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ABSTRACT  
Calculation of the underground temperature resulting from heat injection/extraction into/from ground heat exchangers (GHEXs) with hourly variation 
is one of the most noteworthy challenges to address when simulating and designing a ground source heat pump (GSHP) system. Especially in Japan, 
considering the groundwater flow is desirable because there is the possibility to reduce the installation cost for GSHP system. In order to overcome this 
challenge, the authors introduce a method to calculate the underground temperature, by considering heat injection/extraction into/from GHEXs with 
hourly variation. The method applies the superposition of the Moving Infinite Cylindrical Source (MICS) solution and the Moving Infinite Line Source 
(MILS) solution to calculate the temperature change due to heat injection/extraction into/from the certain GHEX and other neighboring GHEXs, 
respectively. In this paper, the outlines of the MICS and the method that calculate the MICS solution were firstly introduced. Next, the calculation method 
of underground temperature and the simulation model for the GSHP system were explained. Finally, the temperature variations of the heat carrier fluid 
were calculated by changing the conditions the geological layer and groundwater velocity. 

INTRODUCTION 

GSHP systems have gained attention in Japan since ground thermal energy was defined as one of the renewable 
energies in 2009. However, the number of GSHPs installed in Japan is much smaller than the number in other countries such 
as the USA, China, and Sweden due to the expensive installation cost of GHEXs. In order to reduce the installation cost, 
considering the groundwater flow in the design process is the one of effective methods. There are several research works 
related to the effect of ground water flow to the GHEXs (Gehlin and Hellström, 2003), (Diao et.al, 2004), (Molina-Giraldo 
et.al, 2011). However, the research works related to the simulation tool for the GSHP system considering groundwater flow 
are hardly observed. The authors developed the simulation tool for the GSHP system considering groundwater flow. In this 
paper, the outlines of calculation method and example of simulation for the GSHP system are explained.  

CALCULATION OF UNDERGROUND TEMPERATURE CONSIDERING SINGLE GEOLOGICAL 
LAYER WITH GROUNDWATER FLOW 

Types of groundwater flow  

There are several types of groundwater flow (Gehlin and Hellström, 2003). In Japan, Darcy flow through the porous 
media is majority and there is quite a lot of case where the the groundwater flow with the Darcy velocity of more than 100 
m/year is observed. Therefore, in this paper, the calculation of underground temperature considering groundwater flow of 



 
 

Darcy flow through the porous media is treated. 

Calculation of underground temperature considering heat injection into GHEX with 
constant heat flux and groundwater advection   

The groundwater flow is regarded as Darcy flow through the porous media. In this case, an incompressible, constant-
property fluid flow passes through a saturated, homogeneous, and infinite porous medium. The incoming free velocity of the 
fluid 𝑢𝑢∞ is parallel to the x axis and the following equation is obtained. 
 
𝑢𝑢 = −𝑘𝑘 𝑑𝑑ℎ

𝑑𝑑𝑑𝑑
             (1) 

 
On the other hand, the GHEX is regarded as a hollow cylinder in the porous media.  In this case, the fluid dynamics 

is analogous to the one referring to the traditional problem of the two-dimensional, incompressible, irrotational flow past a 
circular cylinder. The analytical expression of the velocity potential is (Bruce et.al, 2009); 
 
∅ = 𝑢𝑢∞�1 + 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜/(𝑥𝑥2 + 𝑦𝑦2)�𝑥𝑥          (2) 
 

With regard to the heat transfer in the ground surrounding GHEX, we firstly consider a constant heat flux q at the 
cylinder surface. The energy equation can be formulated according to the local thermal equilibrium, in which both solid and 
fluid phases have the same local temperature. Under the assumption, the following equations can be obtained. 
 

𝑐𝑐𝑠𝑠𝜌𝜌𝑠𝑠
𝜕𝜕𝑇𝑇𝑠𝑠
𝜕𝜕𝜕𝜕

+ 𝑐𝑐𝑤𝑤𝜌𝜌𝑤𝑤(𝛻𝛻𝑇𝑇𝑠𝑠)(𝛻𝛻∅) = 𝛻𝛻(𝜆𝜆𝑠𝑠𝛻𝛻𝑇𝑇𝑠𝑠)          (3) 
 

And in the case of 𝑟𝑟 = 0, this problem becomes the moving infinite line source (MILS). Carslaw and Jeager introduce 
the analytical solution of this problem (Carslaw and Jaeger, 1959). Diao et.al., apply the MILS to the calculation of 
underground temperature surrounding the GHEX, which is affected by the groundwater advection (Diao et.al, 2004). The 
energy equation can be translated as Equation (4). 
 

