(

e2φ F̄ ba
)

= 0. (1.14)

The form of the inhomogeneous Maxwell equation is slightly modified and hence

slightly more complicated, i.e., the e2φ term is present in Eq. (1.14); however, the

advantage is that there are no constitutive equations (1.2) to deal with, i.e., F̄ ab

is just Fab raised with the optical metric. Solutions constructed in the optical

spacetime via Eq. (1.14) directly translate to solutions in physical spacetime via

Eq. (1.9). Because the vacuum Maxwell equations are conformally invariant 5 any

metric conformally related to Gordon’s can be used to generate Hab, see [30]. In

the next section we show that light waves travel along null geodesics at the speed c

in the optical spacetime (and hence in any conformally related spacetime), whereas

5Theorem. The vacuum Maxwell equations are conformally invariant (we will need this fact
in Chapter 4). Proof. A conformal transformation can be written

ĝab = e2σgab,
ĝab = e−2σgab, (1.15)

where σ(xa) is a scalar function defined on the manifold. Define

F̂ab = Fab,
F̂ ab = e−4σF ab. (1.16)

The homogeneous Maxwell equation immediately translates into F̂[ab,c] = 0 since it is metric
independent. The inhomogeneous Maxwell equation tells us

∇bF
ab =

1√−g
(
√−gF ab),b = 0 →

∇̂bF̂
ab =

1√−ĝ
(
√

−ĝF̂ ab),b =
e−4σ

√−g
(
√−gF ab),b = 0, (1.17)

where ĝ ≡ det ĝab = e8σg.
Corollary. The modified (source free, Ja = 0) Maxwell Eqs. (1.14) in Gordon’s optical

spacetime are conformally invariant.
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the corresponding waves travel at speed c/n in physical spacetime.

1.2 Geometrical Optics Approximation

In this thesis, we will be using the Geometrical Optics (GO) approximation several

times. In this section we illustrate the main procedure for the simplest case, the

vacuum Maxwell equations, i.e., electromagnetic waves with no charges, no cur-

rents, and no polarizing material. There are some subtle points to make when we

use the GO approximation for the modified Maxwell equations in Gordon’s optical

spacetime, especially for the generalized Gordon’s theory including absorption and

for the modified Maxwell equations caused by a transverse conformal transforma-

tion of the optical metric, etc., but the key ideas are contained in this section.

We assume that the electromagnetic wave is planar on a scale large compared

with the wavelength, but small compared with the curvature radius of spacetime.

We write the field tensor as

Fab = ℜ
{

eiS/λ̄

(

Aab +
λ̄

i
Bab + O(λ̄2)

)}

, (1.18)

where λ̄ is a wavelength related parameter, S(xa) is the so-called eikonal function

and is real 6, and ℜ{·} stands for the real part. The Aab term represents the

geometrical optics approximation and the Bab term is its first order correction in

both the physical and optical spacetimes. We define the wave vector ka to be the

gradient of the eikonal function S, i.e., ka = ∂aS.

6S(xa) will become complex for the strong absorption case when we include absorption into
Gordon’s optical metric, see Chapter 3.
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Inserting Eq. (1.18) into the vacuum Maxwell equations

∂[aFbc] = 0,

∇bF
ba = 0, (1.19)

we obtain for oder λ̄−1

A[abkc] = 0,

Aabkb = 0, (1.20)

and order λ̄0

∂[aAbc] + k[aBbc] = 0,

∇bA
ab + Babkb = 0. (1.21)

Now we analyze what these equations tell us.

Contract the first of Eqs. (1.20) with kc we find

kaka = 0, (1.22)

and this gives us

k̇a ≡ kb∇bk
a = 0, (1.23)

by using the fact that

∇bka = ∇akb. (1.24)

Note that we can choose a vector ma such that kam
a = 1. Contracting the first of

7



Eqs. (1.20) with mc we find

Aab = 2k[aEb], Eak
a = 0, (1.25)

where

Ea = −Aabm
b. (1.26)

The nullity condition Eq. (1.22) for ka and the algebraic structure of Aab [Eq. (1.25)]

exhaust the lowest order equations. Now plugging this form of Aab into the first

of Eqs. (1.21) we find

2A[abkc] + B[abkc] = 0 → 2Aab + Bab = k[aBb], (1.27)

for some Bb similarly defined. Inserting Eq. (1.25) for Aab and Eq. (1.27) for Bab

into the second of Eqs. (1.21) we obtain

kb∇bEa +
1

2
Ea∇bk

b =
1

2
ka(Bbk

b + ∇bE b). (1.28)

One fact we have not made use of is that Ea defined above can be subject to a

gauge like transformation of the form

Ea → Ea + fka (1.29)

for an arbitrary function f. We use this fact to choose a suitable f to eliminate

the right hand side of Eq. (1.28), i.e., we obtain

Ėa + θEa = 0, (1.30)

8



where we have defined the expansion parameter (see Sec. 1.5)

θ =
1

2
∇ak

a. (1.31)

Now we split Ea into a real scalar amplitude E and a unit polarization vector ea,

Ea = Eea, (1.32)

where

E ≥ 0, e∗ae
a = 1, eak

a = 0 (1.33)

(∗ is the complex conjugating operator). Now the transport equation for the

amplitude E and the polarization vector ea becomes

Ė + θE = 0,

ėa = 0. (1.34)

Note the remarkable fact that the polarization vector ea is parallel transported

along the null geodesics.

The GO approximation is just the O(λ̄0) of Eq. (1.18), i.e.,

Fab = 2E · ℜ{eiSk[aeb]}. (1.35)

Inserting the above expression into the energy momentum tensor

T ab ≡ − 1

4π

[

F acFcb −
1

4
δa

bF
dcFcd

]

, (1.36)

9



we obtain

T ab =
E2

2
kakb(1 − ℜ{e2iSeae

a}). (1.37)

After averaging with time, we finally obtain

T ab =
E2

2
kakb. (1.38)

Remark (Another WKB derivation). The homogeneous Maxwell equation tells

us there exists a vector potential Aa such that Fab = ∂aAb − ∂bAa. We choose a

gauge condition ∇aA
a = 0, and write Aa = Eae

i
λ̄

S where the exponential oscillates

much faster than the amplitude Ea changes. We define ka = S, a as before. First

we find from the gauge condition that

Eaka = 0, ∇aEa = 0, (1.39)

and then from Maxwell’s equation

kaka = 0, k̇a = 0, (1.40)

and

Ėa + θEa = 0, (Ea);b
;b = Ra

bE b, (1.41)

where Ra
b is the Ricci tensor. For details, refer to [35].
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1.3 Redshift and Distance Definitions

In this section we define a few quantities important in astrophysics and cosmology,

such as redshift z, angular diameter distance dA, and luminosity distance dL, and we

then review a classical result in this field: the reciprocity relation [38, 51, 78, 11, 63].

1.3.1 Redshift

From the results of the GO approximation, we can treat ka as tangent to light rays.

We now think about the frequency of the light ray ka. With the appropriately

chosen affine parameter ξ we can write

ka =
dxa

dξ
= pa, (1.42)

where pa is the 4-momentum of the photon. For an observer ua, the energy of the

photon is measured as −kaua. For two different observers ua
1 and ua

2, we have the

frequency ratio

ν1

ν2

=
(kau

a)1

(kaua)2

. (1.43)

Definition (Redshift). The redshift z of a source S (emitter) measured by an

observer O is defined in terms of wavelengths by

z =
λo − λe

λe

=
∆λ

λe

, (1.44)

therefore

1 + z =
(kau

a)e

(kaua)o
. (1.45)

11



Note that the source itself has a 4-velocity ua
s , and it is not usually at the same

spacetime point as the observer ua
o.

Remark. An useful trick is to split the null vector ka into its time and spatial

part with respect to the observer ua, i.e., we write

ka = (−ubk
b)(ua + k̂a) (1.46)

with k̂a defined by

k̂a =
gab
⊥ kb

g⊥cdkckd
, (1.47)

where gab
⊥ is the projection tensor as before. k̂a satisfies

k̂aua = 0, k̂ak̂a = 1. (1.48)

For a small increment of affine parameter dξ, the observer would see a time elapse

∆t and spatial displacement ∆ℓ,

|∆t| ≡ −dxaua = (−kau
a)dξ

|∆ℓ| ≡ dxak̂a = (−kau
a)dξ, (1.49)

where the photon’s displacement along the null geodesic is dxa = kadξ. This will be

useful when we talk about the propagating equation of optical scalars, see Sec. 1.5.

1.3.2 Luminosity and Distances

In cosmology, distance is not a directly measurable quantity, it has to be defined

by theory. In Euclidean geometry, solid angle in 3-space is related to distance and
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area by

dA = r2dΩ. (1.50)

This motivates the definitions of cosmological distances. The corrected luminosity

distance d′
L is defined by

d′
L =

√

dAo

dΩs
, (1.51)

and the angular diameter distance (sometimes called apparent size distance) is

defined by

dA =

√

dAs

dΩo
. (1.52)

Theorem. At the same spacetime point, the cross-sectional area of a ray

bundle is observer independent.

Proof. Refer to Theorem 4.1 of Sachs [76]. See also discussion in Sec. 1.5.1.

Theorem. For two observers ua, u′a at the same point xa measuring the solid

angle subtended by a ray bundle converging at xa, we have

dΩ′

dΩ
=

(kau
a)2

(kau′a)2
. (1.53)

Proof. dΩ = ∆A/∆ℓ2. The area ∆A of the beam is the same, but ∆ℓ ∝ (kau
a).

Theorem (Reciprocity Relation). In any spacetime, the corrected luminosity

distance is related to the angular diameter distance by d′
L = (1 + z)dA.

Remark. This important result was originally discovered by Etherington in

1933 [38], and rediscovered by Sachs in 1961 [76] and Penrose in 1966 [63] (see

also [11]). Its proof is technically demanding. The key geometrical concepts in

the following (outlined) proof are the Jacobi field and the Jacobi map [15]. The

reciprocity relation is a differential geometrical result which does not depend on
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Einstein’s general relativity and therefore is more general.

Proof. Near the source event S, the light cone is a 3-dimensional hypersurface

with two parameters (e.g., in the rest frame of the source, the spherical polar angles

θ, φ). We choose an arbitrary smooth 1-parameter subfamily of light rays in this

hypersurface. Write the null geodesics as xa = fa(ξ, y) where y is the parameter

labeling the ray, and ξ the affine parameter along the ray. We fix ξ by requiring

that

ua
ska = ωs → ωsdξ = uadxa = ∆ℓ (1.54)

for source velocity ua
s and a fixed angular frequency ωs. The connecting vector

between two neighboring rays can be written as

δxa =
∂fa

∂y
δy (1.55)

We define the so-called Jacobi field Y a along the central ray γ of the ray bundle

as

Y a =
∂fa

∂y
, Y a|s = 0. (1.56)

The standard Jacobi equation (geodesic deviation equation) [15] gives us

Ÿ a = Ra
bcdk

bkcY d. (1.57)

The linearity of the Jacobi equation and the initial conditions Y a|s = 0 tell us

there exists a linear transformation, the so-called Jacobi map Λâ
f , such that

Y â
o = Λâ

f(o, s)
Ẏ f

s

ωs
. (1.58)
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Note that Λâ
f is not a tensor; the hatted indices are with respect to the observer

o, and the unhatted indices are with respect to the source event s. Our choice of

affine parameter ξ tells us

Ẏ a
s δy

ωs

=
DY a

s δy

ωsdξ
=

δxa

δℓ
= δθsn̂

a
s , (1.59)

where n̂a
s is the unit vector pointing along the Jacobi field at source s, and δθs is

the angular separation between the two rays connected by δxa. Therefore

δxâ
o = Λâ

f (o, s)n
f
sδθs, (1.60)

or equivalently

d′
L ≡ |δxâ|o

δθs
= nâ(o)Λ

â
f(o, s)n

f(s). (1.61)

We introduce a Jacobi field Za starting from the observer o and evolve it backward

towards the source, i.e.,Za|o = 0. Exchanging the role of source s and observer o,

we similarly obtain

dA ≡ |δxa|s
δθo

= −na(s)Λ
a
f̂
(s, o)nf̂(o). (1.62)

It is easy to show that

(ZaẎ
a − YaŻ

a) = const, (1.63)

which tells us that

ZaẎ
a|s = −YaŻ

a|o. (1.64)
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Combining this equation with Eq. (1.58) we obtain

gac(s)Λ
c
b̂
(s, o)

1

ωo
= −gb̂d̂(o)Λ

d̂
a(o, s)

1

ωs
, (1.65)

or equivalently

nc(s)Λ
c
b̂
(s, o)nb̂(o)

1

ω0
= −nd̂(o)Λ

d̂
a(o, s)n

a(s)
1

ωs
. (1.66)

Comparing this equation with Eqs. (1.61) and (1.62) we conclude that

d′
L = (1 + z)dA. (1.67)

The specific luminosity Lν of a light source S is defined as the total energy

emitted in unit time and unit frequency interval. Suppose the source is radiating

spherically symmetrically. The number of photons with frequency νs emitted in

proper time interval dτs and solid angle element dΩs is

Ns =
Lν

4πνs
dτsdΩsdνs. (1.68)

Suppose this beam of photons is intercepted by an observer using a detector with

cross-sectional area dAo and frequency sensitivity dνo. The definition of specific

flux Fν then tells us that the number of photon received is

No =
Fνo

νo
dτodAodνo. (1.69)
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Note that the frequency interval is also redshifted. Using the conservation of

photon number, No = Ns, we find

Fν =
L(1+z)ν

4π(1 + z)d′2
L

. (1.70)

Integrating over all frequencies we get the bolometric flux

F ≡ L

4πd2
L

=
L

4π(1 + z)2d′2
L

. (1.71)

This tells us the relation between luminosity distance dL and corrected luminosity

distance d′
L is

dL = (1 + z)d′
L. (1.72)

This finally gives us the more familiar reciprocity relation

Corollary. In any spacetime, the luminosity distance dL is related to the

angular diameter distance dA by

dL = (1 + z)2dA. (1.73)

Remark. The validity of the classical reciprocity relation depends crucially

on two facts: first, photons travel along null geodesics in curves spacetime, and

secondly, the photon number is conserved. The first assumption will not be true

in case where the spacetime is filled with dielectric material, and the second fails

when absorption exists. We will discuss this issue in detail later on.
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Definition (Magnitudes m and M). Suppose a source radiates spherically

symmetrically. Making use of Eq.(1.71), the apparent magnitude m is defined as

m ≡ −2.5 log10

F

F⊙ 10 pc
+ 4.74, (1.74)

and the absolute magnitude M is defined as

M ≡ −2.5 log10

L

L⊙

+ 4.74, (1.75)

where F⊙ and L⊙ are respectively the bolometric flux of the sun at 10 pc, and the

bolometric luminosity of the sun. The distance modulus µ is defined as

µ = m − M = 5 log10

dL

1Mpc
+ 25. (1.76)

1.4 Friedman Equation

The familiar Robertson-Walker (RW) metric can be written

ds2 = −c2dt2 + R2(t)

[

dr2

1 − kr2
+ r2(dθ2 + sin2 θdφ2)

]

, (1.77)

where k = 1, 0,−1 for a closed, flat or open universe, respectively. The non-

vanishing components of the Ricci tensor of the RW metric Eq. (1.77) is easily

found to be

R00 = −3
R̈

R
,

R11 = 2k + 2Ṙ2 + RR̈,
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R22 = r2(2k + 2Ṙ2 + RR̈),

R33 = r2 sin2 θ(2k + 2Ṙ2 + RR̈). (1.78)

Inserting the above into the Einstein’s equation, we obtain

3
R̈

R
= −4πG(ρ + 3p),

R̈

R
+ 2

Ṙ2

R2
+ 2

k

R2
= 4πG(ρ − p). (1.79)

Canceling the R̈/R term immediately gives us the Friedman equation

Ṙ2 + k =
8πG

3
ρR2. (1.80)

When we integrate the Friedman equation, it is very convenient to cast the

equation into one where all quantities are dimensionless [42]. A dimensionless

scale factor and time coordinate can be defined by

a =
R(t)

R(t0)
=

1

1 + z
, (1.81)

and

τ = H0t, (1.82)

where H0 is the current Hubble constant. We define the critical density ρcr as

ρcr(t) =
3H2(t)

8πG
. (1.83)

Now the dimensionless density parameter of dust, radiation and vacuum are defined
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as

Ωm =
ρm

ρcr
, Ωr =

ρr

ρcr
, ΩΛ =

ρΛ

ρcr
(1.84)

with the total density parameter Ω = Ωr + Ωm + ΩΛ. The Friedman equation can

be written

Ω(t) − 1 =
c2k

(HR)2
. (1.85)

The rescaled Friedman equation is now

1

2
ȧ2 + Ueff(a) =

1

2
Ωk, (1.86)

where the effective potential Ueff is defined by

Ueff = −1

2
(ΩΛa2 +

Ωm

a
+

Ωr

a2
), (1.87)

and the curvature density parameter is defined by

Ωk = − c2k

H2
0R

2(t)
= 1 − Ω, (1.88)

The Hubble parameter H(z) can be immediately found to be

H(z) = H0

√

ΩΛ + Ωk(1 + z)2 + Ωm(1 + z)3 + Ωr(1 + z)4, (1.89)

and the expansion parameter is

da

dt
= H0a = H0

√

ΩΛ

(1 + z)2
+ Ωk + Ωm(1 + z) + Ωr(1 + z)2. (1.90)
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Another useful parameter, i.e., the deceleration parameter q0 is defined as

q = −R̈R

Ṙ2
= −R̈

R

1

H2
= Ωr − ΩΛ +

1

2
Ωm, (1.91)

where we have made use of Eq. (1.79). A Friedman-Lemâıtre-Robertson-Walker

(FLRW) universe is determined by four cosmological parameters Ωm, Ωr, ΩΛ, and

H0. The density parameters fix the dimensionless Friedman equation, and the

Hubble constant fixes the overall scale.

