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Whether the classical solutions of two-dimensional incompressible ideal MHD equa-
tions or inviscid Boussinesq equations can develop a finite time singularity or globally
regular for all time from smooth initial data with finite energy is an outstanding open
problem in fluid dynamics. We study these equations to explore how far one can go
beyond these two cases and still can prove the global regularity.

First, the global regularity for the 2D MHD equations with horizontal dissipation
and horizontal diffusion is studied. We prove that the horizontal components of any
solution admit a global bound in any Lebesgue space L?", 1 < r < oo and the bound
grows no faster than the order of v/rlogr as r increases. Furthermore, we prove that
any possible blow-up can be controlled by the L*-norm of the horizontal compo-
nents. We establish the global regularity of slightly regularized 2D MHD equations
with horizontal dissipation and horizontal magnetic diffusion. The global regularity
issue of the MHD equation with horizontal dissipation and horizontal magnetic dif-
fusion is extremely hard. The classical energy method does not work. By using the
techniques from the Littlewood- Paley decomposition and logarithmic bound for the
horizontal components, we are able to resolve the global regularity issue of the 2D
MHD equations with horizontal dissipation and horizontal magnetic diffusion.
Second, the global well-posedness for the 2D Euler-Bousinesq equations with a sin-
gular velocity is investigated. We prove the global existence and uniqueness of the
solutions to the initial value problem of 2D Euler-Boussinesq equations when the ve-
locity field is double logarithmically more singular than the standard velocity field
given by the Biot-Savart law.

Third, the global existence, and uniqueness for the 2D Navier-Stokes-Boussinesq equa-
tion with more general dissipation is studied. We prove that the solution is globally
regular even the critical dissipation is logarithmically weaker.
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CHAPTER 1

Introduction

This dissertation focuses on the global regularity issue of two well-known nonlinear
partial differential equations. The first equation is the two-dimensional Magnetohy-
drodynamic equations and the second equation is the two-dimensional Boussinesq

equations.

1.1 Magnetohydrodynamic Equations

1.1.1 Introduction

Magnetohydrodynamics deals with the dynamics of an electrically conducting fluid
under the influence of magnetic field. The word magnetohydrodynamics is made up
of three terms magneto indicating magnetic field, hydro referring liquid, and dynamics
meaning movement. The magnetic field, which is present everywhere in the universe,
generates magnetic force and this force influences the dynamics of moving fluid, po-
tentially changing the geometry or strength of magnetic field itself. The study of
magnetohydrodynamics was first initiated by Swedish scientist Hannes Alfvén [4].
Because of his pioneer contribution in magnetohydrodynamics, he received Nobel
Prize in Physics in 1970. The Magnetohydrodynamic (MHD) equations govern the
dynamics of the velocity and the magnetic field in electrically-conducting fluids and
reflect the basic physics laws of conservation. These equations can be implemented
to study various problems in plasma, liquid metals, saltwater as well as astrophysics.
The MHD equations involve coupling between the Navier-Stokes equations governing

the fluid and the Maxwell’s equations governing the magnetic field. The standard



form of the incompressible MHD equations is

4

u+u-Vu=—-Vp+vAu+0b-Vb, reR"t>0

by +u-Vb=nAb+b-Vu, reR" t>0 (1.1)
V-u=0, V:-b=0,

u(z,0) = ug(x), b(x,0) = by(x)

0
where u is the velocity field, b the magnetic field , p the pressure, v the kinematic
viscosity and n the magnetic diffusivity. The term Awu represents dissipation and Ab
magnetic diffusion. The MHD equations have been a center of attention to numerous
analytical, experimental, and numerical investigations. In [32], Duraut and Lions
constructed a class of global weak solution with finite energy and a class of local
strong solutions for the system (1.1) in the two dimensions (2D) and three dimen-
sions (3D). The smoothness and uniqueness of such weak solution was demonstrated
only in the two dimensional case but this is an outstanding open problem for three
dimensions. One of the most fundamental problems in fluid dynamics concerning
the 3D MHD equations is whether their classical solutions are globally regular for all
time or they develop finite time singularity. This problem is extremely difficult due
to the occurrence of nonlinear coupling between the Navier-Stokes equations with a
forcing induced by the magnetic field and the induction equation. When b = 0, the
system (1.1) reduces to the Navier-Stokes equations. Whether the 3D incompressible
Navier-Stokes equations can develop a finite time singularity or globally regular for
all time from smooth initial data with finite energy is one of the six one millennium
dollar prize problems announced by the Clay Mathematical Institute [35]. There are
numerous papers related to global regularity criteria published by Mathematicians,
Physicists and Engineers ([4, 8, 10, 12, 18, 22, 24, 32, 33, 34, 37, 38, 39, 47, 54, 56,
65, 72, 73, 74, 75, 76, 67, 69, 82, 83, 84, 85, 86]).

Now we will discuss some of the existing results and open problems related to the

MHD equations.



1.1.2 Existing Results

The existence and uniqueness of global classical solution for two-dimensional MHD
equations with initial data in H*, s > 2 is well known ( [32], and [67]). However,
only the local existence and uniqueness of solution for the the three-dimensional MHD
equations (1.1) with initial data in H®, s > 3 is known. It is currently unknown that
whether solution to the three-dimensional MHD is global in time or it generates
finite time singularity. In order to gather some hints of this open problem, there
are numerous papers related to regularity criteria under which solution is regular for
all time. It would be worthy to mention some known results related to the three-
dimensional MHD equations. In [72], Wu proved that if the velocity and magnetic
field satisfy [, (|Va(, t)[|§ + [ VO, 0)[3) < oo or [ ([[ul, )2 + [b(-1)l|%) < oo
then u and b remain smooth over [0,7]. He and Xin realized that the velocity field
plays predominant role over the magnetic field for the global regularity [38],[39]. They
proved that if u satisfies fOT [Vu(., )5 < oo with 2 + % =2and 1 < § < 2 then
the solution (u, b) is regular on [0, 7]. Later this assumption was weakened with L%-
norm replaced by norms in Besov Space by Wu ([74]) and was further improved by
Chen et al ([24]). In [85], Zhou proved that for initial data in H*®, s > 3 if the velocity
field satisfies Vu € L*7, with % + % <2, % < v < 00, or ||VuHLoo,% is sufficiently
small on [0,T], or u € L*" with 2 —i—% <1, 3 <7y < o0, or |ulges is sufficiently
small on [0,T], then the solution remains smooth on [0, 7.

In [47], the authors proved the regularity criteria for the 3D MHD equations in terms
of partial derivatives of the velocity and the pressure. They proved that if u, €
L(0,T; Lo(R?)), with 2 + 2 < 3¢ > 9 or V,p € LP(0,T; L*(R?)), with
%+§ <3, a> %, £ > 1 then the weak solution (u,b) is regular. In [14], Cao and
Wu investigated regularity criteria in terms of the derivative of the velocity field in one
direction. More precisely, they proved that for initial data (ug,by) € H?, V - ug = 0

and V - by = 0. If the velocity field u of the corresponding solution of (1.1) satisfies



fOT lu.(.,1)||2 dt < oo with o > 3 and §+% < 1, then (u, b) remains regular in [0, 7.
In the same paper, the authors excluded the possibility of finite time blow-up if there
is a suitable bound for the derivative of the pressure in a single direction. Their result
is for initial data (ug,by) € H*NL*, V-ug = 0 and V-by = 0, if the pressure p satisfies
fOT [p-(7)]|5dr < 00 with a > £ and 2 + % < 7 for some T > 0, then (u,b) remains
regular on [0, T]. There are numerous papers related to the regularity criteria for 3D
MHD equations.

When there is no dissipation and magnetic diffusion, the mathematical analysis for the
MHD equations becomes more complicated. The equations for ideal MHD equations

can be obtained without the dissipation and diffusion, namely

u+u-Vu=—-Vp+0b-Vb,

b +u-Vb=b-Vu, (1.2)

Veu=0, V:-b=0.
Any classical solution of the two-dimensional incompressible Euler equation is global
in time [49]. However, it remains a remarkable open problem whether classical solu-
tions of the two-dimensional ideal MHD equation preserve their regularity for all time
or finite time blowup. Many attempts have been made but there is no any satisfactory
results concerning the regularity of the solution. In [8], Calflish, Klapper and Steele
extended the well-known result of Beal, Kato, and Majda [6] to the 3D ideal MHD
equations. More precisely, they showed that if the smooth solution (u, b) satisfies
fOT lwl||zee + [|j||zdt < oo then the solution can be extended beyond t = T. Later
this assumption was weakened by norms in Besov space [83].
Since the difficulty arises in two-dimensional ideal MHD equations, many mathe-
maticians and physicists are attracted towards the anisotropic MHD equations. In
the case of anisotropic equations, the dissipation and the magnetic diffusion act differ-
ently in each direction. In nature, it is possible that the dissipation and the magnetic

diffusion coefficient have different roles in different directions. The anisotropic 2D



incompressible MHD equations can be written as

U+ U Vu = —=Vp+ V) Upg + Vo Uyy + - Vb,

by + - Vb =11 by + 1 by, + b - Vu, (1.3)

V-u=0, V:-b=0,
where (z,y) € R%, t > 0, u = (u1(x,y,t), uz(x,y,t)) denotes the 2D velocity field,
p = p(x,y,t) the pressure, b = (by(x,y,t),bs(z,y,t)) the magnetic field, and vy, vy,
71, and 7, are nonnegative real parameters. When vy = vy and 1, = 1, (1.3) reduces
to the standard incompressible MHD equations (1.1).
In [12], Cao and Wu studied the 2D MHD equations with mixed dissipation and
diffusion. They established the global regularity issue for the case vy > 0, vy = 0,
m=0and n >0o0ruv, =0, >0, n >0, and 7, =0.
When the Reynolds number is very high, which occurs in the turbulent flow, the
viscosity of the fluid is very low. So the viscosity parameter is ignored. This leads to
the MHD equations with no dissipation but only the magnetic diffusion. The global
regularity issue in this case remains open. In [12], the authors established the global
existence of H! weak solution for (1.3) when vy = 15 = 0 and 7, = 1, = n > 0 but the
uniqueness of such weak solutions is open. They have also shown if the Vu satisfies
SUP,>o \/iﬁ fOT |Vu(t)||pdt < oo, then the solution actually becomes regular.
In the case of extremely high conductive fluids that occurs frequently in the cosmical
and geophysical problems, the role of the diffusion phenomenon is insignificant. So

the magnetic diffusion is ignored ([22]), yielding the following equations.

U+ U VU= —=Vp+ V) Upy + Vo Uyy + - Vb,
bi+u-Vb=b-Vu, (1.4)
V.ou=0, V-b=0.
The local existence and uniqueness of the classical solution of the system (1.4) has
been proved [65]. In [65], Quansen and Dongjuan proved the regularity condi-

tion for two-dimensional MHD equations (1.4) in terms of magnetic field, which



is b e LP(0, T, W?P(R?)), with 2 + 2 < 2,1 < p <

. , 2 < q < oo. Fan and

Y

Ozawa proved a regularity criterion in the velocity field as Vu € LY(0,T; L>=(R?))
[34]. In [84], the authors proved that the solution (u,b) of (1.4) is regular for ini-
tial data (ug,by) € H?*(R?) if Vb € L'(0,T; BMO(R?)). Lei, Masmoudi and Zhou
showed that the classical solution for the system (1.4) is globally regular as long as
bobe L'(0,T; BMO(R?)) [55]. However, whether the solution is globally regular or
not under the condition fOT 16(., t)|%0dt < oo is still open.

The generalized MHD equation can be acquired by replacing the Laplacian in the
general MHD equations with a fractional power of (—A)®. This type of dissipation
corresponding to a fractional power of A arises from modeling real physical phenom-

ena. The generalized MHD equation is

w+u-Vu=—-Vp+vA*®u+b-Vb, ze€R" t>0
by +u-Vb=nA’b+b- Vu, zeR™, t>0 (1.5)
V-u=0, V:-b=0,

where A = (—A)% and can be defined by the Fourier transform

A2f () = ¢ f(€)

According to the pioneer work of Wu [73] on generalized MHD equation, the best
result for n-dimensional MHD equations is, the system (1.5) does not develop finite

time singularity as long as

L B>0, atf>1+ 2

>1+
a J—
=9 2

=13

There are many regularity criteria in the same paper by Wu [73]. In ([74]), the author
considered the n-dimensional GMHD equations and proved regularity criterion in
Besov space. Very recently, Tran, Yu and Zhai studied the global regularity issue of
2D generalized magnetohydrodynamic equations [69]. They have demonstrated that

the generalized 2D MHD equations with initial data (ug, by) € H*, k > 2 is globally



regular if a and ( satisfy condition o > %,B >lor0<ac< %,2(1 + 08 > 2or
a> 2, =0. In [82], Yamazaki and in [54] Lin & Du reduced the regularity criteria

for the 3D MHD equations which depend only upon two diagonal entries of Vu.

1.1.3 Statement of the Problems

Despite the numerous work in the MHD equations, the global regularity issue for
the two-dimensional MHD equations with horizontal dissipation and horizontal mag-
netic diffusion or vertical dissipation and vertical magnetic diffusion still needs to be
answered. Thus, inspired by the work of Cao and Wu in [12], we study the global
regularity issue for 2D MHD equations with horizontal dissipation and horizontal
magnetic diffusion for R2. Our intention to study this type of system is to discover
how far one can explore beyond 2D ideal MHD equations.

The first problem of this dissertation is devoted to the global regularity issue in the
case when v; > 0, 15 = 0, n; > 0 and 75 = 0 for MHD equations, namely the
two-dimensional MHD equations with horizontal dissipation and horizontal magnetic

diffusion
uy+u-Vu=—-Vp+u, +0- Vb, reR% t>0

by +u-Vb=by +b-Vu, reR:t>0
(1.6)

V-u=0, V-b=0,

| u(z,0) = uo(z), b(z,0) = bo(x).

For simplicity, the positive parameters are assumed to be equal to 1.

Now, a very general question arises: why the possible finite time singularity is ruled
out for the two-dimensional MHD equations with mixed dissipation and diffusion
( [12]) while the global regularity issue for the 2D MHD equations with horizontal

dissipation and horizontal magnetic diffusion (1.6) remains very difficult. We would

like to mention the difficulty we encounter when the energy method is applied to



answer the question. For any given sufficiently smooth data
u(z,0) = ug(x), b(z,0)=0by(z),

say, (ug,bo) € H?(R?), the corresponding solution obviously obeys global L*-bound.
That is,

t t
()| + b2 +2 / o ()| Badr + 2 / 162 (7) |

= [[uollZ> + [[bol|72- (1.7)

But the trouble arises when we try to achieve the global H!'-bound. The vorticity

w =V x u and the current density j = V x b satisfy

wi +u-Vw=wg +b-Vy, (1.8)

jt +u- Vj == ,]rm + b-Vw + 2(9mbl (azUQ + 3yu1) — 2(9{&1 (39662 + 8ybl),

we then obtain

d , ,
= (IllZz + 1131172) + N2 + N7z 172

N | —

_9 / 7 (Dubr(Dutts + Dyur) — 20,01 (Dubs + Dyby)) dady.  (1.9)

In order to obtain suitable bounds for the terms on the right, we need an anisotropic

Sobolev inequality stated in the following lemma ([12]).

Lemma 1.1 If f,g,h,g,, h. € L*(R?), then

1 1 1 1
[\l dsdy < 1l ol ool 1005 101 (1.10)

where C is a constant.

If we apply (1.10), two terms on the right of (1.9), [ j 9,b1 d,us and [ j dyuq 0,by can
be bounded suitably. But if we try to bound remaining two terms, we need to bound
either [} [10,b]1 or [ [|0,ull3. Because of the lack of dissipation and diffusion in the

vertical direction, we do not know how to bound these terms. As a consequence,



we cannot apply the Gronwall’s Lemma. This is the place where the direct energy
method breaks down and the problem becomes complicated.

Motivated by a recent work of Cao and Wu [13], in this dissertation we explore how
the Lebesgue-norm of the horizontal component (uq,b;) of a solution would affect
the global regularity. We are able to obtain a global a priori bound for the norm
|(u1,61)]]2r with 1 < 7 < oo, where ||f|, with 1 < ¢ < oo denotes the norm of a
function f in the Lebesgue space L?. The bound depends exponentially on r and we
are not sure whether or not ||(uy,b1)||s can be bounded for all time. If we do know
that fOT | (uy, b1)]|% dt < oo then we can actually show that the solution is regular on
[0,T]. Thus we substantiate that the L>-norm of the horizontal components controls
any possible blowup of classical solution in finite time, which is a conditional global
regularity for (3.1). We also prove that the pressure associated with any classical

solution obeys the global bound, for any "> 0 and t < T,

2 dt < O(T),

16 8)lla < C(T), / o )

where 1 < ¢ <3 and 0 < s < 1. These global bounds together with a decomposition
of the pressure into low and high frequency parts , we significantly improve the global
bound for ||(uy,by)||2-. We are able to display that ||(u1,b1)|2, does not grow faster

than /rlogr for large r < oo.

In addition, we study a slightly regularized version of (1.6), namely

U +u-Vu+e(—AYu=—-Vp+u,+b-Vb 1R’ t>0
by u-Vb+e(—APb=1by+b-Vu, 2R t>0 (1.11)
Vou=0, V-b=0
with € > 0 and 0 > 0.
We prove that the global regularity of classical solution for the system (1.11)) with
the initial data (ug,by) € H? These results associated with two-dimensional MHD

equations will be available in chapter 3. In chapter 4, we are able to show the global



regularity of the 2D MHD equations with the horizontal dissipation and horizontal
magnetic diffusion. The global regularity in this case is extremely difficult. We de-
compose the horizontal components into lower and higher frequency parts by using
Littlewood-Paley decomposition. The low frequency part can be bounded by the log-
arithmic bound for the horizontal components and the high frequency part can be

bounded by the horizontal dissipation and horizontal diffusion of the equations (1.6).

1.2 Boussinesq Equations

1.2.1 Introduction

The Boussinesq equations is a system of non-linear differential equations. These
equations have been used to study atmospheric and oceanic flow. Mathematically
the two-dimensional Boussinesq equations act as a lower dimensional model of the
three-dimensional hydrodynamic equations. The Boussinesq equations retain some
key features of the three-dimensional Navier-Stokes and the Euler equations such
as the vortex stretching term. The inviscid Boussinesq equations can be identified
with the three-dimensional Euler equations for axi-symmetric flow away from the
z-axis. One of the outstanding open problems in the fluid dynamics is whether clas-
sical solutions to the three dimensional Navier-Stokes equations can develop finite
time singularities or global regularity. The study of the two-dimensional Boussinesq
equations may support some indications to the regularity of the three-dimensional
Navier-Stokes equations. Thus these equations have fascinated considerable attention

of Mathematicians, Physicists as well as Engineers. The standard two-dimensional

10



Boussinesq equations can be written as

(

Ou+u-Vu+ Vp=vAu + ey reERZ t>0

00 +u-VO=rA) 1R t>0 (1.12)

V-u=0,
\

where u denotes velocity field, # the temperature in the content of thermal convection
and the density in the modeling of geophysical fluids, v the viscosity, x the thermal
diffusivity, and e, is the unit vector in the vertical direction.

Now we will be discussing some known pre-existing results and open problems related

to the two-dimensional Boussinesq equations.

1.2.2 Existing Results

Cannon and DiBenedett studied the two-dimensional Boussinesq equations (1.12)
with full dissipation and thermal diffusion, and achieved the global well-posedness [9].
The local existence and uniqueness of smooth solution of Boussinesq equations and
blow-up criterion for the inviscid case, v = 0, = 0, was proved by Chae and Nam [20].
Moreover, the solution remains smooth if fOT IVO(., )| dt < 00 or [ ||V dt <
oo. Later in [17], Chae proved the global well-posedness for the partial viscosity or
partial thermal diffusion, namely v > 0,x = 0 or v = 0,k > 0, with initial data
(ug,0p) € H™ x H™ with m > 2. Hou and Lie [46] provided the similar results
for the case v > 0,k = 0. The results related to the Boussinesq system with zero
viscosity was extended in [42] by Hmidi and Keraani to initial data ug € BE 1+1 and
0 € Bp% L "L with r € (2,00). In [45], Hmidi and Zerguine considered the Euler-
Boussinesq system with a fractional dissipation. Further progress was made by Hmidi,
Keraani and Rousset [44] on the Euler-Boussinseq system with critical dissipation or
critical diffusion and obtained the global well-posedness. Hmidi considered the Euler-

Boussinesq system in which the critical dissipation is reduced by a logarithm of the

11



Laplacian [40]. The system of such equations is given by

(

ou+u-Vu=—Vp+ e,
00 +u-VO+ rLO =0,

(1.13)
V-u=0,

u(z,0) = ug(x), 6(x,0)=0(x),

\
D]

log™(e* + D)

been successfully resolved.

where £ = and |D| = v/—=A, a € [0,1]. The global well-posedness has
Instead of reducing the dissipation by a logarithmic (1.13), Chae and Wu in [21]
considered the generalized Navier-Stokes-Boussinesq equations with a more singular
velocity field that was determined by the vorticity through the Biot-Savart law [58].

More precisely they considered the following initial value problem.

Ow~+u-Vw+ Aw = 0,,0,

00 +u- V0 =0,
(1.14)

u=V=%y, Ay =~Alog"(I — A)w,

\w(x,O) = wp(x), 0(x,0) = by(x),

where w = w(x,t), ¥ = (x,t) and § = O(x,t) are scalar functions of x = (1, z2) € R?
andt > 0, u = u(z,t) : R* — R?is a vector field, ¢ > 0 and v > 0 are real parameters.
The global well-posedness for (1.14) has been resolved [21].

In [31], Danchin and Paicu constructed global strong solution for the Boussinesq
system with only horizontal dissipation or horizontal thermal diffusion. Adhikari,
Cao and Wu studied the Boussinesq equations with vertical dissipation and vertical
diffusion [2, 3], and Cao & Wu proved the global well-posedness [13]. There are
many important results on the global well-posedness issue for the two-dimensional
Boussinesq equations for partial dissipation ([2, 3, 9, 13, 17, 21, 26, 29, 30, 31, 33, 40,
41, 42, 43, 44, 46, 53, 60, 61, 62]).

