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Abstract

In this dissertation we determine the reducibility of certain induced represen-
tations. We do this using Bushnell and Kutzko’s method of types and covers.
We consider certain quaternionic hermitian groups over a p-adic field. While
the types and covers can be found in the literature, the computation of the

associated Hecke algebras has not been done before.
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Chapter 1

Introduction

The area of interest in this dissertation is the representation theory of reductive
p-adic groups. Specifically we are interested in how Bushnell-Kutzko’s theory
of types and covers can be used to obtain explicit results on the reducibility of
parabolically induced representations.

Representation theory is a central area of modern mathematics. In particular,
the representation theory of reductive p-adic groups is central to the web of
conjectures known as the Langlands program whose influence pervades current
research in automorphic forms and number theory. The origins of representation
theory go back to Frobenius and others in the 1890s in the study of finite groups.
A key tool introduced by Frobenius is the method of induction, a way of building
representations of a group from representations of subgroups. To make this an
effective means of constructing or classifying representations, one needs to be
wise in the choice of both the subgroups one induces from and the representations
one induces.

In the case of reductive real or p-adic groups, it is natural to induce from
what are called parabolic subgroups. For general linear groups, these are (up
to conjugacy) the subgroups of invertible block upper-triangular matrices. A
proper parabolic subgroup is not reductive but admits a canonical reductive
quotient. For example, in the case of block upper-triangular matrices, this
reductive quotient is isomorphic to the corresponding group of block diagonal

matrices. One takes a representation of this reductive quotient, views it as a



representation of the parabolic subgroup and then induces. The whole process
is called parabolic induction.

In contrast to reductive real groups, a central feature of reductive p-adic
groups is that there are irreducible representations that never occur as subrepre-
sentations of parabolically induced representations. These are the supercuspidal
representations. They serve as fundamental building blocks. Indeed, suppose 11
is an irreducible representation of a reductive p-adic group G. By insights of
Harish-Chandra and others it is known that there is a parabolic subgroup of G
and an irreducible supercuspidal representation 7 of its reductive quotient such
that II occurs in the representation obtained from 7 via parabolic induction.
Moreover, only finitely many II are related to the supercuspidal representation
7 in this way.

Thus, a core problem in p-adic representation theory is to understand when
and how parabolically induced representations decompose, especially when the
inducing representation is supercuspidal. This is the problem I study in a very
special situation.

In the case of finite groups, Mackey theory provides an efficient way of
decomposing induced representations through the action of certain intertwining
operators. The same operators can be used to study parabolically induced
representations for p-adic groups. Their construction, however, is considerably
more subtle and involves a process of analytic continuation. By work of Langlands
and Shahidi [20], one knows that properties of these intertwining operators
give rise to local L-functions and that these L-functions are the key to many
reducibility questions. In [21] Shahidi studies certain reducibility questions in
this way for the split classical groups.

Bushnell-Kutzko’s method of types and covers [4] provides another way of

studying reducibility questions. It relies on detailed knowledge of the internal



structure of the inducing representation and certain related constructions. In
circumstances where this is available, the method can lead to strikingly explicit
results. Indeed, in [9] Kutzko and Morris use the method to reconsider a special
case of the situation studied by Shahidi in [21] and obtain a sharper form of
his results. In this dissertation, I study a situation that is analogous to the
one considered by Kutzko and Morris where the underlying group is non-split.
Pursuing the same basic strategy, I obtain an explicit reducibility result as
described in more detail below.

With the first chapter being this introduction, in the second chapter we give
some background that mainly aims to fix some notation and terminology. In the
third chapter we pose the question and walk through the answer.

Our approach is local. We note that Mui¢ and Savin in [17] have answered
the reducibility question that we consider using global methods. Their work
is more general in that it is not restricted to the depth zero case. However,
their results are less explicit. Further, their approach only works when the
underlying field has characteristic zero. Our only restriction is that the residual
characteristic of the underlying field is odd.

We adopt the following conventions and notations. All rings are assumed to
have multiplicative identities. All representations are complex representations.
Given a category C, by z € C we mean that x is an object in the category.
We often identify representations if they are equivalent as representations. In
this same way, we often say that one representation is a subrepresentation of
another representation if it is equivalent to a subrepresentation of the other

representation.



Chapter 2

Background

In this chapter we lightly touch on some of the background needed. We will not
go into great detail, but only highlight tools and results that we shall use later.

The main sources for background are [5], [2], and [11].

2.1 Algebraic groups

We assume some familiarity with algebraic groups. There are several ways to
present the basic notions. We adopt here the view found in [22]. For this section
only, let K be an algebraically closed field. We recall that an algebraic group is
an algebraic variety over K that is a group, such that the multiplication and
taking inverse are morphisms of varieties. When the variety is affine we call
the group an affine (or linear) algebraic group. It is a fact that every affine
algebraic groups is isomorphic to some closed (in the Zariski topology) subgroup
of GL,(K) for some n. We follow standard abuses of notation in often not

distinguishing between algebraic groups and their groups of F-points.

2.1.1 About finite groups

We now describe finite groups of Lie type as in [5]. Assume that K has charac-
teristic p and let ¢ = p° for some positive integer e. Let F}, : GL,(K) — GL,(K)

be the homomorphism given by



A map F : G — G is called a standard Frobenius map if for some embedding

i: G — GL,(K) we have

forall g € G. A map F : G — G is called a Frobenius map if F™ is a standard
Frobenius map for some m. For a Frobenius map F': G — G we can talk about

the F-points of G:

G"'={geG:F(g) =g}

Then G is a finite subgroup of G. The finite groups we obtain in this way are

called the finite groups of Lie-type. Consider the following examples.

1. Let G = GL,(K). Let i : G — G be the identity map. Let F': G — G be
the map: (a;;) — (aj;). Then G* = GL,(F,).

2. Let G = GL,(K). Let again i : G — G be the identity. Let F': G — G
be the map F : (a;) — '(al)™'. Then G¥ = {(a;;) € GL,(Fp) :

vj

(a;;)(af;)" =1}. This is the unitary group U, (Fg).

3. Let G = Sp,(K). Let i : G — GL,(K) be inclusion. Let F': G — G be

the map F : (a;;) = (a;). In this case, G = Sp, (F,).

2.1.2 Locally profinite groups

The following is mainly based on the treatment in [2]. We say that a topological
group G is profinite if it is compact, Hausdorff, and totally disconnected. We can
also define a profinite group as the inverse limit of finite groups. Let (I, <) be a

partially ordered set. Let {H;};c;r be a collection of finite groups all equipped



with the discrete topology. Let f;; : H; — H; for i < j be group homomorphisms.
We require that f;; is the identity of H; and that fy; o fi; = fi; for B <4 < j.

Then we can form the inverse limit
lim Hy, = {(h;) € [[ Hy : fij(hy) = ha .

This is a group under (a;)(b;) = (a;b;).

For p a prime, H,, = Z/p"7Z, and the maps f;; : Z/p’Z — 7 /p'Z being given
by fij : ® + pP'Z — x + p'Z, the inverse limit is the p-adic integers Z,.

We also have the definition of a locally profinite group. We say that a
topological group G is locally profinite if it is Hausdorff and if each neighborhood

of the identity in GG contains a compact open subgroup.

Lemma 2.1. A topological group is locally profinite if and only if it is locally

compact and totally disconnected.

A compact locally profinite group is a profinite group. Finite groups are

locally profinite.

2.2 Facts from representation theory

We recall some basic facts from representation theory. The following is not in
any way a systematic treatment, but merely serves to fix notation and highlight

tools that we shall need later.

2.2.1 Smooth representations

Let G be a locally profinite group. A representation (m, V) of G is a complex
vector space V' together with a group homomorphism 7 : G — GL(V).