1.4.1 Distance Redshift Relation in RW metric

From Eq. (1.77) we obtain the angular diameter distance dA of a source at the

origin as measured by an observer at co-moving radial coordinate r to be

dA = R(te)r, (1.92)

and the corrected luminosity distance to be

d′
L = R(to)r, (1.93)

where te and to correspond to the emission and observation time. The luminosity

distance-redshift relation in FLRW universe is then

dL(z) = (1 + z)2dA(z)

= (1 + z)2R(te)r

= (1 + z)
c

H0

1
√

|Ωk|
sinn

√

|Ωk|
∫ z

0

dz′

h(z′)
, (1.94)
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where we have defined sinn[r],

sinn[r] ≡































sin[r] k=+1

r k=0

sinh[r] k=-1,

(1.95)

the dimensionless Hubble parameter h(z),

h(z) =
√

ΩΛ + Ωk(1 + z)2 + Ωm(1 + z)3 + Ωr(1 + z)4, (1.96)

and where in the last step we have made use of the Friedman equation.

1.5 Geometry of Ray Bundles and Optical Scalars

In this last section of the first chapter we go a little bit deeper into the details than

is actually needed for the later part of this thesis7. We talk about the geometry

of ray bundles, introduce the concept of optical scalars, and derive a few classical

equations in this field. The derivation of this section follows closely that of [80]

and of [35]. Other important references include Kristian & Sachs [51], Penrose

[63], Sachs [76], and Raychadhuri [66, 67].

7This review section reminds me of those hard times I sweated blood getting started on general
relativity.
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1.5.1 Connecting Vectors

We now study rays associated with an eikonal function S(xa). A bundle of light

rays can be parametrized by an affine parameter ξ and 3 other parameters yi as

xa = fa(ξ, yi) (1.97)

(in this section indices i and j run through 1, 2 and 3). This parametrization is

not unique, i.e., , we can change parametrization by

yi = gi(ỹj),

ξ = ξ̃ + h(ỹj), (1.98)

and correspondingly

xa = f̃a(ξ̃, ỹj) = fa(ξ̃ + h(ỹj), gi(ỹj)). (1.99)

Suppose the central ray of the bundle is labeled by yi, and a neighboring ray is

labeled by yi + δyi. The connecting vector between the two rays (same ξ value) is

δxa =
∂fa

∂yi
δyi. (1.100)

Reparametrization as above gives us

δx̃a =
∂f̃a

∂ỹi
δỹi

=
∂fa

∂yi
δyi + kaδh

= δxa + kaδh, (1.101)
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where ka = ∂aS is the wave vector. We know that two rays connected by δxa have

the same phase iff kaδxa = 0. This property is parametrization independent since

δx̃aka = δxaka by Eq. (1.101). Suppose an observer with four-velocity ua sees the

light ray at a spacetime point P. A parametrization can be chosen such that all

vectors δxa connecting γ to its neighbors satisfy δxaua = 0, i.e., they connect events

simultaneous with respect to observer ua. The intersection of the hypersurface of

constant S(xa) with the 3-D space as seen by ua at P , i.e., the wave surface seen

by ua at that instant, is orthogonal to the ray direction ka. It consists of photons

arriving at observer ua at P simultaneously. The important point is that this

simultaneity is true for any observer at P . This observer independence makes it

possible to define a beam as a collection of such photons. Furthermore, for two

rays γ1, γ2 (on the same hypersurface of constant S) neighboring to γ, we have

gabδx̃
a
1δx̃

b
2 = gabδx

a
1δx

b
2. (1.102)

This means that the size and shape of the cross-section of an infinitesimal beam

at the event P is observer independent. Note that these two invariant properties

all come from the key fact that ka is a null vector, i.e., kaka = 0.

1.5.2 Optical Scalars

We find from Eq. (1.100) that

∂δxa

∂ξ
= ka

, bδx
b. (1.103)
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This gives us the transport equation of the connecting vector

˙δx
a

=
Dδxa

dξ
= ka

; bδx
b. (1.104)

Now we choose parallel transported observers ua along γ (without any loss of gen-

erality because of the observer independence established in the previous section).

We next choose a pair of unit vector ea
(A) (A runs through 1 and 2) orthogonal to

each other as well to ua and ka. We define

εa = ea
(1) + iea

(2). (1.105)

We also parallel transport ea
(A) along γ. We furthermore fix the affine parameter ξ

by requiring that

kau
a = −1 (1.106)

everywhere on γ. The complex vector εa satisfies algebraic relations

uaε
a = kaε

a = εaε
a = 0, ε∗aε

a = 2. (1.107)

We define the projection tensor Pab, which projects vectors into the 2-D space

orthogonal to ka and ua, i.e., span{ea
(1), ea

(2)}, as

Pab = gab − kakb + kaub + uakb, (1.108)

and is equivalent to

Pab =
1

2
(εaε

∗
b + ε∗aεb). (1.109)
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We now find

ka; b = kc; dδ
c
aδ

d
b

= kc; dP
c
aP

d
b + P(akb)

=
1

2
ℜ{εaεbkc; dε

∗cε∗d + ε(aε
∗
b)kc; dε

∗cεd} + P(akb)

= σab + θPab + P(akb), (1.110)

where

Pa ≡ −2P c
akc; du

d − ka(u
ckc; du

d),

θ ≡ 1

2
ka

; a,

σ ≡ 1

2
ka; bε

∗aε∗b,

σab ≡ ℜ(σεaεb). (1.111)

The vector P a satisfies Pak
a = 0 but is of no interest to us; θ, σ are the well known

optical scalars and σab is the shear tensor. It can be easily checked that σab satisfies

σa
a = 0,

1

2
σabσ

ab = |σ|2 =
1

2
ka; bk

a; b − 1

4
(ka

; a)
2. (1.112)

Writing δxa = ℓ n̂a with n̂an̂a = 1, we find from Eq. (1.104) and Eq. (1.110) that

ℓ̇

ℓ
= θ + σabn̂

an̂b. (1.113)

Since the 2-dimensional shear tensor is symmetric and trace free, it has two orthog-

onal eigen-directions and two eigenvalues ±|σ|. Therefore we get the two extreme
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rates of stretching

max
ℓ̇

ℓ
= θ + |σ|, min

ℓ̇

ℓ
= θ − |σ|, (1.114)

and the rate of area distortion

Ȧ

A
= 2θ = ka

; a. (1.115)

1.5.3 Transport Equations

We obtain transport equations of optical scalars via the Ricci identity

kb; cd − kb; dc = Rabcdk
a. (1.116)

First, by covariantly differentiating

θ =
1

2
ka

; a, (1.117)

we obtain

θ̇ = −1

2
ka

; bk
b
; a −

1

2
Rabk

akb. (1.118)

With the help of Eq. (1.112) we obtain the transport equation for the expansion

scalar θ,

θ̇ + θ2 + |σ|2 = −1

2
Rabk

akb. (1.119)

Second, by covariantly differentiating

σ =
1

2
ka; bε

∗aε∗b, (1.120)
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and making use of Ricci identity, we obtain the transport equation of σ

σ̇ + 2θσ = −1

2
Rabcdε

∗aε∗ckbkd

= −1

2
Cabcdε

∗aε∗ckbkd, (1.121)

where Cabcd is the Weyl tensor (Rabcd = Cabcd +ga[cRd]b−gb[cRd]a− 1
3
Rga[cgd]b). The

focusing equation is obtained by rewriting Eq. (1.119) with the help of Eq. (1.115)

as
√̈

A = −(|σ|2 +
1

2
Rabk

akb)
√

A. (1.122)

Remark. For perfect fluid with non-negative pressure, Tab = (ρ + p/c2)uaub −

pgab, the Ricci term above is

1

2
Rabk

akb =
4πG

c4
(ρ + p)(uaka)

2 > 0. (1.123)

Therefore, Eq. (1.122) implies
√̈

A ≤ 0. Choosing a ray bundle that converges at the

observer O, we have
√̇

A|o =
√

δΩo (with the appropriately chosen affine parameter

ξ). At earlier times, we have A(ξ) ≤ ξ2δΩo. Thus if shear is introduced into the

ray bundle or if matter exists along the beam, the angular diameter distance of the

source from the observer is smaller than what would have been if the ray bundles

traveled through an empty, shear-free cone. This is the so-called focusing theorem

[76, 80].
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Chapter 2

Cosmology With a Dark

Refraction Index

In this chapter [16] we apply Gordon’s optical metric theory to the Friedman-

Lemâıtre-Robertson-Walker cosmologies by associating a refraction index with the

cosmic fluid. In Sec. 2.1 we make the geometrical optics approximation of the mod-

ified Maxwell’s theory in Gordon’s optical spacetime. In Sec. 2.2 we discuss the

optical metric for the Robertson-Walker metric and derive the refraction-corrected

distance-redshift relation. In Sec. 2.3 we discuss the equivalence of the inhomo-

geneity of the density distribution, e.g., the Sachs-Wolfe effect, with an effective

refraction index. We then fit the current supernovae data with our new distance-

redshift relation.
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2.1 Geometrical Optics Approximation II

Recall that Gordon’s optical metric is defined as

ḡab = gab + (1 − 1

n2
)uaub, (2.1)

with inverse

ḡab = gab + (1 − n2)uaub, (2.2)

and the modified Maxwell’s equations in Gordon’s optical spacetime are

∂[aFbc] = 0,

∇̄b

(

e2φ F̄ ba
)

= 0, (2.3)

with

Hab =
1

µ
F̄ ab. (2.4)

In this section we follow [76] and [31] but use vectors rather than spinors to

derive the transport equations for the amplitude and polarization of a geometrical

optics wave. As before we write the covariant (and metric independent) field tensor

as

Fab = ℜ
{

eiS/λ̄0

(

Aab +
λ̄0

i
Bab + O(λ̄2

0)

)}

. (2.5)

Inserting Eq. (2.5) into the modified Maxwell Eqs. (2.3) we obtain to order λ̄−1
0

A[abkc] = 0,

Āabkb = 0, (2.6)
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and to order (λ̄0)
0

∂[aAbc] + k[aBbc] = 0,

∇̄bĀ
ab + B̄abkb + 2Āabφ,b = 0. (2.7)

Remark. Eqs. (2.6) and (2.7) should be compared with Eqs. (1.20) and (1.21)

of Chapter 1. The reason for the difference is two fold: First, we are now using

optical metric instead of the physical metric. All barred contravariant quantities

throughout are obtained by raising indices with the optical metric, e.g., Āab =

ḡacḡbdAcd ; unbarred are obtained by raising with the physical metric gab. Second,

we now work with the modified Maxwell equations.

Equations (2.6) tell us that k̄a ≡ ḡabkb is tangent to null geodesics of the optical

metric

k̄ckc = 0,

k̄b∇̄bk̄
a = 0, (2.8)

and that Aab is of the form:

Aab = −2k[aEb], (2.9)

where Ea is spacelike and constrained by Eak̄
a = 0 but has the remaining freedom of

definition Ea → Ea+f(x)ka. It is Ēa that determines the amplitude and polarization

of the GO wave seen by an observer and it is Eqs. (2.8) that establishes the speed

of propagation as c.
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Equation (2.7) tells us that

Bab = 2(E[a,b] − k[aDb]), (2.10)

with a remaining freedom Da → Da+g(x)ka and gives as the propagation equation

for Ēa

˙̄Ea + Ēaθ + Ēaφ̇ =
k̄a

2
(∇̄bĒ b + kbD̄b + 2φ,bĒ b). (2.11)

The affine parameter derivative symbolized by ‘ ˙ ’ is the invariant derivative k̄b∇̄b

along the null geodesics generated by the vector field k̄a. If we now split Ēa into a

scalar amplitude and a unit polarization vector, i.e.,

Ēa = E ēa, E ≥ 0, ēaē∗a = 1, (2.12)

where ∗ means complex conjugate, the transport equation for the amplitude E

becomes [this should be compared with Eq. (1.30)]

Ė + Eθ + E φ̇ = 0, (2.13)

where θ is the expansion rate of the null rays defined by the vector field k̄a. It is

defined by the divergence of k̄a

θ ≡ 1

2
∇̄ak̄

a =
˙√
A√
A

, (2.14)

and is related to the fractional rate of change of the observer independent area A

of a small beam of neighboring rays (see [76] and discussions in Sec. 1.5.2). Given
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A, we are able to integrate Eq. (2.13)

E
(

ǫ

µ

)1/4 √
A = Ee

(

ǫe

µe

)1/4
√

Ae , (2.15)

where the subscript e means evaluate at (or close to) the emitter.

For the calculation at hand we need the amplitude E only, however, if we were

interested in the wave’s polarization a suitable choice for f(x) makes the right

hand side of Eq. (2.11) vanish and also makes ˙̄ea = 0, i.e., a particular choice for a

polarization vector can be made that is parallel transported along the null geodesics

of the GO wave.

The GO approximation is just the (λ̄0)
0 order term in Eq. (2.5), i.e.,

F̄ ab = −2E ℜ{eiS/λ̄0 k̄[aēb]}. (2.16)

The frequency and wavelength seen by observers co-moving with the fluid can

be computed using the fact that the phase of the wave changes by 2π when the

observer ages by one period of the wave τ , or respectively steps a spatial distance

of one wavelength λ in the direction of the wave, k̂a,

2π = −(cτ ua)∂a

(

S

λ̄0

)

= −cτ

λ̄0

(uaka),

2π = (λ k̂a)∂a

(

S

λ̄0

)

= − λ

λ̄0
n (uaka), (2.17)

where

k̄a = (−ūbk̄
b)(ūa + k̂a)

= (−nubk
b)(nua + k̂a), (2.18)
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and k̂a is a unit vector in both the physical and the optical metric since uak̂
a = 0.

The natural choice of the constant parameter λ̄0 is the rationalized wavelength

(λ0/2π) at the observer. This requires the eikonal satisfy n0(kau
a)0 = −1.

The energy and momentum of this wave as seen by a co-moving observer in

physical spacetime (uagabu
b = −1) is contained in the Poynting 4-vector

Sa = −c T a
bu

b

=
c

4π

[

HacFcb −
1

4
δa
b H

dcFcd

]

ub, (2.19)

where all quantities in Eq. (2.19) are evaluated in the physical spacetime. When

evaluated using Eqs. (2.4) and (2.16)

Sa =
c

4πµ

[

F̄ acFcb −
1

4
δa
b F̄

dcFcd

]

ub

= − c

8πµ
E2k̄a(kbu

b). (2.20)

In the last equality the oscillations have been averaged over. The energy density

and 3-D Poynting vector seen by observer ua are respectively

U = −1

c
Saua =

1

8πµ
E2(k̄aua)(kbu

b) =
n2

8πµ
E2(kau

a)2,

Sa
⊥ = Sa − c Uua = − c

8πµ
E2(kbu

b) [ka + (kcu
c)ua] , (2.21)

with magnitude

S⊥ ≡
√

Sa
⊥S⊥a =

cn

8πµ
E2(kau

a)2 = S⊥e
Ae

A

τ 2
e

τ 2
. (2.22)

In the last equality we have eliminated the amplitude E using Eq. (2.15) and con-
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tinue using a subscript e to represent quantities evaluated near the emitter. Equa-

tion (2.22) simply says that the energy flux varies inversely with the beam’s area

and inversely with the square of the period, even in the presence of an index of re-

fraction. We will use this expression in the next section to compute the luminosity

distance-redshift relation for FLRW cosmologies that are filled with a transparent

optical material.