12



1.2.3 Statement of the Problems

The inviscid Boussineq equations is reduced to the widely known two-dimensional
Euler equations when § = 0. The global well-posedness is well-known for the two-
dimensional Euler equations, however the global well-posedness for inviscid Boussi-
nesq equations is an outstanding open problem. Many mathematicians are investi-
gating Fuler-Boussinesq equations and Navier-Stokes Boussinesq equations to explore
how far one can go beyond the critical dissipation or diffusion and still be able to prove
the global regularity. Motivated by the recent work of Chae and Wu [21] and Chae,
Constantin and Wu [16] on the generalized 2D Euler equations, the second project of
this dissertation is to investigate the existence and uniqueness of the solution on the
initial-value problem for the generalized Euler-Boussinesq system of equations with a

singular velocity.

(

Ow + u - Vw = 0,,0,
uw=V4ty), A=A PAw,

(1.15)
00 +u-VO+Aj =0,

w(z,0) = wo(z), 0(z,0) = Oy(x),

0

where u = u(z,t) is 2D vector field depending on z = (z1,72) € R? and ¢t > 0,
p = p(z,t), 8 = 0(x,t), and w are scalar functions, e is the unit vector in the xo-
direction and o > 0 is a real parameter. The Zygmund operator A = (—A)Y/2 A
and the Fourier multiplier operator P(A) are defined through the Fourier transform,

namely

— -~ —_ ~

A7f(&) = [€7F(§) and  P(A)f(§) = P(IE]) F(£)-

The system (1.15) involves a velocity field that is more singular than the standard
velocity which is determined by the vorticity through the Biot-Savart law. The veloc-

ity field in the standard case is given by Vu = VV+A~lw and ||Vul|z» < C||w||re,p €

13



(1,00). Thus w € L? implies Vu € LP. However, this is not sufficient for (1.15). In
fact, A7P(AN)w € LP implies Vu € LP. When P(\) = I and o = 0, the system (1.15)
is reduced into standard Boussinesq equations. In order to deal with more general

dissipation, we assume that P satisfy the following conditions.
Condition 1.1 The symbol P(|£]) is assumed to have the following properties:

1. P is continuous on R?* and P € C*(R?\ {0});
2. P s radially symmetric,
3. P = P(|¢]) is nondecreasing in |£|;

4. There exist two constants C' and Cy such that

sup |(I—A,)" P@n))| < CP(Cy )

271<n|<2

for any integer j and n =1,2.

The property (4) in Condition 1.1 is a very natural condition on symbols of Fourier
multiplier operators and is similar to the main condition in the Mihlin-Hérmander
Multiplier Theorem [68]. For notational convenience, we also assume that P > 0.

Some special examples of P are

P(¢) = (log(1+ [¢*)"  with v >0,
P(€) = (log(1 +log(1 +[¢*)))"  with v >0,
P(&) = I¢]’ with 8> 0,

P(¢) = (log(1 +[¢]*))7|¢]  with v > 0 and § > 0.
We prove in [50] that if the dissipative operator P(&) obeys the Condition 1.1 with
P(2¥) < CVk for a constant C' and any large integer k > 0,

and

| -
. rlog(1+7)P(r) e
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then the IVP (1.15) with o = 0 is globally well-posed in the regularity class
we C([0,T]; B, ,(R?), 6e€C([0,T];B; . (R*) N L [0, T]; B:f(R?)),forg > 2and s > 2.

As an application, we prove the global well-posedness of classical solutions to (1.15)
with double logarithmically singular velocity. More precisely the global regularity of

the following system.

(

Ow + u - Vw = 0,,0,
U= vaa Ay = log(l + 10g(1 - A))vwa 7€ [07 1]

(1.16)
00 +u-VO+Aj =0,

w(z,0) = wo(z), 0(x,0) = Oy(z),

\

As a consequence, when P(A) = I, we recover the classical result of global smooth
solutions for the 2D Boussinesq equations with a critical diffusion. On the other hand
as 6 = 0, our result endorses a result of generalized Euler equations [16].

The global regularity in time can be achieved by showing local existence & uniqueness
together with the global bounds. The difficult part is to find appropriate a prior:
global bounds for (w,#). The direct energy method cannot be applied due to the
presence of the vortex stretching term 0,,6. The vortex stretching term can be
concealed by combining w and R by G = w + RH, where R = A~'9,,. Then G

satisfies
0G+u- VG=—[R,u- V|, (1.17)

where the commutator [R,u - V]0 = R(u - V) —u - V(RH).

Although the vortex stretching term is hidden in the commutator, a compensation
of an appropriate estimate for the commutator is needed. First we estimate commu-
tator [R,u - V]# in B) . for p,r € [1,00]. Then the bounds for ||w]|Le L, HQHL%B&Z
and [|wl[[zz L~ are achieved by using equations for G and R6 together with the com-

mutator estimates and the estimates of 6 in BY ;. Finally the desired bounds for w

15



and 6 in B?

q,007?

for ¢ > 2,5 > 2 can be obtained in two steps. In the first step we
bound w and 6 in Bq/j, ~ for % < f < 1 by using the regularity on G and a logarithmic
bound for |Vu||z~ in terms of ||w| fenr=. The second step is to bound w and 6 in
Bg}w forl <y <2— % by implementing the bound obtained in the first step. After
repetition of this process, we achieve the desired bound for w and 6 in B;  for s > 2
and ¢ > 2.

In order to achieve uniqueness, we estimate the difference of two solutions in the
regularity class (1.16). It is easy to estimate directly because the solution is in the
high regularity class. The details will be provided later in the chapter 5.

Inspired by the work of Chae and Wu ([21]), and Hmidi ([40], the third problem
we study in this dissertation is the global regularity issue for the Boussinesq-Navier-

Stokes equations with Logarithmic supercritical dissipation.

(

ou+u-Vu+ Lu=—Vp+be,, reERZ t>0

0,0 +u-VO =0, r€R2 t>0
(1.18)

V-u=0,

u(z,0) = ug(x), 6(x,0)=0y(x),

\

where wu is a vector field denoting the velocity, 6 is a scalar function, e; is the unit

vector in the x5 direction, and £ is a nonlocal dissipation operator defined by

flx) = fy)

R2 |9U - ?/|2

Lf(r)= p.v. m(|lz — y[)dy (1.19)

and m: (0,00) — (0,00) is a smooth, positive, and non-increasing function with the

following three properties.
(i) there exists C1 > 0 such that rm(r) < C) for all r < 1;
(ii) there exists Cy > 0 such that r|m/(r)] < Com(r) for all » > 0;
(iii) there exists 8 > 0 such that r®m(r) is non-increasing.
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In [51], we prove the global well-posedness of the system (1.18). As an application, we
prove the global well-posedness of the 2D Boussinesq-Navier-Stokes equations with
logarithmically supercritical dissipation. More precisely, we have manifested that

when the initial data is in the following functional setting;
uo € H'(R?), wp € LYR*) N B (R?), 6, € L*(R%) N B (R?),

where wy = V X ug is the initial vorticity. Then (1.18) has a unique global solution

(u, 0) satisfying, for all ¢ > 0,

we LPH', weLPL'NLIBY,, € LFL*NLBY, NLIBY,.

00,1 00,1

The local well-posedness for (1.18) is well-known. The global well-possedness can
be achieved by obtaining the global bound. The global bound for ||wl|z2 cannot be
obtained from the vorticity equation, dw +u - Vw+ Lw = 0,,6, because of the vortex
stretching term 0,6 unless £ is very dissipative. In order to tackle such difficulty, we
combine two equations. The combined quantity G = w — R0 with R, = L7,
satisfies

0,G+u-VG+ LG =Ry, u-V]b. (1.20)

By using the appropriate bound for commutator together with the lower bound for dis-
sipative operator, we prove the global a priori bound for ||G||1q,q € [2,4). The global
bound for |G|z« and ||w|| e, ¢ > 4 is acquired by implementing bound of ||G||ZgB;1 and
HGHL%B&%. Finally, we establish the global bound for HWHL,}B&% and for HGHL%B&%Q
by using the algebraic bound of ||6]| LB, in terms of |[Vul|pi . To complement
uniqueness for the system, we consider the difference of two solutions in the above
regularity class and show that the difference must vanish. Then, the uniqueness is

achieved by using two inequalities, the velocity difference u® —u® in BY _ and the

difference 6 — %) in By 1% The details will be provided in the chapter 6.
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1.3 Organization of the Dissertation

This dissertation is organized as follows. The second chapter deals with some basic
notations, definitions, Littlewood-Paley theory and some basic lemmas. We present
our main work in the Chapter three, Chapter four and Chapter five.

In chapter three we account the two-dimensional MHD equations with horizontal dis-
sipation and horizontal magnetic diffusion. This chapter is further divided into five
sections. In section 3.1, we present the exponential global L", 2 < r < oo bound
for the horizontal components of the velocity field and magnetic field. The global
bound for pressure is illustrated in section 3.2. The section 3.3 deals with the im-
proved global bound for the horizontal components. More precisely, we present the
L™-norms of the horizontal components cannot grow faster than /rlogr, for large r.
The conditional global regularity for the two-dimensional MHD equations with the
horizontal dissipation and horizontal magnetic diffusion is elucidated in section 3.4
which is followed by the global regularity for the slightly improved two-dimensional
MHD equations with horizontal dissipation and horizontal magnetic diffusion in sec-
tion 3.5.

The fourth chapter establishes the global regularity of the 2D MHD equations with
horizontal dissipation and horizontal magnetic diffusion. This chapter is divided into
two sections. The first section deals with the H! bound and the second section deals
with the H? bound.

The fifth chapter is devoted to the study of the 2D Euler-Boussinesq equations with
a more singular velocity. The chapter five is further divided into four sections. In
section 5.1 we put forward interpolation inequality and commutator estimate in the
Besov space which are essential to our study. In section 5.2, we discuss global a prior:
bound for the vorticity w and 6 in the L9 and Besov space B&Z . The global bounds
for w and € are presented in section 5.3, which is followed by the proof of the main

theorem presented in section 5.4.

18



The sixth chapter is dedicated to the study of Boussinesq-Navier stokes equations
with a logarithmically supercritical dissipation. This chapter is further divided into
six sections. Section 6.1 provides some preliminary estimates including commutator.

The global bounds for ||w]| o.-1, ||G|Ls for ¢ € (2,4) are presented in sections 6.2

B35

and 6.3. The sections 6.4 and 6.5 present global bound for [|G||z,p. for ¢ € [2,4),
q,

||u)HLtlBo,a1 and ||wl||z« for ¢ > 2. The last section deals with the the proof of main

theorem.
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CHAPTER 2

Preliminary

This chapter is devoted to some basic notations, definitions, and facts, which are rel-
evant to this dissertation. Harmonic analysis, specially Besov space techniques, have
been very effective tools to study the well-posedness of nonlinear partial differential
equations. We present Littlewood-Paley decomposition, Bony’s para-products and

properties of the Besov space followed by notations and some definitions.

Notation:

Throughout this dissertation, the following notations will be used.

e C is a harmless constant which may have different values in different steps.

e For every p € [1,00], ||.||z» or ||.|[, denotes the norm in the Lebesgue Space L?.

The norm in the space L([0,T]; L%(R?) is denoted by ||.[|p e or [[[[p.q-

1Dl = I Dlee = 120 + llgll7e-

e For any pair of operators P and @ , the commutator [P, Q] = PQ — QP.

Definition 2.1 (L* space) For 1 < p < oo, LP(R") is the space of functions such

that

3=

(Jan lu(z, 7)|P dz)

, if 1 <p < oo,
lullzr = [Jull, =

ess supyepn [u(z, 7)|, if p= 00,

is finite.
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Definition 2.2 LP = LP([0,T]; L4(RY)) is the space of functions such that

(D) i1 < p < oo,

[ullzra = llullpq =

essSupPgcroy ||u(., 7)|| e, if p = 00,

s finite.
Definition 2.3 The space IP consists of sequence {x,}22, such that " | |x,[P < 00

Definition 2.4 (Convolution) The convolution of two functions f andg € L*(R?)

(f * 9)a /f o@ -y

Definition 2.5 (Schwartz Space) The Schwartz space S(RY) consists of smooth

is defined as

function f € C°(RY) such that for every k and m

sup (14 [2)[D°f] < o0

z€RY, |a|<m

Definition 2.6 (Riesz Transform) For 1 < j <d, the jth Riesz transform of f is

given by convolution

T —y;
. =C, . = J) d
RJ(f) dpv/Rd |x—y|d+1f(y) Y
for all f € S(RY)

In terms of Fourier multiplier

i
|£|f(£)) (z)

The Riesz transform satisfies Z?Zl R? = —1, where I is the identity operator.

Ri(f)(@) = (=

Definition 2.7 (Sobolev Space) Let Q C R? be an open set, for integer k > 0 and
1 < p < oo. The Sobolev space WHP(Q)) consists of the functions f € LP(Q) that have

weak derivatives D*f € LP(QQ) of all orders |a| < k. The norm is defined as

1
(S 1D ley)” i 1< p <0,
I ooy =

maxiq|<k [|[D*fllL@), if p=oc.
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When p = 2 we write W*? = HF,

Definition 2.8 (H*-norm) For any k € R, the H*-norm is equivalently defined as
e = [ 0+ IEPIIFOR de

2.1 Besov Space

Let S be the Schwarz class and S’ its dual, the space of tempered distributions. S,

denotes a subspace of S defined by

So = {¢€5: / o(x) 2 dx =0, || —0,1,2,...}
R4
and S denotes its dual. S} can be identified as
S, =8/Sy =8P

where P denotes the space of multinomials.

To introduce the Littlewood-Paley decomposition we write for each j € Z,
Aj={ceR?: 27N < <27t} (2.1)

The Littlewood-Paley decomposition asserts the existence of a sequence of functions

{®,};ez € S such that
supp®; C A;,  ©;(6) = Dp(277¢) o Bj(x) = 29P(27x),

and
> 1, if&e R\ {0},

> 3i(¢) =

p— 0, ife=0.
Therefore, for a general function ¢ € S, we have

o0

37 B(€)d(€) = (€) for € € RT\ {0},

j=—o00
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In addition, if ¥ € Sy, then
D (%€ = () forany £ R,

That is, for ¢ € Sy,
Z Qjxtp =1

j=—o00

and hence

Y a;xf=f  feS]

j=—o0

in the sense of weak-* topology of &;. For notational convenience, we define
Af=d;xf  jel (2.2)

Definition 2.9 (Homogeneous Besov Space) For s € R and 1 < p,q < oo, the

homogeneous Besov space B, consists of f € S satisfying

1f]

Bs, = 127°| A £l o |lia < o0

In order to define inhomogeneous Besove space, choose ¥ € S such that

TE)=1-Y P;(¢), EeRr”
§=0

Then, for any ¢ € S,
Usgh+ Y Bxgh =1
=0

and hence
Vs f+Y Oxf=f (2.3)
j=0
in & for any f € §’. To define the inhomogeneous Besov space, we set
0, if 7 <=2,
Ajf=9¢ Uxf, ifj=—1, (2.4)

O xf, ifj=01,2,--
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Definition 2.10 (Inhomogeneous Besov Space) The inhomogeneous Besov space

By, with 1 <p,q<oco and s € R consists of functions f € 8" satisfying

1.f]

By, = 127512 fll 2o llia < 0.
More precisely the inhomogeneous Besov norm is

" 181l + (S2a@ 185 1)7) ", if g < o0,

s —=
BP,q

1A 1 fllze + sUPo<jcoe 21D flle,  if g = o0

The Besov spaces é;,q and By  with s € (0,1) and 1 < p,q < oo can be equiva-

lently defined by the norms

[ Ufa ) = f@)])? )
i, = ([ )

B = Il + ( / (I +1) - f@)HLp)th) g

|t‘d+sq

/]

/]

When ¢ = oo, the expressions are interpreted in the normal way.

Definition 2.11 (Littlewood-Paley Decomposition) We define non-homogeneous
Littlewood-Paley decomposition as
F=Y A
j=—1

for any f € 8 and A; is called the the Fourier localization operators.

We also frequently use the notation for partial sum or low frequency cut-off S;: for

an integer 7,

j—1
Si= > Ay,

k=—1

For any f € &', the Fourier transform of S;f is supported on the ball of radius 27.

For notational convenience, we write A; for A;. We would like to mention some facts
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related to A;:

AN, =0, if [j—k| >2

7j—1
S; = Z Ap— 1, as j— o0

k=—o0

DS af D) =0, if |j—kl=4

We can define classical spaces, P, H® and Holder space by using the Littlewood-Paley
decomposition. The equivalent LP norm in terms of Besov norm is

oo

11l = 1S flle + | <Z(Ajf)2) o, i 1T <p<oo.

Jj=0

1
The equivalent H* for s € R, || f||ms = (fga(1 + [€]?)%]0()[* d€)?, is equivalent to

[l =[S0 fll 2 + (Z QQjSI\Aijiz)

J=0

Thus LP(R?) = BY,, for 1 < p < oo and H*(R?) = Bj,(R%)

2.2 Generalized Besov Space

We will use the following generalized Besov spaces to include an algebraic part of the

modes.

Definition 2.12 For s,y € R and p,q € [1,00], the generalized Besov spaces By
are defined by

1.f]

ey = 12721+ |14 fllze e < o0

Definition 2.13 Let a(z) = a(|z]) : (0,00) — (0,00) be a non-decreasing function

satisfying (6.6), namely

lim a(z)

|z|—o00 |[E|U

=0, Vo>0.
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ForseR and 1 < p,q < oo, the generalized Besov spaces é;:g and By are defined

through the norms

1.f1
If]

oo = 1127°a(27) |8 f || o[l < o0,

By = 127°a(2) 1A fllzellis < o0. (2.5)

We have also used the space-time spaces defined below.

Definition 2.14 Fort >0, s€ R and 1 < p,q,r < oo, the space-time spaces Z;é;7q

and Z’;B;’q are defined through the norms
1z, = 12708 Flloollo,

1z, = 12718 Fligs o
Z;é;;g and EQB;:Z are similarly defined.

3 _11 T OS T S,y T Os,a
These spaces are related to the classical space-time spaces Ly B, ,, Ly B,7, Ly B,y and

Ly By via the Minkowski inequality.

Most frequently used function spaces and Besov spaces are related by the following

embedding relations.

Proposition 2.2.1 For any s € R,
H* ~ By, H®~ Bj,.

Foranys € R and 1 < q < o0,

s

o o o
Bq,min{qQ} - Wq = Bq7max{q72}'

0

, 20 .
In particular, quin{q’Q} — L9 — quax{qg}.

Bernstein’s inequalities are useful tools in dealing with Fourier localized functions
and these inequalities trade integrability for derivatives. Proposition (2.2.2) provides

Bernstein type inequalities for fractional derivatives.
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Proposition 2.2.2 Let a« > 0. Let 1 <p < q < 0.
1) If f satisfies
supp f C {§ € R : [¢] < K27},

for some integer j and a constant K > 0, then

I(=2) fllageay < CL 227G 0|| fl] o -

2) If f satisfies
supp [ C {eeRY: K27 < €] < K27}
for some integer j and constants 0 < K7 < Ko, then

1

Cy 22| fll pagray < (=) fll aqray < Co g2es i, q)HfHLp(Rd)’

where C7 and Cy are constants depending on o, p and q only.

2.3 Bony’s Para-products

The main concept of para-product is the decomposition of a product of two functions
u and v into three parts. The first part is denoted by T, v called para-product of v by
u. The second part is T,u is para-product of u and v. The last part is the remainder
R(u,v). The para-product operator T,v is defined as
T, v = Z AjuS;_qu = Z Z AjvAgu, where partial sum S; = Z JAV:
J J k<j-2 E<j—1

The regularity of T,,v is mainly determined by v. The remainder R(u,v) is defined as

R(u,v) = Z AulAjv = Z A, where A;= A+ A+ Ay

li—j|<1 i

Since ) ; A; = I, we can write

Uy = Z Z Ajulgv
k

J
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Definition 2.15 (Para-products) The Bony’s para-products of two tempered dis-

tribution u and u is defined as

wv = Tyv + Tyu + R(u,v).

2.4 Some Useful Lemmas and Inequalities

Lemma 2.1 (Holder Inequality) For any Lebesgue measurable functions f and g

1 1

1
1fallee < Ifllgllglle,  where —=—+4—.
p q

Lemma 2.2 (Minkowski’s Inequality)

(f|[ e dxf’ </ (/|f<x,y>|pdx)idy.

Lemma 2.3 (Young’s Inequality)

1. (Product) If a and b are non-negative numbers then

Pope 1 1
abga——i-—, where —+—-—=1
p q p q
2. (Convolutions) If f € LP, g € L1, 1 < p,q < oo then fxg € L", where

1+ % = % + %. More precisely,
1 gller < [[fllzellgllze.

Lemma 2.4 (Gagliardo-Nirenberg Inequality) For 1 < ¢,r < oo and « and

are integer satisfying 0 < a < 8. Then for any smooth function f,

1 « 1 B
a p < ADB aq l:a — — - — =)+
HA f”L — OH f||L ||f||L ) wher’e (p d) a(q d) r

Lemma 2.5 (Gronwall Inequality) If f,gandh > 0 are continuous on [0,t], h is

differential, and
o) < b))+ [ FS)g(s)ds
0
then

o0 < h0)ep ([ s9s) + [0 [exp [ sy

28



Lemma 2.6 (Osgood Inequality) Let a(t) > 0 be a locally integrable function.

| o=

Assume w(t) > 0 satisfies

Suppose that p(t) > 0 satisfies
t
) < at [ alshulo(s)ds
to
for some constant a > 0. Then if a =0, then p=0; if a > 0, then
t
~0(p(t) + 2e) < [ alr)ar,
to

where
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CHAPTER 3

The 2D Magnetohydrodynamic Equations with Horizontal Dissipation

and Horizontal Magnetic Diffusion

In this chapter, we consider the initial value problem for the 2D magnetohydrody-

namic equations with horizontal dissipation and horizontal magnetic diffusion.