Let K be a compact open subgroup of G. Then we let VX be the set of



7(K)-fixed vectors: VE ={v eV | m(k)v=wv for all k € K}. We call (7,V) a
smooth representation if

V=V"

K

A smooth representation (m, V) is called admissible if the spaces VX have finite
dimension.

Let
V* = Homg(V, C)
be the dual of V. Define a representation (7%, V*) of G by

(7 (g))(v) = v'(w (g™ )v)

forv eV, v € V* and g € G. This defines a representation of G, but it is not

necessarily smooth. Therefore we consider the space of smooth vectors

VY= (v =Jv)*
K
where the union is taken over all compact open subgroups of G. We then define
the representation (7¥, V") by 7V(g)(v) = 7*(g)v for v € V¥ and ¢g € G. This
representation is smooth and we call it the smooth dual or the contragredient of
(m, V).
Given a representation m of H < G and g € G we let 79 denote the

representation 79 of HY = g~'Hg given by 79(h') = w(gh/g™1).



2.2.2 Induced representations

Let G be a locally profinite group and let H be a closed subgroup of GG. Let

(o,W) be a smooth representation of H. Let

Ind$ (o, W) = {f : G — W |f(hg) = o(h)f(g) for all h € H,g € G,
there is a compact open subgroup K < G

such that f(gk) = f(g) for all g € G,k € K}.

Let G act on Ind% (o, W) by

(9-1)(x) = f(zg).
This defines a smooth representation of G. We also consider the space
ind% (o, W) = {f € Ind$ (o, W) | f has compact support modulo H}.

The same action as above defines a smooth representation of G. We call this
method of induction compact induction. That f has compact support modulo
H means that supp(f) is compact in G/H. That is, if p : G — G/H is the
projection map, then p(supp(f)) is compact.

We also define normalized induction. Let P be a parabolic subgroup of the

F-points of a reductive algebraic group defined over a p-adic field F'. Let
S(o, W) = ind$(61* ® o).

Here 0p is a certain function: P — (0, 00). See section 3 in [2] for more on this

function. As a matter of notation we will write 1% (o) for (%(a, V).



One important property of normalized induction is that

o) ~ (o).

In particular parabolic induction takes self-dual representations to self-dual

representations.

2.2.3 Cuspidal representations

Definition 2.2. Let G be a finite group of Lie type. Let m be an irreducible

representation of G. We call 7 cuspidal if

Homg (7, Ind$ 1) = {0}

for all proper parabolic subgroups P of G and 7 representation of a Levi factor

of P inflated to P.

In the following chapter we will, as mentioned earlier, study reducibily of
induced representations. A key requirement is that the representation being
induced has depth zero. The general definition of depth can be found in [16]. In
chapter 3 we will state the definition in the setup that we use there.

We recall Frobenius Reciprocity. Let G be a locally profinite group. Let H
be a open subgroup of G. Let (7, V) be a representation of G and (o, W) a

representation of H. Then

Homg (ind$, o, 7) ~ Homy (0, 7| g).



For H a closed subgroup of GG, we have

Homg (7, Ind$ o) ~ Hompy (g, o).

We also recall Mackey’s Irreducibility Criterion which is often used in conjunction
with Frobenius Reciprocity. The original reference for this is [13]. Let G be
a locally profinite group and H an open and compact mod center subgroup
of G. Let (m,V) be a smooth irreducible representation of H. Then ind% 7 is

irreducible exactly when

Hom (7| gnms, 7| anms) = {0}

forg & H.

2.3 Finite groups of Lie type

The following highlights certain aspects that we shall make reference to later. A
fuller treatment of the theory of finite groups of Lie Type can be found in [5]
where precise statements and definitions can be found. Another good resource
is [6].

In the following we abuse notation and let G = G*' be a finite group of Lie
type with a Frobenius map F': G — G. As described well in [5] we have the
so-called Deligne-Lusztig (generalized) characters Ry where T is a maximal
torus in G and # an irreducible character of G. We recall that 6 is said to
be in general position if the only element of W(T') = N¢(T')/T that fixes 0 is
the identity. In the case where 6 is in general position Ry is an irreducible
character of G.

For x € Irr(G) a character there is a maximal torus 7" and 6 € Irr(7") such

10



that (x, Rrp) # 0. Here (-,-) is the usual scalar product. This means that all
irreducible characters of G occur as constituents of some Ryg. We say that two

pairs (T',0) and (7", ') are geometrically conjugate if
e there is a g € G such that T'=97" and
o if g € G for some n, then 6 o Npn/p =6 o N/ 0 Ad(g).

Here Ad(g) is conjugation by g and Ngn,p is the reduced norm.

If (T,0) and (17,6') are not geometrically conjugate, then Ry and Ry g
have no irreducible components in common.

Each irreducible character of G determines a unique geometric conjugacy
class [T,0]. We say that two characters are (geometrically) conjugate if in
this way they give rise to the same class. An irreducible character y is called
unipotent if (Rry,x) # 0. Note that all unipotent characters form a single
conjugacy class. An irreducible character y is called regular if (', x) # 0 where
' is the Gelfand-Graev character (See chapter 14 in [6] for more on this). An
irreducible character will be called semi-simple if its dual is (up to sign) a regular
irreducible character. Note that the only semisimple unipotent character is the
trivial character.

If (T*, F*) is dual to (T, F), then Irr(TF) ~ (T*)"" (see chapter 13 in [6] for
more on this). Note that the 6 in the Rry’s are exactly characters of T', so using
this isomorhism (of groups) we get elements of the dual torus T*.

Suppose that (G, F) and (G*, F*) are in duality with corresponding dual
tori T and T™*. Then we have have a bijection between the pairs {[T, 0]} and

F*-stable semisimple conjugacy classes in G*.

11



2.4 Types and covers

The theory of types and covers is described in detail in [4]. We adopt the approach
given there. We will, though, also rely on the presentations given in [11] and [3].
Let F' be a non-Archimedean local field. Let G be the F-rational points of a
connected, reductive, algebraic group defined over F. Then G is (isomorphic
to) a closed subgroup of GL, (F) for some n. Since GL, (F) is locally profinite,
G is locally profinite. We recall that this means that G is locally compact and
totally disconnected, or equivalently, that each neighborhood of the identity in
G contains a compact open subgroup.

We note that G is unimodular, so a left Haar measure is a right Haar measure
and vice versa. We fix a Haar measure p on G.

Let R(G) be the category of smooth representations of G. That is, the
objects in PR(G) are the smooth representations and the morphisms are G-maps
between representations. Given a smooth representation m of G, there is a
parabolic subgroup P of G with Levi decomposition P = LU (with L the Levi
factor) and an irreducible supercuspidal representation o of L such that 7 is
a composition factor of :%(c). We note that if 7 is supercuspidal then L = G.
The pair (L, o) is not unique. We say that two pairs (L1, 01) and (Ls, 09) are
inertially equivalent if there is a ¢ € G such that Ly, = LY and 09 ® x ~ o for
some unramified character x of Ly. We let [L, 0] = [L, o] be the equivalence
class and we let B(G) be the set of equivalence classes. Given m € R(G) we
then obtain a unique equivalence class J(7) € B(G). We call J(7) the inertial
support (or just support) of 7.

For s € B(G) we let R°(G) be the (full) subcategory of R(G) consisting of

all smooth representations 7’ with inertial support J(7’) = 5. We can now state

12



the Bernstein decomposition:

I %G

s€B(G)

Let s € B(G). Then fix L and o such that s = [L, o]. Then let s, = [0, L], €
B(L). Given this setup with P a parabolic subgroup of G with Levi-factor L,

we have the normalized induction functor
G R (L) — R(G).