2.2 Optical Metric for Robertson-Walker Space-

times

As before RW metric is written

ds2 = −c2 dt2 + R2(t)

{

dr2

1 − kr2
+ r2(dθ2 + sin2 θ dφ2)

}

, (2.23)

where k = 1, 0,−1 for a closed, flat or open universe, respectively. The cosmic

fluid associated with the RW metric is at rest in the co-moving spatial coordinates

(r, θ, φ) and hence has a 4-velocity ua = δa
t /c. We assume that the cosmic fluid has

associated with it a homogeneous and isotropic refraction index which depends

only on the cosmological time t, i.e.,
√

ǫµ = n(t). From Eq. (2.1) only the ḡtt

component of the optical metric is seen to differ from the physical metric, i.e.,

ḡtt = − c2

n2(t)
. (2.24)
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The radial null geodesics of the optical metric are found by fixing (θ, φ) and inte-

grating

ds̄2 = − c2

n2(t)
dt2 + R2(t)

dr2

1 − kr2
= 0. (2.25)

Two such geodesics traveling between the origin and a fixed co-moving point r

satisfy

∫ to

te

c dt

n(t)R(t)
=

∫ to+∆to

te+∆te

c dt

n(t)R(t)
=

∫ r

0

dr√
1 − kr2

= sinn−1[r], (2.26)

where sinn[r] was defined in Eq. (1.95). In the above equation, (te, to) and (te +

∆te, to +∆to) represent the emitting and receiving times of the two respective null

signals. We see from Eq. (2.26) that the differences in emission and observation

times are related by

∆to
n(to)R(to)

=
∆te

n(te)R(te)
, (2.27)

and hence the redshift zn is given by

1 + zn =
∆to
∆te

=
n(to)R(to)

n(te)R(te)
=

n(to)

n(te)
(1 + z). (2.28)

We have used zn as a measure of the observed frequency change but have also kept

the usual z which measures the wavelength change. The tangent to the radial null

geodesic (k̄aka = 0) can be found directly from Eq. (2.25) by a variation

k̄a = α

(

n

c R
,

√
1 − kr2

R2
, 0, 0

)

= R0

(

n

c R
,

√
1 − kr2

R2
, 0, 0

)

, (2.29)
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with covariant components

ka = R0

(

− c

nR
,

1√
1 − kr2

, 0, 0

)

, (2.30)

where α is an arbitrary constant equivalent to the freedom of choosing an affine

parameter along a null geodesics, and we fix it to be R0 (the current radius of the

universe) from now on. In the physical metric the light ray has a timelike tangent

vector, i.e.,

k̄agabk̄
b = n2(1 − n2)(uak

a)2 =
R2

0

R2
(1 − n2) < 0. (2.31)

The eikonal S of the GO approximation Eq. (2.16) can easily be found for this

covariant vector field ka assuming the spherical wave originates from an emitter

located at r = 0

S(t, r) = R0

(

−
∫ t

te

c dt′

n(t′)R(t′)
+ sinn−1[r]

)

. (2.32)

To relate the constant λ̄0 of Eq. (2.16) to co-moving wavelength, we use Eqs. (2.17)

and (2.30)

2π = −cτ

λ̄0

(uaka) =
cτ(t)R0

λ̄0n(t)R(t)
=

λ

λ̄0

R0

R(t)
. (2.33)

The last equality establishes λ̄0 = λ(t0)/2π and confirms our interpretation of the

conventional (1 + z) = R0/Re as the wavelength redshift, see Eq. (2.17).

We are interested in computing the apparent-size and luminosity distances

for RW models with an index of refraction n(t) and must be careful in doing

so. The optical metric gives the correct wave trajectories, but because it does

not measure distances or times correctly, densities and rates will be incorrect.

Because angles, areas, and redshifts are easier to calculate than energy fluxes we
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start with the apparent size distance-redshift dA(zn). We will then compute the

luminosity distance dL(zn) by using the 3-D Poynting vector of Eq. (2.21). We

use the optical metric in the form given in Eq. (2.24) with Eq. (2.23) because the

coordinates (t, r, θ, φ) have direct physical interpretations in the RW metric itself.

For an example, in the local rest frame of the source (observer), the proper time

interval is ∆te (respectively ∆to) instead of ∆te/n(te) (respectively ∆to/n(to)),

and hence the observed shift in periods, ∆to/∆te, is correctly given by Eq. (2.28).

From Eq. (2.23) the apparent size distance (also called the angular size distance)

of a source at coordinates (te, r) is just

dA = r R(te), (2.34)

as seen by an observer at (0, to) where the three coordinates (r, te, to) are con-

strained by Eq. (2.26). To give dA(zn) we must use Eqs. (2.26) and (2.28) to elim-

inate (r, te) in terms of (zn, to). We start by using Eq. (2.28) to change variables

in the remaining integral of Eq. (2.26) from t to zn. The following steps are fa-

miliar except for the presence of the index of refraction n(x) and the two redshift

variables (zn, z). Friedman Equation is used to change from t to R and then to

(1 + z) = Ro/R.

sinn−1(r) =

∫ to

te

cdt

n(t)R(t)
=

∫ R0

Re

cdR

n(R)R (dR/dt)

=
c

R0H0

∫ z(zn)

0

dz

n(z)h(z)
, (2.35)

where h(z) is the dimensionless Hubble parameter. The wavelength redshift z(zn)

as a function of the frequency redshift zn is found by eliminating te in Eq. (2.28).
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From Eq. (2.34) we conclude that the apparent size distance-redshift relation for a

FLRW cosmology with an index of refraction is

dA(zn) =
1

(1 + z(zn))

c

H0

1
√

|Ωk|
sinn

[

√

|Ωk|
∫ z(zn)

0

dz

n(z)h(z)

]

. (2.36)

To derive the luminosity-redshift relation dL(zn) knowing dA(zn) one ordinarily

uses Etherington’s (see [38] and Sec. 1.3) result

dL(z) = (1 + z)2dA(z). (2.37)

If this result were correct with an index of refraction present, one would need

to know which redshift to use, frequency zn or wavelength z. To know what to

choose we evaluate the magnitude of the Poynting vector Eq. (2.22) and arrive at

the correct replacement for Eq. (2.37). To find the needed area A we evaluate the

expansion θ of Eq. (2.14) using Eqs. (2.29), (2.23), (2.24), and (1.8). We find a

simple result

θ =
˙(rR)

(rR)
, (2.38)

and hence the beam area A ∝ rR from which we have the needed Poynting vector

magnitude, Eq. (2.22),

S⊥ = S⊥e
4π(rR)2

e

4π(rR)2

τ 2
e

τ 2
=

Le

4π(rR)2(1 + zn)2
=

Le

4πd2
L

. (2.39)

The latter identity defines the luminosity distance dL in terms of the total power

radiated at the emitter Le and the flux received, i.e., the Poynting vector at the
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observer,

dL = rR(1 + zn)

= rRe(1 + z)(1 + zn)

= (1 + zn)
c

H0

1
√

|Ωk|
sinn

[

√

|Ωk|
∫ z(zn)

0

dz

n(z)h(z)

]

, (2.40)

which agrees with the Etherington result Eq. (2.37) only if we use one frequency

redshift factor (1+zn) from Eq. (2.28) and one wavelength redshift (1+z). Equation

(2.39) also confirms a conserved photon number interpretation of the radiation even

in the presence of a time dependent index of refraction (which has the potential of

taking energy out of the radiation field). It is equivalent to having a fixed number

of photons emitted in a time ∆te each having energy hνe and all being collected

over an area 4π(rR)2 in a time ∆to but with redshifted energy hνo.

2.3 An Effective Index of Refraction Induced by

the Sachs-Wolfe Effect

Up to now, we have been considering a refractive index modeled after the one gen-

erated by induced electromagnetic polarizations in inter and intra galactic media,

dark or otherwise. Lensing has long been interpreted as a gravitationally induced

refraction effect, and here we suggest that to 1st order, inhomogeneities in the flat

FLRW models are equivalent to effective indices of refraction.

Sachs & Wolfe [77] were two of the first to consider the effect of perturbations

of the homogeneous and isotropic models on optical observations. In that classic

paper, the authors used perturbations in the flat, i.e., k = 0, FLRW spacetime
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to study the angular fluctuations in the Cosmic Microwave Background (CMB).

They used a conformally flat version of the metric

ds2 = R2(η) [ηab + hab] dxadxb (2.41)

with dimensionless coordinates and worked in a co-moving gauge to derive the

equations governing the evolution of the metric perturbation hab and perturba-

tions of the energy-momentum tensor δTab. Here the conformal time coordinate

of the flat Minkowski metric ηab = diag [−1, 1, 1, 1] is x0 = η and for the pres-

sureless case is familiarly related to the co-moving FLRW time coordinate t by

η = (3 tH0/2)1/3. The three Euclidean spatial coordinates are labeled by letters of

the Greek alphabet. They then considered the deviations of null geodesics from

the unperturbed case and derived the now famous temperature fluctuations in

the microwave background caused by hab, see Eq. (42) of Ref. [77]. Among the

scalar, vector, and tensor perturbation modes in dust (p = δp = 0, see Eq. (22)

of Ref. [77]), the scalar density perturbations, i.e., the relatively decreasing A(xγ)

mode and relatively increasing B(xγ) mode (responsible for the famous Sachs-Wolfe

effect) give

hαβ = − 1

η3
A,αβ + δαβB +

η2

10
B,αβ , (2.42)

and h0a = 0. The arbitrarily specified form of the scalar modes are related to the

density perturbation δρ through Poisson’s equation

δρ =
H2

0

32πG
∇2

(

6A

η9
− 3B

5η4

)

, (2.43)

(See Eq. (22) of Ref. [76]).
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Remark. The time component of the perturbation h00 vanishes because of

a co-moving gauge choice (ua ∝ δa
0) and h0α is only present for the rotational

perturbations.

To connect this perturbed metric to Gordon’s optical metric, we attempt a

coordinate transformation (xa → x′a, and gab → g′
ab) as following

η = η′ − D(x′b),

xα = x′α − Cα(x′b), (2.44)

where D(x′a) and Cα(x′a) are functions to be determined. First, from g′
0α = 0 we

found

∂D

∂x′α
=

∂Cα

∂η′
, for α = 1, 2, 3. (2.45)

Second, from

g′
αβ = R2(η)[δαβ + hαβ +

∂Cα

∂x′β
+

∂Cβ

∂x′α
]

= R2(η)[(1 + B)δαβ − A,αβ

η3
+

η2

10
B,αβ − Cα

,β − Cβ
,α]

= R2(η)(1 + B)δαβ, (2.46)

we obtain

Cα = −1

2

A,α

η′3
+

1

20
η′2B,α,

D =
3

2

A

η′4
+

1

10
η′B. (2.47)

Since for the flat dust only case, R(η) = 2
H0

η2 (H0 is the Hubble parameter right
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now, see[77]) we found

R(η) = R(η′)

(

1 − D

η′

)2

= R(η′)

(

1 − 3

2

A

η′5
− 1

10
B

)2

. (2.48)

Now we have

g′
00 = −R2(η)

(

1 − 2
∂D

∂η′

)

= −R2(η)(1 +
12

η′5
A − 1

5
B), (2.49)

g′
αβ = R2(η)(1 + B)δαβ , (2.50)

and the new perturbed metric after the coordinate transformation

xα = x′α +
1

2η′3
A,α(x′) − η′2

20
B,α(x′),

η = η′

(

1 − 3

2η′5
A(x′) − 1

10
B(x′)

)

, (2.51)

to be (up to 1st order)

ds2 = R2(η′)

(

1 − 3

η′5
A(x′) +

3

10
B(x′)

)2

×











− dη′2

(

1 − 6
η′5 A(x′) + 3

5
B(x′)

)2 + dr′2 + r′2(dθ2 + sin2 θdφ2)











.(2.52)

This simply says that the Sachs-Wolfe metric is a conformally transformed Gordon

metric corresponding to a k=0, FLRW metric with a spacetime index of refraction

n = 1 − 6A(x′)/η′5 + 3B(x′)/5. Since conformal transformations don’t alter light
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cones (see [30]) we have arrived at the connection of null geodesics of Sachs-Wolfe’s

density perturbations with the light curves of an unperturbed FLRW spacetime

possessing an index of refraction. In contrast to the homogeneous optical fluid dis-

cussed in Section 2.2, the co-moving frame of the index of refraction in Eq. (2.52) is

not the same as the co-moving frame of the matter density in Eq. (2.41). However,

they are related by the coordinate change of Eq. (2.51).

We have our doubts about extending the index of refraction comparison beyond

linear perturbations, and make no claims as to that possibility. Such an extension

would be quite interesting because old work [47, 48] on non-linear observational

effects in Swiss Cheese cosmologies are again in the literature [57, 58, 60, 13] also

hoping to find sources of apparent acceleration other than a cosmological constant.

Work on interpreting effects of local density perturbations on the Hubble curve are

numerous [24, 79, 21, 4, 5, 90, 22, 73, 50], the results of which can be compared to

the above in the 1st order regime.

2.4 Fitting Supernova Data With A Refraction

Index Model

In this section we use the index of refraction model of Section 2.2 to fit the current

supernova data [6, 28, 71, 72, 91]. We use the 178 supernova from the gold sample

1 with redshifts greater than cz = 7000 km/s to avoid the so-called Hubble bubble

[24, 96] , see Fig. 2.1. The Hubble constant we use is H0 = 65 km/s/Mpc and since

we are concerned with the matter dominated era, we exclude radiation (Ωr = 0).

We compare the distance modulus versus redshift, µ(z), of the concordance model,

1http://braeburn.pha.jhu.edu/∼ariess/R06/.
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ΩΛ = 0.7, Ωm = 0.3, n = 1 with two n(z) > 1 models. The first is a baryonic

matter only model (Ωm = 0.04) and no cosmological constant (ΩΛ = 0) with

n(z) = 1+0.1z2−0.045z3. The second model includes a dark matter contribution,

Ωm = 0.3, no cosmological constant, and n(z) = 1+0.15z2 −0.05z3. Also included

is a now disfavored dark matter only model, ΩΛ = 0, Ωm = 0.3, n = 1. In the

inset of Fig. 2.1, we use this case to compare with the two n 6= 1 models and with

the concordance model. The critical redshift region is between 0.2 < z < 1.2,

where most of the supernova data is concentrated. Both n 6= 1 models fit the data

much better in this region than models with the same Ω parameters but with no

refraction. The two refraction indices are plotted in the insets of Fig. 2.2. It can

be easily seen that the effects of a suitable index of refraction n(z) can simulate

the accelerating effects of a cosmological constant.

The Supernova data is currently considered the best evidence for the existence

of dark energy because of the observed acceleration in the expansion of the universe

(see Fig. 7 of Ref. [72]). For the homogeneous FLRW models, the acceleration is

directly related to density and pressure by

R̈

R
= −4πG

3
(ρ + 3

p

c2
). (2.53)

A true observed acceleration, i.e., R̈ > 0, requires p < −ρc2/3, and hence implies

an unusual equation of state such as vacuum energy (p = −ρc2). What we show

here is that an overlooked index of refraction can cause a misinterpretation of the

Hubble curve, suggesting an acceleration. In Fig. 2.2 we plot H(z) and Ṙ(z)/Ro =

H(z)/(1+z) for the two n 6= 1 models. They can be compared with similar plots in

Ref. [72]. The data points are plotted using flux averaging [92, 93] and uncorrelated

45



redshift binning [94] algorithms. To apply these techniques to non-flat cases, we

define

g(zn) ≡
∫ z(zn)

0

dz

n(z)h(z)

=
1

√

|Ωk|
sinn−1

[

√

|Ωk|
1 + zn

H0

c
10

µ

5
−5

]

, (2.54)

where µ is the distance modulus defined as before and where we have made use of

Eq. (2.40). We furthermore defined

xi =
g(zi+1

n ) − g(zi
n)

zi+1(zi+1
n ) − zi(zi

n)
, (2.55)

which when averaged inside each bin gives us an estimate of the inverse of the

product of n(z) with h(z) ≡ H(z)/H0 (compare with Eq. (5) of Ref. [94]). The

presence of an index of refraction produces a degeneracy in determining the value

of H(z) and hence in R̈(t). A suitably decreasing n(t) and a non-accelerating R(t)

will mimic an accelerating universe.

We can see that our index of refraction models fit the data well. However, we

need to remind the reader that the binned data plotted on the H(z) and Ṙ(z)/R0

curves are model dependent. The binning process as designed in Ref. [94] requires

use of dL(xn), i.e., g(zn) in Eq. (2.54). Rather than using this technique to argue

for an observed accelerating H(z), we argue for an observed n(z) with a non-

accelerating H(z). The point we make is that we can fit the µ(z) data with no Λ,

and are able to get rid of the acceleration.
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Figure 2.1: Distance modulus µ versus redshift z. Dashed curve: ΩΛ = 0, Ωm =
0.3, n = 1; Green curve: ΩΛ = 0.7, Ωm = 0.3, n = 1; Red curve: ΩΛ = 0, Ωm =
0.04, n(z) = 1+0.1z2−0.045z3; Blue curve: ΩΛ = 0, Ωm = 0.3, n(z) = 1+0.15z2−
0.05z3. ∆µ(z) are given in the inset. The difference is taken with respect to the
fiducial case where ΩΛ = 0, Ωm = 0.3, n = 1.
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Figure 2.2: H(z) (upper panel) and Ṙ(z)/Ro (lower panel) curves for the two n 6= 1
models. Left column parameters: ΩΛ = 0, Ωm = 0.04, n(z) = 1 + 0.1z2 − 0.045z3;
Right column parameters: ΩΛ = 0, Ωm = 0.3, n(z) = 1 + 0.15z2 − 0.05z3.
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2.5 Flatness of the Universe

The conclusion drawn from the latest Wilkinson Microwave Anisotropy Probe

(WMAP) data, when combined with the SNe Ia Hubble curve, that vacuum energy

exists, depends crucially on many unconfirmed theoretical assumptions including

the adiabatic power law assumption for the initial perturbation spectrum [84, 85].

Such observations have motivated efforts to find ways to produce a perceived ac-

celeration other than by a real Λ [4, 5, 21, 22, 24, 50, 79, 73, 90]. This section is

another such effort.