(
uy+u-Vu=—-Vp+u, +0- Vb, reR? t>0

by+u-Vb=by +b-Vu, reR:t>0
V-u=0, V:-b=0,

| u(@,0) = uo(z), b(z,0)=bo(),

where u is the velocity field, b the magnetic field, and p the pressure.

First we prove that the horizontal component of any solution admits a global (in time)
bound in any Lebesgue space L*" with 1 < 7 < oo and the bound is exponential. Our
main efforts are devoted to improve the global bound for ||(u1,b1)l|2,. We prove that

the pressure associated with any classical solution obeys the global bound, for any

T>0andt<T,

(- 8)]ly < C(T), / 1o 8) | dt < C(T).

where 1 < ¢ < 3 and 0 < s < 1. These global bounds together with a decomposition
of the pressure into low and high frequency parts , we significantly improve the global

bound for [[(uy,b1)||2-. We are able to show that ||(u,b;)|2- does not grow faster

than /rlogr for large r < oc.

In addition, we establish a conditional global regularity in terms of the L?L°-

norm of the horizontal components.
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Furthermore, we study the global regularity of a slightly regularized version of the
MHD equations, namely

ut—l—u-Vu+e(—A)5u:—Vp—l—um—i—b-Vb, reR:t>0

b+ u-Vb+e(—AY’b=by+b-Vu, xR t>0 (3.2)

V-u=0, V-b=0,
with € > 0 and 6 > 0.
We establish the global well-posedness for the system (3.2) with initial data (ug, by) €
H® s> 2.

The proofs of our results take advantage of the symmetric structure of (3.1). That
is,
wr =utb

satisfies )

Owt + (w™ - V)wt = =Vp + 0*w™,

dw™ + (wr - V)w™ = =Vp+ dw™, (3.3)

\V-er:O, V-w™ =0.

We remark that this symmetric formulation is still more complex than the 2D Boussi-
nesq equations dealt with in [13]. (3.3) consists of a system of two vector equations
and the interaction between w™ and w~ makes it mathematically more difficult.

In later section, we will need the following anisotropic triple product lemma (see [12]).

Lemma 3.1 If f,g,h, gy, he € L*(R?), then

1 1 1 1
J[ 1 antdsay < st ol o e 1 (3.4
Where C'is a constant.

The vorticity formulation of (3.1) is very useful to study global well-posedness. The

vorticity w = V x u and the current density j = V x b satisfy
wi+u-Vw =Wy +b-Vjy,

(3.5)
jt +u- V] = jxx +b-Vw—+ anbl (aIUQ + Gyul) — 2@xu1 (beg + aybl),
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We will present the theorems and their proofs in the later sections.

3.1 A Global Bound in the Lebesgue Spaces

Assume that (u, b) is a classical solution of (3.1). This section shows that its compo-
nent in the z—direction (uy,b;) admits a global (in time) bound in L?*(R?) for any
1 < r < co. The bound obtained here depends exponentially on r. More precisely,

we develop the following theorem.

Theorem 3.1 Assume that (ug,by) € H?*(R?) and let (u,b) be the corresponding

solution of (3.1). Then, for any 1 < r < oo, (uy,by) obeys the global bound
(1, 1) o < Cre®", (3.6)
where Cy and Cy are constants depending on ||(ug, bo)||2- only.

In order to prove this theorem, we need the global L2-bound.

Lemma 3.2 Let (ug,by) € H?(R?) and let (u,b) be the corresponding solution of

3.1). Then, (u,b) obeys the following global L*-bound,
(3.1) y 99

t t
lu(®)]I5 + !Ib(7f)||§+2/0 ||<937:U(T)||§df+2/0 10:6(r) [ dr < [luollz + [Ibollz  (3.7)

foranyt > 0.

Proof. (Proof of Theorem 3.1) It is more convenient to use the symmetric form of

(3.1), namely (3.3). Multiplying the first component of the first equation of (3.3)

|2r 2

by w; Jw] and integrating it with respect to space variable, we obtain, after

integration by parts,

— [l [12; (27“—1)/|3 wi w7 (27“—1)/1%9 wilwi 72 (3.8)

By Holder’s and Sobolev’s inequalities,

/ Opwy [wl 772 < {lpllar 105wy Jwy [ o [l [ 2o

< Or||Vpll 2o [|0swy fwy I 2 flw I3,
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where C' is a constant independent of r. Therefore, by Young’s inequality,

2r
4

r— —1 r— 2(r—1)
2 =1) [ o i P2 < 20w o | + Ot 15

To bound the pressure, we take the divergence of (3.3) to get
—Ap = 0, (wy Opwy + wy 0wy ) + 0y (w dpwy + wy dpwy). (3.9)
Due to the boundedness of Riesz transforms on L? for any 1 < ¢ < oo, we have

||Vp||% < ||w1 Opwy || 2 + ||wf8 wy || = + ||wf8 Wy || 2r, + ||w1 Oy wy || 2r,

< Jwr [l (10swy (12 + 102wy [l2) + llw] llze (10swy [l2 + 10zw5 ||2)-
Consequently,

Cr¥||Vpl %o [l 5"
_ _ _ 2(r— 1
< O3 (|| 0w |2 + 1|8pwi |2 + |05y (12 + 180ws [12) ([ [lar + [[w] [lar)?]|wi 3¢

< Cr¥([10zwy I3 + 1103 |15 + 10zwy 1I3 + |0awy [15) (i[5 + llwy [157)-

Combining the estimates above, we obtain

1d (2r-1) .
ot + S [ ot Plui -
< 0P (st |3 + 19,5 3 + 19w I + N 1)t 13 + et 20).

Similarly,

1d, ., (2r—1) o
A Y

< Cr*([|0sw |3 + 19aw3 |13 + |0swy [I5 + 118zws [13) (lwif 127 + lwy [127).
Adding these two inequalities yields

1d — 1127 (27’ — ]') r— r—
o (lwi ll3r + [t 1137) + T/(W wi Pl 72 4 [y [Py [77)

< Cr® ([10swy I3 + 192w [15 + 10xwy 115 + 190wy [15) (Ilwi 157 + [lwy [157) -
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It then follows from Gronwall’s inequality that
lwi 3 + llwr 1150 < (lwf ()15 + llwr (0)]137)
t
X exp (Cr4/0 (N0swr 3 + 10zw3 |13 + [|9uwy [I3 + (100w |[3) dT) -

This inequality together with (6.14) yields (3.6). |

3.2 Global Bounds for the Pressure

In this section we provide the L?"-bounds for the second components (us,bs) when
r =2 and 3. Then we establish two global bounds for the pressure: one for ||p||, with
1 < ¢ <3 and the other for [} ||p(7)|%.dr with s € [0,1). The precise results can be

stated as follows.

Theorem 3.2 Assume that (ug,by) € H?*(R?) and let (u,b) be the corresponding
solution of (3.1). Let p be the corresponding pressure. Let s € (0,1). Then, for any
T>0andt <T,

|(ug, b2)(t)||p2r < C, 1 =2,3, (3.10)

and, for any 1 < q < 3,

2.dr < C, (3.11)

Ip(t)], < C. / Ip(r)|

where C' is a constant depending on T and the initial data.

Proof. There seems to be no uniform approach to prove the bounds in (3.10) si-
multaneously for » = 2 and r = 3. We prove them separately and start with the
L*-bound. It is more convenient to use the symmetric form (3.3). Multiplying the
second component of the first equation of (3.3) by wj |wy |* and integrating by parts
yield

1d
Lot s [ 1ot Prog =3 [ poyufluil

34



To bound the term on the right, we use V - w™ = 0 and integrate by parts to get

[roguitui = = [posuijuif
= /8mpwf]w;\2+2/pwfaxw;w;

= Jy +2Js. (3.12)

By Holder’s and Sobolev’s inequalities,

IA

| o]

P14 lwi [l [lws Ozws ||

< ClIVplls l[wf |l llws 0swy |2
According to (3.10),
IVPlls < llwy la(l0swy [l + 10zw3 1|2) + [[wy a(|0swy [l2 + 1|0zwy [|2).
Therefore, by Young’s inequality,

1
Bl < i O |

+C ([lwy 13 + [l 1D (10:w7 113 + 10503 13 + [9awr (15 + 0wy [15)-
To bound Jp, we first apply Holder’s inequality,
[ Ti] < llpalls lwf s [1(ws)?]la.
By Lemma 3.3 below and V - w™ = 0,
I Pl < Clowwi 213 10, (w} Pl < Clled o 3 i O .
According to (3.10),

IVplls < Cllwy ls(l0xwy [l2 + 110zw3 [l2) + l[w) [ls(|Ozwy [l + [[Oawy [|2)

< C(llwylls + oy lls) (102w [l + 10z [|2).
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Therefore,

1 1
[l < Cllwyls(lwy lls + [lwy [ls) (10w (|2 + 102w [l2) [ wy Ozws |13 [|ws darwy |17
1

o llut o |

+C (10w [15 + 1007 [13) + i sy [ls + llwif[ls)*[lws 1311 0xwi 13-
Inserting the estimates for J; and Jo in (3.12) and recalling Theorem 3.1, we obtain
a global bound for ||wy||;. The bound for ||ws~||4 < C can be similarly established.

To prove the L°—bound in (3.10), we obtain from (3.3) that

= Ul 3+ ey 118) + 5 [l P 19 1[[; + 5 [[leoy 1 1055 1]

/ p(lwd 10,3 + |wy [*0,07)

| =

d
5

5 / p(lwi | Opui + w5 D7)
=5 [pllut fut + o ') + 20 [ P Ot + s Qg wr).
Applying Hoélder’s inequality, (3.9) and Lemma 3.3, we have

/ Oup(lwi " + [wy [*wr)
4/3 _ 4/3 _
< 18upllss (e I e Nss + e 7 o )
< O (lwt ll36 + g ll36)2 (105 |2 + [0s20 1)
11313 R 113115 — 1315 3.3 134
) (19, wd P13 19wt P13 Wt P13 + 110, oy PIIE 10:lwy I3 s PIIE)

1 a4
< O (I s + g ) (100l + 050 1) (e P + 1z P15

. L d .8 4 TP gk
x (1wt 15 19y 18 + N 15 192013 ) (Noshwd 15 + 102w P13 )

Also, by Hélder’s inequality and (3.9),
[ ottt P ouwtut + s 0wy i)
< lplollwi s it 12 st ol s + g s i 12 Bato ol o)
< C (Il Nl + o o) (1a* 12 + 12507 12)

X (lwy llell w3 * 0wy l2llws lle + 1w llollwy |* Ozwy [l2flws [lo)-
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Therefore, by Young’s and Gronwall’s inequalities,

t
e 18-+ o+ | (o P 10s 11 + s P o ) < €.

We now prove the first inequality in (3.11). Taking the divergence of the first two

equations in (3.3), we have
—Ap=V-(w -Vuw").
By the boundedness of Riesz transforms on L9,
Iplly < Cllw™ll2q lw™[|2g-

For 1 < ¢ <3, [[w™||24 and ||w*]|2, are bounded according to Theorem 3.1 and (3.10)
and thus ||p||, < C.

Now we prove the second inequality in (3.11). Recall that A® is defined through

its Fourier transform

—

Af(&) = €1 f(©).
Combining (3.9), the boundedness of Riesz transforms on L? and the Hardy-Littlewood-

Sobolev inequality, we have

APl < [[A*(=2) 7 0u (wy Doy + wi Dpwy |2 + A (=A) 710, (w] Opwy + wy Qi) |2

< AT (wy dpwf + wi wy) 2 + AT (w] wy + wi Bpw] )2

< Cllwy Opwy” + wi Opwy [lg + [lwy Ozwy + wy Orwy |l

< € (Iwwt s+ 1w ) (ot 2 + el 2. )
where ¢ satisfies % = % + % and C' is a constant independent of s. This completes
the proof of Theorem 3.2. [ |

We have used the following two calculus inequalities in the proof of above theorem.
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Lemma 3.3 Assume that f € L*(R?), 0,.f € L'(R?) and 0,f € L*(R?). Then

Iflls < V310 £17 10,£13, (3.13)
175 < VZUF13 10 £1F 10, £13. (3.14)

Proof. Write

Py = / 0.(fX(x,2)) d / 0.f (2 y)d

(/ f2xz8fdz)(/ 8f(zy)dz)
</ / |f||8fxzydzdx)</ / yafzyydzdy)

s (L) ([ s ) vausi

BILAIE 10, f1l2 110xf I

IN

IN

/ | fI dzdy
R2

1113

IN

IN

This yields (3.13).
For (3.14) write

“(Lontrm) ([ o)

then we obtain (3.14) by integrating and using Hélder inequality. [

3.3 An Improved Global Lebesgue-bound

This section establishes the improved global bound for ||(uy, by )||z2-, which states that
for r > 2, ||(u1, b1)]| L2r does not grow faster than the order of y/rlogr. More precisely

we prove the following theorem.

Theorem 3.3 Assume that (ug,by) € H?*(R?) and let (u,b) be the corresponding

solution of (3.1). Let 2 <r < co. Then,

[ (w1, b1) () || L2r w2y < Bo(t) v/7logr + By, (3.15)

where By is a smooth function of t and By depends only on ||(ug, bo)||2r-
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In order to prove this theorem, we need several facts that we now state and prove.

Lemma 3.4 Let g € [2,00) and s € (1,1]. Assume that f,g,0,9 € L*(R?), h €

L2=D(R?) and A3h € L?(R?). Then,

[ sandsis| < CUlalalg 10,01 101 AR, (316)

where p and v are given by

L, @G-, (@s-D-1)
P o@s—1)g-D+2 " @2s—Dg-1+1

and A; denotes a fractional derivative with respect to x and is defined by
ASh(z) = /eiw'£|§1|sh(§) dg.
Proof. To prove this inequality, we recall the one-dimensional Sobolev inequality
Pl e @) < C Il a0 g | NS P 2 ey (3.17)

where we have used the sub-index x with the Lebesgue spaces to emphasize that the
norms are taken in one-dimensional Lebesgue spaces with respect to x. By Holder’s

inequality and (3.17),

[t < ¢ [1ntualolalnlgy Ikl dy

o (fusmm) (fiotzya)

IN

D 42
2(g—1 - s
< fimegt )™ ([ iz a)
= Clfllzlgllzs 17ll5—y AR, (3.18)

where u = 2(q — 1)/((q — 2)). Clearly, u > 2. By Minkowski’s inequality followed
1= 2(q q Y, 1 y quality

by a Sobolev inequality,

lgllzzes < llgllzrz < Cligll118,ll2~" (3.19)

Inserting (3.19) in (3.18) yields the desired inequality in (3.16). |
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The following lemma allows us to bound the high frequency and low frequency parts

of a function in H® (0 < s < 1) separately.

Lemma 3.5 Let f € H*(R?) with s € (0,1). Let R € (0,00). Denote by B(0, R)
the ball centered at zero with radius R and by xpo,r) the characteristic function on

B(0, R). Write

=T+ with [=F (xsonFl) ad [=F((1-xpor)Fl), (3.20)

where F and F~1 denote the Fourier transform and the inverse fourier transform,

respectively. Then we have the following estimates for f and f

(1) For a pure constant Cy (independent of s),

Co

1-s
= R

[ Fl| oo 2y < HR?); (3.21)

(2) For any 2 < q < oo satisfying 1 — s — % < 0, there is a constant C independent

of s, q, R and f such that

| fllLa(r2) < CrgR"™ s /]

HS(RQ)' (322)

A similar type of lemma is proved in [13]. The lemma in [13] involves H! functions
while this lemma 3.5 allows to deal with H*-functions with s € (0,1). This lemma

can be similarly proven as Lemma 2.3 of [13].
Proof. For any f € H*(R?), 0 < s < 1, we can write

f=TF+[ with [J=F '(xponFf) and [=F((1-xson)F),
where

Lif [§|<R
X(0,R) =
0 if £ > R.
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1Flloe 7(6)] de

I/\

(1+ €)= (1 + |)* [F(€)] de

Jour
oo

C
<CR

| /\

IN
ol

| ] H(/ (14 7)"*rdr)

1-s

To prove (3.22), we use the embedding relation: for any 1 < ¢ < oo,

>0

a, max{q 2}

where Bgﬂn denotes the homogeneous Besov space. So for 2 < g < oo

1Fle < Callfllgo, = Ca [Z 12 £115

Since f(€) has support || > R so choose j < jo = [log, R] — 1 and use Bernsteins
inequality,

1
2

Ifle < Cq LZ 2V, sz

=Jo

=Cq LZ 24T D2% | A

=Jo

< 02D || fllge < CqgR™4

This completes the proof of the lemma. [ |

In [13], the authors had proved the following lemma.

Lemma 3.6 Let1 < q < oo. Let f € LY(RY) and let f be defined as in (3.20). Then,

for a constant C' depending on q only such that

1Nl aray < C || fll amay-

After collecting all lemmas we need, we are now ready to prove the main theorem of

this section.
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Proof. (Proof of Theorem 3.3) As in the proof of Theorem 3.1, we use the symmetric

form (3.3) and start with (3.8) with r > 2

1 d r— r—
ool 1+ @ =) ot Plut P2 = @ = 1) [posutiuf 2. 329

The term on the right will be treated differently. To start, we fix R > 0 (to be

specified later) and write

where

J1:(2r—1)/p8w1 |w1\2r2 J2:(27“—1)/p8w1 |wl|2r2

with p and p as defined in (3.20). To estimate J; and J,, we choose two parameters

s and ¢ satisfying
V5 —1 1
2

3 1
o <g<l4——. 3.24
2 sy SIS T (3:24)

<s<l1l, 2<¢q<

DO | Ut

The technical constraints in (3.24) will become clear later. By Hélder’s and Young’s

inequalities, we find

[Nl < (@2 = DIBlsoll (i) 2l 0w (i)™l

_ _ 2r —1
< @ = DIl + =

A

10w (wi )3

Assuming s and ¢ satisfying (3.24) and applying Lemma 3.5, we have

R ||p|

Co
Bl < . 3.25

where Cj is a constant independent of s. In the rest of the proof, we pay special
attention to whether a constant is bounded uniformly as s — 1. By (3.25) and the
interpolation inequality

22

/(wf)% > < o 5 e o (3.26)
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we have

2r —1 _
il < 102wy (wi )3
Cs 2(1—8) [[.|2 25 2 e
+E0 o= ) RO Pl 1 s 1 (327

where Cj is independent of s. To bound .J5, we first apply Lemma 3.4 to obtain
r— — r— r—1(1—
[ Ja| < C(2r = 1) (185w [y [ |2 (11151 15812~ 1 (wi)™ 15 118 (wi) 1™

where s and ¢ satisfy (3.24), ¥ and p are given explicitly in terms of s and g,

. (@2s-1)(¢—-1) 1 (2s—1)(¢ —2)
T 2s—D(g-D+1 T2 s —Dg-D+1

(3.28)

and C'is bounded uniformly as s — 1. According to (3.26), we have

p(r2=2r)
w15 < Qw15 o,

By Holder’s inequality,

5(1-p)
10p(w)H5? = (r—1)'7 (/(axw;y(w;)w—m)

= (r—1)"" (/((9 W)= (D )29512) (w;r)2(r—2)) 2070

—, (TE(ZT)(_ISP)
= (=l 15 ([ e?)
Therefore, by Young’s inequality,
1-p + || 7= 1 1 p(r2_2r)
[ Jo| < C(2r —1)(r —1)7||0yw; ||2 le ||2 ||w1 [P
14+ &500=0)
<ol ([ @i Pwy2)
2r —1 .- 20=p)r=1) 2
< T2 @t P+ - 06 - 0 Juf |
N 2(1— 2p(7‘2— 2(1—-9)(r—1)
X [|0zwi (|5 © ||w1 [P ||p||2q N ||A pll, 7 - (3.29)
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where C' is again bounded uniformly as s — 17, and, for notational convenience, we
have written

o=r—-1)—(1=p)(r—2)=1+pr—2p. (3.30)

To further estimate, we split ||p||24—1) into two parts and bound one of them via

Lemma 3.5. More precisely, we have, for any 0 < 5 < 1,

||25||2(q71) = ||p||2q 1) ||ﬁ||§(q71)

IN

~11-p —g——1_
C ||p||2(q—1) RU—m0? Ivd i[s

< Clplly,y R4 a0 (3.31)

Where the last inequality follows from Lemma 3.6 and C' is a constant independent
of s. Due to the conditions on s and ¢ in (3.24), this bound allows us to generate

RO~ 708 with (1—s—43)B <0. Inserting (3.31) in (3.29) yields

2r —1
< 2 [t
+ C(2r — 1)(7“ — 1)2(172(“1) R(l_s_q%l)ﬁwz’il) ||wf||227p
— 2p(r2—2r 19('r by, 20~ 19)(r 1)
% 0wt lly © ||w1 o © ||p||2(q y ° ||p|Hs ’ ,

where, again, C' is bounded uniformly as s — 17. We choose 3 so that the sum of

the powers of ||0,w{ ||> and of ||p||xs is equal to 2, namely

2(1—p) +ﬁ219(r - 1) . 21 —=9)(r—1)

=2.