2.4.1 Types

Let K be a compact open subgroup of G. Let (p, W) be an irreducible smooth
representation of K. For a smooth representation (7, V') of G we let V* be the
p-isotypic subspace of V. That is, V” is the sum of all irreducible K-subspaces

of V' which are equivalent to p:
=y W
Wl

where the sum is over all W’ such that (7 |, W) =~ (p, W).
Let H(G) be the space of all locally constant compactly supported functions
f: G — C. This is a C-algebra under convolution *. That is, for f,g € H(G)

we have

(f*9)(x /f g(y™'x) duly).

We have here fixed a Haar measure ¢ on G. We note that H(G) only has an

identity when G is a discrete group. For (7, V') a representation of G, H(G) acts

13



on V via

hv:/ch(x)ﬂ(x)vd,u(m)

for h € H(G) and v € V. We identify R(G) and H(G)—Mod.
Let e, be the element in H(G) defined with support K such that for each
r e K,

_dimp

N(K) trW(p(:Lﬁl))'

ep(x)

Then e, is an idempotent in H(G), that is, e, x e, = e,,.
Let R,(G) be the (full) subcategory of R(G) consisting of all (7, V') where
V' is generated by V? = ¢,V (the p-isotypic vectors). That is, (7, V) € R,(G) if

and only if

V =H(G) *e,V.

We can now state the definition of a type.

Definition 2.3. Let s € B(G). We say that (I, p) is an s-type in G if R,(G) =
R (Q).

2.4.2 Hecke algebras

We define the Hecke algebra:

H(G,p) ={f: G — Ende(p) :supp(f) is compact and

f(kigks) = p(k1) f(g)p(ke) VE; € K, g € G}.

14



There is a canonical isomorphism

~

H(G, p) ¢ Ende(W) — e, x H(G) * e,,

and a corresponding functor

Vis VP R, (G) — e, H(G) xe, — Mod.

So we get a functor

M, :R,(G) — H(G, p) — Mod.

The importance of types is seen in the following theorem
Theorem 2.4. The following are equivalent:

1. (K, p) is an s-type in G.

2. For m € Irr(R*(G)) we have I(1) = s.

3. The functor M, is an equivalence of categories.

2.4.3 Covers

Definition 2.5. Let P = LU be a parabolic subgroup with Levi factor L and let
P = LU be its opposite. We will in general denote the L-opposite of a parabolic
subgroup P by P. Let K be a compact open subgroup of G and let (o, W) be
an irreducible representation of K. Then we say that (K, o) is decomposed with

respect to (L, P) if the following hold:
. K=(KNnU)(KNL)(KNU).
2. KNU, KNU < ker(o).

15



For (K, p) decomposed with respect to (L, P) we write K, = K N L and we
write pg, for p |k, . Let Ig(p) = {g € G : there exists f € H(G, p) such that g €
supp(f)}. Let H(G,p)r = {f € H(G,p) : supp(f) € KLK}.

Proposition 2.6. Let (K, p) decompose with respect to (L, P). Then

1. pr 1s iwrreducible.

2. I(pr) = Ia(p) N L.

3. There is an embedding

T:H(L,pr) — H(G,p)

such that if f € H(L, pr) has support K;zKj, for some z € L, then T(f)

has support contained in KzIK .

4. The map T induces an isomorphism of vector spaces

Definition 2.7. An element z € L is called (K, P)-positive if
L. 2(KNU)z"' CKNU,
2. 27 (KNU)zCKnNU.

Definition 2.8. An element z € L is called strongly (K, P)-positive if
1. z is (K, P)-positive,

2. z is in the center of M: z € Z(M),

16



3. for any compact open subgroups K; and K» of U, there is an integer m > 0

such that 2™ K27 C Ko,

4. for any compact open subgroups K| and K} of U, there is an integer m > 0

such that 27" K{z™ C K.

Let

H(L,pL)" ={f € H(L,pr) :

supp(f) consists of (K, P)-positive elements}.

The isomorphism of vector spaces T restricts to an embedding of algebras

T:H(L,pr)" — H(G, p).

This embedding extends to H(L, pr) under the following condition.

Theorem 2.9. The embedding T extends to an embedding of algebras
E:H(L, pr) — H(G, p)
if and only if T(¢,) is invertible for some strongly (K, P)-positive element z. If
this embedding exists, it is unique.
Proposition 2.10. We have the following.

1. Strongly (K, P)-positive elements exist.

2. Given a strongly (K, P)-positive element z € L, there is a unique function
¢, € H(L, pr) with support KpzK|, such that ¢,(z) is the identity function
on W.

17



Let H(G,p)r = {f € H(G,p) : supp(f) = KLK}. This is a subspace of
H(G, p).

Definition 2.11. Let L be a proper Levi subgroup of G. Let K be a compact
open subgroup of L, and let p; be an irreducible smooth representation of K.
Let K be a compact open subgroup of G and let p be an irreducible smooth

representation of K. Then we say that (K, p) is a G-cover of (K, pp) if

1. the pair (K, p) is decomposed with respect to (L, P) for every parabolic

subgroup P of GG with Levi factor L;
2. LNL =Ky, and p|;, ~ pr;

3. The embedding T : H(L,pr)" — H(G,p) extends to an embedding of
algebras t' : H(L, pr) = H(G, p).

18



Chapter 3

Quaternionic Hermitian Groups

We now turn to the study of quaternionic hermitian groups.

3.1 Setup

Let F' be a non-Archimedean local field of residual characteristic not equal to 2
with uniformizer wp. Write vp : FF — Z U {oo} for the normalized valuation on
F so that vp(wpr) = 1. Thus the ring of integers Op = {x € F : v(z) > 0} and
the unique maximal ideal pr = {z € F': v(z) > 0}. Write ¢ for the order of the
residue field kr = Op/pr. Then g = p’ for some odd prime p and some positive
f.-Let D=F @1F & jF & kF be the unique quaternionic division algebra over
F. Here 2, j2, k* € F are non-squares in F. For o = xo + i1 + jzo + ks we

denote by z the involution

To +ixy + Jxo + kxs = xg — 111 — Jao — k3.

For a matrix (g;;) € M,(D), let g = (g;;). We have the reduced norm Nrdp, :

D — F. The map

vp: D — 7ZU{x}

19



given by

vp(z) = vp(Nrdp(z))
is a valuation on D. As with F', we have the ring of integers Op, the maximal
ideal pp, and the finite residue field kp. Note [kp : kr] = 2, so |kp| = ¢*.
Lemma 3.1. One can choose a uniformizer wp in D such that w2D = wp.

See [18] for a proof of this. We fix wp as in the lemma.

Definition 3.2. Let 7 be an irreducible supercuspidal representation of GL, (D).
Let K = GL,(D) and Ky = 1 + wpM,(Op). We say that 7 has depth zero
if 751 #£ {0}. That is, m has depth zero exactly when it has non-trivial fixed
vectors under K.

3.1.1 The groups

Let € € {£1} and let n > 1 be an integer. Let I,, be the n x n identity matrix

and let J. be the 2n x 2n matrix

Define the group

G. ={g € GLy,(D) : g*J.g = J.}

where for g = (gi;), ¢* = (gi;) " = (gji). Then G is an inner form of Sp(4n, F')
and G_; is an inner form of SO(4n, F'). We will sometimes drop the subscript e

and just write G.
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Let P be the standard Siegel parabolic subgroup of G. with standard Levi

decomposition
P = LU.

Thus

a 0

L= :a € GL,(D) p ~ GL,(D)

O Tc—L—l

and
UE = e X+X =0
0 1

3.1.2 The question

Let z € C be a complex number. Let Nrd denote the reduced norm from M, (D)

Nrd(9)) for g € L are

to F' (see [18]). The characters x. given by x.(g) = 277!
the unramified characters of L. We write X,,,.(L) for the group of unramified
characters of L. Thus C* ~ X,,,.(L) via the map z — ..