The angular position of the first acoustic peak is commonly believed to be

the strongest piece of evidence for the flatness of the universe. The characteristic

wavelengths of the acoustic oscillations at the last scattering surface depend very

weakly on Λ, but their observed angular size as seen by us now depends significantly

on a combination of Ωm and ΩΛ, see Eq. (2.36). Assuming our Universe is of the

FLRW type with no refraction index, a first acoustic peak at ∼ 0.8o is almost

fit by a flat universe.2 With a suitable index of refraction and no cosmological

constant we can produce an angular diameter distance comparable to the angular

diameter distance of a flat cosmology at any given redshift, independent of the

Hubble parameter H0. In Fig. 2.3 we have used a ΩΛ = 0, Ωm = 0.3 model with

an index of refraction n(z) shown in the inset. We chose this n(z) because it

produces similar distances over the large redshift range z > 1000. To conclude

2Within the context of a power law ΛCDM model (w = 1), WMAP data alone does not rule
out non-flat models. With a prior on the Hubble constant, H0 > 40 kms−1Mpc−1, or combined
with other astronomical observations, such as SDSS LRG sample, HST constraint on the Hubble
constant, or SNe data, WMAP data strongly favors a nearly flat universe with nonzero vacuum
energy, see Table 12, Fig. 20, and Fig. 21 of [85]. For a more general model of dark energy, e.g.,
one with a time evolving equation of state parameter w 6= 1 instead of a cosmological constant Λ,
significant spatial curvature is still allowed even under the above prior on the Hubble constant,
see e.g. [44, 45].
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Figure 2.3: Dashed curve: ΩΛ = 0, Ωm = 0.3, n(z) = 1; Blue Curve: ΩΛ = 0, Ωm =
0.3, n(z) = 1+4.45×10−7z2−1.25×10−10z3; Green curve: ΩΛ = 0.7, Ωm = 0.3, n =
1.

that WMAP implies flatness requires the acceptance of the accuracy of theoretical

assumptions beyond the initial perturbation spectrum; e.g., even the accuracy of

the optics of homogeneous FLRW models is now being questioned as was pointed

out in Section 2.3.

2.6 Discussion

In this chapter we applied Gordon’s theory to the homogeneous, Λ = 0, FLRW

models, derived the Refraction-corrected distance-redshift relation, and then es-

timated the refraction index needed to fit current SNe Ia and WMAP data. We

found that an n(z) ≈ 1.07 at redshift z = 1.5 in a baryon only model, or an

n(z) ≈ 1.15 at z = 1.5 in a dark matter model, could easily fit the supernova data

(see Fig. 2.1, and Fig. 2.2), and that an n(z) as big as 1.3 at the last scattering

surface in a dark matter model would give the same angular diameter distance
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dA(z) as the concordance model (see Fig. 2.3).

The question is, where could such an index of refraction come from? If it had

its origin in atomic dipole moments or charges in plasmas the densities would have

to be much larger than they actually are. A critical mass density now is about

8× 10−30 g · cm−3, which translates to 1× 10−20 g · cm−3 at z = 1100. The density

of air on the earth is about 1.2 × 10−3 g · cm−3, some 1017 times denser than the

universe at recombination and yet its index of refraction is only n = 1.0003. We

conclude that there is little hope for a baryon-lepton origin for n. A long shot

would be a colorless index of refraction for the mysterious dark matter (see e.g.

[39]).

Severe limits have already been estimated on direct interactions of the dark

matter particles with photons caused by fractional charge [87, 27] (q/e < 10−5 −

10−7 depending on the particle’s mass) and by electric/magnetic dipole moments

[83] (dipole moment < 3 × 10−16e cm). General limits on photon interaction rates

have even been estimated by requiring the associated collisional damping scale be

small enough to allow structures larger than 100 kpc to form [14]. [39] recently pro-

posed the idea of probing dark matter by investigating the frequency dependence

of its refraction index. Proposing an n of unknown source is perhaps outlandish,

but not much more than proposing a non-intuitive repulsive cosmological constant

Λ to produce acceleration. Even though the latter has become fashionable, we

wish to add a dark index of refraction theory to the community to think about.

In this chapter we developed the general framework needed for using Gordon’s

optical metric in cosmological observations, but have applied it only to an in-

dex of refraction model which is homogeneous and isotropic. If the dark matter

and it’s assumed index of refraction were truly homogeneous we could have addi-
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tionally proposed a redshift dependence for n(z) modeled after a dilute dielectric

gas or plasma. However, such a model would still contain unknowns equivalent

to ionization densities and/or molecular polarizabilities. Instead we chose a phe-

nomenological expression in the form of a cubic containing two parameters which

we adjusted (i.e.,n(z) = 1+p∗z2 + q ∗z3). Such a simple starting point is prudent

because we know the real universe is filled with low density voids, and high den-

sity condensations, as well as associated velocity perturbations all of which would

modify the refraction index n(xa). If an index of refraction model such as the

one proposed here has merit, future efforts can look into how such perturbations,

including local variations in the magnetic field of the intergalactic medium, might

impact distance-redshift. However, the optical metric theory Eq. (2.1) is still the

applicable theory. We talked about the effective refraction index induced by Sachs-

Wolfe effect, but have not gone very far. One reason is that the original formalism

in [77] works only for flat models, whereas the more interesting case is one where

the universe is open, i.e., Ωm < 1, ΩΛ = 0. Further exploration of the equivalence

of the optical effects of gravitational inhomogeneities (beyond the linear perturba-

tion results of Sachs-Wolfe in Section 2.3) and our index of refraction proposal is

desirable. Complete equivalence would be quite interesting and useful in light of

the current interest in Swiss Cheese optics [13, 47, 48, 57, 58, 60]. Modifications in

distance-redshift caused by random spacetime perturbations could then be inter-

preted as being caused by an effective index of refraction. The idea of an optical

metric can also be applied to other massless particles which follow null geodesics in

vacuum. If the presence of material causes interference of the propagating waves of

the particles, an effective refraction index should exist. For an example, gravitons

and some neutrinos are massless and local inhomogeneities, such as the Sachs-Wolfe
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perturbations discussed in Section 2.3, would alter propagation of their waves [97].

The idea of solving cosmological problems via a changing light speed model is

not new, see [3, 7, 8]. Ellis [36] has recently pointed out consistency constraints

required of such theories. Our proposal is fundamentally different from those cited

above in that it is based on a classical electrodynamics analogy (the cosmological

fluid simply has an unexpected refraction index which reduces the propagation

speed of electromagnetic waves). Because we are not proposing a change in the

vacuum light speed c or the limiting causal speed, the proposal is not subject to

Ellis’s criticism.

Finally we note that since an accelerating universe is consistent with other

observations, such as Baryon Acoustic Peaks detected in galaxy surveys [34, 88, 89]

and the interesting H(z) relation obtained from ages of passively evolving galaxies

in [82], additional comparisons with refraction models are in order.

In the next chapter, we will generalize Gordon’s optical metric to include ab-

sorption by allowing the metric to become complex. We then derive the Absorp-

tion & Refraction-corrected distance-redshift relation in FLRW cosmology, and

fit the same set of supernova data with our new distance-redshift relation.
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Chapter 3

Complex Optical Metric

In this chapter [17] we show that Gordon’s optical metric on a curved spacetime

can be generalized to include absorption by allowing the metric to become complex.

We demonstrate its use in the realm of geometrical optics by giving three simple

examples. We use one of these examples to compute corrected distance-redshift

relations for Friedman-Lemâıtre-Robertson-Walker models in which the cosmic

fluid has an associated complex index of refraction that represents grey extinction.

We then fit this corrected Hubble curve to the same set of type Ia supernovae data

as used in Chapter 2.

3.1 Introduction

We assume that at some given frequency range the fluid’s electromagnetic proper-

ties are linear and isotropic relative to the fluids unit 4-velocity uau
a = −1, and

can be summarized by a complex permittivity ǫ(xa) and a complex permeability

µ(xa) defined on the four dimensional spacetime manifold. Following [53] we write
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a complex refraction index N(xa) as

N =
√

ǫµ ≡ n + iκ, (3.1)

where n and κ are respectively the real and imaginary parts. The real electric

field/magnetic induction bivector Fab(E, B) = ℜ{F λ̄0

ab } that represents a traveling

monochromatic wave has a geometrical optics expansion of the form

F λ̄0

ab = eiS/λ̄0

(

Aab +
λ̄0

i
Bab + O(λ̄0

2)

)

, (3.2)

and satisfies the homogeneous Maxwell equation

∂[aF
λ̄0

bc] = 0, (3.3)

in both the physical and optical spacetimes. We designate the constant expansion

parameter of geometrical optics by λ̄0 because we use its value to fix the wave’s

wavelength. It’s positioning as a superscript or subscript is for convenience only.

The real part of S(xa) is the usual eikonal function which determines the surfaces

of constant phase for the wave. The Aab term represents the usual amplitude of

the geometrical optics approximation and the Bab term is its first order correction.

The constitutive relations for the contravariant components of the real displace-

ment/magnetic field bivector in physical spacetime Hab(D, H) = ℜ{Hab
λ̄0
} are given

by

Hab
λ̄0

=
1

µ
F̄ ab

λ̄0
, (3.4)
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where the optical metric ḡab of [41] (which now becomes complex) has been used

to raise the covariant indices of F λ̄0

ab to produce F̄ ab
λ̄0

. The complex optical metric

is related to the real physical metric gab = −uaub + g⊥ab by

ḡab ≡ (1 − 1

ǫµ
)uaub + gab = − 1

N2
uaub + g⊥ ab, (3.5)

with inverse

ḡab = (1 − ǫµ)uaub + gab = −N2uaub + gab
⊥ . (3.6)

The familiar source-free inhomogeneous Maxwell Equations in physical spacetime

remain

∇bH
ba
λ̄0

= 0. (3.7)

The more familiar form of the constitutive relations

Hab
λ̄0

ub = ǫF ab
λ̄0

ub,

F λ̄0

[abuc] = µHλ̄0

[abuc], (3.8)

have been replaced in Eq. (3.4) by an equivalent single equation using Gordon’s

metric. Just as with a real optical metric (see [30, 31, 41, 16, 17]), the source-free

inhomogeneous Maxwell equation (3.7) can be rewritten as

∇̄b

(

√

ǫ/µ F̄ ba
λ̄0

)

= 0. (3.9)

The covariant derivative in Eq. (3.9) is with respect to the complex optical metric,

and except for the reciprocal of the impedance, Z−1 =
√

ǫ/µ , would be the same

as Maxwell’s vacuum inhomogeneous equations in the optical spacetime but with-
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out polarizable materials, i.e., the components of F̄ ba
λ̄0

were obtained in Eq. (3.4) by

simply raising indices on F λ̄0

ab using the optical metric. Because ǫ and µ are ordi-

narily wavelength dependent, the values of N and Z at a spacetime point depend

on the particular geometrical optics wave being considered.

To proceed further with the geometrical optics approximation we must make

assumptions about the size of the imaginary part, κ, of the index of refraction in

Eq. (3.1) at the frequency of interest. We will consider two types: for the first type

the imaginary part κ is not small compared to the real part n (at the wavelengths

of interest) and for the second type it is, i.e.,κ << n. The first type includes

the absorption of low frequency waves in a conductor as well as the absorption of

microwaves by water. The second includes a case of interest to us, the extinction of

light waves traveling in a dilute gas. In the first case the eikonal S in Eq. (3.2) has

an imaginary part which is not negligible compared to the real part (see Sec. 3.2)

and in the second type, S can be taken as real (see Sec. 3.3). In Sec. 3.2 we include

two complex eikonal examples and in Sec. 3.3 we give one real example which we

then use to evaluate distance-redshift in standard cosmologies when absorption is

present. Because much of the algebra of the second type is included in the first we

start with a complex S.

3.2 A Complex Eikonal

In this section we develop the geometrical optics approximation for waves traveling

in a medium where absorption on the scale of a wavelength cannot be neglected.

Such significant absorption requires the use of a complex eikonal. By inserting
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Eq. (3.2) into Maxwell’s Eqs. (3.3) and (3.9) we find that Aab is of the form

Aab = −2k[aEb], (3.10)

where ka ≡ ∂aS is a complex null vector of the optical metric (k̄aka = 0) satisfying

a complex geodesic like equation ˙̄ka = 0 in the optical spacetime. In general, the

invariant derivative ‘˙’ is defined by

‘˙’ ≡ k̄b∇̄b, (3.11)

and rather than being a directional derivative as it is when the metric is real, it

becomes a complex partial differential operator.

Because we are interested in “homogeneous” waves, i.e., those for which the

surfaces of constant phase and constant amplitude coincide [53], we require that

the spatial part of k̄a, i.e., the part of k̄a which is orthogonal to ua, be proportional

to a real unit spacelike vector k̂a, k̂ak̂a = 1. This direction defines the propagation

direction for the wave as seen by the optical fluid. As a consequence we can write

k̄a = −(S,bu
b)N(Nua + k̂a),

ka = −(S,bu
b)(ua + Nk̂a). (3.12)

The local period T and decay time Td of the wave are related to changes in the

real and imaginary parts of the eikonal as seen by an observer moving with the

fluid, i.e., by

−(S,bu
b) = λ̄0

(

2π

cT
− i

2

cTd

)

, (3.13)
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which are in turn related to the local wavelength λ and absorption coefficient α

through the complex index of refraction N by

2π

λ
+ i

α

2
= N

(

2π

cT
− i

2

cTd

)

, (3.14)

since

S,bk̂
b = λ̄0

(

2π

λ
+ i

α

2

)

. (3.15)

Maxwell’s equations further restrict the electric field amplitude Ea in Eq. (3.10) by

Eak̄
a = 0 but leave the remaining freedom of definition Ea → Ea + f(x)ka (here

f(x) is an arbitrary complex function). The first order (polarization dependent)

correction to geometrical optics is given by

Bab = 2(E[a,b] − k[aDb]), (3.16)

with a remaining freedom Da → Da + g(x)ka. Furthermore the propagation equa-

tion for the electric field amplitude Ēa is

˙̄Ea + Ēaθ + Ēaφ̇ =
k̄a

2
(∇̄bĒ b + kbD̄b + 2φ,bĒ b), (3.17)

where 2φ is the natural logarithm of the reciprocal of the impedance, i.e., 2φ =

log
√

ǫ/µ , and 2θ is the divergence of k̄a. It is a generalization of the expansion

rate of the “null rays” defined by the complex vector field k̄a, i.e.,

θ ≡ 1

2
∇̄ak̄

a =
˙√
A√
A

, (3.18)

and for a real metric is conventionally interpreted [76] as the fractional rate of
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change of the observer independent cross-sectional area A of a small beam of

neighboring rays (see Sec. 1.5). In what follows we choose a gauge where Eau
a =

0 which makes Ea spacelike and transverse to the wave’s propagation direction,

i.e., Eak̂
a = 0. By contracting Eq. (3.17) with Ea we arrive at the propagation

equation for the amplitude of plane polarized waves

˙(EaE
a
) + 2(EaE

a
)(θ + φ̇) = 0, (3.19)

which can be simplified to read

˙[

(EaE
a
)A

√

ǫ/µ
]

= 0. (3.20)

The time averaged 4-flux seen by an observer moving with the optical fluid is

in general

Sa ≡ c

8π
ℜ

{

H∗acFcb −
1

4
δa

bH
∗dcFcd

}

ub, . (3.21)

When F̄ ab in Eq. (3.4) is restricted to the lowest order geometrical optics approxi-

mation, Eq. (3.2), and is homogeneous, i.e., satisfies Eq.(3.12), we have

Sa =
c

8π
e−2SI/λ̄0(EaĒ∗a)|S,bu

b|2ℜ
{

√

ǫ/µ
}[

ℜ{N} ua + k̂a
]

, (3.22)

where SI is the imaginary part of the eikonal S, and ℜ{N} = n is the usual index

of refraction, see Eq. (3.1). The coefficient of the fluid velocity ua in Sa is the time

average of the energy density (×c) and the coefficient of k̂a is the time average of

the magnitude of the Poynting vector, both measured by observers moving with the
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optical fluid. Equation (3.22) shows that energy in the single frequency geometrical

optics wave is transferred in the k̂a direction with a speed of c/n by this wave. In

the next two subsections we give two concrete examples where S is complex.

3.2.1 Plane Waves in Minkowski Spacetime

To make contact with familiar examples in classical electrodynamics, we start with

a plane wave propagating in an optical fluid which is at rest in flat spacetime. We

assume ǫ and µ have only a z-dependence, and study waves propagating along

the z direction, starting at z = −∞. To suppress reflections and to make the

geometrical optics approximation valid, we assume that ǫ and µ vary slowly over

a wavelength λ, i.e., ǫ,zλ ≪ 1, µ,zλ ≪ 1. The physical metric is flat Minkowskian,

the fluid’s 4-velocity is ua = δa
0 , and the optical metric, Eq. (3.5), is

d̄s
2

= − (cdt)2

N(z)2
+ dx2 + dy2 + dz2. (3.23)

From Eq. (3.12) we find the complex wave vector

k̄a = N(N, 0, 0, 1),

ka = (−1, 0, 0, N), (3.24)

with the complex eikonal

S ≡ SR + iSI =

[

−ct +

∫ z

−∞

n(z′)dz′
]

+ i

[
∫ z

−∞

κ(z′)dz′
]

. (3.25)
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Equations (3.13) and (3.14) reduce to

1 = λ̄0

(

2π

cT

)

,

2π

λ
+ i

α

2
= N

(

2π

cT

)

, (3.26)

which give the wave a constant frequency ν ≡ 1/T = c/(2πλ̄0), but a z dependent

wavelength λ = 2πλ̄0/n(z) and a z dependent absorption coefficient α = 2κ(z)/λ̄0.