Recalling (3.28) and (3.30), we find that

(2s —1)(2¢—3) —1
(2¢—2)(2s - 1)

B = (3.32)

The condition in (3.24) guarantees that 0 < § < 1. Then

e 20(r—1) | 20-0)(r=1)
e T M

< C (10wy I3+ llpll7) -
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Therefore, for 8 given by (3.32), we have

2r —1 -
B L o

—p)(r— 9(r—1)
+ 2 - 1><r 1) RO R
" 2p(r2—2r)
H) [y (o ©

29(r—1)
< [Iplis sy, © (1swi 13+

Combining (3.23), (6.27) and (6.28), we obtain

1d

o ot 11 s Pl
Cg 2(1 ) 9 2 27‘274'r
—S 1
< = (2r = ) RO pl e 15l [,
—p)(r— (r—1) 2p
+C’(2r—1)(7‘—1)WR(1_S_‘1%1)5219 1 Jw ||2p
)21% N 2p(r2—2r)
X lel2q 0 (II(9 w3+ [Ipll7) llwill,

(3.33)

(3.34)

where Cj is independent of s and C' is bounded uniformly as s — 17. We now choose

R such that

2(1—p)(r—1) L _ypg2r=1)

R2(1—s) — (T _ 1) }%(1fsqu1

Solving this equation for R, we find

2(1-5)(1-p)(r—1)
R2(1_S) — (T o 1) (175)0‘+B’L9(571+qi1)(7‘71) )

We then use (3.28),(3.30) and (3.32) to simplify this index and obtain

2l-s)1-p)(r—1) 2(1 = s)(g—1)

(1—5)0+519<5—1+q711) (r—1) =24 (=D (=) (g - 1)

We denote this index by 9,

2(1 —s)(g—1)
¢—2+ (=111 —=s)(¢g—1)

J

and therefore R?1~%) = (r —1)%. Clearly, § — 0 as s — 1, and

1 :q—l 5 _ 4] 1<2q—21'
l—s q—2 r—1) 6 q—2 6
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In addition, we notice that

2 _ 2 _
2r® — 4r <o 2p(r* — 2r)
r—1 o

<2r—2.
Without loss of generality, we assume [|w; |2, > 1. Tt then follows from (3.34) that

d C
St 1B, < S B @r 1) (0= 1), (336)

where C' is bounded uniformly as § — 07, and

2 T 12 (1-p)220=1) +112 2
B(t) = |[plasllwills™" + [Jwi |3 ||P||2(q_1) (”aﬂcwl 13 + llp| Hs) :
Since (6.10) holds for any 6 > 0, we set
1
0= ———
log(r — 1)
to obtain the optimal upper bound
Zlellz < CB() (2r — 1) log(r — 1) (3.37)

After § is selected, we choose s and ¢ satisfying (??) to fulfill (3.35) Since we have
chosen 2 < ¢ < 2,2 < 2(q — 1) < 3. According to Theorem 3.2, B(t) is integrable on
any time interval. We obtain (3.15) after integrating (3.37) in time. This completes

the proof of Theorem 3.3. |

3.4 Conditional Global Regularity

This section establishes the global bounds for ||(u, b)|| 2 in terms of the norms of the
horizontal components u; and by in L?LS°. We prove that any possible blowup of
the classical solution to the system (3.1) can be controlled by the L*-norm of the
horizontal components of the velocity field and the magnetic field. More precisely, we

have the following theorem.
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Theorem 3.4 Assume (ug, by) € H*(R?) and let (u,b) be the corresponding solution
of (3.1). If
T
[ bz de < o
0

for some T >0, then ||(u,b)|| g2 is finite on [0, T].

The proof of this theorem is divided into two major parts. The first part bounds

the H'-norm while the second bounds the H?-norm.

3.4.1 H' Bound in terms of |[(u1,b1)| 1212
This subsection proves the following proposition.

Proposition 3.4.1 Assume (ug,by) € H?*(R?) and let (u,b) be the corresponding
solution of (3.1). Then, for any T >0 and t < T,

(1, ) (8) | g1 < €, eC2Jo (@b ()% )dr (3.38)

where C depends on T' and the initial data only, and Cy is a pure constant.

Proof. Taking the inner product of the first equation of (3.3) with Aw™ and integrat-
ing by parts, we obtain

1d
§£va+”g + |0 Vw5 =1 + I + Iy + Iy + I5 + I,

where
I = /(%wlamw;@xw;, I, = /8xw23wa8mwf, I; = /(%wzﬁyw;@mw;,
Iy = /@wf@mwf@wa, Iy = /@wf@xw;ayw;, Is = /ayw;(?wa(?wa.
The terms can be bounded as follows. By Lemma 3.1,

1 1 1 1
L] < 0wwr (12 10aw3 |13 107wsll3 190w |13 1105,ws (13

< Owwy [l2 [10zw3 |12 [V Ozws |2

1 .
T IVoews [l + Cllowwy 3 [V |
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Similarly,

1 .
|B] < FGIVOwrlls + Clldswy |3 [ Vel 2.

|Is] < %Ilvaxwf?\l% + C|0zwy |3 [ Vewy I3
Integrating by parts, we have

I = —/(ﬁywlwfawa — /@lewf@gwa.
By Holder’s inequality;,

I < 20wl [VOawy [l2 [[Vewy |2

IA

1 _ _
TeIVOswi 15 + Cllwf[I5 [V |15
I5 and Is admit similar bounds as Iy,

1 .
| < sl Verlls + Cllwr 5l Vws [l

1 _
sl < L6l Vour|” + Clluy 5]V 3.
Similar estimates can be obtained for Vw™. Their combination yields

d . .
= IVt + [VoT|lz) + (10: Vet ]l; + [10:VwT[l3)

< (10w 15 + 10z [I3 + lwy [15 + [lwi %) (IVw*]]* +[[Vw™ ).

Gronwall’s lemma then yields the desired L?-bound for (Vu, Vb). Combining with

the global L?-bound in Lemma 1.7 leads to (3.38). |

3.4.2 H? Bound in terms of |[(u1,b1)| 1212

This subsection is dedicated to prove the theorem 3.4.
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Proof. Taking the inner product of the first equation in (3.3) with A%w™ and inte-

grating by parts, we find

1d
éaquJng + 0. Aw ™5 = —/A(w -Vuwt) - Awt. (3.39)

In order to make use of the anisotropic dissipation, we need to decompose the non-
linear term into different parts which show explicit dependence on the horizontal and

vertical derivatives. We write
/A(w V) Awt = Jy + Jy + Js,
where
J = /(Aw‘ Vu) - Awt, Jy= 2/(89610_ -Vo,wh) - Aw™,
J3 =2 /(8yw -Vo,w") - Aw.
We further decompose .J; into four terms, J; = Ji1 + Ji2 + Ji3 + Jia, where
Ji = /(Awf@xwf) Awyl,  Jpp = /(Awf@xw;) Awy,
Jiz = /(Aw28wa) Awl,  Jyy = /(AwQ(?yw;) Awy .
It is clear that, after integration by parts and applying Holder’s inequality,
[Tl < % (I1Aewi I3 + [Adzwr [13) + 4wy Iz (1AwY 3 + | Awr )
Similarly, after invoking d,w;” + d,ws =0,
[ ual < 2o (180, 13 + 180w 13) + 4llw 12 (1 Aws 3+ | Aws 1)

— 16

To bound Jy5, we apply Lemma 3.1 to obtain

1 1 1 1
[Tiz| < (10w ||z [[Awy |13 [[AGpwy [|F | Awy (I3 || Adwy |3
1
2
2

1 1 1
1005 12 | Aw |13 [|Adpwy I3 [[Awy (I3 [| Adywy||

N

1 . .
75 (120wl |l + 180wy [|2) + 41 0wwy ||z (| Aws |3 + [|Aw ])5) -
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To bound .J;3, we need the H*-bound from Proposition 3.4.1. By Lemma 3.1,

1 1 1 1
| /1] [AwY |2 [[Awsy |15 |ADyw, [I5 [|9ywy |13 110:05wy|I3

IN

1 1 1 1
< Awy 2 [Awy (I3 [[Adswy 13 [Vwy |3 [ VOaw( |13

IN

1 _ _
TelA%wr |z + ClIVeT [ollAw |3 + Cllo. Vi 3] Aws |15
Collecting the estimates for J;, we have found that four terms

1] < 5 (1A0:w™ |13 + [ A0:w™[13)

~~ =

+ ([l 12 + 10w |1 + Vi [l + 10 Vwi |12) (1 Aw* |13 + [ Aw™]3) .

Jy and J3 can be estimated in a similar fashion and we omit further details. Combining
the estimates for all of them and applying Gronwall’s inequality yields the desired

global result. This completes the proof of the theorem 3.4. [ |

3.5 Global Regularity for a Slightly Regularized System

This section establishes that (3.2) possesses global regular solutions if the initial data

are sufficiently smooth. More precisely, we have the following theorem.

Theorem 3.5 Let e > 0 and § > 0 be real parameters. Consider (3.2) with an initial
data (ug,by) € H*(R?). Then the corresponding solution (u,b) obeys the following

global a priori bounds, for any T >0 and t < T,
t
Dl + [ (10w 0,8) s + el (A, AB) ) <
where C'is a constant depending on T and ||(ug, bo)|| gz only.
Proof. We show that (u,b) admits a global H? bound. Clearly,
t
I D@ +2 | (10 + 10:b()IE) dr

t
+2€/0 (1A% u(T)II3 + [A°D(7)][3) dr = | (uo, bo)]13-
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To obtain the global bound for the H'-norm, we take advantage of the vorticity
formulation. Taking the curl of (3.2), we find that w =V x v and j = V x b satisfy
wy +u-Vw + 6(—A)6w =b-VJ+ wez,
+ 28xb1 (8yu1 + axUQ) — 28Iu1(8ybl + 8xb2)

Taking the inner product of (3.40) with (w, j) and integrating by parts, we obtain

d . . .
= (Illz +11512) + 19113 + 102713 + el A3 + €| A51]3

N | —

=Ji + Jo+ J3+ Jy, (3.41)
where
J1 = 2/856171 Oyuy jdzxdy, Jo = 2/893191 Ozus J dxdy,
J3 =2 / Oyu1 Oyby jdady, Jy =2 / Ozuq Oyby j dxdy.
The terms above can be bounded as follows. Integrating by parts, we have
J = —2/b1 Opytt1 J — 2/b1 Oyti1 O0pJ.
Choose ¢ large enough such that g6 > 2. By Holder’s inequality,
[Tl < 2010ulg [10zyunlla [17]) 20, +2[[ballg [|0z7ll2 [|0yus ] 2 - (3.42)
By the boundedness of singular integral operators,
10zyurlls < ClOwllz, 19yl 2 < Cllw]] 24
Applying the Sobolev inequality, for ¢ > 2 and ¢é > 2
12 2
1l 2o, < C Al “ IA°FNE
and Young’s inequality, we obtain

2q6

1 € . =
L] < §||8xw||§+ZHA%II%CHMHS‘S2HJ|I§

2q6

1 i € 96—2
+2 12511z + ZHA‘SwH%CHblHS‘S *lwll3.
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Jo can be bounded through Lemma 3.1,

1 11 .t
| L] < C[0ubl]2 (| Ouall3 (| Ouyualls (15113 1025113

1 1 , .
< SN0l + N0udllz + C Ol (llollz + [15112)
To bound J3, we first integrate by parts to obtain

J3 == —2/U1 8xyb1j - 2/’LL1 8yb1 amj

The terms on the right can then be estimated in a similar fashion as in (3.42) and

the bound is

296

1 1 . € ) 5o
Uﬂéy@w%+y@m@+gMM@+0MNfﬂm@

J4 can be bounded in a a similar fashion as .J, and
1 12 201112
[Jal < G102 + C 0wl N1z

Inserting the estimates for Jy, Jo, J3 and Jy in (3.41) yields the desired global H'-

bound.

To establish the global H%bound, we take the inner product of (3.40) with
(Aw, Aj) to obtain, after integration by parts,

1d<’
2dt
=Ly + Lo+ Ly + Ly + Ls, (3.43)

[Vwll3 + IV4112) + VO:wl]l3 + Vi3 + el A wll3 + €l A ]13

where
Ll——/Vw~Vu-dexdy,
ng—/Vj-Vu-Vj dzdy,
Ly = /Vw (Vb + (Vb)) - Vj dady,
L,=2 / V[0:b1(0zus + Oyuq)| - Vj dxdy,

Ls = —Q/V[&Eul(ﬁzbg + 0,b1)] - Vj dxdy.
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To estimate L, we write the integrand explicitly
L, = /(@cul(@xw)Q + (Opug + Oyur ) Dpwiyw + D,us(9,w)?) dxdy.

Each one of them can be bounded by Lemma 3.1 and then by Young’s inequality. For

example,

1 1 1 1
/3mul(3xW)2dfvdy < Cl|suallal|0pw]|3 107w]15 10,113 1195, 113

N

1
5 IVow|3 + Cllwli3Vell3
32
Since the estimates for other terms are similar, we obtain
1 2 2 2 201 113 2
L] < gIVOwllz + CllwllaIVellz + ClIVwl2llw]2 110zwll3
Similarly, Lo, L3, L4 and L5 are bounded by

2 2 .
L2l < 2IVOI3+C (Ilwl3 + IwlFloawl3 ) 1IV313,

1
g\
1 1 .
|Ls| < g\\vaxwﬂgﬂLgHV&ﬂ@
CIilZ(IVw|? + IV + C 1051121V 5113
+C |7 llz([[Vwllz + [ Villz) + C |0:71121| Vill2,
1 1 .
Ly < g”vaxwﬂgﬂLgHV@xJHg
+C (HJ'H% + [|wl3 + 1824115 + HWHSH@W’B) (IVwll3 + [IV413),
1 1 .
|Ls| < §\|V3xwﬂg+gﬂvaxj|lg

+C (17113 + lwll3 + 1025113 + 10xwll2) (IVwll2 + IVj]13)-

Inserting these estimates in (3.43), applying Gronwall’s inequality and invoking the
global H'-bound, we achieved the desired global H?-bound for the solution. This

concludes the proof of Theorem 3.5. [ |

23



CHAPTER 4

Global Regularity for the 2D Magnetohydrodynamic Equations with

Horizontal Dissipation and Horizontal Magnetic Diffusion

In this chapter, we consider 2D anisotropic MHD equations.

(

Ou+u-Vu=—-Vp+d*u+b-Vb, (r,y) € R? t >0,

Ob+u-Vb=0*h+b-Vu, (r,y) € R? t >0, “1)
4.1

V-u=0, V-b=0, (z,y) € R?, ¢t >0,

| u(2,9,0) = uo(,y), b(z,y,0) = bo(,),  (2,y) € R™.

We establish the global regularity issue of the system (4.1).
The local well-posedness of (4.1) can be obtained by the standard classical method.
The difficult part is the global bounds for the velocity and magnetic field. The global
regularity issue of (4.1) is reduced to finding the global H' and H?-bound for the
velocity and magnetic field. More precisely, we prove the following theorem in this

chapter.

Theorem 4.1 Assume that (ug,by) € H*(R?), V-ug =0 and V-by = 0. Then, (4.1)

has a unique global solution (u,b) satisfying, for any T >0 and t < T,
u, b, Oyu, 0,b € L=([0,T]; H*(R?)).

The global regularity issue on the MHD equations with this type of partial dissipa-
tion is extremely difficult. The direct energy method fails because of the dissipation
and diffusion in only one direction.

In the chapter 3 we realized that that the time square integrability of the L*°-

norm of (uq,by) controls the regularity. However, it is extremely difficult to achieve
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the global bound for [|(u,b1)||=~. Because of this difficulty we would like to use the
bound for L9, g > 2 for the global regularity. We proved the following bound in the

previous chapter.

(w1, b1)]|2e < C'v/qlogg for anyq € (2,00).

This bound is very helpful to bound the lower part of the horizontal components.
In order to achieve the global H? bound for the velocity field v and the magnetic
field b, we first decompose the horizontal components u; and b, into lower and higher
frequency part by using Littlewood-Paley decomposition. The low frequency part of
(u1,b1) can be bounded by the logarithmic bound of the horizontal components and
the higher frequency part of (u,b;) can be bounded by anisotropic dissipation and

diffusion.

4.1 H'! Bound for v and b

The global H?-bound for u and b can be obtained by using the global L? and H!-
bound. The global L?-bound for u and b is obvious. In this section we establish the

global H'-bound. More precisely, we prove the following proposition.

Proposition 4.1.1 Assume that (ug,by) € H*(R?), V-ug =0 and V - by = 0. Let

(u,b) be the corresponding solution of (4.1). Then, for any T >0 andt < T,
[(u(t), b(E) | < C(T, uo, bo).
In order to prove this theorem, first we prove the following lemma [77].

Lemma 4.1 Let a > 1. Then, there ezists a constant C = C(c) such that

1 1

1 1 1
[fllzoore) < C ||f||22(R2) ||ayf||zz(R2) ||axf||j§2(ﬂ§%) ||A28mf||z%(R2)a (4.2)
where the one-dimensional fractional operator Ay is defined as a Fourier multiplier

operator, namely

~

N S = [l e g, g) dedse
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Proof. (Proof of Lemma 4.1) We have one-dimensional Sobolev inequalities;

1—-L

1 1 a1
Il < CHUANZ MO fllLz [ fllzge < Cla) [[fllLz ™ [1AGFIIZS -
Therefore, by Minkowski’s inequality,

[fllo@ey = [l fllrse [lzs
1 1
< NIl 119 f 1l 12,
3 7\ 2 =50 | Ae ) |12
< I (155 1012 ) Wz 1 (19157 1AG0. 13 ) 11,

(4.2) then follows from Young’s inequality. This completes the proof of Lemma 4.1.
|

Proof. (Proof of Proposition 4.1.1) Multiplying the vorticity equation by w and cur-

rent density equation by 7, integrating with respect to space variable, we have

d , .
= (IllZ2 + 31172) + 100172 + 110251172

N | —

=2 / 001 (0pug + Oyuy) j dudy — 2 / Oty (Opba + 0yby) j dxdy. (4.3)
For notational convenience, we will omit dzdy from the spatial integral and set
Y(t) = w(, )z + 117, )1z
The first term can be bounded by Lemma 3.1

: NS
Ji = ‘2/(3&1 Opuz J| < C'[|Opuz| 2 [|0ab1 (|72 [|0:0,b1 72 1711 22 1021 72

Applying Young’s inequality and the fact that
10:b1llz2 < ljllz2 020yl < (182g]l L2,

we have

1 _ .
N1 < Gl10: 22 + C 1 0ruallze 117117
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Similarly,

Lo ;
J3 = ‘Q/Gxul Oba j| < g”aﬂ“%? + C 1 0aual[72 [17172-

The second term on the right of (4.3) has to be handled differently. By integration

by parts,

Jg = 2/837171 8yu1j = -2 /blaxﬁyulj —2 /bl8yu1 az] = J21 + JQQ. (44)

By the Littlewood-Paley decomposition, for a positive integer N to be specified later,

Jo1 = —2 /blazayulj = Jou + Jai2, (4.5)
where
Jou1 = —Q/SNbl 0z 0yu1 J,
J212 = —2/2Akb1 8x8yu1j.
k>N

By Hélder’s inequality and then Bernstein’s inequality, for any ¢ € [2, 00),

J211

IN

2||Snb1 || oo ||0x0yun || 2 ||7]] 22
2 .
< CQN‘I ||SNb1||Lq ||axayu1||L2 H]”L2

b1l La
< 02Vi /qlog(g) sup 2]l

— 020y u1 || 2 || ]| 2-
gel2,00) v/ qlog(q) !

By taking ¢ = N and applying Young’s inequality, we have

2
1 b1l La .
Jop < gH({?xayulH%z—i-CNlog(N) sup & 1171132 (4.6)
gel2.00) v/ q1og(q)

By Young’s inequality,

2
1 )
Ja1a < gHa:vayUlH%z +C [ ||Akb1||L°°] 171172 (4.7)

k>N

To bound Y7, - v [[Axbi] Lo, we apply Lemma 4.1 with o € (3, 1] to obtain

1 1

1 1 1
1A= S C AL ooy 18, Auba | o g 19 Db | o) 1 ATD Arb | 5
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Therefore, invoking the simple fact that
10y Akbi[r2 < |Akjllr2,  [[02Akb1 |22 < [|Akj]lr2,

and applying Holder’s inequality for series, we have

Z |Agby || < C Hbl”Lz HJH4 i

k>N

itia
> AL, bl\]““] :

k>N

By Bernstein’s inequality and Young’s inequality,

b+
DA~ < C llball = Nl 32 [ZQ ""“a“HAk(’?@blH‘)‘“]

E>N k>N

IN

C2 N ||b I ||J||iz = 110,133

(

< CO|byl|pe +27Y

= (e + 19212)

Inserting this inequality in (4.7) leads to

Jar2 < —Hf‘) Oy [z + CllballZz l151172 + (1122 + 10:4122) 15122

Now we take N to be the smallest integer such that

(1 a)
2775 ([gllee + llwllze) <

0|

Then
Lo,
Ja12 < —||f9 yurllzz + C (1+ [[bl72) 151122 + 51190712 (4.8)
Combining (4.6) and (4.8) into (4.5), we have

1 1 .
Jop < ZHaxayuluiQ + §!|8x3\|i2 + C (1 + ||by]|%2) Y(2)

61| Lo

+C | sup Y (t) log(e + Y (¢)) log(e + log(e + Y (1))).

q€l2.00) \/q1og(q)

The term Jyy in (4.4) can be estimated in a similar fashion and we have

1 1 .
T < SllOwlze + 7110:dl172 + C (L + ballz2) V(1)

2
b
+C | sup —“ 1l

Y (t) log(e + Y (t)) log(e + log(e + Y (t))).
acl2.00) 1/ qlog(q)
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This settles the estimate for Jy. The estimate for the last term

J4 = —2/&,&1 8yb1j

is very similar to that for J; and the bound is

1 1 ,
Jo < Zl10wlTe + 71057 + C (1 + fluall72) Y1)

[[ua | Lo
sup ———

+C
gel2,00) 1/ qlog(q)

Y (t) log(e + Y (t)) log(e + log(e + Y (1))).

Inserting the bounds for Ji, Jo, J3 and Jy in (4.3), we have

d 1 .
SV (1) + 510013 + 10:4132)

< C (14 | (ur, b7z + 10sullZ + [10:b]172) Y (1)

2
b
Sup | (w1, 01)] 24

+C
qe2.0) +/qlog(q)

Y (t) log(e + Y (t)) log(e + log(e + Y (t))).

By the Osgood inequality, we obtain, for any 7" > 0 and ¢t < T
Y(t) = w7 + 170172 < (T, uo, bo).

This completes the proof for Proposition 4.1.1. [ |

4.2 Global H? Bound

The section provides a global bound for the H*mnorm of (u,b). More precisely, we

prove the following proposition.