𝑐𝑐𝑠𝑠𝜌𝜌𝑠𝑠
𝜕𝜕𝑇𝑇𝑠𝑠
𝜕𝜕𝜕𝜕

+ 𝑐𝑐𝑤𝑤𝜌𝜌𝑤𝑤 �
𝜕𝜕𝑇𝑇𝑠𝑠
𝜕𝜕𝜕𝜕
� �𝑘𝑘 𝜕𝜕ℎ

𝜕𝜕𝜕𝜕
� = 𝛻𝛻(𝜆𝜆𝑠𝑠𝛻𝛻𝑇𝑇𝑠𝑠)          (4) 

 
Then, the analytical solution of MILS ∆𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝑥𝑥,𝑦𝑦, 𝑡𝑡) can be expressed by the following equation if the constant 

heat q is generated at 𝑟𝑟 = 0 (Diao et.al, 2004). 
 
∆𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) =
𝑞𝑞

4𝜋𝜋𝜆𝜆𝑠𝑠
∫ 1

(𝑡𝑡−𝑡𝑡′)

4𝑎𝑎𝑠𝑠𝑡𝑡
𝑟𝑟2

0 𝑒𝑒𝑒𝑒𝑒𝑒 �− {𝑥𝑥−𝑈𝑈(𝑡𝑡−𝑡𝑡′)}2+𝑦𝑦2

4𝑎𝑎𝑠𝑠(𝑡𝑡−𝑡𝑡′)
� 𝑑𝑑𝑡𝑡′  (5) 

 
Here, 𝑈𝑈 = 𝑢𝑢∞𝑐𝑐𝑤𝑤𝜌𝜌𝑤𝑤/(𝑐𝑐𝑠𝑠𝜌𝜌𝑠𝑠). 

Meanwhile, in the case of 𝑟𝑟 ≠ 0, this problem 
is called as the moving infinite cylindrical source (MICS) 
and the analytical solution of this problem has not been 
obtained (Conti et.al, 2018). However, the authors 
assumed that the superposition of the MICS is possible 
as well the superposition of the infinite line source (ILS), 
the infinite cylindrical source (ICS), and the MILS 
(Katsura et.al, 2006). Then, the temperature field of 
MICS was calculated by the numerical model shown in 

 
Figure 1 Subjected area for numerical calculation and 

boundary conditions 



Figure 1 (Katsura et.al, 2006) and the result was compared to the temperature filed obtained by experiment with a thermal 
probe (Katsura et.al, 2006) and the analytical MILS model. The temperature fields indicated good agreement to each other. 

However, the difference of temperature fields between MICS and MILS increases when the radius of cylindrical 
source becomes larger. On the other hand, it is difficult to apply the MILS for the calculation of underground temperature 
considering heat injection/extraction into/from GHEX with hourly variation as well the ILS. Therefore, in order to calculate 
the underground temperature considering heat injection/extraction into/from GHEX with hourly variation, the temperature 
at 𝑟𝑟 = 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 in the MICS is approximated by modifying the temperature at 𝑟𝑟 = 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 in the ICS, which is obtained by the 
analytical solution (Carslaw and Jaeger, 1959). If the modification coefficient 𝐶𝐶𝑐𝑐 that can modify from the temperature at 
 𝑟𝑟 = 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 in the ICS to the temperature at 𝑟𝑟 = 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 in the MICS is assumed, the average temperature at 𝑟𝑟 = 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 with 
constant heat flux 𝑞𝑞 in the MICS can expressed by the following equation. 
 
∆𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡� = ∆𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡�𝐶𝐶𝑐𝑐 = 1

𝜋𝜋2𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜𝜆𝜆𝑠𝑠
𝑞𝑞𝑞𝑞(𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡)𝐶𝐶𝑐𝑐      (6) 

 
Now, 
 

𝐼𝐼(𝑟𝑟, 𝑡𝑡) = ∫ (1 − 𝑒𝑒−𝑎𝑎𝑠𝑠𝛽𝛽2𝑡𝑡) 𝐽𝐽0
(𝛽𝛽𝛽𝛽)𝑌𝑌1�𝛽𝛽𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜�−𝑌𝑌0(𝛽𝛽𝛽𝛽)𝐽𝐽1�𝛽𝛽𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜�
𝑢𝑢2�𝐽𝐽12�𝛽𝛽𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜�+𝑌𝑌12(𝛽𝛽𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜)�

∞
0 𝑑𝑑𝑑𝑑        

 
If 𝑢𝑢∞ = 0,  𝐶𝐶𝑐𝑐 = 1 and Equation (6) is the same as the analytical solution of the ICS. In addition, if we introduce 

the dimensionless quantities 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ = 𝑎𝑎𝑎𝑎/𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜2 , 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ = 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜/𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 = 1 , and 𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ � =

2𝜋𝜋𝜆𝜆𝑠𝑠Δ𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡�/𝑞𝑞 (Δ𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡� =  𝑞𝑞
𝜋𝜋2𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝜆𝜆𝑠𝑠

 𝐼𝐼�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡�), Equation (6) is translated as the following 

equation. Then, the modification coefficient can be organized by using the dimensionless parameters 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ = 1,  
𝑅𝑅𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ = 𝑈𝑈𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ /𝑎𝑎𝑠𝑠, and 𝐹𝐹𝑂𝑂 = 𝑈𝑈2𝑡𝑡/𝑎𝑎𝑠𝑠 as shown in Equation (7). 
 
𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ � = 𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ �𝐶𝐶𝐶𝐶∗�1,𝑅𝑅𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ ,𝐹𝐹𝑂𝑂�        (7) 
 
The modification coefficient 𝐶𝐶𝐶𝐶∗�1,𝑅𝑅𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ ,𝐹𝐹𝑂𝑂� is obtained by comparing 𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ � and 𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ �. Here, 
𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ � is calculated by the numerical model introduced above. After the comparison, 𝐶𝐶𝐶𝐶∗�1,𝑅𝑅𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ ,𝐹𝐹𝑂𝑂� is 
approximated as the function of 1,𝑅𝑅𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ , and 𝐹𝐹𝑂𝑂. 
 
𝐶𝐶𝐶𝐶∗�1,𝑅𝑅𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ ,𝐹𝐹𝑂𝑂� ≅ 𝑓𝑓�1,𝑅𝑅𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ ,𝐹𝐹𝑂𝑂�          (8) 

Calculation of underground temperature considering heat injection/extraction into/from 
multiple GHEXs with hourly variation and groundwater advection 

Figure 2 shows the multiple GHEXs buried in a 
random layout. The ground is regarded as an infinite 
medium and superposition of the temperature field in 
space is applied. Thus, in the case where m GHEXs are 
placed underground as shown in Figure 2, the soil 
temperature change on the surface of the certain GHEX 
can be calculated using the following equation. 
 
∆𝑇𝑇𝑠𝑠,𝑖𝑖�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡� = ∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑖𝑖�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡� +
∑ ∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑗𝑗�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗 , 𝑡𝑡�𝑚𝑚
𝑗𝑗=1      (9) 

 

 
Figure 2 Multiple GHEXs buried in a random layout 



 
 

Where the subscript i indicates the GHEX under consideration, j indicates a neighboring GHEX, and 𝑗𝑗 ≠ 𝑖𝑖. The 
first term on the right side shows the change in temperature due to the heat injection/extraction of the GHEX under 
consideration and the second term is the temperature change due to the heat injection/extraction of the neighboring GHEXs. 
When the free velocity 𝑢𝑢∞ is zero, the temperature change in the first term on the right side of can be calculated from the 
following equation, applying the principle of superposition based on the solution of MICS and Duhamel’s theorem. 
 

∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑖𝑖�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡� = 1
𝜋𝜋2𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝜆𝜆𝑠𝑠

∫ 𝑞𝑞𝑖𝑖(𝜏𝜏) 𝜕𝜕𝜕𝜕(𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖,𝑡𝑡−𝜏𝜏)𝐶𝐶𝑐𝑐
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑𝑡𝑡
0         (10) 

 

𝑞𝑞𝑖𝑖(𝜏𝜏)  is the heat injection/extraction into/from the certain GHEXi at time 𝑡𝑡 = 𝜏𝜏 , and 
1

𝜋𝜋2𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝜆𝜆𝑠𝑠
𝑞𝑞𝑖𝑖(𝜏𝜏) 𝜕𝜕𝜕𝜕(𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖,𝑡𝑡−𝜏𝜏)

𝜕𝜕𝜕𝜕  

indicates the amount of temperature change at the surface of the certain GHEXi caused by the heat injection/extraction at 
time t = τ. Here, if the heat injection/extraction from the surface of the underground heat exchanger is considered to occur 
in a step-wise manner, as shown in Figure 10, Equation (10) can be simplified as in Equation (11) (Li et.al, 2015). 
 
∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑖𝑖�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡� ≅

1
𝜋𝜋2𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝜆𝜆𝑠𝑠

∑ 𝑞𝑞𝑙𝑙,𝑖𝑖𝐼𝐼�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡 − 𝑡𝑡𝑙𝑙−1� − 𝐼𝐼�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡 − 𝑡𝑡𝑙𝑙�𝑛𝑛
𝑙𝑙=1      (11) 

 
Here, 𝑞𝑞𝑙𝑙,𝑖𝑖 is the average quantity of heat injection/extraction from the considered GHEXi in the interval ∆𝑡𝑡𝑙𝑙. By introducing 
the dimensionless quantities 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ = 𝑎𝑎𝑎𝑎/𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜2 , 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ = 𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜/𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 = 1 , and 𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ � =

2𝜋𝜋𝜆𝜆𝑠𝑠Δ𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡�/𝑞𝑞𝑙𝑙  (Δ𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡� =  𝑞𝑞𝑙𝑙
𝜋𝜋2𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝜆𝜆𝑠𝑠

 𝐼𝐼�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡� ), Equation (11) can be translated to the 

following equation (Katsura et. al, 2018). 
 
∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑖𝑖�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡� ≅

1
2𝜋𝜋𝜆𝜆𝑠𝑠

∑ 𝑞𝑞𝑙𝑙,𝑖𝑖�𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ −𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑙𝑙−1
∗ � − 𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ −𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑙𝑙

∗ ��𝑛𝑛
𝑙𝑙=1    (12) 

 
If the free velocity 𝑢𝑢∞  is not zero, the temperature change ∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑖𝑖�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡�  can be calculated by changing from 
𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ −𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑙𝑙

∗ � to 𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ −𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑙𝑙
∗ � in Equation (13) and substituting Equation (8). The equation is, 

 
∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑖𝑖�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡� ≅

1
2𝜋𝜋𝜆𝜆𝑠𝑠

∑ 𝑞𝑞𝑙𝑙,𝑖𝑖�𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ −𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑙𝑙−1
∗ � − 𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ −𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑙𝑙

∗ ��𝑛𝑛
𝑙𝑙=1   

≅ 1
2𝜋𝜋𝜆𝜆𝑠𝑠

∑ 𝑞𝑞𝑙𝑙,𝑖𝑖�𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ −𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑙𝑙−1
∗ �𝐶𝐶𝐶𝐶∗�1,𝑅𝑅𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ ,𝐹𝐹𝑂𝑂,𝑙𝑙−1� − 𝑇𝑇𝑠𝑠−𝐼𝐼𝐼𝐼𝐼𝐼∗ �1, 𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ −𝑡𝑡𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑙𝑙

∗ �𝐶𝐶𝐶𝐶∗�1,𝑅𝑅𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜∗ ,𝐹𝐹𝑂𝑂,𝑙𝑙��𝑛𝑛
𝑙𝑙=1   

(13) 
Here, 𝐹𝐹𝑂𝑂,𝑙𝑙 = 𝑈𝑈2𝑡𝑡𝑙𝑙/𝑎𝑎𝑠𝑠 and 𝐹𝐹𝑂𝑂,𝑙𝑙−1 = 𝑈𝑈2𝑡𝑡𝑙𝑙−1/𝑎𝑎𝑠𝑠. 

Next, the second term on the right side of Equation (9) which denotes the temperature change due to the extraction 
and injection of heat of the neighboring GHEX  is calculated from the following equation, applying the MILS analysis 
solution and the principle of superposition. 
 

∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑗𝑗�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗 , 𝑡𝑡� = ∫ 𝑞𝑞𝑖𝑖(𝜏𝜏) 𝜕𝜕Δ𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗,𝑡𝑡−𝜏𝜏�
𝜕𝜕𝜕𝜕

𝑡𝑡
0 𝑑𝑑𝑑𝑑         (14) 

 
Here,  Δ𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗 , 𝑡𝑡� can be obtained as the following equation if 𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗

2 = �𝑥𝑥2 + 𝑦𝑦2 and 𝛽𝛽 = 4𝑎𝑎𝑠𝑠(𝑡𝑡 − 𝑡𝑡′)/𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗
2  are 

substituted in Equation (5). 
 

Δ𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗 , 𝑡𝑡� = 1
4𝜋𝜋𝜆𝜆𝑠𝑠

exp �𝑈𝑈𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗

2𝑎𝑎𝑠𝑠
cos𝜑𝜑�∫ 1

𝛽𝛽

4𝑎𝑎𝑠𝑠𝑡𝑡
𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗
2

0 exp �− 1
𝛽𝛽
−

𝑈𝑈2𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗
2 𝛽𝛽

16𝑎𝑎𝑠𝑠2
� 𝑑𝑑𝑑𝑑      (15) 

 
The note 𝜑𝜑 in Equation (15) is polar angle, which is indicated in Figure 9. As in the case of Equation (4), if the heat injection 



from the GHEX surface is considered to occur in a step-wise manner, Equation (15) can be rewritten as a simpler equation 
in the following manner. 
 
∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑗𝑗�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗 , 𝑡𝑡� ≅ ∑ 𝑞𝑞𝑙𝑙𝑛𝑛

𝑙𝑙=1 �Δ𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗 , 𝑡𝑡 − 𝑡𝑡𝑙𝑙−1� − Δ𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗 , 𝑡𝑡 − 𝑡𝑡𝑙𝑙��     (16) 
 

Also, if the dimensionless quantities 𝑡𝑡𝑑𝑑∗ = 𝑎𝑎𝑠𝑠𝑡𝑡/𝑟𝑟𝑑𝑑2, 𝑅𝑅𝑑𝑑∗ = 𝑈𝑈𝑟𝑟𝑑𝑑/𝑎𝑎𝑠𝑠, and 𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀∗ (𝑅𝑅𝑑𝑑∗ , 𝑡𝑡∗) = 2𝜋𝜋𝜆𝜆𝑠𝑠Δ𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀(𝑟𝑟𝑑𝑑 , 𝑡𝑡)/𝑞𝑞𝑙𝑙 
are adopted, Equation (16) is translated to the following equation. 
 
∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑗𝑗�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗 , 𝑡𝑡� ≅ 1

2𝜋𝜋𝜆𝜆𝑠𝑠
∑ 𝑞𝑞𝑙𝑙𝑛𝑛
𝑙𝑙=1 �𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀∗ �𝑅𝑅𝑑𝑑,𝑖𝑖,𝑗𝑗

∗ , 𝑡𝑡𝑑𝑑,𝑖𝑖,𝑗𝑗
∗ − 𝑡𝑡𝑑𝑑,𝑖𝑖,𝑗𝑗,𝑙𝑙−1

∗ � − 𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀∗ (𝑅𝑅𝑑𝑑,𝑖𝑖,𝑗𝑗
∗ , 𝑡𝑡𝑑𝑑,𝑖𝑖,𝑗𝑗

∗ − 𝑡𝑡𝑑𝑑,𝑖𝑖,𝑗𝑗,𝑙𝑙
∗ )�   (17) 

 
Here, 
 

𝑇𝑇𝑠𝑠−𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀∗ (𝑅𝑅𝑑𝑑,𝑖𝑖,𝑗𝑗
∗ , 𝑡𝑡𝑑𝑑,𝑖𝑖,𝑗𝑗

∗ ) = 1
2

exp �
𝑅𝑅𝑑𝑑,𝑖𝑖,𝑗𝑗
∗

2
cos𝜑𝜑�∫ 1

𝛽𝛽
4𝑡𝑡𝑑𝑑,𝑖𝑖,𝑗𝑗
∗

0 exp �− 1
𝛽𝛽
−

𝑅𝑅𝑑𝑑,𝑖𝑖,𝑗𝑗
∗2 𝛽𝛽

16
�𝑑𝑑𝑑𝑑      (18) 

CALCULATION OF TEMPERATURE INSIDE GHEX 

The heat carrier fluid in the GHEX is regarded as a lumped parameter system and the heat balance equation in the 
infinitesimal time dt is considered. The change in the heat capacity inside the GHEX can be thought as the sum of the heat 
input from the outside and the heat transferred from the ground. Hence the following expression holds. 
 

𝑐𝑐𝑝𝑝𝑝𝑝𝜌𝜌𝑓𝑓𝑉𝑉𝑓𝑓
𝑑𝑑𝑑𝑑𝑓𝑓
𝑑𝑑𝑑𝑑

= 𝑐𝑐𝑝𝑝𝑝𝑝𝜌𝜌𝑓𝑓𝐺𝐺𝑓𝑓�𝑇𝑇𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑇𝑇𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝�+ 𝐾𝐾𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜𝐴𝐴𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜�𝑇𝑇𝑠𝑠(𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡) − 𝑇𝑇𝑓𝑓�      (19) 
 
𝐾𝐾𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 in Equation (19) is the overall heat transfer coefficient based on the outer surface area from the GHEX to the heat 
carrier fluid and 𝐴𝐴𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 is the outer surface area of the GHEX. Having determined 𝑞𝑞𝑙𝑙 for each instant from the formula 𝑞𝑞 =
𝐾𝐾𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜𝐴𝐴𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜�𝑇𝑇𝑠𝑠(𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡) − 𝑇𝑇𝑓𝑓�/𝐿𝐿𝑝𝑝  and if the external surface temperature of the GHEX  𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� = 𝑇𝑇𝑠𝑠0 +
∆𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡� is calculated using the method previously described in this paper, the temperature of inside GHEX and the 
underground temperature can be evaluated. 