Let 9 be an irreducible unitary supercuspidal representation of L of depth

zero and let x € X,,-(L). The question we wish to answer is
When is t3° (7 ® x) reducible?

That is, we want to find the characters y such that this induced representation
is reducible.

First, by Corollary 2 in [19], if 1$¢(my ® x) is reducible for some Y, then

Yo ~ T @V
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for some v € X, (L) where w denotes the non-trivial element of Ng(L)/L,

represented by (¢ §). We note the effect on an element from L:

“f'a 0 Tal 0

0 Ta! 0 a

Thus “mo(g) = mo('g~'). By Lemma 1.1 of [17], “my ~ my. Suppose
Yy >~ mov. We write v = n/*n for some n € X,,.(L). Note this is possible since
wp =n~! so we are simply choosing a square root of v. Then “my“n ~ myn, that

is,

w(Woﬂ) = ToT).

Hence, replacing 7 by a suitable unramified twist, we can arrange for my to
be self-dual (and still unitary): 7y ~ 7. From now on, we assume that 7 is

self-dual.

3.2 Construction of

We want to understand how 7 is constructed. Consider the maximal compact
open subgroup K = GL,(Op) of L. Let K1 =1+ wpM,(Op). Then K/K; ~

GL,(kp). Since my has depth zero,

Tolx 2 p-

where p is the inflation to K of an irreducible cuspidal representation (o, U) of
K/Ky ~ GL,(kp) = GL,(Fg). To understand m, we therefore ask the question:
What are the irreducible representations of L ~ GL, (D) that contain p upon

restriction to K7 First we focus on o.
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We know that the character of ¢ is a Deligne-Lusztig character:
char(o) = £ Rry

for some minisotropic torus 1" ~ lF;Qn of GL,(F,2) and some regular character

0 : F 5, — €. Regularity of # means that
0 40

for all non-trivial v in the Galois group Gal(IF 2« /IF 2) where "0(z) = (v(z)).

We now fix this pair (7, 60). Since p is inflated from o we write

3.2.1 Structure of 7

Let
K = Ng(p) ={r € G|*K = K and *p ~ p}.

Let p be any extension of p to K that contains p. This extension exists

because K /K is cyclic. Then we claim that
indlf( p

is irreducible. To show this we have to show that the elements intertwining p

are exactly the elements from K. Say that g € L intertwines p. So

Homz =Pl znoi 2Pl mo i) 7 {0}
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Restricting to K,

HomegK(P|ngK7 P|K09K) 7£ {O}

That is, g intertwines p. By “intertwining implies conjugacy” (see [7]), g € K.
Hence by Mackey’s criterion, ind% p is irreducible.

Now say that p; and py irreducible representations of K that contain p (upon
restriction to K). Then the induced representations ind% p1 and ind% po are

irreducible. Suppose that
ind% p1 ~ ind% p,.
Then

{0} # Homy (ind% 1, ind% )
~ Homp (p1, ind% py )

~ . 1K ~
~ Homy (p1, B,y Mo “P2l Rro )

Thus there is a g € K\L/K such that

Hom[?mgf((ﬁlb?mg[?vgﬁﬂ]}mgf() = Hom(ﬁhind%mg% gﬁﬂ[?my[?) 7é {0}

That is, ¢ intertwines p; with ps. As before this means that g intertwines p. So
geﬁandﬁlzﬁz.
In sum, we have a bijection from equivalence classes of irreducible represen-

tations of K containing p to equivalence classes of irreducible representations of
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L containing p given by
p — ind% p.
We will show in the next section that K = K (wp). This implies
Ty = ind}% p-

Note mg self-dual implies wy, (cwp) = £1, where w,, denotes the central character
of my. As p is completely determined by its value at wp, it follows that there

are exactly two possibilities for .

3.3 Computing K

We have

Note the index of K in (wp)K is 1 or 2 since
[(wp) K/ (wr) K| = 2.
We want to prove the following:
K = (wp)K.

That is, we want to prove that wp & K. This will take some time. The proof

divides naturally into two cases.
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3.3.1 Two cases

We have

. 1L ~
mo = ind % p,

my = (ind% )" ~ ind% 5.

Thus p and p¥ intertwine in L which implies that p and p" intertwine in L and
so p and p" are conjugate in L (see [7]).

Hence we are in one of two cases:
(A): p~p’ or (B): ®Pp e~ p".

We consider these seperately. We first need some preliminary observations. Let

k =TF, and [ = Fpn, so the extension [/k has degree n.

Lemma 3.3. Let ¥ and ¢ be reqular characters of 1. If

tr(py) = tr(ps)
on [, then
Py = Po-

Proof. In chapter 7 of [5] one finds the character formula for the Ry 4’s. Using a

version from [12], we have for o € [*

tr,, (@) =c Z YY) =c Z Y(v(a))

veGal(l/k) veGal(l/k)
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where the constant ¢ depends only on the field extension k(«)/k. Hence, if

tr py = tr pg on [, then

veGal(l/k) veGal(l/k)

for all @ € 1*. Now let I' = [* x Gal(l/k) where Gal(l/k) acts on [* in the

obvious way. We form the induced representations

Ty = indjx and 74 = indjx ¢.

Note 7, and 74 are irreducible by Mackey’s criterion. The support of tr 7, is

contained in [*. Further, for o € [*,

trry(z) = > ().
veGal(l/k)
We have the same formula for 7, and so

tr 7y, = tr7y.

Hence 7, ~ 74. That is, ind;. py and ind;. pe are isomorphic. Thus, by Frobenius

Reciprocity,
1 = dim Homp (indjx py, indjx pg)
= dim Homyx ((ind;x po)lix s Po)
= dim Homy ( b pz,p¢>-
veGal(l/k)
So there is a v € T" such that ¢ = ¢. Hence py =~ py. -
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Proposition 3.4. With notation as abowve,

Py = Po-1.

Proof. For x € [*, there is a constant ¢ (which depends only on k(z) = k(z™1))

such that
trpy (x) = tr pg(2™")
- Y e
veGal(l/k)
= (071)" ()
veCal(l/k)
= tr pg-1(2).
So from lemma 3.3, py =~ pg-1. O

Write py for the representation given by pg(g) = pe(g). For g = (ai;) €
GL,(Fgp), g = (af;).

Proposition 3.5. Let 0 : I* — ©* be a regular character. Then
Po = Poa-

Proof. We recall that [ = F2n and k = 2. Fix the k-vector space V = k".

Then M, (k) ~ Endy (V). Let ¢ : | — M,(k) be an embedding of k-algebras.
Write ¢ : [ — [ for the map A — A\ and ® : M, (k) — M, (k) for the map
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(aij) = (af;). Consider the diagram

l
|
l

Let f =®oi and g =170 ¢. We can make V into an [-module in two ways:

o \v=(i(N))v,

o \.v=10¢(N)v=1i\)v.

Note that for A € k we have A.v = ®(i(N))v = P(diag(N))v = diag(A\)v =
i(A)v = Aov. Hence the two different actions agree on k. These l-module
structures must be isomorphic as there is only one I-module (up to isomorphism)
of a given dimension. Thus there is an isomorphism (of l-modules) h: V — V

such that
h(Av) = Ah(v).

Note that h is k-semi-linear since the module structures agree on k. Thus, for

veV
h(A\v) = Ah(v).

Likewise, h™!(uv) = pth=*(v) for v € V and p € k. Now, for a € Endy (V) we
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have hah™' € Endy (V). We see this from

(hah™') (M) = ha(X"h ™ (v))
= h(MNah™(v))
= A\ hah™' (v)

= (hah™")(v)
for A € k. Thus
h(®(i(A)v) = i(AT)A(v).
That is
ho®(i(\) o h~t = i(\9).
Hence for a € i(1%),

)
= tr pp(®(av))

= trpg(h™")a’h)

Qi

trpg(a) = tr po(

= tr pg(a?).