Proposition 4.2.1 Assume that (ug,by) € H*(R?), V- ug =0 and V - by = 0. Let

(u,b) be the corresponding solution of (??). Then, for any T >0 and t < T,
[(u(t), b))z < C(T', uo, bo).
Proof. 1t follows from the equations of (w,j) in (3.5) that
Z(t) = V(- Ol + [IViC )L
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obeys

d .
2+ | VOswllz + 1V 0l = Ky + - + Ko,

where
Klz—/Vw-Vu-Vw,
Kzz/Vw-Vb-Vj,
ng—/Vj -Vu - Vy,
K4:/Vj -Vb-Vuw,
K5 = Q/V(é?xbl(é?xug + dyuq)) - V7,
Ko = —2/V(8xu1(8xbz L o)) - Vi
To bound K7, we further write K; into four terms

K, = K+ Ko + K3 + Ky,

where

Ky =— /8xU1 (Opw)?,

Ko =— /&Eug Opw Oyw,

Kis = — / B,t1 Dy Dy,

Ky =— /ayUQ (E)yw)2.
By Lemma 3.1,

Kl < C 0.l |0uwllz 10:0yl| 3 1020112
< SVl + C s 0wl

Similarly,

1
K| < S IVOwllze + Cll0sus|z2 0wl 2 (|0, 2.
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Realizing that w = d,us — Jyuq, we have

’K13‘ S /|CL) (9zw ayCL)| -+ |K12’

1 1
Cl|Oswllz2 [lwll 22 10y ]| 22 |0:0yw]| 72 + [ K12

IN

IN

1
2 IVO0uwllzz + Cll0susllz2 100l 2 19yl 2

+C (|wlzz + 10:w]l72) [[Vwl|72-
By the divergence-free condition and integration by parts,
K= 2/u1 Oyw 0, 0yw.

K, can be further estimated as in Jy; in the previous subsection. That is, we de-
compose %1 into two parts,

Uy = SNu1 + Z Akul

k>N

and then bound each corresponding part separately as in the previous subsection to

obtain the following bound

1
Kl < SlIVOwlze +C (1 + Jlullz.) Z(2)

||U1 ||Lq
sup ————
gel2,00) v/ qlog(q)

Therefore, K7 is bounded by

+C Z(t) log(e + Z(t)) log(e + log(e + Z(t))).

1
Kl < 16IVOllze + C (14 [lunllze + [lwllze + 10:22) Z(2)

Z(t) log(e + Z(t)) log(e + log(e + Z(t))).

||U1 ||Lq
sup ——
gel2,00) \/qlog(q)

Ky, K3 and K4 can be estimates similarly and obeys the bound, for i = 2, 3,4,

+C

1 1
3 < A 22 A ] 22
+C (L4 [[(ur, )72 + (@, )72 + (100w, )II72) Z(2)

2
b
sup [ (u1,b1)||La

+C
gel2,00) v/ qlog(q)

Z(t) log(e + Z(t)) log(e + log(e + Z(t))).
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It can be checked that K5 and Kg also admit the same bound. For example, K5 can

be written as

and all the terms can be bounded as in the first four terms. We omit the details for

the sake of conciseness. Putting all the estimates together, we find

d .
S 2+ V03 + V0,13

< O (14 [[(ur, 00)l1Z2 + 1w, )72 + 1100w, 5)172) Z(1)

2
b
sup | (u1,b1)||La

+C
ge200) v/ qlog(q)

Z(t) log(e + Z(t)) log(e + log(e + Z(t))).

Osgood’s inequality then yields the desired bound. This completes the proof of Propo-

sition 4.2.1. [ |
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CHAPTER 5

The 2D Euler-Boussinesq Equations with a Singular Velocity

In this chapter, we consider the initial-value problem for the 2D Euler-Boussinesq

equations with a singular velocity

(

Ow + u - Vw = 0,,0,

8,0 +u- VO + A =0,
(5.1)

w=V+y, Ay =APAw,

w(z,0) = wy(z), 0(z,0) = Oy(x),

0
where u = u(x,t) is 2D vector field depending on z = (z;,75) € R* and ¢ > 0,
p = p(x,t), § = 0(x,t) w = w(x,t), and ¢ = P(x,t) are scalar functions of = =
(1, 29) € R? and t > 0, e, is the unit vector in the zs-direction and o > 0 is a real
parameter. Here the Zygmund operator A = (—A)'/2) A and the Fourier multiplier

operator P(A) are defined through the Fourier transform, namely

~ —_— ~

ATf(€) = €17 F(€) and  P(A)f(€) = P(l¢]) F(€).

The objective of this chapter is to establish the global (in time) existence and unique-

ness of solutions to (5.1) when the initial data is in a suitable functional setting.

The Euler-Boussinesq system in (5.1) is a generalization of the 2D Boussinesq

equations. The standard velocity formulation of the 2D Boussinesq equations with
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fractional dissipation and fractional thermal diffusion is given by

)
u+u-Vu+v(—A)*u = —Vp + fey,

V-u=0, (5.2)

kﬁtﬁ +u-VO+ k(=A)P0 =0

with the corresponding vorticity w = V x u satisfying

(
Ow~+u-Vw+v(—A)*w = 0,,0,

0+ u- VO + k(—A)P =0, (5.3)

u=Vip, Ay =w,
\

where v > 0, kK > 0, a € (0,1] and g € (0, 1] are real parameters, and e, is the
unit vector in the xo-direction. When o = 0 and P(A) = I then the equations (5.1)

converted to (5.3) with v = 0 and 8 = 1. It is worth mentioning here that the

vorticity in our model (5.1) is more singular than the vorticity in (5.3). In addition,
(5.1) can be reformulated in terms of the quasi-velocity v given by w =V x v,
(

dv+u-Vo—32

i— 4 Vu; = —Vp+ te,,

Ju=APAv, V-v=0, (5.4)

00 +u-VO+ A0 =0.
\

When P(A) = I,0 =0 then v = v and the system () reduces to standard Boussinesq

equations with the pressure p — 5 |ul®.

In order to work with more general operator, P is assumed to satisfy the following

condition.
Condition 5.1 The symbol P(|£]) assumes the following properties:

1. P is continuous on R* and P € C*°(R?\ {0});
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2. P is radially symmetric;
3. P = P(|£]) is nondecreasing in |£|;
4. There exist two constants C' and Cy such that

sup |(I—A,)" P n))| < C P(Cy2))

2-1<|p<2

for any integer j and n =1,2.

The last assumption in Condition 5.1 is a very natural condition on symbols of Fourier
multiplier operators and is similar to the main condition in the Mihlin-Hérmander
Multiplier Theorem ([68]). For notational convenience, we also assume that P > 0.
This type of symbols P(|£]) for the operator P(A) is already used to study generalized
2D Euler equations in the work of Chae, Constantin and Wu [19]. Some special

examples of P are

P(¢) = (log(1 + [¢]*))"  with y >0,

P(€) = (log(1 +log(1 +[¢[*))"  with v >0,

P(§) = ¢]7 with 5 >0,

P(&) = (log(1 + (&))" [¢)”  with v > 0 and § > 0.

The main theorem of this chapter is the following.

Theorem 5.2 Let 0 = 0. Assume the symbol P(|£|) obeys Condition 5.1 and

P(2") < CVk  for a constant C and any large integer k > 0, (5.5)

/ h ! d (5.6)
r = 00. :

1 rlog(l+1r)P(r)

Let ¢ > 2 and s > 2. Consider the IVP (5.1) with wy € B} (R?) and 6y € B}  (R?).

Then the IVP (5.1) has a unique global solution (w,0) satisfying, for any T > 0 and

t<T,

w e C([0,T]; B, ,(R?), 0€C(0,T]; B, o (R*) N L'([0, T); BiHL(R?).  (5.7)
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As an application of this theorem, we prove the global regularity of generalized
Euler-Boussinesq equations (5.1) with the double logarithmically supercritical ve-

locity. More precisely we have the following.

Corollary 5.1 Let ¢ > 2 and s > 2 and 0 = 0. Consider

(

Ow +u - Vw = 0,,0,
u=Vtp, A= A(log(l+log(l - A)))w, v € [0,1]

8,0 +u- VO + A0 =0,

w(z,0) = wo(z), 0(x,0) = bo().
\
Let wy € B (R?) and 6y € B (R?). Then the IVP (5.8) has a unique global

solution.

When 6 = 0, the result in Corollary 5.1 includes to Theorem 1.3 for the generalized
2D Euler in [19]. On the other hand if P is the identity operator, we reproduce the
global well-posedness for one of the critical Boussinesq equations ([44]). It is worth
to mention that the Theorem 5.2 does not allow logarithmically supercritical velocity
in equations (5.1).

The global a priori bound for w and # cannot be achieved through the direct energy
estimates due to the vortex stretching term 0,,6. We combine the equation for Riesz
transform R = A~19,, for  and w. Applying the Riesz transform R = A~'d,, to the

0 equations, we have
RO+ u-VRO+ ARO = —[R,u- V|0
Then the combined quantity G = w + R# satisfies
0G+u- VG=—-[R,u-V]b, (5.9)

where the commutator [R,u - V]§ = R(u - V6#) —u - V(RH). Although the vor-
tex stretching term is hidden in the commutator, a compensation of an appropriate

estimate for the commutator is needed.
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This chapter is further divided into four sections. The second section provides
logarithmically interpolation inequality of ||Vu||z~ and estimates the commutator
[R,u - V]0 in the Besov spaces Bgr. The third section establishes global a priori
bounds for ||w]| L« and ”9”325’; and ||w||ze. The global a priori bounds for w and 6 in

B; ., will be provided in the fourth section.

5.1 Preliminary Estimates

This section is mainly dedicated to two types of estimates. The first estimate provides
the interpolation inequality to bound ||Vul|p~ in terms of ||w||fanr=. The second
estimate deals with the commutator [R, u-V]6 in the Besov space BY . and B, ,. Some
facts regarding ||A;Vul|z» and ||SyVul|» are needed for the commutator estimates.

The velocity field w in (5.1) is determined by the vorticity w through a Fourier
multiplier operator, namely

u=VIATIP(A)w.

In order to estimate the solutions of (5.1) in Besov type spaces, we often need to bound
Vu in terms of w and the basic ingredients involved are |A;Vul|zr and ||[SyVul|z». In
[19], Chae, Constantin and Wu proved the following lemma for a very general Fourier

multiplier operator Q(A).

Lemma 5.1 Assume that the symbol Q) satisfies Condition 5.1 and that u and w are
related through
u=VIATIQ(N)w.

Then, for any integer 7 >0 and N > 0,

ISk Vull < CQ(Co2M) [Sywllr, 1< p < oo,

18;Vullze < CQCY) |Ajwlza, 1< q< o0,

where C, is a constant depending on p only, Cy and C are pure constants.
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The L*>®-norm of Vu in general is not bounded by ||w|/z~. In fact, we need a small

correction, which is given by the following logarithmic type interpolation inequality.

Proposition 5.1.1 Assume that the symbol Q) satisfies Condition 5.1 and (5.5). Let
u and w be related through
u=VrAT'Q(N)w.

Then, for any 1 < q<oo, f>2/q, and 1 < p < o0,

2gq

[Vullzw < O+ llwlzr) +Cllwlz log(L + lwlipz ) @ (Hw| ) ,

B oo

where C'’s are constants that depend on p, q and 5 only.

Proof. (Proof of Proposition 5.1.1) For any integer N > 0, we have

N-1 0o
IVl < AL Vule + Y 1A Vulle + > AVl .
k=0 k=N

By Bernstein’s inequality and Lemma 5.1, we have

IVulpe < Clwlr +CNQEY) |wllie +C Y (25 VA 1.
k=N

By Lemma 5.1,

o0

IVulpe < Clwllr +CNQEY) wllie + Ca Y (25)7 Q)| Ao
k=N

By the definition of Besov space B?

q,007
(Al < 2w s

Therefore,

IVullz= < Clwlle + CNQEY) wllz + C lwllgs . (2957 Q(2).
k=N

Due to % — B < 0and (5.5), we can choose € > 0 such that

2
e+=—B<0 and Q(2V) <2,
q
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Especially, we take € = %(B — %) to get
1.8
IVullp= < Cllwlze +CNQEYN) ||lw|r~+ C wllgs (2M) G2,
If we choose N to be the largest integer satisfying

1
N < g—logy (14 wllg_ ).

2 q

we then obtain the desired result in Proposition 5.1.1. [ |

The following lemma will be used when we present the commutator [R,u - V]

estimates in this chapter as well as in chapter 5.
Lemma 5.2 Consider two different cases: 6 € (0,1) and § = 1.

1. Let 6 € (0,1) and q € [1,00]. If |z]°h € L', f € B®__ and g € L™, then

qioo

1hx (fg) = f(hx g)lle < C Ul Pl 11l s gl (5.10)

where C' is a constant independent of f,qg and h.

2. Let 6 = 1. Let g € [1,00]. Let ry € [1,q] and ry € [1,00] satisfying % + % =1.

Then

[hx (fg) = f(hx g)llca < Clllelhllor IV fllze llglzr2, (5.11)

Where Z-E)’gjoo denotes a homogeneous Besov space. The proof of (5.10) is in [21] while
(5.11) is in [43].
Proposition 5.1.2 (Commutator Estimates) Let R = A7'0,, denote the Riesz

transform. Assume that the symbol P satisfies Condition 5.1 and

. P([¢])
or any € >0, lim
Jor any lgl=oo [€]°

=0. (5.12)
Assume that u and w are related by
u=V ATTAP(A)w
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with o € [0,1). Then, for any p € (1,00) and r € [1,00],
IR, u-V]bgy, < Cllwlleell0] por + C llwllrr 101 e (5.13)
and, for any r € [1,00], q € (1,00) and any € > 0,

IR, w- V10| 5

oo,

< C(llwlize + llwllze) 0]l pgre + Cllwla [10]] 2o (5.14)

for some constant C', where the generalized Besov space ngﬁ with P being the symbol

of the operator P, and BZ'¢ is a standard Besov space.

oo,

Proof. (Proof of Proposition 6.6) By the definition of BY

p7r,

IRy u-V10llsy, = LZ 1A;[R, u- V0l | -

-1

Using the notion of paraproducts, we decompose A;[R,u - V|6 into three parts,
A][R,U . V]e == Jl + JZ + J37

where

J1 = Z A]‘(R(Sk_lu . VAkH) — Sk_lu : VRAkH),
Jk—jl<2

Boo= > N(R(Agu- VSp_10) — Agu- VRS,10),
Jk—l<2

T3 o= Y N(R(Agu- VAWG) — Agu- VRA)
k>j—1

with Ay = Ap_y + Ay + Agi1. The Fourier transform of S,_ju - VAR is supported
in the annulus 2* A, where A denotes a fixed annulus. R acting on this term can be
represented as a convolution with the kernel hy(r) = 2%h(2%z) with d = 2, where h

is a smooth function with compact support. That is,

R(Sk_lu : VAkH) — Sk_lu . VRAk9
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Therefore, according to Lemma 5.2,
[Tl ze < Clllzlhllr [V Sjaulle [V A0 .
Applying Lemma 5.1, Bernstein’s inequality and the equality
Hlhsllee =277 |l|2[h(z)]|e = C 277,
we have

[Jille < C27 P(29)]|Sj1w]| e |A;0]

< C27 P(2) [lwllzr 120

Similarly,

[ Jallr < C27727 P(2)||Ajwl|r [|[VS;-10]| o

< Cr P Al Y 2 A0

m<j—1

2(1—a)mP<2j)

< Cllawle Y Wm2amp(2m) [ A0 oo

m<j—1

(5.15)

But the estimate of || J5|| . is different. We need to distinguish between low frequency

and high frequency terms. For the high frequency terms, the commutator structure

is not essential. For j = 0,1, the terms in J3 with £ = —1,0,1 have Fourier trans-

forms containing the origin in their support and the lower bound part of Bernstein’s

inequality does not apply. To deal with these low frequency terms, we take advantage

of the commutator structure and bound them by Lemma 5.2. More precisely, for

j=0,1and k= —1,0,1,

1A (R(Au - VARY) — Agu - VRALY)| 1o

< ClIVAgullze [Ak8] L < Cllw]l e (1] 2e-
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For higher frequency terms, we first apply Bernstein’s inequality to obtain

Islle < C D P |R(Awu-Aed)lw +C Y 2| Agu - RAL| 1

k>j—1 k>j—1
< C Y PVARuU] L [ A
E>j—1
< C Y VF Al 27 P(25)]| Ak
E>j—1

Since o € [0,1) and the assumption on P in (5.12), we obtain, by Young’s inequality

for series convolution,

Sl

IR,u-V]blsg, = C [Z I Tllze + 12l + (13170
-1

= Cllwlee bl ggr +Cllwlier 10 -

This completes the proof of (5.13). In order to prove (5.14), only the inequality we

estimate differently is J;.
[Tl < Cfl|z|hyllor 1VSj—aullzee [[VA;0]] oo

But we bound ||V.S;_ju|| = here in a different way. By Lemma 5.2 and the assumption
in (5.12), we obtain, for o € [0,1) and for any € > 0,

IVSjrullie < VA ullie + Y ARVl

0<m<;j—2

< Cllwlpa+ Y, 27" PE™) [|Anw]
0<m<j—2
< Cllwllze + C 2+ flw|poe.
Therefore,

1Tl < C (fwllze + lwllza )27 [ A0 .

The bounds for J, and J3 can be obtained by simply setting p = oo in the correspond-
ing bounds for ||.J5]|» and ||J3]|» above. This completes the proof of Proposition

6.6. |
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5.2 Global Bounds for |w||rxra, HHHL%B&}; and ||w||pse e

This section establishes global a priori bounds for ||w|| e and ||6]] 11 po.p, simultane-

ously when o = 0.
Proposition 5.2.1 Let 0 = 0 and g > 2. Assume the symbol P satisfies Condition

5.1 and (5.5). Let (w,0) be a smooth solution of (5.1) with wy € B, and 0y € B .

q?oo

Then, for any T >0 and 0 <t < T,
lo@llze < CT), NOllgor, < CT), llw@z~ < C(T)
for some constant C' depending T' and the initial norms of wy and 6.

Note that (5.5) implies (5.12). In order to prove this proposition, first we prove the

following two lemmas.

Lemma 5.3 Let 0 € [0,1). Assume that the symbol P satisfies Condition 5.1 and

(5.12). Let (w,0) be a smooth solution of (5.1). Then, for any q € [2,00) and for

any t >0,
JE)ln < O (loll -+ foll) e 10olin & B 1oz (5.16)
where C'’s are pure constants.
Proof. We start with the equations satisfied by G and R,
G +u- VG =—[R,u- V|0,
0RO+ u-VRO+ AR = —[R,u- V]b. (5.17)

By the embedding Bg2 — L9 for ¢ > 2 and Lemma 6.6,
t
lw®)llze < NGollze + ||7390||Lq+2/ IR w- V10| padT
0

t
< Golles + [Roles +2 | R V16l dr
0 |

IN

t
1Gollze + H9oHLq+C/O [I\w(r)\qu(H@(T)HB;g + 1160l 20) | dr,

which implies (5.16), by Gronwall’s inequality. [ |
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The second lemma makes use of the dissipation in the #-equation,

/

u=V+ty, AY=APA)w, (5.18)

0(z,0) = by(x).

\

Lemma 5.4 Let 0 € [0,1). Assume that the symbol P satisfies Condition 5.1 and
(5.12). Let q € (1,00). Then, any smooth solution (w,0) solving (5.18) satisfies, for

each integer j > 0,
t
20|80 i 1e < 2797|2500l + C P(27) ||6o| e / [w(T)[|gadT, — (5.19)
0
where C' is a pure constant.

Proof. Letting j > 0 and applying A; to (5.18), multiplying by A;0]A;6]72 and

integrating over R?, we obtain, after integrating by parts,
1%|\Aj9\|gq +/Aje|Aje|q2AAj9dx _ —/Ajemjequj(u.ve) de.
Due to the lower bound ( [24, 76])
/Ajemjeyq—?AAje dr > C27||A;0%,
and the decomposition of [A;, u - V] into five parts,

Aj(U'v9)2J1+J2+J3+J4+J5

with
Jl = Z [Aj, Sk_lu . V]Aktg,
l7—k[<2
o o= > (Seu— Sju) - VAAL,
l7—k|<2

J3 = SjU'VAjG,

Jio= > Aj(Agu-VSi6),
l7—k|<2

T o= > Ajf(Awu-VALW),
E>j—1
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we obtain, by Holder’s inequality,
ld q J q q—1
aallﬁﬂ\lm + C2| 80|70 < 180070 (I Jullze + [ T2l o + ([ Jallzo + 15| o) -

The integral involving J3 becomes zero due to the divergence-free condition V- S;u =
0. The terms on the right can be bounded as follows. To bound ||Ji||z«, we write

[A;, Sk_1u - V]ARH as an integral,
8 Sicru- VI = [ @@ =) (Sicru(y) - Sicru(s) - VAB()dy,

where ®; is the kernel associated with the operator A;. By Lemma 5.2 and the

inequality
19 () '~ [0 < 2790 || @g(w) ]~ |2 < C 279077,
we have

il < > 1@l o [1Sk-rul pize IV ARG o

li—k|<2

< C Y 278 ull g 28] Ak .

li—k|<2

Recalling that A'™7u = VXATAP(A)w and applying Lemma 5.1, we obtain
ISk-1ull g1=g < CIATSpmru]| e < CP(2) [|Sp1w]|rs < CP(27) [|lwl| o
Therefore,
[Jille < C27 P(2) ||w| 1al| ;0| Lo
By Bernstein’s inequality,

Ihlle < > 118w — Seyull o VA0 < CllIAul| 27| A6 L~
i—k|<2

C|VAjullpa||Az0|| o~

IN

< C27P(2) [|Ajw]lLel| A0 L.