In order to calculate the overall heat transfer coefficient of the GHEX, the Boundary Elemental Method (BEM) was 
applied (Nagano et.al, 2006). If the the thermal resistance 𝑅𝑅𝑏𝑏 is calculated by BEM, the overall heat transfer coefficient 𝐾𝐾𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 
is obtained by usng 𝑅𝑅𝑏𝑏 (Nagano et.al, 2006). 
 
𝐾𝐾𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜 = 𝐴𝐴𝑈𝑈−𝑜𝑜𝑜𝑜𝑜𝑜

�𝐴𝐴𝑈𝑈−𝑜𝑜𝑜𝑜𝑜𝑜𝑅𝑅𝑏𝑏+𝐴𝐴𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜𝑟𝑟𝑈𝑈−𝑜𝑜𝑜𝑜𝑜𝑜�
1
𝜆𝜆𝑈𝑈
ln𝑟𝑟𝑈𝑈−𝑜𝑜𝑜𝑜𝑜𝑜𝑟𝑟𝑈𝑈−𝑖𝑖𝑖𝑖

+ 1
𝑟𝑟𝑈𝑈−𝑖𝑖𝑖𝑖𝛼𝛼𝑓𝑓

��        (20) 

 
𝐴𝐴𝑈𝑈−𝑜𝑜𝑜𝑜𝑜𝑜 is the external area of the U-tube, and 𝑟𝑟𝑈𝑈−𝑜𝑜𝑜𝑜𝑜𝑜 and 𝑟𝑟𝑈𝑈−𝑖𝑖𝑖𝑖 are the external and internal radius of the U-tube, respectively. 
Further, 𝜆𝜆𝑈𝑈 is the thermal conductivity of the U-tube, and 𝛼𝛼𝑓𝑓 is the convection heat transfer rate, which can be calculated by 
the method presented in the previous paper (Nagano et.al, 2006). 

CALCULATION OF TEMPERATURES CONSIDERING MULTIPLE GEOLOGICAL LAYERS 

Figure 3 illustrates the multiple GHEXs buried in the ground with multiple geological layers. It is assumed that the 
heat transfer between the ground layers can be ignored. If the temperature changes on the surface of certain GHEX at every 
layer can be independently calculated, the temperature change at the layer k is expressed by using the following equation. 
 
∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑘𝑘�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡� = ∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑖𝑖,𝑘𝑘�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡� + ∑ ∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑗𝑗,𝑘𝑘�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗 , 𝑡𝑡�𝑚𝑚

𝑗𝑗=1        (21) 
 



 
 

The temperature changes ∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑖𝑖,𝑘𝑘�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖 , 𝑡𝑡�  and 
∆𝑇𝑇𝑠𝑠,𝑖𝑖,𝑗𝑗,𝑘𝑘�𝑟𝑟𝑑𝑑,𝑖𝑖,𝑗𝑗 , 𝑡𝑡�  can be calculated as well as the 
calculation method previously explained. 

The temperature of heat carrier fluid at each 
section in the GHEX are also independently calculated. 
The heat balance equation of heat carrier fluid in the 
supply pipe at the layer k (the section number k) in 
Figure 11 is expressed by the following equation. 
 

𝑐𝑐𝑝𝑝𝑝𝑝𝜌𝜌𝑓𝑓𝑉𝑉𝑓𝑓,𝑘𝑘
𝑑𝑑𝑑𝑑𝑓𝑓,𝑘𝑘

𝑑𝑑𝑑𝑑
= 𝑐𝑐𝑝𝑝𝑝𝑝𝜌𝜌𝑓𝑓𝐺𝐺𝑓𝑓�𝑇𝑇𝑝𝑝𝑝𝑝𝑝𝑝,𝑘𝑘 − 𝑇𝑇𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,𝑘𝑘�+ 

𝐾𝐾𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜𝐴𝐴𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜
2

�𝑇𝑇𝑠𝑠,𝑘𝑘(𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡) − 𝑇𝑇𝑓𝑓,𝑘𝑘�  (22) 
 

Also, the heat balance equation of heat carrier 
fluid in the return pipe at the layer k (the section number 
2n+1-k) in Figure 3 can be given as the following. 
 

𝑐𝑐𝑝𝑝𝑝𝑝𝜌𝜌𝑓𝑓𝑉𝑉𝑓𝑓,2𝑛𝑛+1−𝑘𝑘
𝑑𝑑𝑑𝑑𝑓𝑓,2𝑛𝑛+1−𝑘𝑘

𝑑𝑑𝑑𝑑
=  

𝑐𝑐𝑝𝑝𝑝𝑝𝜌𝜌𝑓𝑓𝐺𝐺𝑓𝑓�𝑇𝑇𝑝𝑝𝑝𝑝𝑝𝑝,2𝑛𝑛+1−𝑘𝑘 − 𝑇𝑇𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝,2𝑛𝑛+1−𝑘𝑘�+ 𝐾𝐾𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜𝐴𝐴𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜
2

�𝑇𝑇𝑠𝑠,2𝑛𝑛+1−𝑘𝑘(𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡) − 𝑇𝑇𝑓𝑓,2𝑛𝑛+1−𝑘𝑘�    (23) 
 

The heat injection rate at the layer k 𝑞𝑞𝑘𝑘 is calculated by using the following equation. 
 