By Lemma 3.3, pg >~ pga.
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3.3.2 Case (A): p~p’

We begin the treatment of Case (A). Recall Gal(l/k) = (Fr) where Fr(\) = \?",

In this case we have py-1 =~ pg = p. Thus there exists a v € Gal(l/k) such that
0 =01
Applying ~ twice we get

2

0" =40.

Since @ is regular, v = 1. Assume v = 1. Then § = 67!, so 6> = 1 and the

image of @ is contained in {£1}. Then
0" (N) = 0(AT) = 0T = 0(\)

for all A € I'2. That is, O = 0, a contradiction. Hence v must have order
2. Thus n = 2m for some m and v = Fr" is the unique element of order 2 in

Gal(l/k). In all,
07l =7 = 9" = 9" = g = 97",

We keep this in mind as we study case (B).

3.3.3 Case (B): ®pp ~ pV

From [2] we have that for = € Op,

wD:Bwf)l =27 mod pp.
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That is, conjugating by wp induces the non-trivial IF,-automorphism A — A7 :

F, — F 2. This extends to a map GL,(F,.) — GL,(F,2) via

(aij) = (af;).

which we also denote by (a;;) = (@;;). Recall that 7 denotes the representation

Proposition 3.6. We have

w ~Y
P po =~ pga.

Proof. By Proposition 3.5, pg >~ pga. So we need to prove that py >~ P py. Recall
that conjugating by wp is the same as raising to the power ¢ mod pp. Therefore,

for € F 5, tr pga(z) = trpg(x) on F 5, So by Lemma 3.3, pg = ppa. O

Thus

Po-1 = pg = P p 2 Py = poa.
As before this gives the existence of an element v € Gal(IF j2n /IF 2) such that
01 =07
Since the operators ¢ — ¢? and ¢ — ¢ commute,

((8))9) = [
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Therefore Fr+? =1, or 42 = Fr'. Recall that Fr is a generator of
I'=CGal(l/k)={z— 27" :0<k<n—1}.

Then Fr™! is a generator, so 7 is also a generator. The order of 42 is equal to
n/ged(2,n). Hence ged(2,n) = 1 and n must be odd. Say that n = 2m + 1.

Now 7 is the unique element in v € Gal(F 2n /F2) satisfying 42 = Fr~'. Clearly,

Fr* = Fr2mtl = 1,

So
(Frm)2 =t
Hence
v =Fr = e,
SO

v =Fr'".

Thus we obtain the same relation as in the other case:

n 2m+1

9" — pa — (gq)q2m = (09 =071,

We can distinguish case (A) and case (B) by noting that case (A) occurs when

n is even and case (B) when n is odd.
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3.3.4 Showing K = (wp)K

Lemma 3.7. We have

Proof. In both cases above, we concluded that

n

67 =6

Assume that wp € K. That is @» po =~ py. From Proposition 3.6 we recall that

w ~Y
Ppo =~ poa.

Thus there is a v € Gal(l/k) such that 87 = §7. So #7° = ¢ = #™. That is
7?2 = Fr. As before, Fr is a generator for the Galois group Gal(l/k), hence v is a
generator. The order of 72 is n/ ged(2,n). Hence n must be odd.

Thus we are in case (B) where py ~ “Ppy. By assumption P py =~ py, so

po =~ py. This is case (A) where n is even. Hence we have a contradiction. So

wp & K. O

3.4 Affine roots

We now want to view p as a representation of certain other groups. First we
relate these groups to a set of affine roots.
Let
diag(s1, S2,-- -, Sn) 0

S:{ iSZ'EFX}
0 diag(sy ', s5, ..., 8.1)
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be a maximal split F-torus in G..
Write & = &(S, G) for the roots of S in G. This root system is of type C,,.

Concretely, if

diag(s1, 2, .- -, Sn) 0
e;: — S;,
0 diag(sy ', s5 ..., s01)

then

d = {te; £e;,+2¢; :0<i<j<n}

The positive roots are

Ot ={e; +ej,e;—e€5,2¢; :0<i<j<n}

and we have the basis

A={ag=e€ —e€9,...,0p 1 =€n_1 — €y, 0, = 2¢,}.

The longest root is & = 2e;. Now we consider the affine roots a, 1 = o + k for o
a root and k an integer. (Here by k& we mean the translation by k.) Specifically,

let ap =1— @, and for 1 <i <nlet a,, = aq, 0. Then

{ao,al, e ,CLn}

is a basis for the affine roots. And we have the affine Weyl group W = (s,, :

0 <i < n) where s,, is a fundamental reflection in a hyperplane.
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3.5 The types and covers

Morris in [14] gives us the types and covers in our situation. We now describe
them in some detail. We have p, a representation of K = GL,(Op). Let
© = {ay,...,a,1}. Let I be the Iwahori subgroup of G, that is, the set of

(2n) x (2n) matrices in G of the form:

Op Op ... Op
[ Pp OD OD ﬂGE
Pp Pp ... OD

This is the set of matrices with elements from Op on the diagonal and above
and elements from pp below the diagonal. Then we get the Siegel parahoric
subgroup (compact open subgroup, 2n X 2n matrices)

Op Op
P =Po=1Weol = NG

vp Op

Note that P is not maximal. We recall that p is a representation of K = GL,,(Op),
and now we want to view p as a representation of P. Then let M =PNL ~ K.

Concretely,

a

<
!

ra e GLn(OD)

0 Ta!

Using the isomorphism M ~ K we view p as a representation of M. We

often abuse notation and write p for this representation. Later we will need to
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distinguish this representation, and so we use the notation pns. Let

n

N=PnU.={ . X € M,(0p),eX + X' =0},
0 I,
_ I, 0 .
N=PnU.={ : X € M,,(Op),eX +X =0}
X I,

Lemma 3.8. We have

P=N-M-N=PnU)(PNL)(PNU.)
with every element of P being written uniquely as a product n' - m - n where
n € N,me& MmneN.

We now extend p to a representation of P by p(nmn) = p(m). We must
show that this is well-defined. Let M be the image of K1 =1+ wpM,,(Op)

under the isomorphism K ~ M. Thus p is trivial on M. Note that

MN(N,N) C M.

Suppose nmn = 'm'n’ € P. Then mM; = m'M;. Hence p(nmn) = p(m) =
p<m/) — p<,ﬁ//m/n/>

Now let s = [L, o) and s, = [L, mo|,. From Morris [15], we have:

Theorem 3.9. (K, p) is an sp-type in L and (P, p) is a G-cover of (K, p). In

particular, (P, p) is an s-type in G.

By the theory of types and covers, we have the following commutative
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diagram

R(Q) ¢~ H(G, p) — Mod
LgT Ttp*
RL (L) = H(L, p) — Mod.

We note the importance that 7y has depth zero in the use of [15]. We recall that
tps is the map U — Homy, (1, ) (H(G, p),U) induced by the embedding of
C-algebras tp : H(L, p) — H(G, p).

3.6 The Hecke algebra

We have now reduced the problem to finding the Hecke algebras H(L, p) and

H(G, p). Since the intertwining of p in L is

we have

H(L,p) ~ C[d,d™"].

Here d is an indeterminate. It corresponds to the element in H(L, p) that has
support wprK and whose value at wp is 1. Let D = Cld, d ™.

Our main result is:

Theorem 3.10.

H(G,p) = (fo, fi: [T =q"+ (" = D).
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Note that the relations H(G, p) can also be presented by

H(G,p) = (ho, b = b =14 (¢"% — g ") h),

where f; = ¢"?h;, i =0, 1.

The proof will occupy some space and we divide it up.