75



We have applied the lower bound part of Bernstein’s inequality in the second inequal-

ity above, which is valid for 7 > 0. Similarly,

[Jalle < C Al La]|VSj—10]| e < O A ul|2a27[|S;0]| Lo

< ClIVAullallfll= < C27 P(27) [|Ajw] al6]] -
Since o € [0,1) and the condition on P in (5.12),

1 sllce < C > 27 Agul|al| Ay o

k>j—1

< C Z 277 ||V Agul| ra | AR £
k>j—1

< 293 20°P0-0) P(2F) || Ayl o] Ak
k>j-1

< C27P(2) ||wllza[|fll -
Collecting the estimates above, we obtain
d J Jjo J
i 1850llLe + C 28010 < O P(27) |[w]|al|Oo| -
Integrating with respect to time yields
_ ‘ , t _
180(t)||zs < €= 1 Aj0]| s + C27 P(2) ||90||L°<>/ =P lw(r)| e dr-
0
Hence
20184012z < 1A8g60] e + C27 P(2) H90HL°<>/ lw(7) | Ladr,
0
This completes the proof of Lemma 5.4. [ |
Now we are ready to prove main proposition of this section.

Proof. (Proof of Proposition 5.2.1) Using the definition of BY%, o and the embedding

BOP(_>BOP

00,27

N|=

t
Ogen, < [ LZ P() HMan] i+ [ ZP@J)HAJ-@HW.
=N
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Applying the condition on P in (5.5),
Oy, < 00l + S POl (5.20
' i=N
Since ¢ € (2,00) and P satisfies (5.5), we choose € > 0 such that
2 V2 9—je
ltet <0, (P)?2<1.
q

By Bernstein’s inequality and Lemma 5.4 with o = 0,

. . 2
D PAO e < Y P@) 2020|110

j=N j>N
. . 2_
< 3 (P@))>2 25 V(|60 + ol w22 10)
j>N
(24
< ¢ 3 PGy o + 160l oo 12 10)
j>N

d4etr2
< Cl6ollza + C2XTHED G| oo ]| £ 1

Inserting the estimates above in (5.20) and choosing N to be the largest integer

satisfying

yields
t
160,355, < C Wollomre + € [6olimt tog (14 [ o(r)lndr).
< 0
Applying (5.16) with o = 0 yields
HQHLtlBo,p2 < Ctlog(l+Ct)+ C’tHHHL%Bo,pQ, (5.21)

where C’s are constants depending on ||0y||rs and ||6g||z~. This inequality allows us

to conclude that, for any T'> 0 and ¢t < T,
1013 go.r < C(T, Jlwol| 2o, 00| Lan o). (5.22)

In fact, (5.22) is first obtained on a finite-time interval and the global bound is then

obtained through an iterative process. Finally we prove the global bound for ||w||e.
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By (5.19) with ¢ = 0 and (5.5), we have, for any integer j > 0 and any € > 0,
' t
27079180 Lo < [160]l o +CH90HL°0/ lw(T) || edT < C(T). (5.23)
0
Since ¢ € (2,00), we can choose € > 0 such that
2
2¢e+-—-1<0.
q

By Bernstein’s inequality,

16]

2_1)4 —€)q i(1—e
py € 0 20T R A 0 < € sup PO A 6|,

j=-1

It then follows from (5.23) that, for any ¢t < T,
161115, < C(T). (5.24)

Starting with the equations of G and R#, namely (5.17), and applying Lemma 5.1.2,

we have, for any € > 0, From the equations of G and R6

t
1G]z + RO~ < IIGolle+IIR90lle+2/ IR, w- V0l dr
; ,
< [ Gollz + [[Rfol|

+/0 ((Nlwllza + llwllz=)10]

B;o,1 + ||w||Lq||0||Lq>dT

IN

Bgo,1d7—

t
1Gol[zee + [[Rfol| o +/0 (IGllzee + Rl =) 6]

t
T / (leolloa 6]

By Gronwall’s inequality, (5.24) and the global bound for ||w||zs, we have

B, T llwlla €] Le) dT-

[wllzoe < [|GllLee 4[RO Lo < C(T).

This completes the proof of Proposition 5.2.1. |
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5.3 Global Bound for ||w|

B;... and [|0]

s
Bono

This section is dedicated to obtain a global bound for ||w]|

Bs .. and [|0]|ps . This can

be done in two main steps. The first step provides bounds for HwHBgm and H@]HBgm
for 8 in the range % < [ < 1 while the second step proves the global bounds for
|wl| gs, and [|0]|| gs, for 1 < B < 2— (21. The desired bounds in B;  with s > 2 can

be obtained by a repetition of the second step. The detail is provided below.

Proposition 5.3.1 Assume that o = 0 and the symbol P(|¢]) obeys Condition 5.1,
(5.5) and (5.6). Let ¢ > 2 and let s > 2. Consider the IVP (5.1) and (??) with
wo € B} (R?) and by € B (R?). Let (w,0) be a smooth solution of (5.1). Then

(w,0) admits a global a priori bound. More precisely, for any T >0 and t < T,

[(w(?),0(2))]

By < C5.0. T (@0, 00)ll5;...)

where C'is a constant depending on s,q, T and the initial norm.

Proof. Let j > —1 be an integer. Applying A; to the equation of G' & multiplying

by A;G|A;G|7? and integrating over R?, we obtain, after integrating by parts,

1d )
5aHAJGH[£q = —/AjG\AjG!q 2Aj(u- VG) dx

- / Aj [R, u - V](‘) AjG|AjG‘q72 dx.
Following the notion of paraproducts, we decompose Aj(u - VG) into five parts,

Aj(U'VG):J1+JQ+J3+J4+J5
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with

Jl = Z [Aj, Sk;_ﬂL : V]AkG,
li—k|<2

JQ = Z (Sk_lu — S]U) : VAjAkG,
li—k[<2

Jg = SjU‘VAjG,

o= > Aj(Agu- VS G),
li—k|<2

o= > DA VAG).
E>j—1

By Holder’s inequality;,
ld q q—1
a%"AjG|’L‘I < [1A;GILa” ([ Allze + 1 2llee + [[all e + [15]l e + 16l 2e)

where Js = Aj[R,u - V]|f. The integral involving .J; becomes zero due to the
divergence-free condition V - Sju = 0. The terms on the right can be bounded

as follows. To bound ||.J||zq, we write [A;, Sy_1u - V]A,G as an integral,
(A, Sk—1u - VIALG = /CIDJ-(:L’ — ) (Sk—1u(y) — Sk—1u(x)) - VALG(y)dy,

where ®; is the kernel associated with the operator A;. By a standard commutator

estimate ([?], [76]),

[ 1lle < C Y 1V Skorull oo l| ARG o

li—kl<2

By Holder’s and Bernstein’s inequalities,
[2l[e < CIVAjullL~ [[A;Gl| Lo

We have especially applied the lower bound part in Bernstein’s inequalities, which is
given in Proposition 2.2.2. The purpose is to shift the derivative V from G to u. It
is worth pointing out that the lower bound does not apply when j = —1. In the case
when j = —1, J, involves only low modes and there is no need to shift the derivative

from G to u. Jy is bounded differently. When j = —1, J5 becomes

J2 = —So(u) . VAlAflG = —A,lu . VAlAflG,
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whose L?-norm can be bounded by
[J2]lze < CllA-ul[p [[AZ1 G e < Cllw]l1e |Gl Lo
For Jy and J5, we have, by Bernstein’s inequality,

[Jallze < C > Akl ||V Sk1 Gl o

i—kl<2
< C Y VAl Y 2" ARG e,
lj—k|<2 m<k—1
IJslle < C Y 2 | Agu]l e || AkG| o
k>j—1
S C Z 2j_k||VAkU||Loo ||£kG||Lq
k>j—1

Furthermore, for any § € R,

| Jillge < C Z HVUHLOOTB(HU26(k+1)HAkGHLq
lj—k|<2
< OV |Gl IVullps Y 2°00
li—k[<2
< C2780+ ||G||Bff,oo V| e,

(5.25)

(5.26)

(5.27)

where C' is a constant depending on [ only. It is clear that ||J2||z« admits the same

bound. For any 8 < 1, we have

||J4HL‘1 < CHVUHLOO Z Z gm—k 9—=B(m+1) 9B(m+1) HAmGHLq

li—k|<2 m<k—1

< O|Vullp= IGllgs . D>, Y 2mrofmsd

li—k|<2 m<k—1

— (28G+ HG”Bgm |V o Z 9B(i—k) Z o(m—Fk)(1-5)

lj—k|<2 m<k—1
< 02PN |Gl s [Vl

where C' is a constant depending on S only and the condition f < 1 is used to

guarantee that (m — k)(1 — ) < 0. For any 5 > —1,

1sllee < ClVullpe 270F0 3 208 980D A, G

k>j—1
< €2 |Gl gy Vulae
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| J6llze = |A;[R,u- V]0| e can be estimated as in the proof of Proposition 6.6,
1J6llze < C (lwllze + lwllzo)27]1 ;0] s

for any fixed ¢ > 0, where C' is a constant depending on e. For the purpose to be
specified later, we choose

e>0, fH+e<l.
Collecting these estimates and invoking the global bounds for ||w||zanze~, We obtain,
forany —1 < g < 1,

d . .
EHA]GHM < 978U+ ||G||B§oo VUl g + C 29 A,0]| 10 + C.

Let 5 = 6+ ¢ < 1. By applying the process above to the equation for § and making
use of the fact that

/Ajeije\HAAje dz > 0,

we obtain

d =y
—[1840llze < 2P 0]] 15 (V|-
Integrating the inequalities in time and adding them up, we obtain
t
Xt)<C+X(0)+ C / (1+||Vu(r)|| 1) X (7) dr, (5.28)
0
where

Xt =G g, + 16055

By Proposition 5.1.1, for any % < B,

2q

IVullie < C(L+[wllin) + Ol P (ku;g;j) log(1 + ] s )

< C(1+ |wllm) + Cllwlle P(X(8)72) log(1+ X(2)).

Inserting this inequality in (5.28) and applying Osgood’s inequality, we obtain desired

bound, for t < T,
)., < IG5+ 100,z = X(1) < C(T).
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We now proceed to show that, for any t < T,

|w ()| gsr < CO(T)  for any $; satisfying 1 < f; <2 — %.
q,o0

The idea is first to get the global bound for [|0(t)]| ;6. from the equation for § and

then get the global bound for ||G|| ;s . As we have seen from the previous part, J,
q,o0

is the only term that requires 3 < 1. In the process of estimating [|6(¢)|| ;6. , the
q,o0

corresponding terms jl, <72, j::) can be bounded the same way as before, namely

1 T2llzas 12 llzos [ T5lle < €274 0D 16] sy (V] oo
HL”Lq is estimated differently. We start with the basic bound

1 allze < C Y IVAllze D7 27 M| AL0] o

lj—k|<2 m<k—1

Since £ + % < 2, we can choose % < B <1 and € > 0 such that
2
b1+ —+e<2B.
q
By Berntsein’s inequality and Lemma 5.1,

VAl e < C2% VAl < C2% P25)||Aww| e

< A < C2EH w
Clearly, for any g < 1,

Do 2" A = 27 Y 2t A6

m<k—1 m<k—1
< 2ol

Therefore, according to (5.30) and the global bound in the first step,

[Tallze < C276 gy 61l 2745772 < 020w,

Collecting the estimates in (5.29) and (5.31), we have

d , '
SR < C 26+ 100 o1 1172200 + o B+
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Bounding ||Vu/||r~ by the interpolation inequality in Proposition 5.1.1 and apply-
ing Osgood inequality lead to the desired global bound for [|0] ;5, . With this bound
q,o0
at our disposal, we then obtain a global bound for ||G|| 5, by going through a similar
q,o0

process on the equation of G. Therefore, for any t < T,
leoll g, < W0ll e, + 1G] g < C(T).

If necessary, we can repeat the second step a few times to achieve the global bound

for w and ¢ in B;  for any s > 2. This completes the proof of Proposition 5.3.1. W

5.4 Proof of the Main Theorem

This section establishes the existence and uniqueness of the global (in time) solution.
The uniqueness part will be followed directly due to the high regularity in the class
(5.7) of solutions. We will be focused on the existence part. Once we have local
existence and uniqueness, the global bounds in previous sections allow us to extend

the solution for all time.

Proof. (Proof of Theorem 5.2) To show existence, wet start with the construction of a
local solution through the method of successive approximation. That is, we consider

a successive approximation sequence {(w™,6)} solving

p

w® = Sawo, o0 = Sab,
u™ = VEATIP(A) w™,
A 4™ L Tyt = g, gn+1), (5.32)

9,00 () .yt L Ag(ntD) —

w("+1) (337 0) = Sn—l-ZWO(x)? Q(n-i—l) (LL’, 0) = S”+290(x)'

\

In order to show that {(w™,#()} converges to a solution of (5.1), it suffices to prove

that {(w™, ™)} obeys the following properties:
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(1) There exists a time interval [0, 73] over which {(w™,#)} are bounded uni-

formly in terms of n. More precisely, we show that
(@™, 0%)[|5; < C(Th, ||(wo, b0)llBs...);
for a constant depending on 7T} and the initial norm only.

(2) There exists Ty > 0 such that w®™*+) — ™ and #*+H — () are Cauchy in B}

q,007)

namely
||w(”+1) _ W(n)HB;;é < C(Ty) 27", Hg(n+1) _ e(n)Hngé < C(Ty) 2"
for any ¢ € [0, T3], where C(T3) is independent of n.

If the properties stated in (1) and (2) hold, then there exists (w,#) satisfying, for

T = min{Tl, TQ},

w(-,t) € B;

q,007

w(”)(-,t)—>w(-,t) in Bs_l Q(N)(at)_)e(vt) n Bs_l‘

q,00)

It is then easy to show that (w, 6) solves (5.1) and we thus obtain a local solution and
the global bounds in Sections 5.2 and 5.3 allow us to extend it into a global solution.
It then remains to verify the properties stated in (1) and (2). Property (1) can be
shown as in Sections 5.2 and 5.3. To verify Property (2), we consider the equations
for the differences w™ ) — w™ and ™+ — () and prove Property (2) inductively
in n. The bounds can be achieved in a similar fashion in Sections 5.2 and 5.3. This

completes the proof of Theorem 5.2. [ |
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CHAPTER 6

The 2D Boussinesq-Navier-Stokes Equations with Logarithmically

Supercritical Dissipation

This chapter is dedicated to the global well-posedness of the following Cauchy problem

for the Boussinseq-Navier-Stokes equations with dissipation given by a general integral

operator.
.
ou+u-Vu+ Lu=—Vp+ e,
8t9 +u- Vo = 0,
(6.1)
V-u=0,
u(x, 0) = U()(.T), 9(I7 0) = 60(‘7:)7
\
where u is a velocity vector field, # is a scalar function, and ey = . A nonlocal
1
operator L is defined by
x _
£@) = pv. [ DI g0y (62

e |r—yf?
and m: (0,00) — (0,00) is a smooth, positive, non-increasing function with the

following three properties.
(i) there exists C; > 0 such that rm(r) < C) for all r < 1.
(ii) there exists Cy > 0 such that r|m/(r)| < Coym(r) for all » > 0.

(iii) there exists B > 0 such that 7”m(r) is non-increasing.
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In [28], Dabkowski, Kiselev, Silvestre and Vicol introduced this type of dissipative
operator to study the well-posedness of slightly supercritical active scalar equations.

Some special examples examples of m(r) are

1
L m(r) = — for r > 0 and a € (0, 1], which gives £ = A%,

1
~ rlog’(e+1/r)
1

3. = for r > 0.
m(r) rloglog(e? +1/r) o

forr > 0,7 > 0;

The first example represents the supercritical dissipation Lu, the second example
yields the logarithmically supercritical dissipation Lu and the third includes the log-
log supercritical dissipation. Thus, the dissipative operator mention above is a more
general operator.

This dissipative operator £ can be equivalently defined by Fourier multiplier [28].

L1 = P(ED©) (6.3)
for P(|¢]) = (%) and P() satisfies the following four conditions.

1. (The doubling condition): For any £ € R?, P(2|¢|) < e¢pP(|¢]), with constant

CDZL

2. (The Hormander-Mikhlin condition [68]): for any ¢ € R2, |¢|/¥] O£ P(|¢])] <
cyP(|£|) for some constant cy > 1, and for all multi-indices k& € Z4 with

|k| < N, with N only depending on cp.
3. (Sub-quadratic growth at co): [} P(|¢|"1)|¢|d|¢] < oo.
4. (=A2P(|€]) > ¢t P(€)|€|~* for all sufficiently large |£].

We assume that £ satisfies both (6.2) and (6.3) with P(|{]) = m(é) satisfying the

aforementioned properties. Taking the curl in the u equation and R, = £L710,, to 0
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equation in (6.1), we obtain

;

Ow +u-Vw+ Lw = 0,0,

Rl +u- VRO = —[Ra,u- V)0 (6.4)

u=Vty, AY=uw,

where V*+ = (=0,,,0,,) and v denotes the stream function. In order to show global
regularity, we need to show existence, uniqueness and global bounds of solutions. The
most difficult part is to find appropriate global bounds. The global regularity can be
achieved by getting appropriate bounds from the vorticity equations. However due
to the vortex stretching term, the direct energy method does not work. The vortex

stretching term can be concealed by combining w equations and R,f equations by

G =w—R,0. Then G satisfies
.G +u-VG+ LG = [Ra,u-V]b. (6.5)

Now the vortex stretching term is hiding in the commutator, however a compen-
sation of an appropriate estimate for the commutator is needed.
Our main result is a global well-posedness theorem for the IVP (6.1) or (6.4) when

L is slightly supercritical. More precisely, we prove the following theorem.

Statement of the main theorem

Theorem 6.1 Consider the IVP (6.1) and assume that L satisfies (6.2) and (6.3)
with P(|¢]) = m(%‘) obeying the aforementioned conditions. We further assume that

a(€) = a(|€]) = |&|/P(|€]) is positive, non-decreasing and satisfies

_a(lg)
i =0 Vo > 0. (6.6)

Let g > 2 and let the initial data (ug,6p) be in the class

uop € H'(R?), wy e LYRY)NBYL,(RY), 6 e L*(R?) N BY (R?),
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where wy = V X wg 1s the initial vorticity. Then (6.1) has a unique global solution

(u,0) satisfying, for all t > 0,
we LFH', we LFLINLIBY, , 0€ LPL N LPBY, N LB,

00,1

Here BY , denotes an inhomogeneous Besov space and By with @ > 0 being a

non-decreasing function is defined through the norm

/]

Byt = 127°a(27) | A f| Lallir < o0, (6.7)

where A; denotes the Fourier localization operator. A special consequence of The-
orem 6.1 is the global existence and uniqueness of classical solutions of (6.1) with

logarithmically supercritical dissipation,

Bul§) = PUSAO) = L 00) for any 20, (6.5)

More precisely, we have the following.

Corollary 6.1 Consider the IVP

;

atu—i—u-Vu—i—mu:—Vp—i—Qeg,

90 +u- V0 =0,
(6.9)

V-u=0,

\u(x, 0) = up(z), 0(x,0)=0(x).

Assume that (ug,0y) € H*T1(R?) x H*(R?) with s > 1. Then IVP (6.9) has a unique

global solution (u,0) € L>([0,T]; H*TY(R?) x H*(R?)) for any T > 0.

6.1 Preliminary Estimates

This section is dedicated to provide some useful estimates for our purpose.
It is worth here to recall that £ denotes the operator defined by both (6.2) and

(6.3), and a(|¢]) = %, Ro=L710,,.
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The following two lemmas provide the lower bound for the dissipative operator L.
These bounds are very useful when we estimate the LP-norms of the solution. Similar

type of estimate can be found in [27].

Lemma 6.1 Let L be the operator defined by (6.2). Then, for p > 1,

(@) P2 f(2)(Lf (2) > %E(Iflp)-

Proof.
L) = pv(/f yw m(|z — yl)dy
fl @t = pa. [P o ypay

By Young’s inequality,

F@P @) £6) < 1w < @ + 17w

Therefore,
|f (@)= f(2) L f (=)
1 plf(@)" — (= D|f (@) —|f ()"
> o [ — e~ yl)dy
> (7).
This completes the proof of Lemma 6.1. [ |

Lemma 6.2 Let L be the operator defined by (6.2). Then, for p > 2,

Jirenenae=2 [ |eiass

Proof. The p = 2 case is trivial. For p > 2, let § = § — 2. By Lemma 6.1,

/ FPRRLf)dr = / FEFP (LS de

> [1152 a1
- ]—9/\£2<|f|2)

This completes the proof of Lemma 6.2. [ |
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We also need the generalized version of the Bernstein type inequality for the

dissipative operator.

Lemma 6.3 Let j > 0 be an integer and p € [2,00). Let L be defined by (6.2) and
(6.3). Then, for any f € S(RY),

PENA oy < C [ 18,7200, do. (6.10)
where C' 1s a constant depending on p and d only.
In order to prove this lemma, let us recall two Lemmas from [?].

Lemma 6.4 Let 2 < p < co. Then there exist two positive constants ¢, and C,, such

that for every f € 8’ and every j € Z, we have
25 P % 25
27 ([ A flle < (IVUA )72 < Co27 ([ A | o-

Lemma 6.5 Letp € [1,00), s € [0,p). Suppose that l,r,m satisfying 1 <1 <r < oo,
l<m<oo, + =21+21

Then for f(u) = |u|P, the following estimate holds

17 (2)]

B, < Goll=l” 120,

Proof. (Proof of Lemma 6.3)
When p = 2 the above inequality follows Plancherel’s theorem. For p > 2, we
modify the proof from [24, 40]. Let N > 0 be an integer to be specified later. After

applying triangle inequality,
IAAG 1) e < ISNAUA FI2) 2 + (T = Sw)A(Af12)[|2 = 1+ Lo,
By the standard Bernstein inequality, for s > 0,

I < C2 V|18 s
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Applying Lemma 6.5 for s € (0, min(§ — 1,2)),
p_1

p . s p
125 £1E g < CIASFIIE 18 fllgrse < C22, 7,

Therefore,

I, < C27 N9 AL f||2,.

By Lemma 5.1,
I = ||SNALT2LE(|A £15)]| 2 < C 2V (P2Y) 72 |2 (|AF]5)]] 2.
Combining the estimates leads to
AU FIB) 2 < C2 NP A FI1Z, + C2V(PE@N) 2 L3 (1A, £15)]] 12
Applying lemma 6.4 for A.
2|8 112, < CIA(A F15)]] 2.
Therefore,
2| A fl12, < C2 N AF|12, + C2N(P2Y) L3 (1A fI5) . (6.11)

We now choose j < N < j 4+ Ny with Ny independent of j such that

, 1
C 2 W=ds < —
-2
From (6.11), we can write
(P2 185 f 112> < C2VIL2 (125 £1%) |1 (6.12)
(6.10) then follows from (6.12). This completes the proof of Lemma 6.3. |

The following lemma provides the commutator estimates.