𝑞𝑞𝑘𝑘 = −𝜋𝜋𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜�𝐾𝐾𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜�𝑇𝑇𝑠𝑠,𝑘𝑘(𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡) − 𝑇𝑇𝑓𝑓,𝑘𝑘�+ 𝐾𝐾𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜�𝑇𝑇𝑠𝑠,𝑘𝑘(𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡) − 𝑇𝑇𝑓𝑓,2𝑛𝑛+1−𝑘𝑘��    (24) 

EXAMPLE OF PERFORMANCE PREDICTION OF GROUND SOURCE HEAT PUMP SYSTEM 

Calculation conditions  

Considering the case of a GSHP system affected by 
the groundwater flow installed in an office building in Akita 
prefecture, Japan, the temperature change in the GSHP system 
was predicted. The calculation conditions are shown in Figure 
4. The GSHP unit with the heating and cooling output of 
around 30 kW is connected to 4 borehole GHEXs with 100 m 
depth.  The underground temperature and the effective 
thermal conductivity without groundwater flow were given as 
12.0 oC and 2.0 W/(m・K), respectively. The three types of 
geological conditions shown in Figure 5 were provided. CASE 
A is the single geological layer without groundwater flow. 
CASE B is the double geological layers and the upper layer 
have the groundwater flow with the velocity of 1000 m/year. 
CASE C is the single layer with the groundwater flow and the 
velocity is 1000 m/year. The hourly thermal load shown in 
Figure 6 was assigned every hour and the external surface 
temperature of the GHEX 𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� = 𝑇𝑇𝑠𝑠0 +
∆𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜, 𝑡𝑡� and the inlet temperature in the primary side of 
GSHP unit 𝑇𝑇1𝑖𝑖𝑖𝑖 were calculated (Nagano et.al, 2006).  

 
Figure 3 GHEXs buried in the ground with  

multiple geological layers 

 
Figure 4 GSHP system installed in office building 
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GSHP unit
for AC

GHEX

Indoor AC
unit

GHEX(100m×4borehole)
Type: Single U-tube (25A)
Grout: Silica sandGround condition

Temperature：12.0 oC, Heat capacity：3000 kJ/ (m3･K), 
Effective thermal conductivity：2.0 W/(m･K)

Heat pump unit
Cooling output： 28 kW
Electric power：6.1 kW
Heating output： 32 kW
Electric power：8.2 kW



 

 
 

Result and discussions  

Figure 7 compares the hourly variations of 𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡�. 
In CASE A, the temperature 𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� is around 8 oC at the 
minimum and around 20 oC at the maximum. On the other hand, 
the temperature 𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� in CASE C ranges from 10 oC to 14 
oC. The reason is that the temperature change occurred by heat 
injection/extraction into/from GHEX is smaller when the 
groundwater flow is generated. The temperature 𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� at 
upper layer in CASE B is almost the same as the temperature 
𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡�  in CASE C and the temperature change of 
𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� at bottom layer in CASE B is alike the temperature 
change of 𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� in CASE A. Also, the hourly variations of 
𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� in the representative period (Aug. 18 ~ Aug. 19) are shown in Figure 8. The temperature 𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� at upper 
layer in CASE B and 𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑡𝑡,𝑡𝑡� in CASE C decrease to 12 oC, which is the initial ground temperature, if the GSHP system 
is not operated. This is due to the effect of groundwater advection. Finally, Figure 9 shows the hourly variation of  𝑇𝑇1𝑖𝑖𝑖𝑖.  
 

 

 
 

Figure 5 Conditions of geological layer 

 
Figure 6 Hourly thermal load in annual 

 

 
Figure 7 Hourly variation of  𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� in annual 

 

Figure 8 Hourly variation of 𝑇𝑇𝑠𝑠�𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜,𝑡𝑡� in the 

representative period (Aug. 18 ~ Aug. 19) 

 

Figure 9 Hourly variation of 𝑇𝑇1𝑖𝑖𝑖𝑖 in annual 

 



 
 

The temperature variation of 𝑇𝑇1𝑖𝑖𝑖𝑖 is also smaller when the groundwater flow is generated. Then, the temperature variation is 
smaller when the thickness of layer in which the groundwater flow is generated becomes larger. From this result, it seems that 
the GSHP system can be operated even if the number of GHEXs is reduced in CASE B and CASE C. Therefore, it is 
indicated that the total length of GHEX can be reduced by considering the groundwater flow in the design of GSHP system. 