3.6.1 General preliminaries

We now fix ¢ = 1 and let G = G;. The case of ¢ = —1 is very similar. We
indicate in section 3.7 the minor changes needed to treat this case.

Let

Ne(pm) ={g9 € LM = M,pp =~ ppm}-

From 4.15 in [14],

Ja(p) = PNe(pm)P-

We have

0 1 wp 0
Nea(pm) € Nag(M) = ( ; yM.
10 0 —wp'

As in the proof of Lemma 3.7 we now split the proof into two cases depending

on whether n is even or n is odd.

3.6.2 Case (A)

Assume first that n is even. That means that p ~ pv. Also recall that > p ~ p.
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Let

01
Wy = ’
10
wWp 0
Wp = s
0 —wp'
0 WD
So = = wpwyp, and
—wpt 0
0 —wp'
S1 = = WoWp.
wWp 0
Then
P > Pags
P Py
Since py =~ pyy, we have
“pm = Py
for 2 =0,1. Now
0 1
€ NG(PM),
10

Nea(pm) G Na(M).
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Thus

(s0,s1)M C Ng(pm) & Na(M).

Now

S051 = )

SO

(80,51) = (S0) X (S081)-

As sy = wpwy,

Ng(./\/l) = (wo,wD)/\/l = <So,wD>M = (<S[)> X <’LUD>)M

Thus

|INa(M)/(s0, s1) M| = [{wp)/(s0s1)| = 2.

We conclude that

Ne(pm) = (so, s1)M.

Hence

jg(p) = PNg(pM)P = P<SO, 81>7D.

Let W(M) = (wo, s1)/{£1} ~ Ng(M)/M. That is, W (M) is an infinite
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dihedral group generated as a Coxeter group by wy and s; where we abuse
notation and write wy and s; for the corresponding elements in the quotient
We now want to consider P\G/P double cosets. First, by general structure

theory or direct matrix multiplications as in section 6.9 in [1], the map
w — PwP : W(M) = P\G/P
is injective.

Second, let [ be the length function on W(M). We have, for example,
l(s1) =1 and I(sywg) = 2. By [1],

o PwPuw'P = Pww'P if l(ww') = l(w) + [(w').
® PwopwoP =PU Pwop

One checks that

Sg = woslwo_l.

With this in mind we see that

Ja.(p) = P(s0,51)P.

Write W(pam) for (sg,s1)/{£1}. Then W(pn) is a subgroup of W (M).
Under the isomorphism W(M) ~ Ng(M)/M this subgroup corresponds to

Nea(pa)/ M:

W(pam) = Ne(pr) /M.
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The group W (pa,) is again an infinite dihedral group is generated as a Coxeter
group by {sg, $1} (again abusing notation). This Coxeter group has the length
function {,. Furthermore, if {,(ww') = [,(w) + [,(w’) then [(ww') = I(w) + [(w').
Thus if [,(ww') = [,(w) + [,(w'), then PwPw'P = Pww'P.

For i = 0,1, let f; be any element in H (G, p) with support Ps;P. By Schur’s
Lemma, f; is unique up to multiplication by non-zero scalars. Each element of
W(pm) is a word in {so, s1}. Hence H(G., p) is generated as a C-algebra by f
and f;. We now want to find the relations that the two generators satisfy.

Let
Kl = <Pa 81>‘

Note that K is a compact open subgroup of G.

We will show that

- S 2n k) —
H(Kla p) =~ EndSPQn(/C) (lndﬁlzk)( )p)

To motivate the following sections, we assume for the moment that we have
established this isomorphism. By Proposition 3.2 in [9], there exists a unique f

in H(G, p) with supp f; = Ps;P such that
fi=A+A=-1h

where A is given as follows. The representation ind%‘z“]’s(k) p = m1 7y where m; and
o are distinct irreducible representations of Spy,, (k). Assume dim(m;) < dim(ms).

We need to find the parameter A in the relation above to determine the Hecke
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algebra H (K, p). By [9],

_ dim(7rs)
dim(m) ’

A

We will compute this quotient in our situation. First we recall that
corresponds to a semi-simple element s* € T™ in the dual group G*. Then by

theorems 8.4.8 and 8.4.9 in [5],
A =|Ce(s")]p-
In section 3.9 below we explain how the finite group Sp,, (k) appears.

3.6.2.1 Quadratic relations I

It is easier to find H(KY, p?) ~ H(K, p) for a suitable g. Let ¥ be the compo-
sition of Ad (WOD (1)) with reduction mod pp. By “reduction mod pp” we mean

that we take each entry in the matrix mod pp.

We need to find W(K7). Recall first that
P=NMN.

We find the image of each of these factors. Clearly,
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Writing Ad for Ad (WOD (1)),

wpgwp 0

Ad(M) = :g € GL,(Op)
O Tg—l
Hence
a 0
\IJ(M) = ac GLn(]FqQ)
0 Tat

Now recall that

N = cy+7 ',y € My(Op)
y 1
Then
wp 0 10 1 0
Ad| 7 -
0 1 y 1 yopt 1

_ -1 -1

= wglwa.

We now reduce mod pp and use that wpaw,' = @ = a? mod pp to get (now in
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Hence

We find that
U(P) = P(Fp).
This is the opposite standard Siegel parabolic subgroup of Sp,,,(F,2) and so

_ 0 -1
V(Ky) = (P(Fp), )
10

S Sp2n(]Fq2 ) .

In fact, we have equality since P(F2) is a maximal proper subgroup of Sp,,, (F2)

and P(F,2) does not contain (9 3'). So the image is Sp,,, (F2):
U(K7) = Spyp(IFg2).

Hence

Sp2n (FqQ ) ~)

H(K1, p) ~ Endg, (ind5" p) ~ EndspM(FqQ)(indﬁ(]F 2)
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It now follows that there is an f; € H(G, p) with support Ps;P such that

ff=d"+ (" —1f,

provided the parameter A = ¢". We show that \ takes this value in section 3.9.

3.6.2.2 Quadratic relations II

We need a different approach to find the quadratic relations for fy. Let

01
Wy = 3
1 0
0 —wp
S1 —
WD 0
Note that
WD 0
WpS1 =
0 —wp'
Thus

NGE(M) = <w07 31>M7

<U}0,Sl> N M = {:l:]_}

Now we want to show that fy can be chosen so that it satisfies the same

relation as fi. First note that since so = wosjwg ' (wo = wy '),

’PSO,P = PU)QPSfPUJQP.
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Now wy intertwines p with p.

Lemma 3.11. There exist elements A € H(Ge,p) and T € H(G.,p) such that

A(prwops) = p(p1)A(wo)p(p2),

Y (prwop2) = p(p1) Y (wo)p(p2)

for all p1,ps € P and

AT =1, € H(G., p),

Here 1, and 15 are the identities in their respective Hecke algebras.

Proof. First we write g = Tg~! for any g € GL,,(F2). Let p® be the represen-

tation defined by

Then p? ~ p¥. We see this by considering the characters of the representations.
In particular we note that trp(Tg™!) = trp(g~'). Let V be the space of p. Thus

there is an invertible map ¢ : V' — V satisfying that for all g € GL,,(FF 2)

top(®g) = plg)ot.
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Hence

= plg) o t>.

By Schur’s Lemma, t2 = cly for some ¢ € C*. Adjusting ¢ by a suitable scalar

multiple, we may assume t?> = 1y. Observe that for k € K,

tp(Tk) = tp(k)

= p(k)t.

Hence, for m € M,

tom(Tm) = pa(m)t.

Now let A; be the map with support PwyP given by

Ay (prwopa) = p(p1)tp(p2)

for p; € P. We need to show that A; is well-defined. To see this, suppose

P1WoepP2 = T1WoT2

where p;,r; € P. Then

-1 —1, —1 —1
Ty Pp1 = Worapy Wy € P NwoPw, .
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Recall the decomposition

P=NMN.