For this wave we have chosen the scale of S so that the geometrical optics expansion

parameter λ̄0 is the wave’s rationalized wavelength in the absence of refractive

material. This wave corresponds to a constant and uniform source (at z = −∞)

which resulted in Td = ∞ in Eqs. (3.13) and (3.14).

The expansion defined in Eq. (3.18) vanishes for this plane wave, i.e., θ = 0. If it

is linearly polarized along the x direction the amplitude of the field is (0, Ex, 0, 0).

The propagation equation (3.20) then simplifies to

˙[Ex(ǫ/µ)1/4] = 0 (3.27)

which implies

Ex

(

ǫ

µ

)1/4

= f

(

−ct +

∫ z

−∞

N(z′)dz′
)

, (3.28)

where the function f reflects the time dependence of the source amplitude E(t, z)

at the source, i.e., at z = −∞. For a stable plane wave source, we simply put

f = constant.

To compute the energy flux we can use either the spatial part of the general

result Eq. (3.22), or because the physical metric is flat and the fluid is at rest, use
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the familiar 3-D electric and magnetic fields from Eqs. (3.2) and (3.10)

E = eiS/λ̄0Ex ı̂,

H =
√

ǫ/µ k̂ × E, (3.29)

to evaluate the time averaged Poynting vector directly

S =
c

8π
ℜ{E × H∗},

=
c

8π
ℜ{

√

ǫ/µ}|Ex|2e−2SI/λ̄0k̂. (3.30)

The magnitude of S can be evaluated using Eq. (3.28) as

S(z) =
cos β(z)

cos β(−∞)
e−2SI (z)/λ̄0S(−∞), (3.31)

where S(−∞) is the flux at the source and where

cos β ≡ ℜ{
√

ǫ/µ}
√

|ǫ/µ|
=

ℜ{Z}
|Z| . (3.32)

The phase β represents the angle by which H field lags behind the E field, and

cos β is the familiar power factor in the language of circuit analysis. From the

imaginary part of the eikonal we can now easily write down the relation between

the absorption coefficient α and the classical optical depth τ [61]

τ(z) = 2
ω

c

∫ z

−∞

κ(z′)dz′ =

∫ z

−∞

α(z′)dz′. (3.33)
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3.2.2 Spherical Waves in a Static Spherically Symmetric

Spacetime

Because this case is similar to the above, we truncate the discussion and give

mainly the results. For an isotropic monochromatic source at rest at the origin of

a static spherically symmetric spacetime which is emitting radiation at a steady

rate into an optical fluid, which is also at rest, and whose optical properties depend

only on the distance from the origin, we have an optical metric of the form

ds̄2 = − e2Φ(r)

N(r)2
(cdt)2 + e2Ψ(r)dr2 + r2(dθ2 + sin2 θdφ2), (3.34)

and a fluid at rest with respect to the non-rotating Killing flow, i.e.,ua = e−Φδa
0 .

For the radial null vectors in Eq. (3.12) we have,

k̄a = N
(

Ne−2Φ, e−Φ−Ψ, 0, 0
)

,

ka = (−1, Ne−Φ+Ψ, 0, 0). (3.35)

The complex eikonal is

S =

[

−ct +

∫ r

0

n(r′)e−Φ+Ψdr′
]

+ i

[
∫ r

0

κ(r′)e−Φ+Ψdr′
]

. (3.36)

Equations (3.13) and (3.14) simplify to

e−Φ = λ̄0

(

2π

cT

)

,

2π

λ
+ i

α

2
= N

(

2π

cT

)

, (3.37)
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and give an r dependent frequency ν ≡ 1/T = c e−Φ/(2πλ̄0), an r dependent

wavelength λ = 2πλ̄0e
Φ/n(r) and an r dependent absorption coefficient α =

2κ(r)e−Φ/λ̄0. The expansion parameter θ of Eq. (3.18) is

θ = N
e−Φ−Ψ

r
=

ṙ

r
=

√̇
A√
A

. (3.38)

For a time independent source Eq. (3.20) now gives

˙[r(ǫ/µ)1/4E ] = 0 , (3.39)

where the polarization vector has been written in the form Ea = (0, 0, E/r, 0)

and points in the êθ direction. The flux measured by ua = e−Φδa
0 is found from

Eq. (3.22) to be

S(r) =
c

8π
e−2SI/λ̄0 |E|2(uaka)

2ℜ{
√

ǫ/µ},

= e−τ(r) cos β(r)

cos β(0)
e−2Φ(r)+2Φ(0) L

4πr2
, (3.40)

where L is the total isotropic power radiated by the stationary point source in a

narrow frequency range. The optical depth τ changes from Eq. (3.33) to

τ(r) = 2λ̄0
−1

∫ r

0

κ(r′)e−Φ+Ψdr′, (3.41)

=

∫ r

0

α(r′)eΨdr′. (3.42)

The spherical result differs from the plane wave result of Eq. (3.31) by a decrease

of the flux caused by the wave’s expansion (A−1 ∝ r−2) and by a frequency shift

in the wave as it moves through the changing gravity field.
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3.3 A Real Eikonal

Waves traveling in spacetimes where the imaginary part of the index of refraction

is much smaller than the real part must still satisfy the same set of Maxwell’s

equations (3.3) and (3.9) as before but for them the eikonal S in Eq. (3.2) can be

taken as real. The complex index of refraction is caused by a complex permittivity

ǫ = ǫR + iǫI and/or a complex permeability µ = µR + iµI whose imaginary parts

are much smaller than their real parts. Consequently we write N as

N = n + iκ = n
(

1 + iλ̄0κ + O(λ̄0
2)

)

, (3.43)

where n ≡ √
ǫRµR and the constant parameter λ̄0 is the same parameter used to

keep track of the various orders in the geometrical optics expansion. The absorp-

tion coefficient α of Eq. (3.14) is related to κ by1 α = 2κλ̄0/λ̄ . The optical metric

components of Eqs. (3.5) and (1.4) are

ḡab = − 1

N2
uaub + g⊥ab = g̃ab − 2

λ̄0

i

κ

n2
uaub + O(λ̄0

2), (3.44)

ḡab = −N2uaub + gab
⊥ = g̃ab + 2

λ̄0

i
κn2uaub + O(λ̄0

2), (3.45)

where the O(λ̄0
0) term of the optical metric, g̃ab, and its inverse, g̃ab, are real

g̃ab = − 1

n2
uaub + g⊥ab, (3.46)

g̃ab = −n2uaub + gab
⊥ . (3.47)

1This comes from Eqs. (3.50), (3.51), (3.53) and the fact that |∆l| = (uak̄a)dξ = n(uak
a)dξ.
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When the geometrical optics expansion of Eq. (3.2) is inserted into Eqs. (3.3) and

(3.9) the O(λ̄0
−1) terms result in Eq. (3.10) again, but now with ka the gradient of

the real eikonal S and null with respect to the O(λ̄0
0) optical metric g̃ab, i.e.,

k̃aka = 0, (3.48)

˙̃ka =
dk̃a

Dξ
≡ k̃b∇̃bk

a = 0. (3.49)

This gives real geodesics xa(ξ) with real tangents dxa/dξ = k̃a ≡ g̃abkb, and makes

the real metric g̃ab the important geometric quantity rather than the complex ḡab.

The ‘ ˙ ’ derivative is now the familiar derivative with respect to an affine parameter

ξ along null geodesics. Equations (3.12) are still valid except N is replaced by its

real part n and complex k̄a by the real k̃a. Equations (3.13) and (3.14) for the

frequency and wavelength are replaced by

−(S,bu
b) = λ̄0

(

2π

cT

)

, (3.50)

and

2π

λ
= n

(

2π

cT

)

. (3.51)

The polarization vector Ea in Eq. (3.10) is now constrained to be orthogonal to k̃a

and can be, as before, chosen orthogonal to the fluid ua. The O(λ̄0
1) correction

terms Bab are still given by Eq. (3.16), the expansion θ in Eq. (3.18) is computed

using k̃a, and the covariant derivatives are all with respect to the real g̃ab Christoffel

connection. The only equation that contains a new term, the extinction term, is
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the propagation equation for the amplitude Ẽa that replaces Eq. (3.17)2 ,

˙̃Ea + Ẽaθ + Ẽaφ̇ + κn2(ubkb)
2Ẽa =

k̃a

2
(∇̃bẼ b + kbD̃b + 2φ,bẼ b). (3.52)

The phase φ is now computed similarly as for Eq. (3.17) but now using only the

O(λ̄0
0) terms of the impedance 2φ = log

√

ǫR/µR. The integral of Eq. (3.52) which

replaces Eq. (3.20) now contains an affine parameter integral

log
[

(E∗
a Ẽa)A

√

ǫR/µR

]

= −2

∫

κn2(ubkb)
2d ξ . (3.53)

When the time averaged Poynting vector, Eq. (3.21), is evaluated Eq. (3.22) is

replaced by

Sa =
c

8π
(EaẼ∗a)(S,bu

b)2
(

√

ǫR/µR

) [

n ua + k̂a
]

. (3.54)

Comparing Eqs. (3.22) with (3.54) the effects of absorption can easily be seen to

have shifted from the eikonal where it belongs if absorption is significant over wave-

length scales, to the slowly changing amplitude Ea where it belongs if extinction is

significant only over many wavelengths.

In the next section we give an example of absorption with a real eikonal from

observational cosmology. We evaluate luminosity-distance in a FLRW universe

when extinction occurs.

3.3.1 Robertson-Walker Spacetime

As an example of weak absorption we apply our complex extension of Gordon’s

optical theory to a Robertson-Walker universe filled with a time dependent index

2See the appendix to this chapter for a detailed derivation of this equation.

67



of refraction N(t) = n(t) + iκ(t) [see Eq. (3.43)] and obtain for the real optical

metric, Eq. (3.46),

ds̃2 = −(cdt)2

n(t)2
+ R2(t)

{

dr2

1 − kr2
+ r2(dθ2 + sin2 θ dφ2)

}

. (3.55)

The familiar curvature parameter k = (1, 0,−1) distinguishes respectively between

spatially closed, flat, and open models. The radial outgoing null geodesics can be

solved immediately to give null vectors

k̃a = R0

(

n

R
,

√
1 − kr2

R2
, 0, 0

)

, (3.56)

ka = R0

(

− 1

nR
,

1√
1 − kr2

, 0, 0

)

, (3.57)

and the related real spherically symmetric eikonal centered at the emission point,

t = te, r = 0,

S(t, r) = SR = R0

(

−
∫ t

te

c dt′

n(t′)R(t′)
+ sinn−1[r]

)

, (3.58)

where sinn[r] is defined as before. The constant R0 is the current radius of the

universe [from Eq. (3.55)] and has been introduced so that the geometrical optics

expansion parameter λ̄0 corresponds to the rationalized wavelength of the wave

when it reaches an observer at t0, r0 from an emitting source at te, r = 0. From

Eqs. (3.50) and (3.51) we have the wavelength and frequency redshifts

1 + z ≡ λ0

λ
=

R0

R
,

1 + zn ≡ ν

ν0
=

n0

n

R0

R
, (3.59)
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which are thus related by

(1 + zn) =
n0

n
(1 + z). (3.60)

The conventional RW redshift (1 + z) ≡ R0/R is valid for both wavelength and

frequency when the refracting and absorbing material is absent, i.e., when N = 1.

We see that even with refraction and absorption the wavelength redshift remains as

in RW cosmology. The frequency redshift, however, is affected by the real part of

the index of refraction, n, but not by the imaginary part, κ, i.e., not by extinction.

To evaluate the apparent brightness of a source we need to evaluate the magni-

tude of the spatial part of the Poynting vector, Eq. (3.54), which requires that we

know the area A in Eq. (3.53). For a spherical wave emanating from the co-moving

origin, A ∝ (rR)2, which is confirmed by evaluating the expansion parameter θ

using Eq. (3.56). From the transport Eq. (3.53) we have

(E∗
a Ẽa)

√

ǫR/µR ∝ e−τ

(Rr)2
, (3.61)

where the optical depth τ(t) from t to t0 is

τ(t) = 2c

∫ t0

t

κ(t′)

n(t′)

R0

R(t′)
dt′ , (3.62)

= c

∫ t0

t

α(t′)

n(t′)
dt′ . (3.63)

When the observer looks back in time, Eq. (3.54) gives the magnitude of the

spatial part of flux

S(t) ∝ e−τ(t)

[n(t)R(t)]2[r(t)R(t)]2
. (3.64)

The apparent luminosity L in a narrow band is just the value of S(t) at the observer,
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t = t0. If the absorption is frequency independent in the observed frequency range,

and the constant of proportionality is evaluated at the source at r(te) = 0 the

luminosity becomes

L =
L

4πR2
0r

2
0

e−τ

(1 + zn)2
, (3.65)

where L is the absolute luminosity of an assumed isotropically radiating source

in that frequency range. The luminosity distance dL is easily read from this and

differs from RW cosmology, i.e.,

dL = (1 + zn)R0r0 eτ/2, (3.66)

however, the apparent size distance remains dA = r0Re. These distances obviously

violate the classical reciprocity relation dL = (1 + z)2dA (see [11, 38, 51, 63] and

discussion in Sec. 1.3) which is valid for non-refractive non-absorptive optics.

Using the dynamics of the FLRW cosmologies, we find

dL(zn) = (1 + zn)
c

H0

eτ(zn)/2

√

|Ωk|
sinn

√

|Ωk|
∫ z(zn)

0

dz′

n(z′)h(z′)
, (3.67)

where we have used Eq. (3.60) to express distance-redshift as a function of the

frequency redshift zn, and where H0, h(z) and Ωk are defined as before. When the

optical depth τ is written as a function of the frequency redshift zn it becomes

τ(zn) =
c

H0

∫ z(zn)

0

α(z′)

(1 + z′)n(z′)h(z′)
dz′. (3.68)

The distance-redshift of Eq. (3.67) can be compared with a similar result but

without absorption given in Sec. 2.2 (Ref.[16]). In Sec. 2.4 we have shown that a
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cosmological model with a refraction index n(z) = 1 + p ∗ z2 + q ∗ z3, but with no

absorption, can fit the currently available type Ia supernovae data quite well. A

source for such refraction remains elusive. For illustrative purposes, we now use

the distance-redshift of Eq. (3.67) with a constant absorption coefficient α which

does not change with frequency (i.e., is grey) but without refraction to fit this same

supernovae data, i.e., we take

ΩΛ = 0, n(z) = 1, α(z) = const. (3.69)

The Hubble constant we use is H0 = 65 km · s−1 · Mpc−1. Since we are concerned

with the matter dominated era, we exclude radiation (Ωr = 0). The function h(z)

in Eqs. (3.67) and (3.68) simplifies to

h(z) = (1 + z)
√

1 + Ωmz, (3.70)

and our model has just two parameters (Ωm, α). We compare the distance modulus

versus redshift, µ(z), of the concordance model (ΩΛ = 0.7, Ωm = 0.3) with five

ΩΛ = 0 extinction models (three open, one flat and one closed). The result is

shown in Fig. 3.1, where the distance-modulus µ is compared to the same set of

supernova data as used in Chapter 2. In Fig. 3.1, the solid green curve represents

the flat concordance model dominated by dark energy. The dotted red curve

models an open universe with baryonic only matter, ΩΛ = 0, Ωm = 0.05, n = 1

and α(z) = 6×10−5Mpc−1. The short dashed red curve is an open model containing

only dark matter, ΩΛ = 0, Ωm = 0.3, n = 1 and α(z) = 1.2 × 10−4 Mpc−1. The

solid black curve is our least χ2 model (see Fig. 3.2) with ΩΛ = 0, Ωm = 0.73,
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α(z) = 2.2× 10−4 Mpc−1. The longer dashed green curve represents a flat universe

dominated solely by matter, with ΩΛ = 0, Ωm = 1.0, α(z) = 2.6×10−4 Mpc−1. The

longest dashed blue curve is a closed model, where ΩΛ = 0, Ωm = 1.3, α = 3.2 ×

10−4Mpc−1. The black dashed curve is the now disfavored matter dominated ΩΛ =

0, Ωm = 0.3 model (without extinction). In the inset we show ∆µ versus z (relative

to the disfavored matter dominated case) for each model. To produce roughly the

same amount of change in the distance-modulus a larger absorption coefficient α is

needed for a larger Ωm (α is positively correlated to Ωm). As the reader can easily

see in Fig. 3.1 the effects of a suitable value of the simplest absorption coefficient

α(z) = const can simulate the accelerating effects of a cosmological constant.

In Fig. 3.2, we show the confidence contours for our model parameters, α versus

Ωm. The best fitting parameters are Ωm = 0.73, α = 2.2 × 10−4Mpc−1, with

χ2
min = 1.04 (per degree of freedom). The innermost contour encloses the 68.3%

confidence region, and the next one encloses the 95.4% confidence region, the

outermost one encloses the 99.73% confidence region. For each fixed Ωm selected

in Fig. 3.1, α is the value that gives the least χ2.