Lemma 6.6 Let a and R, be defined as in (6.1). Assume
pE2,00), qe[l,0], 0<s<d.
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Let [Ro, u|F = Ro(uF) — uREF be a standard commutator. Then

I[Ra, u] F|

pys < O (llullg NEN psos.a2 + llullzz 1 E]2),

55
Boq*

where C' denotes a constant independent of a and R,.

Proof. (Proof of Proposition 6.6) Let j > —1 be an integer. Decompose A;[Rg, u|F

into three parts,
Aj[Ra,u]F = Il—|—]2+13,

where

L = ) Af(Ra(Skru- AF) = Spoqu- RoARF),
|k—j|<2

L = ) Nj(Ra(Agu- Sr F) = Mg RoSir F),
[

I = Y Aj(Ra(Agu- ApF) — AjuR, - AF).
E>j—1

When the operator R, acts on a function whose Fourier transform is supported on an
annulus, it can be represented as a convolution kernel. Since the Fourier transform

of Sy_1u - A F is supported on an annulus around the radius of 2%, we can write
hk * (Sk_lu . AkF) — Sk_lu . (hk * AkF),
where hy, is given by the inverse Fourier transform of i¢& P~1(|¢]) ®x(€), namely

i) = (6P (1€) B6(0)) (a).

Here &)k(f) € C5°(R?), E)k(g ) is also supported on an annulus around the radius of
2% and is identically equal to 1 on the support of S,_ju - ALF. Therefore, recalling

(6.1), we can write

i€, PY(€]) Bi(6) = z'%éo@kf) a(l€).
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Therefore,
hi(x) = 2% ho(2%2) * 0" (2), ho(x) = (éédg)) .

By Lemma 5.2,

1llze < Cllal’ byl Si-rull gy NAGF 2

IN

C27% a(2) ||Sj-rull gy 1A F | zee

I, in LP can be estimated as follows.

1Bl < €277 a(2) 1S F |l | Ajull g5 _
< C2%a(?) ) |ARF|L~ 1Ajullgs
m<j—1
= C27%a7N () Y 26700 @ (2) 2(=0ma2(2m) | A F || oo || Ajull 5
B m<j—1 a?(2m) mE ML NETRB

On the other hand, we estimate ||I3||z» differently. We need to distinguish between
low frequency and high frequency terms. For j = 0, 1, the terms in I3 with k = —1,0, 1
have Fourier transforms containing the origin in their support and the lower bound
part of Bernstein’s inequality does not apply. To deal with these low frequency terms,
we take advantage of the commutator structure and bound them by Lemma 5.2. The

kernel h corresponding to R, still satisfies, for any r; € (1, 0),
[z hllzr < C.
Therefore, by Lemma 5.2 and Bernstein’s inequality, for j = 0,1 and k = —1,0, 1,

HAJ(RQ(AkU . AkF> — Aku . RaAkF>HLp S C |||I|]’LHLT1 ||VAkuHLp HAI@FHLTZ

< Clullye |12

where % + % = 1. For the high frequency terms, we do not need the commutator
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structure. By Lemma 5.1 and Holder’s inequality,

sillr = || > Aj(Ra(Agu- AF))|| < Y Ca) || Akl | AcF |1
k>j—1 p k>j—1
<Ca() Y 27 2% Agullpo [|ARF
k>j—1

j
<0279 a N (@) Jullgy Y 207 )2<8*5>ka2(2’f) | ALF)| Lo

k>j—1 )

Iy = Zij—l Ayt - RoALF admits the same bound. By the definition

1 1
q q
B < lZ 295909(29) | 1|4, +LZ 2qsyaq<2ﬂ>u12u%p]

i>_1 i>_1

[[Ra, u] F|

q

+ Cllull2 [ Flza-

’ [Z 208 (M + 1)

The first term on the right is clearly bounded by

1

q

= Cllullgs  IF

s—8,a2 +
Boo,q’

Cllullsg LZ 2060020(29) | A, F 4.

>_1

Since s < ¢, (6.6) and a convolution inequality for series,

Lz it ()L,

Since 0 < s, (6.6) and a convolution inequality for series,

LZ 299a1(27) || L[|

i>_1

< Cllullzy_|IF

s—90, a2 -
Boo,q

1

< Clullgy I1Fllpeg o

This completes the proof of Proposition 6.6. [ |

6.2 Global Bound for w in Bg:gfl

In this section we discuss a global a priori estimates for |G|, 2 and ||cu||B0 -

Lemma 6.7 Assume that the initial data (ug,0y) satisfies the conditions in Theorem

6.1. Let (u, ) be the corresponding solution and let w =V X u be the vorticity. Let
G=w—TRd, Ra=L10,,. (6.13)
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Then, for any t > 0,

t
IGI. + / 1A G(r) |2 dr < B(t)

and consequently
(@)l 51 < BO)

where B(t) is integrable on any finite-time interval [0, T.

Proof. Trivially u and 6 obey the following global a priori bounds

10(t)[|L2nzee < [|00llz2nree,  Jult)][ze < [|uollz2 + t][0o]| L2

It is easy to check that G satisfies
0,G+u-VG+ LG =Ry, u- V.
Taking the inner product with G leads to

2dt|G||L2 /GEde—/GV ol da.

By the Holder inequality and the boundedness of Riesz transforms on L?,

‘/GV [ Ra, uldz| < | L2G| 12 | £ 2[R, u)0)| 2.

Inserting this estimate in (6.16) and applying Young’s inequality, we obtain

d 1 _1
EHGH%z +[|£2G7: < L2 A[Rq, ulf]7-.

By the definition of the norm, [|[£~2Af|2 < || /]|

By,
(5>%andp:q:2,weobtain
R, uldll 3.5 < Cllullsg MON 4502 + Cllullzz 0]z
2,

2
2 002

Since u = VA" w,

lullp; . = sup 27 (|Ajull 2 < [|A-yul 2 +Sup2‘” 1A, VAT w]l 2

G>—

< lull gz + sup 20| Ajuwl| 2 < ||U||L2 + lwll
Jj=0

BOCL
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.- Applying Proposition 6.6 with



2 < ||6]| . Therefore,

For § > %, ||9||Bi_267%(
£ Ras 0l < 1R 0l .5 < €l 10020 + ol g+ 1011 (6.1
We can bound the ||w||Bg:;71 by
[l gt < NG gyt + IRabll s < G+ 0] (6.19)

Since ||u||z2 and ||6]| L2~ are bounded by (6.14), we combine (6.17), (6.18) and (6.19)

to achieve the desired result. [ |

6.3 Global Bound for G in L? with ¢ € (2,4)

This section establishes a global a priori bounds for ||w|[z« with g € (2,4).

Proposition 6.3.1 Assume that the initial data (ug, 0y) satisfies the conditions stated
in Theorem 6.1. Let (u, ) be the corresponding solution and G be defined as in (6.13).

Then, for any q € (2,4), G obeys the global bound, for any T >0 andt < T,

t L 4 2 t
GOl +c [ [|etie] aatve [61, ar<Bo. 620
0 0 L1+e

where C' is a constant depending on q only and B(t) is integrable on any finite time

interval. A special consequence is that, for any small € > 0,
lw(®)ll 5, e, < B(2). (6.21)
Proof. Multiplying (6.15) by G|G|?72 and integrating with respect to x, we get
1d q -2 —2
—EHGHM + [ G|G|"*LGdzr = — | G|G|"*V - [R,, u]d dz.
q

By Lemma 6.2,
/G!G|q‘2£Gdch > c/|£$(|G|%)|2dx.

Set € > 0 to be small, say, for ¢ € (2,4),

(1+¢) <1—§) <
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Applying the condition (6.6) and by a Sobolev embedding,

IL2(GIHIZ = D IAL2(GIE)|2

j>-1
= D 2a7(@)A(619)I1E
j>-1
> O ) 2 VA(G)1)]17
Jj=-1
= CllA=75(G12)12
> CG| 5 -
L1+e

For g € (2,4), we choose s > 0 such that

2 1
s> €, S+(1+€)(1——):§—6.

q

By Holder’s inequality,

] e [Ra,uw\ < lGlap

(R, ulf] g1

If]s
By Lemma 6.8 below,

IGIG]"|

—92 -2
i S ClGI 2 1G] svaron-2) = ClIGIT 5, |Gl
L1+ H q L

2 o1l .
I+e H?2

In addition, due to the condition in (6.6),

IGI7%,

H2™¢

= 3 U AGIE < 3 Pa 2 2)|AGIE < £3(G)].

j=2-1 Jj=-1

By Proposition 6.6, recalling s > ¢ and v = VA~ lw,

ITRa ulbl s < Cllull gy

ey + C llullz2 6]

< Cllwll oz 10z +C lull 2 (16]] 2
2,2
Putting the estimates together, we get
1d q 1 4v12 q
~— NGl +C [ 1L2(G2) ] de + CIG" 2
th L TFe
) 1
< OGN 2 1£2(G)][ 22 (HWII 0.1 10l +C HUIIL2II9IIL2) -
[ TFe B2’2
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Applying Young’s inequality to the right-hand side, noticing that ¢ € (2,4) and
resorting to the bounds in Proposition 6.7, we obtain (6.20) and (6.21) follows from

the inequality
@l g;s. < NGllg;e, + Rabll g, < IGlla +110]] o

This completes the proof of Proposition 6.3.1. |

We have applied the following lemma in the proof of Proposition 6.3.1.
Lemma 6.8 Let g € (2,00), s € (0,1),0<e(q—2) <2and f € Liten et0-0te,

Then

11772 ]

i = CHqu

< CHfH“’ N

=240 (6.22)

2— e(q 2)

Proof. This proof modifies the proof given by [43]. Identifying H* with B§2 and by

the definition of Bg 5, We have

s = [ s Sl e

‘y’2+23

A1 f117

Applying the inequality

1772 f @ +y) = 112 f @) < C (1172 (@ +y) + 11772 (@) (e +y) = f@)],

we have, by Holder’s inequality

11772 f(a +y) = |£1772 f(2)]I72 <Cllfll ||f(x+y) F@)L,
where
_ %
= =2
Therefore,
I1f1 2f|Hs_C||f|| ||f|Bs :

Further applying the Besov embedding inequality

1 l15s, < CUA ez

we achieve (6.22) and this accomplishes the proof of Lemma 6.8. [ |
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6.4 Global Bound for ||G||E;le with ¢ € [2,4)

This section establishes a global a priori bound for ||G||ZIle with ¢ € (2,4). By

using this bound, we will show the global bound ||w||z« with general ¢ € [2, 00).

Proposition 6.4.1 Assume that the initial data (uo, 6y) satisfies the conditions stated

in Theorem 6.1. Let
rell,oo], se€[0,1), qe€(2,4).
Then, for any t > 0, G obeys the following global bound
1Glliys, < B, (6.23)
where B is integrable on any finite-time interval.
Proof. Let j > —1 be an integer. Applying A; to (6.15) yields
OA;G+ LAG=—-Aj(u-VG) —Aj[R,,u- V]b.
Taking the inner product with A;G|A;G|972, we have
1d _
QEHAJGHqu + /AjG]AjG]q 2LAG = Ty + Ja, (6.24)
where
Ty = —/Aj(u-vc) A,GIAGl2, (6.25)
Jy = — /Aj[Ra,u V10 A;GIAG|2
According to Lemma 6.3, for j > 0, the dissipation part can be bounded below by
/AjG|AjG|q—2£AjG > CP(2)|A;Gl%.. (6.26)

By Lemma 6.9 below, J; can be bounded by

(e 2 m—7j 2

m<j—2

+ 30 2O AGIL] 14,6118 (6.27)

k>j—1
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where we have taken e to be small positive number, especially
s—1+4+3e<0.

To bound Jy, we first apply Holder’s inequality and then employ similar estimates as

in the proof of Proposition 6.6 to obtain

(Bl < 1A [Rayu- VIOl | A;GI T

< O (2 a(@)wll gy M0l + ull2llOllz2 ) 1AGIE (6.28)

Inserting (6.26), (6.27) and (6.28) in (6.24) and writing the bound for [|w(?)|| < by

B(t), we obtain

d . . o
EHA]GHLFI + C2 a‘1(23) 1A;G|La < C2Ya(27) B(t)

+CYCDBO[1AG+ Y 275 |AWG s

m<j—2

+ Z 9(i=k)(1=3) ||Ak:G||Lq]-

E>j—1
Due to (6.6), a(27) < 29. Integrating in time yields
18,G0)|[2a < e 2| A;G(0)|| 1o + C 2790739 B(2)

t .
+C 2D B() / e~ 2D (1) dr,
0

where, for notational convenience, we have written

L(t) = [\|AjGHLq+ > 2= A G| + > 9U=K)(1-3) HAkGHLq].

m<j—2 k>j—1

Taking the L™ norm in time and applying Young’s inequality for convolution lead to

18,G e < €270 [ 8;G(0) g0 + C 277079 B(1)

+C PRI B Lo
Multiplying by 27¢, summing over j > —1 and noticing s — 1 + 3¢ < 0, we obtain

w1yrimg + C B(t) + Ky + Ky + K, (6.29)

q,1

I

LyB:, < CHG(O)HB

101



where

j(— e+2) js
Ky=C Y 250D B(1) 2% ;G| 1 1,

j>-1

K,=C Z 2j(—1+2e+§)§(t) ojs Z 2(m_j)§HAmGHL§Lq>
> m<j—2

Ky = C Z 2j(*1+26+%) é(t) 2js Z 2(J'*k)(1f§) ||AkG||L{L‘1-
j>—1 k>j—1

Since —1 + 2¢ + % < 0, we can choose an integer N > 0 such that

ool —

The sums in K;, Ky and K3 can then be split into two parts: 7 < N and 7 > N.
Since ||G||L« is bounded, the sum for the first part is bounded by C B(£)2°. The

second part of the sum over 7 > N is bounded by %HG ||Zg Bs - Therefore,
n sN 3
Ky, Ky, K3 < C B(1)2*" + gHGHZngl-
Combining these bounds with (6.29) yields the desired estimates. This completes the
proof of Proposition 6.4.1. [ |
We now provide the details leading to (6.27). They bear some similarities as those

n [21], but they are provided here for the sake of completeness.

Lemma 6.9 Let J; be defined as in (6.25). Then we have the following bound

il < C2J(+q)HWHE;;;[HAJ‘GHLQ+ Z 203 || A G| e

m<j—2
. _2 -
30 2O A 1A,CIE"
k2j—1

Proof. Using the notion of paraproducts, we write

Aj(u-VG) = Jiu + Jig + Jiz + Jig + Jis,
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where

Jii= > [A; Skoau- VIALG,

li—k[<2

J12 = Z (Sk_lu — S]u) VA]AkG,
lj—k|<2

J13 = Sju : VAjG,

J14 = Z AJ(Aku . VSk,1G>,

li—kl<2

Jis= > ANj(Agu- VALG).

k>j—1
Since V - u = 0, we have
/ Tl A Gl72 AL G da = 0.
By Holder’s inequality,
[ RIAGI A6 < 1l AGIE
We write the commutator in terms of the integral,
I = [ @@ =) (Sivut) = Secrula) - TAG() dy

where ®; is the kernel of the operator A;. As in the proof of Lemma 3.3, we have,

for any 0 < e <1,

1illze < 2l @)z [1Sj—rull gre [V AGG I

By the definition of ®; and Bernstein’s inequality, we have

j(e+2 —e
[Jiille < C2CFD |||z To(2)|| 1 1Sj-1wll <.

A;G|| e

< C2j(€+%)\lw||§;;o

|A;G| L
Again, by Bernstein’s inequality,

[Si2llee < CllAjullLa]| VA;GI| L

< CYD wl e

|A;G| L4
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[Nallze < ClAullel|VS; G|

I

et 2 m—j)2
OV g Y 2" IANG s

m<j—2

i(et2 k) (1—2 e
[isllee < €203 20 PO AT A | 1| ARG 1o
k>j—1
: 2 : _2
CP ) wlpe, > 2V A

k>j—1

IN

Combining the estimates above yields

. 2 m—i)2
il < €2 ol []|AjGHLq+ S 2 DA LG

m<j—2
+ 30 2RO A e | 18,601
k>j—1
This completes the proof of Lemma 6.9. |

6.5 Global Bounds for HwHLtlBO*"l and |w|/z. for any g > 2

In this section we prove that wq is in L?, then the solution w is also a prioriin L? at

any time.

Proposition 6.5.1 Assume that the initial data (ug,0y) satisfies the conditions as

stated in Theorem 6.1. Then we have the following global a priori bounds. For any

T>0andt <T,
lo@lzppoe, < CT), 0@ oz < C(T), fw(B)llze = C(T),

where C(T') are constants depending on T and the initial norms only.

In order to prove this proposition, we need the following fact.

Lemma 6.10 Let T'> 0 and let u be a divergence-free smooth vector field satisfying

T
/ |Vul L dt < oo.
0
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Assume that 0 solves

Let a : (0,00) — (0,00) be an nondecreasing and radially symmetric function satisfy-

ing (6.6). Let p € [1,00]. For anyt >0,

t
805 < ollgs + 1s5a) (14 [ 19ulimat).

This lemma can be proven in a similar fashion as that of Lemma 4.5 in [21]. A

crucial assumption is that a satisfies (6.6).

Proof. (Proof of Proposition 6.5.1) We first explains that (6.23) in Proposition 6.4.1
implies that, for ¢t < T,

1G]l Lo, < C(T).

In fact, if we choose s € [0, 1) satisfying s > % for ¢ € (2,4) and set € > 0 satisfying

e+§—s<0,then

IGlpos, = D> a@)A;Gl= < Y a(2)27 |4, s

j>-1 j=-1
< Z a(2j)276j 2j(e+%—8)2js”AjGHLq < C HG”B; .
j=-1

where we have used the fact that a(27)2% < C for C independent of j. Furthermore,
|l Lo, < Gl Lo, + [Rabll Ly oo, -

By the definition of the norm in ngfl and recalling that R,0 is defined by the mul-

tiplier a(|§|)%, we have

IR goe = a(27") 1A RO e + D a(2) [|A;R)| o
’ >0
< Cllollze + D a’(2) [|A;0]
>0

< Clfoll> + 0]

0,a2 -
Boo,l
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By Lemma 6.10,

t
¥l ge0 < Clobl g (14 [ I1Vuliat)
C1oll ooz (1+ luallzzze + lollzyes,, )
oo,1 )

C 60l o (1 + Mz + Iy s, ) - (6.30)

IN

IN

Therefore,
lollgots, < IGlugans, +C (Wollo + ol )
t t
+C ol [ Wellpoo dr -+ C ull g | ol g, dr
co,1 0 0,1 0 T 00,1
By Gronwall’s inequality, H(‘UHL%BO’“I < C(T), which, in turn, implies that, by (6.30),
16@) ]| yo.02 < C(T).
0,1
Now we prove the bound for ||w||z«. From the equations of G and R0,

[wlie < [1Gllze + [[Rab]| o

< VGl + Rabollzs +2 [ Ravt- Tl

< 1Golls + IRl +2 [ Rass 910, i

Following the steps as in the proof of Proposition 6.6, we can show that
I[Rasw- V10lpo, < Cllwliza 6]l g0, + C 6ol [lull -

Gronwall’s inequality and the bound HQHLtlBo,al < C(T) then imply the bound for

|w||e. This completes the proof of Proposition 6.5.1. |

6.6 Uniqueness and Proof of Theorem 6.1

This section proves the existence, uniqueness of the global solution. First we prove
uniqueness and then we prove local existence. The local existence, uniqueness to-

gether with global bounds allow us to extend solution for all time.
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Theorem 6.2 (Uniqueness) Assume that the initial data (ug,0y) satisfies the con-

ditions stated in Theorem 6.1. Then, the solutions (u,0) in the class

we L=(0,T]; HY), we L>([0,T]; L) N LLBY"

00,17

0 € L>([0,T], L* N Bo,16.31)
must be unique.

Proof. Assume that (u M) and (u®,0®) are two solutions in the class (6.31).

Let p™) and p® be the associated pressure. The differences
satisfy

o+ v - Vu+u-Vu® + Lu= —Vp+ fe,,
9,0 +ut) - VO +u- VI =0,
By Lemmas 6.11 and 6.12 below, we have the following estimates
lu(llsy,, < 1lwO)llsg,, + ClOlLmp, e

+C/ ()2 (lu e + lwPllpo,, + 6@ 22 + 0Pl ) dr

and

t
0Ol < 10O+ C [ 10 agzo Ui+ 1)
t
O [l 162, .
0 ,

In addition, we bound ||u||z2 by the following interpolation inequality

lull s < C fullgg_ log (1 o el )

Tllg _

together with ||ullg < [JuV|| g + [[u?||g1. These inequalities allow us to conclude

that

Y(t) = [lu@)llsg,, +1100)] 510
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obeys

t
Y(t) <2Y(0) + C / Dy(F)Y (7) Tog (1 + Ds(r)/Y () dr, (6.32)
0
where
Di = 10200 + a0 + 1ol + e+ @5
Dy = [Ju|m + [|[u®| g

Applying Osgood’s inequality to (6.32) and noticing that Y (0) = 0, we conclude that
Y (t) = 0. This completes the proof of Theorem 6.2. |
We now state and prove two estimates used in the proof of Theorem 6.2.