Write

rl_lpl = k_kok:+,

ropy b = 1101
for k=,1- e N, K°,1° € M, k*,I" € N. We have
KOk = (wol Twy ) (wol’wy ) (wol "wy ') € NMN.
By uniqueness of expression in NM N,
1

0 0
k" = wol w, .

Further,

We want to prove that

Ay (P1w0p2) = A1(7‘1w07"2)-
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That is, we want

p(p1)tp(p2) = p(r1)tp(ra).

We can state this as

p(ri ')t =tp(rapy ).

That is,

pa(KO)t = tpxa(10).

But 1 = wokwy ' (wy' = wy), so we need

pM(kO)t = tm(wokowal).

This comes from the definition of ¢. Hence A; is well-defined.

Likewise we obtain a well-defined function Y; with support PwyP satisfying

Y1 (prwopa) = p(p1)tp(p2)

for p;, € P.

Now the convolution A1 Y € H(G, p) has support of contained in

PwOPwOP - 7) LJ PwOP

If AyY1(wp) # 0, then there is a function in H(G, p) which is supported on
PwyP. This implies 2 pp >~ pag, S0 “Pp ~ p. As we are in case (A), this is a

contradiction. Hence the support of A;Y; is contained in P and ATy =cl, €
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H(G, p) for some constant ¢ € C*. The identity element 1, is supported on P

and satisfies

L(p) = Vol(P)p(p)
for p € P. Hence
AT = —S 1
A vol(P) v
We now determine the value of c.
1= AT(1)
vol(P) V!
=/ Ai(9)T1(g7") dg
= Ai(9)Y1(g™") dg.
PwoP

We use here that the support of Ay and Ty is PwyP. For g = pywops € PwyP,

we have g=! = py 'wop; !, so

Ai(9)Y1(g7") = p(p1)tp(p2)p(py te(pr ")
= p(p1)ttp(py")
= p(p1)p(p7")

=1y
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Thus

= vol(PwoP)1y.

Hence

¢ = vol(P) vol(PwyP)

= vol(P) vol(P)[PwoP : P|.

Let A =c¢ Y2\, and Y = ¢ /27, In all

AY =c AT
= c_lclp
=1,

In the same way

m
We can say a bit more about the constant ¢ in the proof above. In fact, we

can compute the index [PwoP : P] = [P : P NwoPwy']. Here

1 OD OD OD ) OD Pp
PNwePw, = N =

pp Op Op Op pp Op

(This is, of course, all intersected with G;.) Hence we see that the index of
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P NwoPwy ' is exactly the size of the set

1 X -
N(Fp) = . : X € M,(Op/pp), X+X =0
1

The size of this set is

2

IN(Fe)| = g™

Note that X = (x;) € N(IF,2) means that zj; = —xf; = 0 for j > 4. For i = j
we get x;; + xf = 0. This equation has exactly ¢ solutions. In all, the number of

elements in N(F2) is

Thus

Since n = 2m is even,

2

Ve =vol(P)g"/? = vol(P)¢*™ .
We can (and do) choose an element f] € H(G.,p) such that

()P =q"+ ("= 1)
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Let fo = Af{Y. Then

fo = (AAT)
= AfITAf]v
= A(fi)*v
=Aq"+(¢" = 1)f)Y
= "AT + (¢" — DASY

=q¢"+ ("= Do

3.6.3 Case (B)

We now turn to the case where n = 2m+1 is odd and “Pp ~ p¥. The arguments
here are broadly similar to those in case (A), so we do not provide all the details,
but just point out the differences. The groups N, M, and N are as before.

Again we recall that &k = 'z and | = ['j2n. Let

01
Wy = ’
10
0 —wp'
S1 —
wWp 0

Now
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Then

Ng(M) = (wo, s1) M

and

Ja(p) = P{wy, so)P.

Let

KO = <737 w0>'

3.6.3.1 Quadratic relations I

Note Ky € GL2,(Op), so we can reduce Ky mod pp. We write ¥ for this
operation.

As in 3.6.2.1, ¥(N) is trivial.

a 0
V(M) = ca € GL,(k)
0 Ta’!
Now ¥ (P) is a maximal parabolic subgroup of Us,(F,2), where we realize the
unitary group using the form given by

0 I,
J =

I, 0
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That is

Usn(Fp2) = {g € GLan(Fp2) : "gJg = J}.

As ¥(wg) & ¥(P), it follows that W(Ky) = Usp,(F2). Hence we need to computer

the parameter A\ from section 3.6.2 (page 44) and we do this in section 3.8.

3.6.3.2 Quadratic relations II
Everything works out as in section 3.6.2.2.
3.7 The ¢ = —1 case

Until now we have silently assumed that € = 1. We now touch on the case when
€ = —1. Much is the same and independent of the value of €. Now, the group

(G_; is realized with respect to the form corresponding to

We again get two cases and two sets of quadratic relations for each case.

We have P = NMN with M as above and

I, X _ . I, 0 _
N = X = , N= X =
0 I, X 1,

As in section 3.6.2.1 we get a situation where we want to reduce mod pp. The
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key thing now is that

For case (A) with the corresponding parahoric K, W(K) is the special
orthogonal group SOy, (F,2). As SO, does not have connected center, we
cannot directly appeal to Lusztig’s work to determine the parameter A. Instead,

we appeal to [9] to see that A = ¢". For case (B) we again get the unitary group.

3.8 Unitary case

It remains to compute the parameter A in the unitary and the symplectic cases.
We start with the unitary case.

Let G = Us,(Fj2) (not to be confused with G.). Since the dual group G* ~ G,
we will leave out the * in the notation.

We realize G using the form

[0 1,
- I, 0
That is,
G={g€GLy,(Fp): "gJg=J}.
We have

P=MxN
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where

a
M = { ac GLn(qu)},
0 Ta !
I, X T
N=/{ X+ X =0}
0 I,
We also recall that
91" =971,

As mentioned in the background material, # corresponds to an element s in

M* ~ M. We write

«Q 0
s = e M.

0 Ta!

Here a € lF;Qn, or more precisely, « is in the image of IE‘;% under a fixed
embedding ]F;Qn — GL,(F,). That € is regular implies that a generates

Fp2n /F 2. That is, Fp2n = Fp2]a]. Our goal is to compute

Ca(8)]p-

That is, we want the order of a Sylow p-subgroup of Cg(s). By 3.19 in [6] the
Sylow p-subgroups of C(s) are the sets of IF 2-points of the unipotent radicals of
the Borel subgroups of Cg(s). By 2.2 in [6], the Borel subgroups of Cg(s) have
the form BN Cg(s) where B is a Borel subgroup of G. Hence Cp(s) = PNCg(s)
contains a Sylow p-subgroup of Cg(s). Now suppose that x € P commutes with

s and that £ = mn with m € M and n € N. Then sx = xs and so sxs™' = x.
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Hence

szs™t = x = smns 'sms sns

Since P = M x N is a direct product, s commutes with both m and n. Therefore

CP(S) = CM(S) X CN(S).

The centralizer of s in M is T and thus has order prime to p. Furthermore Cy(s)

is a p-subgroup. In all,

Cn(s) ={n € N :sn =ns}

is a Sylow p-subgroup of Cg(s). We now compute |Cy(s)|. That is, we must

compute the number of elements n € N that commute with s.

Lemma 3.12. We have

[Cn(s)l = q".

Proof. The elements of N are have the form

I, X
0 I,

where X —J—YT =0. If

I, X
0 I,
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then ns = sn gives

I, X o' 0 « 0 I, X
0 I, 0 Ta! 0 Ta! 0 I,

which is equivalent to aX'a = X. That is, we need to count the number of

solutions to the following equations:
1. aXTa=X.
2. X+TX=0.