If we extract a density factor ρ from the absorption coefficient, i.e.,σ ≡ α/ρ we

obtain an opacity in e.g., cm2·g−1. The density ρ with units of g·cm−3 is the density

of the relevant species causing the absorption. A competitive absorption model

should properly account for both the cosmic expansion and the physical/chemical

evolution of the inter-galactic medium [81]. Here we are content with an order

of magnitude estimate noting that an opacity σ = 105 cm2 · g−1 as proposed for

the carbon needle model in [1], requires a density ρ the order of 10−33 g · cm−3 to

produce the absorption needed for the above fitting. This density is only a factor

of ∼ 10−4 of the current critical mass density ρc ≈ 8×10−30g ·cm−3. For fine-tuned
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Figure 3.1: Distance modulus µ versus redshift z. The two red and one solid
black curves are open models, the two green curves are flat models, and the blue
curve is a closed model. (looking downward at redshift z = 1.5) Dotted red
curve: ΩΛ = 0, Ωm = 0.05, α(z) = 6 × 10−5 Mpc−1. Short dashed red curve :
ΩΛ = 0, Ωm = 0.3, α(z) = 1.2 × 10−4 Mpc−1. Solid black curve (our best fit):
ΩΛ = 0, Ωm = 0.73, α(z) = 2.2 × 10−4 Mpc−1. Solid green curve (concordance
model): ΩΛ = 0.7, Ωm = 0.3, α = 0. Longer dashed green curve: ΩΛ = 0,
Ωm = 1.0, α(z) = 2.6 × 10−4 Mpc−1. Longest dashed blue curve: Ωm = 1.3,
α(z) = 3.2 × 10−4 Mpc−1. Black dashed curve: ΩΛ = 0, Ωm = 0.3, α = 0. Inset:
∆µ versus z curve for each model, the fiducial model (black dashed curve): ΩΛ = 0,
Ωm = 0.3, α = 0.

dust absorption models, see e.g., [1, 2, 12, 40, 74].

3.4 Discussion

In this chapter we have demonstrated how the 4-D optical metric of Gordon [see

Eq. (3.5)] can be extended and used even in cases where absorption is present. We

looked at both ‘strong’ and ‘weak’ absorption, the distinction being whether ab-

sorption is significant on wavelength scales or only over a multitude of wavelengths.

The two cases are distinguished respectively by complex and real eikonals. For the
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Figure 3.2: α versus Ωm. The best fitting parameters are Ωm = 0.73, α = 2.2 ×
10−4Mpc−1, with χ2

min = 1.04 (per degree of freedom). The innermost contour
encloses the 68.3% confident region, the next one encloses the 95.4% confidence
region, and the outermost one encloses the 99.73% confidence region.
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complex eikonal case the optical metric must remain complex (see Sec. 3.2), how-

ever, for the weak absorption case the real part of the optical metric (essentially

the same as Gordon’s original proposal) remains as the significant geometrical

structure (see Sec. 3.3). The two cases differ on how absorption appears in the

geometrical optics field. In the ‘strong’ absorption case the imaginary part of

the eikonal reduces the wave’s intensity [see Eq. (3.22)] but in the ‘weak’ case the

amplitude’s reduction [see Eq. (3.53)] is responsible for the intensity decrease.

A geometrical optics wave is like a single frequency wave even though the wave’s

frequency changes from spacetime point to spacetime point. To superimpose mul-

tiple frequencies is straightforward, however, to superimpose optical metrics, real

or complex, makes no sense. Consequently a useful single optical metric only ex-

ists when the optical properties are insensitive to the superimposed frequencies.

Such frequency independence approximations are often designated as ‘grey’ in as-

trophysical applications.

The two examples we gave in Sec. 3.2 can be used to study the impact of refrac-

tion and/or absorption on light propagation in stellar atmospheres. The classical

radiation transport equation (see e.g. [32, 56]) is derived assuming that light fol-

lows null geodesics in curved spacetimes. With the presence of light refraction,

both the direction and speed of light change. This would require the radiative

transfer equation to be written using the optical metric instead of the physical

metric. The optical metric might also be of some use in hydrodynamical simula-

tions of stellar interiors. For an example, the slowing down of light will reduce

the efficiency of energy transport outward via the radiation field. Our first exam-

ple (flat spacetime) can be used to study the 1-D case; a comparison of results

of a numerically solved radiation transport equation with/without a refraction in-
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dex n(z) would be interesting. Similarly, our second example (curved spherically

symmetrical spacetime) can be used to model the atmospheres of neutron stars.

Further non-spherically symmetric examples could be useful in radiation transport

calculations in accretion disks of black holes.

Our last example, the real eikonal case, allowed us to give luminosity distance

redshift for observations in standard cosmologies where both refraction and ab-

sorption were present. As an example of the usefulness of this theory we went on

to fit the gold sample of type Ia supernovae to a Hubble curve corrected for grey

extinction. In Sec. 3.3 we showed that it is possible to explain the current super-

nova observations via a simple absorption model instead of requiring the existence

of dark energy. Our best fit was an open Ωm = 0.73 model with constant absorp-

tion α = 2.2 × 10−4Mpc−1, see Fig. 3.2 for confidence contours. More realistic z

dependent models for α are in order.

3.5 Appendix

In this appendix, we give the detailed derivation of the GO approximation for the

real eikonal case discussed in Sec. 3.3.

We write the electric field/magnetic induction bivector as

F λ̄0

ab = ℜ
{

e
i

λ̄0
(SR+

λ̄0

i
SI)

(

Aab +
λ̄0

i
Bab + O(λ̄2

0)

)}

. (3.71)

Note that by writing the complex eikonal S(xa) as S = SR + (λ̄0/i)SI we have

explicitly assumed the smallness of the imaginary part of S(xa) compared with the
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real part SR. We define ka ≡ ∂aS. Note that3

∇̄b(e
2φF̄ ab) = 0 (3.72)

is equivalent to

∇̃b(e
2φF̄ ab) = 0 (3.73)

for our approximation using

∇cA
bc =

1√−g
(
√
−gAbc),c. (3.74)

Inserting Eq. (3.71) into the modified Maxwell equations we obtain for oder λ̄−1
0

A[abkc] = 0,

Ãabkb = 0, (3.75)

and for order λ̄0

∂[aAbc] + SI,[aAbc] + k[aBbc] = 0,

∇̃bÃ
ab + Ãab(2φ,b + SI,b) + B̃abkb + (2κ̄n2)2kbu

[bga]cAcdu
d = 0, (3.76)

where when deriving the second of the equations above we have made use of

Āab = Ãab +
λ̄0

i
(2κ̄n2)2u[bga]cAcdu

d. (3.77)

3In this appendix barred quantities are with respect to the complex optical metric ḡab

[Eq. (3.44)], and tilde quantities are with respect to Gordon’s original (real) optical metric g̃ab

[Eq. (3.46)].
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By arguments similar to those in Sec. 1.2, we found

Aab = −2k[aEb],

Bab = 2E[a,b] + 2E[aSI,b] − 2k[aDb], (3.78)

where Eak̃
a = 0. We furthermore constrain Ea to be orthogonal to ua via a gauge

choice. Inserting the above expressions into the second of Eqs. (3.76) we obtain

the propagation equation of Ẽa

˙̃Ea + Ẽa[θ + φ̇ + ṠI + κn2(ubkb)
2] =

k̃a

2
(∇̃bẼ b + SI,bẼ b + kbD̃b + 2φ,bẼ b). (3.79)

Redefining Ea, i.e., Ea → EaeSI , and Da → DaeSI , we finally obtain

˙̃Ea + Ẽa[θ + φ̇ + κn2(ubkb)
2] =

k̃a

2
(∇̃bẼ b + kbD̃b + 2φ,bẼ b). (3.80)
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Chapter 4

An Optical Metric that Includes

Absorption

In this chapter [18] we show that it is possible to equate the intensity reduction of

a light wave caused by weak absorption with a geometrical reduction in intensity

caused by a “transverse” conformal transformation of the spacetime metric in

which the wave travels. We are consequently able to modify Gordon’s optical

metric to situations in which the electromagnetic properties of the optical material

filling the spacetime include both refraction and absorption. Unlike refraction

alone however, including absorption requires a modification of the optical metric

that depends on the eikonal of the wave itself. We derive the distance-redshift

relation from the modified optical metric for Friedman-Lemâıtre-Robertson-Walker

spacetimes whose cosmic fluid has associated refraction and absorption coefficients.

We then fit the current supernovae data and provide an alternate explanation

(other than dark energy) of the apparent acceleration of the universe expansion.
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4.1 Introduction

In Chapter 3 we modified Gordon’s theory and showed that Gordon’s optical met-

ric could be generalized to include absorption by allowing the metric to become

complex. We defined a complex refraction index N = n + iκ, and distinguished

two different cases, i.e., strong and week absorption. In the case of strong ab-

sorption the real and imaginary parts of the index of refraction are of the same

order (κ ∼ n), the eikonal S(xa) has an imaginary part, and the optical metric is

complex. In the weak absorption case (k ≪ n), the eikonal S(xa) can be taken

as real, and the real part of the optical metric (Gordon’s original metric) remains

as the significant geometrical structure. In this chapter we show that for weak

absorption another generalization of Gordon’s metric exists that can account for

absorption as well as refraction. The generalization amounts to a transverse con-

formal transformation (see Sec. 4.2) of Gordon’s original optical metric. This new

optical metric remains real but does include absorption. Including absorption via

a transverse conformal transformation requires an optical metric that depends on

the eikonal of the wave itself.

In the next section we define transverse conformal transformations. In Sec. 4.3

we consider the geometrical optics approximation and relate wave properties in

the two spacetimes, the physical and optical. In Sec. 4.4 we compare the effects of

the transverse conformal transformation with absorption and relate the conformal

factor σ to optical depth τ. In Sec. 4.5 we construct the optical metric that accounts

for absorption in Robertson-Walker spacetimes. In Sec. 4.6 we include refraction

by generalizing Gordon’s metric [41] to including absorption. In Sec. 4.7 we derive

the refraction/absorption corrected distance-redshift relation from the generalized
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Gordon’s optical metric in RW spacetimes. In Sec. 4.8 we fit the current supernovae

data with the Hubble curve of a cosmological model in which the cosmic fluid

has both an associated refraction index n and a constant opacity parameter α,

and provide an alternate interpretation of the apparent acceleration of the cosmic

expansion. In Sec. 4.9 we summarize our results.

4.2 The “Transverse” Conformal Transformation

A conformal transformation [33] is defined as a rescaling of the metric and is usually

written in a form similar to

ĝab = e2σgab, (4.1)

where σ(xa) is an arbitrary scalar function defined on the spacetime manifold. The

vacuum Maxwell equations

F[ab,c] = 0,

∇bF
ab = 0, (4.2)

are formally invariant under a conformal transformation1, i.e.,

F̂[ab,c] = 0,

∇̂bF̂
ab = 0, (4.3)

provided that the covariant electromagnetic field tensor Fab transforms as

F̂ab = Fab, (4.4)

1Refer to the proof in Sec. 1.1.
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and hence the contravariant field transforms as

F̂ ab = e−4σF ab. (4.5)

The above is a purely mathematical observation and simply says that if you have a

solution to Maxwell’s vacuum equations in one spacetime then you have a related

solution to Maxwell’s vacuum equations in any conformally related spacetime.

Nothing is being said by this about the existence of any new physically relevant

field. One can and does make good use of such transformations to compactify

spacetimes and to analyze fields at “∞”, see e.g., [64]. However, by modifying

these conformal transformations to be “transverse” [see Eq. (4.10) and (4.11)] we

are able to construct new and useful solutions to Maxwell’s equations.

Because the two metrics are defined on the same differentiable manifold we

can make unique correspondences between events, world lines, and various fields

in these two spacetimes. We call the original metric and manifold physical space-

time and the manifold with the conformally transformed metric the conformal

spacetime. For example a normalized fluid 4-velocity, ûa(x), defined in the confor-

mal spacetime would be related to the corresponding physical fluid 4-velocity by

ûa(x) = e−σua(x). If we compare observed properties of radiation fields that are

related as in Eqs. (4.4) and (4.5) and as seen in these two spacetimes by correspond-

ing observers, we find that energy fluxes are diminished by a factor of e−4σ. This

net effect can be looked at as the result of the area of the radiation’s wave front

changing by a factor e2σ, and the energies and rates each changing by a factor e−σ.

We will make use of this intensity reduction to account for absorption in physical

spacetime. However, because a pure conformal transformation has the undesirable
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property of altering a wave’s frequency and wavelength it must be appropriately

modified to represent absorption, which does not.

We assume that our physical spacetime is filled with two vector fields. The first

is the normalized velocity field ua (uaua = −1) of a fluid whose optical properties

we know and the second is a null field ka (kaka = 0) corresponding to the eikonal

of a given electromagnetic wave (see Sec. 4.3 for details of the geometrical optics

approximation). These two fields define a 2-dimensional timelike subspace at each

point of the manifold. We are hence able to decompose the tangent space at each

point of the 4-dimensional spacetime manifold into two orthogonal 2-dimensional

subspaces, one timelike g‖ab and spanned by the pair (ua, ka)2 and the other space-

like g⊥ab. The full metric can be decomposed in terms of these two orthogonal

pieces as

gab = g‖ab + g⊥ab. (4.6)

We can give a simple expression for g‖ab by defining a second null vector ma lying

in the two dimensional timelike subspace spanned by ua and ka as

ma ≡ ka

2(u · k)2
+

ua

(u · k)
, (4.7)

from which it follows that

mama = 0, maua = − 1

2(u · k)
, maka = 1. (4.8)

2See the discussion of the projection tensor Pab in Sec. 1.5.2.
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The metrics on the orthogonal 2-dimensional surfaces can be written as

g‖ab = 2m(akb),

g⊥ab = gab − 2m(akb). (4.9)

We conformally transform the 2-dimensional spacelike subspace only and arrive at

the desired optical metric

g̃ab ≡ g‖ab + e2σg⊥ab

= e2σgab + (1 − e2σ) 2m(akb), (4.10)

with inverse

g̃ab ≡ gab
‖ + e−2σgab

⊥

= e−2σgab + (1 − e−2σ)2m(akb). (4.11)

By straightforward tensor algebra we find that3

det g̃ = e4σ det g. (4.13)

We would have obtained det ĝ = e8σ det g were we conformally transforming the

entire metric gab as in Eq. (4.1). We call these transformations transverse conformal

because they scale directions transverse to a wave’s propagation direction ka as

3Proof. First show that

g̃ab = e2σgac[δ
c
e + (e−2σ − 1)mcke][δ

e
b + (e−2σ − 1)kemb] (4.12)

using maka = 1, and kaka = 0. Then use identity det(δa
b + AaBb) = 1 + AaBa.
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seen by an observer ua moving with the optical fluid. We find that the vacuum

Maxwell equations (4.2) remain invariant in form under the transverse conformal

transformation of Eq. (4.10), i.e.,

F̃[ab,c] = 0,

∇̃bF̃
ab = 0, (4.14)

provided that the covariant electromagnetic field tensor Fab transforms as

F̃ab = Fab, (4.15)

and that the contravariant field tensor F̃ ab defined by

F̃ ab ≡ g̃acg̃bdF̃cd (4.16)

is constrained to satisfy

F̃ ab = e−2σF ab. (4.17)

This constraint requires that two of the following three terms, i.e.,F ab
0 and F ab

2 ,

originating from Eq. (4.16) vanish:

F̃ ab = F ab
0 + e−2σF ab

1 + e−4σF ab
2 , (4.18)

where

F ab
0 ≡ 2m[akb]

(

Fcdk
cmd

)

,

F ab
1 ≡ −2k[aF b]

cm
c − 2m[aF b]

ck
c − 2F ab

0 ,
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F ab
2 ≡ F ab − F ab

0 − F ab
1 . (4.19)

Consequently Fab must satisfy

Fcdk
cmd = 0, (4.20)

and

F ab = −2k[aF b]
cm

c − 2m[aF b]
ck

c. (4.21)

As we will see in the next section [see Eq. (4.33)] a radiation field whose eikonal

generates the null field ka satisfies these constraints. For a familiar example, choose

the physical metric to be Minkowskian, i.e.,

ds2 = −c2dt2 + dr2 + r2(dθ2 + sin2 θ dφ2), (4.22)

with a stationary optical fluid ua = (1/c, 0, 0, 0), and radial null geodesics ka =

k (1/c, 1, 0, 0). From Eq. (4.7) we find

ma =
1

2k

(

−1

c
, 1, 0, 0

)

. (4.23)

Equations (4.20) and (4.21) then give

F01 = −F10 = 0, F23 = −F32 = 0, (4.24)

i.e.,F ab is a transverse field, hence motivating the designation of Eq. (4.10) as a

“transverse” conformal transformation. Equations (4.20) and (4.21) simply express

the transversality condition for an arbitrary wave. In the following section we
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review the geometrical optics approximation and relate electromagnetic quantities

in the physical and optical spacetimes.

4.3 Geometrical Optics Approximation

As before we write the covariant field tensor as

Fab = ℜ
{

eiS/λ̄0

(

Aab +
λ̄0

i
Bab + O(λ̄0

2)

)}

. (4.25)

The Aab term represents the geometrical optics approximation and the Bab term

is its first order correction. Defining the unitless (also metric independent) wave

vector ka = ∂aS and inserting Eq. (4.25) into the vacuum Maxwell equations we

obtain to order λ̄0
−1

A[abkc] = 0,

Aabkb = 0, (4.26)

and to order λ̄0
0

∂[aAbc] + k[aBbc] = 0,

∇bA
ab + Babkb = 0. (4.27)

Equations (4.26) tell us that ka ≡ gabkb is tangent to null geodesics of gab, i.e.,

kaka = 0,

kb∇bk
a = 0, (4.28)
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and that Aab is of the form:

Aab = −2k[aEb], (4.29)

where Ea is spacelike and constrained by Eak
a = 0 with the remaining gauge

freedom (to order λ̄0
0) Ea → Ea +f(x)ka. Since kama = 1, we can use this freedom

to choose Ea such that Eam
a = 0 or equivalently Eau

a = 0. For this choice, Ea is (up

to a factor ω−1) the amplitude of the electric field seen by observers at rest with

respect to the fluid ua. It is the geometrical optics approximation, i.e., Eq. (4.29)

that makes the Maxwell field of Eq. (4.25) satisfy the needed transverse constraints

of Eqs. (4.20) and (4.21) and hence allows us to introduce the transverse conformal

transformation of Eq. (4.10). Before doing so we first finish the geometrical optics

approximation for F ab in the physical spacetime.