CONCLUSION 

1) It is shown that the heat transfer in the porous media with Darcy flow surrounding cylinder can be expressed by 
applying the MICS and the MILS if the radius of cylinder is small. In addition, in order to calculate the MICS solution in 
short time, the method in which the modification coefficient is multiplied to the ICS analytical solution. 

2) The calculation method of the underground temperature that can consider the heat injection/extraction into/from 
the GHEXs was introduced. The method applies the superposition of the MICS solution and the MILS solution. 

3) Considering the case of a GSHP system installed in an office building, the conditions of geological layer and 
groundwater velocity were changed and the temperature changes of the ground and the heat carrier fluid in the primary side 
were calculated. The result shows that the temperature changes of the ground with groundwater flow is smaller than the 
temperature changes of the ground without groundwater flow. Therefore, it is indicated that the total length of GHEX can 
be reduced by considering the groundwater flow in the design of GSHP system. 
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NOMENCLATURE 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝐴𝐴 = Area (m2) 
𝑎𝑎 = Thermal diffusivity (m2/s) 
𝐶𝐶𝑐𝑐 = Modification coefficient (-) 
𝐶𝐶𝐶𝐶∗ = Non-dimensional modification coefficient (-) 
𝑐𝑐𝑝𝑝 = Specific heat (J/(kg. K)) 
𝐹𝐹𝑂𝑂= Non-dimensional number (= 𝑈𝑈2𝑡𝑡/𝑎𝑎) (-)  
𝐺𝐺 = Flow rate (m3/s) 
ℎ = Hydraulic head (m) 
𝐽𝐽𝑥𝑥= xth-order Bessel function of first kind (-)  
𝐾𝐾 = Overall heat transfer coefficient (W/(m2. K)) 
𝑘𝑘 = Hydraulic conductivity (m/s) 
𝐿𝐿 = Length (m) 
𝑛𝑛 = Number of time step (-) 
𝑄𝑄 = Thermal load, heat injection (W) 
𝑞𝑞 = Heat injection rate per length (W/m) 
𝑅𝑅∗ = Non-dimensional number (= 𝑈𝑈𝑈𝑈/𝑎𝑎) (-) 
𝑅𝑅 = Thermal resistance (m2. K/W) 
𝑟𝑟 = Radius (m) 
𝑟𝑟∗ = Non-dimensional distance (= 𝑟𝑟/𝑟𝑟𝑝𝑝−𝑜𝑜𝑜𝑜𝑜𝑜) (-)  
𝑇𝑇 = Temperature (°C) 
𝑇𝑇∗ = Non-dimensional temperature (= 2𝜋𝜋λΔT/𝑞𝑞) (-)  

𝑡𝑡 = Time (s) or (h) 
𝑡𝑡∗ = Non-dimensional time (Fourier number) (= 𝑎𝑎𝑎𝑎/𝑟𝑟) (-)  
𝑈𝑈 = Effective heat transport velocity (= (𝑢𝑢𝑐𝑐𝑤𝑤𝜌𝜌𝑤𝑤)/(𝑐𝑐𝑠𝑠𝜌𝜌𝑠𝑠)) (m/s) 
𝑢𝑢 = Groundwater velocity (m/s) 
𝑉𝑉 = Volume (m3) 
𝑥𝑥 = x coordinate (m) 
𝑌𝑌𝑥𝑥 = xth-order Bessel function of second kind (-) 
𝑦𝑦 = y coordinate (m) 

α = Convection heat transfer coefficient (W/(m2. K)) 
β = Characteristic value (-) 
λ = Thermal conductivity (W/(m.K)) 
𝜌𝜌 = Density (kg/m3) 
φ = Angle coordinate (rad) 
ϕ = Velocity potential (m2/s) 
τ = Parameter relating to time (s) or (h) 
τ∗ = Non-dimensional parameter relating to time (-) 

Subscripts 

b = Borehole 
d = Distance 
f = Heat carrier fluid  
i = Certain GHEX  
j = Neighboring GHEX 
k = Number of ground layer 
l = Code number of approximate rectangular step load 
m = Number of GHEX 
n = Number of time step 
p = GHEX 
pin, pout = Inlet/Outlet of GHEX 
p-out = Outside of GHEX 
s = Soil  
s0 = Soil initial 
s-ICS = Solution of ICS problem 
s-MICS = Solution of MICS problem 
s-MLCS = Solution of MLCS problem 
U = U-tube 
w = Water in soil 
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