Lemma 6.11 Assume that uV, u®, u, p and 6 are defined as in the proof of Theo-

rem 6.2 and satisfy
du+uY - Vu+u- Vu® + Lu= —Vp+ fe,. (6.33)
Then we have the a priori bound
lu@lsg,, < uO)llsg, + ClOll ;10
+c/wu e (e + Do, + 62 + 0@l gy ) dr(6.34)

Proof. (Proof of Lemma 6.11) Let j > —1 be an integer. Applying A; to (6.33) and

taking the inner product with Aju, we obtain, after integration by parts,

thHA ul % + |1L2Aul%e = i + Jo + Js, (6.35)
where
J = —/AjuAj(u(l)-Vu) dx,
Jy = —/AjuAj(u-Vu(Q))d:U,

J3 = /AJU Aj(eeg) dx
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By Plancherel’s theorem,
122 Agul2e > C2a~Y(27) || Ajul2,

where C' = 0 in the case of j = —1 and C' > 0 for 5 > 0. The estimate for J; is easy

and we have, by Holder’s inequality,
5] < 1A gullzz A6z < 20 (2) | Ajullze 6] 510

To estimate J;, we need to use a commutator structure to shift one derivative to u(").

For this purpose, we write
Aj(uh - Vu) = Jiy + Jig + Jis + Jua + s, (6.36)
where

Jll = Z [Aj, Sk,lu(l) . V]Aku,

li—k|<2

J12 = Z (Sk_lu(l) - Sju(l)) : VAjAku,

li—k|<2

J13 = Sju(l) . VAju,

J14 = Z A](Aku(l) . VSk_lu),

li—k|<2

J15 = Z Aj(Aku(l) : Vﬁku)

k>j—1
Since V -« = 0, we have

/J13 Ajuda: =0.

J11, J12, J14 and Ji5 can be bounded in a similar fashion as in the proof of Lemma

6.9 and we have

1Tllze, [zl < € (a2 + o llpo, Az,

| halle < C QDo + oD s ) S 2" Al e,

m<j—1

| Dsllze < C (Wl +lwPllpe ) D 27F 1 Avulle.

k>j—1
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To estimate J5, we write
Aj(u-Vu®) = Joy + Jog + Jos, (6.37)
where

ng = Z Aj(Sk,1U . VAku(Q)),

li—kl<2

Jo= Y Aj(Au- VS u?),
li—kl<2

J23 = Z AJ(A]CU : Vﬁku@))
k>j—1

Therefore, by Hélder’s inequality,

1 Jaallze < C lullze [V Au® =,
1 22llze < C Nl A ull 2 (a2 + [l [0, ,),

lasllze < C (e + 0@ 1m,) S 27| Agulze.

k>j—1

Inserting the estimates above in (6.35), we obtain

1d , , , ,
§£||Aju||Lz +C2a M2 | Ajullge < C 27a"1(27) ||0||B£;a + K (1), (6.38)

where

K(t) = C (W]l + oW, + 1u®lz2 + lw® |0, )I1Ajull2

+C ullzz 1V 2@ | o + (@2 + o Dllpo ) D 2" Amull 2

m<j—1

+C (V2 + oDl + ez + 0@ lse ) D7 27 [Asul e
k>j—1

Integrating (6.38) in time and taking sup,-_;, we obtain (6.34). This completes the

proof of Lemma 6.11. [ |

Lemma 6.12 Assume that 0, vV, u and 0@ are defined as in the proof of Theorem

6.2 and satisfy

0,0 +u Vo4 u- VIR = 0. (6.39)

110



Then we have the a priori bound

t
00Ny < 10Oz + € [ 10 agze (i + 1l )
, , 0 ,
t
+C / HU(T)HL2||0(2)HB0,a dr. (6.40)
0 oo,1
Proof. (Proof of Lemma 6.12) Let j > —1 be an integer. Applying A; to (6.39) and

taking the inner product with A;60, we obtain

1d

5 7120l = Ky + Ko, (6.41)
where
K = — / A0 A;(u - Vo) da,

To estimate K, we decompose A;(u!)- V) as in (6.36) and estimate each component

in a similar fashion to obtain

Kl < ClA0IZ: (a2 + lw s, )

+C8,0l|z2 27a™(27) 0] g 10 (a2 + [l I o, )-

To estimate K, we decompose A;(u - V#?) as in (6.37) and bound the components

in a similar fashion to have
Kol < Ol fullx2a™ (@) [0 o
Combining these estimates, we find

d -
185002 < C 2702 [10l]ppae (e 22 + 0PI, )

+C lull 122701 (2) 10@)]| oo

Integrating in time, multiplying by 277a(2’) and taking sup,._;, we obtain (6.40).

This completes the proof of Lemma 6.12. [ |
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Proof of the main theorem

Proof. (Proof of Theorem 6.1) Uniqueness is already shown in 6.2, it suffices to es-

tablish the existence of solutions. The first step is to obtain a local (in time) solution

and then extend it into a global solution through the global a priori bounds obtained

in the previous section. The local solution can be constructed through the method of

successive approximation. That is, we consider a successive approximation sequence

{(w™, 6™} solving
(

w(l) = SQLU(), 0(1) = 5290,

815 (n+1 + u V0 (n+1) 07

\

O™t ) . gt 4 L) = g, gin+D)

n+1 (l’ 0) Sn+2W0(x)7 6(n+1) (LL’, 0) = Sn+290(x)'

(6.42)

To show that {(w™,0™)} converges to a solution of (6.4), it suffices to prove that

{(w™, 6™} obeys the following properties:

(1) There exists a time interval [0,7}] over which {(w

formly in terms of n. More precisely, we show that
||W(n)||L;;o(L%Lq)mLtlB’ggf1 <C(T), |0 n)“

where C(T}) is a constant independent of n.

L L?mB"“ )NLIBYY =

(), 9"))} are bounded uni-

< (),

(2) There exists T > 0 such that w™™) — w(™ is a Cauchy sequence in L{*B

and 6+ — 9() is Cauchy in L} B_;*, namely

00,1

ot — ™| < O(Tp)27", (|60 — 6

for any ¢ € [0, T3], where C(T3) is independent of n.

||L§B;{f < C(1z)2”

If the properties stated in (1) and (2) hold, then there exists (w, ) satisfying

we LX(LPNLYNLIBYY, 6 LX(L*NBY"

00,19
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w™ —w in L¥BL 0™ =0 in LB

00,17

for any t < min{7},T>}. It is then easy to show that (w,#) solves (6.4) and we thus
obtain a local solution and the global bounds in the previous sections allow us to
extend it into a global solution. It then remains to verify the properties stated in (1)
and (2). Property (1) can be shown as in the previous sections (Section 6.2 through
Section 6.5) while Property (2) can be checked as in the proof of Theorem 6.2. We

thus omit further details. This completes the proof of the main Theorem. [ |

113



BIBLIOGRAPHY

1]
2]

R.A. Adams, Sobolev Spaces, Academic press, New York, 1975.

D. Adhikari, C. Cao and J. Wu, The 2D Boussinesq equations with vertical
viscosity and vertical diffusivity, J. Differential Equations 249 (2010), 1078-
1088.

D. Adhikari, C. Cao and J. Wu, Global regularity results for the 2D Boussinesq
equations with vertical dissipation, J. Differential Equations 251 (2011), 1637-

1655.

H. Alfvén, Existence of electromagnetic-hydrodynamic waves Nature, Vol.

150(1942), pp. 405

H. Bahouri, J.-Y. Chemin and R. Danchin, Fourier Analysis and Nonlinear Par-

tial Differential Equations, Springer, 2011.

J.T Beale, T. Kato and A. Majda, Remarks on the breakdown of smooth solu-

tions for the 3D Euler equations, Commun. Math. Phys. 94, (1984), 61-66

J. Bergh and J. Lofstrom, Interpolation Spaces, An Introduction, Springer-Verlag,
Berlin-Heidelberg-New York, 1976.

R. Caflisch, I. Klapper and G. Steele, Remarks on singularities, dimension and
energy dissipation for ideal hydrodynamics and MHD, Commun. Math. Phys. 184,
(1997), 443-455

114



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

J.R. Cannon and E. DiBenedetto, The initial value problem for the Boussinesq
equations with data in LP, Lecture Notes in Math., Vol. 771. Springer, Berlin,
1980, pp. 129-144,

C. Cao, D. Regmi and J. Wu, The 2D MHD equations with horizontal dissipation

and horizontal magnetic diffusion, J. Differential Equation (2013).

C. Cao, D. Regmi J. Wu and X. Zheng, Global Regularity for the 2D Magneto-
hydrodynamic Equations with Horizontal Dissipation and Horizontal Magnetic

Diffusion, preprint.

C. Cao and J. Wu, Global regularity for the 2D MHD equations with mixed

partial dissipation and magnetic diffusion, Adv. in Math 226 (2011), 1803-1822.

C. Cao and J. Wu, Global regularity for the 2D anisotropic Boussinesq equations

with vertical dissipation, Arch. Ration. Mech. Anal. (accepted).

C. Cao and J. Wu, Two regularity criteria for the 3D MHD equations, J. Differ-

ential Equations 248 (2010), 2263-2274.

C. Cao, J. Wu and B. Yuan, The 2D incompressible magnetohydrodynamics

equations with only magnetic diffusion, preprint.

D. Chae, P. Constantin and J. Wu, Inviscid models generalizing the 2D Euler and
the surface quasi-geostrophic equations, Arch. Ration. Mech. Anal. 202 (2011),
35-62.

D. Chae, Global regularity for the 2D Boussinesq equations with partial viscosity
terms, Advances in Math. 203 (2006), 497-513.

D. Chae, Nonexistence of self-similar singularities in the viscous magnetohydro-

dynamics with zero resistivity, J. Funct. Anal. 254(2008), 441-453.

115



[19]

[20]

[21]

22]

23]

[25]

[26]

D. Chae, P. Constantin and J. Wu, Inviscid models generalizing the 2D Euler and
the surface quasi-geostrophic equations, Arch. Ration. Mech. Anal. 202 (2011),
35-62.

D .Chae and H-S Nam, Local existence and blow-up criterion for the Boussinesq

equations, Proc Roy Soc Edinburgh, Sect A, 127(5) (1997), 935946

D. Chae and J. Wu, The 2D Boussinesq equations with logarithmically super-
critical velocities, Advances in Math. 230 (2012), 1618-1645.

S. Chandrasekhar, Hydrodynamic and Hydromagnetic Stability, Ozford Univ.
Press (1961).

Q. Chen, C. Miao and Z. Zhang, A new Bernstein’s inequality and the 2D dissi-

pative quasi-geostrophic equation, Commun. Math. Phys. 271 (2007), 821-838.

Q. Chen, C. Miao, Z. Zhang , On the regularity criterion of weak solution for the
3D viscous magneto-hydrodynamics equations, Comm. Math. Phys., 284 (2008)
919-930

P. Constantin and C.R. Doering, Infinite Prandtl number convection, J. Statis-

tical Physics 94 (1999), 159-172.

P. Constantin and V. Vicol, Nonlinear maximum principles for dissipative linear

nonlocal operators and applications, arXiv:1110.0179v1 [math.AP] 2 Oct 2011.

A. Cérdoba and D. Cérdoba, A maximum princple applied to quasi-geostroohhic
equations; Comm. Math. Phys. 249(2004), 511-528.

M. Dabkowski, A. Kiselev, L. Silvestre and V. Vicol, Global well-posedness of
slightly supercritical active scalar equations, arXiv:1203.6302v1 [math.AP] Mar
28 2012.

116



[29]

[30]

[31]

[33]

[34]

R. Danchin and M. Paicu, Existence and uniqueness results for the Boussinesq

system with data in Lorentz spaces, Phys. D 237 (2008), 1444-1460.

R. Danchin and M. Paicu, Global well-posedness issues for the inviscid Boussi-

nesq system with Yudovich’s type data, Comm. Math. Phys. 290 (2009), 1-14.

R. Danchin and M. Paicu, Global existence results for the anisotropic Boussinesq

system in dimension two, Math. Models Methods Appl. Sci. 21 (2011), 421-457.

G. Duvaut and J.-L. Lions, Inéquations en thermoélasticité et

magnétohydrodynamique, Arch. Rational Mech. Anal. 46 (1972), 241-279.

W. E and C. Shu, Small-scale structures in Boussinesq convection, Phys. Fluids

6 (1994), 49-58.

J. Fan and T. Ozawa, Regularity criteria for the magnetohydrodynamic equations
with partial viscous terms and the Leray-a-MHD model, kinet. Relat. Models,
2(2), 293-305.

C. Fefferman, Existence and smoothness of the Navier-Stokes equation, it

http://www.claymath.org
AE. Gill, Atmosphere-Ocean Dynamics, Academic Press (London), 1982.

C. He and Y. Wang, On the regularity criteria for weak solutions to the magne-

tohydrodynamic equations, J. Differential Equations 238 (2007), 1-17

C. He and Z. Xin, On the regularity of weak solutions to the magnetohydrody-

namic equations, J. Differential Equations 213 (2005), 235-254

C. He and Z. Xin, Partial regularity of suitable weak solutions to the incompress-

ible magnetohydrodynamic equations, J. Funct. Anal. 227 (2005), 113-152.

117



[40]

[41]

[44]

T. Hmidi, On a maximum principle and its application to the logarithmically
critical Boussinesq system, Anal. Partial Differential Equations 4 (2011), 247
284.

T. Hmidi and S. Keraani, On the global well-posedness of the two-dimensional
Boussinesq system with a zero diffusivity, Adv. Differential Equations 12 (2007),
461-480.

T. Hmidi and S. Keraani, On the global well-posedness of the Boussinesq system
with zero viscosity, Indiana Univ. Math. J. 58 (2009), 1591-1618.

T. Hmidi, S. Keraani and F. Rousset, Global well-posedness for a Boussinesq-
Navier-Stokes system with critical dissipation, J. Differential FEquations 249
(2010), 2147-2174.

T. Hmidi, S. Keraani and F. Rousset, Global well-posedness for Euler-Boussinesq
system with critical dissipation, Comm. Partial Differential Equations 36 (2011),
420-445.

T. Hmidi and M. Zerguine, On the global well-posedness of the Euler-Boussinesq
system woth fractional dissipation, Phys. D 239 (2010), 1387-1401.

T. Hou and C. Li, Global well-posedness of the viscous Boussinesq equations,

Discrete and Cont. Dyn. Syst. 12 (2005), 1-12.

X. Jia and Y. Zhou, Regularity criteria for the 3D MHD equations via partial

derivatives, Kinetic and related models volume 5, number 3 (2012), 505-516

Q. Jiu and J. Zhao, A remark on global regularity of 2D generalized magneto-
hydrodynamic equations, arXiv:1306.2823v1 [math.AP] 13 Jun 2013.

T. Kato, Remarks on the Euler and Navier-Stokes equations in R2, Proc. Symp.
Pure Math., Vol 45, 1986.

118



[50]

[51]

[52]

[53]

[57]

[58]

[59]

D. KC, D. Regmi, L. Tao and J. Wu, The 2D Euler-Boussinesq equations with

a logarithemically supercritical velocity, preprint.

D. KC, D. Regmi, L. Tao and J. Wu, The 2D Boussinesq-Navier-Stokes equations

with logarithmically supercritical dissipation, preprint.

O.A. Ladyzhenskaya, Mathematical theory of viscous incompressible flow, 2nd

edition, New York, 1969.

A. Larios, E. Lunasin and E.S. Titi, Global well-posedness for the 2D Boussinesq
system without heat diffusion and with either anisotropic viscosity or inviscid

Voigt-a regularization, arXiv:1010.5024v1 [math.AP] 25 Oct 2010

H. Lin and L. Du, Regularity criteria for incompressible magnetohydrodynamics

equations in three dimensions, Nonlinearity 26 (2013), 219239.

Z. Lei, N. Masmoudi and Y. Zhou, Remarks on the blow-up criteria for Oldroyd

models , J. Differential Equations,248 (2010), 328-341

Z. Lei and Y. Zhou, BKM’s criterion and global weak solutions for magnetohy-

drodynamics with zero viscosity, Discrete Contin. Dyn. Syst. 25 (2009), 575-583.

A.J. Majda, Introduction to PDEs and Waves for the Atmosphere and Ocean,

Courant Lecture Notes in Mathematics 9, AMS/CIMS, 2003.

A.J. Majda and A.L. Bertozzi, Vorticity and Incompressible Flow, Cambridge

University Press, 2001.

C. Miao, J. Wu and Z. Zhang, Littlewood-Paley Theory and its Applications in
Partial Differential Equations of Fluid Dynamics, Science Press, Beijing, China,
2012 (in Chinese).

119



[60]

[61]

[62]

[66]

[67]

[68]

C. Miao and L. Xue, On the global well-posedness of a class of Boussinesq-
Navier-Stokes systems, NoDFEA Nonlinear Differential Equations Appl. 18
(2011), 707-735.

H.K. Moffatt, Some remarks on topological fluid mechanics, in: R.L. Ricca (Ed.),
An Introduction to the Geometry and Topology of Fluid Flows, Kluwer Academic
Publishers, Dordrecht, The Netherlands, 2001, pp. 3-10.

K. Ohkitani, Comparison between the Boussinesq and coupled Euler equations
in two dimensions. Tosio Kato’s method and principle for evolution equations
in mathematical physics (Sapporo, 2001). Srikaisekikenkysho Kkyroku No. 1234
(2001), 127-145.

J. Pedlosky, Geophysical Fluid Dyanmics, Springer-Verlag, New York, 1987.

E. Priest and T. Forbes, Magnetic reconnection, MHD theory and Applications,

Cambridge University Press, Cambridge, 2000.

J. Quansen and N. Dongjuan, Mathematical results related to a two-dimensional
magnetohydrodynamic equations, Act. Mathematica Scientia, 26B(4),2006, 744-

756.

T. Runst and W. Sickel, Sobolev Spaces of fractional order, Nemytskij operators
and Nonlinear Partial Differential Equations, Walter de Gruyter, Berlin, New
York, 1996.

M. Sermange and R. Temam, Some mathematical questions related to the MHD

equations, Comm. Pure Appl. Math. 36 (1983), 635-664

E. Stein, Singular Integrals and Differentiability Properties of Functions, Prince-

ton Unviersity Press, Princeton, NJ, 1970.

120



[69]

[70]

[71]

[73]

[74]

[75]

[76]

[77]

78]

[79]

C. Trann, X. Yu and Z. Zhai, On global regularity of 2D generalized magneto-

hydrodynamic equations, J. Differential Equations 254 (2013), 4194-4216.
H. Triebel, Theory of Function Spaces II, Birkhauser Verlag, 1992.

W. Wang and Z. Zhang, Limiting case for the regularity criterion to the 3-D
magneto-hydrodynamics equations, J. Differential Equations 252 (2012), 5751-
S762.

J. Wu, Bounds and new approaches for the 3D MHD equations, J. Nonlinear
Seci. 12 (2002), no 4, 395-413.

J. Wu, Generalized MHD equations,J. Differential Equations, 195 (2003), No.2,
284-312.

J. Wu, Regularity criteria for the generalized MHD equations, Communications

in Partial Differential Equations, 33 (2008), No.2, 285-306.

J. Wu, Global regularity for a class of generalized magnetohydrodynamic equa-

tions, J. Math. Fluid Mech 13 (2011), 295-305.

J. Wu, Lower bounds for an integral involving fractional Laplacians and the
generalized Navier-Stokes equations in Besov spaces, Comm. Math. Phys. 263

(2006), 803-831.

G. Wu and X. Zheng, Global well-posedness for the two-dimensional nonlinear

boussinesq equations with vertical dissipation, preprint.

L. Xu and P. Zhang, Global small solutions to three-dimensional incompressible

MHD system, preprint.

B. Yuan and L. Bai, Remarks on global regularity of 2D generalized MHD equa-
tions, arXiv:1306.2190v1 [math.AP] 11 Jun 2013.

121



[80] K. Yamazaki, Remarks on the global regularity of two-dimensional magnetohy-
drodynamics system with zero dissipation, arXiv:1306.2762v1 [math.AP] 13 Jun
2013.

[81] K. Yamazaki, On the global regularity of two-dimensional generalized magneto-

hydrodynamics system arXiv:1306.2842v1 [math.AP] 13 Jun 2013.

[82] K. Yamazaki, Remarks on the regularity criteria of generalized MHD and Navier-
Stokes systems, J. Math. Phys. 54, 011502 (2013).

[83] Zhi-fei Zhang and Xiao-feng Liu, On the blow-up criterion of smooth solutions
to the 3D ideal MHD equations Acta Math. Appl. Sinica E 20, (2004) 695700.

[84] Y. Zhou and J. Fan, A regularity criterion for the 2D MHD system with mag-
netics diffusivity, J. Math .Appl 378 (2011), 196-172.

[85] Y. Zhou, Remarks on regularities for the 3D MHD equations, Discrete and Con-

tinuous Dynamical System volumel2, Number 5 (2005), 881-886.

[86] Y. Zhou, Regularity criteria for the generalized viscous MHD equations, Ann.
LH. Poincare- AN 24 (2007), 491-505.

122



VITA
Dipendra Regmi
Candidate for the Degree of

Doctor of Philosophy

Dissertation: A STUDY ON THE GLOBAL REGULARITY FOR TWO-
DIMENSIONAL MAGNETOHYDRODYNAMIC AND BOUSSINESQ
EQUATIONS

Major Field: Mathematics
Biographical:
Personal Data: Born in Lubdikhola, Syangja, Nepal.

Education:
Received the B.S. degree in Mathematics, Physics and Statistics from Trib-
huvan University, Kathmandu, Nepal, 1997.
Received the M.S. degree in Mathematics from Tribhuvan University, Kath-
mandu, Nepal, 2000.
Received the Post Graduate Diploma in Mathematics from The Abdus
Salam International Center for Theoretical Physics, Trieste, Italy, 2003.
Received the M.S. degree in Mathematics from Oklahoma State University,
Stillwater, Oklahoma, USA, 2008.
Completed the requirements for the degree of Doctor of Philosophy with a
major in your major Oklahoma State University in July, 2013.

Experience:

8/2006 -Present: Graduate Teaching Assistant, Oklahoma State Univer-
sity, Stillwater, Oklahoma, USA.

8/2003 — 7/2006:  Assistant Professor in Tribhuvan University, Kath-
mandu, Nepal.

6/2004 — 6/2006: Assistant Professor, Kathmandu Model College, Kath-
mandu, Nepal.

8/2000— 6/2002: Assistant Professor, Bagmati Modern College, Kath-

mandu, Nepal.