Equation (4.27) tells us that the order λ̄0
1 correction to geometrical optics is

of the form

Bab = 2(E[a,b] − k[aDb]), (4.30)

with a remaining gauge freedom, to O(λ̄0
1), Da → Da + g(x)ka and also gives the

propagation equation for Ea

Ėa + θEa =
ka

2
(∇bE b + kbDb), (4.31)

where ‘·’ is the affine parameter rate of change along the null ray, Ėa ≡ kb∇bEa,

and θ is the expansion rate of the null congruence, θ ≡ ∇ak
a/2. By splitting

Ea = Eea into a scalar amplitude E and a unit polarization vector eae∗a = 1, the

88



transport equation for the amplitude E becomes

Ė + Eθ = 0. (4.32)

The geometrical optics approximation, i.e., the O(λ̄0
0) term in Eq. (4.25), hence

simplifies to

F ab = −2E ℜ{eiS/λ̄0k[aeb]}. (4.33)

As we have indicated above, because both the physical metric gab and optical

metric g̃ab of Eq. (4.10) are defined on the same manifold we can compare properties

of a common field such as Fab in both spacetimes. For the above geometrical optics

field all covariant quantities such as F̃ab, k̃a, m̃a, and Ẽa in the optical spacetime are

exactly the same as Fab, ka, ma, and Ea in the physical spacetime. All contravariant

components that lie in the k-m plane are also unchanged, i.e., k̃a = ka, m̃a = ma,

and ũa = ua. Consequently, quantities such as affine parameters, frequencies and

wavelengths are the same in both spacetimes. However, transverse contravariant

components, i.e., components in the orthogonal 2-dimensional spacelike surface are

scaled by the conformal factor e−2σ, e.g., Ẽa = e−2σEa. This changes the magnitude

to Ẽ = e−σE with a new unit polarization vector ẽa = e−σea and the expansion

parameter θ of Eq. (4.32) to θ̃ = θ + σ̇.

The time averaged 4-flux seen by an observer moving with the optical fluid is

in general

Sa ≡ c

8π
ℜ

{

H∗acFcb −
1

4
δa

bH
∗dcFcd

}

ub. (4.34)
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In the physical and optical spaces (in vacuum) they are related by

S̃a = e−2σSa = −e−2σ c

8π
(ubkb)EE∗ka, (4.35)

and from the 3-D Poynting vector Sa
⊥ ≡ (gab + uaub)Sb we find magnitudes related

by

S̃⊥ = e−2σS⊥ = e−2σ c

8π
EE∗(ubkb)

2. (4.36)

This result says that the intensity of a monochromatic wave can be reduced by

a factor e−2σ at any point in spacetime by a transverse conformal transformation

without altering the wave’s frequency or wavelength. In the next section we equate

this reduction of energy flux with absorption. In Sec. 4.6 when we combine ab-

sorption with refraction we reverse the process and assume that physical spacetime

possesses the absorbing material and the transverse conformal transformation to

the optical spacetime removes it.

4.4 A Transverse Conformal Transformation Ver-

sus Absorption

The attenuation coefficient κν (cm2 · g−1) is defined by looking at the amount of

energy absorbed, dEν , in time dt by a pencil beam of radiation as it passes through

a small slab of material of density ρ (g · cm−3), cross-section dA and length dl (see

e.g. [61]),

dEν = (ρκν)IνdΩdνdtdAdl. (4.37)
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All quantities are defined in the local rest (co-moving) frame of the optical fluid ua.

The specific intensity Iν (×dΩdν) measures the wave’s intensity directed into solid

angle dΩ and within the frequency range ν to ν + dν. In the absence of emission

the specific intensity Iν(τ), after traveling an optical depth τ ≡
∫

ρκνdl along

a “characteristic” direction, differs from the value Iν(0) it would have without

absorption by

Iν(τ) = Iν(0)e−τ . (4.38)

Evaluating τ can be complicated because the frequency in the integrand is contin-

ually Doppler shifted due to the non-static nature of the optical fluid and/or the

curvature of spacetime. The specific flux Sν at any point is the first moment of

specific intensity Iν , i.e.,

Sν = 2π

∫ 1

−1

µIνdµ. (4.39)

For any Iν that has a delta function dependence on direction, e.g., a geometrical

optics wave, the corresponding value of the flux Sν(τ) seen by the observer in the

presence of absorption is similarly related to the non-absorption value, i.e.,

Sν(τ) = Sν(0)e−τ . (4.40)

Comparing Eqs. (4.36) and (4.40) we find that a conformal factor σ reduces the

flux by the exact same amount as absorption if

σ =
1

2
τ. (4.41)

If this conformal factor is to be unique, then either a single frequency is present

at any spacetime point or the attenuation is “grey”, i.e., the opacity α ≡ ρκν
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is frequency independent. Even if there is only a single frequency present the

frequency dependence in the absorption makes the calculation complicated. We

must follow the frequency of each wave, starting from the source, as it is red/blue

shifted and selectively absorbed while moving through the optical medium. In

general a different conformal factor would exist for each source frequency. However,

for the “grey” case the σ(xa) is unique. For a geometrical optics wave emanating

from the world line of a point source, σ(xµ) is defined on forward light cones

(surfaces on which the eikonel S remains constant), i.e.,

σ(xa) =
1

2

∫ xa

xa
s

ρ(x′b)κν(x
′b)dl. (4.42)

The integration is performed along the null geodesic connecting the emitting event

xa
s and the spacetime point xa. The density, attenuation coefficient, and spatial

length element, respectively ρ, κν , and dl, are measured in a sequence of local iner-

tial frames (ua ∝ δa
0) which are at rest with respect to the material along the null

geodesic. We caution the reader that σ(xa) might not be globally defined, or even

uniquely defined. The integral above is only defined for xa which lies on forward

light cones of the source. If the light source is turned on/off at some time (star

birth/death) σ will only be defined on part of the spacetime manifold. However,

its value can be taken as zero on the remainder. Furthermore, we might have

multiple null geodesics connecting the emitting event S and receiving event O. For

an example, when an Einstein ring occurs in a gravitational lensing configuration

we have, in principle, an infinite number of null geodesics connecting S and O.

These rays might pass through regions with different ρ’s and κν ’s and therefore

give us different σ’s. Rather than limiting the domain over which the conformal

92



transformation is defined to keep it single valued, we can extend the manifold to

multiple layers and make the conformal factor unique on each layer. This is in

direct analogy with Riemann’s extension of the domain of a multi-valued complex

function on R2 to a Riemann surface on which its value is unique. This extended

domain could be truly convoluted as for example in an inhomogeneous cosmology

where strong lensing is prevalent.

The simplest example to illustrate a transverse conformal transformation is a

plane electromagnetic wave traveling in Minkowski spacetime filled with stratified

weakly absorbing gas. We suppose a monochromatic light source is lying infinitely

far away (z = −∞) and is producing a plane wave propagating in the +z direction.

The needed properties of a stratified gas filling the spacetime are summarized by

the density ρ(z) and attenuation coefficient κν(z). The physical metric is

ds2 = −c2dt2 + dx2 + dy2 + dz2, (4.43)

and the vector fields ka and ma in Eq. (4.7) are trivially (ua = δa
t /c)

ka = k

(

1

c
, 0, 0, 1

)

,

ma =
1

2k

(

−1

c
, 0, 0, 1

)

. (4.44)

Equation (4.10) then gives

ds̃2 = −c2dt2 + e2σ(z)(dx2 + dy2) + dz2, (4.45)
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where the conformal factor is related to the integral of the opacity by

σ(z) =
1

2

∫ z

−∞

α(z′)dz′. (4.46)

We can now give a geometrical interpretation of Eq. (4.36). Because the rays in

Eq. (4.44) are all running parallel to the z-axis the cross-sectional area of any bundle

of rays is expanded by a factor e2σ(z) for the conformally transformed spacetime,

Eq. (4.45), relative to initial the physical spacetime, Eq. (4.43). From the definition

of flux, we can conclude that it will be reduced by the reciprocal factor e−2σ.

The reason the conformal factor was not applied to the whole 4-D metric now

becomes clear: a e2σ factor in front of the entire physical metric would produce an

undesirable time dilation factor eσ as well as a frequency shift factor e−σ. These

two combined would have contributed another factor of e−2σ to the wave’s flux in

the conformal spacetime. We can also look at the electric field E and the magnetic

field H in both spacetimes and see that in the conformal spacetime they are each

diminished by a factor e−σ. Consequently the flux, E × H, is reduced by e−2σ.

(This reduction in amplitude/intensity matches that of weak absorption given in

[17] but, not unexpectedly, differs from that of strong absorption, i.e., Eqs. (28)-

(30) of [17]).

4.5 Absorption in Robertson-Walker Spacetimes

The interesting example for cosmology is absorption by the Intergalactic Medium

(IGM) which is modeled as absorption by the cosmological fluid in Robertson-

Walker spactimes. The familiar RW metric can be written in co-moving coordinates
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(ua = δa
t /c) as

ds2 = −c2 dt2 + R2(t)

{

dr2

1 − kr2
+ r2(dθ2 + sin2 θ dφ2)

}

, (4.47)

where k = 1, 0,−1 for a closed, flat or open universe, respectively. The eikonal of

Eq. (4.33) for a point source located at r = 0 (see [17]) is

S(t, r) = R0

(

−
∫ t

te

c dt′

R(t′)
+ sinn−1[r]

)

, (4.48)

where R0 is radius of the universe at the observation time t0. The corresponding

radial null geodesics are

ka = R0

(

1

c R(t)
,

√
1 − kr2

R2(t)
, 0, 0

)

, (4.49)

for which Eq. (4.7) gives

ma =
R(t)

2R0

(

−1

c
,

√
1 − kr2

R(t)
, 0, 0

)

, (4.50)

and from which it follows that

2m(akb) = diag

[

−c2,
R2(t)

1 − kr2
, 0, 0

]

. (4.51)

Equation (4.10) then gives the optical metric

ds̃2 = −c2 dt2 + R2(t)

{

dr2

1 − kr2
+ e2σr2(dθ2 + sin2 θ dφ2)

}

. (4.52)

An observer at (r, t) will see the source redshifted an amount z as a function of
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co-moving radius r and observing instant t, which can be obtained by integrating

Eq. (4.49). If the dynamics of the RW spacetime is determined by general relativity,

and the gravity source is a mixture of non-interacting perfect fluids, the redshift

can be found by inverting

r(t, z) = sinn

[

c

R(t)H(t)

∫ z

0

dz′

h(z′)

]

, (4.53)

where h(z) was defined in Eq. (1.96).

For spatially homogeneous and nondispersive (grey) absorption the differential

optical depth dτ is related to the opacity α by

dτ = − α(cdt)

= α
c

H

1

(1 + z)

dz

h(z)
, (4.54)

and the total optical depth τ(r, t) of a source at (0, te(r, t)) seen by an observer at

(r, t) is the integral

τ(z) =
c

H(t)

∫ z

0

α(z′)

(1 + z′)h(z′)
dz′. (4.55)

The conformal factor σ of Eq. (4.52) is therefore one-half this value.

The presence of absorption changes the distance modulus-redshift relation µ(z),

e.g., the magnitudes of supernovae are corrected for absorption by the IGM before

drawing a Hubble diagram. From the definition of distance modulus

µ ≡ 5 log
dL

1Mpc
+ 25, (4.56)
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and luminosity distance dL in terms of flux S

dL =

(

L

4πS

)1/2

, (4.57)

we immediately obtain via Eq. (4.40) the absorption-corrected luminosity distance

d̃L = eτ/2dL, (4.58)

and the corrected distance modulus µ̃

µ̃ = µ +
5

2 ln 10
τ. (4.59)

This is the normal interpretation of the increase in luminosity distance caused by

light absorption. If we use the optical metric to compute luminosity distance (see

e.g. [35]) we find that compared with the physical metric the cross-sectional area

of the ray bundle is expanded by a factor e2σ which reduces the received flux by a

factor of e−2σ, i.e., from Eq. (4.52)

d̃L = eσ(ro,to)(1 + z)R0r = eσdL. (4.60)

We see that by identifying σ with τ/2 we have the same luminosity distance in the

optical spacetime with no absorption as in the physical spacetime with absorption.
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4.6 Incorporating Both Refraction and Absorp-

tion into the Optical Metric

Up to now, we have been considering only absorption, however, we know that

besides having its flux reduced, a light wave’s path and speed can be altered (re-

fracted) due to the presence of a polarizable material. Recall that Gordon modified

Einstein’s physical spacetime metric to include the effects of a nondispersive re-

fractive material on Maxwell’s theory. His theory accounts for any polarizable

material whose constitutive properties are summarized by two scalar functions, a

permittivity ǫ(xa) and a permeability µ(xa). His optical metric ḡab [41] is defined on

the same differentiable manifold as Einstein’s spacetime metric gab and is related

to it by

ḡab = gab +

(

1 − 1

n2

)

uaub, ḡab = gab +
(

1 − n2
)

uaub, (4.61)

where n(xa) =
√

ǫµ is the refractive index and ua is the 4-velocity of the optical

fluid, normalized using the physical spacetime metric gab. Even though we can

incorporate absorption of only geometrical optics waves into Gordon’s metric, his

index of refraction theory applies to all Maxwell fields, see [17] for some related

examples. The modified Maxwell equations are

F̄[ab,c] = 0,

∇̄b

(

√

ǫ/µ F̄ ab
)

= 0, (4.62)
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and the fields in optical and physical spacetimes are connected by

Hab =
1

µ
F̄ ab,

Fab = F̄ab. (4.63)

We now generalize Gordon’s optical metric to include effects of an additional

isotropic and frequency independent (grey) attenuation coefficient κν on a radiation

field described by the geometrical optics approximation. To obtain this result

we simply apply a transverse conformal transformation of Eq. (4.10) to Gordon’s

metric Eq. (4.61). The geometrical optics theory in Gordon’s optical spacetime is

almost identical to the geometrical optics theory of the physical spacetime given

in Sec. 4.3 (see Sec. III of [17]), e.g., the contravariant components of the Maxwell

field are correctly given by Eq. (4.33)

F̄ ab = −2E ℜ{eiS/λ̄0 k̄[aēb]}. (4.64)

Here

k̄a = ḡab∂bS, (4.65)

is tangent to null geodesics of the optical metric, and tangent to the corresponding

timelike “slower than light” curves of the physical metric, ēb is the unit (in the

optical metric) polarization vector, and S is the eikonal function. The significantly

different equation is the transport equation for the amplitude of the wave given by

Eq. (4.32), which becomes

Ė + θE + φ̇E = 0, (4.66)
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(see Eq. (18) of [17]). The presence of the additional term φ ≡ (1/4) ln(ǫ/µ) is

due to the afore mentioned modification of Maxwell’s equations [see Eq. (4.62)] in

Gordon’s optical spacetime.

From Eqs. (4.10) and (4.11) the new optical metric becomes

g̃ab = e2σḡab + (1 − e2σ)2m̄(ak̄b), g̃ab = e−2σ ḡab + (1 − e−2σ)2m̄(ak̄b). (4.67)

where m̄a from Eq. (4.7) is a null vector field in Gordon’s optical spacetime defined

by

m̄a =
k̄a

2(ūbk̄b)2
+

ūa

(ūbk̄b)
, (4.68)

and ūa the fluid’s 4-velocity normalized using Gordon’s optical metric

ūa = nua, ūa =
1

n
ua. (4.69)

The reader should observe that the transverse conformal transformation does not

alter the orthogonality of the two 2-D subspaces nor does it alter the metric struc-

ture of the timelike 2-D space spanned by ūa and k̄a. Rewriting the new optical

metric Eq. (4.67) in terms of the physical metric gab and physical observer ua we

have

g̃ab = e2σgab + e2σ

(

1 − 1

n2

)

uaub +
1 − e2σ

n2(u · k)2

[

kakb + 2(u · k)k(aub)

]

, (4.70)

with inverse

g̃ab = e−2σgab + (1 − n2)e−2σuaub +
1 − e−2σ

n2(u · k)2
[k̃ak̃b + 2n2(u · k)u(ak̃b)], (4.71)
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where

k̃a ≡ g̃abS,b = ḡabS,b = gabS,b + (1 − n2)ua(ubS,b), (4.72)

and determinant

det g̃ =
e4σ

n2
det g. (4.73)

The new Maxwell field

F̃ ab = µe−2σHab,

F̃ab = Fab, (4.74)

satisfies the same equations as F̄ ab, i.e., Eq. (4.62), but g̃ab has the advantage of

incorporating both refraction and absorption. We now have a correspondence of

geometrical optics waves in two spacetimes, the physical and the optical. In the

physical spacetime the wave travels at a reduced speed c/n with an intensity that

is reduced by absorption as in Eq. (4.38) whereas in the optical spacetime the wave

travels at speed c with no extinction.