Now let Z = M, (F,). Let

Then

since, for any X € =,

X:;X+XU+(X—XU
Let

Ela)={X €Z:aXa' = X},

E(a)={X€Z aXa' =X}
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Then

Z(a) = Z1(a) @ 24 ().

Choose v € F 2 such that v # 0 and 7 = —v. Then the map =.(a) = =Z_.(«)
given by X +— X is a bijection.

We also have the bijection from =_; to Cy(s) given by

I, X
X —

0 I,

Hence

[Cn(s)| = [Ea1(@)] = [Za(@)].

If we can show that |=(a)| = ¢*", then we are done. That is, we want to
count the number of elements X € Z satisfying that aX = X "a~! for fixed
a. Consider an embedding ¢y : Fpn — M, (F2): 8+ mg. Let f(z) be the

minimal polynomial of a over IFj2. Then

Under ¢y, a polynomial p(«) in «v is mapped to p(m,). We get another embedding
¢o 1 Fpon > Fefz]/(f(x)) — M,(F ) satisfying

pla) = p(a™h).

We first must show that this map is well-defined.
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Let a* denote "@. Also, for

p(x) = Zbﬂj € e[,

we let

We need to show that the minimal polynomial evaluated at "m_" is zero. We

note that

We want to show that f(m;!) = 0, equivalently f(a~') = 0. We have 0~ =

1

09", so the same relation applies to s and also to . Thus a~! = a?". Let

c € Gal(Fy2,/F,) be the map c(A) = A". We have f(a) =0, so
0= f(a)” = f(a”) = fla™).

The second equality uses the fact that n is odd. Hence the embedding is
well-defined.

We now have two different embeddings ¢; and ¢, of [ in M, (F,2). We want
to find the number of X satisfying X = XTa~'. That is, we want to find the

number of X satisfying
X¢2(N) = (N X
for all A € Fpen. Let k = TF 2 and [ = F2n. As in the proof of Proposition 3.5,
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we make k" into an [-module in two ways:

Av = gbl ()\)Uv

Ao = da(A)v.

We then obtain two [-modules that we denote {£" and 5k™. That means that

Xa(N) = ¢1(N)X is equivalent to

X € Homy(1k", 2k™) ~ Homy(1,1) ~ I,

so |Homy (1k™, ok™)| = ¢*". O

3.9 Symplectic case

We again let k = Fp2 and [ = Fpn. Let G = Spy,(F,2). The dual group
G* = SOg,41(F 2). We realize G* using

0 0 I,
J=10 1 0
I, 0 0

That is,

G* ={g € SLgp11(Fp) : TgJg=J}.
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Let

a 0 0
M* = 01 0 ra € GL,(Fp)
00 Ta!
and
I, v X
N* = 0 1 —uT|: X"+uu"+X=0
0o 0 I,
Then
P*=M*"x N*

is the standard Siegel parabolic subgroup. As mentioned in section 2.3, the

character # corresponds to an element

in M*. Here a € F5,. That 0 is regular means that k[a] = Fg2.. We want to

compute

|Ca(57)p-
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First we observe (as in the unitary case) that

|Ca(s7)] = [Cn=(s7)]-

Lemma 3.13. We have

O (s7)] = "
Proof. Let
L, v X

0 1 —u']|]€eN™

0 o0 I,
Then s*n = ns* means
1. au = u,
2. TuTaa™ = Tu, and

3. aX =X"al.

The first condition gives u = 0 since a # 1 which holds because k(a) = 1. We

are left with the third condition. As before, let = = M,,(k) and Z. = {X € =:
TX =eX}. Again,

(11
I

i
¥
R

We define Z(«), Z.(«) as before, so that



We again have a bijection from Z_;(a) — Cn~(s*) now given by

I, 0 X
X—=10 1 0

0 0 I,

As in the unitary case, we define two [-module structures on k™. Again let
f(z) be the minimal polynomial of « over k. As before, | ~ k[z]/(f(z)). For

p(x) € klz] we define an [-action on k™ by

Note this makes sense since p(a) € M, (k). We define the second [-module

structure via

Again this makes sense since p(a™') € M, (k). Again we need to check that this

second structure is well-defined. That is, we need to check that f(a™') = 0.

. n —
Again we use that a?" = a~ !, so

As before, we now have two [-module structures 1£" and 5k™ on k™. Once again
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=(a) ~ [, and so

Since Z(a) = Z1(a) & 2_1(a),

E(@)] = [Z(a)]|[Z-1 ()]

is non-zero. Let X € Z_1(«), X # 0. Then

In particular, each |=Z.(«)

() = {p() X : p(z) € k[z]}.

(1]

We have p(a) X € =_1(«) exactly when

Here the left hand side is

X'pa)’ =—Xp(a)"
because X € Z_;(«). The right hand side is

—Xp(ofl)T.

So p(a) X is in Z_1 (o) exactly when
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that is, when

pla) =pla™).

Now let o € Gal(l/k) denote the unique element of order 2 given by o(z) = 29"

Then o(a) = a~!. So the condition above is equivalent to

p(e) = o(p(a)).

Let ly be the fixed field of 0. Then (o) = Gal(l/ly) and so [ : ly] = 2. In

conclusion we get

[1]

() ={AX A€}

and this set has order |ly| = ¢". Hence,

3.9.1 Conclusion

We have now proved Theorem 3.10 on page 38. That is, we have proved that
in all cases the Hecke algebra H(G., p) is generated by two elements f; and f;
subject to the same relation f? = ¢" + (¢" — 1) f;. This will now allow us to give

the answer to the question that we posed in the beginning:
When is 15°(my ® x) reducible?

That is, for what y is the induced representation reducible?
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3.10 Answering the question

We recall the diagram

mg

R°(Ge) > H(G., p) — Mod

ML (L) H(L, p) — Mod.

mr,

We are interested in the induced representation, that is, in the functor

1G5 R (L) — R°(GL).

We have now translated the question into a question about the map

tps : H(L, p) — Mod — H(G., p) — Mod.

We have found generators and relations for H(G., p). Let

D =Cld,d"]

H = (ho,hy : h2 =14 (¢"% = ¢?*)h;)

with d an indeterminate. We recall from page 39 the note that with h; = ¢~"/2f;,
H is generated by hg and h; subject to the relation h? = 1+ (¢"/2 — ¢~ "/?)h,.
We recall also that H(L, p) ~ C[d,d].

Then

H(L,p) — Mod ~ D — Mod

H(G., p) — Mod ~ H — Mod.
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Therefore, we have the map
Ly : D —Mod — H — Mod.

This map is given by ¢.(T') = Homy (H,T) where H acts by right translation.
Proposition 3.14. We have 1.(d) = hoh;.

The proof of this Proposition is like the proof of Proposition 6.4 in [9]. From
Proposition 1.6 in [10], ¢.(¢) is reducible exactly when ¢ (d) € {¢~", —1,¢"}.
Recall that 7 is self-dual, and so the square of its central character w,, is 1:
w2, = 1. That is, the image of wy, is contained in {+1}.

For x an unramified character of L,

m(mo @ x)(d) = wry(@r)x(wr).

If x is trivial, then we have reducibility if and only if w,,(wwr) = —1. Assume

that x is not trivial. We know that x(z) = |Nrd(z)|%. So we need

{a7",—1,4"} > x(wr)

= [Nrd(wp)|F

Hence we need s € {i%}
We state this a bit differently. One can choose my such that wy (wr) = 1,

and so we end with the following theorem.
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Theorem 3.15. Let my be a depth zero irreducible unitary supercuspidal repre-
sentation of G.. Choose my such that it has trivial central character. Let x be

an unramified character of L. Then

Lg(ﬂo ® X)

is reducible if and only if x(wr) = —1 or x(-) = [Nrd(+) /2,
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