4.7 The Optical Metric in FLRW Cosmology with

Both Refraction and Absorption

The formalism developed above appears complicated when applied to an arbitrary

spacetime, however, for specific cases the formalism is more transparent. For

example we reconsider RW spacetime, but this time with both refraction n and

absorption κ associated with the cosmic fluid. The result is elegantly simple. The
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optical metric for the RW metric [17] is

ds̄2 = − c2

n2
dt2 + R2(t)

{

dr2

1 − kr2
+ r2(dθ2 + sin2 θ dφ2)

}

. (4.75)

For spherical waves the radial null geodesics are

k̄a = R0

(

n

c R
,

√
1 − kr2

R2
, 0, 0

)

, (4.76)

and from Eq. (4.68) we find

m̄a =
R

2R0

(

−n

c
,

√
1 − kr2

R
, 0, 0

)

. (4.77)

Immediately we find

2m̄(ak̄b) = diag

(

− c2

n2
,

R2

1 − kr2
, 0, 0

)

, (4.78)

which gives us

ds̃2 = − c2

n2
dt2 + R2(t)

{

dr2

1 − kr2
+ e2σr2(dθ2 + sin2 θ dφ2)

}

. (4.79)

With dynamics supplied by the FLRW solutions the scalar function σ in the above

equation is

σ(r, t) ≡ 1

2

∫ t

te

α
c dt′

n

=
1

2

c

H(t)

∫ z(zn)

0

α(z′)

n(z′)(1 + z′)h(z′)
dz′. (4.80)

102



Note the difference between wavelength redshift z and frequency redshift zn (see

Sec. 2.2 and [17]):

1 + z =
R0

R(te)
, 1 + zn =

n(to)

n(te)

R0

R(te)
. (4.81)

We have discussed the impact of light refraction on the distance-redshift relation

in [17]. Now incorporating absorption we find from Eq. (4.79) that the angular

diameter distance d̃A in g̃ab is

d̃A = R(te)e
σ(0,te)r = R(te)r = d̄A, (4.82)

(σ(0, te) vanishes because of the zero optical depth from the source event to itself)

where

d̄A(zn) =
1

[1 + z(zn)]

c

H0

1
√

|Ωk|
sinn

[

√

|Ωk|
∫ z(zn)

0

dz

n(z)h(z)

]

. (4.83)

Finally the luminosity distance d̃L is (see [35, 17])

d̃L = (1 + zn)(1 + z)eσdA = eσd̄L. (4.84)

We thus obtained the same luminosity-redshift relation we obtained in [17] for the

real eikonal case (refer to Eq. (66) of [17]) by changing the geometry rather than

absorbing some of the wave’s intensity. Just as in [17], Eq. (4.84) differs from

the standard reciprocity relation dL(z) = (1 + z)2dA(z) in two aspects: first, the

existence of refraction causes photon orbits to deviate from null geodesics in the

physical spacetime, this giving the 1 + zn factor instead of 1 + z; second, light

absorption (expressed by the conformal factor σ) violates the photon number con-
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servation law which is required to obtain the reciprocity relation. For an interesting

discussion about using cosmic distance-duality as a probe of acceleration/exotic

physics, see [8].

4.8 An Application: FLRW Spacetime with Both

Refraction and Absorption

In Chapter 2 and 3 (see [16, 17]) we have interpreted the observed apparent increase

in the universe’s expansion rate as caused by light refraction and absorption re-

spectively, instead of by a cosmological constant Λ. In Chapter 2 [16] we used a two

parameter pure refraction model, i.e.,n(z) = 1 + pz2 + qz3, without absorption to

fit the supernovae gold sample [43]. In Chapter 3 [17] we fit the sample with a pure

absorption model, i.e., we took n = 1, and the opacity α(z) ≡ ρ(z)κ(z) = const. In

this section, we fit the same data set with a CDM model containing both refraction

and absorption. We use simple expressions n(z) = 1 + pz2 and α(z) = const that

depend on only two parameters. Since we are concerned with the matter domi-

nated era, we have excluded radiation (Ωr = 0) and since we are trying to only

emulate acceleration we take Λ = 0. We choose the current Hubble constant to be

H0 = 65 km/s/Mpc and fit our two parameter (α, p) model for different choices

of Ωm. The scaled Hubble function h(z) in this case simplifies to

h(z) = (1 + z)
√

1 + Ωmz. (4.85)
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The refraction and absorption corrected distance-redshift relation is now written

as

d̃L(zn) = (1 + zn)
c

H0

eσ(zn)

√

|Ωk|
sinn

√

|Ωk|
∫ z(zn)

0

dz′

n(z′)h(z′)
, (4.86)

where

σ(zn) =
α

2

c

H0

∫ z(zn)

0

dz′

(1 + z′)n(z′)h(z′)
, (4.87)

and

1 + zn =
1 + z

1 + pz2
. (4.88)

Our results are shown in Figures 4.1 and 4.2. In Fig. 4.1, we show the ∆µ(z)

curves for different model parameters. Here ∆µ(z) ≡ µ(z)−µF (z), where µF (z) is

the distance modulus of the fiducial, matter only, model (horizontal black dashed

curve in Fig. 4.1), i.e., ΩΛ = 0, Ωm = 0.3, α = 0, p = 0. In each of the four frames

the green curve is the concordance model, ΩΛ = 0.7, Ωm = 0.3, α = 0, p = 0. In the

upper left panel we show a few absorption models with no refraction index (Ωm < 1

for all curves in this panel). The dotted red curve has: ΩΛ = 0, Ωm = 0.05, α =

0.7 × 10−4Mpc−1, n = 1. The short-dashed red curve has: ΩΛ = 0, Ωm = 0.3, α =

1.3 × 10−4Mpc−1, n = 1. The solid black curve has: ΩΛ = 0, Ωm = 0.73, α =

2.2 × 10−4Mpc−1, n = 1. In the upper right panel the models are flat. The blue

curve has: ΩΛ = 0, Ωm = 1.0, α = 2.5 × 10−4Mpc−1, p = 0. The red curve has:

ΩΛ = 0, Ωm = 1.0, α = 2.5 × 10−4Mpc−1, p = 0.024. In the bottom left panel the

blue curve has: ΩΛ = 0, Ωm = 1.5, α = 3.3× 10−4Mpc−1, p = 0. The red curve has:

ΩΛ = 0, Ωm = 1.5, α = 3.3 × 10−4Mpc−1, p = 0.042. In the bottom right panel the

blue curve has: ΩΛ = 0, Ωm = 2.0, α = 4.1× 10−4Mpc−1, p = 0. The red curve has:

ΩΛ = 0, Ωm = 2.0, α = 4.1 × 10−4Mpc−1, and p = 0.049.
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In Fig. 4.2 we show the confidence contours (68.3%, 95.4%, and 99.73%) of

our two parameter (α, p) model with different choices of Ωm. We show 6 different

cases with Ωm = 0.05 (baryonic matter only), Ωm = 0.3 (dark matter only),

Ωm = 0.73 (our least χ2 pure absorption model, see [17]), Ωm = 1.0 (flat universe),

Ωm = 1.5 and 2.0 (closed universe model). We restrict the parameter p to be

nonnegative to keep the light speed v = c/n less than c. For the first three

cases, i.e., Ωm = 0.05, 0.3 and 0.73, the best fits occurs for p = 0, which suggests

that introducing additional refraction parameters would not significantly improve

the fitting when absorption is present. However, as Ωm increases, nonvanishing

p values give better fits. For Ωm = 1.0, the best fitting parameters (χ2 = 1.04)

are α = 2.5 × 10−4Mpc−1, p = 0.024. For Ωm = 1.5, the best fitting (χ2 = 1.05)

parameters are α = 3.3 × 10−4Mpc−1, p = 0.042. For Ωm = 2.0, the best fitting

(χ2 = 1.06) parameters are α = 4.1× 10−4Mpc−1, p = 0.049. This can also be seen

from Fig. 4.1: In the upper right and two bottom frames, the blue and red curves

have the same absorption coefficient α, the difference is that the red curve has p

nonzero whereas the blue curve has p = 0. The inclusion of p for these large Ωm

cases improves the fitting.
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Figure 4.1: ∆µ versus z. In each of the four frames the fiducial model (horizontal
black dashed) is the now disfavored dark matter only model, i.e., ΩΛ = 0, Ωm =
0.3, α = 0, p = 0, and the green curve is the concordance model, ΩΛ = 0.7, Ωm =
0.3, α = 0, p = 0. Upper left panel: pure absorption models with no refraction.
Dotted red curve, ΩΛ = 0, Ωm = 0.05, α = 0.7 × 10−4Mpc−1, n = 1. Short-dashed
red curve, ΩΛ = 0, Ωm = 0.3, α = 1.3 × 10−4Mpc−1, n = 1. Solid black curve:
ΩΛ = 0, Ωm = 0.73, α = 2.2 × 10−4Mpc−1, n = 1. Upper right panel: blue curve,
ΩΛ = 0, Ωm = 1.0, α = 2.5 × 10−4Mpc−1, p = 0. Red curve, ΩΛ = 0, Ωm = 1.0, α =
2.5× 10−4Mpc−1, p = 0.024. Bottom left panel: blue curve, ΩΛ = 0, Ωm = 1.5, α =
3.3 × 10−4Mpc−1, p = 0. Red curve, ΩΛ = 0, Ωm = 1.0, α = 3.3 × 10−4Mpc−1, p =
0.042. Bottom right panel: blue curve, ΩΛ = 0, Ωm = 2.0, α = 4.1×10−4Mpc−1, p =
0. Red curve, ΩΛ = 0, Ωm = 2.0, α = 4.1 × 10−4Mpc−1, p = 0.049.
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Figure 4.2: Confidence contours (68.3%, 95.4%, and 99.73%) for each fixed Ωm

model. The x coordinate is absorption coefficient α in unit of 10−4Mpc−1, and the
y-axis is refraction index parameter p (n = 1+pz2). Top left panel, Ωm = 0.05, with
least chi-square (per degree of freedom) χ2 = 1.09, the best fitting parameters are
α = 0.7 × 10−4Mpc−1, p = 0. Top right panel, Ωm = 0.3, least χ2 = 1.05, the best
fitting parameters are α = 1.3 × 10−4Mpc−1, p = 0. Middle left panel, Ωm = 0.73,
least χ2 = 1.035, the best fitting parameters are α = 2.2 × 10−4Mpc−1, p = 0.
Middle right panel, Ωm = 1.0, least χ2 = 1.042, at α = 2.5 × 10−4Mpc−1, p =
0.024. Bottom left, Ωm = 1.5, least χ2 = 1.05, the best fitting parameters are
α = 3.3 × 10−4Mpc−1, p = 0.042. Bottom right, Ωm = 2.0, least χ2 = 1.06, the
best fitting parameters are α = 4.1 × 10−4Mpc−1, p = 0.049.
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4.9 Discussion

In this chapter, we introduced the concept of a “transverse” conformal transfor-

mation, which allowed us to equate the intensity reduction of light caused by

absorption with a geometrical reduction caused by the expansion of the cross-

sectional area of the ray bundle without changing other desirable properties of

geometrical waves, such as frequency and wavelength. This application of confor-

mal transformations is new. We use it to generalize Gordon’s optical metric to

include light absorption via such a conformal transformation. This generalization

is fundamentally different from chapter 3 in which we included light absorption

by making Gordon’s metric complex. In the complex metric formalism, we distin-

guished two different cases: strong and weak absorption. The strong case is where

a non-negligible amount of absorption occurs on a wavelength scale and the weak

case is where absorption is significant only over multitudes of wavelengths. In the

strong case the eikonal remains complex but in the weak case it can be taken as

real. In this paper we were able to replace the effects of weak absorption by a

special conformal transformation. The disadvantage of this formalism is that the

optical metric depends on the eikonal of the wave itself whereas in [17] it did not.

We used this new optical metric to derived the absorption and refraction corrected

distance-redshift relation for RW spacetimes and obtained exactly the same ex-

pression as in [17] for weak absorption. In [16] we fit supernovae Hubble data with

a pure refraction model, and in [17] we fit it with a pure absorption model. In this

chapter, we fit the data with a cosmological model possessing both refraction and

absorption. We have shown that a single parameter polynomial for the refraction

index, i.e.,n(z) = 1 + pz2, together with a constant opacity parameter α fits the
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data well. More realistic z dependent models for α and n are appropriate.

The Supernova data is currently considered to be the most compelling evidence

for the existence of dark energy because of the apparent acceleration observed in

the expansion of the universe (see e.g. [70, 65]). Competing interpretations have

been proposed, e.g., evolutionary effects [29, 23], local Hubble bubbles [24, 96],

absorption [75], modified gravity [37, 52, 10] and others such as slowly changing

fundamental constants [3, 7]. There are at least four different sources of opac-

ity: the Milky Way, the hosting galaxy, intervening galaxies, and the IGM that

should be taken into account. The Galactic absorption has been studied exten-

sively [81, 59] and early constraints on properties of IGM were often obtained

assuming the applicability of Galactic dust properties (see e.g. [95]). The lumi-

nosity of high redshift supernovae have been corrected for host galaxy absorption

using the Galactic reddening law, see e.g. [65, 68, 69, 70]. We have to be careful

when applying Galactic dust properties to the IGM, since the composition, size,

shape, and alignment of intergalactic dust could be significantly different than that

of Milky Way dust. Aguirre [1, 2] introduced a carbon needle model and showed

that dust grains of larger size (≥ 1 µm), which should be preferentially ejected by

star burst galaxies, would have relatively higher opacities (e.g. κ ∼ 105 cm2 g−1)

and much greyer absorption curves, and therefore might escape the reddening cen-

sorship based on Galactic reddening law. Evidence against this model appeared

in [26, 49, 86]. Goobar et al. [40] introduced a replenishing dust model in which

the dilution caused by cosmic expansion is continually replenished (ρ = ρ0(1 + z)3

for z < 0.5, ρ = ρ0 for z ≥ 0.5). This dust model is indistinguishable from ΩΛ

and cannot be ruled out by Supernovae data alone (see table 5 of [72]). Bassett

et al. [8] claimed to rule out the replenishing model at more than 4σ by con-
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sidering violations of distance duality (reciprocity relation). Östman & Mörtsell

[62] further constrained the magnitude of grey dust absorption from Quasar col-

ors and spectra and claimed that for a wide range of intergalactic dust models,

extinction larger than 0.2 mag is ruled out (see also [46, 25]). A new grey dust

model is proposed in [74]. More complicated and fine tuned dust models will keep

emerging in the future until dark matter/energy has been identified, if in fact it

exists. In this application we ignored effects of inhomogeneities including the pos-

sibility of having a multi-valued conformal factor. We assumed that none of the

SN Ia used were strongly lensed. Since the flat concordance model is supported by

other observations, e.g., the angular position of the first acoustic peak as measured

by WMAP (Wilkinson Microwave Anisotropy Probe) team [84, 85], and baryonic

acoustic oscillations (BAO) detected in galaxy surveys [34, 88, 89], an absorption

and/or refraction theory cannot be on firm ground unless it is consistent with these

additional observations. We leave these and other applications to future efforts.
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Conclusions

In this dissertation we reviewed Gordon’s optical metric theory and generalized

it to include light absorption in two different ways: first, by defining a complex

refraction index N(xa) and allowing Gordon’s metric to become complex, and

second, by applying a “transverse” conformal transformation to Gordon’s original

metric. The first case was applicable to both strong and weak absorptions, whereas

the latter case works only for weak absorption.

We applied our theory to cosmology and provided an alternate explanation

of the apparent acceleration of the universe’s expansion by fitting the current

supernovae data to three simple models: a model with only refraction (n(z) =

1 + pz2 + qz3), a model with pure absorption (n = 1, and α = const), and a model

with both refraction and absorption (n = 1+ pz2 and α = const). We also tried to

explain the flatness of universe as implied by the WMAP data via our refraction

corrected angular-diameter distance redshift relation in Chapter 2. One important

cosmological subject we did not tackle was baryonic acoustic oscillations; this we

leave to future work.

In Sec. 2.3 we have shown that up to 1st order approximation, the inhomogene-

ity of a flat (k = 0) FLRW universe can be identified with an equivalent effective

refraction index and therefore incorporated in our optical metric theory. To extend
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the formalism in [76] to the non-flat case, in particular, to the open universe case

(k < 0), and to estimate the magnitude of the perturbations needed to fit the

cosmological data is an interesting problem to work on.

In Sec. 1.5 we introduced the concept of optical scalars and their transport

equations. Assuming that the background spacetime is filled with dielectric mate-

rial, i.e., with a real/complex refraction index, how would the transport equations

of optical scalars be impacted? This also is an interesting problem to work on.

Throughout this dissertation, one important assumption we have made about

the dielectric property of the materials filling the spacetime is its nondispersiveness,

i.e., its greyness. Can we generalize Gordon’s formalism to more realistic cases

where the permittivity ǫ and permeability µ, or the refraction index n actually

depend on frequency? This would give us an optical metric defined on the phase

space of photons (the tangent bundle of the spacetime manifold). Can we build

up the formalism using a more advanced theory in differential geometry, such as a

Finsler geometry or a complex manifold [19, 20]?
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